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We match the real Higgs triplet model (RHTM) onto Higgs effective field theory (HEFT) under different
parameter choices and power-counting schemes, thereby obtaining several representative HEFT for-
mulations and clarifying their relations. We establish the primary HEFT (pHEFT) as a benchmark
framework, demonstrating that alternative HEFT constructions can be systematically derived from it. A key
advantage of the pHEFT construction is its parameter choice, which maintains linear relations between the
UV Lagrangian parameters and squared heavy masses. By strictly employing the inverse squared heavy
masses as the expansion parameters without imposing additional constraints, pHEFT preserves maximal
UV information and ensures higher perturbative accuracy by avoiding the additional truncations inherent in
more complex nonlinear formulations or extra constraints. Through the analysis of the Z2-symmetric real
singlet model and the two-Higgs-doublet model, we illustrate the criteria for identifying viable primary
HEFT constructions in UV models with scalar extensions. Furthermore, for the first time, we derive the
HEFT operators of the RHTM involving fermions.
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I. INTRODUCTION

Since the Higgs boson was discovered at the LHC [1,2],
looking for new physics beyond the Standard Model
(BSM) at the LHC became the predominant goal of high
energy physics. Although experimental measurements have
become increasingly precise, there is no clear evidence for
the existence of BSM particles [3,4]. This suggests that new
physics, if it exists, is likely to reside at a higher energy
scale, such as the TeV scale. Effective field theories (EFTs)
formulated at the electroweak scale, extending the SM,
provide a systematic framework for parametrizing new-
physics effects [5,6].
At the electroweak energy scale, two main types of EFTs

are used: Standard Model EFT (SMEFT) [7–10] and Higgs
EFT (HEFT) [11–33]. Both SMEFT and HEFT include the
same particle content as the SM. Their difference

fundamentally stems from the assumption about the sym-
metry realization of the Higgs boson. In SMEFT, the Higgs
and the three Goldstones together form an SUð2ÞL doublet
as in the SM. HEFT treats the Higgs as an SUð2ÞL singlet
with nonlinearly transforming Goldstones, and encompasses
the SMEFT doublet description as a special limiting case
[25,27,34]. Over the past decade, the SMEFT has gained
popularity and developed rapidly [35–43], partly due to its
linear structure, which allows for a concise formulation.
Nevertheless, the SMEFT framework is not always
adequate. When new physics introduces additional sources
of electroweak symmetry breaking or involves nondecou-
pling heavy degrees of freedom [44,45], the effects of new
physics cannot be consistently captured within the SMEFT
framework and require a HEFT description. There has been a
notable increase in research on HEFT in recent years
[32,33,46–62].
EFTs can be useful purely from the bottom up: one

specifies the physical degrees of freedom along with their
transformations under a certain set of symmetries and
identifies a power counting scheme to organize the operator
expansion. Though in this sense EFTs are “model inde-
pendent,” and as such they provide an approach for
classifying observables which deviate from the SM pre-
dictions, the top-down approach is more useful to help
understanding the (more) fundamental UV description of
nature. In this scenario, a certain BSM model is assumed,
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and a process, known as “matching” is carried out between
the EFTs and the UV model by “integrating out” the
“heavy” degrees of freedom. However, it should be noted
that the expansion parameter used during matching is
generally method dependent and can differ from the
power-counting parameter used in the bottom-up approach.
Within BSM physics, commonly used matching methods

are performing the heavy mass expansion via either
diagrammatic calculation or functional prescription
[41,63,64]. This exercise has been done especially for
the SMEFT but also the HEFT, considering several differ-
ent UV models [65–68]. Following this direction, several
automatic matching tools were developed [69–72].
However, even for the SMEFT, such expansion parameters
(the inverse powers of the BSM state masses) are not
fully consistent with the SMEFT metric (canonical
dimension): 1) due to computational limitations, we must
perform a truncated loop expansion implicitly in the above
description; 2) the extra dimensional parameters μi in the UV
theory can give potential corrections, which are generally
also incalculable in full, at the order of μni =M

dþn−4
j to the

d-dim operators. This discrepancy between the power
counting and the matching expansion parameter becomes
more evident in HEFT, since its operator expansion is
organized by chiral dimension. Without other known math-
ematical tools, we must rely on this approach, expanding the
propagators of the heavy BSM states order by order.1,2

Therefore, top-down matching essentially fixes the para-
metric scaling of the Wilson coefficients.3 After electroweak
symmetry breaking, the lifting of degeneracies in the BSM
spectrum leads to a richer structure in the UV-HEFT
matching. Further, the inclusion of experimental constraints
renders the power-counting scheme nonunique [73] (see
Sec. III for concrete examples). It is therefore worthwhile to
study the relations among different HEFTs from the same
UV completion, with the aim of providing practical guidance
for phenomenological applications. A central challenge in
this endeavor is whether a consistent and practically useful
power-counting scheme can be formulated for UV-HEFT
matching, especially one that is amenable to automation,

since any systematic use of HEFT ultimately relies on
automated tools. In this work, we find that in new physics
models with scalar extensions, there exists such a HEFT,
named the primary HEFT (pHEFT), that can play this role.
Starting from a UV parameter set consisting of heavy
masses, mixing angles, and vacuum expectation values
(VEVs), we adopt a power-counting scheme that expands
in inverse powers of heavy masses and organizes operators
accordingly, without imposing additional restrictions. This
matching procedure preserves maximal information within
the specified expansion order. Other HEFTs can thus be
mapped from this primary HEFT by imposing further
restrictions or performing parameter transformations.
The accuracy of an EFT is fundamentally determined by

the convergence of its power-counting expansion. In this
context, the primary HEFT achieves superior accuracy at a
specific order (e.g., 1=Mn) because it encapsulates the
complete UV dynamics without the loss of information
incurred by additional parametric simplifications. While
restricted HEFTs may be easier to implement for specific
phenomenological studies, they often neglect subleading
mixing effects, or assume specific hierarchies between
VEVs to justify further truncations, thereby leading to a
loss of fidelity relative to the UV theory. By utilizing the
primary HEFT as a benchmark, the truncation error
introduced by these further approximations can be quanti-
fied, ensuring a controlled and systematic mapping from
the primary HEFT to other HEFTs.
Using the real Higgs triplet model (RHTM) as an explicit

example, we construct its primary HEFT and several
alternative HEFT descriptions. Compared with the primary
HEFT, these alternative HEFTs differ from the primary
HEFT either by adopting different scaling behaviors for the
same parameter set, or by employing different parameter
sets that may or may not explicitly include heavy mass
parameters, leading to intrinsically different power-count-
ing schemes. By studying the mappings from the primary
HEFT to these alternative HEFTs, we demonstrate how
accuracy is progressively lost under different power-count-
ing schemes and their associated truncations. We further
present numerical comparisons for the hh → hh scattering
process to illustrate these effects quantitatively.
In addition, by mapping the primary HEFT onto a

specific parameter space that mimics the SMEFT setting,
we obtain a formulation that recovers the SMEFT results at
the amplitude level. The exact agreement found in our
calculation suggests that, under this mapping, the HEFT
becomes phenomenologically equivalent to the SMEFT
(after spontaneous symmetry breaking).
From a practical point of view, the primary HEFT

framework also simplifies the implementation of the
matching procedure. In particular, one may first perform
the matching to obtain the primary HEFT in a universal
way, and subsequently impose different parameter trans-
formations and parameter scalings to derive specific

1Though physicists usually say that there are two matching
methods, diagrammatic and functional methods, the physics
behind them are same, that propagators of the BSM states are
introduced and shrunk to some contacted interactions.

2One could imagine that a lattice simulation matching, like
what is done in the matching between QCD and chiral perturba-
tion theory, can in principle be performed to obtain the HEFT’s
Wilson coefficients (WCs) without introducing a different power
counting parameter besides the chiral dimension. However, due
to the technical obstacles to simulating chiral fermions on the
lattice and also the resource consumption, a systematic study of
the lattice matching between generic UV theories and HEFT is, to
our knowledge, still lacking.

3We will employ the term “power-counting scheme” in a
flexible manner to encompass both related concepts, relying on
the sentence context to clarify the specific meaning.
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scenarios. Although this does not significantly reduce the
computational cost, it provides a more systematic setup that
is well suited for automated applications.
The paper is organized as follows: in Sec. II, we

introduce the HEFT formulation and the RHTM.
Section III include four parts. In Sec. III A, we first obtain
the pHEFTand decoupling HEFT (dHEFT) of RHTM, then
get their mapping relation and discuss their correspon-
dence. In Sec. III B, we introduce the Z2-HEFT and point
out that a viable primary HEFT requires a parametrization
inwhich theUVLagrangian parameters are polynomial in the
squaredheavymasses. InSec. III C,weestablishahierarchical
relationamongthepHEFT,dHEFT,andξ-HEFT. InSec. III D,
based on the SMEFT parameter set and power-counting
scheme, we map the pHEFT to the Y2-HEFT and reproduce
the SMEFT predictions. In Sec. IV, we introduce the good
primary HEFT for the Z2-symmetric real singlet model
(Z2RSM) and the two-Higgs-doublet model (2HDM).
Section V gives a discussion and conclusion.

II. HEFT AND THE MODEL

A. HEFT

The Higgs sector in the SM has an approximate global
symmetry SUð2ÞL × SUð2ÞR, which is spontaneously bro-
ken down to the custodial symmetry SUð2ÞC by the Higgs
VEV. Using the Coleman–Callan–Wess–Zumino formal-
ism (CCWZ) formalism [74], one can build an EFT, known
as the HEFT, describing the interactions of the nonlinearly
realized Goldstone bosons among themselves and with
other SM fields, where a real scalar denotes the Higgs field.
The Goldstones πi are usually treated as a single object, a
unitary matrix U ≡ expðiπiσivEW

Þ, where σi are the three Pauli
matrices. At the lowest order, the HEFT Lagrangian reads4

LLO
HEFT ⊃

1

2
∂μh∂μh−VðhÞþv2EW

4
F ðhÞhDμU†DμUi

þv2EW
4

GðhÞhU†DμUσ3ihU†DμUσ3i

−
vEWffiffiffi
2

p
�
Q̄LUYQðhÞQRþ L̄LUYLðhÞLRþH:c:

�
;

ð1Þ
where vEW ¼ 246 GeV represents the electroweak VEV;
h� � �i denotes the trace; Dμ is the covariant derivative; and
VðhÞ, F ðhÞ, GðhÞ, and YQ=LðhÞ are polynomial functions
of h with the following forms:

VðhÞ¼ 1

2
m2

hh
2

�
1þð1þΔκ3Þ

h
vEW

þ1

4
ð1þΔκ4Þ

h2

v2EW
þ���

�
;

ð2Þ

F ðhÞ ¼ 1þ 2ð1þ ΔaÞ h
vEW

þ ð1þ ΔbÞ h2

v2EW
þ � � � ; ð3Þ

GðhÞ ¼ Δαþ Δa=C
h

vEW
þ Δb=C

h2

v2EW
þ � � � ; ð4Þ

YQðhÞ ¼ diag

�X
n

YðnÞ
U

hn

vnEW
;
X
n

YðnÞ
D

hn

vnEW

�
;

YLðhÞ ¼ diag

�
0;
X
n

YðnÞ
l

hn

vnEW

�
: ð5Þ

The first term is the Higgs potential. The second and third
terms describe the Goldstones dynamic term which con-
tains the gauge boson mass terms and interactions between
Higgs and massive gauge bosons; note that the third one
breaks the custodial symmetry. The fourth term generates
fermion masses and Higgs-fermion interactions.

