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We study quantum and classical systems associated with the quantum corner symmetry group

QCS = §I:(2, R) X H;, which arises in the context of quantum gravity. We relate quantum observ-
ables—specified by representation-theoretic data—to their classical counterparts using generalized
Perelomov coherent states and the framework of Berezin quantization. This procedure links abstract
representation-theoretic input to geometric classical observables, such as area. We conclude by applying
the formalism to static, spherically symmetric spacetimes admitting a horizon.
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I. INTRODUCTION

The nature of quantum gravity has been an open problem
in theoretical physics for the past century. One of the
difficulties lies in the absence of a general quantization
theorem and a reliance on quantization procedures that may
or may not produce an adequate quantum version of the
theory. The opposite direction, on the other hand, is much
better understood. Given a quantum theory, it is possible to
give a well-defined notion of a classical limit—for example
through the path-integral formulation of quantum mechan-
ics [1]. This is aligned with the understanding that the
physical laws of the Universe are quantum and that the
associated classical theory emerges from an approximation
of the more fundamental quantum version. The failure to
successfully quantize gravity should therefore not be seen
as an argument for the absence of such a theory but rather as
a consequence of the particular description of the classical
regime Einstein formulated in 1915 [2].

One might therefore wonder if anything can be said
about the structure of quantum gravity without relying on
the quantization of an underlying classical theory. One of
the most promising way to address this problem lies in the
use of symmetries. Symmetries have been an essential tool
in modern theoretical physics since Noether’s theorems in
the early 20th century [3]' which states that to any
continuous symmetry of a system, there exists an associ-
ated conserved quantity. Later, the symmetries of spacetime

“Contact author: ludovic.varrin@ncbj.gov.pl
lCoincidentally, Noether came up with the theorems while she
was thinking about the new theory of general relativity.
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that drove Einstein to his special theory of relativity—the
Poincaré symmetries—were used by Wigner to classify
all possible fundamental particles [4]. His procedure
gives the Hilbert space of particle physics without ever
introducing a classical theory requiring some form of
quantization.

So what are the symmetries of gravity? Any classical
gravitational theory is based on diffeomorphism invariance
—the invariance of the laws of physics under a change of
coordinates on the spacetime manifold. However, this is
nothing else than a redundancy in the description of the
theory and, as such, their associated Noether charges vanish.
The situation is different in the presence of boundaries.
When spacetime boundaries are present—for example when
thinking about a subregion of the spacetime—some diffeo-
morphisms acquire a nonvanishing Noether charge on
codimension-2 boundaries, corners [5,6]. These charges
further form an algebra of physical symmetries. In particular,
it was shown in [7] that there exists a universal maximal
algebra of physical symmetries for four-dimensional grav-
ity: the universal corner symmetry (UCS) algebra

ucs = biff(S) & (gl(2,R) & R?), (1.1)
where S denotes the corner and its presence in the exponents
is to emphasize that there exists a copy of
the algebra in the parenthesis at each point of the corner.
The algebra is universal in the sense that it does not depend
on the particular theory of gravity one might use. In
particular, for corners situated at a finite distance in the
bulk, the charges of Einstein-Hilbert theory realize the
extended corner symmetry (ECS) algebra

ecd = Diff(S) & (81(2, R) & R?)S. (1.2)
While these symmetry algebras emerge from classical
consideration, one can study their representations with an
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agnostic view on their origin. This is at the heart of the corner
proposal for quantum gravity, which states that a relevant set
of quantum gravitational states should live in irreducible
unitary representations of the corner symmetry group. This
is the gravitational analog of Wigner’s classification of the
Poincaré representations.

The program was initiated in [8] with the study of the
two-dimensional version of the finite distance corner
symmetry group

ECS, = SL(2,R) X R2. (1.3)
The projective representations of the ECS, are given by the
standard representations of the maximally centrally extended
version, the quantum corner symmetry (QCS) group

QCS =SL(2,R) X Hj, (1.4)
where Hj; is the three-dimensional Heisenberg group. These
representations where given in [9,10] and will be described in
the next section. The discrete series was used in [11,12] to
describe local subsystems in two-dimensional quantum
gravity—also seen as four-dimensional spherically symmet-
ric quantum gravity—and calculate their associated entan-
glement entropy. For some of the QCS coherent states that
will be described later, the entanglement entropy of the
subregion was shown to correspond to the area of the
boundary of that subregion in the semiclassical limit, provid-
ing a symmetry-based explanation for the emergence of the
so-called area law.

This last point brings up an important question. Given
that the Hilbert space was not obtained by the quantization
of an underlying classical theory, how does one define a
semiclassical limit for this formalism? The present work is
dedicated to the mathematical formalism linking the
representation theoretic objects of the quantum theory to
the classical observables of a theory dynamically realizing
the ECS,. The formalism consists in relating three spaces
endowed with symplectic structures: the projective Hilbert
space of the group representation, equipped with the
Fubini-Study symplectic form, the coadjoint orbits of the
group, equipped with the Kostant-Kirillov-Souriau sym-
plectic form, and the classical phase space, equipped with
the canonical symplectic form.

