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In view of the recent theoretical developments in the fixed center approximation for the scattering of a
particle with a a two-body cluster, implementing elastic unitarity on the standard fixed center formalism,
and the imminent availability of ALICE data on the correlation function of the pf1ð1285Þ system, we
update the results of a previous work for this correlation function and the low-energy scattering
observables. The new results show appreciable changes in some observables and should provide valuable
input for comparison with the forthcoming experimental data. Such a comparison is expected to yield
relevant information on the nature of the axial-vector meson states.
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Introduction. Correlation functions (CFs) are increasingly
recognized as an important source of information on
hadron interactions. By measuring pairs of particles pro-
duced in high-energy proton-proton, proton-nucleus, and
nucleus-nucleus collisions, and comparing the probability
of producing these pairs within the same event with the
uncorrelated probability obtained from mixed events, one
can extract information that provides access to low-energy
scattering observables governing the interaction between
particle pairs [1–3].
A major advantage of CFs is that they make it possible to

investigate particle pairs that are beyond the reach of
conventional scattering experiments. While most of the
experimental information concerns the interaction of two
elementary particles, studies of three-particle CFs have also
recently begun [4–8]. Another line of research has emerged
from the measurement of CFs involving a stable particle
and a resonance, in particular in studies of the interaction
between the proton and the f1ð1285Þ resonance [9,10].
Such studies, not accessible in conventional scattering
experiments, open a new avenue to investigate the structure
of these resonances, an issue that remains under active
debate in hadron physics [2,11–19].
Anticipating important developments in this line of

work, theoretical investigations were initiated in [20],
where the pf1ð1285Þ CF was evaluated, along with the

scattering length and effective range characterizing the
interaction of this particle pair. The first step in [20] was to
assume that the f1ð1285Þ is not a conventional qq̄ state, but
rather a molecular state of K�K̄ − K̄�K in isospin I ¼ 0, as
supported by numerous independent studies [21–26]. The
second ingredient was the use of the fixed center approxi-
mation (FCA) to the Faddeev equations to address the
three-body interaction problem. In the FCA, a cluster [here,
the f1ð1285Þ] is assumed to remain unchanged during the
interaction. This method has been widely applied in similar
studies [27–33], although it involves approximations that
are detailed in Appendix A of Ref. [34]. In summary, the
FCA is based on Faddeev equations to the three body
problem and uses two body scattering amplitudes as input.
There are several approximations made, the most important
being that there is a cluster of two particles which is not
destroyed in the intermediate steps of the reaction. In
addition one also assumes that the external momenta of the
interacting particles are small compared with those in the
loops in the intermediate steps. And a third approximation
is that in the propagation of the internal particles, the form
factor Fðq⃗1 − q⃗2Þ is given in average by Fðq⃗1ÞFðq⃗2Þ,
which allows one to obtain a factorized formula.
The work of [20] predicts a CF that deviates significantly

from unity, corresponding to a strongly interacting system,
as shown by the qualitative studies in [35]. In fact, in
addition to the CF, a bound state with a binding energy of
approximately 40 MeV was also identified in [20].
To evaluate the CF and the scattering parameters (a0 and

r0), a framework that preserves elastic unitarity at the
pf1ð1285Þ threshold is required. It was found in [20] that
the standard FCA scheme does not fully satisfy this
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condition. The explicit violation of unitarity in [20] could
be effectively corrected by multiplying the FCA amplitude
by a factor 1.5. This adjustment provided a temporary fix,
allowing for semiquantitative predictions before experi-
mental data could be analyzed. However, the underlying
problem of unitarity violation remained unresolved, high-
lighting the need for a more satisfactory solution. This
solution was provided in the work of [36]. By analogy with
particle-nucleus interactions—where an optical potential is
defined and then used in the Schrödinger equation to obtain
the particle-nucleus scattering matrix [37–40]—the FCA
amplitude was identified as the equivalent of an optical
potential. In this framework, the extra propagation of the p
and the f1ð1285Þ as a whole is included to restore a unitary
amplitude. The new framework was used to study the
n D̄�

