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Within the framework of SU(2) chiral perturbation theory, we derive the general solution of the QCD &
vacuum for an arbitrary vacuum phase, explicitly incorporating isospin-breaking effects from the light
quark mass difference, and compute the temperature dependence of the topological susceptibility, higher-
order cumulants, and the domain wall tension up to next-to-leading order. We find that the topological
susceptibility agrees with lattice data at low temperatures but deviates at higher temperatures as expected
from the breakdown of the chiral expansion; moreover, we demonstrate that the normalized fourth-order
cumulant and the domain wall tension decrease monotonically with increasing temperature, while the
normalized sixth-order cumulant exhibits the opposite behavior. These results extend earlier analyses by
showing how isospin breaking reshapes the full hierarchy of topological charge cumulants and the
dynamics of #-vacuum domain walls, thereby offering new theoretical input on the #-vacuum properties,
which are relevant for axion-related effective theories in hot QCD matter.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is the fundamental
theory of the strong interaction [1,2]. One of its most
remarkable features is the rich vacuum structure associated
with topologically nontrivial gauge configurations [3.,4].
These configurations, characterized by the integer-valued
topological charge

Q:%eﬂyl’g/d“XG;D(x)G;a(x)’ (1)

give rise to distinct @-vacuum sectors, connected by
tunneling transitions mediated by instantons [5,6]. In
Eq. (1), G}, denotes the gluon field strength tensor with
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color index ¢, and €**7? is the totally antisymmetric Levi-
Civita tensor. The 6-term that couples to the topological
charge has profound phenomenological implications [7-9],
including the induction of a neutron electric dipole moment.
The extremely tight upper bound |0 < 107!° inferred from
experiments [10—14] underlies the strong CP problem and
motivates axion physics as a resolution [15-17]. In this
context, the #-dependent observables computed in this work
provide first-principles input to the axion effective theory.
Identifying the QCD vacuum angle with the axion field
through @ = a/f,, one can directly obtain the axion
potential from the 6-dependent vacuum free energy as
V(a) = eye(a/f,), and m2 = y,/f2 [18]. The higher-order
cumulants b,, by, and beyond quantify the non-Gaussian
features of V(0), refining the understanding of axion
dynamics in the early Universe and in hot QCD matter.
The temperature dependence of y, and these cumulants
obtained in this study thus provide essential quantitative
input for axion phenomenology [19,20].

A central quantity that encodes the 8 dependence of QCD
is the topological susceptibility y,, together with higher-
order cumulants b,, by, ..., which determine the non-
Gaussian structure of the topological charge distribution.
The dilute instanton gas approximation provides a useful
picture at very high temperatures [21,22], while lattice
QCD offers reliable information at vanishing temperature
and at asymptotically high temperature [23-26]. However,

Published by the American Physical Society


https://orcid.org/0000-0002-2629-3329
https://orcid.org/0009-0001-2185-3913
https://orcid.org/0000-0003-4673-773X
https://ror.org/02m9vrb24
https://ror.org/03v8tnc06
https://ror.org/0497ase59
https://crossmark.crossref.org/dialog/?doi=10.1103/knjl-w486&domain=pdf&date_stamp=2026-03-25
https://doi.org/10.1103/knjl-w486
https://doi.org/10.1103/knjl-w486
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

LU, TANG, WANG, HUANG, ZHANG, and ZHANG

PHYS. REV. D 113, 054042 (2026)

theoretical control in the phenomenologically relevant
regime of low to intermediate temperatures, especially
below the chiral transition, remains limited.

