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We study quantum and classical systems associated with the quantum corner symmetry group

QCS ¼ fSLð2;RÞ ⋉ H3, which arises in the context of quantum gravity. We relate quantum observ-
ables—specified by representation-theoretic data—to their classical counterparts using generalized
Perelomov coherent states and the framework of Berezin quantization. This procedure links abstract
representation-theoretic input to geometric classical observables, such as area. We conclude by applying
the formalism to static, spherically symmetric spacetimes admitting a horizon.
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I. INTRODUCTION

The nature of quantum gravity has been an open problem
in theoretical physics for the past century. One of the
difficulties lies in the absence of a general quantization
theorem and a reliance on quantization procedures that may
or may not produce an adequate quantum version of the
theory. The opposite direction, on the other hand, is much
better understood. Given a quantum theory, it is possible to
give a well-defined notion of a classical limit—for example
through the path-integral formulation of quantum mechan-
ics [1]. This is aligned with the understanding that the
physical laws of the Universe are quantum and that the
associated classical theory emerges from an approximation
of the more fundamental quantum version. The failure to
successfully quantize gravity should therefore not be seen
as an argument for the absence of such a theory but rather as
a consequence of the particular description of the classical
regime Einstein formulated in 1915 [2].
One might therefore wonder if anything can be said

about the structure of quantum gravity without relying on
the quantization of an underlying classical theory. One of
the most promising way to address this problem lies in the
use of symmetries. Symmetries have been an essential tool
in modern theoretical physics since Noether’s theorems in
the early 20th century [3]1 which states that to any
continuous symmetry of a system, there exists an associ-
ated conserved quantity. Later, the symmetries of spacetime

that drove Einstein to his special theory of relativity—the
Poincaré symmetries—were used by Wigner to classify
all possible fundamental particles [4]. His procedure
gives the Hilbert space of particle physics without ever
introducing a classical theory requiring some form of
quantization.
So what are the symmetries of gravity? Any classical

gravitational theory is based on diffeomorphism invariance
—the invariance of the laws of physics under a change of
coordinates on the spacetime manifold. However, this is
nothing else than a redundancy in the description of the
theory and, as such, their associatedNoether charges vanish.
The situation is different in the presence of boundaries.
When spacetime boundaries are present—for examplewhen
thinking about a subregion of the spacetime—some diffeo-
morphisms acquire a nonvanishing Noether charge on
codimension-2 boundaries, corners [5,6]. These charges
further forman algebra of physical symmetries. In particular,
it was shown in [7] that there exists a universal maximal
algebra of physical symmetries for four-dimensional grav-
ity: the universal corner symmetry (UCS) algebra

ucs ¼ diffðSÞ⨭ ðglð2;RÞ⨭R2ÞS; ð1:1Þ

where S denotes the corner and its presence in the exponents
is to emphasize that there exists a copy of
the algebra in the parenthesis at each point of the corner.
The algebra is universal in the sense that it does not depend
on the particular theory of gravity one might use. In
particular, for corners situated at a finite distance in the
bulk, the charges of Einstein-Hilbert theory realize the
extended corner symmetry (ECS) algebra

ecs ¼ diffðSÞ ⨭ ðslð2;RÞ⨭R2ÞS: ð1:2Þ

While these symmetry algebras emerge from classical
consideration, one can study their representations with an
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1Coincidentally, Noether came up with the theorems while she
was thinking about the new theory of general relativity.
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agnostic viewon their origin. This is at the heart of the corner
proposal for quantum gravity, which states that a relevant set
of quantum gravitational states should live in irreducible
unitary representations of the corner symmetry group. This
is the gravitational analog of Wigner’s classification of the
Poincaré representations.
The program was initiated in [8] with the study of the

two-dimensional version of the finite distance corner
symmetry group

ECS2 ¼ SLð2;RÞ ⋉ R2: ð1:3Þ

The projective representations of the ECS2 are given by the
standard representations of the maximally centrally extended
version, the quantum corner symmetry (QCS) group

QCS ¼ gSLð2;RÞ ⋉ H3; ð1:4Þ

where H3 is the three-dimensional Heisenberg group. These
representationswhere given in [9,10] andwill be described in
the next section. The discrete series was used in [11,12] to
describe local subsystems in two-dimensional quantum
gravity—also seen as four-dimensional spherically symmet-
ric quantum gravity—and calculate their associated entan-
glement entropy. For some of the QCS coherent states that
will be described later, the entanglement entropy of the
subregion was shown to correspond to the area of the
boundary of that subregion in the semiclassical limit, provid-
ing a symmetry-based explanation for the emergence of the
so-called area law.
This last point brings up an important question. Given

that the Hilbert space was not obtained by the quantization
of an underlying classical theory, how does one define a
semiclassical limit for this formalism? The present work is
dedicated to the mathematical formalism linking the
representation theoretic objects of the quantum theory to
the classical observables of a theory dynamically realizing
the ECS2. The formalism consists in relating three spaces
endowed with symplectic structures: the projective Hilbert
space of the group representation, equipped with the
Fubini-Study symplectic form, the coadjoint orbits of the
group, equipped with the Kostant-Kirillov-Souriau sym-
plectic form, and the classical phase space, equipped with
the canonical symplectic form.
The paper is organized as follows. In Sec. II, we present

the necessary mathematical background, focusing on coad-
joint orbits and their connection to the classical phase
space. Section III is devoted to the application of this
formalism to QCS dynamical systems. In the spirit of the
Introduction, we begin in Sec. III A with the quantum
system described by the representation theory of the QCS
group, where coherent states provide a bridge to the
coadjoint-orbit structure. Section III B then introduces
the classical QCS system and employs the moment-map
construction to relate its dynamical variables to the

quantum description through the same coadjoint orbits.
Finally, in Sec. IV, we apply the procedure to the QCS
dynamical system arising from static, spherically symmet-
ric spacetimes and show that the area of the corner is
directly related to the parameter labeling the representa-
tions. Concluding remarks are presented in Sec. V, and the
proofs of key statements are relegated to the Appendixes.

