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In the Standard Model, partial unification of the non-Abelian running gauge couplings is achieved at the
scale μSM32 ≈ 2.8 × 1016 GeV. Elaborating on this fact, we discuss a simple general parametrization for the
new physics corrections leading to full unification at some scale MX. We show that for any new physics
model such that the corrections to the non-Abelian couplings are equal (or nearly so),MX is equal (or close
to) the partial unification scale μSM32 ; the latter scales could be disentangled only if the corrections to the non-
Abelian couplings are significantly different. We explore how the parametrization works for some relevant
models with new physics below MX, as low-energy supersymmetry, split supersymmetry, etc. As for
models with a desert up toMX , we explore, in particular, how the parametrization works for string-inspired
corrections; we find a phenomenologically remarkable possibility for unification at about 100 TeV,
suggesting a low string scale, in addition to the more conservative possibility for unification at μSM32 ; for
models with power-law running/threshold corrections, we also outline an interesting connection with the
number of fermion families propagating in the bulk.
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I. INTRODUCTION

It is well known that gauge coupling unification (GCU) is
missed in the Standard Model (SM), while it is achieved in
the case of its low energy supersymmetric (SUSY) com-
pletion [1–6]: the minimal supersymmetric Standard Model
(MSSM) with superpartners at the TeV scale; this has
indeed been one of the major hints in favor of low energy
SUSY [7–10]. For recent reviews about GCU in low energy
SUSY (or other) models, we refer the interested reader to
the PDG review on Grand Unified Theories [11] and
to Ref. [12].
There is an interesting coincidence that we want to point

out at the beginning of this work and on which we are
going to further elaborate. In the SM, the partial unification
of the non-Abelian running gauge couplings, α3ðμÞ and
α2ðμÞ, is achieved at the scale μSM32 ≈ 2.8 × 1016 GeV,
which is interestingly close to the (nearly full) GCU scale
for the MSSM, MSUSY

X ∼ 2 × 1016 GeV. As will be

discussed, the closeness of the two scales1 can actually
be traced back to the values of the beta functions. A similar
situation also happens for the split SUSY [14,15] and for
the two-Higgs-doublet model (2HDM) [16,17] scenarios:
their non-Abelian coupling partial unification scales are
close to the SM one.
We will use a simple general parametrization for the new

physics corrections leading to full (or non-Abelian partial)
GCU at the scale MX, which is suitable for any model
beyond the SM (BSM). It is based on the introduction of
three parameters ϵi (i ¼ 1, 2, 3), encoding the deviations
from the corresponding SM gauge couplings evaluated at
MX. Depending on the relative magnitude of the non-
Abelian corrections, ϵ2 and ϵ3, two kinds of possible
scenarios arise:

(i) If the corrections to the non-Abelian gauge couplings
are equal (or nearly so), the GCU scaleMX turns out
to be equal (or close to) the SM partial unification
scale μSM32 . This is precisely what happens in the case
of low energy SUSY and is the reason behind the
closeness of MSUSY

X and μSM32 . However, as will be
shown, this also happens for the non-Abelian partial
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1At difference, in the context of string theory, Ref. [13]
discussed various attempts to identify the SM partial unification
and string scales.
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unification in other relevant models, including split
SUSY and 2HDM. Hence, BSM models such that
ϵ2 ≃ ϵ3 can be denoted as “mirage” SUSY, as they
predict MX ≃ μSM32 ≈MSUSY

X , as in the low energy
SUSY case.

(ii) On the contrary, only if the corrections to the non-
Abelian gauge couplings are significantly different,
it is possible to disentangle MX from μSM32 ; also in
this case, it is possible to draw some interesting
general considerations about the magnitude of MX.

The proposed parametrization is useful to study any
BSM model providing GCU, without or with a desert up
to MX:
For models “without a desert,” GCU is, in general,

achieved because new physics belowMX is able to suitably
modify the beta functions, as happens, for instance, in low
energy SUSY and split SUSY, but also in many non-SUSY
models; the new physics below or around MX also intro-
duces (in general, subdominant) threshold corrections to
GCU, accounting for the decoupling of BSM particles. For a
representative (necessarily incomplete) selection of works
along these directions see, e.g., Refs. [18–28].
For models “with a desert,” GCU relies on corrections at