The paper is organized as follows. In Sec. II, we present
the necessary mathematical background, focusing on coad-
joint orbits and their connection to the classical phase
space. Section III is devoted to the application of this
formalism to QCS dynamical systems. In the spirit of the
Introduction, we begin in Sec. III A with the quantum
system described by the representation theory of the QCS
group, where coherent states provide a bridge to the
coadjoint-orbit structure. Section IIIB then introduces
the classical QCS system and employs the moment-map
construction to relate its dynamical variables to the

quantum description through the same coadjoint orbits.
Finally, in Sec. IV, we apply the procedure to the QCS
dynamical system arising from static, spherically symmet-
ric spacetimes and show that the area of the corner is
directly related to the parameter labeling the representa-
tions. Concluding remarks are presented in Sec. V, and the
proofs of key statements are relegated to the Appendixes.

II. COADJOINT ORBITS AND MOMENT MAPS

We consider a Lie group G with associated Lie algebra g,
and a symplectic manifold (T", Qp)—the phase space—on
which the group acts,

>r: GxI' =T, (9,¢0) > g>rp. (2.1)

For each element of the Lie group g € G we define the map

¥,: G - Aut(G), (2.2)

which acts as the inner automorphism on group elements
heG

¥, (h) = ghg™". (2.3)

The adjoint action is then defined as the differential of ¥, at
the identity element e € G

Ad, = (d¥Y,),: ¢ = g. (2.4)

The map

Ad: G - Aut(g), g+ Ad, (2.5)

is called the adjoint representation of the group G. Given a
Lie algebra element X € g, the derivative of the adjoint
representation d(Ad), := ad produces the adjoint represen-
tation of the algebra

ady: g— g Y adg(Y)=[X,Y]. (2.6)
The coadjoint action of the same algebra element on the
coalgebra g* is defined by use of the pairing between vector
and covectors,

(adym,Y) = —(m,adyY) = (m,[X,Y]). (2.7)
The coadjoint orbit through a point m € g* is then defined
as the submanifold

0, = {Ad§m|ge G}. (2.8)
It will also be useful to define the infinitesimal version
O,, = {adym|X €g}. (2.9)

There are two key results concerning coadjoint orbits. The
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first being that each orbit is completely characterized by the
stabilizer subalgebra,

b, = {X egladym = 0}, (2.10)
as expressed by the isomorphisms
0O,, =g/9,, 0,=G/H,, (2.11)
where H,, C G is the stabilizer subgroup
H, ={heG|Adjm = m} (2.12)

whose Lie algebra is given by §,,,. The isomorphism (2.11)
follows directly from the bijectivity of the following orbit
map:

. G/H,, - O,, gH,, — ©(gH,,) = Ad;m. (2.13)
The second key result is that any coadjoint orbit is naturally
a symplectic manifold [13—15]. This is seen as follows: for
any element of the algebra X, define the fundamental vector
field on the coadjoint orbits X* by its action on a functional
feC=(On),

(Xf)m) = $ AL mlio (2.14)

The symplectic structure is then given by the well-known
Kostant-Kirillov-Souriau (KKS) two-form, which is
defined at the point m € g* as
Qs (X, V) 1= (m. [X. Y]). (2.15)
The fundamental vector field is closely related to the
linear coordinate functions on the coalgebra. These are
defined as follows: given a basis of the algebra X¢ &g
satisfying

(X%, XP] = caX©, (2.16)

where ¢ are the structure constants of the algebra, we
define the coordinate function

7% g > R, x4 (m) = (m, X%). (2.17)
It then follows that these are Hamiltonian functions for the

fundamental vector field of the algebra basis

Z(X")#QKKS = d){a, (218)
where d denotes the deRham differential on the coalgebra.
The above equation also implies that the coordinate

functions realize the algebra through the Poisson bracket
induced by the KKS form

__ .ab,,b
=C:o X .

(2.19)

{0 Yxks = ypixerQxs = (XP)*(r*)

On the field space side, we can also introduce a notion of
fundamental vector field. We define the fundamental vector
field associated with the algebra element X € g through its
action on a function £ € C*(I'),

(XA)#) = S [Aexp(X) & )] o (220)

The object relating the abstract coadjoint orbits to the phase
space of the theory is the moment map that we now
describe. Let us now introduce a map

u: T'—g* (2.21)

We call 4 a moment map if its pairing with a vector is the
Hamiltonian function for the fundamental vector field”

L = d({(1. X)) = di(X), (2.22)
where we defined the comoment map
frg—C(I),  A(X)=(u.X). (223

The comoment map further needs to satisfy the equivar-
iance condition

{B(X), 5(Y)}r = a([X, Y]). (2.24)
This map is what physicists usually call the Hamiltonian.
Note that

A(XY) = 4o (2.25)
One can therefore show (see Appendix A) that the push
forward of the fundamental vector field on phase space is
the fundamental vector field on the coadjoint orbits
u.X = X*. (2.26)
The equivariance condition (2.24) may be obstructed by
the presence of nontrivial cocycles in the algebra. This
motivates the introduction of twisted coadjoint orbits and
their assocaited twisted moment maps. The twisted coad-
joint orbits are defined at the infinitesimal level as

0%, = {adim + coy|X € g} (2.27)

2Throughout this section, the differentials on both the coad-
joint orbits and the phase space are denoted by d, and the
corresponding contraction operators by i The space on which
these operators act will always be clear from the context.
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where oy € ¢* is determined by the Lie algebra 2-cocycle
w € Z*(g.R), through
{ox.Y) = —o(X. 7).