Chiral perturbation theory (CHPT) provides a systematic
and model-independent effective field theory framework for
describing the low-energy dynamics of QCD [27]. In this
regime, the dependence of physical observables on the sea-
quark masses predicted by CHPT has been shown to be in
excellent agreement with lattice QCD simulations per-
formed in the two-flavor sector with optimal domain wall
fermions [28]. Within this framework, CHPT has been
extensively and successfully employed to investigate a wide
range of low-energy QCD phenomena, including meson-
meson scattering [29-31], axion physics [32-35], quark
condensates [36-39], and the thermodynamic properties of
QCD matter at finite isospin density [40—43]. It has also
provided valuable insights into the properties of the QCD 6
vacuum and its associated topological features. In particular,
earlier studies within CHPT successfully evaluated the
topological susceptibility and the leading non-Gaussian
cumulant b, at zero temperature and were later extended
to finite temperatures to explore the temperature depend-
ence of y, [44]. These investigations already incorporated
isospin-breaking corrections arising from the light quark
mass difference, providing important benchmarks for under-
standing the structure of the @ vacuum at low energies.
Nevertheless, systematic analyses that simultaneously
address the temperature evolution of higher-order topologi-
cal cumulants and the thermal modification of domain wall
properties, while explicitly comparing the isospin-symmet-
ric and isospin-breaking limits within a single unified
framework, have remained largely unexplored.

The present study aims to fill this gap by extending the
SU(2) CHPT analysis to finite temperature and by provid-
ing a coherent description of how topological observables
and #-vacuum domain wall dynamics evolve with thermal
effects and isospin asymmetry. First, we derive the general
ground-state solution for arbitrary vacuum phase, thereby
going beyond small-6 expansions [45,46] and establishing
a framework that unifies the treatment of different physical
observables. Second, we present a systematic comparison
between the isospin-symmetric limit and the realistic
isospin-breaking case, thereby clarifying how quark mass
asymmetry impacts the temperature evolution of topologi-
cal observables. The isospin-symmetric limit serves as a
theoretically clean and widely used benchmark, particularly
in lattice QCD studies where the up and down quark masses
are taken equal and electromagnetic effects are neglected.
Calculations in this limit enable direct comparison with
lattice results that are typically obtained under isospin
symmetry and help disentangle genuine thermal effects
from those induced by quark mass splitting. In the present
work, we analyze both the isospin-symmetric and isospin-
breaking cases to quantify how the breaking of isospin
symmetry modifies the temperature dependence of

topological observables relative to this well-defined base-
line. Third, we compute not only the topological suscep-
tibility but also the normalized fourth- and sixth-order
cumulants and the domain wall tension as functions of the
temperature. Our results confirm that y, agrees with lattice
data at low T but deviates at higher 7, where CHPT is
expected to break down. More importantly, we show that b,
and the domain wall tension decrease monotonically with
temperature, while b, increases, thus establishing the
qualitative thermal behavior of the hierarchy of cumulants
and the corresponding vacuum domain wall properties in
the chiral effective field theory. Taken together, these
results extend and integrate earlier CHPT studies by
demonstrating how isospin breaking and higher-order
fluctuations jointly shape the @-vacuum structure at finite
temperature. By providing a unified treatment of suscep-
tibility, higher cumulants, and domain wall tension in both
the isospin limit and the broken case, our work delivers new
insights into the dynamics of QCD topology and offers
valuable theoretical input for axion phenomenology and the
physics of topological defects in hot QCD matter.

The remainder of this article is structured as follows. In
Sec. II, we derive the general ground-state solution of the
QCD 6 vacuum for an arbitrary vacuum phase within SU(2)
CHPT and obtain the corresponding vacuum free energy
density at finite temperature up to next-to-leading order
(NLO). This provides the theoretical foundation for the
subsequent analysis. In Sec. III, we compute the topological
susceptibility and evaluate the thermal evolution of the
normalized fourth- and sixth-order cumulants of the topo-
logical charge distribution, systematically comparing the
results in both the isospin limit and with explicit isospin
breaking. These results extend previous studies that were
mostly restricted to the susceptibility or to zero temperature
cumulants. Section IV then explores the behavior of the
domain wall tension as a function of temperature. Finally, in
Sec. V we present our conclusions and discuss potential
directions for future work.

