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We investigate propagation of generic waves on thin planar domain walls effectively described by the
scalar Dirac-Born-Infeld model (DBI). We pay a particular attention to the possibility of caustic formation
—the process, which may lead to intensive particle emission by domain walls. It is demonstrated that no
singularities arise in DBI in two-dimensional (2D) flat spacetime in the hyperbolic case, if one starts from
smooth initial conditions. Technically, this happens because the same family characteristics of the relevant
partial differential equation remain parallel at all the times, albeit not being straight lines generically.
Crucially, characteristic curves cease to be parallel beyond the simplified setup of DBI in 2D flat
spacetime. In particular, this is shown to be the case in D > 2 for spherical waves, in an expanding
Universe, and in the case of a minimal deformation of DBI necessary for avoiding the domain wall
problem in cosmology. However, we prove that DBI remains caustic free in the hyperbolic case in all these
physically relevant situations. This strongly suggests that caustics can form on planar domain walls only
due to the loss of hyperbolicity, and they have a cusp profile. We demonstrate how the nontrivial structure
of DBI characteristics beyond the 2D flat spacetime setup uncovered in this work can significantly affect
cusp formation.
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I. INTRODUCTION

Caustic formation at intersections of particle trajectories is a
widespreadphenomenonemerging invarious areas of physics.
The appearance of caustics manifests breakdown of an
effective field theory (EFT) approach, whichmust be replaced
by a more fundamental one, and thus they are of considerable
theoretical and phenomenological interest. Namely, certain
physical quantities become multivalued at the particle inter-
sections in the EFT framework, while their derivatives turn
into infinities. Caustics famously appear in geometric optics,
which is a zero wavelength limit of classical electrodynamics
[1]. Furthermore, a pressureless perfect fluid made of colli-
sionless dust particles is vulnerable to caustics [2,3]. In the
realistic theory involving particle interactions, singularities are
regularized by nonzero scattering cross sections, while caus-
tics signal the onset of multistream regime.
In this work, we search for the possibility of caustic

formation in Dirac-Born-Infeld model (DBI) [4,5], more

precisely its scalar version [6,7]. The scalar DBI is described
by the Lagrangian1 L ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2X

p
, where X is the canoni-

cal kinetic term of the field ϕ. Such a construction is directly
related to the Nambu-Goto action, which appears in differ-
ent physics contexts, e.g., in string theory [8] and in
cosmology. For example, DBI describes cosmic domain
walls [9–11] in the limit of infinitely small wall width2; see
Sec. II. Understanding particularities of domain wall evo-
lution is the primary motivation of this work. Note,
however, that our results are applicable to any model
effectively described by DBI, unless domain walls are
mentioned explicitly.
Naturally, formation of caustics is a violent high-energy

phenomenon. Thus, it is reasonable to consider DBI caustics
as sources of heavy particles, i.e., quanta of the field
constituting domain walls. In turn, particle emission may
play the instrumental role for settling walls to the scaling
regime, which has been confirmed numerically [14–17]. That
is, the domain wall network evolves in a self-similar manner,
so there is on average one long wall stretching throughout the
observable Universe at any time after reaching the scaling.
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1Hereafter, we focus exclusively on subluminal DBI.
2See, e.g., Refs. [12,13] for other, string-theory-inspired,

manifestations of DBI in cosmology.
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The wall stays sufficiently smooth, and its curvature radius is
maintained to be of the order of the particle horizon.
Gravitational wave emission by domain walls [15,18] is
insufficient to keep them smooth, and thus particle emission
is likely to be the only essential mean of energy release. This
discussion of scaling is akin to that in the case of cosmic
strings [19], where such phenomena as cusps and kinks are
known to be responsible for the gravitational wave and
particle production [10,20–23]. Caustics in DBI have been
previously reported in Refs. [24–27], and they are indeed
analogous to cosmic string cusps, at least in two dimensions
[27]. These caustics referred to as cusps also in the domain
wall context are linked to the loss of hyperbolicity in DBI,
and we comment on them in the present work.
The question of our primary interest, however, is the

possibility of caustic formation in DBI, provided that the
hyperbolic condition is fulfilled. The strategy for the search
of caustics in generic PðXÞ theories (to which DBI belongs)
in the hyperbolic case has been elaborated in Ref. [28]. The
latter demonstrates that PðXÞ theories are vulnerable to
caustic singularities using the tractable example of simple
waves in two dimensions. DBI is exceptional, though. In
particular, Ref. [29] uses the techniques of Ref. [28], which
we review in Sec. III, to prove that DBI simple waves
propagate smoothly in two-dimensional (2D) flat space-
time. The earlier discussion on the subject can be found in

Ref. [30], which in turn builds upon Ref. [31] arguing for
the exceptional status of the electromagnetic version of
DBI; cf. Ref. [32].
We revisit DBI in 2D flat spacetime and confirm that it is

caustic free (in the hyperbolic case); see Secs. IV and V.
Throughout this work, we assume smooth initial conditions
for the DBI field. This is in contrast to Refs. [30,33]
allowing for discontinuities in the initial data. Compared to
Ref. [29], we prove that not only simple waves but also
generic waves propagate without developing caustics. This
is accomplished by identifying characteristic curves, which
can be interpreted as trajectories of high-energy particles.
We observe that characteristics belonging to the same
family remain parallel, though not being straight lines
generally; see Fig. 1. Hence, they do not cross, and caustics
do not form.
The situation is less straightforward beyond DBI in 2D

flat spacetime. We demonstrate that characteristics cease to
be parallel in a row of physically relevant situations, i.e., for
spherical waves in the spacetime with D > 2, in the
expanding Universe, and if one allows for certain departures
from DBI. Nevertheless, we prove that (modified) DBI
remains caustic free, if hyperbolicity is fulfilled; see Sec. VI.
Namely, parallelism of characteristics is being restored
exactly where one would expect them to cross. This can
be interpreted as a repulsion force, which gets stronger as

FIG. 1. Characteristic curves in DBI in 2D flat spacetime are demonstrated for a particular generic wave. The ξ− and ξþ characteristics
are depicted with a solid and dashed lines, respectively. The Riemann invariants have been set to C∓ðω�Þ ¼ −0.003 − sin2ð100ω�Þ.
With this choice primarily made for the clarity of presentation, one also warrants that hyperbolicity is fulfilled. The time t is expressed in
terms of ωþ and ω− as t ¼ ωþ − ω−, which corresponds to regular initial conditions for the DBI scalar field ϕ. One observes that
characteristics belonging to the same family do not cross; i.e., caustics do not form. In particular, this holds in the central region near
x ¼ 0 and t ¼ 0, where characteristics come close to each other, as is clear from the zoomed picture in the right bottom corner.
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characteristic curves come close to each other. We conclude
that the only possible DBI caustics are likely to be linked to
the loss of hyperbolicity, and they have a cusp profile; see
Sec. VII. While the characteristic curves do not cross in the
hyperbolic case, their nontrivial pattern uncovered in
Sec. VI is expected to have a strong impact on cusp
formation, as is demonstrated in Figs. 3 and 4.
The outline of the paper is as follows. In Sec. II, we

discuss how DBI arises in the context of domain walls. In
Sec. III, we review the method of characteristics suitable for
solving equations of motion in generic PðXÞ-theories. We
apply this method to DBI in Sec. IV. Basing on results of
Sec. IV, we prove the absence of caustics in DBI in 2D
Minkowski space in the hyperbolic case in Sec. V. We
demonstrate that the caustic free nature of DBI persists
beyond this simple scenario in Sec. VI, despite that
characteristics cease to be parallel. In Sec. VII, we discuss
DBI caustics associated with the loss of hyperbolicity. In the
discussion Sec. VIII, we comment on the relevance of
caustics for domain wall evolution.

II. FROM DOMAIN WALLS TO DBI

As has been mentioned above, DBI provides an effective
description of domain walls emerging in the early Universe
when discrete symmetries get spontaneously broken [9].
The simplest scenario giving rise to domain walls involves
a scalar field Ψ endowed with Z2-symmetry spontaneously
broken by a nonzero expectation value hΨi,

SDW ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2
gμν∂μΨ∂νΨ−

λ

4
ðΨ2− hΨi2Þ2

�
; ð1Þ

where λ is the self-interaction coupling constant. (The
mostly plus signature of the spacetime metric is assumed
hereafter.) In what follows, we consider the domain wall
width estimated as δwall ≃

ffiffiffi
2

p
=ð ffiffiffi

λ
p hΨiÞ to be small com-

pared to other relevant scales, which are typically of the
order of the inverse Hubble rate in the cosmological setup.
In this thin wall approach, the domain wall is described by
the Nambu-Goto action [10]3:

SNG ¼ −σ
Z

d3ζ
ffiffiffiffiffi
jγj

p
: ð2Þ

Here, σ ¼ 2
ffiffiffiffiffi
2λ

p hΨi3=3 is the wall tension, and γ is the
determinant of the induced metric γab on the wall. The
metric γab is given by