II. COADJOINT ORBITS AND MOMENT MAPS

We consider a Lie groupGwith associated Lie algebra g,
and a symplectic manifold ðΓ;ΩΓÞ—the phase space—on
which the group acts,

⊳ Γ∶ G × Γ → Γ; ðg;ϕÞ ↦ g ⊳ Γϕ: ð2:1Þ
For each element of the Lie group g∈G we define the map

Ψg∶ G → AutðGÞ; ð2:2Þ

which acts as the inner automorphism on group elements
h∈G

ΨgðhÞ ¼ ghg−1: ð2:3Þ
The adjoint action is then defined as the differential ofΨg at
the identity element e∈G

Adg ≔ ðdΨgÞe∶ g → g: ð2:4Þ

The map

Ad∶ G → AutðgÞ; g ↦ Adg ð2:5Þ
is called the adjoint representation of the group G. Given a
Lie algebra element X∈ g, the derivative of the adjoint
representation dðAdÞe ≔ ad produces the adjoint represen-
tation of the algebra

adX∶ g → g Y ↦ adXðYÞ ≔ ½X; Y�: ð2:6Þ

The coadjoint action of the same algebra element on the
coalgebra g� is defined by use of the pairing between vector
and covectors,

had�Xm; Yi ≔ −hm; adXYi ¼ hm; ½X; Y�i: ð2:7Þ

The coadjoint orbit through a point m∈ g� is then defined
as the submanifold

Om ¼ fAd�gmjg∈Gg: ð2:8Þ
It will also be useful to define the infinitesimal version

Om ¼ fad�XmjX∈ gg: ð2:9Þ

There are two key results concerning coadjoint orbits. The
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first being that each orbit is completely characterized by the
stabilizer subalgebra,

hm ¼ fX∈ gjad�Xm ¼ 0g; ð2:10Þ

as expressed by the isomorphisms

Om ≅ g=hm; Om ≅ G=Hm; ð2:11Þ

where Hm ⊂ G is the stabilizer subgroup

Hm ¼ fh∈GjAd�hm ¼ mg ð2:12Þ

whose Lie algebra is given by hm. The isomorphism (2.11)
follows directly from the bijectivity of the following orbit
map:

τ∶ G=Hm → Om; gHm ↦ τðgHmÞ ¼ Ad�gm: ð2:13Þ

The second key result is that any coadjoint orbit is naturally
a symplectic manifold [13–15]. This is seen as follows: for
any element of the algebra X, define the fundamental vector
field on the coadjoint orbits X# by its action on a functional
f∈C∞ðOmÞ,

ðX#fÞðmÞ ¼ d
dt
½fðAd�expðtXÞmÞ�jt¼0: ð2:14Þ

The symplectic structure is then given by the well-known
Kostant-Kirillov-Souriau (KKS) two-form, which is
defined at the point m∈ g� as

Ωm
KKSðX#; Y#Þ ≔ hm; ½X; Y�i: ð2:15Þ

The fundamental vector field is closely related to the
linear coordinate functions on the coalgebra. These are
defined as follows: given a basis of the algebra Xa ∈ g
satisfying

½Xa; Xb� ¼ cabc Xc; ð2:16Þ

where cabc are the structure constants of the algebra, we
define the coordinate function

χa∶ g� → R; χaðmÞ ¼ hm;Xai: ð2:17Þ

It then follows that these are Hamiltonian functions for the
fundamental vector field of the algebra basis

ιðXaÞ#ΩKKS ¼ dχa; ð2:18Þ

where d denotes the deRham differential on the coalgebra.
The above equation also implies that the coordinate
functions realize the algebra through the Poisson bracket
induced by the KKS form

fχa; χbgKKS ≔ ιðXbÞ# ιðXaÞ#ΩKKS ¼ ðXbÞ#ðχaÞ ¼ cabc χb:

ð2:19Þ

On the field space side, we can also introduce a notion of
fundamental vector field. We define the fundamental vector
field associated with the algebra element X∈ g through its
action on a function f∈C∞ðΓÞ,

ðXfÞðϕÞ ≔ d
dt
½fðexpðtXÞ⊳ ΓϕÞ�jt¼0: ð2:20Þ

The object relating the abstract coadjoint orbits to the phase
space of the theory is the moment map that we now
describe. Let us now introduce a map

μ∶ Γ → g�: ð2:21Þ

We call μ a moment map if its pairing with a vector is the
Hamiltonian function for the fundamental vector field2

ιXΩΓ ¼ dðhμ; XiÞ ≔ dμ̃ðXÞ; ð2:22Þ

where we defined the comoment map

μ̃∶ g → C∞ðΓÞ; μ̃ðXÞ ≔ hμ; Xi: ð2:23Þ

The comoment map further needs to satisfy the equivar-
iance condition

fμ̃ðXÞ; μ̃ðYÞgΓ ¼ μ̃ð½X; Y�Þ: ð2:24Þ

This map is what physicists usually call the Hamiltonian.
Note that

μ̃ðXaÞ ¼ χa ∘ μ: ð2:25Þ

One can therefore show (see Appendix A) that the push
forward of the fundamental vector field on phase space is
the fundamental vector field on the coadjoint orbits

μ�X ¼ X#: ð2:26Þ

The equivariance condition (2.24) may be obstructed by
the presence of nontrivial cocycles in the algebra. This
motivates the introduction of twisted coadjoint orbits and
their assocaited twisted moment maps. The twisted coad-
joint orbits are defined at the infinitesimal level as

Oc
m ¼ fad�Xmþ cσXjX∈ gg ð2:27Þ

2Throughout this section, the differentials on both the coad-
joint orbits and the phase space are denoted by d, and the
corresponding contraction operators by ι. The space on which
these operators act will always be clear from the context.
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where σX ∈ g� is determined by the Lie algebra 2-cocycle
ω∈Z2ðg;RÞ, through

hσX; Yi ¼ −ωðX; YÞ; X; Y ∈ g; ð2:28Þ
and where c is the twisting parameter. In the following, we
restrict our attention to the case where a single nontrivial
cocycle exists, that is, when the second Lie algebra
cohomology group

H2ðg;RÞ ≔ Z2ðg;RÞ=B2ðg;RÞ; ð2:29Þ
with B2ðg;RÞ denoting the space of 2-coboundaries—i.e.,
trivial cocycles—is one dimensional. The twisted coadjoint
orbit through m∈ g� is then isomorphic to the ordinary
coadjoint orbits of the maximally centrally extended
algebra at the point ðm; cÞ∈ g̃� ¼ g� ⊕ R,