B. The real Higgs triplet model

1. The model in a nonlinear representation

In the RHTM, besides the SUð2ÞL doublet there exists a
triplet with hypercharge Y ¼ 0. The Lagrangian of the
RHTM can be expressed as [63,64,75,76] (for phenom-
enological studies, cf., e.g., Refs. [77–80])

L ⊃ ðDμHÞ†ðDμHÞ þ hDμΣ†DμΣi − VS − VQ;

VS ¼ Y2
1H

†H þ Z1ðH†HÞ2 þ Y2
2hΣ†Σi þ Z2hΣ†Σi2

þ Z3H†HhΣ†Σi þ 2Y3H†ΣH;

VQ ¼ yuQ̄LH̃uR þ ydQ̄LHdR þ H:c:; ð6Þ

where h� � �i denotes the trace; Yis; i ¼ 1, 2, 3 are dimen-
sional parameters; and Zis; i ¼ 1, 2, 3 are dimensionless.H
is the SM Higgs doublet, Σ is the real triplet. H̃ ¼ iσ2H�.
yu and yd are diagonal Yukawa coupling matrices in flavor
space for simplicity. Due to the gauge structure, there are no
interactions between fermion fields and the triplet.
After spontaneous symmetry breaking, we can write the

doublet and triplet in a nonlinear representation as [75]

H¼U

 
χþ

1ffiffi
2

p ðvHþh0þ iχ0Þ

!
; U≡exp

�
iπiσi
vEW

�
ð7Þ

Σ¼UΦU†; Φ¼ ϕiσi=2¼
1

2

�
vΣþϕ0 ϕ1 − iϕ2

ϕ1þ iϕ2 −vΣ−ϕ0

�
;

ð8Þ

with

χ� ¼ 2
vΣ
vH

ϕ�; χ0 ¼ 0; ð9Þ4Only terms relevant for our purposes are shown. The kinetic
terms for gauge bosons and fermions are omitted.
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where σi; i ¼ 1, 2, 3 are Pauli matrices; vH and vΣ are
VEVs of the doublet and the triplet; h0 and ϕ0 are the radial
modes associated to the VEV directions; and the unitary
matrix U encapsulates three Goldstones πis; vEW ≡ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2H þ 4v2Σ

p
≃ 246 GeV are the electroweak VEVs; ϕ� ¼

1ffiffi
2

p ðϕ1 ∓ iϕ2Þ is a pair of charged Higgs bosons; and

ϕ0 ¼ −vΣ þ ϕ3. In this nonlinear representation, the physi-
cal states are factored out from the Goldstone matrix U, so
that integrating out the heavy states is straightforward.

2. Linear relations between squared masses and UV
Lagrangian parameters

After minimizing the potential in Eq. (6), we have the
following relations:

Y2
1 ¼ −Z1v2H −

Z3v2Σ
2

þ Y3vΣ;

Y2
2 ¼ −Z2v2Σ −

Z3v2H
2

þ Y3v2H
2vΣ

; ð10Þ

which allow us to express the couplings Y1;2 in terms of the
vacuum expectation values vH;Σ. With nonzero values of
vH and vΣ, the mass terms after symmetry breaking are
given by

Lmass ¼
1

2

�
h0 ϕ0

� 2Z1v2H vHðZ3vΣ − Y3Þ
vHðZ3vΣ − Y3Þ 2Z2v2Σ þ Y3v2H

2vΣ

!

×

�
h0

ϕ0

�
þ ðv2H þ 4v2ΣÞ2

Y3

2vΣv2H
ϕþϕ−; ð11Þ

where h0 and ϕ0 are neutral Higgs bosons and ϕ� are
charged Higgs bosons. The neutral fields h0 and ϕ0 can
then be rotated into the mass eigenstates h and K via a
mixing angle γ,5 as follows:

�
h

K

�
¼
�
cγ −sγ
sγ cγ

��
h0

ϕ0

�
;

tanð2γÞ ¼ vHðZ3vΣ − Y3Þ
Z2v2Σ − Z1v2H þ Y3v2H

4vΣ

; ð12Þ

where h represents the discovered 125 GeV Higgs, and K
represents a heavy neutral scalar.

The masses of h and K are given by

m2
h;K ¼ Z1v2H þ Z2v2Σ þ

Y3v2H
4vΣ

∓
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
Z1v2H − Z2v2Σ −

Y3v2H
4vΣ

�
2

þ v2HðZ3vΣ − Y3Þ2
s

:

ð13Þ

Meanwhile, the mass of the charged Higgs bosons is
given by

m2
ϕ� ¼ ðv2H þ 4v2ΣÞ

Y3

2vΣ
¼ v2EW

Y3

2vΣ
: ð14Þ

It is useful to rewrite the Lagrangian parameters in terms
of physical masses, mixing angles, and VEVs. Apart from
Y1 and Y2, the other four parameters are given by

Y3 ¼
2vΣ

v2H þ 4v2Σ
m2

ϕ� ;

Z1 ¼
1

2v2H
ðc2γm2

h þ s2γm2
KÞ;

Z2 ¼
1

2v2Σ

�
s2γm2

h þ c2γm2
K −

v2H
v2H þ 4v2Σ

m2
ϕ�

�
;

Z3 ¼
1

vHvΣ

�
sγcγðm2

K −m2
hÞ þ

2vHvΣ
v2H þ 4v2Σ

m2
ϕ�

�
: ð15Þ

From these expressions, we see that the four parameters are
linearly proportional to the squares of the scalar masses,
such as m2

h, m
2
K , and m2

ϕ� . Moreover, combining these

results with Eq. (10), Y2
1 and Y2

2 are also linearly propor-
tional to the squared masses. This behavior arises because
the physical masses of neutral states are the eigenvalues of
the mass matrix [see Eq. (11)], which depends linearly on
the Lagrangian parameters and is diagonalized by an
orthogonal rotation matrix characterized by the mixing
angle γ, while the physical mass of charged states is also
linearly proportional to a Lagrangian parameter.
Parametrized by the VEVs and the mixing angle γ, this
linear correspondence is a generic feature of Standard
Model extensions with additional scalars [73,81,82].

III. HEFTS OF THE RHTM

The tree-level matching procedure follows the method-
ology established in Refs. [73,75,81,83–85], wherein
heavy states are integrated out via the functional method.
Specifically, starting from the UV Lagrangian, we adopt a
systematic power-counting scheme and integrate out the
heavy degrees of freedom by solving their classical
equations of motion (EOMs). The resulting operators are
subsequently projected onto a complete basis [32].

5Throughout this work, we use the shorthand notation
sx ≡ sinðxÞ, cx ≡ cosðxÞ for any angle x.
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Throughout this procedure, there is considerable freedom
in selecting both the initial parameter set and the corre-
sponding power-counting scheme. These choices result in
several distinct HEFT formulations [73]. To clarify their
interrelations, we first examine HEFTs derived from a
common parameter set under different power-counting
rules. Subsequently, we investigate the variations arising
from different parameter sets, each associated with its own
respective power-counting scheme.

A. Primary HEFT and decoupling HEFT

1. Parameter set

In Ref. [85], we adopted the parameter set
fZ1; Z2; Z3; Y3; vH; ξg and defined the power counting
via an expansion in ξ≡ vΣ=vH. This framework describes
a decoupling limit: as the heavy degrees of freedom are
integrated out, the theory reduces to the SM at the lowest
order of the expansion. However, this choice is not optimal
for revealing possible nondecoupling effects. To address
this point, it is advantageous to adopt a parameter set in
which the heavy scalar masses and the mixing angle sγ [see
Eq. (12)] are explicit. Unlike the previous set, where these
quantities were implicit, this choice directly exposes non-
decoupling effects; in particular, sγ can remain finite
even after the heavy states are integrated out, signaling a
departure from the standard decoupling limit. Accordingly,
we choose the following set of independent parameters for
our analysis:

fmϕ� ; mK;mh; sγ; vEW; ξg; ð16Þ

where mϕ� and mK represent the masses of the heavy
charged and neutral scalars, respectively.

2. Power countings

In the UV-SMEFT matching procedure [63,64,85], the
power counting is performed by expanding in the ratio
ðvEW=Y2Þ2, where Y2 denotes the mass parameter of the
real triplet. Upon electroweak symmetry breaking, the mass
degeneracy within the triplet is lifted, resulting in two
distinct physical mass eigenstates: the charged Higgs with
mass mϕ� and the heavy neutral Higgs with mass mK .
Unlike the SMEFT approach, the UV-HEFT matching is
performed by integrating out these physical fields ϕ� and K.
Given their large masses, it is therefore natural to adopt their
inverse squared masses, (1=m2

ϕ� and 1=m2
K), as the expan-

sion parameters. This leads to a two-parameter expansion.
When multiple expansion parameters are involved, their

relative importance must be regulated by specifying their
scaling behaviors within a consistent power-counting
scheme. Following the approach in Refs. [84,86], we
introduce an auxiliary parameter t to track these weights,
as follows:

m2
ϕ� ∼m2

K ∼Oðt−1Þ; mh∼vEW∼ sγ ∼ξ∼Oðt0Þ; ð17Þ

where the large masses of the heavy fields serve as expansion
parameters, while parameters such as the mixing angle sγ
and the VEV ratio ξ remain unsuppressed, capturing the
nondecoupling effects characteristic of the HEFT frame-
work. Moreover, as a result of the linear relations between
the Lagrangian parameters and the squared heavy masses
[see Eq. (15)], except for the propagator, there is no
additional inverse mass-squared expansion when integrating
out the heavy states; this scheme preserves the maximal
amount of UV information. Consequently, we refer to the
resulting effective theory as the primary HEFT.
The advantages of pHEFT rely on both the choice of

physical parameters and the associated power-counting
prescription, which play distinct roles: the former avoids
additional truncations due to nonlinear relations between
the UV couplings and the heavy mass-squared parameters,
while the latter is defined to correspond to an expansion in
inverse powers of the heavy mass-squared parameters,
implemented through appropriate scaling assignments,
and ensures a consistent organization of the effective theory
without further truncations beyond those implied by this
expansion. To some extent, the roles of these two ingre-
dients can be disentangled by comparing different HEFT
formulations with either modified parameter choices or
alternative power-counting prescriptions, which lead to
distinct truncation structures.
To illustrate the role of the power-counting prescription,

we consider an alternative scaling choice with the same
parameter set, which is:

m2
ϕ� ∼m2

K∼Oðt−1Þ; mh∼vEW∼Oðt0Þ; sγ∼ξ∼Oðt1Þ;
ð18Þ

where the mixing angle sγ and the VEV ratio ξ are
suppressed by the heavy scales. In the limit m2

ϕ�;K → ∞
(i.e., t → 0), these parameters vanish, thereby satisfying the
requirements for a decoupling scenario. We refer to the
theory under this power-counting as the decoupling HEFT.

3. The matching results

Using the parameter set in Eq. (16), the Lagrangian is
written as

L ⊃ LkinðvEW; ξ;ϕ1;ϕ2; K; h; UÞ
− VSðm2

ϕ� ; m2
K;mh; vEW; sγ; ξ;ϕ1;ϕ2; K; h; UÞ

− VQðyu; yd;ϕ1;ϕ2; K; h;UÞ; ð19Þ

where ϕ1;ϕ2; K are heavy Higgses that will be integrated
out. We use two real fields ϕ1;2 instead of ϕ� in calculation
for simplicity. Their EOMs are
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∂μ

�
∂L

∂ð∂μHaÞ
�
−

∂L
∂Ha ¼ 0; Ha ¼ ðK;ϕ1;ϕ2Þ: ð20Þ

We solve the EOMs through a t-dependent series expan-
sion. The heavy states are expanded as

K ¼ K0 þ K1 þ K2 þ � � � ;
ϕ1 ¼ ϕ10 þ ϕ11 þ ϕ12 þ � � � ;
ϕ2 ¼ ϕ20 þ ϕ21 þ ϕ22 þ � � � ; ð21Þ

where K0 ∼Oðt0Þ, K1 ∼Oðt1Þ, K2 ∼Oðt2Þ, and so on.
Similar scaling behavior is assumed for ϕ1i and ϕ2i. As the
explicit solutions for Ki and ϕ1i;2i are lengthy, we present
them in Appendix A. Substituting the solutions for the
heavy fields into the original Lagrangian, we obtain the
effective HEFT Lagrangian. In the following, we directly
present the results for the pHEFT and dHEFT and analyze
their relations.
With the definition Vμ ≡U†DμU, the Lagrangian of the

primary HEFT up to Oðt0Þ takes the form

Lp
HEFTðt−1Þ ¼

v2H
h
ð4ξ2 þ 1Þm2

Kðsγ þ ξcγÞ2 − ξ2m2
ϕ�

i
8ð4ξ2 þ 1Þ −

h3m2
ϕ�s2γð2ξcγ þ sγÞ

2ξð4ξ2 þ 1ÞvH
−

h4

8ξ2ð4ξ2 þ 1Þ2v2Hm2
K

n
m2

ϕ�s2γ
h
ð4ξ2 þ 1Þm2

K

�
6ð2ξ2 − 1Þc4γ þ 7c2γ þ 18ξc3γsγ − 4ξcγsγ − 1

�
þm2

ϕ�ð9ð1 − 4ξ2Þc4γ þ 3ð8ξ2 − 3Þc2γ − 36ξc3γsγ þ 12ξcγsγ − 4ξ2Þ
io

þOðh5Þ; ð22Þ

Lp
HEFTðt0Þ ¼

1

2
hVμσ3ihVμσ3i

(
ξ2v2H − 2hξvHsγ þ h2sγ

"
s3γ − ξc3γ þ

cγm2
ϕ�ð3cγsγ þ 4ξ − 6ξs2γÞ

ð4ξ2 þ 1Þm2
K

#
þOðh3Þ

)