MX, which are, instead, of ultraviolet (UV) origin, in the
sense that the new physics is above MX. Examples of
UV origin corrections include (a) string-inspired correc-
tions [13,29] and (b) effective corrections induced by
an additional nonrenormalizable kinetic term in the
Lagrangian [30–33].
In this work, we first briefly show how to exploit the

proposed parametrization in the nondesert case. The latter
has been extensively analyzed in the literature by means of a
variety of models; here we focus on a selection of the most
representative models. Second, we analyze in detail how the
parametrization works for the desert case. For case (a), we
find interesting possibilities for GCU, both for MX ¼ μSM32
and for MX ≃ 100 TeV. In the class of models with power-
low running [34–36], we outline an interesting connection
with the number of fermion families propagating in the bulk.
The desert case (b) requires a longer discussion, which will
be addressed elsewhere.
The paper is organized as follows. In Sec. II, we discuss

the origin of the coincidence between the SM partial
unification scale and the low energy SUSY unification
scale, as well as other nondesert models, while in
Sec. III we analyze the requirements for full unification
within the different models. In Sec. IV, we introduce the
general parametrization for BSM corrections leading to
GCU. In Sec. V, we apply it to the nondesert case, where
GCU is achieved by modifying the beta functions, often also
considering threshold effects from decouplings of BSM
particles. In Sec. VI, we consider the desert case with
corrections of stringy origin. We finally draw our conclu-
sions in Sec. VII.

II. PARTIAL UNIFICATION IN THE
SM AND BEYOND

As it is well known (see, for instance, the PDG review on
grand unified theories [11] and references therein), the
gauge couplings run at one loop according to

1

αiðμÞ
¼ 1

αiðμ0Þ
−

bi
2π

log

�
μ

μ0

�
; ð2:1Þ

where μ is the renormalization scale, μ0 is some
low energy scale for matching with the experimentally
derived values of the gauge couplings, and bi (with i ¼ 1,
2, 3) are the corresponding beta function coefficients.
Here we use the SUð5Þ normalization for the hypercharge,
that is, α1 ¼ 5=3αY .
The general expression for the one-loop beta function of

a gauge theory based on the symmetry group Gi is

bi ¼ −
11

3
C2ðGiÞ þ

�
2

3
nf þ

1

3
ns

�
CðrÞ; ð2:2Þ

where nf is the number of chiral fermions and ns is the
number of complex scalars in the representation r of Gi;
for SUðNÞ, the quadratic Casimir is C2ðSUðNÞÞ ¼ N and
CðNÞ ¼ 1=2 for the fundamental representation; for Uð1Þ,
C2ðUð1ÞÞ ¼ 0 and CðrÞ ¼ Y2, where Y is the hypercharge.
In particular, for a supersymmetric theory

bSUSYi ¼ −3C2ðGiÞ þ nrCðrÞ; ð2:3Þ

where nr is the number of chiral multiplets in the
representation r of Gi, including the fermion-sfermion
and Higgs-Higgsino sectors.
In the rest of this section, we will compare partial

unification in the SM with partial unification in other
distinguished nondesert models with extra stuff below MX.

A. The SM vs the MSSM

In the MSSM, the region between the electroweak and
unification scales is populated by the supersymmetric
partners and the extra Higgs doublet, required to achieve
anomaly cancellation induced by the Higgsinos. By using
the SUð5Þ normalization for the hypercharge, the beta
functions for the SM and the MSSM are, respectively,

bSMi ¼ð41=10;−19=6;−7Þ; bMSSM
i ¼ð33=5;1;−3Þ: ð2:4Þ

Using a next-to-next-to-leading-order (NNLO) calcula-
tion,2 the running SM gauge couplings can be determined
with high precision. For the strong coupling with five

2It corresponds to at least three loops for the beta functions and
at least two loops for the matching conditions. Here, as done in
[37], to which we refer the reader for more details, we exploit the
matching conditions at 200 GeV provided in [38].
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flavors, we consider the range α3ðmZÞ ¼ 0.1179� 0.0009,
and fix the top quark and Higgs masses to their central
values, mt ¼ 172.5GeV and mH ¼ 125.25 GeV [11]; the
experimental errors on the top quark and Higgs masses are
indeed negligible for the sake of the present analysis. It
turns out that the partial unification scale for the non-
Abelian couplings and the corresponding unified coupling
strength are

μSM32 ¼ ð2.8� 0.3Þ × 1016 GeV;