II. VACUUM ENERGY AT FINITE TEMPERATURE
A. Leading order

To study physical phenomena related to the @ parameter,
it is usually necessary to eliminate the O-term from the
QCD Lagrangian. This can be achieved by a chiral rotation
of the quark fields, leaving the 6 parameter only in the
terms involving the quark mass matrix. In the low-energy
regime, the relevant physical degrees of freedom are
described by pseudoscalar meson fields. Consequently,
the resulting Lagrangian can be further matched to the
chiral Lagrangian [27]. The leading-order O(p?) chiral
Lagrangian of SU(2) CHPT including the 6 parameter,
which determines the 6@-vacuum energy density, is
expressed as
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£ =T (roU" + Uz}, @
where F denotes the pion decay constant, and the term y,
is defined as yy = 2BM, exp(iX0), with B being a low-
energy constant related to the quark condensate in the
chiral limit. The diagonal quark mass matrix is given by
M, = diag{m,,m,}, and the phase factor X’ takes the
diagonal form

X = diag{Xu?Xd} (3)

and satisfies the unitarity condition (X'} = 1. In this work,
we focus on the flavor case with N = 2, for which the
degrees of freedom of the system are the isospin triplets of
the pion mesons. However, as the main focus of this work
is on the properties of the # vacuum, these Goldstone
boson fields are neglected. Without loss of generality, the
vacuum state of the system can be parameterized as the
following diagonal form:

(7 L) e

Then, by substituting Eq. (4) into Eq. (2), we immediately
obtain

C;[;ee) = F?B(m, cos ¢, + mycos ¢), (5)

where ¢, and ¢, are defined as
¢u = Xue -,
{9 ©
g = x40+ @.

To determine the ground state, we can take the first
derivative of the vacuum energy in Eq. (5) with respect
to the angle ¢, which yields

zsin¢, = sin ¢y, (7)

where z = m,/m,. In contrast to the SU(3) case [18],
where analytical solution is impossible to obtain, we can
find an explicit analytical solution for the vacuum state
here, i.e.,

zsin (X,0) — sin (X 40)
zcos (X,0) + cos (X,0)|

@ = arctan

(8)

It is clear that Eq. (7) and the associated physical results
depend on the linear combination ¢y, rather than on X';
and ¢ separately. This implies that ¢, is the physically
meaningful quantity, while X'y and ¢ are not. For example,
it is evident that if we assign certain values to X', and X,

with X, = X; = 1/N, the above ground-state solution

reduces to
-z 0
@ = arctan [1 n Ztan (EH . 9)

This result recovers the one derived in Ref. [47]. However,
we should emphasize that an arbitrary choice of X in
Eq. (3) may lead to the mixing of meson fields appearing in
the leading-order Lagrangian, which complicates the
relevant dynamical calculations. In this case, the phase
factor X' can also be chosen as X = M '/(M') with
@ = 0 [48,49]. This parametrization is also the standard
starting point for extending the present -vacuum analysis
to axion-meson interactions, since it matches the chiral
Lagrangian to the axion effective field theory without tree-
level axion-meson mixing [44,50,51]. Substituting the
solution given by Eq. (8) or Eq. (9) into Eq. (5), one
readily obtains the leading-order O(p?) chiral Lagrangian,
as shown in Eq. (2) and originally derived in Ref. [52],

£ = F(0). (10

with the leading-order pion mass squared in a € vacuum,

M2(6), given by
4z . (0
sin“{ = |, 11
+2)? <2> )

M2(0) :M?,\/l 1

where M2 = Bmy,(1 + z) is the leading-order pion mass
squared in the vacuum.