Oc
m ≅ Õðm;cÞ: ð2:30Þ

The twisting parameter is then nothing else than the
value of the central element on the coadjoint orbits of g̃.
Next, we define the twisted moment map

μc∶ Γ → g̃�; μcðϕÞ ¼ ðμðϕÞ; cÞ: ð2:31Þ

The twisted comoment map for a vector ðX; aÞ∈ g̃ is
given by

μ̃cðX; aÞ ≔ hμc; ðX; aÞi ¼ μðXÞ þ ca; ð2:32Þ

and satisfies the twisted equivariance condition

fμ̃cðX; aÞ; μ̃cðY; bÞgΓ ¼ μ̃ð½X; Y�Þ þ cωðX; YÞ; ð2:33Þ

which is the standard equivariance condition on the
extended algebra g̃. The correspondence between twisted
coadjoint orbits of an algebra and the standard coadjoint
orbits of its maximal central extension is the classical
analog of the relationship between projective representa-
tions of the algebra and ordinary representations of its
maximal central extension in the quantum case.

III. QCS DYNAMICAL SYSTEM

QCS dynamical systems are theories that realize the QCS
on their phase space. Quantum mechanically, this is
expressed by the fact that the Hilbert space of the theory
carries a projective unitary irreducible representation of the
ECS2. On the classical side, the Noether charge algebra
realizes the ECS2, and the twisted moment maps provide
the corresponding realization of the QCS. The (twisted)
coadjoint orbits introduced in the previous section serve
as the bridge between the classical and quantum picture.
We start with the quantum case by describing the repre-
sentation theory of the QCS and connecting the structure
with (twisted) coadjoint orbits with the use of generalized

Perelomov coherent states [16]. Next, we treat the classical
system and define the classical Casimir function on phase
space. We then show that this function is independent of the
choice of moment map. Finally, we show how this invariant
Casimir can be used to associate classical data to the
representation parameters.
In the following, we continue to use fXag for a generic

basis of the algebra qcs, while also employing the explicit
basis fJab; Pa; Zja; b ¼ 0; 1g, where the generators Jab
span the subalgebra slð2;RÞ and fPa; Zg span the
Heisenberg algebra

½Pa; Pb� ¼ ϵabZ; ½Pc; Jab� ¼ δcbP
a −

1

2
δabP

c;

½Jab; Jcd� ¼ δcbJ
a
d − δadJ

c
b: ð3:1Þ

The element Z is central and commutes with all other
generators.

A. Quantum system

The representations of the QCS are given by tensor-
product representations of SLð2;RÞ and the Weil-
Schrödinger representations [9,10]

πðκ;cÞ ¼ πSLð2;RÞκ ⊗ πW:S:
c : ð3:2Þ

In particular, the discrete series of QCS can be realized on
the Hilbert space

Hðκ;cÞ
QCS ¼ fjðκ; cÞ; n; ki ¼ jκ; ni ⊗ jc; kig; ð3:3Þ

where fjκ; ni∶n∈Ng denotes the lowest- (highest-) weight
representation of the positive (negative) discrete series offSLð2;RÞ [17,18], and fjc; ki; k∈Zþg (fjc; ki; k∈Z−g)
denotes the lowest (highest) weight Weil-Schrödinger
representation of the Schrödinger group with positive
(negative) central element c [19,20]. The Heisenberg
operators act by raising or lowering the k index, while
the SLð2;RÞ ladder generators raise and lower the n index
by �1 and the k index by �2. The central element acts
trivially on any state

dπðκ;cÞðZÞjðκ; cÞ; n; ki ¼ cjðκ; cÞ; n; ki; ð3:4Þ
where we denote the induced algebra representation by dπ.
There exists another Casimir operator in the universal
enveloping algebra U½qcs�3

3To give a precise meaning of the element Z−1 one can look at
the quotient

U½qcs × R�=IZ; ð3:5Þ
where the additional factor ofR is generated by Z−1,U½g� denotes
the universal enveloping algebra, and IZ is the ideal generated by
Z−1Z − 1.
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CQCS ¼ κab
c
dJbaJdc þ

1

2Z
ϵacPcJabP

b; ð3:6Þ

with

κ00
0
0 ¼ 1; κ01

1
0 ¼

1

4
; κ10

0
1 ¼

3

4
: ð3:7Þ

It acts on irreducible representation as

dπðκ;cÞðCQCSÞjðκ; cÞ; n; ki ¼
�
κðκ − 1Þ þ 3

16

�
jðκ; cÞ; n; ki:

ð3:8Þ

For more details on these representations, see [9,10,20].
The generalized Perelomov coherent states for the

QCS discrete series were first introduced in [11]. They
are constructed on the reference state jðκ; cÞ;Ωi ¼
jðκ; cÞ; n ¼ 0; k ¼ 0i by first identifying the stabilizer
subgroup

H¼fg∈QCSjπðs;cÞðgÞjðκ;cÞ;Ωi¼eiθg jðκ;cÞ;Ωig; ð3:9Þ

for some phase θg. From this point onward we will always
work in a fixed representation πðs;cÞ and drop the repre-
sentation label for clarity. They will be reintroduced when
necessary. The isotropy subgroup of the QCS for the
vacuum state is given by [11]

H ¼ Uð1Þ × ZðH3Þ; ð3:10Þ

where ZðH3Þ ≅ R is the center of the Heisenberg group.
Consider the principle H bundle

G!πG G=H; πGðgÞ ¼ ½g�: ð3:11Þ

Given a section σ∶ G=H → G—a choice of representative
—we define the displacement operator

Uσð½g�Þ ¼ πðσð½g�ÞÞ: ð3:12Þ

The generalized Perelomov coherent states are then
defined as

jσðgÞi ¼ Uσð½g�ÞjΩi: ð3:13Þ

A different choice of section only changes the coherent
state by a phase factor. Finally, we note that the coset is
isomorphic to the coadjoint orbits

QCS=H≅SLð2;RÞ=Uð1Þ×H3=ZðH3Þ¼D×R2: ð3:14Þ

We can therefore parametrize elements of the coset using
coordinates on the coadjoint orbits ζ∈D; α∈C. A con-
venient choice of representative is then given by

gζ;α ¼ exp

�
1ffiffiffi
c

p ðαP1 − ᾱP0Þ
�
expðcζJþ − cζJ−Þ; ð3:15Þ

where for ζ ¼ reiθ, we defined cζ ¼ tanh−1ðrÞeiθ and

Jþ ¼ − 1

2
ðJ10 þ J01Þ þ iJ00;