γab ¼ gμν
∂xμ

∂ζa
∂xν

∂ζb
; ð3Þ

where ζa are the coordinates on the worldsheet. In the
expanding Universe the spacetime interval is described by

ds2 ¼ a2ðηÞð−dη2 þ dx2i Þ, where aðηÞ is the scale factor
and η is the conformal time related to the cosmic time t by
η ¼ R dt=aðtÞ. In Appendix A, we discuss the Nambu-
Goto dynamics in the conformal gauge commonly
employed when studying cosmic strings [10]. In the main
text, we assume the static gauge corresponding to the
choice of coordinates on the wall ζ0 ¼ η, ζ1 ¼ x, ζ2 ¼ y. In
that case, one has γ ¼ −a6ð1 − 2XÞ, where

X ¼ −
1

2
ηab∂az∂bz; ð4Þ

and ηab is the metric of the three-dimensional (3D) flat
spacetime. We end up with the DBI action

SDBI ¼ −σ
Z

dηdxdya3ðηÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2X

p
: ð5Þ

In what follows, we identify the spacetime coordinate
describing the position on a wall with a scalar field ϕ:

z≡ ϕ: ð6Þ

It is important here that DBI is suitable for the description
of waves on a planar domain wall so that the field ϕ
remains single valued. Therefore, breakdown of DBI does
not necessarily invalidate the thin wall approach but may
point to the fact that the field ϕ tends to become multi-
valued, i.e., closed domain walls are about to form.
As it follows, planar domain walls in four-dimensional

(4D) spacetime are described by the DBI action in three
dimensions. To keep the things tractable, however, one
suppresses dependence on one spatial coordinate. In this
case, domain walls are effectively living in 3D spacetime.
They are manifested as domain wall strings and described
by the 2D DBI action. We will also switch off the cosmic
expansion so that the DBI action simplifies to

SDBI ¼ −σ
Z

dtdx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2X

p
: ð7Þ

We assume this action when discussing DBI in the next two
sections. We will return to a more realistic case (5) in
Sec. VI and observe significant differences compared to the
simplified case (7).

III. METHOD OF CHARACTERISTICS

Our goal is to solve the partial differential equation
(PDE) following from the DBI action by the method of
characteristics [37–39]. In this section, we discuss appli-
cation of this method to generic PðXÞ theories described by
the action S ¼ R d4x ffiffiffiffiffiffi−gp

PðXÞ, closely following
Ref. [28]. Here, PðXÞ is a generic function of a scalar
field ϕ kinetic term. We specify to the case PðXÞ ¼
−σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2X

p
corresponding to DBI in the next section.

3See Refs. [34–36] discussing finite wall width corrections to
this action.
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The scalar field ϕ is assumed to live in 2D flat spacetime
described by the coordinates t, x. It is convenient to
introduce the notations

τ ¼ ϕ̇ χ ¼ ϕ0; ð8Þ

where the dot and the prime stand for the derivatives with
respect to time t and spatial coordinate x, respectively. In
terms of τ and χ, the canonical kinetic term X can be written
as X ¼ 1

2
ðτ2 − χ2Þ, while the equation of motion in the

generic PðXÞ theory takes the form

Aτ̇ þ 2Bτ0 þ Cχ0 ¼ 0; ð9Þ

where

A¼PXþ τ2PXX; B¼−τχPXX; C¼−PXþχ2PXX:

ð10Þ

Here, PX and PXX denote the first and second derivatives
with respect to X, correspondingly. We have used the
consistency condition τ0 ¼ χ̇ in Eq. (9).
The strategy for solving PDE (9) by the method of

characteristics is as follows. One introduces characteristic
curves parametrized by a variable ω and described by a
slope ξ ¼ ð∂x=∂ωÞ=ð∂t=∂ωÞ, such that along these curves
the PDE can be recast into the set of ordinary differential
equations (ODEs). Along characteristic lines, we have

∂τ

∂ω
¼ τ0

∂x
∂ω

þ τ̇
∂t
∂ω

∂χ

∂ω
¼ χ0

∂x
∂ω

þ τ0
∂t
∂ω

: ð11Þ

(We again took into account that τ0 ¼ χ̇.) We resolve
Eq. (11) with respect to τ̇ and χ0 and substitute the
corresponding expressions into Eq. (9). Enforcing that
the term ∼τ0 vanishes in the resulting equation, one obtains
the constraint on the slope ξ of a characteristic curve:

Aξ2 − 2Bξþ C ¼ 0: ð12Þ

This quadratic equation yields two solutions,

ξ� ¼ B�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − AC

p

A
; ð13Þ

provided that B2 − 4AC > 0, or equivalently if Eq. (9) is
hyperbolic. We postpone the discussion of the nonhyper-
bolic case, when ξþ ¼ ξ−, till Sec. VII. As it follows, there
are two branches of characteristic curves simply referred to
as ξþ and ξ− characteristics in what follows. Respectively,
there are two types of parameters: ωþ and ω−. The first pair
of ordinary differential equations equivalent to PDE (9)
defines characteristics in the ðt; xÞ plane for given ξ�:

∂x
∂ωþ

¼ ξþ
∂t
∂ωþ

∂x
∂ω−

¼ ξ−
∂t
∂ω−

: ð14Þ

The second pair describes evolution of the field derivatives
τ and χ along characteristics:

∂τ

∂ωþ
þ ξ−

∂χ

∂ωþ
¼ 0

∂τ

∂ω−
þ ξþ

∂χ

∂ω−
¼ 0: ð15Þ

So, along ξþ characteristics, ωþ is varying, while
ω− ¼ const, and vice versa for ξ−-characteristics. All in
all, one can use the parameters ωþ and ω− as a set of new
coordinates when describing dynamics of the field ϕ. These
are the natural coordinates from the following point of
view: characteristics describe propagation of high-energy
particles, and their slopes ξ� can be interpreted as phase
velocities.
The latter motivates an equivalent definition of character-

istics, which will be useful in the next sections. Let us
consider the total differential of tðωþ;ω−Þ and xðωþ;ω−Þ:

�
dt

dx

�
¼
0
@ ∂t

∂ωþ
∂t
∂ω−

∂x
∂ωþ

∂x
∂ω−

1
A�dωþ

dω−

�
: ð16Þ

As long as the Jacobian

J ¼ ∂t
∂ωþ

∂x
∂ω−

−
∂t
∂ω−

∂x
∂ωþ

ð17Þ

does not vanish (which is true in regions of hyperbolicity
and without caustics), it is possible to change independent
variables ðωþ;ω−Þ → ðt; xÞ. Solving Eq. (16) in terms of
dω�, we obtain the relations

∂ωþ
∂t

¼ 1

J
∂x
∂ω−

∂ωþ
∂x

¼ −
1

J
∂t
∂ω−

; ð18Þ

∂ω−

∂t
¼ −

1

J
∂x
∂ωþ

∂ω−

∂x
¼ 1

J
∂t
∂ωþ

: ð19Þ

Using these in Eq. (14), one obtains the alternative
definition of characteristics as surfaces of constant ω� in
the ðt; xÞ-plane, i.e., ω�ðt; xÞ ¼ constant, defined by the
equations

∂ωþ
∂t

þ ξ−
∂ωþ
∂x

¼ 0
∂ω−

∂t
þ ξþ

∂ω−

∂x
¼ 0: ð20Þ

Note, however, that the coordinate transformation
ðωþ;ω−Þ → ðt; xÞ may become ill defined, which may
correspond to caustic formation or loss of hyperbolicity, as
is discussed in Secs. V and VII.
For a given PðXÞ, one can integrate Eq. (15) numerically

or analytically and obtain the solutions for τ and χ in terms
of ωþ and ω−. It is convenient to introduce some useful
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notations beforehand. The characteristic slopes (phase
velocities) ξ� can be rewritten in the following elegant
form [28]:

ξþ ¼ vþ cs
1þ vcs

ξ− ¼ v − cs
1 − vcs

; ð21Þ

where cs is the sound speed [40],

cs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

PX

PX þ 2XPXX

s
; ð22Þ

and

v≡ −
χ

τ
: ð23Þ

Note that Eq. (21) has the form of the relativistic velocity
addition law (hence, the notation v). The integrals of
Eq. (15) can be written as

Z
dX
csX

− ln

�
1þ v
1 − v

�
¼ C−ðωþÞZ

dX
csX

þ ln

�
1þ v
1 − v

�
¼ Cþðω−Þ; ð24Þ

where Cþ and C− are the so-called Riemann invariants. For
given Cþ and C−, one can express τ and χ as functions of
ω− and ωþ and then produce characteristic curves using
Eqs. (14) and (21). For Cþ and C− being both nonconstant,
i.e., for generic waves, the phase velocities ξþ and ξ−
depend on both coordinates ωþ and ω−, i.e., ξþ ¼
ξþðωþ;ω−Þ and ξ− ¼ ξ−ðωþ;ω−Þ. [The trivial scenario
PðXÞ ¼ X and DBI are notable exceptions, as we will see
below.] In the particular case, when one of Riemann
invariants, Cþ or C−, is chosen to be constant, we deal
with the so called simple waves. In this case, the solution in
the ðτ; χÞ-plane collapses to a line segment; this greatly
simplifies the proof of some statements, e.g., caustic
formation in generic PðXÞ theories [28], as discussed in
the end of Sec. V. Unless the opposite is stated, we will deal
with generic waves in what follows.
Let us apply the method of characteristics to the case

PðXÞ ¼ X. Despite being trivial, this scenario is interesting,
because it shares certain similarities with the model of our
major interest: DBI. Upon substituting cs ¼ 1 into Eq. (24),
we get

τ − χ ¼ exp

�
Cþðω−Þ

2

�
τ þ χ ¼ exp

�
C−ðωþÞ

2

�
: ð25Þ

This gives ξ� ¼ �1 by virtue of Eq. (15). Hence, one
can write

xðωþ;ω−Þ ¼ XþðωþÞ þ X−ðω−Þ; ð26Þ

and

tðωþ;ω−Þ ¼ XþðωþÞ − X−ðω−Þ; ð27Þ

where XþðωþÞ and X−ðω−Þ are arbitrary functions.
It is natural to set X� ¼ ω�=2, which corresponds to the
choice of ω� as light-cone coordinates, ω� ¼ x� t.
Consequently, one gets

τ¼ f1ðtþ xÞþf2ðt− xÞ χ ¼ f1ðtþ xÞ−f2ðt− xÞ; ð28Þ

where f1 ≡ 1=2 · exp ðC−=2Þ and f2 ≡ 1=2 · exp ðCþ=2Þ.
Of course, the result (28) describing generic waves in the
canonical case PðXÞ ¼ X could be anticipated from the
beginning.