B. Next-to-leading order

To obtain precise theoretical predictions on the low-
energy physics of the # vacuum up to NLO, we must further
consider the contributions at O(p*), including both tree-
level and one-loop diagram contributions. The chiral
Lagrangian expression for the tree-level terms relevant to
calculating the @-vacuum free energy density at O(p?) is
given by

ﬁgiee) = 11_36 <)(9UT + U)(Z>2 - 11_76 <)(9UT - UZ;>2

hy + h hy —h
+ 14 3<x£)(e>+ 12 *Re(detyy).  (12)

Note that the low-energy constants /; and h; are scale
independent, whereas the low-energy constants /; and 5
contain both finite and divergent parts, which are necessary
to cancel out the divergent terms that appear in higher-order
expressions. The relationship between the bare and the
renormalized constants are given by [27]
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i=10—-=, hy = hi + 24, (13)
where 1 denotes the divergent factor introduced in the
dimensional regularization when the spacetime dimension
d is set to 4, namely,

:%{ﬁ—i[lnﬁn)—i—r’(l) 1]}’ (14)

where u represents the scale of the dimensional regulari-
zation. In addition, using the dimensional regularization,
we can compute the one-loop contribution to the vacuum
energy density at the NLO [47], which gives

(lo )_3 . ddp
£p40p —E/lwln[—

3M§(9) M2(9) (div)
= 1—-2In 15
128;;2{ 5 }u (15)

p*+ M3 (0)]

(div)

where E = —3AM%(6)/2 represents the divergence

arising from the one-loop contributions, and the term
proportional to A4 collects all ultraviolet divergent pieces
at this order.

In the framework of finite temperature field theory, the
incorporation of temperature effects is achieved through the
replacement of the zero component of the four-dimensional
momentum p, by a discrete sum over Matsubara frequen-
cies, namely, py = iw, = i2nzT for bosonic fields. This
substitution naturally embeds thermal excitations into the
theoretical formalism and plays a central role in the
evaluation of loop diagrams at nonzero temperature. In
particular, the finite temperature corrections to the vacuum
energy density can be systematically derived by performing
this replacement in the one-loop functional determinants. At
zero temperature, the free energy density in SU(2) CHPT up
to NLO includes contributions from the tree-level term, the
NLO contact interactions, and the one-loop diagrams,
corresponding, respectively, to Eqs. (10), (12), and (15).
Summing these pieces yields the complete expression for
the vacuum free energy density at vanishing temperature,
given as

—M,%(Q)F%{l _2%2[ ((;

r r M
15+ 0 - 642 F2

y { 472 MSsin’(0
(1+2)* Mz(0)
)

3 (0
-~
64ﬂ2(0g< I

V(6) =

)ls+<h;—hg+z;>

)

In the above, the pion decay constant in the chiral limit F
has been replaced with the physical value F, ensuring that
higher-order effects are consistently absorbed into renor-
malized low-energy constants.

Within the framework of CHPT, thermal effects have
been systematically incorporated to explore the properties
and dynamical behavior of light scalar resonances [53,54]
and axion-meson scattering [30,51,55], as well as scalar
susceptibilities and four-quark condensates [56] at finite
temperature. In addition, the topological susceptibility has
been computed up to next-to-next-to-leading order in the
context of U(3) CHPT at finite temperature [57]. The
corresponding free energy density, evaluated in our work in
SU(2) CHPT up to NLO at finite temperature, finally can be
expressed as

37 [
V(O.T)=V()+-— / P’
27 0
2 M2 0
x log |1 —exp (—M)] dp, (17)
where V(0) = V(0,T = 0) denotes the zero temperature

contribution to the @#-vacuum energy density. As the
temperature 7 approaches zero, V (6, T) naturally reduces
to this zero temperature form V(6). It can be verified that
the ultraviolet divergent contributions arising from the loop
integrals are precisely canceled by those contained in the
O(p*) counterterms of the effective Lagrangian. This
cancellation demonstrates the self-consistency of CHPT
and ensures that the final expression for the vacuum energy
density is finite and renormalization-scale independent. In
this way, one recovers a physically meaningful quantity in
line with the general principle that all observables must be
finite.