X.Yeg  (2.28)

and where c is the twisting parameter. In the following, we
restrict our attention to the case where a single nontrivial
cocycle exists, that is, when the second Lie algebra
cohomology group
H?(g.R) := Z*(g.R)/B*(3. R), (2:29)
with B2(g,R) denoting the space of 2-coboundaries—i.e.,
trivial cocycles—is one dimensional. The twisted coadjoint
orbit through m € ¢* is then isomorphic to the ordinary
coadjoint orbits of the maximally centrally extended
algebra at the point (m,c)€§* =¢* ® R,
05 = O (2.30)
The twisting parameter is then nothing else than the
value of the central element on the coadjoint orbits of g.
Next, we define the twisted moment map
u: I — g, (2.31)

The twisted comoment map for a vector (X, a) €4 is
given by

(X, a) = (. (X, a)) = p(X) +ca,  (2.32)
and satisfies the twisted equivariance condition
{a(X.a). p*(Y.b)}r = A([X. Y]) + co(X. Y). (233

which is the standard equivariance condition on the
extended algebra g. The correspondence between twisted
coadjoint orbits of an algebra and the standard coadjoint
orbits of its maximal central extension is the classical
analog of the relationship between projective representa-
tions of the algebra and ordinary representations of its
maximal central extension in the quantum case.

III. QCS DYNAMICAL SYSTEM

QCS dynamical systems are theories that realize the QCS
on their phase space. Quantum mechanically, this is
expressed by the fact that the Hilbert space of the theory
carries a projective unitary irreducible representation of the
ECS,. On the classical side, the Noether charge algebra
realizes the ECS,, and the twisted moment maps provide
the corresponding realization of the QCS. The (twisted)
coadjoint orbits introduced in the previous section serve
as the bridge between the classical and quantum picture.
We start with the quantum case by describing the repre-
sentation theory of the QCS and connecting the structure
with (twisted) coadjoint orbits with the use of generalized

Perelomov coherent states [16]. Next, we treat the classical
system and define the classical Casimir function on phase
space. We then show that this function is independent of the
choice of moment map. Finally, we show how this invariant
Casimir can be used to associate classical data to the
representation parameters.

In the following, we continue to use {X“} for a generic
basis of the algebra qc3, while also employing the explicit
basis {J9,, P*,Z|la,b = 0,1}, where the generators J¢,
span the subalgebra 8I(2,R) and {P“ Z} span the
Heisenberg algebra

1
[P, P] = eZ, [P, J%] = &P = 5 3P,

[, J] =670 — 69JC. (3.1)
The element Z is central and commutes with all other
generators.

A. Quantum system

The representations of the QCS are given by tensor-
product representations of SL(2,R) and the Weil-
Schrodinger representations [9,10]

SL(2,R

T(ec) = Tx ' ® s (3.2)

In particular, the discrete series of QCS can be realized on
the Hilbert space

M = {I(k.c)sn k) =

Kn) @ |esk)}r,  (3.3)
where {|x; n) :n €N} denotes the lowest- (highest-) weight
representation of the positive (negative) discrete series of
SL(2,R) [17,18], and {|c;k),k€eZT} ({|c;k), keZ™})
denotes the lowest (highest) weight Weil-Schrodinger
representation of the Schrodinger group with positive
(negative) central element ¢ [19,20]. The Heisenberg
operators act by raising or lowering the k index, while
the SL(2, R) ladder generators raise and lower the n index
by +1 and the k index by 42. The central element acts
trivially on any state

dz (o) (Z)|(x, c);n, k) = c|(x, c);n, k), (3.4)

where we denote the induced algebra representation by dz.
There exists another Casimir operator in the universal
enveloping algebra U[qc3]’

To give a precise meaning of the element Z~! one can look at
the quotient

Ulqes x R]/1,, (3.5)
where the additional factor of R is generated by Z~!, U[g] denotes

the universal enveloping algebra, and 7 is the ideal generated by
z'z-1.
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1
Cocs = k%, <aJ5Td + iem.P"JZP”, (3.6)
with
1 3
00 —1, 01— 1o 2 37
K70 "0 K170 4 K01 4 ( )

It acts on irreducible representation as

8 e Cocs) 9 k) = (k= 1)+ 5 (. i )
(3.8)

For more details on these representations, see [9,10,20].
The generalized Perelomov coherent states for the
QCS discrete series were first introduced in [11]. They
are constructed on the reference state |(k,c);Q) =
|(k,c¢);n =0,k =0) by first identifying the stabilizer
subgroup
H={g€QCS|n(;(9)|(x.c):Q) =e|(x.c):Q)}.  (3.9)
for some phase ¢,. From this point onward we will always
work in a fixed representation 7, . and drop the repre-
sentation label for clarity. They will be reintroduced when
necessary. The isotropy subgroup of the QCS for the
vacuum state is given by [11]

H = U(1) x Z(Hy), (3.10)
where Z(H;) = R is the center of the Heisenberg group.
Consider the principle H bundle

GXG/H, (3.11)

Given a section 6: G/H — G—a choice of representative
—we define the displacement operator