αSM32 ≡ α2ðμSM32 Þ ¼ α3ðμSM32 Þ ¼ 0.02166� 0.00002; ð2:5Þ

where the error quoted corresponds to the 1σ variation in
α3ðmZÞ. The SM running couplings obtained by using the
above mentioned central values as input parameters are
represented by the dashed lines in Fig. 1.
The leading-order (LO) (one-loop) approximation for the

running is also of interest, since it allows for a quick
comparison among models (as will be done in the follow-
ing). In the SM, taking the central values for the exper-
imental inputs, the partial unification scale at LO turns out

to be μð1Þ32 ≃ 8.8 × 1016 GeV, as shown in the upper left
panel of Fig. 2 (dashed lines); in this case, the theoretical
error in the calculation dominates over the one associated
with the 1σ variation in α3ðmZÞ.
As for low energy SUSY, we simplify the calculation

by fixing a common mass threshold for all supersym-
metric particles μS, and some uncertainty is expected in
the result depending on its value. Starting the SUSY
running at μS ¼ 1ð10Þ TeV, the LO calculation gives

μðS1Þ32 =1016 GeV ≃ 2.05ð1.95Þ for the scale where the
non-Abelian couplings meet; the Abelian coupling com-
ing close (the closer, the smaller μS) suggests that full
unification might be achieved by including subdominant
effects. The common value of the non-Abelian gauge

couplings turns out to be significantly larger than in

the SM, αðS1Þ32 ≈ 0.0385ð0.0364Þ. The case μS ¼ 10 TeV
is explicitly shown in Fig. 1 (solid lines). Clearly, the
unification scale would slightly change by considering
two-loop beta functions or including SUSY threshold
corrections. We do not consider them, as this is an
unnecessary refinement for the sake of the discussion
in the present work. Independent of the sophistication in
the calculation, what is indeed interesting is that the partial
unification scale for the non-Abelian gauge couplings in
the SM and in the MSSM are close to each other.
Is this fact just a coincidence or is something deeper

hidden? Let us argue about this, starting by explicitly
writing the condition for partial unification at MX, namely,
α−12 ðMXÞ ¼ α−13 ðMXÞ. Using Eq. (2.1) with μ → MX and
μ0 → μS, the condition gives

1

α2ðμSÞ
−

1

α3ðμSÞ
¼ b2 − b3

2π
log

�
MX

μS

�
: ð2:6Þ

Once μS is fixed, the left-hand side above is the same for the
SM and the MSSM; the logarithmic term on the right-hand
side is nearly equal, due to the previously discussed

closeness of μð1Þ32 and μðS1Þ32 . What might, in principle, be
different is the quantity b2 − b3, but we already know that
there is going to be a mild difference. Indeed, from
Eq. (2.4), one has for the SM and the MSSM,

bSM2 − bSM3 ¼ −
19

6
− ð−7Þ ¼ 23

6
≲ 4;

bMSSM
2 − bMSSM

3 ¼ 1 − ð−3Þ ¼ 4: ð2:7Þ

The fractional difference in b2 − b3 for the two models is
just ð1=6Þ=4 ¼ 1=24, which explains the closeness of the

partial unification scales at one loop, μð1Þ32 and μðS1Þ32 .

FIG. 1. Running gauge couplings in the SM at NNLO (dashed) and in the MSSM at LO (solid). The SUSY running starts at 10 TeV.
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But where does the little difference come from? From
Eqs. (2.2) and (2.3), we see that

bMSSM
i − bSMi ¼ 2

3
C2ðGiÞ þ

1

6
ΔnðiÞf þ 1

6

�
ΔnðiÞ

f̃
þ ΔnðiÞh

�
;

ð2:8Þ

where ΔnðiÞf , ΔnðiÞ
f̃
, and ΔnðiÞh are, respectively, the number

of additional chiral fermions, real scalar partners of
fermions (or sfermions), and Higgs bosons that are present
in the MSSM, on top of the SM, and belong to the