s0ð2317Þ interaction, where the D�
s0ð2317Þ was con-

sidered essentially as a KD bound state, as interpreted in
different studies [41–48]. Once again, a bound state of the
n D̄�

s0ð2317Þ system was found in [36].
Work was continued along this line, and by employing

the formalism of [36], the n D̄�
s1ð2460Þ and n D̄�

s1ð2536Þ
systems were studied, with predictions of states below the
corresponding thresholds [49]. A particularly useful finding
of [49] was that the unitary formula of the scattering matrix
of [36] could be simplified to a form that allowed an
analytical proof of the amplitude’s unitarity.
The newunitary formalismhas also been applied to predict

an exotic three-body bound state of K�þD�þK�þ with total
spin J ¼ 3 [50], and more recently to the study of the CF of
the K f1ð1285Þ system, where a bound state is again
predicted [51]. In this latter work, additional cutoff factors
were also implemented to account for off-shell effects.
Motivated by these developments, the upcoming exper-

imental data from the ALICE collaboration, and the
proximity of available ALICE measurements for the
pf1ð1285Þ CF, we find it most appropriate to update
the theoretical results of [20] by incorporating the new
developments discussed above. The aim of the present
work is to provide the most accurate theoretical prediction
up to date for the pf1ð1285Þ CF, thereby enabling a
meaningful comparison between the forthcoming exper-
imental data and theory.

Formalism.We follow directly the work of [51] in the study
of the K f1ð1285Þ interaction. The dynamics of this system
and that of pf1ð1285Þ are rather different, since the former
involves KK;KK̄; KK�; KK̄� interactions and the latter
pK; pK̄; pK�; pK̄�, which are not related. However, for-
mally they are very similar since both K and p have isospin
1=2, such that the formalism can be easily mapped from
one system to the other.
The f1ð1285Þ as a function of KK̄�; K̄K� is given by

f1ð1285Þ ¼
1

2
ðK�þK− þ K�0K̄0 − K�−Kþ − K̄�0K0Þ

which, with the prescription of isospin phases ðKþ; K0Þ,
ðK̄0;−K−Þ, ðK�þ; K�0Þ, ðK̄�0;−K�−Þ, corresponds to

f1ð1285Þ ¼ −
1ffiffiffi
2

p ðK�K̄ÞI¼0 −
1ffiffiffi
2

p ðK̄�KÞI¼0: ð1Þ

We shall ignore the sign in Eq. (1), which is irrelevant in the
pf1 → pf1 formalism considered here.
The FCA sums the diagrams depicted in Fig. 1. The K�K̄

and K̄�K systems are not mixed in this approach because
pK� cannot transition to pK̄�. One then evaluates the
pK�K̄ → pK�K̄ and pK̄�K → pK̄�K transitions independ-
ently and takes the average at the end.
By taking into account the I ¼ 0 character of the K�K̄

cluster, the pK� amplitude, t1, and the pK̄ amplitude, t2,
can be written as

t1 ¼
3

4
tð1ÞpK� þ 1

4
tð0ÞpK� ;

t2 ¼
3

4
tð1ÞpK̄ þ 1

4
tð0ÞpK̄ ð2Þ

where the superscript denotes the isospin component of the
interaction. Similarly, considering the I ¼ 0 of the K�K̄
system, one also writes

t01 ¼
3

4
tð1ÞpK̄� þ 1

4
tð0ÞpK̄� ;

t02 ¼
3

4
tð1ÞpK þ 1

4
tð0ÞpK: ð3Þ

We will refer the final amplitude for the three-body
system to the normalization of the p and f1 fields in the
Mandl and Shaw normalization [52] and then it is