Us(l9)) = #(a([9])-

The generalized Perelomov coherent states are then
defined as

(3.12)

0(9)) = Us([9))|2). (3.13)

A different choice of section only changes the coherent
state by a phase factor. Finally, we note that the coset is
isomorphic to the coadjoint orbits

QCS/H=~SL(2,R)/U(1)xHs/Z(H;)=DxR2.  (3.14)
We can therefore parametrize elements of the coset using

coordinates on the coadjoint orbits {€D,ae€C. A con-
venient choice of representative is then given by

1
Gr.q = €XP (% (aP! — &P0)> exp(cgJy —cgJ_), (3.15)

where for { = re?, we defined ¢, = tanh™ (r)e? and

1
Jo= =30+ I +ilh

1
J, = —§(J5 +J9) +iJY. (3.16)
The associated coherent states are then given by
§ ) = 7(9r.q) 1) (3.17)

Thus, the QCS coherent states are a tensor product of
Perelomov SL(2,R) coherent states [16] and squeezed
Glauber coherent states [21-24] with squeezing
parameter c,

Coa) =10) ® |a,). (3.18)
These quantum states, parametrized by coordinates on the
orbit, are the key to relating the representation-theoretic
structure to classical observables. To this end, we define the
Berezin symbol as the expectation value of algebra oper-
ators in coherent states,

dz(X)

l({,a): qc3 - R, C,a). (319)

l(X)=(C.a
Given an element of the algebra X € qc¢3, we also define its
associated Berezin function as

X: 0 - R, X a) = lea)(X).  (3.20)
Since the coadjoint orbits—together with moment maps—
form the phase space of the classical system, the Berezin
functions can naturally be interpreted as classical observ-
ables. The associated Berezin Poisson bracket is then
defined by

1
{IX, 17} 5 == — 1Y, (3.21)
in
Denote a basis of the qecd by X*,a=1,...,6 and the
associated structure constants by c%’. The algebra repre-
sentation obey

[dz(X4),dn(X?)] = ihctbdr(XC). (3.22)
In this basis, the Berezin bracket then reads
{IX X"} p = cab]X*, (3.23)

which reproduces the Lie-Poisson structure on the coad-
joint orbit. The Berezin functions equipped with the bracket
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(3.21) are reminiscent of the coordinate functions (2.17)
equipped with the KKS bracket. This is not a coincidence
as in the case where the integral orbits are Kéhler, one can
show (see Appendix C) that the Berezin functions are
Hamiltonian functions of the fundamental vector fields
with respect to the KKS form

lX#QKKS = le (324)
Note that this directly implies
{lx’ lY}B = {ZX’ IY}KKS' (3.25)

Equation (3.24) implies that the coordinate functions and
the Berezin functions differ, at most, by a constant. Since
we have shown above that all choices of moment map are
equivalent, we may set this constant to zero without loss of
generality. This brings us to the main result of the paper: the
classical observables of a QCS system are obtained as the
coherent-state expectation values of the quantized operators
associated with the algebra generators. More precisely, the
(twisted) comoment maps can be expressed as the compo-
sition of the Berezin function with the moment map

(X)) = Fops, (3.26)

where, in the above expression, u¢ is the particular choice

of twisted moment map that lands on the orbit @), This
establishes the correspondence between the classical
observables, expressed as moment maps, and the quantum
operators of the QCS algebra.

While this correspondence is exact for linear coordinate
functions, the situation is more subtle for higher-order
operators. This point is particularly important, since quad-
ratic operators encode quantum fluctuations

((AX)2) o = (dn(X)?) ¢ o = (d7(X))Z .- (3.27)
We start by extending the definition of the Berezin symbol
to quadratic polynomials in the enveloping algebra U[qc3],

lea(XY) = (¢ aldz(X)dz(V)|.@).  (3.28)
The associated Berezin function then admits the asymptotic
expansion [25-31]

XY = IXIY + ns%9,1%0,1Y + O(R?),  (3.29)
where %% are the components of the inverse Kéhler metric.
The full asymptotic expansion yields the Berezin-Toeplitz
star product, which furnishes a deformation quantization of
the underlying Kéhler manifold.

In order to better understand the Kéhler structure on the
orbits, we make the following change of coordinates:

- 1 .
Ty =X = 5z Cvex X" (3.30)
In these coordinates, the special linear and Heisenberg

sectors decouple,

. aay = oprg— oy, {.xb=0,  (3.31)
and the KKS form reduces to the direct sum of the
respective SL(2, R) and Heisenberg KKS forms [10]. In
the associated holomorphic coordinates,” the QCS Kihler

form can thus be written

dEAdE i
Endg +ida/\d&.

In other words, the Kihler metric for the QCS is given by

dZd?
(1-22)?