III. TOPOLOGICAL OBSERVABLES
AT FINITE TEMPERATURE

The distribution of the QCD topological charge can be
described by cumulants, of which the topological suscep-
tibility is the lowest order. In a € vacuum, the vacuum
energy density serves as the generating function for these
cumulants. These topological quantities play a crucial role
in understanding the QCD vacuum structure and in
extracting physical observables from lattice simulations
with fixed topology [58,59]. Various methods exist to
measure these quantities in the lattice framework.
However, accurate results from lattice simulations of the
topological susceptibility are currently only available for
zero and high temperature regions [60,61]. In contrast,
accurate calculations near and below the QCD phase
transition temperature are still lacking. Bridging this gap
is essential to advance our understanding of nonperturbative
QCD phenomena and to refine lattice QCD predictions in
the physically relevant temperature range.
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FIG. 1. The temperature dependence of the topological sus-

ceptibility ;([1/ * calculated within CHPT. For comparison, lattice
QCD results from Ref. [23] are shown as the green band at finite
temperature, with the zero temperature value indicated by the data
point with error bar.

The topological susceptibility, which is the lowest-order
cumulant of the QCD topological charge distribution, is
defined as

(@)oo &
= =—V(@O, T ,
Xt Y 402 ( ) oo

(18)

where V denotes the spacetime volume, and Q is the
topological charge defined in Eq. (1). At zero temperature,
the topological susceptibility computed in SU(2) CHPT up

to NLO is estimated to be y;/* = 75.5(5) MeV [44], which
is in excellent agreement with the lattice simulation result of
P /4= 75.6(2) MeV [23], taking into account the isospin-
breaking effects due to the light quark mass difference.
While in the isospin limit case, the CHPT prediction and
lattice simulation also agree with each other, which give
2/t =77.9(2) and y)/* = 78.1(2) MeV, respectively.

To explore the temperature dependence of the QCD
topological susceptibility, Fig. 1 displays )(,1 /* as a function
of the temperature. The black solid curve corresponds to the
isospin-breaking case with m, # m,, while the red dashed
curve denotes the isospin-symmetric limit with m, = my.
For comparison, the available lattice QCD results at low
temperatures, taken from Ref. [23], are represented by the
green band. As the temperature increases, the predictions
from CHPT exhibit a smooth monotonic decrease of ){}/ *in
both the isospin-breaking and isospin-symmetric cases,
reflecting the progressive suppression of topological fluc-
tuations in the thermal medium. The isospin-breaking effect

manifests itself in a slightly lower magnitude of ;(,1 /* across
the entire temperature range, in agreement with the

expectation that mass splitting between light quarks tends
to reduce the overall topological response.

In the low temperature region, where lattice data are
available, our CHPT results reproduce the lattice trend with
good quantitative agreement within uncertainties. This
consistency provides support for the reliability of CHPT
in capturing the nonperturbative topological features of the
QCD vacuum up to temperatures of order 7 < 150 MeV.
At higher temperatures, where the lattice data become
sparse and the effective field theory approach is expected to
gradually break down, our results can nevertheless serve as
a controlled extrapolation, offering complementary insights
into the interplay between isospin effects and thermal
suppression of topological susceptibility.

For the numerical calculations presented in this work
and in the subsequent sections, we adopt as inputs the
pion decay constant and mass, F, =92.2 and M, =
134.98 MeV, as reported by the Particle Data Group
[62]. The light quark mass ratio is taken to be
z=m,/my = 0.48 £ 0.03, consistent with recent lattice
QCD determinations [63]. In addition, the low-energy
constants /5 = (7+4) x 107 and hf — hy — 15 = (4.8 &+
1.4) x 1073 are adopted from Ref. [44]. By construction,
these parameters are independent of both temperature and
renormalization scale within the CHPT framework [64].

To quantify deviations of the topological charge distri-
bution from a purely Gaussian behavior, it is customary to
analyze the higher-order normalized cumulants of the
distribution, which systematically characterize the non-
Gaussian features of the QCD vacuum. In particular, the
normalized fourth-order cumulant b, measures the leading
deviation from Gaussianity and provides direct information
on the shape of the topological charge distribution, while the
normalized sixth-order cumulant b, captures subleading
corrections and quantifies the degree of asymmetry or
kurtosis beyond the leading order. These cumulants serve
as essential observables for testing the validity of effective
models such as CHPT and the Nambu-Jona-Lasinio (NJL)
model against lattice QCD data, especially at finite temper-
ature where topological fluctuations are expected to be
suppressed.