FIG. 1. Diagrams in the FCA for N f1ð1285Þ scattering. The
diagrams for ðK̄�KÞI¼0 have to be considered in addition.
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convenient to use the differently normalized amplitude

t̃1 ¼
MC

MK�
t1; t̃2 ¼

MC

MK
t2 ð4Þ

and similarly for t01; t
0
2, where MC is the mass of the

cluster f1ð1285Þ. These amplitudes are evaluated in the
Appendix of [20].
These amplitudes depend on the variables si given by

s1ðNK�Þ ¼ m2
N þ ðξmK�Þ2 þ 2ξmK�q0;

s2ðNK̄Þ ¼ m2
N þ ðξmK̄Þ2 þ 2ξmK̄q

0 ð5Þ

with ξ ¼ MC=ðmK� þmKÞ and q0, the proton momentum
in the cluster rest frame, given by

q0 ¼ s −M2
N −M2

C

2Mc
; ð6Þ

where MN is the mass of the proton. Equation (5) assumes
that the binding energy of the f1ð1285Þ is shared between
the K� and K̄ proportionally to their mass.
For Fig. 1 it is useful to put together the diagrams where

the interaction of the proton begins from particle i (i ¼ 1

for K� and i ¼ 2 for K̄) and finishes in particle j, which we
call T̃ij and which are given by

T̃11 ¼
t̃1

1 − t̃1t̃2G2
0

; T̃22 ¼
t̃2

1 − t̃1t̃2G2
0

;

T̃12 ¼ T̃21 ¼
t̃1t̃2G0

1 − t̃1t̃2G2
0

ð7Þ

whereG0 denotes the propagator of the proton from particle
1 to particle 2, folded by the cluster wave function, given by

G0ð
ffiffiffi
s

p Þ ¼
Z

d3q
ð2πÞ3

2MN

2EðqÞ2ωCðqÞ
FCðqÞffiffiffi

s
p

−EðqÞ−ωCðqÞ þ iϵ

× θðqð1Þmax − q�1Þθðqð2Þmax − q�2Þ ð8Þ

where ωCðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

C þ q2
p

, EðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

N þ q2
p

, with

qð1Þmax; q
ð2Þ
max the regulators of the pK�; pK̄ loop functions

in the cutoff regularization of the amplitudes (see Appendix
of [20]), and q�1; q

�
2 the center-of-mass momenta of the

proton in the pK�; pK̄ rest frame, for the intermediate p,
assuming the external proton momentum to be zero,
given by

q⃗�i ¼ q⃗

�
1 −

1

2

MN

MN þMi

�
ð9Þ

with M1 ¼ MK� , M2 ¼ MK̄ .
In Eq. (8) one has also FCðqÞ, which is the cluster form

factor, given by [33]

FcðqÞ ¼ F̃cðqÞ=F̃cð0Þ ð10Þ

with

F̃cðqÞ ¼
Z

d3p
ð2πÞ3

1

Mc − ωK�ðpÞ − ωK̄ðpÞ
×

1

Mc − ωK� ðp⃗ − q⃗Þ − ωK̄ðp⃗ − q⃗Þ
jp⃗j < qmax jp⃗ − q⃗j < qmax ð11Þ

where qmax is the cutoff momentum needed to regularize
the loops in the chiral unitary approach used to generate
f1ð1285Þ, chosen to be qmax ¼ 1000 MeV, ensuring that
the f1ð1285Þ state is produced at its experimental mass.
For the following it is useful to write T̃ij in matrix form,

T̃ ¼
�
T̃11 T̃12

T̃21 T̃22

�
: ð12Þ

Elastic unitarization: Elastic unitarity in pf1ð1285Þ
requires the sum of the diagrams of Fig. 2, and the iteration
of these diagrams. The sum of all of them gives rise to the
amplitude T̃ 0

ij, with the same meaning for the i, j indices as
T̃ij, which is given in matrix form by

T̃ 0 ¼ ½1 − T̃GC�−1T̃; ð13Þ

with

GC ¼
�
Gð1Þ

C 0

0 Gð2Þ
C

�
: ð14Þ

Here,

FIG. 2. Diagrams required for the unitarization of the
pf1ð1285Þ scattering amplitude.
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GðiÞ
C ð ffiffiffi

s
p Þ¼

Z
d3q
ð2πÞ3

2MN

2EðqÞ2ωCðqÞ
½FðiÞ

C ðqÞ�2ffiffiffi
s

p
−EðqÞ−ωCðqÞþ iϵ

× θðqðiÞmax−q�i Þ; ð15Þ

with [53]