IV. DBI IN 2D FLAT SPACETIME

We apply the machinery described in the previous
section to the case of DBI. The DBI sound speed inferred
from Eq. (22) upon substituting PðXÞ ¼ −σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2X

p
reads

cs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2X

p
: ð29Þ

Substituting the latter into Eq. (24) and using Eq. (21),
one gets

ln

�
1 − ξþ
1þ ξþ

�
¼ C−ðωþÞ ln

�
1þ ξ−
1 − ξ−

�
¼ Cþðω−Þ: ð30Þ

Hence, one can express the characteristic slopes as

ξþ ¼ − tanh

�
C−ðωþÞ

2

�
ξ− ¼ tanh

�
Cþðω−Þ

2

�
: ð31Þ

Note that the Riemann invariants in DBI are subject to the
constraint

C−ðωþÞ þ Cþðω−Þ < 0; ð32Þ

which is a direct consequence of the inequality ξþ > ξ−.
This is in line with the intuition that ξþ- and ξ− character-
istics correspond to right- and left-moving particles,
respectively. More strictly, the inequality ξþ > ξ− can be
obtained from Eq. (21), which yields

ξþ − ξ− ¼ 2cs
1þ χ2

; ð33Þ

and from cs > 0.
Crucially, we observe that

ξþ ¼ ξþðωþÞ; ξ− ¼ ξ−ðω−Þ: ð34Þ

This is in contrast to generic PðXÞ theories, where each ξ
generically depends on both ω’s. The systems fulfilling the
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property (34) are called totally linearly degenerate systems
[41], and they have remarkable properties regarding wave
propagation; see Sec. V. Among PðXÞ theories with a finite
sound speed, only DBI and the trivial case PðXÞ ¼ X fulfill
this property. This follows from

∂ξ�
∂ω∓

¼ 4c4sX3

ð1� vcsÞ3τ3P2
X
· ½PXXXPX − 3P2

XX� ·
∂χ

∂ω∓
; ð35Þ

which can be obtained by manipulating Eqs. (15), (21), and
(22). It is straightforward to show that the quantity in the
square brackets on the r.h.s. vanishes identically only for
PðXÞ ¼ X and PðXÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1 þ c2X

p
(DBI), where c1 ≠ 0

and c2 are constants4; cf. Refs. [30,31].
By virtue of Eq. (34), in the hyperbolic case, one can

write down the solution of Eq. (14) as follows (see the
derivation below):

xðωþ;ω−Þ ¼ XþðωþÞ þ X−ðω−Þ; ð36Þ

and

tðωþ;ω−Þ ¼ TþðωþÞ − T−ðω−Þ; ð37Þ

where the functions X� and T� are related to ξ� by
ðdX=dTÞ� ¼ �ξ�. Let us point out here the remarkable
similarity between DBI and the truly linear case PðXÞ ¼ X
discussed in the end of the previous section. Recalling the
relation (31), we write

�
dX
dT

�
þ
¼ ξþ ¼ − tanh

�
C−ðωþÞ

2

�
�
dX
dT

�
−
¼ −ξ− ¼ − tanh

�
Cþðω−Þ

2

�
: ð38Þ

By choosing arbitrary C�ðω∓Þ and T�ðω�Þ, one can get
X� upon integrating Eq. (38). In Fig. 1, we demonstrate
characteristics generated for the particular choice of C�
and T�.
Let us prove Eqs. (36) and (37). For this purpose, we

notice that xðωþ;ω−Þ can be written in the form

xðωþ;ω−Þ ¼X−ðω−Þþ
Z

dωþξþðωþÞ
∂tðωþ;ω−Þ

∂ωþ
; ð39Þ

which is obtained from ðdx=dtÞþ ¼ ξþðωþÞ. Similarly,
from ðdx=dtÞ− ¼ ξ−ðω−Þ, we obtain

xðωþ;ω−Þ ¼XþðωþÞþ
Z

dω−ξ−ðω−Þ
∂tðωþ;ω−Þ

∂ω−
: ð40Þ

The consistency condition

∂

∂ωþ

∂x
∂ω−

¼ ∂

∂ω−

∂x
∂ωþ

ð41Þ

then tells us that

ðξþ − ξ−Þ
∂
2tðωþ;ω−Þ
∂ωþ∂ω−

¼ 0: ð42Þ

As we are interested in regions where the equation of
motion is hyperbolic (the nonhyperbolic case is to be
considered in Sec. VII), two families of characteristics
always have different phase velocities ξþ ≠ ξ−; thus, we
find that

∂
2t

∂ωþ∂ω−
¼ 0; ð43Þ

which proves Eq. (37). From Eqs. (39) and (40), we see that

xðωþ;ω−Þ ¼
Z

dωþξþðωþÞ
dTþðωþÞ
dωþ

−
Z

dω−ξ−ðω−Þ
dT−ðω−Þ
dω−

; ð44Þ

which justifies Eq. (36). We stress that this simplification is
possible in DBI in two dimensions, because of the property
discussed above, i.e., ξ� ¼ ξ�ðω�Þ.
Now, let us write the solution for τ and χ for given Cþ

and C−. Notably, it can be expressed in the analytical form.
By virtue of Eqs. (15) and (34), one finds that the solution
fulfills τ ¼ −ξ−ðω−Þχ þ bðω−Þ, where bðω−Þ is some
function of ω−. The latter is fixed from the consistency
with Eq. (21) to be bðω−Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2ðω−Þ

p
. The second

part of Eq. (15) yields the same modulo the obvious
replacement ξ−ðω−Þ → ξþðωþÞ. Consequently, the solu-
tion must satisfy

τ ¼ −ξ−ðω−Þχ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2−ðω−Þ

q
¼ −ξþðωþÞχ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2þðωþÞ

q
: ð45Þ

In combination with Eq. (31), these can be used to express τ
and χ in terms of ωþ and ω−:

τ ¼ sinh C−ðωþÞ
2

þ sinh Cþðω−Þ
2

sinh
�
Cþðω−ÞþC−ðωþ

2
Þ
� ;

χ ¼
cosh

�
C−ðωþÞ

2

�
− cosh

�
Cþðω−Þ

2

�
sinh

�
Cþðω−ÞþC−ðωþÞ

2

� : ð46Þ4The case c1 ¼ 0 dubbed cuscuton [42] is special, as it
corresponds to an infinite sound speed (22).
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We observe that DBI is an exactly solvable model in 2D flat
spacetime. This is a manifestation of Nambu-Goto inte-
grability in this setting, which is also clear from the study of
this model in the conformal gauge [27]; see Appendix A.

V. NO CAUSTICS IN DBI IN 2D FLAT SPACETIME
(HYPERBOLIC CASE)

It is known that hyperbolic systems fulfilling the
property (34) are caustic free; see, e.g., Refs. [43–45].
We present the proof of this statement below in this section.
This proof is rather straightforward, and it is based on
Eq. (37), which is a direct consequence of Eq. (34). We also
briefly discuss a more generic approach to the study of
caustics by Lax [43–45] in Appendix B.
Before giving the proof, let us describe the relation of

caustics to the properties of the coordinate transformation
ω� ¼ ω�ðt; xÞ. Recall that ωþ and ω− are natural coor-
dinates suggested by the characteristic method used to
solve PDE (9). This transformation is described by the
Jacobian

J̃ ¼ ∂ωþ
∂t

∂ω−

∂x
−
∂ω−

∂t
∂ωþ
∂x

¼ ðξþ − ξ−Þ ·
∂ωþ
∂x

∂ω−

∂x
; ð47Þ

where we have used Eq. (20) in the second equality.
Generally, characteristics may intersect, meaning that
one point in the ðt; xÞ-plane corresponds to multiple
ðωþ;ω−Þ. At this point, the Jacobian J in Eq. (17) vanishes,
or equivalently J̃ diverges, J̃ → ∞ [1]. This singularity
taking place at characteristics crossing reflects caustic
formation. Caustics are not a mere mathematical artifact
pertaining to a particular choice of coordinates. As it has
been noted in Sec. III, characteristics have a clear physical
meaning: they correspond to the trajectories of particles in
the high momentum limit. At their intersection, the field
derivatives τ and χ become multivalued, and consequently
the second derivatives of the scalar field ϕ blow up
generically, as it follows, e.g., from (see also a relevant
discussion in Ref. [46])