Formally, the normalized cumulants b, and b, are
defined as [65]

0% —3(0Mh, e

b2 = 12(0%)p—o 12 1)
and
(00— 15070 +3000|
e 360(Q%)g-0 R

where Q denotes the topological charge defined in Eq. (1),
x: represents the topological susceptibility given in
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TABLE 1. Numerical values of the cumulants of the QCD
topological charge distribution at zero temperature, obtained
within SU(2) CHPT in both the isospin-symmetric and iso-
spin-breaking cases.

2" (MeV) by by
Isospin breaking 75.5(5) -0.029(2)  —0.00028(7)
Isospin limit 77.9(4) —0.022(1)  —0.00017(6)

Eq. (18), and the coefficients c¢,, correspond to the even-
order derivatives of the vacuum free energy density V (0, T')
with respect to the vacuum angle,

d2n
- v . 21
Con d92” ( ) -0 ( )

For reference, the numerical values of y,, b,, and b, at
zero temperature in both the isospin-breaking and isospin-
symmetric cases are summarized in Table I. The cumulants
b, and b, thus encode complementary information about
the curvature and higher-order structure of the #-vacuum
potential. A purely Gaussian distribution would yield
b, = b, = 0, whereas any nonzero values directly reflect
the presence of higher-order topological correlations in the
QCD vacuum. In lattice QCD and effective field theory
studies, b, typically takes a small negative value, implying
that the topological charge distribution is more sharply
peaked than a Gaussian one, while b, often exhibits larger
uncertainties due to the limited sensitivity of current
simulations. The temperature dependence of these quan-
tities provides a sensitive probe of the transition from the
nonperturbative topological regime to the perturbative high

0020 —F————————————1——————————
-0.025 [ -l ]
-0.030 x_-

o 0:035- Isospin breaking L

o - — = Isospin limit
-0.080 | .

------------ A2 - o e v e e e e e
-0.085 - -
-0.090 L L L !
0 30 60 90 120 150
Temperature (MeV)

FIG. 2. The normalized fourth-order cumulant of the QCD
topological charge distribution as a function of the temperature,
with (solid curve) and without (dashed curve) isospin breaking.
The green curve denotes the asymptotic value biznSl predicted by
the dilute instanton gas model [68].

0.0003 11—

0.0002 [ 3

0.0001 | ]
0.0000 [ 3

Isospin breaking
- - —Isospin limit 3

-0.0001 [

-0.0002 |

-0.0003 [

00004 Lt ]
0 30 60 90 120 150

Temperature (MeV)

FIG. 3. The normalized sixth-order cumulant of the QCD
topological charge distribution as a function of the temperature,
with (solid curve) and without (dashed curve) isospin breaking.

temperature phase, making them key observables for
understanding the microscopic dynamics of the € vacuum
and its role in axion physics.

In Fig. 2, we show the temperature dependence of the
normalized fourth-order cumulant b, of the QCD topologi-
cal charge distribution. The black solid curve corresponds to
the isospin-breaking case, while the red dashed curve
represents the isospin-symmetric case. It is evident that
in both cases b, remains negative throughout the considered
temperature range, implying that the topological charge
distribution is always more sharply peaked than a Gaussian.
As the temperature increases, the absolute value of b, shows
a slight growth, consistent with lattice simulations [66], and
the effect becomes more pronounced when isospin sym-
metry is broken. This behavior suggests that deviations from
Gaussianity are further enhanced at higher temperatures in
the presence of isospin breaking. Notably, the overall
tendency of |b,| to increase with rising temperature is
consistent with results from lattice QCD and the NJL model
[67], both of which predict that, in the high temperature
limit, b, converges to the asymptotic value expected from
the dilute instanton gas model, namely, bt = —1/12
—0.083 [68,69].