Fð1Þ
C ðqÞ ¼ FC

�
mK̄

mK� þmK̄
q

�
; ð16aÞ

Fð2Þ
C ðqÞ ¼ FC

�
mK�

mK� þmK̄
q

�
: ð16bÞ

The total amplitude is derived in [36], and in a simplified
form in [49], and reads

T tot
K�K̄ð

ffiffiffi
s

p Þ¼
X
i;j

T̃ 0
ij

¼ t̃1þ t̃2þð2G0−Gð1Þ
C −Gð2Þ

C Þt̃1 t̃2
1−Gð1Þ

C t̃1−Gð2Þ
C t̃2−ðG2

0−Gð1Þ
C Gð2Þ

C Þt̃1t̃2
: ð17Þ

This amplitude can be related to the ordinary one used in
quantum mechanics as

−
8π

ffiffiffi
s

p
2MN

ðT tot
K�K̄Þ−1 ¼ ðfQMÞ−1

≃ −
1

a0
þ 1

2
r0q2cm − iqcm ð18Þ

where qcm is the p momentum in the rest frame of
pf1ð1285Þ, from which we obtain the scattering length
and effective range as

1

a0
¼ 8π

ffiffiffi
s

p
2MN

ðT tot
K�K̄Þ−1jth

r0 ¼
1

μ

�
∂

∂
ffiffiffi
s

p
�
−
8π

ffiffiffi
s

p
2MN

ðT tot
K�K̄Þ−1 þ iqcm

��
th

ð19Þ

with μ being the pf1ð1285Þ reduced mass. Elastic unitarity

implies that the linear term in qcm in 8π
ffiffi
s

p
2MN

ðT tot
K�K̄Þ−1 is

exactly −iqcm, which is satisfied by T tot
K�K̄ of Eq. (17) as

shown analytically in [49].
At this point, we must now consider the contribution of

the second component of the f1 wave function in Eq. (1).
Given that the two components of the wave function do not
mix in the sequential pf1 scattering steps, the two
scattering amplitudes T tot

i are evaluated independently
for the two components. Elastic unitarity then demands
that the total amplitude for the two components be
obtained as

ðT totÞ−1 ¼ 1

2
½ðT tot

K�K̄Þ−1 þ ðT tot
K̄�KÞ−1�; ð20Þ

where T tot
K̄�K is obtained in the same manner from the t01 and

t02 amplitudes of Eq. (3).

Correlation function: For a single component of the cluster,
the correlation function is defined as

Cpf1ðpÞ ¼ 1þ 4π

Z
∞

0

drr2S12ðrÞ

× fjj0ðprÞ þ TGj2 − j20ðprÞg; ð21Þ

where

TG¼ðT̃ 0
11þ T̃ 0

21ÞG1ð
ffiffiffi
s

p
;rÞþðT̃ 0

12þ T̃ 0
22ÞG2ð

ffiffiffi
s

p
;rÞ: ð22Þ

The source function S12ðrÞ is defined as

S12ðrÞ ¼
1

ð4πR2Þ3=2 e
−r2=4R2

; ð23Þ

where R is the radius of the source, and the functions
Gið

ffiffiffi
s

p
; rÞ in Eq. (22) are given by

Gið
ffiffiffi
s

p
;rÞ¼

Z
d3q
ð2πÞ3

2MN

2EðqÞ2ωCðqÞ
FðiÞ
C ðqÞj0ðqrÞffiffiffi

s
p

−EðqÞ−ωCðqÞþ iϵ

×θðqðiÞmax−q�i Þ: ð24Þ

Once again, we must take into account the two compo-
nents of the f1ð1285Þ wave function. In order to preserve
the unitarity of the total scattering matrix, and given that
G1ð

ffiffiffi
s

p
; rÞ; G2ð

ffiffiffi
s

p
; rÞ are very similar, we adopt the follow-

ing unitary prescription for TG Eq. (22):

TG ≃ ðT̃ 0
11 þ T̃ 0

21 þ T̃ 0
12 þ T̃ 0

22Þ
1

2
ðG1ð

ffiffiffi
s

p
; rÞ þ G2ð

ffiffiffi
s

p
; rÞÞ

¼ T tot 1

2
ðG1ð

ffiffiffi
s

p
; rÞ þ G2ð

ffiffiffi
s

p
; rÞÞ ð25Þ

where T tot is the average defined in Eq. (20).