Jþ ¼ − 1

2
ðJ10 þ J01Þ þ iJ00: ð3:16Þ

The associated coherent states are then given by

jζ; αi ¼ πðgζ;αÞjΩi: ð3:17Þ

Thus, the QCS coherent states are a tensor product of
Perelomov SLð2;RÞ coherent states [16] and squeezed
Glauber coherent states [21–24] with squeezing
parameter cζ,

jζ; αi ¼ jζi ⊗ jαcζi: ð3:18Þ

These quantum states, parametrized by coordinates on the
orbit, are the key to relating the representation-theoretic
structure to classical observables. To this end, we define the
Berezin symbol as the expectation value of algebra oper-
ators in coherent states,

lðζ;αÞ∶ qcs→R; lðζ;αÞðXÞ≔ hζ;αjdπðXÞjζ;αi: ð3:19Þ

Given an element of the algebra X∈ qcs, we also define its
associated Berezin function as

lX∶ Õ → R; lXðζ; αÞ ≔ lðζ;αÞðXÞ: ð3:20Þ

Since the coadjoint orbits—together with moment maps—
form the phase space of the classical system, the Berezin
functions can naturally be interpreted as classical observ-
ables. The associated Berezin Poisson bracket is then
defined by

flX; lYgB ≔
1

iℏ
l½X;Y�: ð3:21Þ

Denote a basis of the qcs by Xa; a ¼ 1;…; 6 and the
associated structure constants by cabc . The algebra repre-
sentation obey

½dπðXaÞ; dπðXbÞ� ¼ iℏcabc dπðXcÞ: ð3:22Þ

In this basis, the Berezin bracket then reads

flXa
; lX

bgB ¼ cabc lX
c
; ð3:23Þ

which reproduces the Lie-Poisson structure on the coad-
joint orbit. The Berezin functions equipped with the bracket
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(3.21) are reminiscent of the coordinate functions (2.17)
equipped with the KKS bracket. This is not a coincidence
as in the case where the integral orbits are Kähler, one can
show (see Appendix C) that the Berezin functions are
Hamiltonian functions of the fundamental vector fields
with respect to the KKS form

ιX#ΩKKS ¼ dlX: ð3:24Þ

Note that this directly implies

flX; lYgB ¼ flX; lYgKKS: ð3:25Þ

Equation (3.24) implies that the coordinate functions and
the Berezin functions differ, at most, by a constant. Since
we have shown above that all choices of moment map are
equivalent, we may set this constant to zero without loss of
generality. This brings us to the main result of the paper: the
classical observables of a QCS system are obtained as the
coherent-state expectation values of the quantized operators
associated with the algebra generators. More precisely, the
(twisted) comoment maps can be expressed as the compo-
sition of the Berezin function with the moment map

μ̃cðXÞ ¼ lX ∘ μc; ð3:26Þ

where, in the above expression, μc is the particular choice
of twisted moment map that lands on the orbit Õðs;cÞ. This
establishes the correspondence between the classical
observables, expressed as moment maps, and the quantum
operators of the QCS algebra.
While this correspondence is exact for linear coordinate

functions, the situation is more subtle for higher-order
operators. This point is particularly important, since quad-
ratic operators encode quantum fluctuations

hðΔXÞ2iζ;α ≔ hdπðXÞ2iζ;α − hdπðXÞi2ζ;α: ð3:27Þ

We start by extending the definition of the Berezin symbol
to quadratic polynomials in the enveloping algebra U½qcs�,

lðζ;αÞðXYÞ ¼ hζ; αjdπðXÞdπðYÞjζ; αi: ð3:28Þ

The associated Berezin function then admits the asymptotic
expansion [25–31]

lXY ¼ lXlY þ ℏhab
∂ālX∂blY þOðℏ2Þ; ð3:29Þ

wherehāb are the components of the inverse Kähler metric.
The full asymptotic expansion yields the Berezin-Toeplitz
star product, which furnishes a deformation quantization of
the underlying Kähler manifold.
In order to better understand the Kähler structure on the

orbits, we make the following change of coordinates:

χ̃ab ¼ χab −
1

2c
ϵbcχ

cχa: ð3:30Þ

In these coordinates, the special linear and Heisenberg
sectors decouple,

fχ̃ab; χ̃cdg ¼ δcbχ̃
a
d − δadχ̃

c
b; fχ̃ab; χcg ¼ 0; ð3:31Þ

and the KKS form reduces to the direct sum of the
respective SLð2;RÞ and Heisenberg KKS forms [10]. In
the associated holomorphic coordinates,4 the QCS Kähler
form can thus be written

ΩQCS ¼ −2iκ
dζ̃ ∧ d ¯̃ζ

ð1 − ζ̃ ¯̃ζÞ2
þ i
2
dα ∧ dᾱ: ð3:34Þ

In other words, the Kähler metric for the QCS is given by

h ¼ −2κ
dζ̃d ¯̃ζ

ð1 − ζ̃ ¯̃ζÞ2
þ 1

2
dαdᾱ: ð3:35Þ

Finally we rewrite the above in the standard form by
collecting the Kähler indices into a vector ka with k0 ¼ ζ̃
and k1 ¼ α,

h ¼ hab̄dk
adk̄b: ð3:36Þ

The inverse Kähler metric coefficients entering the expan-
sion (3.29) are then defined by the usual property

hc̄ahbc̄ ¼ δab; hac̄hc̄b ¼ δba: ð3:37Þ

The first-order correction in (3.29) can be decomposed into
its symmetric and antisymmetric parts

ℏhāb
∂ālX∂blY ¼ CS

1ðX; YÞ þ CAS
1 ðX; YÞ: ð3:38Þ

It is easy to see that the antisymmetric part of the first-order
corrections is the KKS bracket

4The isomorphism between the upper sheet hyperboloid in
slð2;RÞ� and the unit disk is given by

ðχ̃01; χ̃10; χ̃00Þ ↦ κ

�ð1 − ζ̃Þð1 − ¯̃ζÞ
1 − ζ̃ ¯̃ζ

;
ð1þ ζ̃Þð1þ ¯̃ζÞ

ζ̃ ¯̃ζ−1
;
iðζ̃ − ¯̃ζÞ
1 − ζ̃ ¯̃ζ

�
;