∂χ

∂x
¼ ∂χ

∂ωþ

∂ωþ
∂x

þ ∂χ

∂ω−

∂ω−

∂x
: ð48Þ

Note also that the coordinate transformation becomes
noninvertible at ξþ ¼ ξ− corresponding to loss of hyper-
bolicity. Caustics (referred to as cusps) appear in this case
as well, but we postpone their discussion till Sec. VII.
Here, we proceed assuming that ξþ ≠ ξ−. It is convenient

to express ∂ω�=∂x in terms of ∂t=∂ω�. Using Eqs. (18) and
(19), we obtain

∂ω�
∂x

¼ 1

ξ� − ξ∓
·

1

∂t=∂ω�
: ð49Þ

As it follows, the condition ∂ω�=∂x → ∞ corresponding to
caustic formation can be reinterpreted as ∂t=∂ω� → 0.
Substituting Eq. (49) into Eq. (48), one gets

∂χ

∂x
¼ 1

ξþ − ξ−
·

�
∂χ

∂ωþ
·

1

∂t=∂ωþ
−

∂χ

∂ω−
·

1

∂t=∂ω−

�
: ð50Þ

The similar expressions hold for ∂τ=∂t and ∂χ=∂t. One
observes that the second derivatives of the field ϕ generi-
cally become infinite at caustics, i.e., in the limit
∂t=∂ω� → 0.
Proof of no caustics. Let us argue that the caustic

singularity manifested at ∂t=∂ω� ¼ 0 cannot appear in
DBI, if one assumes smooth initial conditions. The no-
caustic proof relies on the relation ∂

2t=∂ωþ∂ω− ¼ 0, a
property of DBI established in the previous section, which
follows from ξ� ¼ ξ�ðω�Þ. This implies in particular that
∂t=∂ωþ remains constant along a ξ−-curve. Hence, if
∂t=∂ωþ ¼ 0 at some point, this value is conserved along
the ξ− characteristic, which contains this point and crosses
the surface t ¼ t0 where initial conditions are set. Having
∂t=∂ωþ ¼ 0 at t ¼ t0 implies infinite second-order deriv-
atives initially by virtue of Eq. (49). The same argument is
applicable to the quantity ∂t=∂ω−. In other words, nonzero
initial values of ∂t=∂ω� remain so at later times. This
proves that caustics do not form starting from a regular
scalar field profile in DBI. Notably, this happens despite
that phase velocities ξ� are not constants,5 as is clearly
illustrated in Fig. 1. Unlike in Ref. [29] focusing on the
particular case of simple waves, our proof holds for generic
waves. We would like to reiterate that the discussion so far
has been limited to DBI in 2D flat spacetime. In the next
section, we demonstrate how DBI resists to caustics even
beyond this simplified scenario.
It is instructive to compare the case of DBI with generic

PðXÞ theories in 2D flat spacetime and demonstrate how
the latter naturally lead to caustic formation. Generically,
we should write

∂
2t

∂ωþ∂ω−
¼ 1

ðξþ − ξ−Þ
�
∂ξ−
∂ωþ

∂t
∂ω−

−
∂ξþ
∂ω−

∂t
∂ωþ

�
: ð51Þ

To obtain this, one follows the same steps, which have led
to Eq. (42), but considers ∂ξ�=∂ω∓ ≠ 0; see Eq. (35).
When ∂t2=∂ωþ∂ω− ≠ 0, it may be possible to get
∂t=∂ω� ¼ 0 corresponding to caustic formation starting
from smooth initial conditions. To show that this is indeed
the case in generic PðXÞ theories, we consider simple
waves, which fulfill the property that τ and χ (and hence ξþ
and ξ−) depend only on ωþ or ω−. For concreteness, we
assume the dependence on ωþ, so that ∂ξ−=∂ωþ ≠ 0, while

5In this regard, we disagree with the approach of Ref. [47],
which uses constancy of ξ as a criteria for caustic formation in
extended DBI.
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∂ξþ=∂ω− ¼ 0. Recall that such a solution is achieved by
setting Cþðω−Þ ¼ const in Eq. (24). Integrating Eq. (51)
along a ξ−-characteristic curve, so that ωþ ¼ const, we
obtain

∂t
∂ωþ

				
t
¼ ∂t

∂ωþ

				
t0

þ ∂ξ−
∂ωþ

Z
t

t0

dt0

ξþ − ξ−
: ð52Þ

Here, we have taken into account that ∂ξ−=∂ωþ—a
function of ωþ only by the assumption of a simple wave
—remains constant along the ξ−-curve. Recall that we
assume hyperbolicity to be strictly fulfilled here, i.e.,
ξþ ≠ ξ−. One infers from Eq. (52) that ∂t=∂ωþ indeed
can turn into zero after a finite time t meaning crossing of
ξ− characteristics, provided that two terms on the r.h.s. have
different signs. This could be understood in a more
straightforward way from the fact that ξ− characteristics
are straight nonparallel lines for the simple wave [28].
However, the analysis based on Eq. (51) proves to be useful
also in the situation, when no simple wave solution exists.
Wewill deal with such a situation in the next section. There,
we will observe that violation of ∂ξ�=∂ω∓ ¼ 0 does not
warrant formation of caustics.

VI. TOWARD REALISTIC DOMAIN WALLS:
BEYOND DBI IN 2D FLAT SPACETIME

As is discussed in the previous sections, a defining
feature of DBI in 2D flat spacetime is the dependence of the
slopes ξ� only on the respective parameter along the
characteristic curve, i.e., ξþ ¼ ξþðωþÞ and ξ− ¼ ξ−ðω−Þ.
Here, we demonstrate that this property is violated beyond
the basic scenario. We are primarily interested in three
physically relevant cases, i.e., the case of D > 2 spacetime,
the case of the expanding Universe, and the case of linearly
extended DBI. Remarkably, however, the caustic free
nature of DBI in the hyperbolic case persists through these
and other modifications.
The relevant equation of motion generalizing three cases

mentioned above can be written in the following form:

Aτ̇ þ 2Bτ0 þ Cχ0 ¼ Q: ð53Þ

Here, the coefficients A, B, and C take the same form as in
the original DBI in Minkowski 2D space; i.e., they are
given by Eq. (10) with PðXÞ ¼ −σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2X

p
. The differ-

ence from the scenario considered in the past sections is in
the termQ ≠ 0 arising on the r.h.s. Note that conclusions of
this section hold for an arbitrary smooth function
Q ¼ Qðt; x; τ; χÞ. Crucially, we assume that Q does not
depend on the derivatives of τ and χ. This indeed holds in
all three cases mentioned above, and we comment more on
it later in this section. Repeating the steps of Sec. III, one
applies the characteristic method for solving Eq. (53) and
results with two families of curves defined by the phase

velocities ξþ and ξ−. These are again given by the quadratic
equation Aξ2 − 2Bξþ C ¼ 0. Hence, one can use the same
expressions (21) for ξþ and ξ− in terms of τ and χ as in DBI
in 2D flat spacetime. However, the dependence of ξþ and
ξ− on ωþ and ω− gets modified, as will become clear
shortly.
The first two characteristic equations (14) remain intact,

i.e., ð∂x=∂ωÞ� ¼ ξ�ð∂t=∂ωÞ�. On the other hand, charac-
teristic equations for the fields τ and χ take the form

∂τ

∂ω�
þ ξ∓

∂χ

∂ω�
¼ Q

Aξ�
·
∂x
∂ω�

: ð54Þ

With the use of Eqs. (21), (23), and (29), this can be
rewritten as

∂

∂ω∓
ln

�
1 ∓ ξ�
1� ξ�

�
¼ 2Qð1� csvÞ

csτð1 − v2ÞAξ∓
·

�
∂x
∂ω∓

�
: ð55Þ

It is convenient to recast the latter into a somewhat more
tractable form using Eqs. (10), (14), (21), and (23):

∂ξ�
∂ω∓

¼ ∓ Qτc2s · ð1 − v2Þ
σð1� csvÞð1þ χ2Þ ·

�
∂t
∂ω∓

�
: ð56Þ

This means that ∂ξ�=∂ω∓ ≠ 0 generically; hence, charac-
teristics cease being parallel upon including Q ≠ 0.
Nevertheless, one can prove that DBI remains protected

against caustics (in the hyperbolic case). Crucial for this
proof is the observation from Eq. (56) that ∂ξ�=∂ω∓ → 0

exactly where caustics are expected to form, i.e., in the limit
∂t=∂ω� → 0. This precludes crossing of characteristics, as
we will see shortly. For this purpose, one considers
∂
2t=∂ωþ∂ω− given by the generic expression (51). Recall
that this quantity vanishes in DBI in 2D flat spacetime,
while for Q ≠ 0, we obtain upon substituting Eq. (56) into
Eq. (51):

∂
2t

∂ωþ∂ω−
¼ Qcsτ

σð1þ χ2Þ ·
∂t
∂ωþ

∂t
∂ω−

: ð57Þ

We pick an arbitrary ξ− characteristic for concreteness and
consider evolution of the quantity ∂t=∂ωþ along this curve.
The above equation can be then considered as a linear
ordinary differential equation of first order on ∂t=∂ωþ as a
function of ω−. Now, if one assumes that there is a caustic,
∂t=∂ωþ ¼ 0, at one point, then ∂t=∂ωþ ¼ 0 everywhere, by
uniqueness of the solution for linear ODE. But by
assumption, the initial conditions do not allow a caustic;
therefore, we arrived at the contradiction. This argument
shows that no caustics develop for modifications of the
original DBI equation of motion of the form (53), in regions
of hyperbolicity. It should be stressed that in the above
derivation we implicitly assumed regularity of first

E. BABICHEV et al. PHYS. REV. D 113, 116037 (2026)

116037-8



derivatives of the field ϕ and of ∂t=∂ω� (otherwise, one
would deal with infinite rarefaction).