Results. We first show the results obtained for T tot from
Eq. (20) in Fig. 3. The scattering matrix exhibits a
resonantlike structure below threshold. The modulus of
the imaginary part displays a pronounced peak around
2176 MeV, while the real part changes sign from negative
to positive at the peak of the imaginary part. The width of
this state, estimated from ImT tot, at half its maximum
strength, is approximately 50 MeV. This provides a clear
prediction of the theoretical approach, indicating a three-
body bound state roughly 35 MeV below the pf1ð1285Þ
threshold. The subthreshold peak has a relatively large
strength, which should facilitate its experimental observa-
tion. In practice, this could be studied by examining the
invariant mass of a proton together with a decay product of
the f1ð1285Þ, such as a0ð980Þπ.
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The position and line shape of the scattering amplitude at
the peak remain largely consistent with the results of [20],
supporting the conclusion that the standard FCA, com-
monly used to predict three-body bound states, is a reliable
tool for that purpose. The shapes of the real and imaginary
parts of the amplitude around and above threshold are also
very similar to those observed in Ref. [20] (compare Fig. 3
here with Fig. 4 in Ref. [20]). Yet, the strengths of the
amplitudes along the studied energy range are somewhat
different in the two approaches.
From this T tot matrix, and using Eq. (19), we obtain the

scattering length and effective range. The values obtained
for the mass and width of the bound state, as well as the
scattering parameters, are

MR ¼ 2189� 10 MeV;

ΓR ¼ 53� 12 MeV;

a0 ¼ ½0.689� 0.040� − ½0.413� 0.084�i fm;

r0 ¼ ½−0.025� 0.077� þ ½0.146� 0.084�i fm:

The central values and the uncertainties have been estimated
by taking the parameter inputs gΛð1800Þ ¼ 3.65� 0.35,
MΛð1800Þ ¼1809� 9MeV, and ΓΛð1800Þ ¼ 200� 50 MeV.
These parameters enter in the calculation of the amplitudes
described in the Appendix of [20], in particular in the pK̄�
amplitude in I ¼ 0, which is assumed to be dominantly
generated by the Λð1800Þ resonance. This contribution was
parametrizedusingaBreit-Wigner formwith the correspond-
ingmass (MΛð1800Þ),width (ΓΛð1800Þ), and coupling (gΛð1800Þ).
The associated uncertainties were estimated by generating
Gaussian-distributed random values of these parameters
within the quoted uncertainties and evaluating the corre-
sponding observables. The final uncertainty corresponds to
the 68% confidence level.
Note that this time there are changes with respect to

Ref. [20]. In that work we obtained a0 ¼ 1.04 − i0.57 fm

and r0 ¼ 1.17þ i1.16 fm for the inputs gΛð1800Þ ¼ 4,
MΛð1800Þ ¼ 1800 MeV, ΓΛð1800Þ ¼ 200 MeV.1 The real part
of the scattering length is now about one half of the value
obtained in [20], while the imaginary part remains rather
similar. On the other hand, the changes in the effective range
are significant and we now obtain an effective range that is
much smaller than that reported in [20].
Next we present the results obtained for the CF.

Anticipating the experimental results from the ALICE
collaboration, we perform the calculations for different
values of the source size parameter of the CF, R. The results
are shown in Fig. 4. We display bands corresponding to
different values of R ¼ 0.75, 1.00 and 1.25 fm. As
mentioned above, we use the same amplitudes described
in the Appendix of [20] for the present calculations and
estimate the error band in the same way by taking the
theoretical uncertainties from the mass and width of the
Λð1800Þ and from its coupling to KK̄�.
The shapes of the CFs are similar, but their strengths

differ slightly, changing from about 0.45 at threshold for
R ¼ 0.75 fm to about 0.55 for R ¼ 1.25 fm. The results
obtained are also qualitatively similar to those reported in
Ref. [20]. However, the new unitarization scheme adopted
in this work, and the subsequent quantitative differences in
the scattering amplitude with respect to that of Ref. [20],
translate into a CF that approaches unity more slowly as a
function of the momentum. Furthermore, the depletion at
low momenta is shallower in the present case.
We expect that the experimental results will be suffi-

ciently precise to discriminate between these two behav-
iors, and indeed this is the case. In light of the recent
preliminary experimental results presented at the