þ 1

4
hVμVμi

(
−ð4ξ2 þ 1Þv2H − 2hvHðcγ − 4ξsγÞ þ

h2

ξ

"
cγsγð4ξ2c2γ þ s2γÞ

þ ξð−5s4γ þ 2s2γ − 1Þ þ
m2

ϕ�sγð3ð8ξ2 − 1Þcγs2γ − 16ξ2cγ þ 2ξð9s2γ − 8ÞsγÞ
ð4ξ2 þ 1Þm2

K

#
þOðh3Þ

)

þ 1

2
DμhDμhþ 1

8
m2

hv
2
Hðcγ − ξsγÞ2 −

1

2
h2m2

h þ
h3m2

hðs3γ − ξc3γÞ
2ξvH

þ h4m2
h

24ξ2ð4ξ2 þ 1Þ2v2Hm4
K

n
4m4

ϕ�s2γð3cγsγ þ 4ξ − 6ξs2γÞ2

þ ð4ξ2 þ 1Þ2m4
K

h
s2γð38ξc3γsγ þ 25ξ2 þ 19ðξ2 − 1Þs4γ þ ð16 − 41ξ2Þs2γÞ − 3ξ2

i
− 20ð4ξ2 þ 1Þm2

Km
2
ϕ�s2γ ½ξcγsγð7 − 9s2γÞ − c2γðð6ξ2 − 3Þs2γ − 4ξ2Þ�

o
þOðh5Þ

þ Q̄LU

�
yu 0

0 yd

�
QR ×

1ffiffiffi
2

p
(
−vH − hcγ

þ
h2s2γ ½ð4ξ2 þ 1Þcγm2

Kðξcγ þ sγÞ −m2
ϕ�ð3cγsγ þ 4ξ − 6ξs2γÞ�

2ξð4ξ2 þ 1ÞvHm2
K

þOðh3Þ
)

þ H:c:; ð23Þ

where vH ≡ vEW=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ξ2

p
is used to avoid overly lengthy expressions; the covariant derivative Dμ acting on the Higgs

boson h reduces to the ordinary partial derivative, ∂μ, since it is a gauge singlet; and the kinetic term for the Higgs field h has
already been brought into its canonical form via a field redefinition. The primary HEFT starts at Oðt−1Þ, with terms
proportional to m2

K , m
2
ϕ� , or their combinations. At the order Oðt0Þ, in addition to the terms present in the Standard Model,

LSM¼ 1

2
DμhDμh−

1

4
ðvEWþhÞ2hVμVμiþm2

hðvEWþhÞ2ðv2EW−2hvEW−h2Þ
8v2EW

−
vEWþhffiffiffi

2
p Q̄LU

�
yu 0

0 yd

�
QRþH:c:; ð24Þ

and the remaining terms proportional to sγ , cγ , and ξ encode the nondecoupling effects of the heavy fields.
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The decoupling HEFT Lagrangian to the first few orders in the power counting is given by

Ld
HEFTðt0Þ ¼ LSM; ð25Þ

Ld
HEFTðt1Þ ¼

1

8
v2EW½m2

Kðξþ sγÞ2 − ξ2m2
ϕ�� −

h3m2
ϕ�s2γð2ξþ sγÞ
2ξvEW

þ
h4m2

ϕ�s2γ ½m2
ϕ�ð4ξþ 3sγÞ2 −m2

Kð12ξ2 þ 14ξsγ þ 5s2γÞ�
8ξ2v2EWm

2
K

þOðh5Þ; ð26Þ

Ld
HEFTðt2Þ ¼

1

2
hVμσ3ihVμσ3i

(
ξ2v2EW − 2hξvEWsγ þ

h2sγ½m2
ϕ�ð4ξþ 3sγÞ − ξm2

K�
m2

K
þOðh3Þ

)

þ 1

4
hVμVμi

(
hvEWð4ξ2 þ 8ξsγ þ s2γÞ

þ
h2sγ½m2

Kð4ξ2 þ 2ξsγ þ s2γÞ −m2
ϕ�ð4ξþ sγÞð4ξþ 3sγÞ�

ξm2
K

þOðh3Þ
)

−
1

8
v2EWm

2
hð4ξ2 þ 2ξsγ þ s2γÞ þ

h3m2
hð−4ξ3 þ 3ξs2γ þ 2s3γÞ

4ξvEW

þ h4m2
h

24ξ2v2EWm
4
K

h
m4

Kð−12ξ4 þ 25ξ2s2γ þ 38ξs3γ þ 16s4γÞ

− 20m2
Km

2
ϕ�s2γðξþ sγÞð4ξþ 3sγÞ þ 4m4

ϕ�s2γð4ξþ 3sγÞ2
i
þOðh5Þ

þ Q̄LU

�
yu 0

0 yd

�
QR ×

ffiffiffi
2

p (
ξ2vEW þ hs2γ

4

þ
h2s2γ ½m2

Kðξþ sγÞ −m2
ϕ�ð4ξþ 3sγÞ�

4ξvEWm2
K

þOðh3Þ
)

þ H:c:; ð27Þ

where Ld
HEFTðt0Þ coincides exactly with the SM Lagrangian

given in Eq. (24). That is, in the limit t → 0, the dHEFT
reduces to the SM. Physically, this corresponds to taking
the masses of the heavy states to infinity, in which case the
dHEFT reproduces the SM, thereby manifesting its decou-
pling behavior. Custodial-symmetry violation first enters at
Oðt2Þ through the term hVμσ3ihVμσ3i in Ld

HEFTðt2Þ.

4. The mapping from pHEFT to dHEFT

Starting from the pHEFT results in Eqs. (22) and (23),
we can rederive an EFT Lagrangian by promoting sγ and ξ
to OðtÞ. Once the terms are rearranged following the
revised power-counting, the results match the dHEFT
expressions in Eqs. (25)–(27) exactly. Specifically, since
sγ and ξ areOðtÞ in the dHEFT power-counting, the factors

cγ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2γ

q
and ð1þ 4ξ2Þ−1 must be Taylor-expanded as

cγ ¼ 1 −
s2γ
2
−
s4γ
8
þ � � � ; ð28Þ

1

1þ 4ξ2
¼ 1 − 4ξ2 þ 16ξ4 þ � � � ; ð29Þ

which only yield even powers of sγ and ξ. Meanwhile, in
the terms in Lp

HEFTðt−1Þ and the shifted Lagrangian
ΔLp

HEFTðt0Þ≡ Lp
HEFTðt0Þ − LSM, the total power of sγ

and ξ is restricted to even integers starting from 2.
Consequently, we obtain the following mapping:

Lp
HEFTðt−1Þ → Ld

HEFTðt1Þ þ S1Ld
HEFTðt3Þ þ � � � ; ð30Þ

ΔLp
HEFTðt0Þ → Ld

HEFTðt2Þ þ S1Ld
HEFTðt4Þ þ � � � ; ð31Þ

where SiLd
HEFTðtnÞ denotes a distinct term of the dHEFT

Lagrangian at order OðtnÞ. Here, the index i serves merely
as a label to distinguish different disjoint subsets and does
not imply any particular sequence. Notably, the power tn

within each HEFT is governed by its own power-count-
ing rule.
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A concrete example is provided by the hVμσ3ihVμσ3ih2
operator. In pHEFT, its coefficient at Oðt0Þ is

sγ
2

"
s3γ − ξc3γ þ

cγm2
ϕ�ð3cγsγ þ 4ξ − 6ξs2γÞ

ð4ξ2 þ 1Þm2
K

#
: ð32Þ

By substituting cγ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2γ

q
and applying the dHEFT

scaling from Eq. (18), the factors cγ and ð1þ 4ξ2Þ−1 are
expanded according to Eqs. (28) and (29). The leading-
order result becomes

sγ
2m2

K
½m2

ϕ�ð4ξþ 3sγÞ − ξm2
K�; ð33Þ

which is exactly the Oðt2Þ term in dHEFT. Any remaining
terms from the expansion of Eq. (32) consist of higher
powers of sγ and ξ, contributing to the dHEFT Lagrangian
starting from Oðt4Þ.
The mapping at the next order follows a slightly different

structure:

Lp
HEFTðt1Þ→S2Ld

HEFTðt3ÞþS2Ld
HEFTðt5Þþ �� � ; ð34Þ

where S2Ld
HEFTðt3Þ denotes the second disjoint subset of

the dHEFT Lagrangian atOðt3Þ. This partitioning accounts
for the fact Lp

HEFTðt−1Þ has already populated the first
subset, S1Ld

HEFTðt3Þ, as shown in Eq. (30). These subsets
are mutually exclusive; notably, the derivative operators at
Oðt3Þ in dHEFT belong exclusively to S2, since L

p
HEFTðt−1Þ

consists solely of h polynomials and does not generate
derivative structures in its mapping.
The p2 and the p4 operators6 of Lp

HEFTðt1Þ are listed
separately in Tables I and II, providing the corresponding
terms in Ld

HEFTðt3Þ for comparison. For the Wilson
coefficients, we retain only the lowest-order terms in the

h-polynomial expansion, with higher-order terms provided
in the GitHub repository.7 Given that S2Ld

HEFTðt3Þ captures
only the leading-order contribution of the mapping, the
transformation between the second and third columns of
these tables is simplified via the substitutions cγ → 1 and
ð1þ 4ξ2Þ → 1 as established in Eqs. (28) and (29). Notice
that vH → vEW as ð1þ 4ξ2Þ → 1.
The mapping established in Eqs. (31) and (34) also

applies to the quark sector. In Lp
HEFTðt0Þ, the interaction

involving quark currents is given by

Lp
HEFTðt0Þ ⊃ −

vEWð1þ 4ξ2Þ−1=2 þ hcγffiffiffi
2

p

× Q̄LU

�
yu 0

0 yd

�
QR þ H:c:; ð35Þ

where higher-order polynomials in h are omitted.
Following the dHEFT power counting, this expression is
mapped onto

Ld
HEFTðt0Þ⊃−

vEWþhffiffiffi
2

p Q̄LU

�
yu 0

0 yd

�
QRþH:c:; ð36Þ

Ld
HEFTðt2Þ⊃

� ffiffiffi
2

p
ξ2vEWþ hs2γ

2
ffiffiffi
2

p
�
Q̄LU

�
yu 0

0 yd

�
QRþH:c:

ð37Þ

Specifically, Eq. (36) represents the Standard Model
Yukawa sector, while the Oðt2Þ term in Eq. (37) provides
the leading new-physics correction in the decoupling limit.
We list the operators of Lp

HEFTðt1Þ involving fermion
currents and their Wilson coefficients in Table III. Notably,
the fermionic operator structures in Ld

HEFTðt3Þ are identical
to those in the pHEFT framework. Since Lp

HEFTðt−1Þ
contains no fermion currents, there are no contribution
from lower-order pHEFT terms. Consequently, the Wilson
coefficients for the dHEFTatOðt3Þ can be directly obtained

TABLE I. p2 operators in Lp
HEFTðt1Þ and their corresponding Wilson coefficients. The first column lists the

operators, while the second and third columns show the WCs in pHEFT and their leading-order mapping to dHEFT
at Oðt3Þ, respectively. The transformation between these columns is simplified by cγ → 1 and ð1þ 4ξ2Þ → 1. Only
the lowest-order h-polynomials are shown; higher-order terms [e.g., Oðh3Þ] are available in the GitHub repositorya.
Operators WCs (Lp

HEFTðt1Þ) WCs (Ld
HEFTðt3Þ)

hVμVμi h2m2
hsγð4ξcγþsγÞ

2ξð4ξ2þ1Þm4
K

½2ð4ξ2 þ 1Þcγm2
Kðξcγ þ sγÞ

−m2
ϕ�ð3cγsγ þ 4ξ − 6ξs2γ Þ�

h2m2
hsγð4ξþsγÞ
2ξm4

K
½2m2

Kðξþ sγÞ
−m2

ϕ�ð4ξþ 3sγÞ�

hVμσ3ihVμσ3i h2cγm2
hsγ

ð4ξ2þ1Þm4
K
½m2

ϕ�ð3cγsγ þ 4ξ − 6ξs2γ Þ
−2ð4ξ2 þ 1Þcγm2

Kðξcγ þ sγÞ�

h2m2
hsγ

m4
K

½m2
ϕ�ð4ξþ 3sγÞ

−2m2
Kðξþ sγÞ�

ahttps://github.com/wanx001/PrimaryHEFT.