ð3:32Þ

and the isomorphism between the orbits of the Heisenberg group
with the complex plane is given by

ðχ1; χ2Þ ↦
ffiffiffi
c

p
2

ðαþ ᾱ; iðᾱ − αÞÞ: ð3:33Þ
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CAS
1 ðX; YÞ ¼ ℏ

2i
flX; lYgKKS: ð3:39Þ

The symmetric part

CS
1ðX; YÞ ¼

1

2
hābð∂ālX∂blY þ ∂ālY∂blXÞ ð3:40Þ

controls the quantum fluctuation in the classical limit

hðΔXÞ2iζ;α≔hdπðXÞ2iζ;α−hdπðXÞi2ζ;α¼CS
1ðX;XÞþOðℏ2Þ:

ð3:41Þ

The above formula therefore represents the leading-order
contribution, in the semiclassical limit, of the quantum
fluctuations in terms of classical data.
This concludes our analysis of the quantum QCS system.

The representation-theoretic data has been successfully
linked with the coadjoint orbit structure. As explained in
Sec. II, these are related to the classical system through the
moment map. This connection will be the subject of the
next section.

B. Classical system and classical limit

Given a classical field theory, the covariant phase space
formalism associates a symplectic structure on the field
space of solutions of the equation of motion [32–34]. This
allows one to associate Noether charges to symplecto-
morphism of the theory through Hamilton’s equa-
tion (2.22).5 These are the comoment maps discussed
earlier. As mentioned, there might exists obstruction to
the equivariance condition. A classical QCS system is
therefore a classical theory whose twisted comoment maps
satisfy the QCS equivariance condition. As mentioned in
the Introduction, this is the case of two-dimensional gravity
theories and spherically symmetric four-dimensional
Einstein-Hilbert theory for finite distance corners.
The Casimir function on the coalgebra qcs� is defined by

cQCS ¼ κab
c
dχ

b
aχ

d
c þ

1

2χz
ϵacχ

cχabχ
b: ð3:42Þ

The fact that this function is constant on each individual
orbit follows directly from its invariance under the coad-
joint action. The second term in (3.6) is the Casimir
function of the ecs [39]. The pointwise product of functions
being Abelian further allows one to write the Casimir
function as

cQCS ¼ cSLð2;RÞ þ
1

χz
cECS; ð3:43Þ

where we defined the Casimir functions

cSLð2;RÞ ¼
1

2
χabχ

b
a; ð3:44Þ

cECS ¼
1

2
ϵacχ

cχabχ
b: ð3:45Þ

Let us now consider a field theory with phase space Γ
and symplectic form ΩΓ. The system is a QCS dynamical
system if there exists (twisted) comoment maps,

μ̃ðJabÞ ≔ μab;

μ̃ðPaÞ ≔ μa;

μ̃ðZÞ ≔ μz; ð3:46Þ

whose field space bracket defined byΩΓ reproduces the qcs
algebra (3.1). We then define the classical Casimir as the
function on phase space given by

Ccl
QCS ≔ κab

c
dμ

b
aμ

d
c þ

1

2μz
ϵacμ

cμabμ
b

¼ Ccl
SLð2;RÞ þ

1

c
Ccl
ECS: ð3:47Þ

Note that the classical Casimir and the Casimir functions
are related by

Ccl
QCS ¼ μc�ðcQCSÞ; Ccl

SLð2;RÞ ¼ μc�ðcSLð2;RÞÞ;
Ccl
ECS ¼ μc�ðcECSÞ: ð3:48Þ

We now address the following question: if one selects a
different set of moment maps (3.46), how does the classical
Casimir function transform? Since any admissible choice
must satisfy the equivariance condition (2.24), the allowed
transformations of the moment maps are characterized by a
matrix A∈GLð2;RÞ and take the form

μ0ab ¼ Aa
cμ

c
dðA−1Þdb; ð3:49Þ

μ0a ¼ Aa
bμ

b; ð3:50Þ

μ0z ¼ detðAÞμz: ð3:51Þ

It can then be shown (see Appendix B) that the classical
Casimir function is invariant under such transformation.
While this result follows from Schur’s lemma in the
semisimple case, no complete results are known in the
general case. This result provides a precise classical
counterpart to the quantum Casimir operator.
While the definition (3.42) gives a well-defined notion of

the classical Casimir, the presence of the coordinate
function associated with the central element in the denom-
inator makes it inconvenient to discuss the semiclassical

5In principle, Hamilton’s equation might be nonintegrable.
There exists however several ways to remedy the issue [6,35–38].
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limit where we take the twisting parameter to zero. A more
convenient choice is

c0QCS ¼ χz cQCS: ð3:52Þ

Denoting a point in the dual algebra by its component in
terms of the dual basis of (3.1) p̃ ¼ ðjab; pa; cÞ∈ qcs�,6 the
value of this alternative Casimir function on the orbit of that
point is given by

c0QCSjÕp̃
¼ cκab c

djbajdc þ
1

2
ϵacpcjabp

b: ð3:54Þ

In the semiclassical limit c ↦ 0, the above function
therefore reduces to the value of the ECS Casimir function
the ECS coadjoint orbit of the point p ¼ ðjab; paÞ∈ ecs�.
When using this Casimir, one should keep in mind that it is
defined only up to an overall multiplicative constant:
different choices of moment map lead to different values
of this prefactor.
We can now make precise the correspondence between

quantum and classical data for QCS dynamical systems. On
the classical side, the moment map (2.21) assigns to each
field configuration in the classical phase space a point in
ecs�. On the quantum side, evaluating Berezin symbols
(3.19) yields a comoment map for the algebra qcs, and thus
determines a point on the corresponding QCS coadjoint
orbit by interpreting the Berezin functions as coordinate
functions on the orbit. In the untwisting limit c → 0, this
construction reduces to a point on an (untwisted) ECS
coadjoint orbit, which can then be identified with the point
selected by the classical moment map.
In the next section, we will carry out this procedure to

relate abstract representation-theoretic data to geometric
objects in a classical spacetime, focusing on the case of
static, spherically symmetric spacetimes.