A. DBI in three dimensions

The characteristic method reviewed in Sec. III is suitable
for solving PDEs in two dimensions. One can analyze the
problem in D > 2, if there is a spherical symmetry, so that
one effectively lives in 2D, and the radius r is the only
relevant spatial coordinate, i.e., x≡ r. However, the equa-
tion describing evolution of spherical waves in DBI is
modified compared to the case of planar waves in 2D. It
takes the form (53), where the function Q is given by

Q ¼ ðD − 2Þσχ
csr

: ð58Þ

As has been discussed above, the pattern of characteristic
curves changes in the presence of Q ≠ 0. This is at odds
with the discussion of Ref. [48] neglecting the 1=r term in
the equation of motion for the scalar ϕ. The confusion may
come from the aforementioned fact that the expressions for
ξ� in terms of τ and χ remain unaffected by the presence of
the 1=r-term. Still this term cannot be ignored, because it
changes the dependence of τ and χ, and consequently ξ�,
on ω�, as has been proven earlier. On the other hand, we
agree with Ref. [48] on the absence of DBI caustics in
spherical waves in the hyperbolic case. Yet, the presence of
Q ≠ 0 may affect formation of nonhyperbolic caustics
(cusps) discussed in the next section.

B. DBI in the expanding Universe

As we are primarily interested in cosmic domain walls, it
is natural to include the Universe expansion in the analysis.
In that case, one starts with the action (5). We again restrict
to the case of DBI in 2D, i.e., neglect dependence of the
DBI field on the coordinate y, or equivalently limit to
planar waves on a wall. In this setup, the field ϕ satisfies
Eq. (53) with Q given by

Q ¼ −
3σH
cs

τ; ð59Þ

where H is the conformal Hubble rate, H≡ ∂ ln a=∂η, and
η is the conformal time. Note that here and in Eq. (53) the
time derivative should be taken with respect to η, i.e.,
τ≡ ∂ϕ=∂η, and τ̇≡ ∂τ=∂η. Obviously, the case of the
expanding Universe is not exceptional in a sense that
one can consider any curved background, and the con-
clusion about the absence of caustics will still hold
(assuming hyperbolicity).

C. DBI extended by a linear term

Finally, we note that the so-called domain wall problem [9]
motivates a slight modification of DBI, which also leads to

Q ≠ 0. Namely, in the expanding Universe, the energy
density of domain walls redshifts too slowly relative to
the background matter, and they tend to dominate cosmic
expansion. The problem is solved if domain walls are
unstable and annihilate at some point. This can be achieved
by an explicit breaking of Z2-symmetry; i.e., one considers
the following modification of the action (1),

SDW ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2
gμν∂μΨ∂νΨ

−
1

4
λðΨ2 − hΨi2Þ2 þ ϵΨm

2hΨim
�
; ð60Þ

where the exponentm is odd and ϵ is the coefficient assumed
to be constant. In the thin wall limit in the expanding
Universe, the action (60) reduces to

Slin−DBI ¼ −
Z

dηdxdya3½σ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2X

p
− ϵaϕ�: ð61Þ

We discuss details of derivation of Eq. (61) from Eq. (60) in
Appendix C. The equation of motion for the field ϕ is given
by Eq. (53), where

Q ¼ ϵ; ð62Þ

and we again simplified to the case of DBI in 2D flat
spacetime.

VII. CAUSTIC FORMATION IN THE
NONHYPERBOLIC CASE

Our previous discussion has been focused exclusively on
the hyperbolic case, i.e., ξþ ≠ ξ−, which we have proven to
be caustic free. However, caustics emerge when ξþ ¼ ξ−.
Indeed, as is evident from Eq. (50), the loss of hyperbolicity
generally leads to diverging second derivatives of the scalar
ϕ. That singularity, which is cusp shaped, has been already
explored to some extent in the literature in 2D flat
spacetime [24–27]. We consider a tractable example of
cusp formation in this simplified setup below; details of
calculations can be found in Appendix A. We also point out
differences of cusp formation in the case of DBI in 2D flat
spacetime and beyond; see Figs. 3 and 4. This is in
accordance with the discussion in the previous section,
where nontrivial patterns of characteristic curves have been
uncovered in realistic physical scenarios.
The physical picture behind the cusp becomes clear from

Eq. (33). One observes that for a finite χ the loss of
hyperbolicity corresponds to c2s ¼ 1–2X ¼ 0, or equiva-
lently

ϕ̇2 − ϕ02 ¼ 1; ð63Þ
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in which case the DBI Lagrangian PðXÞ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2X

p
vanishes. Recall that DBI corresponds to the Nambu-
Goto action in the static gauge; see Sec. II. Hence,
vanishing of the DBI Lagrangian means vanishing of the
wall area element d2ζ

ffiffiffi
γ

p
for a wall living in three

dimensions (or d3ζ
ffiffiffi
γ

p
in four dimensions).

As it follows, in the limit ξ− → ξþ DBI can be
approximated by a pressureless perfect fluid, and the
DBI scalar assumes the role of the velocity potential,
i.e., V ¼ −∂ϕ=∂x. We again simplify to the case of 2D flat
spacetime here, but the singularity for cs ¼ 0 emerges
beyond this case. It is well known that the pressureless
perfect fluid leads to caustics. Let us show this and
meanwhile find a particular solution for the field ϕ in
the vicinity of a cusp, which we assume to take place at
x ¼ 0 without loss of generality. We perform a formal
splitting of the field ϕ into a homogeneous part and
a perturbation, ϕ ¼ tþ δϕðt; xÞ. Assuming that V ¼
−∂δϕ=∂x is small, i.e., jVj ≪ 1, one gets from Eq. (63)

∂V
∂t

þ V
∂V
∂x

¼ 0: ð64Þ

This is a well-known pressureless Euler equation. If one
starts from the initial scalar field profile V ¼ −x=T, where
T is some constant, one can find that the late-time solution
reads V ¼ − x

T−t. Hence, T is the time when the spatial
derivative of V becomes singular. Note that formally V
blows up at each x ≠ 0 when t → T. It is, however, to be
trusted only in the vicinity of x ¼ 0; cf. Ref. [49]. As a
result, at x ≃ 0, the solution for the field ϕ reads

ϕ ¼ tþ x2

2ðT − tÞ : ð65Þ

This has a cusp profile for t → T, as it could be anticipated
from the beginning.
In Appendix A, we provide a more consistent derivation

of the cusp profile starting from the Nambu-Goto action in
the conformal gauge. The resulting expression (A16)
slightly corrects Eq. (65), but the difference does not affect
the singularity structure. In particular, Eq. (65), where one
should take T ¼ 0, and Eq. (A16) yield the same ϕ00 ¼ χ0,
which is the only second derivative of ϕ diverging at the
cusp. The fact that ∂τ=∂t and ∂χ=∂t do not diverge is a
particular feature of the example considered above, where
all the characteristic lines fulfill ξþ ¼ ξ− ¼ 0 at x ¼ 0. This
can be seen from the expression

∂τ

∂t
¼ 1

ξ− − ξþ
·

�
∂τ

∂ωþ
·

ξ−
∂t=∂ωþ

−
∂τ

∂ω−
·

ξþ
∂t=∂ω−

�
; ð66Þ

which is derived similarly to Eq. (66). The analogous
expression holds for ∂χ=∂t. Clearly, with ξþ ¼ ξ− ¼ 0, one
can avoid a singularity in Eq. (66). In Appendix A, we also

identify characteristic curves, which are shown in Fig. 2.
Interestingly, in this particular example, all the character-
istics converge to one point corresponding to the cusp.
In Sec. VI, we have pointed out a qualitative difference

of wave propagation in DBI in 2D flat spacetime and in
more realistic scenarios. These differences have important
implications for cusp formation. In particular, in Fig. 3, we
consider initial conditions such that no cusps form in DBI
in 2D Minkowski space. At the same time, the middle and
right panels of Fig. 3 clearly exhibit caustics in the case of
DBI extended by the ϵ-term for the same initial conditions.
Recall that such a modification discussed in the end of
Sec. VI is invoked for the description of (constant tension)
domain walls. The opposite situation is also possible, and it
is demonstrated in Fig. 4. Namely, we start with initial
conditions such that caustics form in the case of DBI in
Minkowski space and demonstrate that no caustics develop
upon switching on cosmic expansion. That result is
intuitively clear: Hubble friction serves to damp a wave
amplitude and thus counteracts cusp formation. To sum-
marize Figs. 3 and 4, cusp formation occurs distinctly in
DBI in 2D flat spacetime, which is commonly assumed for
the sake of simplicity, and beyond.