6Since the pHEFT starts at Oðt−1Þ, the EOM of h alone is
insufficient for reducing operators appearing at Lp

HEFTðt1Þ;
instead we use field redefinition. 7https://github.com/wanx001/PrimaryHEFT.
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from the second column of Table III by applying the
leading-order substitutions cγ → 1 and ð1þ 4ξ2Þ → 1.

5. Discussion on framework correspondence

The pHEFT and dHEFT Lagrangians are derived via a
common functional matching approach: the heavy states
ϕ� and K are integrated out at tree level by solving their
EOMs perturbatively and substituting back, which yields a
series of local HEFT operators. These two HEFTs share an
identical parameter set:

P ¼ fm2
ϕ� ; m2

K;mh; vEW; sγ; ξg; ð38Þ

while following different power-counting schemes, as
follows:

pHEFT∶ m2
ϕ� ∼m2

K ∼Oðt−1Þ;
mh ∼ vEW ∼ sγ ∼ ξ ∼Oðt0Þ;

dHEFT∶ m2
ϕ� ∼m2

K ∼Oðt−1Þ;
mh ∼ vEW ∼Oðt0Þ; sγ ∼ ξ ∼Oðt1Þ:

A comparison of the matching results reveals that the
dHEFT Lagrangian can be exactly reproduced from the
pHEFTresults by simply applying the dHEFTpower-counting
scheme to the pHEFT coefficients. Specifically, by performing
the Taylor expansions of cγ and ð1þ 4ξ2Þ−1 as dictated by the
sγ ∼ ξ ∼Oðt1Þ scaling, the pHEFT expressions map exactly
onto their dHEFT counterparts. Therefore, performing the
pHEFT matching is sufficient: the dHEFT limit follows
directly fromparameter rescaling,making a separate functional
matching procedure for the decoupling case redundant.
This means that part of the matching procedure—

namely, integrating out the heavy states and expanding
in the inverse of their masses—can be separated from the
full matching procedure. The pHEFT completes this core
step while retaining the maximal information from the UV
model. Further scalings of sin γ and ξ then act as additional
restrictions. In other words, a HEFT with an arbitrary
scaling of the parameter set P ¼ fm2

ϕ� ; m2
K;mh; vEW; sγ; ξg

can be obtained by applying such a scaling directly to the
pHEFT, without the need to solve the EOM or perform
operator reduction. By circumventing case-by-case proce-
dures for solving the EOMs and performing operator
reductions, this approach provides a unified and efficient

TABLE II. p4 operators in Lp
HEFTðt1Þ and their correspondingWilson coefficients. Following the same structure as

Table I, the second column presents the pHEFT results, which reduce to theOðt3Þ dHEFT terms in the third column
under the approximations cγ → 1 and ð1þ 4ξ2Þ → 1. The terms with higher-order h-polynomials are available in
the GitHub repositorya.

Operators WCs (Lp
HEFTðt1Þ) WCs (Ld

HEFTðt3Þ)
hVμVμihVνVνi v2Hð4ξcγ þ sγÞ2=8m2

K v2EWð4ξþ sγÞ2=8m2
K

hVμσ3ihVμσ3ihVνVνi −ξcγv2Hð4ξcγ þ sγÞ=2m2
K −ξv2EWð4ξþ sγÞ=2m2

K

hVμσ3ihVνσ3ihVμVνi ξ2v2H=ð4ξ2 þ 1Þm2
ϕ� ξ2v2EW=m

2
ϕ�

hVμσ3ihVμσ3ihVνσ3ihVνσ3i 1
2
ξ2v2H

h
c2γ
m2

K
− 1

ð4ξ2þ1Þm2

ϕ�

i
ξ2v2EW

2m2
Km

2

ϕ�
ðm2

ϕ� −m2
KÞ

hVμVνσ3ihVμσ3iDνh 4ξvHðξcγ þ sγÞ=ð4ξ2 þ 1Þm2
ϕ� 4ξvEWðξþ sγÞ=m2

ϕ�

hVμVνiDμhDνh −4ðξcγ þ sγÞ2=ð4ξ2 þ 1Þm2
ϕ� −4ðξþ sγÞ2=m2

ϕ�

hVμσ3ihVνσ3iDμhDνh 2ðξcγ þ sγÞ2=ð4ξ2 þ 1Þm2
ϕ� 2ðξþ sγÞ2=m2

ϕ�

hVμVμiDνhDνh sγð4ξcγþsγÞ
2ξð4ξ2þ1Þm4

K
½m2

ϕ�ð3cγsγ þ 4ξ − 6ξs2γ Þ
−ð4ξ2 þ 1Þcγm2

Kðξcγ þ sγÞ�
sγð4ξþsγÞ
2ξm4

K
½m2

ϕ�ð4ξþ 3sγÞ
−m2

Kðξþ sγÞ�

hVμσ3ihVμσ3iDνhDνh cγsγ
ð4ξ2þ1Þm4

K
½ð4ξ2 þ 1Þcγm2

Kðξcγ þ sγÞ
−m2

ϕ�ð3cγsγ þ 4ξ − 6ξs2γ Þ�
sγ
m4

K
½m2

Kðξþ sγÞ
−m2

ϕ�ð4ξþ 3sγÞ�

DμhDμhDνhDνh s2γ
2ξ2ð4ξ2þ1Þ2v2Hm6

K
½ð4ξ2 þ 1Þcγm2

Kðξcγ þ sγÞ
−m2

ϕ�ð3cγsγ þ 4ξ − 6ξs2γ Þ�2
s2γ

2ξ2v2EWm6
K
½m2

Kðξþ sγÞ
−m2

ϕ�ð4ξþ 3sγÞ�2
ahttps://github.com/wanx001/PrimaryHEFT.
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framework for deriving the effective limits of the under-
lying UV theory across different scaling schemes.
The mapping relations established in Eqs. (30), (31), and

(34) imply that one framework is systematically embedded
within the other. Specifically, we observe the following
inclusion relations:

Lp
HEFTðt−1Þ ⊃ Ld

HEFTðt1Þ;
Lp
HEFTðt−1 þ t0Þ ⊃ Ld

HEFTðt1 þ t2Þ;
Lp
HEFTðt−1 þ t0 þ t1Þ ⊃ Ld

HEFTðt1 þ t2 þ t3Þ;
… ð39Þ

TABLE III. Fermionic operators in Lp
HEFTðt1Þ and their corresponding Wilson coefficients (second column). The

dHEFT results at Oðt3Þ share the same operator structures, and their coefficients can be retrieved by setting cγ → 1

and ð1þ 4ξ2Þ → 1. The terms with higher-order h-polynomials are available in the GitHub repositorya.

Operator WCs (Lp
HEFTðt1Þ)