fundamental representation of Gi. Since Δnð2Þf ¼ 4 for

the Higgsinos, Δnð2Þ
f̃

¼ 9þ 3 ¼ 12 for the doublets of

squarks and sleptons, and Δnð2Þh ¼ 1 for the additional
Higgs doublet, one has

bMSSM
2 − bSM2 ¼ 2

3
· 2þ 1

6
Δnð2Þf|ffl{zffl}
¼4

þ 1

6
Δnð2Þ

f̃|ffl{zffl}
¼12

þ 1

6
Δnð2Þh|ffl{zffl}
¼1

¼ 4þ 1=6; ð2:9Þ

while, since Δnð3Þf ¼ Δnð3Þh ¼ 0 and Δnð3Þ
f̃

¼ 12 for the

color triplets of squarks, one has

bMSSM
3 − bSM3 ¼ 2

3
· 3þ 1

6
Δnð3Þ

f̃|ffl{zffl}
¼12

¼ 4: ð2:10Þ

As a result, the sfermion contribution disappears in the
difference below,

ðbMSSM
2 − bMSSM

3 Þ − ðbSM2 − bSM3 Þ
¼ gauginos|fflfflfflfflffl{zfflfflfflfflffl}

−2=3

þ Higgsinos|fflfflfflfflfflffl{zfflfflfflfflfflffl}
2=3

þ add: Higgs|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
1=6

¼ 1=6; ð2:11Þ

where there is also perfect cancellation between the −2=3
from the gauginos and the 2=3 from the Higgsinos
(provided they have the same mass), but there is no way
to cancel the 1=6 from the additional scalar Higgs.
The previously mentioned difference in the quantity

b2 − b3 [see the right-hand side of Eq. (2.6)] can thus be
traced back in the MSSM to the contribution of the
additional Higgs scalar to b2. Therefore, if we imagine to
decouple the second MSSM Higgs scalar (not the corre-
sponding Higgsino, which is required for anomaly cancel-
lation), the difference b2 − b3 at one loop would become
equal for both the MSSM and the SM, so that at LO in both

models α2 and α3 would meet at the same scale,MX ¼ μð1Þ32 .

FIG. 2. Running gauge couplings at LO (solid) in the MSSM, 2HDM, and split SUSY, in the upper left, upper right, and lower panels,
respectively, with respect to the SM ones (dashed). The new physics running starts at the mass threshold μS ¼ 10 TeV.
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B. Other models with partial unification close to μSM32
It is interesting to consider other models with extra stuff

at μS, between the electroweak scale and MX, and whose
partial unification scale turns out to be close to μSM32 . This is
the case for the 2HDM and for split SUSY.

1. The 2HDM

The simplest model with extra matter below the uni-
fication scale is the 2HDM, with an extra Higgs doublet,
also known as nonsupersymmetric 2HDM, whose beta
functions are such that

b2HDM2 ¼ −3; b2HDM3 ¼ −7 ⇒ b2HDM2 − b2HDM3 ¼ 4:

ð2:12Þ

The difference above is precisely the same as in the MSSM,
see Eq. (2.7). As a consequence, in both theories α2 and α3
meet at LO at the same scale, provided the mass of the extra
Higgs doublet and of the SUSY particles are also the same.
For instance, taking μS ¼ 10 TeV, the partial unification

scale in the 2HDM is MX ¼ μðS1Þ32 , as shown in the upper
right panel of Fig. 2. What changes between the MSSM and
the 2HDM is, of course, the prediction for the non-Abelian
gauge coupling strength atMX, which in the 2HDM is very
close to the SM one. Another difference is that full
unification is much worse in the 2HDM than in the MSSM.

2. Split SUSY

Another outstanding possibility, midway between the
SM and the MSSM, is split SUSY [14,15], a theory where
all scalars, except for the SM Higgs, are decoupled at the
unification scale. In that case, the theory below MX is the
SM plus light gauginos and Higgsinos, an interesting
possibility as the lightest supersymmetric particle can
remain as a dark matter candidate in the presence of R
parity. In this theory, the beta functions are such that

bsplit SUSY2 ¼ −
7

6
;

bsplit SUSY3 ¼ −5 ⇒ bsplit SUSY2 − bsplit SUSY3 ¼ 23

6
: ð2:13Þ

The difference above thus has the same value as in the pure
SM. Indeed, inspecting Eq. (2.11) we see that the contri-
bution from the sfermions disappears, so their mass scale is
irrelevant; the contributions from gauginos and Higgsinos
cancel each other out, provided they are degenerate; and the
1=6 from the additional Higgs is not present if its mass is
larger than MX. If these conditions are fulfilled, at LO, the
partial unification scale for split SUSY is the same as in the

SM, MX ¼ μð1Þ32 . This can be seen in the lower panel of
Fig. 2, which shows the evolution of the gauge couplings for

split SUSY with μS ¼ 10 TeV. Notice also that full uni-
fication is a bit worse than in the MSSM.

III. FULL UNIFICATION

It is straightforward to estimate the value of b1 − b3,
which would ensure full unification at MX. Readapting
Eq. (2.6), we have, at LO,

b1 − b3 ¼
�

1

α1ðμSÞ
−

1

α3ðμSÞ
�

2π

log

�
MX
μS

� ; ð3:1Þ

where μS is a threshold scale.