IV. SPHERICALLY SYMMETRIC STATIC
SPACETIMES

In this section, we give an explicit example of the
correspondence between classical and quantum data for
a specific QCS system; spherically symmetric static (SSS)
spacetimes. In the context of the corner proposal for gravity
[40,41], the classical phase space Γ consists of the
gravitational field and its derivatives evaluated at the corner
under scrutiny. A moment map μ∶Γ → g� then associates to
a specific field configuration, i.e., a specific geometry, a
point on the dual algebra of the symmetry group. Field
variations then move this point along a coadjoint orbit
through the equivariance condition

μ ∘ δX ¼ ad�X ∘ μ: ð4:1Þ

If g ¼ ecs, the twisted moment maps realize the qcs algebra
and Γ provides a QCS dynamical system. In that case, the
Noether charge associated with a diffeomorphism ξ∈TM
can be written

Hξ ¼ ðξμ;νNν
μ þ tμξμÞjS; ð4:2Þ

where Nμ
ν ; tμ ∈C∞ðΓÞ, Nμ

ν is traceless and where the corner
is situated at the origin of the coordinate system xμðSÞ ¼ 0.
The functional Na

b; t
a are thus generated by the first order

expansion of diffeomorphisms around the corner [7].
Within the extended phase space formalism [37], these
vector fields are Hamiltonian vector fields and the Poisson
bracket on Γ realizes the ecs algebra

fNμ
ν ; N

ρ
σgΓ ¼ δρνN

μ
σ − δμσN

ρ
ν;

ftρ; Nμ
σgΓ ¼ δρνtμ −

1

2
δμνtρ; ftμ; tνgΓ ¼ 0: ð4:3Þ

Let us now discuss the explicit example of SSS
spacetimes. For simplicity, we work in dimensionless
units and reinstate them at the end of the calculation.
We start by introducing the Hermitian basis of the QCS
fD;H;K; X; P; Zg, with commutation relations

½D;H� ¼ iH; ½D;K� ¼ −iK; ½K;H� ¼ 2iD;

½D;X� ¼ − i
2
X; ½D;P� ¼ i

2
P; ½H;X� ¼ −iP;

½K;P� ¼ iX; ½X;P� ¼ iZ; ½K;X� ¼ ½H;P� ¼ 0:

ð4:4Þ

We give the Berezin symbols for general coherent states
ζ ¼ reiθ ∈D; α∈C,7

lðζ;αÞðDÞ ¼ −
r sin θ
1 − r2

�
2κ þ 1

2

�
þ 1

2
ImðαÞReðαÞ; ð4:5Þ

lðζ;αÞðHÞ ¼ −
ðκ − 1

4
ÞΔ

ð1 − r2Þ þ ImðαÞ2; ð4:6Þ

lðζ;αÞðKÞ ¼ −
ðκ − 1

4
ÞΔ̃

1 − r2
þ ReðαÞ2

4
; ð4:7Þ

lðζ;αÞðXÞ ¼
ffiffiffi
c

p
ReðαÞffiffiffi
2

p ; ð4:8Þ

lζ;αðPÞ ¼
ffiffiffiffiffi
2c

p
ImðαÞ; ð4:9Þ

6To be precise,

χabðpÞ ≔ jab; χaðpÞ ≔ pa; χzðpÞ ≔ c: ð3:53Þ

7We are working in the lower hyperboloïd lðζ;αÞðhÞ < 0 and
lðζ;αÞðkÞ < 0. This corresponds to the negative discrete series of the
special linear group D−

κ .
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where we defined Δ ¼ 1 – 2r cos θ þ r2 and Δ̃ ¼
1þ 2r cos θ þ r2 and cQCSðζ; αÞ ¼ κðκ − 1Þ þ 3

16
.

We now turn to the classical analysis and consider SSS
spacetimes admitting a horizon. They can be described by
writing the metric in null Kruskal-Szekeres coordinates
ðV;U;ϕ; θÞ as

ds2SSS ¼
fðρÞ
κ2UV

dUdV þ ρ2dΩS; ð4:10Þ

where the horizon ρ ¼ ρh is situated at the largest root of the
function fðρÞ, κ ¼ 1

2
f0ðrhÞ is the surface gravity, and dΩS is

the area element of the unit 2-sphere. The radial coordinate is
understood as a scalar field in the null coordinates
ρ ¼ ρðU;VÞ. One can define a QCS dynamical system on
the bifurcating surface U ¼ V ¼ 0 by equipping a constant
Schwarzschild-time slice Σt with a symplectic structure—
within the covariant phase space formalism—and taking the
exterior of the horizon as the region of interest. The corner is
then identified with the bifurcating horizon. The Hamiltonian
vector fields are generated by the diffeomorphisms

ξ1 ¼
1

2
ðU∂U − V∂VÞ;

ξ2 ¼
1

2
ðU∂V − V∂UÞ;

ξ3 ¼
1

2
ðU∂V − V∂UÞ;

ξ4 ¼ ∂U;

ξ5 ¼ ∂V: ð4:11Þ

For the specific metric (4.10) and the corner being the
bifurcating horizon, a straightforward calculation shows that
only the boost generates a nonvanishing Noether charge

Hξ1 ¼ N0
0 ¼

ρ2h
4
: ð4:12Þ

In general there are many moment maps that associate the
diffeomorphisms (4.11) to ecs generators such that the
equivariance condition is respected. In a sense, this is because
the moment map is inherently a local object which does not
see the global structure of the underlying Lie group. Looking
at ξ1, ξ2, ξ3 as SLð2;RÞ generators however, it is clear that ξ2
is the only compact transformation and should as such be
associated with the eliptic generator of the special linear
algebra. This in turn forces the following comoment map for
the boost charge

μ̃ðDÞ ¼ Hξ1 : ð4:13Þ

Note that the fact that Noether charge associated with the
boost operator is related to the area of the corner was first
discussed by Wald [42].