ðQ̄LUQRÞhVμVμi þ H:c: 1
2
ðyu þ ydÞ vHsγð4ξcγþsγÞ

2
ffiffi
2

p
m2

K

ðQ̄LUσ3QRÞhVμVμi þ H:c: 1
2
ðyu − ydÞ vHsγð4ξcγþsγÞ

2
ffiffi
2

p
m2

K

ðQ̄LUQRÞhVμσ3ihVμσ3i þ H:c: 1
2
ðyu þ ydÞ

�
− ξcγvHsγffiffi

2
p

m2
K

�
ðQ̄LUσ3QRÞhVμσ3ihVμσ3i þ H:c: 1

2
ðyu − ydÞ

�
− ξcγvHsγffiffi

2
p

m2
K

�
− 1

2
ðyu − ydÞ

ffiffi
2

p
ξ2vH

ð4ξ2þ1Þm2

ϕ�

ðQ̄LU½Vμ; σ3�QRÞhVμσ3i þ H:c: 1
2
ðyu þ ydÞ

ffiffi
2

p
ξ2vH

ð4ξ2þ1Þm2

ϕ�

ðQ̄LUVμQRÞhVμσ3i þ H:c: ðyu − ydÞ
ffiffi
2

p
ξ2vH

ð4ξ2þ1Þm2

ϕ�

ðQ̄LUQRÞDμhDμhþ H:c:
1
2
ðyu þ ydÞ

s2γ
	
m2

ϕ� ð3cγsγþ4ξ−6ξs2γ Þ−ð4ξ2þ1Þcγm2
KðξcγþsγÞ



ffiffi
2

p
ξð4ξ2þ1ÞvHm4

K

ðQ̄LUσ3QRÞDμhDμhþ H:c:
1
2
ðyu − ydÞ

s2γ
	
m2

ϕ� ð3cγsγþ4ξ−6ξs2γ Þ−ð4ξ2þ1Þcγm2
KðξcγþsγÞ



ffiffi
2

p
ξð4ξ2þ1ÞvHm4

K

ðQ̄LU½Vμ; σ3�QRÞDμhþ H:c: 1
2
ðyu − ydÞ 2

ffiffi
2

p
ξðξcγþsγÞ

ð4ξ2þ1Þm2

ϕ�

ðQ̄LUVμQRÞDμhþ H:c: ðyu þ ydÞ 2
ffiffi
2

p
ξðξcγþsγÞ

ð4ξ2þ1Þm2

ϕ�

ðQ̄LUσ3QRÞhVμσ3iDμhþ H:c: − 1
2
ðyu þ ydÞ 2

ffiffi
2

p
ξðξcγþsγÞ

ð4ξ2þ1Þm2

ϕ�

ðQ̄LUQRÞ þ H:c:
1
2
ðyu þ ydÞ

h2m2
hs

2
γ

	
2ð4ξ2þ1Þcγm2

KðξcγþsγÞ−m2

ϕ� ð3cγsγþ4ξ−6ξs2γ Þ



ffiffi
2

p
ξð4ξ2þ1ÞvHm4

K

ðQ̄LUσ3QRÞ þ H:c:
1
2
ðyu − ydÞ

h2m2
hs

2
γ

	
2ð4ξ2þ1Þcγm2

KðξcγþsγÞ−m2

ϕ� ð3cγsγþ4ξ−6ξs2γ Þ



ffiffi
2

p
ξð4ξ2þ1ÞvHm4

K

ðQ̄LUQRÞðQ̄LUQRÞ þ H:c: 1
4
ðyu þ ydÞ2 s2γ

4m2
K

ðQ̄LUQRÞðQ̄LUσ3QRÞ þ H:c: 1
2
ðy2u − y2dÞ s2γ

4m2
K

ðQ̄LUσ3QRÞðQ̄LUσ3QRÞ þ H:c: 1
4
ðyu − ydÞ2 s2γ

4m2
K
þ 1

4
yuyd

4ξ2

ð4ξ2þ1Þm2

ϕ�

ðQ̄Lσ
IUQRÞðQ̄Lσ

IUQRÞ þ H:c: − 1
4
yuyd

4ξ2

ð4ξ2þ1Þm2

ϕ�

ðQ̄LγμQLÞðQ̄Rγ
μQRÞ 1

4
ðy2u þ y2dÞ s2γ

4m2
K
þ 1

8
ðy2u þ y2dÞ 4ξ2

ð4ξ2þ1Þm2

ϕ�

ðQ̄Lγμσ
IQLÞðQ̄Rγ

μU†σIUQRÞ 1
2
yuyd

s2γ
4m2

K

ðQ̄LγμUσ3U†QLÞðQ̄Rγ
μQRÞ 1

4
ðy2u − y2dÞ s2γ

4m2
K
− 1

8
ðy2u − y2dÞ 4ξ2

ð4ξ2þ1Þm2

ϕ�

ðQ̄LγμQLÞðQ̄Rγ
μσ3QRÞ 1

4
ðy2u − y2dÞ s2γ

4m2
K
þ 1

8
ðy2u − y2dÞ 4ξ2

ð4ξ2þ1Þm2

ϕ�

ðQ̄LγμUσ3U†QLÞðQ̄Rγ
μσ3QRÞ 1

4
ðyu − ydÞ2 s2γ

4m2
K
− 1

8
ðy2u þ y2dÞ 4ξ2

ð4ξ2þ1Þm2

ϕ�

ahttps://github.com/wanx001/PrimaryHEFT.
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where the ellipsis denotes that this pattern persists to all
higher orders. This hierarchical structure confirms that the
dHEFT is effectively contained within the pHEFT expan-
sion. We make this correspondence visually explicit by
investigating the process of Higgs self-scattering hh → hh.
For all subsequent plots, we fix the Higgs mass mh to
125 GeVand the electroweak VEV vEW to 246 GeV. While
experiments also impose strong bounds—ξ≲ 0.015 from
the ρ parameter [87] and −0.10≲ sγ ≲ 0.15 from Higgs
couplings [87–89]—the parameter regions displayed in our
plots are not required to satisfy them fully. Usually only
slight violations are allowed unless explicitly noted.
Figures 1 and 2 demonstrate that, for typical parameter
values, the OðtnÞ result in dHEFT closely matches the
Oðtn−2Þ result in pHEFT—a consequence of the
inherent power-counting hierarchy distinguishing the two
effective theories. But in extreme regions of parameter

space (ξ ¼ 0.1, though such regions have already been
ruled out by experiments, we show it for illustration), the
leading-order prediction in pHEFT matches the accuracy of
the second- and even third-order results in dHEFT as
presented in Fig. 3. This result is expected, since a sizable
nondecoupling effect in the RHTM arises from custodial-
symmetry breaking and is therefore only pronounced for
large values of ξ.
The existence of the straightforward inclusion relations

described above is a direct consequence of the specific
scaling assignments for sγ and ξ in the decoupling limit. As
long as these parameters are treated as OðtnÞ with n ≥ 0,
the dHEFT can be viewed as a truncation of the pHEFT. For
instance, if a model required a more suppressed scaling
such as sγ ∼Oðt4Þ and ξ ∼Oðt1Þ, the inclusion relations
would remain valid, as both parameters continue to
provide additional suppression within the pHEFT

FIG. 1. Comparison between the UV model and the pHEFT and dHEFT in the differential cross section of hh → hh, for a c.m. energyffiffiffi
s

p ¼ 300 GeV and a scattering angle θ0 ¼ π=4. We set ξ ¼ 0.01, mϕ� ¼ 450 GeV, and mK ¼ 520 GeV. The Higgs mass and
electroweak vacuum expectation value are fixed to their experimentally measured values:mh ¼ 125 GeV and vEW ¼ 246 GeV. The top
panel presents the cross section over sγ ∈ ½−0.1; 0.1�, while the three lower panels provide detailed views of three selected subintervals.
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expansion. However, for more “exotic” scalings—such as
sγ ∼Oðt4Þ and ξ ∼Oðt−1Þ—the correspondence becomes
less trivial, as the enhancement from ξ could potentially
compete with the suppression from sγ or the heavy mass
expansion. Fortunately, such unconventional power-count-
ing schemes are rarely motivated by physical consider-
ations. Thus, for the vast majority of phenomenologically
relevant scenarios, the pHEFT serves as a robust and
flexible framework for generating specific effective limits.
It is also of interest to examine whether the pHEFT

can provide a convenient organizational starting point
for HEFT formulations based on alternative parameter
sets. For instance, one may consider the set
fm2

ϕ� ; m2
K;mh; vEW; Z2; ξg, in which the physical mixing

angle sγ is replaced by Z2, a fundamental parameter
appearing directly in the UV Lagrangian. Another pos-
sibility is the set fZ1; Z2; Z3; Y3; vEW; ξg employed in

Ref. [85], where a HEFT is constructed through a system-
atic ξ expansion. In the following two subsections, we
present a detailed analysis of these cases.

B. Z2-HEFT

As discussed in the previous section, a primary HEFT is
obtained from UV-HEFT matching through an expansion
in inverse powers of the heavy mass-squared parameters,
without imposing additional restrictions. In principle, one
may choose alternative parameter sets, including heavy-
mass parameters, leading to different versions of the
primary HEFT.
To assess the impact of the parameter choice, we

compare these alternative formulations, which can in
general lead to inequivalent truncation structures. It is
therefore important to clarify whether these formulations
are equivalent and, if not, which one provides a more
accurate description.

FIG. 2. Similar to Fig. 1, now shown for
ffiffiffi
s

p ¼ 600 GeV, θ0 ¼ π=8, ξ ¼ 0.005, mϕ� ¼ 700 GeV, and mK ¼ 820 GeV. When
sγ > 0.084, the model becomes unstable because the boundedness-from-below conditions (Z1; Z2 ≥ 0 and jZ3j ≤ 2

ffiffiffiffiffiffiffiffiffiffi
Z1Z2

p
[85]) are

violated.
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Our baseline realization, the pHEFT, utilizes the param-
eter set fm2

ϕ� ; m2
K;mh; vEW; sγ; ξg. Among these parame-

ters, m2
ϕ� and m2

K are kept as expansion parameters; the

Higgs mass mh, the electroweak VEV vEW, and ξ are well-
determined or constrained by precision experimental mea-
surements. Thus, sγ emerges as the most adaptable candi-
date for replacement. We therefore consider an alternative
primary HEFT based on the set

PZ2
¼ fm2

ϕ� ; m2
K;mh; vEW; Z2; ξg; ð40Þ

and follow a power-counting scheme,

Z2-HEFT∶ m2
ϕ� ∼m2

K ∼Oðt−1Þ;
mh ∼ vEW ∼ Z2 ∼ ξ ∼Oðt0Þ; ð41Þ

where the physical mixing angle sγ is now treated as a
derived quantity expressed in terms of the UV-Lagrangian
parameter Z2 via the relation:

sγ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ξ2Z2v2EW − ð4ξ2 þ 1Þm2

K þm2
ϕ�

ð4ξ2 þ 1Þðm2
h −m2

KÞ

s
: ð42Þ

In this expression, the � sign corresponds to two distinct
branches, each associated with a different HEFT. We refer
to them as the positive Z2-HEFT and the negative Z2-
HEFT, respectively.
The construction of the Z2-HEFT then proceeds through

a two-step mapping procedure. This is possible because the
pHEFT already captures the full dynamics of the under-
lying theory, having successfully integrated out the heavy

FIG. 3. Similar to Fig. 1, now shown for
ffiffiffi
s

p ¼ 900 GeV, θ0 ¼ π=2, ξ ¼ 0.1, mϕ� ¼ 1000 GeV, and mK ¼ 1200 GeV. The value
ξ ¼ 0.1 is chosen for illustration only and is not intended to be phenomenologically viable, having been excluded by existing
measurements. When sγ > −0.064, the model becomes unstable because the boundedness-from-below conditions (Z1; Z2 ≥ 0 and
jZ3j ≤ 2

ffiffiffiffiffiffiffiffiffiffi
Z1Z2

p
) are violated.
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states. Consequently, the mapping requires only a para-
metric transformation and operator reorganization: first, we
perform a substitution of sγ (and cγ) into the pHEFT
Lagrangian; second, we reorganize operators according to
the power counting scheme in Eq. (41).
In the latter step, the expression for sγ appearing on the

rhs of Eq. (42) must be expanded in inverse powers of the
heavy masses and consistently truncated at a given order.
Such an expansion implicitly imposes several consistency
conditions on the parameter space. For example, the
appearance of the factor ðm2

h −m2
KÞ in the denominator

requires the hierarchy

m2
h ≪ m2

K: ð43Þ
Meanwhile, regarding the numerator within the square root,
a valid expansion in m2

K and m2
ϕ� (m2

ϕ� ∼m2
K ∼Oðt−1Þ)

requires the following further condition:

j2ξ2Z2v2EWj ≪ jð4ξ2 þ 1Þm2
K −m2

ϕ�j: ð44Þ

If these two hierarchies are not maintained, the heavy-
mass expansion ceases to be systematically controlled,
signaling that the Z2-HEFT no longer provides a reliable
description of the RHTM.
Figures 4 and 5 show the differential cross section for

hh → hh obtained from Z2-HEFT, compared with that
from pHEFT. For sγ < 0, we use the negative Z2-HEFT; for
sγ > 0, we use the positive Z2-HEFT. The two HEFTs do
not connect smoothly at sγ ¼ 0, since they approach this
point from opposite directions. In Fig. 4, the Z2-HEFT
reproduces the RHTM prediction well around sγ ≃�0.07.
However, the accuracy decreases as sγ approaches zero,
with a more significant discrepancy observed for positive
sγ. This reflects the breakdown of the expansion criteria in
Eq. (44) in this parameter regime. In Fig. 5, we increase the

FIG. 4. Comparison between the UV model and the pHEFT and Z2-HEFT in the differential cross section of hh → hh, for a c.m.
energy

ffiffiffi
s

p ¼ 300 GeV and a scattering angle θ0 ¼ π=4. We set ξ ¼ 0.01, mϕ� ¼ 499 GeV, and mK ¼ 500 GeV. The Higgs mass and
electroweak vacuum expectation value are fixed to their experimentally measured values:mh ¼ 125 GeV and vEW ¼ 246 GeV. The top
panel presents the cross section over sγ ∈ ½−0.1; 0.1�, while the three lower panels provide detailed views of three selected subintervals.
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mass splitting between the charged and neutral Higgs
bosons by setting mϕ� ¼ 498 GeV. In this case, the Z2-
HEFT exhibits good agreement with the RHTM around
sγ ≃�0.09. This can be understood from the fact that a
larger mixing angle enhances the mass splitting between
the scalar states. It is also noticeable from both Figs. 4 and 5
that the boundedness-from-below condition is almost
satisfied for sγ ∈ ½−0.04; 0.0�, which is far from the region
where the approximation works well. This further reinfor-
ces the conclusion that the Z2-HEFT cannot be regarded as
a viable primary HEFT.
In summary, the pHEFT framework is significantly

less constrained than the Z2-HEFT. The criteria for
determining whether a parameter set retains the maxi-
mal information from the UV theory depends on
whether the relation between the UV Lagrangian cou-
plings (Zi, Yi) and squared heavy masses is linear or
necessitates an additional inverse-mass expansion dur-
ing the matching procedure. In the RHTM, the relation

between the Lagrangian couplings (Zi, Yi) and the
pHEFT set fm2

ϕ� ; m2
K;mh; vEW; sγ; ξg is linear, as shown

in Eq. (15). This linearity ensures that the UV inter-
action terms remain exact, avoiding the need for further
expansions in inverse heavy masses. Consequently, the
pHEFT parameter set preserves maximal information
from the UV theory within the primary HEFT. In
contrast, the Z2-HEFT relies on nonlinear relations;
substituting Eq. (42) into Eq. (15) necessitates an extra
inverse-mass expansion, which introduces truncation
errors and an inherent loss of precision.
It is interesting to note that in the UV models with scalar

extensions, the existence of such linear relations between
the squared heavy masses and the UV Lagrangian param-
eters is a common feature, as seen in the Z2-symmetric
singlet model and the 2HDM in our following discussions
in Sec. IV. This makes the physical basis—comprising
physical masses, mixing angles, and VEVs—a naturally
superior choice for defining a primary HEFT.