VIII. DISCUSSION

In this work, we have studied DBI on the issue of caustic
singularities. DBI characteristics have been shown to fulfill
the property ξþ ¼ ξþðωþÞ and ξ− ¼ ξ−ðω−Þ in 2D flat
spacetime, which warrants smooth propagation of generic
waves in the hyperbolic case. We would like to stress that
this property is exclusive for 2D flat spacetime. Namely, it
is violated in any realistic cosmological setup, where one
has ∂ξ�=∂ω∓ ≠ 0, meaning that characteristics are not

FIG. 2. An example of a “perfect” cusp, where all the character-
istics from both families converge at one point. See the discussion
in Sec. VII and in Appendix A.
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parallel to each other globally; see Sec. VI. Nevertheless,
DBI exhibits a remarkable resistance to caustics. In
particular, caustics do not form in the hyperbolic case, if
the principal part of the PDE for the DBI field has the same
form as in the 2D flat spacetime. This holds true in D > 2
in the tractable case of spherical waves, as well as inD ¼ 2
but with the Universe expansion turned on. It is straightfor-
ward to generalize this conclusion to an arbitrary curved
background metric in D ¼ 2. The question of DBI field
propagation in more than two dimensions beyond spherical
symmetry remains open, and we leave it for future work.
This strongly indicates that DBI caustics, whenever

observed in simulations, are directly associated with the

loss of hyperbolicity or, put differently, to vanishing of the
sound speed cs. So far, numerical analysis of caustic
formation in DBI has been limited to flat 2D spacetime
[24,27]. However, it is clear from Figs. 3 and 4 that the
manifestation of caustics in the nonhyperbolic case (cusps),
in particular the possibility of their formation or avoidance,
is significantly affected beyond this simplified setting. The
physical reason is the aforementioned drastic difference of
characteristic curve patterns in DBI in 2D flat spacetime
and beyond. Therefore, one should be cautious when
extrapolating conclusions from numerical simulations
based on the simplified action (7) to realistic scenarios
described by Eq. (5) or Eq. (61).

FIG. 3. Left panel: smooth propagation of a wave is demonstrated in the case of DBI in 2D flat spacetime for a particular choice of
initial conditions. Middle panel: cusp formation is shown in the case of DBI extended by the ϵ term described in the end of Sec. VI, for
the same choice of initial conditions as in the left panel. Right panel: the same as in the middle panel with a zoom on the region where the
cusp is formed.

FIG. 4. Left panel: cusp formation is shown in the case of DBI in 2D flat spacetime for a particular choice of initial conditions.
Middle panel: the same as in the left panel but with a zoom on the cusp region. Right panel: wave propagation is demonstrated in the
case of DBI for the same choice of initial conditions as in the left panel, but with cosmic expansion taken into account. No caustics
develop in this case.
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The search for caustics undertaken in this work has been
motivated by their potentially important role for the particle
production by domain walls.6 As it follows, the loss of
hyperbolicity is likely to be the main reason for the particle
production. Let us briefly speculate on the mechanism of
particle emission via formation of nonhyperbolic caustics,
leaving a detailed study of this question for future work.
Recall that the effective description of a planar domain wall
in terms of DBI assumes single-valued-ness of the field
ϕ≡ z and its derivatives. Cusp formation predicted by DBI
exactly means that this assumption cannot be maintained at
all the times, and hence the wall effective description
should necessarily break down at some point. Namely, DBI
effective description fails to capture the realistic dynamics
of domain walls in near-cusp regions, and one should
eventually resort to UV description provided by Eq. (1) or
(60). In this UV-complete picture, the existence of a heavy
degree of freedom associated with the field Ψ is manifest,
and this degree of freedom is naturally excited where cusps
are formed in the DBI description. The breakdown of the
effective description can occur in either of two ways:
(i) finite-width effects become relevant, and consequently
the Nambu-Goto action (and hence the DBI action) ceases
to correctly describe the dynamics of the domain wall, in
particular due to the excitation of heavy particles associated
with the field constituting the wall, and (ii) the DBI field
description breaks down while the Nambu-Goto approxi-
mation still holds. In this case, the field ϕ tends to become
multivalued, violating the assumption underlying the DBI
description.7 In that case, one expects formation of closed
walls detaching from a long wall. These closed walls
eventually shrink and produce particles of the field com-
prising the domain wall [51]. In either case, we expect
particle production to be the result of caustic formation.
Note also that there are different types of domain walls,

and each type may have a distinct caustic pattern. For
example, the so-called melting domain walls [52,53],
characterized by a time-varying tension, effectively live
in Minkowski space and do not require the ϵ term, since
their existence does not pose problems in cosmology. Thus,
the structure of their characteristics can be significantly
different from that of conventional constant tension domain
walls assumed in Sec. VI. It would be interesting to
investigate if such differences can be responsible for the
apparent dissimilarities seen in numerical analysis of con-
ventional and melting domain walls [54].
As a final remark, it is worth pointing out broader

theoretical implications of our results, beyond domain
walls. Namely, modified gravity theories are often prone
to caustic formation [28] and other pathologies, such as the

emergence of ghosts [46]. In this context, one naturally
deals with two types of caustics: those caused by the loss of
hyperbolicity, as in the DBI case, and those which arise in
the hyperbolic case [28]. It would be interesting to study
possible differences in manifestations of these two types of
caustics and to investigate which ones are more likely to
form in a cosmological setup. In this broader context, it is
also worth studying phenomenological consequences of
caustics, e.g., emission of extra degrees of freedom arising
in the high-energy completion of corresponding effective
theories [49,55]. Another natural direction of future
research is the investigation of caustics in superluminal
DBI theories. We leave these questions for forthcoming
studies.
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APPENDIX A: CUSP IN CONFORMAL
AND STATIC GAUGES

As has been discussed in Sec. II, DBI corresponds to the
Nambu-Goto action (2) in the static gauge. In this appen-
dix, we consider the conformal gauge, which is also widely
discussed in the literature [10]. The conformal gauge
corresponds to the choice ζ0 ¼ t and the condition on
the worldsheet metric γab ¼

ffiffiffiffiffijγjp
ηab. We use the notation θ

for the second coordinate on the wall, i.e., ζ2 ≡ θ. As in the
main text, we restrict to domain walls in three dimensions.
With the choice ζ0 ¼ t, the induced metric on the planar
wall living in three dimensions can be written as

γab ¼
 
jX⃗tj2 − 1 X⃗tX⃗θ

X⃗tX⃗θ jX⃗θj2

!
; ðA1Þ

where X⃗ ≡ ðx; zÞ. Here, we use the subscripts t and θ to
denote the corresponding partial derivatives. The former is
different from the dot notation mainly used in the text; in
this way, we differentiate partial time derivatives at fixed x
and at fixed θ (when the conformal gauge is concerned).
The condition for the metric to be conformal reads

X⃗tX⃗θ ¼ 0

jX⃗tj2 þ jX⃗θj2 ¼ 1: ðA2Þ

6Another mechanism of particle emission from a domain wall
based on parametric resonance has been discussed in Ref. [50].

7This is reminiscent of the situation with pressureless perfect
fluid, where caustics manifest the onset of multistream regions.
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In the conformal gauge, evolution of the vector X⃗ following
from the Nambu-Goto action is simply described by the
wave equation:

ηab∂a∂bX⃗ ¼ 0: ðA3Þ

The solution of this equation can be written as

X⃗ðt; θÞ ¼ 1

2
½a⃗ðθ − tÞ þ b⃗ðθ þ tÞ�; ðA4Þ

and the gauge fixing condition takes the form

ja⃗θj ¼ jb⃗θj ¼ 1: ðA5Þ

Recall that in DBI corresponding to the static gauge, one
identifies z with the scalar field ϕ, i.e., z≡ ϕ. Then, we
observe that an arbitrary function Fðt; θÞ satisfies

Ḟ≡ ∂F
∂t

				
x
¼ Ft þ Fθθt ¼ Ft −

xt
xθ

Fθ

F0 ≡ ∂F
∂x

				
t
¼ Fθθx ¼

1

xθ
Fθ: ðA6Þ

These can be used to calculate the first and the second
derivatives of ϕ and verify that the equation of motion for
the DBI field,