1
/e = =2k + Edadéz. (3.35)

Finally we rewrite the above in the standard form by

collecting the Kihler indices into a vector k% with k° = ¢
and k' = a,

% = i pdkedk?. (3.36)

The inverse Kéhler metric coefficients entering the expan-
sion (3.29) are then defined by the usual property

1 e = 62, foue Bl = &b, (3.37)

The first-order correction in (3.29) can be decomposed into
its symmetric and antisymmetric parts

hA%0,1%0,1Y = C5(X,Y) + CP3(X, Y). (3.38)

It is easy to see that the antisymmetric part of the first-order
corrections is the KKS bracket

“The isomorphism between the upper sheet hyperboloid in
8[(2,R)* and the unit disk is given by

(1-901-9 (+
1-¢¢

(Z%Z&ZS)F*K(
(3.32)

and the isomorphism between the orbits of the Heisenberg group
with the complex plane is given by

(3.33)
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h
C¢S(Xv Y) = 2i {le IY}KKS' (3.39)
1
The symmetric part
1.
C3(X,Y) = 5 7 (0,10, 1Y + 0,1Y 0,,1%) (3.40)

controls the quantum fluctuation in the classical limit

((AX)?); o= (dn(X)?); o= (dn(X))Z , = C}(X.X) + O(R?).
(3.41)

The above formula therefore represents the leading-order
contribution, in the semiclassical limit, of the quantum
fluctuations in terms of classical data.

This concludes our analysis of the quantum QCS system.
The representation-theoretic data has been successfully
linked with the coadjoint orbit structure. As explained in
Sec. 11, these are related to the classical system through the
moment map. This connection will be the subject of the
next section.

B. Classical system and classical limit

Given a classical field theory, the covariant phase space
formalism associates a symplectic structure on the field
space of solutions of the equation of motion [32-34]. This
allows one to associate Noether charges to symplecto-
morphism of the theory through Hamilton’s equa-
tion (2.22).° These are the comoment maps discussed
earlier. As mentioned, there might exists obstruction to
the equivariance condition. A classical QCS system is
therefore a classical theory whose twisted comoment maps
satisfy the QCS equivariance condition. As mentioned in
the Introduction, this is the case of two-dimensional gravity
theories and spherically symmetric four-dimensional
Einstein-Hilbert theory for finite distance corners.

The Casimir function on the coalgebra qc$* is defined by

cqes = K “axoxd + %eacxc)(th‘ (3.42)
Xz

The fact that this function is constant on each individual
orbit follows directly from its invariance under the coad-
joint action. The second term in (3.6) is the Casimir
function of the ec3 [39]. The pointwise product of functions
being Abelian further allows one to write the Casimir
function as

€qQcs = CsL(2,R) T — CECs> (3.43)

z

’In principle, Hamilton’s equation might be nonintegrable.
There exists however several ways to remedy the issue [6,35-38].

where we defined the Casimir functions

1
CSL(2.R) = 5){2}(’;, (3.44)
1
CECs = Eeac)(c)(ilb' (3-45)

Let us now consider a field theory with phase space I
and symplectic form Qr. The system is a QCS dynamical
system if there exists (twisted) comoment maps,

a(J3) = uj,
B(P?) = p,
B(Z) =y, (3.46)

whose field space bracket defined by Qr reproduces the q¢3
algebra (3.1). We then define the classical Casimir as the
function on phase space given by

: 1 ‘
CCQICS = Kah Cdﬂgﬂi‘l + 2_/12 €ac/4¢ﬂ?7/4b

= CglL(ZR) + ¢ Clcalcs' (3.47)

Note that the classical Casimir and the Casimir functions
are related by

“(cqes) CéLom) = K (esLr)):

(3.48)

Cfglcs =H

C*(CECS)'

CcElcs =H

We now address the following question: if one selects a

different set of moment maps (3.46), how does the classical

Casimir function transform? Since any admissible choice

must satisfy the equivariance condition (2.24), the allowed

transformations of the moment maps are characterized by a
matrix A € GL(2,R) and take the form

Wy = Atus(A ), (3.49)
W= Adub, (3.50)
W = det(A)us. (3.51)

It can then be shown (see Appendix B) that the classical
Casimir function is invariant under such transformation.
While this result follows from Schur’s lemma in the
semisimple case, no complete results are known in the
general case. This result provides a precise classical
counterpart to the quantum Casimir operator.

While the definition (3.42) gives a well-defined notion of
the classical Casimir, the presence of the coordinate
function associated with the central element in the denom-
inator makes it inconvenient to discuss the semiclassical
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limit where we take the twisting parameter to zero. A more
convenient choice is

CQes = Xz €qes- (3.52)
Denoting a point in the dual algebra by its component in
terms of the dual basis of (3.1) p = (j§, p*.c) € qcé*,6 the
value of this alternative Casimir function on the orbit of that
point is given by

/ I a ¢ :b:d 1 Cc:a b
cocslo, = & “ajaié + 5 €acP JGp"

5 (3.54)

In the semiclassical limit ¢ — 0, the above function
therefore reduces to the value of the ECS Casimir function
the ECS coadjoint orbit of the point p = (j{, p*) € ec8*.
When using this Casimir, one should keep in mind that it is
defined only up to an overall multiplicative constant:
different choices of moment map lead to different values
of this prefactor.

We can now make precise the correspondence between
quantum and classical data for QCS dynamical systems. On
the classical side, the moment map (2.21) assigns to each
field configuration in the classical phase space a point in
ec8”. On the quantum side, evaluating Berezin symbols
(3.19) yields a comoment map for the algebra q¢3, and thus
determines a point on the corresponding QCS coadjoint
orbit by interpreting the Berezin functions as coordinate
functions on the orbit. In the untwisting limit ¢ — 0, this
construction reduces to a point on an (untwisted) ECS
coadjoint orbit, which can then be identified with the point
selected by the classical moment map.