We first focus on the pure SM: taking MX ¼ μð1Þ32 , from
Eq. (3.1) we obtain b1 − b3 ≈ 8.9. Then, let us now focus on
a BSM model where extra stuff is introduced at μS, always
assuming that partial unification of the non-Abelian gauge
couplings occurs at MX, and taking for definiteness

μS ¼ 10 TeV. From Eq. (3.1) with MX ¼ μð1Þ32 , one obtains

b1 − b3 ≈ 8.9 (as in the SM); taking instead MX ¼ μðS1Þ32 ,
one gets b1 − b3 ≈ 9.3 (as in the MSSM).
We can now compare the values obtained from Eq. (3.1)

with the corresponding values derived from the numerical
values of beta functions in the SM and in the MSSM,
Eq. (2.4); the agreement of the two values can be used as an
indicator of the model success in providing full GCU. For
example:

(i) in the SM, the beta functions give b1 − b3 ¼
41=10 − ð−7Þ ¼ 111=10 ¼ 11.1, which is sizably
larger than the value 8.9 required to achieve full

unification at MX ¼ μð1Þ32 ;
(ii) in the MSSM, the beta functions give b1 − b3 ¼

33=5 − ð−3Þ ¼ 9.6, which is actually close to
the value 9.3 associated with full unification at

MX ¼ μðS1Þ32 .
Let us also analyze the other relevant models already

introduced in Sec. II:
(i) For the 2HDM, the Abelian beta function at LO

is b1 ¼ 42=10, so that b1 − b3 ¼ 42=10 − ð−7Þ ¼
11.2, to be compared with the value 9.3 correspond-

ing to full unification at MX ¼ μðS1Þ32 . As a result,
GCU does not work well in this model, anyway
better than in the SM.

(ii) For split SUSY, the Abelian beta function at LO is
b1 ¼ 45=10, so that b1−b3¼ 45=10− ð−5Þ¼ 9.5,
to be compared with 8.9, associated with full

unification at MX ¼ μð1Þ32 . In this case GCU works
quite well, but not as well as in the MSSM.

All these considerations are compatible with Fig. 2.
Clearly, the previous results rely on adopting the SUð5Þ
normalization for the hypercharge. We now briefly discuss
the impact of having another normalization.
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A. Hypercharge normalization

As it is known, full GCU might be achieved even in the
SM by using another hypercharge normalization,
α01 ¼ k1α1. By inspecting Fig. 1, in order to suitably
suppress the SM (blue) dashed curve associated with the
Abelian coupling, at NNLO one finds numerically that
k1 ≈ 0.77. Hence, in order to achieve full GCU in the SM,
one would need kY ≡ α01=αY ¼ 5=3 · k1 ≈ 1.28. The latter
result is compatible with the one derived in [13], that is,
kY ¼ 13=10; according to the discussion in [13], such value
is well within the constraints imposed by string theory.
Focusing on the SM and adopting the hypercharge

normalization, α01 ¼ k1α1, Eq. (3.1) is generalized as
follows:

b01 − b3 ¼
�

1

k1α1ðμ0Þ
−

1

α3ðμ0Þ
�

2π

log

�
MX
μ0

� ≈ 12.5; ð3:2Þ

where the numerical value on the right-hand side is

obtained by taking k1 ≈ 0.77 and MX ¼ μð1Þ32 . As a con-
sistency check, notice that using the SM beta functions
provided in Eq. (2.4) and k1 ≈ 0.77, one indeed
has b01 − b3 ¼ b1=k1 − b3 ≈ 12.5.

IV. GENERAL PARAMETRIZATION FOR BSM
CORRECTIONS TO GCU

Let us now encode the effect of any BSM model
providing GCU at μ ¼ MX by writing

αG ≡ ð1þ ϵ1ÞαSM1 ðMXÞ ¼ ð1þ ϵ2Þ
αSM2 ðMXÞ ¼ ð1þ ϵ3ÞαSM3 ðMXÞ; ð4:1Þ

where the αSM’s are the SM running couplings evolved at
MX and the ϵ’s encode the corrections due to the new
physics able to provide GCU. As already mentioned, the ϵ’s
could originate from many effects; for instance, from the
beta functions (as for low energy SUSY) and/or threshold

corrections reflecting the mass spectrum of new heavy
particles with masses slightly below MX, from a d ¼ 5
gauge kinetic term, or from corrections due to relations of
stringy origin.
In particular, for low energy SUSY (switched on at