To complement the analysis of the normalized fourth-
order cumulant, Fig. 3 shows the temperature dependence of
the normalized sixth-order cumulant b, of the QCD
topological charge distribution. The black solid curve
represents the isospin-breaking case with m, # m,, while
the red dashed curve corresponds to the isospin-symmetric
case with m, = m,;. We observe that b, exhibits markedly
different behaviors in the two cases. In the isospin-
symmetric limit, b, remains positive and nearly constant
across the entire temperature range, suggesting only mild
temperature sensitivity. In contrast, once isospin breaking is
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FIG. 4. Free energy density of the § vacuum AV(0,T), as a
function of the angle @ for different temperatures.

introduced, b, turns negative and shows a slow increase
with temperature, approaching zero around 7 ~ 150 MeV.
This qualitative change highlights the strong impact of
isospin breaking on higher-order cumulants and indicates
that non-Gaussian corrections to the f-dependent effective
potential are more significant in this case. Together with the
results for b,, this behavior underscores the role of higher-
order cumulants as sensitive probes of the QCD #-vacuum
structure under varying thermodynamic conditions.

IV. 6-DEPENDENT EFFECTIVE POTENTIAL
AND DOMAIN WALL TENSION

The energy per unit area associated with domain walls in
the QCD @ vacuum, known as the domain wall tension o,
can be calculated using the following formula:

o= 2V2f, /” d0\/AV(0.T), (22)
0

where AV(0,T) = V(6,T) — V(0,T) denotes the temper-
ature-dependent deviation of the effective potential of the
QCD @ vacuum from that at & = 0. In the axion effective
theory limit where the axion field tracks the QCD angle,
a/f,~0, the integral in Eq. (22) also yields the axion
domain wall tension. Our result for ¢ at finite temperature
therefore quantifies how thermal effects soften the barrier
separating adjacent vacua, informing the energetics and
evolution of axion wall networks.

In Fig. 4, the free energy density of the 6 vacuum
AV(0,T) is shown for the isospin-breaking case as a
function of the vacuum angle € at several representative
temperatures. At 7' = 0 (black solid curve), the potential
exhibits the expected periodicity in 8, with minima located
at integer multiples of 27z, reflecting the discrete symmetry
of the QCD vacuum. As the temperature increases to 7" =

1.02 ———— T

1.00 |

o
% 0.96 [ Isospin breaking
— - —Isospin limit
0.94 |
0.92 | .
L \
oo b ]
0 30 60 90 120 150
Temperature (MeV)
FIG. 5. Normalized domain wall tension ¢/, of the QCD 6

vacuum as a function of temperature, calculated with (solid
curve) and without (dashed curve) isospin breaking.

80 MeV (blue dotted curve) and further to 7 = 150 MeV
(red dashed curve), the overall magnitude of the potential is
reduced, signaling the thermal suppression of topological
fluctuations. Importantly, while the periodic structure of the
0 dependence remains preserved, the height of the potential
barriers between adjacent minima decreases systematically
with increasing temperature. This behavior indicates a
smoother interpolation among distinct € vacua at finite
temperature. Moreover, the observed reduction in the
barrier height with temperature is qualitatively consistent
with recent results obtained within the NJL model, which
likewise predict a suppression of the extremal values of
AV(0,T) as the system is heated [70].