In the next section, we will carry out this procedure to
relate abstract representation-theoretic data to geometric
objects in a classical spacetime, focusing on the case of
static, spherically symmetric spacetimes.

IV. SPHERICALLY SYMMETRIC STATIC
SPACETIMES

In this section, we give an explicit example of the
correspondence between classical and quantum data for
a specific QCS system; spherically symmetric static (SSS)
spacetimes. In the context of the corner proposal for gravity
[40,41], the classical phase space I' consists of the
gravitational field and its derivatives evaluated at the corner
under scrutiny. A moment map y:I" — g* then associates to
a specific field configuration, i.e., a specific geometry, a
point on the dual algebra of the symmetry group. Field
variations then move this point along a coadjoint orbit
through the equivariance condition

6 .
To be precise,

15(p) = jy (3.53)

puody =adyopu. (4.1)
If ¢ = ec3, the twisted moment maps realize the qc¢3 algebra
and I" provides a QCS dynamical system. In that case, the
Noether charge associated with a diffeomorphism { € TM
can be written

H§ = (éﬂ,bNZ + tﬂéﬂ)|S’ (42)
where N, # € C®(T"), N/, is traceless and where the corner
is situated at the origin of the coordinate system x*(S) = 0.
The functional N7, t are thus generated by the first order
expansion of diffeomorphisms around the corner [7].
Within the extended phase space formalism [37], these
vector fields are Hamiltonian vector fields and the Poisson
bracket on I' realizes the ec$ algebra

{NU, No}r = 8N — 36Nz,

(# NiYp = Sl = b e, ) = 0. (43)
Let us now discuss the explicit example of SSS
spacetimes. For simplicity, we work in dimensionless
units and reinstate them at the end of the calculation.
We start by introducing the Hermitian basis of the QCS
{D,H,K,X, P,Z}, with commutation relations

ID,H) = iH, |[D.K|=—iK, [K.H]=2iD,
D.X|=—1x,  [p.P = ép, H,X] = —iP,
K.Pl=iX. [X.Pl=iZ  [K.X]=[H,P]=0.

(4.4)

We give the Berezin symbols for general coherent states
C=re?eD,aeC,’

e (D) = —$ (2K + %) + %Im(a)Re(a), (4.5)
i) (H) = — (('i __‘l‘r)z? + Im(a)? (4.6)
SIS L S

lea(X) = %, (4.8)
le o(P) = V2cIm(a), (4.9)

"We are working in the lower hyperboloid lig.q)(h) <0 and
lz.a)ky < 0. This corresponds to the negative discrete series of the
special linear group Dg.
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where we defined A=1-2rcosf+r> and A=
1+2rcos@+r? and coes(C.a) = k(k— 1) +

We now turn to the classical analysis and consider SSS
spacetimes admitting a horizon. They can be described by
writing the metric in null Kruskal-Szekeres coordinates
(V,U,¢,0) as

f(p)
K*UV

dsies = dUdV + p*dQy, (4.10)

where the horizon p = p, is situated at the largest root of the
function f(p), k = 1 f'(r,) is the surface gravity, and dQg is
the area element of the unit 2-sphere. The radial coordinate is
understood as a scalar field in the null coordinates
p =p(U,V). One can define a QCS dynamical system on
the bifurcating surface U = V = 0 by equipping a constant
Schwarzschild-time slice X, with a symplectic structure—
within the covariant phase space formalism—and taking the
exterior of the horizon as the region of interest. The corner is

then identified with the bifurcating horizon. The Hamiltonian
vector fields are generated by the diffeomorphisms

1
tfl :z(UaU—VaV),
1
& =5 (Udy = Vay).
1
5325( dy — Vay),
54 :aU’
&5 = oy (4.11)

For the specific metric (4.10) and the corner being the
bifurcating horizon, a straightforward calculation shows that
only the boost generates a nonvanishing Noether charge

0o _ P

In general there are many moment maps that associate the
diffeomorphisms (4.11) to ec3 generators such that the
equivariance condition is respected. In a sense, this is because
the moment map is inherently a local object which does not
see the global structure of the underlying Lie group. Looking
at&y, &, &3 as SL(2, R) generators however, it is clear that &,
is the only compact transformation and should as such be
associated with the eliptic generator of the special linear
algebra. This in turn forces the following comoment map for
the boost charge

A(D) = H, (4.13)
Note that the fact that Noether charge associated with the

boost operator is related to the area of the corner was first
discussed by Wald [42].

According to the procedure described in the previous
section, to connect this classical quantity to the quantum
theory we must choose coherent states for which the
Berezin symbols of the generators reproduce the classical
(twisted) comoment map. This can be accomplished as
follows. For each { €D, fix a€C so that Eqgs. (4.6) and
4.7) vanish.® Substituting this value of a into Eq. (4.5) and
choosing 6 = —x yields

(4.14)

The Berezin symbols of the X, P charges vanish in the
classical limit ¢ — 0, in agreement with the fact that the
corresponding translation charges vanish. We may then
identify the Berezin symbol of the operator D with the
classical moment map (4.13). Reinstating dimensions, the
regime x >> 1 corresponds to large corners with respect to

the Planck length r;, > +/#G, and hence to the semiclassical
limit. In this limit one can therefore identify the representa-
tion parameter k with the corner area in Planck units,

2
;
K~

Gh k> 1.