ð1þ ϕ02Þϕ̈ − 2ϕ̇ϕ0 · ϕ̇0 − ð1 − ϕ̇2Þϕ00 ¼ 0; ðA7Þ

is satisfied [27]. This serves as a consistency check between
two different gauges.
Now, let us find the cusp profile using the conformal

gauge and justify Fig. 2. In the conformal gauge, the cusp is
defined as X⃗t ¼ 1 [10], which translates into X⃗θ ¼ 0 by
virtue of Eq. (A2), so that a⃗θ ¼ −b⃗θ at the cusp. We are free

to choose a⃗θ ¼ −b⃗θ ¼ f0;−1g, which corresponds to ˙X⃗
lying along z axis. Without loss of generality, we assume
that the cusp takes place at t ¼ θ ¼ 0. Then, keeping only
the first nontrivial terms in the expansion of X⃗ in the
vicinity of the cusp, one writes

xðt; θÞ ¼ 1

4
ðαðt − θÞ2 þ βðtþ θÞ2Þ

zðt; θÞ ¼ t −
1

12
ðα2ðt − θÞ3 þ β2ðtþ θÞ3Þ; ðA8Þ

where α and β are some constants. Here, we have used the
constraint (A5). In the so-called bifurcation case [27], i.e.,
αþ β ¼ 0, the above expressions take the form

xðt; θÞ ¼ −αtθ

zðt; θÞ ¼ t −
α2

12
ððtþ θÞ3 þ ðt − θÞ3Þ: ðA9Þ

Using the expansion for x, z and Eq. (A6), we can switch to
the static gauge and find the derivatives of the DBI field:

τ ¼ zt −
ẋ
xθ

zθ ¼ 1 −
α2

2
ðt2 − θ2Þ

χ ¼ zθ
xθ

¼ αθ: ðA10Þ

As a result, the DBI sound speed squared can be written as
cs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − τ2 þ χ2

p
¼ jαtj near the cusp. Substituting cs ¼

jαtj and Eq. (A10) into Eq. (21), one obtains the slopes of
characteristics near the cusp:

ξ� ¼ �jαtj − αθ: ðA11Þ

Now, we can find characteristic curves in the ðt; xÞ plane.
Using Eqs. (A9), (A11), and

dxðt; θðtÞÞ
dt

¼ xt þ xθ
dθ
dt

¼ ξ�ðt; θÞ; ðA12Þ

we obtain

−αt
dθ
dt

				
ω�

¼ �jαtj: ðA13Þ

Taking t < 0, since the cusp is just forming, and α > 0
without loss of generality, we get

θjωþ ¼ dþ þ t θjω−
¼ d− − t; ðA14Þ

where d� are some constants. Our choice t ¼ θ ¼ 0 at the
cusp enforces d� ¼ 0. Taking into account x ¼ −αtθ, we
can write

xjω� ¼ ∓αt2: ðA15Þ

We observe that all characteristics meet at one point of the
cusp singularity. Furthermore, for some characteristics,
there are turning points, where they change direction from
right to left and vice versa for the other family.
Finally, we can use Eq. (A9) to express the DBI field

ϕ≡ z in terms of t and x:

ϕ ¼ t −
α2t3

6
−
x2

2t
: ðA16Þ

This corrects Eq. (65), which has been obtained assuming
jϕ0j ≪ 1 and cs ¼ 0 in the vicinity of the cusp.
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APPENDIX B: LAX APPROACH TO CAUSTIC
FORMATION

Let us discuss Lax approach for the study of caustic
formation assuming that PDE (9) is strictly hyperbolic
[43–45]. We start with Eq. (20). For concreteness, let us
focus on the first of Eq. (20) and apply the spatial derivative
to it. Introducing a new variable u≡ ∂ωþ

∂x , we obtain

∂u
∂t

þ ξ−
∂u
∂x

þ ∂ξ−
∂ωþ

u2 þ ∂ξ−
∂ω−

∂ω−

∂x
u ¼ 0; ðB1Þ

which is a Riccati equation for u. In what follows, it is
convenient to introduce the derivatives along the ξþ and ξ−
characteristics:

Dþ ¼ ∂

∂t
þ ξþ

∂

∂x
D− ¼ ∂

∂t
þ ξ−

∂

∂x
: ðB2Þ

Note that Eq. (20) takes a particularly simple form in terms
of these derivatives:

D−ωþ ¼ 0 Dþω− ¼ 0: ðB3Þ

Using Eq. (B2), one can rewrite Eq. (B1) as an ordinary
differential equation for u along ξ− characteristics,

D−uþ ∂ξ−
∂ωþ

u2 þ ∂ξ−
∂ω−

D−ω−

ðξ− − ξþÞ
u ¼ 0: ðB4Þ

Here, we have also used Eqs. (B2) and (B3) to express
derivatives of ω� with respect to t and x in terms of D�
derivatives, in particular,

∂ω−

∂x
¼ D−ω−

ξ− − ξþ
: ðB5Þ

Now, defining D−h≡ ∂ξ−
∂ω−

D−ω−
ðξ−−ξþÞ, we rewrite it as

D−ðehuÞ þ e−h
∂ξ−
∂ωþ

ðehuÞ2 ¼ 0:

Defining qðtÞ ¼ ehu ¼ eh ∂ωþ
∂x , we obtain

D−qþ e−h
∂ξ−
∂ωþ

q2 ¼ 0: ðB6Þ

Recognizing the derivative D− as the full time derivative
along the ξ− curve, i.e., D− ¼ d

dt jxμ , one writes the solution
of Eq. (B6) as

qðtÞ ¼ q0
1þ q0

R
t
t0
dt0ðe−h ∂ξ−

∂ωþ
Þ ; ðB7Þ

where q0 is the initial condition for qðtÞ. Formation of
caustics is linked to vanishing of the denominator in
Eq. (B7), at which point q explodes, because q ∝ ∂ωþ=∂x.
It is clear that the denominator never vanishes in

Eq. (B7), if ∂ξ−=∂ωþ ¼ 0 identically, as is the case of
DBI in 2D flat spacetime. Hence, no caustics form in this
case. On the other hand, the fact that ∂ξ−=∂ωþ ≠ 0 does not
warrant shock formation, i.e., if one cannot fulfill the
condition je−h∂ξþ=∂ω−j > c > 0, where c is some fixed
constant. In particular, it cannot be fulfilled in DBI beyond
2D flat spacetime, and we have indeed seen in Sec. VI that
no caustics develop in this case either.

APPENDIX C: ACTION FOR THIN
ANNIHILATING WALLS

In this appendix, we comment on the derivation of
Eq. (61) from Eq. (60) in the thin wall limit. For this
purpose, we have followed the approach of Refs. [57,58]
designed for the study of thin self-gravitating shells; see
also Refs. [59,60], where this approach is applied to
spherical walls. One describes the domain wall in this
approach as a thin timelike shell that separates two regions
of spacetime denoted byþ and −. Note that we assume the
metric of the expanding Universe here with the line
element ds2 ¼ −dt2 þ a2ðdx2 þ dy2 þ dz2Þ. The discus-
sion in Ref. [58] dramatically simplifies, provided that one
neglects self-gravity of a domain wall, i.e., we consider the
formal limit of the Planck mass to infinity, MPl → ∞. In
this case, the metric and the extrinsic curvature are the
same on both sides of the wall, and the scope of equations
in Ref. [58] reduces to a single one,8

K ¼ 1

σ
½Tμνξ

μξν�; ðC1Þ

where Tμν is the stress-energy tensor associated with the
domain wall field Ψ, σ is the wall tension, and

K ≡ gμν∇μξν: ðC2Þ

Here K is the trace of extrinsic curvature tensor given by
Kμν ¼ ∇μξν, and ξμ is a spacelike unit normal vector to the
wall [61]. The square brackets on the r.h.s. of Eq. (C1)
mean that one takes the difference of a corresponding
quantity on two sides of the wall, i.e.,

½Tμνξ
μξν�≡ þðTμνξ

μξνÞ − −ðTμνξ
μξνÞ: ðC3Þ

8The equation below matches Eq. (2.32a) in Ref. [58] upon
substituting the shell stress energy tensor Sab ¼ −σδab, which is
justified for vacuum shells, as is explained near Eq. (2.66) there.
Furthermore, Eq. (2.32b) in Ref. [58] is automatically satisfied
for this choice of Sab assuming a constant tension σ; see
Eq. (2.67).
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The stress-energy tensor Tμν is inferred from the
action (60). With no loss of generality, one writes for
the domain wall field Ψ on two sides of the wall
�ΨðxÞ ¼ �hΨi þ� ψðxÞ, where �ψ are fluctuations,
which we ignore in what follows. Namely, we are focusing
solely on a vacuum configuration of the field Ψ. Noting
that �gμν ¼ gμν and gμνξμξν ¼ 1, we obtain from Eq. (60)
that

½Tμνξ
μξν� ¼ ϵ: ðC4Þ

Recall that ϵ is a constant responsible for the explicit
symmetry breaking in Eq. (60) and consequently for the
domain wall annihilation. It is crucial that the exponent m
is odd in Eq. (60)—otherwise, there would be no breaking
of Z2-symmetry, and the r.h.s. of Eq. (C4) would vanish.
To calculate the l.h.s. of Eq. (C1), we need to know the

normal vector ξμ. For this purpose, we have to define the
relation between the coordinates ζa, a ¼ 0, 1, 2, on the wall
and the 4D spacetime coordinates xμ ¼ ðt; x; y; zÞ. We
choose ζ0 ¼ t, ζ1 ¼ x, and ζ2 ¼ y, while the third spatial
coordinate z is identified with the scalar ϕ; cf. Sec. II. The

normal vector is then fixed by the conditions ξμ∂axμ ¼ 0

and gμνξμξν ¼ 1,

ξμ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2X

p
�
aϕ̇;−

ϕx

a
;−

ϕy

a
;
1

a

�
; ðC5Þ

cf. Ref. [62]. Here, the subscripts x and y denote
partial derivatives with respect to x and y, and X ¼
ða2ϕ̇2 − ϕ2

x − ϕ2
yÞ=2, which matches Eq. (4). Having cal-

culated ξμ, one can obtain K with the use of Eq. (C2).
Substituting the result for K into Eq. (C1), using Eq. (C4),
and redefining the coordinates xμ ¼ ðη; x; yÞ, where η is the
conformal time, we get

−ημν
∂

∂xμ

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2X
p ·

∂ϕ

∂xν

�
þ 3Hffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2X
p ∂ϕ

∂η
¼ ϵa

σ
; ðC6Þ

where ημν is the 3D Minkowski metric and H ¼ ∂ ln a=∂η.
One recognizes Eq. (C6) as the equation of motion for the
DBI field ϕ following from Eq. (61).
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Aguilar, and J. M. Queiruga, Effective actions for domain
wall dynamics, Phys. Rev. D 111, 056007 (2025).