FIG. 5. Similar to Fig. 4, now shown for
ffiffiffi
s

p ¼ 300 GeV, θ0 ¼ π=4, ξ ¼ 0.01, mϕ� ¼ 498 GeV, and mK ¼ 500 GeV.
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C. ξ-HEFT

In Ref. [85], we derived the ξ-HEFT, which utilizes the parameter set

Pξ ¼ fZ1; Z2; Z3; Y3; vH; ξg: ð45Þ

This framework employs a ξ-expansion, which is formally equivalent to the power-counting scheme, as follows:

ξ-HEFT∶ Z1∼Z2∼Z3∼Y3∼vH∼Oðt0Þ; ξ∼Oðt1Þ: ð46Þ

In Ref. [85], the corresponding UV-to-HEFT matching results are given by

Lξ
HEFTðt0Þ ¼

1

2
DμhDμh −

1

4
Z1ð−v4H þ 4h2v2H þ 4h3vH þ h4Þ − 1

4
ðvH þ hÞ2hVμVμi;

Lξ
HEFTðt1Þ ¼

ξY3

4vH
ð−v4H þ 4h2v2H þ 4h3vH þ h4Þ;

Lξ
HEFTðt2Þ ¼

ξ2

4v2H

n
v6HZ3 þ 8h2v4Hð2Z1 − Z3Þ þ 8h3v3Hð5Z1 − 2Z3Þ

þ 14

3
h4v2Hð8Z1 − 3Z3Þ − 4ðv4H þ 3hv3H þ 4h2v2HÞhVμVμi

þ 2ðv4H þ 4hv3H þ 6h2v2HÞhVμσ3ihVμσ3i
o
; ð47Þ

where h polynomials of higher orders have been omitted.
To facilitate a direct comparison between the pHEFT and the ξ-HEFT, first we start from the pHEFT

and express its parameters fm2
ϕ� ; m2

K;m
2
h; sγ; vEWg in terms of fZ1; Z2; Z3; Y3; vHg through a systematic expansion in

ξ, as follows:

m2
ϕ� →

Y3vH
2ξ

þ 2ξY3vH;

m2
K →

Y3vH
2ξ

þ 2ξY3vH þ 2ξ2v2Hð4Z1 þ Z2 − 2Z3Þ þOðξ3Þ;

m2
h → 2Z1v2H − 2ξY3vH − 4ξ2v2Hð2Z1 − Z3Þ þOðξ3Þ;

sγ → −2ξ −
2ð4Z1 − Z3Þξ2vH

Y3

þOðξ3Þ;

vEW → vH þ 2ξ2vH þOðξ3Þ: ð48Þ

Then we substitute these expansions into the pHEFT
Lagrangian [Eq. (23)] and reorganize the resulting oper-
ators according to the ξ-HEFT power-counting scheme
defined in Eq. (46). Finally, we obtain a new HEFT that is
identical to the ξ-HEFT presented in Eq. (47). This
demonstrates that the ξ-HEFT can be systematically
derived from the pHEFT via the corresponding parameter
transformation and ξ-expansion.
It is noteworthy that the leading-order scaling in ξ-HEFT

[Eq. (46)] is effectively equivalent to the dHEFT scaling:
m2

ϕ� ∼m2
K∼Oðt−1Þ, mh∼vEW∼Oðt0Þ, and sγ ∼ ξ ∼Oðt1Þ.

This equivalence motivates a closer examination of the

relationship between these two HEFTs. By applying the
reparametrization in Eq. (48) to the dHEFT, we indeed
rederive the ξ-HEFT results presented in Eq. (47).
Considering the higher-order terms discarded at each stage
of the pHEFT → dHEFT and dHEFT → ξ-HEFT map-
pings, the hierarchical relationship among these three
HEFTs can be expressed as

pHEFT ⊃ dHEFT ⊃ ξ-HEFT: ð49Þ

This nesting structure reveals that although pHEFT
and dHEFT are formally reducible to ξ-HEFT, they
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encode a more fundamental matching. Specifically, the
matching procedure dictates that the ξ expansion must be
viewed as secondary, to be performed only after the
primary inverse-mass expansion. This precedence arises
from the fact that the essence of UV-EFT matching lies in
the treatment of heavy-state propagators. Thus, the
expansion in inverse mass is fundamental, while any
expansion in additional parameters is necessarily
subordinate.
The pHEFT and dHEFT frameworks improve numerical

agreement with the underlying UV theory by retaining—
rather than truncating—subsets of higher-order terms
within their physical parameter definitions, as seen through
the inverse of Eq. (48). This approach systematically
minimizes the UV-EFT mismatch at any fixed order of
truncation.
In Fig. 6, we show the comparison among the pHEFT,

the dHEFT and the ξ-HEFT.8 First, the ξ-HEFT is far from
exactly reproducing the RHTM when sγ is positive (right
panel). This is evident from the expansion of sγ in ξ in
Eq. (48), which indicates that the ξ expansion is valid only
for negative sγ . Second, as shown in the left panel, ξ-HEFT
performs comparably to other HEFTs when ξ is close
to −sγ=2 ¼ 0.2.

D. Y2-HEFT vs. SMEFT

1. Y2-HEFT

In the standard UV-SMEFT matching [63,64,85],
the Wilson coefficients of SMEFT are conventionally
written as functions of the UV theory’s parameters,
specified in the unbroken (symmetric) phase, as
follows:

PY2
¼ fZ1; Z2; Z3; Y1; Y2; Y3g: ð50Þ

The power-counting scheme proceeds as an
expansion in powers of 1=Y2

2, with Y2
2 denoting the

real-triplet mass squared before electroweak symmetry
breaking. Equivalently, the parameters follow the
scaling:

Y2-HEFT∶Z1∼Z2∼Z3∼Y1∼Y3∼Oðt0Þ; Y2
2∼Oðt−1Þ:

ð51Þ

Within this power-counting scheme, one can derive a
new HEFT, which we denote as the Y2-HEFT.
As discussed above, the Y2-HEFT Lagrangian follows

directly from the pHEFT results via the substitutions listed
below:

FIG. 6. Comparison between the UV model and the pHEFTand ξ-HEFT in the differential cross section of hh → hh, for a c.m. energyffiffiffi
s

p ¼ 300 GeV and a scattering angle θ0 ¼ π=8. We set mϕ� ¼ 680 GeV, and mK ¼ 700 GeV. The Higgs mass and electroweak
vacuum expectation value are fixed to their experimentally measured values: mh ¼ 125 GeV and vEW ¼ 246 GeV. The left panel
presents the case where sγ ¼ −0.04, while the right panel shows the case where sγ ¼ þ0.04.

8The numerical results of the ξ-HEFT are obtained upon
transforming fZ1; vHg into fmh; vEWg, allowing mh and vEW
to be fixed by experimental values.
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m2
ϕ� → Y2

2 −
Y2
1Z3

2Z1

−
Y2
3Y

2
1ð4Z1 þ Z3Þ
4Y2

2Z
2
1

þOðY−4
2 Þ;

m2
K → Y2

2 −
Y2
1Z3

2Z1

−
Y2
3Y

2
1ð4Z1 þ Z3Þ
4Y2

2Z
2
1

þOðY−4
2 Þ;

m2
h → −2Y2

1 þ
Y4
1Y

2
3ð3Z3 − 8Z1Þ
4Y4

2Z
2
1

þOðY−4
2 Þ;

sγ → −
ffiffiffiffiffiffiffiffiffi
−Y2

1

p
Y3

Y2
2

ffiffiffiffiffi
Z1

p −
ffiffiffiffiffiffiffiffiffi
−Y2

1

p
Y3½4Y2

1ðZ3 − 2Z1Þ þ Y2
3�

4Y4
2Z

3=2
1

þOðY−6
2 Þ;

ξ →

ffiffiffiffiffiffiffiffiffi
−Y2

1

p
Y3

2Y2
2

ffiffiffiffiffi
Z1

p þ
ffiffiffiffiffiffiffiffiffi
−Y2

1

p
Y3ð2Y2

1Z3 þ Y2
3Þ

8Y4
2Z

3=2
1

þOðY−6
2 Þ;

vEW →

ffiffiffiffiffiffiffiffiffi
−Y2

1

p
ffiffiffiffiffi
Z1

p þ
ffiffiffiffiffiffiffiffiffi
−Y2

1

p
Y2
3

4Y2
2Z

3=2
1

þ
ffiffiffiffiffiffiffiffiffi
−Y2

1

p
½2Y2

1Y
2
3ð3Z3 − 8Z1Þ þ 3Y4

3�
32Y4

2Z
5=2
1

þOðY−6
2 Þ; ð52Þ

where the physical masses, the mixing angle sγ , and the
parameter ξ are expressed in terms of the Lagrangian
couplings fZi; Yig. These relations are presented as a
systematic expansion in 1=Y2

2, with only the first two
leading orders explicitly shown. Note that −Y2

1 > 0 is
required to ensure mh ≈ 125 GeV remains at the electro-
weak scale, while mϕ� and mK scale primarily with the
large mass parameter Y2

2.

2. SMEFT

We present the SMEFT matching Wilson coefficients in
Table IV [63,64,85], where terms ofOðY−8

2 Þ and higher are
neglected.
As an illustration, we compute the momentum-indepen-

dent trilinear and quartic Higgs couplings in order to
compare SMEFT with Y2-HEFT. After electroweak sym-
metry breaking, the Higgs doublet H is parametrized as

H →

 
−iGþ

vTþhþiG0ffiffi
2

p

!
; ð53Þ

where Gþ; G0 denote the Goldstone bosons and vT is the
VEV determined by the tadpole condition of the Higgs
boson. The electroweak VEV is obtained from mW mass
definition, which is given by

v2EW ¼ v2T

�
1þ 1

4
v4T
�
Cð1Þ
H6 − Cð2Þ

H6

��
: ð54Þ

In the unitary gauge, the scalar potential for the Higgs
field h is

VSMEFTðhÞ ¼ 1

2
Y2
1ðvT þ hÞ2 − 1

4
CH4ðvT þ hÞ4

−
1

8
CH6ðvT þ hÞ6 − 1

16
CH8ðvT þ hÞ8; ð55Þ

TABLE IV. Dimension-6 and −8 Wilson coefficients of the
bosonic operators resulting from the tree-level matching of the
RHTM to the SMEFT. Oð1=Y8

2Þ and higher orders are omitted
here. CH4 represents the coefficient of the Higgs doublet quartic
interaction after matching.

Dim-4

CH4 −Z1 þ Y2
3

2Y2
2

þ 2Y2
1
Y2
3

Y4
2

þ 6Y4
1
Y2
3

Y6
2

Dim-6

CH Y2
3

2Y4
2

h
ð8Z1 − Z3Þ

�
1þ 4Y2

1

Y2
2

�
− 4Y2

3

Y2
2

i
CHD − 2Y2

3

Y4
2

�
1þ 4Y2

1

Y2
2

�
CH□

Y2
3

2Y4
2

�
1þ 4Y2

1

Y2
2

�

Dim-8

CH8 Y2
3

2Y6
2

ð4Z1 − Z3Þ2

Cð1Þ
H6

0

Cð2Þ
H6

2Y2
3

Y6
2

ð−4Z1 þ Z3Þ

Cð1Þ
H4

4Y2
3

Y6
2

Cð3Þ
H4 − 2Y2

3

Y6
2
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while the kinetic part is

LSMEFT
kin ðhÞ ¼ 1

2
KðhÞ∂μh∂μh;

KðhÞ ¼ 1þ 1

2
ðCHD − 4CH□ÞðvT þ hÞ2 þ 1

4
ðCð1Þ

H6 þ Cð2Þ
H6 ÞðvT þ hÞ4: ð56Þ

After performing the field redefinition h0 ¼ R h0 ffiffiffiffiffiffiffiffiffiffi
KðsÞp

ds to canonically normalize the kinetic term, we extract the triple and
quartic Higgs self-couplings, Δκ3 and Δκ4 by the definition Eq. (2), as follows:

ΔκSMEFT
3 ¼ Y2

1Y
2
3ð2Z1 − Z3Þ
2Z2

1Y
4
2

þ Y2
1Y

4
3ðZ1 − Z3Þ þ Y4

1Y
2
3ð9Z1Z3 − 12Z2

1 − 2Z2
3Þ

2Z3
1Y

6
2

;

ΔκSMEFT
4 ¼ Y2

1Y
2
3ð22Z1 − 9Z3Þ
3Z2

1Y
4
2

þ Y2
1Y

4
3ð11Z1 − 9Z3Þ þ Y4

1Y
2
3ð123Z1Z3 − 164Z2

1 − 24Z2
3Þ

3Z3
1Y

6
2

; ð57Þ

where higher-order terms in the 1=Y2
2 expansion are

neglected.
Notably, we find that up to OðY−6

2 Þ, the results for
ΔκSMEFT

3 and ΔκSMEFT
4 derived above are analytically iden-

tical to those obtained in the Y2-HEFT. Although the two
approaches follow different paths—one matching in the
unbroken phase (SMEFT) and the other matching in the
broken phase (pHEFT) followed by reparametrization and
1=Y2

2 expansion—the resulting Higgs self-interactions are
perfectly consistent. Thus, the hierarchical relation among
the pHEFT, Y2-HEFT, and the SMEFT can be expressed as

pHEFT ⊃ Y2-HEFT ≃ SMEFT; ð58Þ

demonstrating that SMEFT emerges as a restricted limit
within the broader HEFT framework in this example.