10 TeV as considered before) GCU occurs at MX ¼ μðS1Þ32 ,
which is interestingly close to the SM partial unification
scale μSM32 , as already discussed in Sec. II; since by
definition αSM2 ðμSM32 Þ ¼ αSM3 ðμSM32 Þ, Eq. (4.1) implies that
ϵMSSM
2 ≈ ϵMSSM

3 (we will come back to their small differ-
ence in the following).
Because of the same argument, any alternative model

(for instance, a dimension-five operator modifying the
gauge boson kinetic terms) such that ϵBSM2 ≈ ϵBSM3 also
provides unification at MX ≈ μSM32 . So, any model such that
ϵ2 ≈ ϵ3 can be said to be of the mirage SUSY type, in the
sense that it might lead us to think that low energy SUSY is
truly realized in nature, while actually this might not be the
case. There is, however, a potential difference between
mirage SUSY and true SUSY models: the value of αG.
While in the MSSM αG ≃ 0.0364, as shown in Fig. 1, in
other models it has to be computed and might be different.
Of course, a place where the difference in αG might
manifest itself is proton decay.
Summarizing, one can distinguish two main scenarios,

according to the relative size of their non-Abelian correc-
tions to the gauge couplings ϵ2 and ϵ3. Only in the case of
nearly equal correction (or mirage SUSY type models), the
GCU scale is close to the SM partial unification scale,
MX ≈ μSM32 .
On the other hand, in the case of unequal corrections to

the non-Abelian gauge couplings, we can figure out the
impact on MX. By inspecting Fig. 1, we can visually
realize that, when ϵi is positive (negative), the combina-
tion ð1þ ϵiÞαSMi ðμÞ can be obtained by shifting up (down)
the corresponding SM dashed curve. The case ϵ3 > ϵ2
corresponds to a vertical separation of the curves for
ð1þ ϵ3ÞαSM3 ðμÞ and ð1þ ϵ2ÞαSM2 ðμÞwhich is larger than in
the SM case; so that partial unification for the non-Abelian

FIG. 3. The case of equal corrections to the non-Abelian gauge couplings. The dependence of ϵ1 (left) and αG (right) with respect to
ϵ32. Fits are provided in Eq. (4.3).
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couplings is achieved at a scale larger than
μSM32 ≈ 2.8 × 1016 GeV. On the contrary, when ϵ3 < ϵ2,
the vertical separation gets reduced with respect to the
SM, so that partial unification of the non-Abelian cou-
plings happens at a smaller scale than μSM32 . Depending on
the model, a high value for MX might possibly be
preferred to prolong proton lifetime avoiding conflict
with experimental constraints.
In the following, let us first study in more detail GCU for

mirage SUSY models, that is, models such that ϵ3 ¼ ϵ2, in
which case MX is necessarily identified with the scale of
SM partial unification μSM32 ; we will discuss later on models
such that ϵ3 ≠ ϵ2, in which case it should be possible to
disentangle MX from μSM32 .

A. GCU at μSM32 (or mirage SUSY)

As just discussed, GCU is achieved at MX ¼ μSM32 if the
corrections to the SM non-Abelian gauge couplings of
Eq. (4.1) are equal,

ϵ32 ≡ ϵ3 ¼ ϵ2: ð4:2Þ

From Eq. (4.1) one can derive how ϵ1 and αG depend on
ϵ32, as shown in Fig. 3. Actually, the fits are extremely
simple

ϵ1 ≈−0.197þ 0.804ϵ32; αG ≈ 0.0217ð1þ ϵ32Þ: ð4:3Þ

The fit of Eq. (4.3) allows us to easily discuss some
relevant cases. For instance, notice that the SM with a
different hypercharge normalization is recovered in the case
ϵ32 ¼ 0; in this case, indeed, k1 ¼ α01=α1 ¼ 1þ ϵ1 ≈
1 − 0.197 ¼ 0.803. The latter value is consistent with
the result k1 ¼ 0.77, discussed in Sec. III.
Notice also that, since low energy SUSY is compatible

with ϵ2 ≈ ϵ3 and corresponds to αðS1Þ32 ≈ 0.0364, we learn
from Eq. (4.3) that it approximately corresponds to the
values ϵ32 ≈ 0.68 and ϵ1 ≈ 0.35. In the left panel plot of