According to the procedure described in the previous
section, to connect this classical quantity to the quantum
theory we must choose coherent states for which the
Berezin symbols of the generators reproduce the classical
(twisted) comoment map. This can be accomplished as
follows. For each ζ∈D, fix α∈C so that Eqs. (4.6) and
(4.7) vanish.8 Substituting this value of α into Eq. (4.5) and
choosing θ ¼ −π yields

lðζ;αÞðDÞ ¼ κ −
1

4
: ð4:14Þ

The Berezin symbols of the X, P charges vanish in the
classical limit c → 0, in agreement with the fact that the
corresponding translation charges vanish. We may then
identify the Berezin symbol of the operator D with the
classical moment map (4.13). Reinstating dimensions, the
regime κ ≫ 1 corresponds to large corners with respect to
the Planck length rh ≫

ffiffiffiffiffiffiffi
ℏG

p
, and hence to the semiclassical

limit. In this limit one can therefore identify the representa-
tion parameter κ with the corner area in Planck units,

κ ∼
r2h
Gℏ

; κ ≫ 1: ð4:15Þ

This identification was used in [11,12] to show that, for a
suitable family of coherent states, the entanglement entropy
between the spacetime regions inside and outside the
horizon obeys an area law in the semiclassical limit.
Lastly, we comment on the coadjoint orbit describing the

SSS spacetime. The twisted moment map for this field
configuration gives

μcðgSSSÞ ¼
ρ2h
4
dþ cz ð4:16Þ

where d; z∈ qcs� are the dual vectors to theD, Z generator.
Using the modified Casimir function (3.52), the corre-
sponding coadjoint orbit of the ECS when c → 0 has
vanishing Casimir cECS ¼ 0. It is interesting to note that
moving the corner along the horizon away from the
bifurcating surface generates a nonvanishing translation
charge.9 Since on the horizon one always has either U ¼ 0
or V ¼ 0, at most one translation charge can be nonzero,

8Here we choose an α∈C that is independent of c such that
lðζ;αÞðXÞ ¼ lðζ;αÞðPÞ ¼ 0 in the classical limit c → 0. One can
however accommodate nonvanishing translation charges by choos-
ing α to scale with c−

1
2. This is in direct analogy with the standard

treatment of Glauber coherent states in the quantum harmonic
oscillator. There, the expectation value of the position and mo-
mentum operators scales like ℏ

1
2 and one must hold these classical

values fixed when sending ℏ to zero to obtain the classical limit.
9More precisely, for a corner at V ¼ 0 with U ≠ 0, the

translation charge associated with ∂V is nonzero, whereas for a
corner atU ¼ 0with V ≠ 0 the translation charge associated with
∂U is nonzero.
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and the corresponding ECS Casimir therefore remains zero.
This suggests that the classical data associated with differ-
ent corners are related by a coadjoint transformation, and
hence—via the equivariance condition (4.1)—by field
variations. One may therefore interpret the classical phase
space of SSS gravity as the coadjoint orbit with vanishing
ECS Casimir, with different points corresponding to differ-
ent choices of corner on the horizon. We leave a detailed
analysis of this perspective to future work.

V. CONCLUSION

In this paper, we have shown how a quantum system
described by the representations of the QCS group can be
related to a classical system realizing the ECS symmetries
through twisted moment maps on coadjoint orbits. We began
with a reviewof the theoryof coadjoint orbits and their twisted
extensions, which serve as the geometric link between the
quantum and classical descriptions. We then introduced
Berezin symbols and showed that they are the Hamiltonian
functions of the KKS form. This in turn allowed us to
construct an explicit correspondence between the quantum
and classical data by relating the Berezin symbols to twisted
comoment map and then taking the twisting parameter to
vanish to obtain the classical limit. We finally applied this
formalism to gravity in static, spherically symmetric space-
times which provides an example of QCS dynamical system.
The correspondence allowed us to relate the representation
parameter to the area of the corner under investigation.
A key strength of the corner proposal is that it provides a

fully controlled Hilbert space for quantum gravity, con-
structed from symmetry considerations alone. At the same
time, this feature underlies one of its main difficulties: in
the absence of an a priori notion of classical geometry,
interpreting results derived purely from this structure can be
challenging. The work presented in this paper lays the
mathematical foundation for addressing this issue. In
particular, classical geometry—and the associated observ-
ables—emerges only upon evaluating expectation values of
quantum operators in coherent states.
From here, several directions deserve further investiga-

tion. First, the formalism developed here provides a sharper
classical understanding of the corner proposal, thereby
enabling one to address key questions in semiclassical
gravity within the corner-proposal framework. For exam-
ple, a straightforward extension to nonstatic settings would
allow one to treat FRW spacetimes and could provide a
fully quantum model of cosmology.
Another natural avenue is to generalize the construction to

other QCS representations, in particular those induced by the
principal series of the special linear group. This is, however,
technically challenging: the results of the present work rely
crucially on theKähler structure of the unit disk, a feature that
is absent for the one-sheeted hyperboloid coadjoint orbits of
SLð2;RÞ associated with the principal series.

A further natural step is to develop the representation
theory, coadjoint-orbit picture, and quantum-classical cor-
respondence for higher-dimensional corner symmetry
groups. While a full classification is likely to be extremely
challenging, we expect that a tractable subset of represen-
tations can be constructed, and that this subset will already
exhibit interesting physics.
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APPENDIX A: FUNDAMENTAL VECTOR FIELDS

Fix X∈ g and let X be the fundamental vector field on Γ
generated by X. To show dμϕðXϕÞ ¼ X#

μðϕÞ, it suffices to
test both vectors on the linear coordinate functions
χYðmÞ ¼ hm; Yi on g�, since the differentials dχY jμðϕÞ span
the whole cotangent space at μðϕÞ. We have

ðμ�XÞχY ¼ XðχY ∘ μÞ ¼ Xðμ̃ðYÞÞ;

where we used the definition of the coordinate function to
write χY ∘ μ ¼ μ̃ðYÞ. Using the definition of the comoment
map and its equivariance, we can further write

Xðμ̃ðYÞÞ ¼ fμ̃ðYÞ; μ̃ðXÞgΓ ¼ μ̃ð½Y; X�Þ ¼ −χ½X;Y� ∘ μ:
On the other hand, for the coadjoint fundamental field one
has

X#ðχYÞðmÞ ¼ d
dt

����
t¼0

χYðAd�etXmÞ ¼ had�Xm; Yi

¼ hm; ½Y; X�i ¼ −χ½X;Y�ðmÞ:

Evaluating at m ¼ μðϕÞ shows

X#χY ¼ ðμ�XÞχY:

Since this holds for any Y ∈ g, we conclude X# ¼ μ�X .
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APPENDIX B: CLASSICAL CASIMIR
TRANSFORMATION