In Fig. 7, we show the comparison among the pHEFT,
Y2-HEFT, and SMEFT9 in the differential cross section of
hh → hh. We fix sγ ¼ −0.01 and vary ξ. The left panel
shows 0 < ξ < 0.015, while the right panel shows
0.003 < ξ < 0.007, corresponding to an enlarged region
of the left panel. The pHEFT provides a good approxima-
tion to the UV result over the entire region, whereas the
SMEFT (Y2-HEFT) agrees well only around ξ ≃ 0.005, and
exhibits large deviations when jξ − 0.005j > 0.001. In this
context, the relation sγ ≃ −2ξ can serve as a useful

FIG. 7. Comparison of the UV model with the pHEFT, Y2-HEFT, and SMEFT in the differential cross section of hh → hh, for a c.m.
energy

ffiffiffi
s

p ¼ 300 GeV and a scattering angle θ0 ¼ π=8. We set sγ ¼ −0.01, mϕ� ¼ 680 GeV, and mK ¼ 700 GeV. The Higgs mass
and electroweak vacuum expectation value are fixed to their experimentally measured values:mh ¼ 125 GeV and vEW ¼ 246 GeV. The
left panel shows 0 < ξ < 0.015, while the right panel shows 0.003 < ξ < 0.007, corresponding to an enlarged region of the left panel.

9The SMEFT differs slightly from the Y2-HEFT, as it is
organized by canonical dimension, which is not equivalent to an
expansion in powers of 1=Y2

2 in the presence of additional
dimensionful parameters such as Y1, Y3.
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phenomenological indicator for the applicability of the
pHEFT and the breakdown of the SMEFT.

IV. THE PRIMARY HEFT OF OTHER UVMODELS

In the previous section, through matching the RHTM to
various HEFTs and exploring their connections, we have
shown that the primary HEFT serves as a foundational
framework that can be used to derive other specific HEFTs,
while generally providing the highest level of perturbative
accuracy. The idea of the primary HEFT is naturally
applicable to other UV-HEFT matching procedures. In this
section, we first formulate the primary HEFTwithin the Z2-
symmetric real singlet model and subsequently extend the
discussion to the two-Higgs-doublet model. The specific
matching results for this model have been established in
Ref. [73]; therefore, the present discussion is devoted
exclusively to the construction of the primary HEFT and
its foundational role.

A. Z2RSM

1. Model setup and parametrization

In the Z2-symmetric real singlet model [65,66,73,81],
the Standard Model SUð2ÞL Higgs doublet is extended by a
real singlet scalar field S, and a discrete Z2 symmetry is
imposed under which S → −S. The relevant part of the
Lagrangian reads

LZ2RSM ⊃ ðDμHÞ†ðDμHÞ þ ∂
μS∂μS − VðH; SÞ; ð59Þ

VðH; SÞ ¼ −
μ21
2
H†H −

μ22
2
S2 þ λ1

4
ðH†HÞ2 þ λ2

4
S4

þ λ3
2
H†HS2; ð60Þ

where the parameters μi have mass dimension one, while
the λi are dimensionless couplings.
After spontaneous symmetry breaking, the scalar fields

are parametrized as

H ¼ U

 
0

1ffiffi
2

p ðvH þ h1Þ

!
; S ¼ 1ffiffiffi

2
p ðvS þ h2Þ; ð61Þ

where vH and vS denote the VEVs. They satisfy the
minimization conditions of the scalar potential,

μ21 ¼
1

2
ðλ1v2H þ λ3v2SÞ; μ22 ¼

1

2
ðλ3v2H þ λ2v2SÞ: ð62Þ

The physical Higgs mass eigenstates are obtained by a
rotation with mixing angle χ, as follows:

�
h

K

�
¼
�
cχ −sχ
sχ cχ

��
h1
h2

�
; ð63Þ

where the mixing angle is given by

tanð2χÞ ¼ 2λ3vHvS
λ2v2S − λ1v2H

; ð64Þ

and can be restricted to the range χ ∈ ½−π=4; π=4� without
loss of generality.
The masses of the physical Higgs bosons are

M2
h;K ¼ 1

4

�
λ1v2H þ λ2v2S ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ1v2H − λ2v2SÞ2 þ 4λ23v

2
Hv

2
S

q �
;

ð65Þ

where h denotes the observed Higgs boson with mass
mh ¼ 125 GeV, and K is the heavier scalar state to be
integrated out.
Expressed in terms of physical parameters, the scalar

couplings can be written as

λ1 ¼
2

v2H
ðM2

Ks
2
χ þM2

hc
2
χÞ;

λ2 ¼
2

v2S
ðM2

hs
2
χ þM2

Kc
2
χÞ;

λ3 ¼
2cχsχ
vHvS

ðM2
K −M2

hÞ; ð66Þ

where the linear dependence of the couplings λi on the
heavy mass-squared M2

K is explicit.

2. Construction of the primary HEFT: parameter
set and power counting

The Lagrangian contains five independent parameters,
which can be reparametrized in terms of five physical
quantities. To construct the primary HEFT, we choose the
parameter set

ðMK;Mh; sχ ; vH; vSÞ; ð67Þ

together with the power-counting assignment

MK ∼Oðt−1Þ; Mh ∼ sχ ∼ vH ∼ vS ∼Oðt0Þ: ð68Þ

From Eq. (66), one observes that the couplings λi depend
linearly on the heavy mass-squared M2

K. As a result, no
further expansion in inverse powers of MK is required, and
the interaction terms are kept exact. Consequently, the
resulting primary HEFT preserves the maximal information
from the underlying UV theory.
In contrast, if one adopts an alternative parameter set [73],

ðMK;Mh; sχ ; vH; μ22Þ; ð69Þ

the numerical precision of the resulting EFT is compro-
mised. This is because replacing vS with μ22 in the couplings
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λi introduces an additional dependence onM2
K , necessitating

further expansions and truncations. From Eq. (66), we see
that the couplings λi involve the structure 1=vS. Using the
minimization conditions, this replacement is given by

1

vS
→

c2χM2
K þ s2χM2

h − μ22
cχsχvHðM2

h −M2
KÞ

: ð70Þ

The rhs contains a factor of ðM2
h −M2

KÞ in the denominator.
When performing an expansion in inverse powers of the
heavy mass-squared M2

K , the term 1=ðM2
h −M2

KÞ must be
expanded and truncated. This process inevitably discards
high-order contributions that are otherwise captured exactly
when vS is kept as an independent input. Consequently, the
set ðMK;Mh; sχ ; vH; μ22Þ is not suitable for constructing the
primary HEFT.

B. 2HDM

1. General basis vs. Higgs basis

In the 2HDM [73,84,90] (for reviews, see, e.g.,
Refs. [67,68]), the Standard Model Higgs sector is enlarged
by an additional SUð2ÞL doublet. Unlike scalar extensions
involving singlets, triplets, or other representations, the
two-doublet structure possesses a global Uð2Þ symmetry in
the doublet space, reflecting the freedom to choose a basis
for the Higgs fields. In a generic basis, the scalar
Lagrangian is given by

L2HDM ⊃ ðDμΦ1Þ†ðDμΦ1Þ þ ðDμΦ2Þ†ðDμΦ2Þ − V2HDM;

ð71Þ

V2HDM ¼ m2
11Φ

†
1Φ1 þm2

22Φ
†
2Φ2 −m2

12ðΦ†
1Φ2 þΦ†

2Φ1Þ

þ λ1
2
ðΦ†

1Φ1Þ2 þ
λ2
2
ðΦ†

2Φ2Þ2

þ λ3ðΦ†
1Φ1ÞðΦ†

2Φ2Þ þ λ4ðΦ†
1Φ2ÞðΦ†

2Φ1Þ

þ λ5
2

h
ðΦ†

1Φ2Þ2 þ ðΦ†
2Φ1Þ2

i
; ð72Þ

where a Z2 symmetry (Φ1 → Φ1;Φ2 → −Φ2) is imposed
and softly broken by the m2

12 term. We assume all
parameters to be real, consistent with a CP-conserving
scenario. The VEVs ofΦ1 andΦ2 are denoted as v1 and v2,
respectively.
Another widely used basis is the Higgs basis

fH1; H2g, where only one doublet acquires a nonzero
VEV [91–94]. The transformation from the general basis to
the Higgs basis is performed via a rotation by the angle β,
as follows:

�
H1

H2

�
¼
�

cβ sβ
−sβ cβ

��Φ1

Φ2

�
; ð73Þ

where tβ ¼ v2=v1 and v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v21 þ v22

p
≈ 246 GeV. In this

basis, the scalar potential is parametrized as

VH
2HDM ¼Y1H

†
1H1þY2H

†
2H2þðY3H

†
1H2þH:c:Þ

þZ1

2
ðH†

1H1Þ2þ
Z2

2
ðH†

2H2Þ2þZ3ðH†
1H1ÞðH†

2H2Þ
þZ4ðH†

1H2ÞðH†
2H1Þ

þ
�
Z5

2
ðH†

1H2Þ2þZ6ðH†
1H1ÞðH†

1H2Þ

þZ7ðH†
2H2ÞðH†

1H2ÞþH:c:

�
; ð74Þ

where all Zi and Yi parameters are real. Note that
while the Higgs basis potential contains ten potential
parameters (Y1;2;3 and Z1;…;7), the underlying Z2

symmetry and the minimization conditions reduce the
number of independent parameters. Specifically, only
five of the Zi couplings are independent due to the
algebraic relations imposed by the basis transformation,
leading to a total of eight independent parameters in
the model.