Fig. 4, we show how SUSY would look like from the ϵ’s
point of view: the solid lines represent the combinations
ð1þ ϵiÞαSMi ðμÞ (with i ¼ 1, 2, 3), which manifestly unify
at MX ¼ μSM32 , as expected; the dashed lines represent the
αSMi ðμÞ; we omit the apex “SM” in the plots in order to
simplify the notation.
We now consider a specific example of GCU of the

mirage SUSY type. It corresponds to taking ϵ32 ¼ 0.1 and
ϵ1 ¼ −0.116 and is shown in the right plot of Fig. 4. While
the dashed lines represent the αSMi ðμÞ (with i ¼ 1, 2, 3),
solid lines represent the combinations ð1þ ϵiÞαSMi ðμÞ,
which manifestly unify at MX ¼ μSM32 , as expected.
Notice that, in this case, consistent with Eq. (4.3),
αG ≈ 0.0238, significantly smaller than the value obtained
with low energy SUSY (see Fig. 1).
Notice that also the 2HDM and split SUSYare models of

the mirage SUSY type, as their partial unification scale is
equal or close to μSM32 . We will discuss the corresponding
values of the ϵ’s corrections, together with the value of the
partially unified gauge couplings, α32, in the next section.

B. GCU far from μSM32
In order to dissociate MX from μSM32 , one needs new

physics capable of breaking the equality between the
corrections to the non-Abelian gauge couplings, ϵ2 and
ϵ3, defined in Eq. (4.1). As already anticipated, ϵ3 > ϵ2
leads to MX > μSM32 , while ϵ3 < ϵ2 to MX < μSM32 .
Let us consider as an example the case ϵ2 ¼ 0. We can

calculate from Eq. (4.1) the values of ϵ3, ϵ1, and αG that
lead to GCU at the scaleMX, as shown in the top panels of
Fig. 5. As expected, we find that with positive (negative)
and increasing ϵ3, MX increases (decreases) with respect
to μSM32 .
Let us now turn to the case ϵ3 ¼ 0. The values of ϵ2, ϵ1,

and αG that lead to GCU at the scale MX are shown in the
bottom panels of Fig. 5. Now, we find that with positive
(negative) and increasing ϵ2,MX decreases (increases) with
respect to μSM32 .

FIG. 4. Examples of models with unification at MX ¼ μSM32 . Left: a model mimicking SUSY with ϵ32 ¼ 0.68 and ϵ1 ¼ 0.35, so that

αG ¼ αðS1Þ32 ≈ 0.0364. Right: a model of the mirage SUSY type, obtained taking ϵ32 ¼ 0.1 and ϵ1 ¼ −0.116; in this case αG ¼ 0.0238.
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It is possible to write a more general formula for MX
as a function of ϵ3 and ϵ2. By explicitly writing the
partial unification condition, α32 ≡ ð1þ ϵ2ÞαSM2 ðMXÞ ¼
ð1þ ϵ3ÞαSM3 ðMXÞ, and using Eq. (2.1) with μ0 → μSM32
and μ → MX, together with the definition αSM2 ðμSM32 Þ ¼
αSM3 ðμSM32 Þ ¼ αSM32 , we obtain the dependence of MX on the
non-Abelian ϵ’s,

MX

μSM32
¼ exp

�
2π

αSM32

ϵ3 − ϵ2
ð1þ ϵ3ÞbSM2 − ð1þ ϵ2ÞbSM3

�
; ð4:4Þ

all the other parameters appearing on the right-hand-side
being numerically well known. We can see the crucial
exponential dependence on the difference ϵ3 − ϵ2; if the
latter vanishes, we consistently recover the mirage SUSY
result.
The general result is shown in the contour plot of Fig. 6,

where also the contours of the partially unified couplings
α32 are displayed. For each point, there is a specific value of
ϵ1 that would ensure full unification at MX; the shaded
(light blue) region corresponds to ϵ1 < 0. The circles
emphasize the values corresponding to selected models,
as discussed in the following. The size of the circles is
arbitrary and serves just as a reminder of the uncertainty
associated with our LO calculation and to the subdominant
effects associated with possible threshold corrections.

FIG. 5. The case of unequal corrections to the non-Abelian gauge couplings. Top: case ϵ2 ¼ 0; the dependence of ϵ3;1 and αG onMX.
Bottom: case ϵ3 ¼ 0; the dependence of ϵ2;1 and αG on MX.

FIG. 6. Contours of Log10MX=μSM32 (solid black) and α32
(dashed blue). The circles (whose size is arbitrary) emphasize
the values corresponding to selected models discussed in the text.
The shaded (light blue) region is such that full unification would
be achieved with ϵ1 < 0.
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Notice that the dot-dashed line in Fig. 6 designates the
values of the non-Abelian corrections corresponding to
mirage SUSY models.