Here we prove that any different choice of moment map
simply rescales the classical Casimir (3.47) by an overall
factor. We start by considering the moment map μab. Since
any choice must satisfy the equivariance condition (2.24),
changing moment map corresponds to automorphisms on
the slð2;RÞ algebra. They can be represented by SLð2;RÞ
matrices Ba

b where the moment map transforms as

μ0ab ¼ Ba
cμ

c
dðB−1Þdb: ðB1Þ

It is easy to see that the classical SLð2;RÞ Casimir is
invariant under such a transformation

C0cl
SLð2;RÞ ¼ μ0ab μ

0b
a

¼ Ba
cðB−1ÞdbBb

eðB−1Þnaμcdμen
¼ μabμ

b
a ¼ Ccl

SLð2;RÞ: ðB2Þ
Let us now consider the Heisenberg part. It is well known
that the group of automorphisms of the Heisenberg algebra,
that is the group acting on the x and p that preserves the
canonical commutation relation, is SLð2;RÞ. However one
can also consider GLð2;RÞ elements, as long as the central
moment map is rescalled accordingly. More precisely,
different moment map choices are related by the trans-
formations

μ0a ¼ Aa
bμ

b; ðB3Þ

μ0z ¼ detðAÞμz; ðB4Þ

with A∈GLð2;RÞ. An additional constraint arises from the
mixed commutation relations

fμ0a; μ0cdgΓ ¼
�
ðAB−1ÞadBc

b −
1

2
δcdA

a
b

�
μb ðB5Þ

¼ δadμ
0c −

1

2
δcdμ

0a ðB6Þ

¼
�
δadA

c
b −

1

2
δcdA

a
b

�
μb: ðB7Þ

By equating the coefficients inside the parentheses and
examining the different index configurations, one readily
finds that

A ¼ tB: ðB8Þ

Further taking the determinant on both sides of the above
gives

t ¼ �
ffiffiffiffiffiffiffiffiffiffi
detA

p
: ðB9Þ

One can then compute how the classical ECS Casimir
changes under a change of moment map

C0cl
ECS ¼

1

2
ϵacμ

0cμ0ab μ
0b

¼ 1

2
ϵacAc

dA
b
eBa

mðB−1Þlbμml μeμd

¼ 1

2
ðB−1AÞleϵmjðB−1AÞjdμml μeμd

¼ 1

2
detðAÞϵacμabμbμc

¼ detðAÞCcl
ECS; ðB10Þ

where going from the second to the third line we used the
fact that BTϵ ¼ ϵB−1 for any matrix in SLð2;RÞ. Putting
this result together with the invariance of the SLð2;RÞ
Casimir and the transformation of the moment map of the
central element, we find

C0cl
QCS ¼ Ccl

QCS: ðB11Þ

That is, the classical Casimir is invariant under trans-
formation of the moment maps.

APPENDIX C: BEREZIN FUNCTIONS ARE
COORDINATE FUNCTIONS

To clarify the relationship between the Berezin functions
and the coordinate function, let us note that the QCS
coadjoint orbits admit a Kähler embedding in the projective
Hilbert space through the coherent states10 [44,45]

Φ∶G=Hm→PðHs;cÞ; ½g�↦Φð½g�Þ¼½Uð½g�ÞjΩi�≔ ½jψgi�:
ðC1Þ

Note that the right-hand side is nothing but the equivalence
class of coherent states as defined in (3.17). where the
brackets denote the ray, i.e., the equivalence class of states
differing by an overall phase and where m∈Oðs;cÞ. This
map is known as the Kodaira embedding. The former being
Kähler means that the Fubini-Study 2-form pulls back to
the KKS form on the orbits [26–28,45,46], that is11

10This follows from the fact that both the SLð2;RÞ and
Heisenberg orbits admit Kähler embeddings [43], and that the
QCS orbits were shown in [10] to be tensor products of these two.

11Note that the Fubini-study 2-form can be written as the
exterior derivative of the Berry connection

ΩFS ¼ dA ≔ −dðhΩjΘjΩiÞ: ðC2Þ
Equation (C4) then follows from the Maurer-Cartan structure
equation

dΘþ Θ ∧ Θ ¼ 0: ðC3Þ
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τ�ΩKKS ¼ hΩjΘσ ∧ ΘσjΩi; ðC4Þ

where Θ is the left Maurer-Cartan form pulled back to the
cosets by the displacement operator

Θσ ¼ U−1
σ dUσ: ðC5Þ

Note that although the pullback of the Maurer-Cartan
form depends on the choice of representative σ, the
KKS form does not, since the stabilizer subgroup acts
only by a phase on the reference state. Let us now contract
the above with the fundamental vector field on the cosets.
The former is defined as the pushforward of the funda-
mental vector field on the orbits by the inverse of the orbit
map (2.13)

X ≔ ðτ−1Þ�X#: ðC6Þ

Using the left group action on the cosets

⊳∶ G×G=H →G=H; ðg1; ½g2�Þ↦ g1⊳ ½g2� ¼ ½g1g2�
ðC7Þ

one can write the action of X on a function f∈C∞ðG=HÞ

ðXfÞð½g�Þ ≔ d
dt
fðexpðtXÞ⊳ ½g�Þjt¼0: ðC8Þ

In order to compute the contraction, for each element of the
coset ½g�∈G=H, we choose a section σ∶G=H → G and use
the definition of the displacement operator (3.12)

ΘσðXÞð½g�Þ ¼ U−1
σ ð½g�Þ d

dt
Uσð½etXg�Þjt¼0

¼ U−1
σ ð½g0�dπðXÞUσð½g0�Þ: ðC9Þ

We can now calculate the contraction of the KKS form with
the fundamental vector field

{XΩKKS ¼ hΩj{XðΘσ ∧ ΘσÞjΩi
¼ hΩj½{XΘσ;Θσ�jΩi
¼ hΩjU−1

σ dπðXdUσ þ dU−1
σ dπðXÞUσjΩi

¼ dhΩjU−1
σ dπðXÞUσjΩi: ðC10Þ

Choosing the particular section (3.15) and evaluating the
above at the point ½g�∈G=H gives

ιXðτ�Ωðα;ζÞ
KKSÞ ¼ dhα; ζjdπðXÞjα; ζi: ðC11Þ

That is, the expectation value of the algebra operator in a
coherent state is a Hamiltonian map for the associated
fundamental vector field

ιXτ
�ðΩKKSÞ ¼ ιX#ΩKKS ¼ dlX: ðC12Þ
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