FIG. 3. pf1ð1285Þ scattering amplitude T tot for the central
values of the amplitude parameters, i.e., gΛð1800Þ ¼ 3.65,
MΛð1800Þ ¼ 1809 MeV, and ΓΛð1800Þ ¼ 200 MeV.

FIG. 4. pf1ð1285Þ CF with its corresponding error band
estimation (see text for more details) for three different source
size values.

1For a fair comparison, we provide the exact scattering
parameters obtained with gΛð1800Þ ¼ 4, MΛð1800Þ ¼ 1800 MeV,
ΓΛð1800Þ ¼ 200 MeV: a0 ¼ 0.638 − 0.374i fm and r0 ¼ 0.086þ
0.115i fm. Nevertheless, these scattering values fall well within
the uncertainties of the present estimations at the 68% confidence
level, or close to its edge.
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Strangeness in Quark Matter 2026 conference [54], only a
few days after our prediction became publicly available, the
results not only discriminate between these two behaviors
but, most importantly, show very good agreement with our
prediction for the R ¼ 0.75 fm case.2 To illustrate the
accuracy of the theoretical calculation in describing the
p–f1ð1285Þ CF, a comparative figure is provided in the
Appendix.

Conclusions.We have revisited the work of Ref. [20] on the
interaction of the pf1ð1285Þ system in order to take into
account recent developments that improve the FCA used in
that work. In Ref. [20], a problem was identified in the FCA
framework, namely that the resulting amplitude did not
satisfy unitarity at the pf1ð1285Þ threshold. The unitarity
was implemented there by rescaling the amplitude. In more
recent works, the problem has been formally solved and a
new algorithm has been provided that renders the amplitude
unitary. Satisfying this condition is essential to reliably
determine threshold scattering observables and CFs.
In view of the imminent availability of experimental data

for the pf1 CF, and to allow the ALICE collaboration to
compare with the most accurate results, we have recalcu-
lated all the results of Ref. [20] using the new formalism. In
retrospect, the new results show that the standard FCA
framework already produces a peak below threshold at
approximately the same energy and with a very simi-
lar shape.
However, there are substantial differences for the scattering

length and effective range of the pf1 system. The CF
obtained with the new formalism also changes, although
the qualitative features remain similar. While the strength at
threshold is comparable, the overall shape differs appreciably.
The comparison of these predictions with the subsequent

ALICE results, which show a reasonably good agreement,
indicates consistency with the interpretation of the
f1ð1285Þ resonance as predominantly molecular, since this
assumption underlies the theoretical calculation that repro-
duces the data with such accuracy. By extension, similar
considerations may apply to other axial-vector resonances.
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Appendix: p f1ð1285Þ correlation function: Comparison
with experimental data. In this appendix, we compare
the theoretical calculation of the p–f1ð1285Þ CF with
the subsequent experimental measurement [54]. Figure 5
confronts the theoretical prediction with the preliminary
ALICE data. We keep only the calculation for R ¼
0.75 fm of Fig. 4, and take a range of R between 0.69
and 0.82 fm for a fair comparison with the results of
Ref. [54]. As can be seen in the figure, the predicted CF
is in reasonable agreement with the experimental points.
It is worth emphasizing that no fine-tuning of the
theoretical model parameters was performed.

FIG. 5. pf1ð1285Þ CF for R ¼ 0.75 fm with the corresponding
error band, compared with the ALICE experimental data taken
from [54].

2Note that this preference for the source size is consistent with
the experimental estimation of the effective source radius, which
ranges from 0.69 to 0.82 fm.
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