2. Construction of the primary HEFT: Parameter
set and power counting

The construction of the primary HEFT starts with
the choice of eight parameters, guided by the prin-
ciple of selecting as many physical parameters as
possible. However, in the 2HDM, there are only seven
physical parameters, namely mh;mH;mA;mH� ; v; tβ,
and cβ−α. Therefore, one additional parameter must
be taken from the Lagrangian. A convenient choice is
either Y2 in the Higgs basis [see Eq. (74)] or m12 in
the general basis [see Eq. (72)]. We denote these two
choices as

Set 1∶ ðmh;mH;mA;mH� ; v; tβ; cβ−α; Y2Þ; ð75Þ

Set 2∶ ðmh;mH;mA;mH� ; v; tβ; cβ−α; m12Þ; ð76Þ

where h denotes the light Higgs boson, H the heavy
CP-even Higgs boson, A the heavy CP-odd Higgs
boson, and H� the heavy charged Higgs bosons. Here
v≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v21 þ v22
p

, and α denotes the mixing angle
between the two neutral CP-even scalar fields.
Adopting Set 1, the remaining parameters in the Higgs-

basis potential are determined as
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Y1 ¼ −
Z1

2
v2; Y3 ¼ −

Z6

2
v2;

Z1 ¼
s2β−αm

2
h þ c2β−αm

2
H

v2
;

Z2 ¼
1

2v2t3β

h
c2β−αtβð3t4β − 8t2β þ 3Þðm2

h −m2
HÞ þ 2tβðt2β − 1Þ2ðm2

H − Y2Þ

−m2
hðt5β − 4t3β þ tβÞ þ sβ−αcβ−αðt6β − 7t4β þ 7t2β − 1Þðm2

h −m2
HÞ
i
;

Z3 ¼
2

v2
ðm2

H� − Y2Þ;

Z4 ¼
c2β−αðm2

h −m2
HÞ þm2

A þm2
H − 2m2

H�

v2
;

Z5 ¼
c2β−αðm2

h −m2
HÞ −m2

A þm2
H

v2
;

Z6 ¼
cβ−αsβ−αðm2

h −m2
HÞ

v2
;

Z7 ¼
1

2v2t2β

h
−3c2β−αtβðt2β − 1Þðm2

h −m2
HÞ þ tβðt2β − 1Þðm2

h − 2m2
H þ 2Y2Þ

− sβ−αcβ−αðt4β − 4t2β þ 1Þðm2
h −m2

HÞ
i
: ð77Þ

From these expressions, we observe that the squared
masses of the heavy states, such as m2

H, m
2
A, and m2

H� ,
appear only in the numerator. As a result, after integrating
out the heavy propagators, no additional expansion in
inverse powers of the heavy masses is required. Set 1 is
well suited for constructing the primary HEFT. Its power
counting is defined as

mH ∼mA ∼mH� ∼Oðt−1Þ;
mh ∼ v ∼ tβ ∼ cβ−α ∼ Y2 ∼Oðt0Þ; ð78Þ

where only the heavy masses scale as Oðt−1Þ, while the
remaining parameters, including Y2, are treated as Oðt0Þ
and kept independent of the heavy scale.
To evaluate whether Set 2 is also suitable, we examine

the relation between Y2 and m2
12. Using the minimization

conditions, Y2 can be expressed in terms of the parameters
in Set 2 as

Y2 ¼
m2

12

sβcβ
−
1

2
ðs2β−αm2

h þ c2β−αm
2
HÞ

− ðm2
h −m2

HÞsβ−αcβ−α cotð2βÞ: ð79Þ

In this expression, the heavy mass-squared m2
H appears

exclusively in the numerator. Unlike the Z2RSM case,
where the replacement of vS by μ22 introduced inverse
powers of the heavy mass [as seen in Eq. (70)], switching
from Y2 to m2

12 in the 2HDM does not necessitate any

additional expansion in 1=m2
H. Consequently, Set 2 is also

suitable for constructing a primary HEFT, as it maintains
the exact linear structure required for a precise matching.

V. CONCLUSION AND DISCUSSION

In this work, we reanalyze the matching between the
RHTM and the HEFT for various parameter sets and power
counting schemes. For the first time, we obtain the
complete HEFT matching results, including fermionic
operators. We have established the concept of a primary
Higgs effective field theory as a foundational and max-
imally precise benchmark for matching UV completions to
the HEFT framework via observing the standard matching
method almost based on an expansion of the effective
propagators of the heavy states. We demonstrate that by
choosing a parameter set consisting of physical masses,
mixing angles, and vacuum expectation values—and adopt-
ing a power-counting scheme that expands solely in inverse
powers of the heavy masses—we obtain an effective theory
that retains the complete dynamical information from the
UV completion at a given order.
The primary HEFT serves as a master framework from

which other, more restricted HEFTs can be systematically
derived through parameter mappings and the imposition of
additional scaling rules. We explicitly mapped the pHEFT
to several specific cases:

(i) The decoupling HEFT, obtained by treating the
mixing angle sγ and VEV ratio ξ as suppressed
quantities.
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(ii) The ξ-HEFT, recovered by applying a reparametri-
zation and ξ-expansion to the pHEFT, with the
decoupling limit being implicitly implemented.

(iii) The Z2-HEFT, a formulation based on the parameter
set fm2

ϕ� ; m2
K;mh; vEW; Z2; ξg where the mixing an-

gle sγ is expressed in terms of the UV Lagrangian
couplingZ2. This case is particularly instructive, as it
highlights that not all parameter sets are created
“equal.’. Constructing theZ2-HEFT requires an addi-
tional inverse-mass expansion, which inherently in-
troduces truncation errors and makes it less precise
than the pHEFT. This comparison underscores a
central finding: Awell-defined primaryHEFT should
be constructed in a parameter basis in which the UV
Lagrangian parameters depend polynomially, with
non-negative powers, on the heavy masses, thereby
avoiding such secondary expansions.

(iv) The Y2-HEFT, derived from the pHEFT via a
reparametrization into SMEFT variables followed
by an expansion in the Lagrangian mass parameters,
reproduces the SMEFT predictions. This explicitly
shows that SMEFT arises as a nested limit of HEFT.

A key result is the hierarchical embedding among these
EFTs: pHEFT ⊃ dHEFT ⊃ ξ-HEFT. This structure proves
that the computationally intensive step of integrating out
heavy degrees of freedom via a functional or diagrammatic
matching needs to be performed only once to obtain the
pHEFT. Phenomenologically motivated EFT limits can be
accessed through straightforward algebraic rescalings and
truncations of the pHEFT Lagrangian, thereby avoiding
redundant matching calculations. We should emphasize
that this concept has clear precedents, and a key takeaway
for students is that expansion series are generally “non-
commutative”—a fundamental lesson for undergraduate
studies.10

We further generalize the primary HEFT idea to other
UV models with scalar extensions, namely the Z2-sym-
metric real singlet model and the two-Higgs-doublet model.

The analysis, reinforced by the lessons from the Z2-HEFT,
led to clear criteria for selecting an optimal parameter set: a
“good” primary HEFT is characterized by linear relations
between heavy masses and the original UV Lagrangian
couplings. This linearity ensures that no secondary expan-
sion is necessary when integrating out heavy fields,
preserving maximal UV information and numerical pre-
cision. Parameter sets that introduce nonlinear relations
(like the Z2-based set) inevitably require additional inverse-
mass expansions, leading to a loss of accuracy and making
them unsuitable as a primary benchmark.
In summary, the primary HEFT formalism provides a

unified, efficient, and precision-oriented strategy for top-
down EFT matching. It clarifies the connections between
various low-energy effective descriptions arising from the
same UV physics and establishes a reliable benchmark for
assessing the truncation errors introduced by more restrictive
power-counting schemes. This work paves the way for more
systematic, automated, and accurate interpretations of high-
energy physics in the context of Higgs effective field theory.
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APPENDIX A: SOLUTIONS FOR THE HEAVY
FIELDS IN THE PHEFT

In this section, we present the solutions for the heavy
fields that lead to the primary HEFT, which are given
below:

K0 ¼ −
h2

2ξð4ξ2 þ 1ÞvHm2
K

n
−c3γ
h
ð4ξ2 þ 1Þm2

K − 3m2
ϕ�

i
þ cγ

h
ð4ξ2 þ 1Þm2

K − 3m2
ϕ�

i
þ ξc2γsγ

h
ð4ξ2 þ 1Þm2

K − 6m2
ϕ�

i
þ 2ξm2

ϕ�sγ
o
þOðh3Þ;

ϕ10 ¼ ϕ20 ¼ 0;

K1 ¼
cγhVμσ3ihVμσ3i
ð4ξ2 þ 1Þm4

K

n
ð4ξ2 þ 1ÞξvHm2

K

þ h½sγðð4ξ2 þ 1Þð2c2γ − 1Þm2
K − 3c2γm2

ϕ�Þ þ 2ξcγðð2 − 3c2γÞm2
ϕ� − ð4ξ2 þ 1Þm2

Ks
2
γÞ�
o

10Here, we use the term noncommutative in a practical sense: results derived under less restrictive parameter assumptions cannot be
fully recovered from results obtained under stricter ones.
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þ hVμVμi
2m4

K

�
−vHm2

Kð4ξcγ þ sγÞ þ
hcγ

ξð4ξ2 þ 1Þ
h
ξsγð2ð9c2γ − 2Þm2

ϕ� − 5ð4ξ2 þ 1Þð2c2γ − 1Þm2
KÞ

þ cγðm2
ϕ�ð3ð8ξ2 − 1Þc2γ − 16ξ2 þ 3Þ þ 2ð16ξ4 − 1Þm2

Ks
2
γÞ
i�

þOðh2Þ

þ Q̄LU

�
yu 0

0 yd

�
QR ×

−sγffiffiffi
2

p
ξð4ξ2 þ 1ÞvHm4

K

n
ð4ξ2 þ 1ÞξvHm2

K

þ hcγ
h
2ð4ξ2 þ 1Þm2

Kðξc2γ þ cγsγ − ξÞ þm2
ϕ�ð−6ξc2γ − 3cγsγ þ 4ξÞ

io
þ H:c:;

ϕ11 ¼
ξvHhVμσ1ihVμσ3i þ 2ihVμσ2iDμhðξcγ þ sγÞ

ð4ξ2 þ 1Þm2
ϕ�

þ ihðξcγ þ sγÞ
ð4ξ2 þ 1Þ2m2

ϕ�

h
ð4ξ2 þ 1ÞhDμVμσ2i þ 2ihVμσ1ihVμσ3i

i
þOðh2Þ

þ Q̄LU

�
0 −yd
yu 0

�
QR ×

ffiffiffi
2

p n
ð4ξ2 þ 1ÞξvH þ h½ð4ξ2 − 1Þsγ − 2ξcγ�

o
ð4ξ2 þ 1Þ2vHm2

ϕ�
þ H:c:;

ϕ21 ¼
ξvHhVμσ2ihVμσ3i − 2ihVμσ1iDμhðξcγ þ sγÞ

ð4ξ2 þ 1Þm2
ϕ�

−
ihðξcγ þ sγÞ

ð4ξ2 þ 1Þ2m2
ϕ�

½ð4ξ2 þ 1ÞhDμVμσ1i − 2ihVμσ2ihVμσ3i� þOðh2Þ

þ Q̄LU

�
0 iyd
iyu 0

�
QR ×

ffiffiffi
2

p n
ð4ξ2 þ 1ÞξvH þ h½ð4ξ2 − 1Þsγ − 2ξcγ�

o
ð4ξ2 þ 1Þ2vHm2

ϕ�
þ H:c: ðA1Þ

Here the solutions are further expanded around the
Higgs field h and Vμ ≡ U†DμU. The fields ϕ1 and ϕ2

vanish at lower orders and first acquire nonzero contri-
butions at Oðt1Þ. The custodial-symmetry-breaking struc-
ture hVμσ3ihVμσ3i first appears in the solution for K1. The
fields ϕ11 and ϕ21 exhibit similar structures, as they
correspond to the real and imaginary components of
the charged scalar field, respectively.

APPENDIX B: EOM OF U

When reducing operators to a complete basis, one
frequently encounters terms containing DμDμU, which
must be eliminated in favor of other operators using the
EOM of U. We present the corresponding deriva-
tion below.

We start from a leading-order Lagrangian of the general
form

LLO ¼ aðhÞhVμσ3ihVμσ3i þ bðhÞhVμVμi

þ 1

2
DμhDμh − VðhÞ;

where Vμ ≡U†DμU, aðhÞ and bðhÞ are polynomials in h,
which we will henceforth denote simply as a and b. We
solve the EoM for U as follows:

∂LLO

∂U
¼ Dμ

∂LLO

∂ðDμUÞ ; ðB1Þ

which leads to

DμDμU ¼ −DμUDμU†U −
Dμb

b
DμU −

Dμa

b
hVμσ3iUσ3

−
a
b

h
DμhVμσ3iUσ3 þ hVμσ3iDμUσ3

− hVμσ3iUσ3Vμ
i
; ðB2Þ

where on the rhs there exists

DμhVμσ3i ¼ hDμU†DμUσ3i þ hU†DμDμUσ3i: ðB3Þ

By combining the above two equations, we finally obtain
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DμhVμσ3i ¼ −
Dμðbþ 2aÞ
bþ 2a

hVμσ3i: ðB4Þ

Similarly, for the other two components of Vμ, we
have

DμhVμσ1i ¼ −
Dμb

b
hVμσ1i − 2i

a
b
hVμσ2ihVμσ3i; ðB5Þ

DμhVμσ2i ¼ −
Dμb

b
hVμσ1i þ 2i

a
b
hVμσ1ihVμσ3i: ðB6Þ
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