(4.15)

This identification was used in [11,12] to show that, for a
suitable family of coherent states, the entanglement entropy
between the spacetime regions inside and outside the
horizon obeys an area law in the semiclassical limit.

Lastly, we comment on the coadjoint orbit describing the
SSS spacetime. The twisted moment map for this field
configuration gives

2

c P
4 (gsss) = Zhd +cz (4.16)

where d, z € q¢8* are the dual vectors to the D, Z generator.
Using the modified Casimir function (3.52), the corre-
sponding coadjoint orbit of the ECS when ¢ — 0 has
vanishing Casimir cgcg = 0. It is interesting to note that
moving the corner along the horizon away from the
bifurcating surface generates a nonvanishing translation
charge.” Since on the horizon one always has either U = 0
or V = 0, at most one translation charge can be nonzero,

¥*Here we choose an a € C that is independent of ¢ such that
leayx) = licaypy =0 in the classical limit ¢ — 0. One can
however accommodate nonvanishing translation charges by choos-

ing a to scale with ¢ 2. This is in direct analogy with the standard
treatment of Glauber coherent states in the quantum harmonic
oscillator. There, the expectation value of the position and mo-
mentum operators scales like 72 and one must hold these classical
values fixed when sending 7 to zero to obtain the classical limit.

“More precisely, for a corner at V=0 with U # 0, the
translation charge associated with dy, is nonzero, whereas for a
corner at U = 0 with V # 0 the translation charge associated with
dy is nonzero.
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and the corresponding ECS Casimir therefore remains zero.
This suggests that the classical data associated with differ-
ent corners are related by a coadjoint transformation, and
hence—via the equivariance condition (4.1)—by field
variations. One may therefore interpret the classical phase
space of SSS gravity as the coadjoint orbit with vanishing
ECS Casimir, with different points corresponding to differ-
ent choices of corner on the horizon. We leave a detailed
analysis of this perspective to future work.

V. CONCLUSION

In this paper, we have shown how a quantum system
described by the representations of the QCS group can be
related to a classical system realizing the ECS symmetries
through twisted moment maps on coadjoint orbits. We began
with areview of the theory of coadjoint orbits and their twisted
extensions, which serve as the geometric link between the
quantum and classical descriptions. We then introduced
Berezin symbols and showed that they are the Hamiltonian
functions of the KKS form. This in turn allowed us to
construct an explicit correspondence between the quantum
and classical data by relating the Berezin symbols to twisted
comoment map and then taking the twisting parameter to
vanish to obtain the classical limit. We finally applied this
formalism to gravity in static, spherically symmetric space-
times which provides an example of QCS dynamical system.
The correspondence allowed us to relate the representation
parameter to the area of the corner under investigation.

A key strength of the corner proposal is that it provides a
fully controlled Hilbert space for quantum gravity, con-
structed from symmetry considerations alone. At the same
time, this feature underlies one of its main difficulties: in
the absence of an a priori notion of classical geometry,
interpreting results derived purely from this structure can be
challenging. The work presented in this paper lays the
mathematical foundation for addressing this issue. In
particular, classical geometry—and the associated observ-
ables—emerges only upon evaluating expectation values of
quantum operators in coherent states.

From here, several directions deserve further investiga-
tion. First, the formalism developed here provides a sharper
classical understanding of the corner proposal, thereby
enabling one to address key questions in semiclassical
gravity within the corner-proposal framework. For exam-
ple, a straightforward extension to nonstatic settings would
allow one to treat FRW spacetimes and could provide a
fully quantum model of cosmology.

Another natural avenue is to generalize the construction to
other QCS representations, in particular those induced by the
principal series of the special linear group. This is, however,
technically challenging: the results of the present work rely
crucially on the Kihler structure of the unit disk, a feature that
is absent for the one-sheeted hyperboloid coadjoint orbits of
SL(2, R) associated with the principal series.

A further natural step is to develop the representation
theory, coadjoint-orbit picture, and quantum-classical cor-
respondence for higher-dimensional corner symmetry
groups. While a full classification is likely to be extremely
challenging, we expect that a tractable subset of represen-
tations can be constructed, and that this subset will already
exhibit interesting physics.
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APPENDIX A: FUNDAMENTAL VECTOR FIELDS

Fix X € g and let X be the fundamental vector field on I
generated by X. To show du,(X,) = Xﬁ( 4 1t suffices to

test both vectors on the linear coordinate functions
xy(m) = (m,Y) on g%, since the differentials dyy|,, span
the whole cotangent space at u(¢). We have

(X )y = X(xyou) = X(i(Y)),

where we used the definition of the coordinate function to
write yy o = ji(Y). Using the definition of the comoment
map and its equivariance, we can further write

X(@(Y)) ={a(¥), a(X)}r = p([Y. X]) = =2y o u-

On the other hand, for the coadjoint fundamental field one
has

d
Xiy)(m) = | xy(Adgxm) = (adym. Y)
=0
= (m,[Y,X]) = —X[x.Y] (m).
Evaluating at m = pu(¢) shows
X'y = (uX)zy.