[37] R. Courant and K. O. Friedrichs, Supersonic Flow and Shock
Waves (Interscience Publishers Inc., New York, 1948).

[38] R. Courant and D. Hilbert, Methods of Mathematical
Physics: Volume II: Partial Differential Equations (Inter-
science Publishers (Wiley), New York, 1962).

[39] V. S. Vladimirov, Equations of Mathematical Physics,
(MIR, Moscow, 1984).

[40] J. Garriga and V. F. Mukhanov, Perturbations in k-inflation,
Phys. Lett. B 458, 219 (1999);

[41] A. Majda, Compressible Fluid Flow and Systems of Con-
servation Laws in Several Space Variables (Springer, New
York, 1984).

[42] N. Afshordi, D. J. H. Chung, and G. Geshnizjani, Cuscuton:
A causal field theory with an infinite speed of sound, Phys.
Rev. D 75, 083513 (2007);

[43] P. D. Lax, Development of singularities of solutions of
nonlinear hyperbolic partial differential equations, J. Math.
Phys. (N.Y.) 5, 611 (1964).

[44] P. D. Lax, Hyperbolic Systems of Conservation Laws and
the Mathematical Theory of Shock Waves, (SIAM, Phila-
delphia, 1973).

[45] P. D. Lax, XII. The initial value problem for nonlinear
hyperbolic equations in two independent variables, in
Contributions to the Theory of Partial Differential Equa-
tions (AM-33) (Princeton University Press, Princeton, NJ,
1955), pp. 211–230.

[46] E. Babichev, Emergence of ghosts in Horndeski theory,
J. High Energy Phys. 07 (2020) 038;

[47] K. Pasmatsiou, Caustic formation upon shift symmetry
breaking, Phys. Rev. D 97, 036008 (2018);

[48] C. de Rham and H. Motohashi, Caustics for spherical
waves, Phys. Rev. D 95, 064008 (2017);

[49] E. Babichev and S. Ramazanov, Caustic free completion of
pressureless perfect fluid and k-essence, J. High Energy
Phys. 08 (2017) 040.

[50] J. J. Blanco-Pillado, D. Jiménez-Aguilar, J. M. Queiruga,
and J. Urrestilla, The dynamics of domain wall strings,
J. Cosmol. Astropart. Phys. 05 (2023) 011.

[51] L. M. Widrow, Dynamics of thick domain walls, Phys. Rev.
D 40, 1002 (1989).

[52] S. Ramazanov, E. Babichev, D. Gorbunov, and A. Vikman,
Beyond freeze-in: Dark matter via inverse phase transition
and gravitational wave signal, Phys. Rev. D 105, 063530
(2022).

[53] E. Babichev, D. Gorbunov, S. Ramazanov, and A. Vikman,
Gravitational shine of dark domain walls, J. Cosmol.
Astropart. Phys. 04 (2022) 028.

[54] I. Dankovsky, S. Ramazanov, E. Babichev, D. Gorbunov,
and A. Vikman, Numerical analysis of melting domain walls
and their gravitational waves, J. Cosmol. Astropart. Phys. 02
(2025) 064.

[55] E. Babichev, S. Ramazanov, and A. Vikman, Recovering
PðXÞ from a canonical complex field, J. Cosmol. Astropart.
Phys. 11 (2018) 023.

[56] https://rscf.ru/project/24-72-10110/.
[57] W. Israel, Singular hypersurfaces and thin shells in general

relativity, Nuovo Cimento B 44S10, 1 (1966); 48, 463(E)
(1967).

[58] V. A. Berezin, V. A. Kuzmin, and I. I. Tkachev, Dynamics
of bubbles in general relativity, Phys. Rev. D 36, 2919
(1987).

[59] H. Deng and A. Vilenkin, Primordial black hole formation
by vacuum bubbles, J. Cosmol. Astropart. Phys. 12 (2017)
044.

[60] H. Deng, Primordial black hole formation by vacuum
bubbles. Part II, J. Cosmol. Astropart. Phys. 09 (2020)
023;

[61] E. Poisson, A Relativist’s Toolkit: The Mathematics
of Black-Hole Mechanics (Cambridge University Press,
Cambridge, England, 2009).

[62] J. Garriga and A. Vilenkin, Perturbations on domain walls
and strings: A covariant theory, Phys. Rev. D 44, 1007
(1991).

E. BABICHEV et al. PHYS. REV. D 113, 116037 (2026)

116037-16

https://doi.org/10.1103/PhysRevD.35.1138
https://doi.org/10.1103/PhysRevD.96.104046
https://doi.org/10.1103/ym9p-scmw
https://doi.org/10.1103/ym9p-scmw
https://doi.org/10.1088/1126-6708/2002/09/026
https://doi.org/10.1088/1126-6708/2002/09/026
https://doi.org/10.1016/j.physletb.2009.09.005
https://doi.org/10.1103/szm4-rrz9
https://doi.org/10.1007/JHEP04(2016)129
https://doi.org/10.1103/PhysRevD.94.023514
https://doi.org/10.1103/PhysRevD.94.023514
https://doi.org/10.1088/0264-9381/16/3/015
https://doi.org/10.1088/0264-9381/16/3/015
https://doi.org/10.1063/1.1665231
https://doi.org/10.1088/1361-6382/aa85fb
https://doi.org/10.1103/PhysRevD.42.343
https://doi.org/10.1103/PhysRevD.62.083504
https://doi.org/10.1103/PhysRevD.111.056007
https://doi.org/10.1016/S0370-2693(99)00602-4
https://doi.org/10.1103/PhysRevD.75.083513
https://doi.org/10.1103/PhysRevD.75.083513
https://doi.org/10.1063/1.1704154
https://doi.org/10.1063/1.1704154
https://doi.org/10.1007/JHEP07(2020)038
https://doi.org/10.1103/PhysRevD.97.036008
https://doi.org/10.1103/PhysRevD.95.064008
https://doi.org/10.1007/JHEP08(2017)040
https://doi.org/10.1007/JHEP08(2017)040
https://doi.org/10.1088/1475-7516/2023/05/011
https://doi.org/10.1103/PhysRevD.40.1002
https://doi.org/10.1103/PhysRevD.40.1002
https://doi.org/10.1103/PhysRevD.105.063530
https://doi.org/10.1103/PhysRevD.105.063530
https://doi.org/10.1088/1475-7516/2022/04/028
https://doi.org/10.1088/1475-7516/2022/04/028
https://doi.org/10.1088/1475-7516/2025/02/064
https://doi.org/10.1088/1475-7516/2025/02/064
https://doi.org/10.1088/1475-7516/2018/11/023
https://doi.org/10.1088/1475-7516/2018/11/023
https://rscf.ru/project/24-72-10110/
https://rscf.ru/project/24-72-10110/
https://doi.org/10.1007/BF02710419
https://doi.org/10.1007/BF02712210
https://doi.org/10.1007/BF02712210
https://doi.org/10.1103/PhysRevD.36.2919
https://doi.org/10.1103/PhysRevD.36.2919
https://doi.org/10.1088/1475-7516/2017/12/044
https://doi.org/10.1088/1475-7516/2017/12/044
https://doi.org/10.1088/1475-7516/2020/09/023
https://doi.org/10.1088/1475-7516/2020/09/023
https://doi.org/10.1103/PhysRevD.44.1007
https://doi.org/10.1103/PhysRevD.44.1007

	Caustic formation in DBI models: Wave propagation on planar domain walls
	I. INTRODUCTION
	II. FROM DOMAIN WALLS TO DBI
	III. METHOD OF CHARACTERISTICS
	IV. DBI IN 2D FLAT SPACETIME
	V. NO CAUSTICS IN DBI IN 2D FLAT SPACETIME (HYPERBOLIC CASE)
	VI. TOWARD REALISTIC DOMAIN WALLS: BEYOND DBI IN 2D FLAT SPACETIME
	A. DBI in three dimensions
	B. DBI in the expanding Universe
	C. DBI extended by a linear term

	VII. CAUSTIC FORMATION IN THE NONHYPERBOLIC CASE
	VIII. DISCUSSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: CUSP IN CONFORMAL AND STATIC GAUGES
	APPENDIX B: LAX APPROACH TO CAUSTIC FORMATION
	APPENDIX C: ACTION FOR THIN ANNIHILATING WALLS
	References