Figure 5 shows the temperature dependence of the
normalized domain wall tension ¢/c, in the QCD 60
vacuum, where o, denotes the zero temperature value.
The solid black curve corresponds to the isospin-breaking
case with m,, # m,, while the red dashed curve represents
the isospin-symmetric limit with m, = m,. At very low
temperatures, 7 < 40 MeV, the normalized domain wall
tension remains nearly constant, indicating that thermal
excitations have a negligible impact on the stability of the 6
vacuum. As the temperature increases toward the inter-
mediate region, T ~ 80 MeV, /0, begins to decrease
gradually, reflecting the onset of thermal suppression of
the potential barrier separating neighboring topological
vacua. Beyond this point, in the vicinity of the chiral
crossover, T ~ 120-150 MeV, the reduction becomes
more pronounced, with the tension dropping by about
8%—10% relative to its zero temperature value. This
behavior suggests that thermal fluctuations tend to soften
the domain wall, indicating a gradual reduction in the
energy cost associated with topological transitions in hot
QCD matter.
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The comparison between the two curves reveals that
isospin breaking introduces only a mild quantitative cor-
rection: it slightly delays the decrease of o/c, with
temperature but does not alter the overall trend. This small
shift arises from the mass asymmetry between the up and
down quarks, which marginally modifies the curvature of
the effective potential near & = z. The qualitative behavior
is consistent with recent findings from NJL-model analy-
ses, where the thermal suppression of domain wall tension
follows a similar monotonic pattern. Overall, these results
confirm that, while the stability of #-vacuum domain walls
is primarily governed by thermal effects, isospin breaking
plays only a secondary role within the temperature range
relevant to the chiral transition.

V. CONCLUSIONS

As the low-energy effective theory of QCD, CHPT is
capable of accurately describing the low-energy physics in
a @ vacuum. In this work, we have carried out a systematic
study of the # vacuum in QCD within the framework of SU
(2) CHPT at finite temperature up to NLO. By deriving the
general ground-state solution for arbitrary vacuum phase,
we established a unified expression for the vacuum energy
that allows for a consistent evaluation of topological
observables beyond small-0 expansions. Building on earlier
works that analyzed the susceptibility and low-order
cumulants either at 7 = 0 [47] or at finite T [44], we
extended the analysis to include higher cumulants and the
domain wall tension, providing a more comprehensive
characterization of the QCD 6 vacuum.

Our results reveal several novel features. By considering
both the isospin-symmetric limit and the realistic isospin-
breaking case, we clarified the role of quark mass asym-
metry in shaping the thermal behavior of topological
observables, thereby addressing an important source of
uncertainty for phenomenological applications. We showed
that the topological susceptibility y, is consistent with lattice
data at low temperatures but deviates as the system
approaches the chiral crossover, signaling the breakdown
of the chiral expansion. Moreover, we demonstrated that the
normalized fourth-order cumulant b, and the domain wall
tension decrease monotonically with increasing temper-
ature, while the normalized sixth-order cumulant b,
increases monotonically—establishing, for the first time
to the best of our knowledge, the qualitative thermal trends
of higher cumulants and their connection to the stability
of #-vacuum domain walls. Since the present analysis is
based on NLO SU(2) CHPT, quantitative reliability is
limited to temperatures well below the chiral crossover

(T <150 MeV). Beyond this range, higher-order effects
and possible resonance contributions may become non-
negligible. Taken together, these results extend previous
CHPT-based analyses and open new perspectives for under-
standing the interplay between topology, axion-related
effective theories, and QCD thermodynamics.

There are several promising directions to build on this
work. One avenue is to extend the analysis to finite isospin
chemical potential [40,71], where the absence of a sign
problem allows direct comparison with lattice QCD. Such
studies could provide stringent tests of CHPT predictions
for y, and higher-order cumulants and help constrain the
associated low-energy constants. Another important step is
the inclusion of baryon chemical potential and baryonic
degrees of freedom [72,73], which are essential for describ-
ing dense matter in compact stars. Incorporating these
effects would not only improve the realism of the effective
theory but also strengthen the connection between QCD
topology, axion phenomenology, and astrophysical appli-
cations. For axion-related applications, the temperature-
dependent topological susceptibility y,(7), together with
the higher-order cumulants b, and b, obtained here,
provide ready-to-use inputs for the finite temperature axion
mass and potential. Likewise, the extracted o(7T) can be
applied to simulations of axion domain wall dynamics,
further bridging chiral effective theory with axion cosmol-
ogy and hot QCD phenomenology.
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