Since this holds for any Y € g, we conclude X* = p, X.
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APPENDIX B: CLASSICAL CASIMIR
TRANSFORMATION

Here we prove that any different choice of moment map
simply rescales the classical Casimir (3.47) by an overall
factor. We start by considering the moment map pj. Since
any choice must satisfy the equivariance condition (2.24),
changing moment map corresponds to automorphisms on
the 8[(2, R) algebra. They can be represented by SL(2, R)
matrices Bj where the moment map transforms as

pi = Bug(B™)g.

It is easy to see that the classical SL(2,R) Casimir is
invariant under such a transformation

(B1)

C/scﬂ(z,R) = HyHy

= BE(B™)yBe (B~ augus

= pipa = Ciop)- (B2)
Let us now consider the Heisenberg part. It is well known
that the group of automorphisms of the Heisenberg algebra,
that is the group acting on the x and p that preserves the
canonical commutation relation, is SL(2, R). However one
can also consider GL(2, R) elements, as long as the central
moment map is rescalled accordingly. More precisely,
different moment map choices are related by the trans-
formations

W= Apu, (B3)

W = det(A)e, (B4)

with A € GL(2, R). An additional constraint arises from the
mixed commutation relations

1
(estide = (a8 is - 3oag )t (89
L
= O =5 " (B6)
1
= <53A; -3 5;,42) ub. (B7)

By equating the coefficients inside the parentheses and
examining the different index configurations, one readily
finds that

A =1B. (B8)
Further taking the determinant on both sides of the above
gives

t = £VdetA. (B9)

One can then compute how the classical ECS Casimir
changes under a change of moment map

1
Cies = 5 €ack My "
I
— 5 €acAALBL (B o uu
1

=3 (B7'A)Le, (B~ AY i ue

1
= ) det(A)eacﬂZﬂbﬂc

= det(A)Cl, (B10)
where going from the second to the third line we used the
fact that BTe = eB~! for any matrix in SL(2, R). Putting
this result together with the invariance of the SL(2,R)
Casimir and the transformation of the moment map of the
central element, we find

Cgcs - Cgcs- (B11)
That is, the classical Casimir is invariant under trans-
formation of the moment maps.

APPENDIX C: BEREZIN FUNCTIONS ARE
COORDINATE FUNCTIONS

To clarify the relationship between the Berezin functions
and the coordinate function, let us note that the QCS
coadjoint orbits admit a Kéhler embedding in the projective
Hilbert space through the coherent states'’ [44,45]

®:G/H,,=P(H™), [gl=>([g]) =[U([9)|)]=1lw,)].
(C1)

Note that the right-hand side is nothing but the equivalence
class of coherent states as defined in (3.17). where the
brackets denote the ray, i.e., the equivalence class of states
differing by an overall phase and where m € O*¢). This
map is known as the Kodaira embedding. The former being
Kéhler means that the Fubini-Study 2-form pulls back to
the KKS form on the orbits [26-28,45,46], that is'"

"“This follows from the fact that both the SL(2,R) and
Heisenberg orbits admit Kéhler embeddings [43], and that the
QCS orbits were shown in [10] to be tensor products of these two.

"Note that the Fubini-study 2-form can be written as the
exterior derivative of the Berry connection

Qps = dA = —d((Q[0]|Q)). (€2)

Equation (C4) then follows from the Maurer-Cartan structure
equation

d®+0 A0 =0. (C3)
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Qs = (Q|0, A 6,]Q), (C4)
where © is the left Maurer-Cartan form pulled back to the
cosets by the displacement operator

0, =U;'4dU,. (C5)
Note that although the pullback of the Maurer-Cartan
form depends on the choice of representative o, the
KKS form does not, since the stabilizer subgroup acts
only by a phase on the reference state. Let us now contract
the above with the fundamental vector field on the cosets.
The former is defined as the pushforward of the funda-
mental vector field on the orbits by the inverse of the orbit
map (2.13)

X:=(r7), X*. (C6)

Using the left group action on the cosets

>:GxG/H—- G/H, (91-192]) = 91> [92] = [9192]

(€7)

one can write the action of X on a function fe C*(G/H)

OD(g]) = S Hep(X) = )l (CH)

In order to compute the contraction, for each element of the
coset [g] € G/H, we choose a section 6:G/H — G and use
the definition of the displacement operator (3.12)

0,00(19]) = Uz (lg) 5 UnlleaD) o

= U5 ([90]dz(X) U, ([90))- (€9)

We can now calculate the contraction of the KKS form with
the fundamental vector field

ixQkks = (Q[ix (05 A 0,)|)

(Q[[1xO,. ©,]|2)

(Q|U;'dr(XdU, + dU;'dz(X)U,|Q)
d(Q|U;'dx(X)U,|Q).

(C10)

Choosing the particular section (3.15) and evaluating the
above at the point [g] € G/H gives

x (TG = d{a. fdz(X)|e.C).  (CI1)
That is, the expectation value of the algebra operator in a
coherent state is a Hamiltonian map for the associated
fundamental vector field

ix7" (Qkks) = 1y Qs = dI¥. (C12)
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