V. GCU FROM BETA FUNCTIONS

In order to capture the main idea, let us consider in some
detail the simplified case in which there is new physics at
very low energy, so that the beta functions are modified
with respect to those of the SM at scales larger than the new
physics scale μS.
Using Eq. (2.1), we can write down the explicit depend-

ence of the ϵ’s in terms of the beta functions,

ϵi ¼ bBSMi

1 − 1
1þϵi

bSMi
bBSMi

2π
αSMi ðMXÞ log

�
MX

μS

�

≈
bBSMi − bSMi

2π
αSMi ðMXÞ log

�
MX

μS

�
; ð5:1Þ

where the approximation on the right-hand side is good
provided ϵi ≪ 1 and/or bSMi =bBSMi ≪ 1þ ϵi.
Notice that, due to the Abelian nature of the hypercharge,

Eq. (2.2) implies that bBSM1 ≥ bSM1 ; this means that, in any
BSM model with extra matter below the unification scale,
ϵ1 ≥ 0. Then, from Fig. 6 we see that it is not possible to
achieve unification at the scale μSM32 by just adding to the
SM (which is located at ϵ2 ¼ ϵ3 ¼ 0) extra matter (at scales
below the unification scale), which is charged only under
the hypercharge.
In the case in which the approximation of Eq. (5.1) is

valid, the condition ϵ2 ≈ ϵ3 is thus

bBSM3 − bSM3 ≈ bBSM2 − bSM2 : ð5:2Þ

As an example, let us focus on low energy SUSY with
μS ¼ 10 TeV. Equations (2.9) and (2.10) lead to bMSSM

i −
bSMi ¼ 4þ δi2=6 for i ¼ 2, 3 (where δij is the Kronecker

delta). Using MX ¼ μðS1Þ32 ¼ 2 × 1016 GeV, we have
α2ðMXÞ ≈ α3ðMXÞ. From Eq. (5.1) we obtain that ϵ2 ¼
0.70 and ϵ3 ¼ 0.65; these values are emphasized by means
of a circle in Fig. 6. The latter values are very close, as
expected, and justify to exploit the previous general
discussion for ϵ2 ¼ ϵ3: in particular, from Fig. 3 we see
that, for ϵ32 ¼ 0.68, GCU is achieved with ϵ1 ≈ 0.35 and,

consistently, αG ≈ αðS1Þ32 ¼ 0.0364.
As another example, let us consider the nonsupersym-

metric 2HDMwhere, as already discussed, the non-Abelian
couplings meet at the same scale as for low energy SUSY,

MX ¼ μðS1Þ32 . In this case,

b2HDM2 − bSM2 ¼ 1=6; b2HDM3 − bSM3 ¼ 0: ð5:3Þ

The beta functions of this model are very close to the SM
ones; as the SM corresponds to ϵ2 ¼ ϵ3 ¼ 0, here too we

expect small values for the non-Abelian ϵ’s. Indeed, from
Eq. (5.1) with μS ¼ 10 TeV, we obtain ϵ2 ¼ 0.0167 and
ϵ3 ¼ 0, as shown in Fig. 6; this model lies in the shaded
(light blue) region, where full unification would be
achieved with ϵ1 < 0. We can exploit here the general
discussion of the previous section: having a look, in
particular, at the bottom plots in Fig. 5, we see that
GCU requires ϵ1 ≈ −0.190 and αG ≈ 0.022. As already
commented in Sec. IV, b1 − b3 for the 2HDM is not
compatible with full unification; the new physics required
cannot just be charged under Uð1ÞY, as in this case, one
would obtain ϵ1 > 0.
Similarly, for split SUSY, we have

bsplit SUSY2 − bSM2 ¼ −7=6 − ð−19=6Þ ¼ 2;

bsplit SUSY3 − bSM3 ¼ −5 − ð−7Þ ¼ 2: ð5:4Þ

Using MX ¼ μð1Þ32 with μS ¼ 10 TeV, we have
ϵ2 ¼ ϵ3 ¼ 0.25, as shown by the corresponding circle in
Fig. 6. GCU then requires ϵ1 ≈ 0.0012 and αG ≈ 0.027, as
can be checked from Fig. 3. We recall that, as shown in
Sec. IV, the value of b1 − b3 for the split-SUSY case is
compatible with full unification.
Clearly, it is possible to extend and refine the previous

simplified analysis in various ways, to account for models
where the desert is composed of various “steps” toward
unification and to include threshold corrections associated
with the decoupling of BSM particles filling the desert. For
a representative, although necessarily incomplete selection
of models of this type, see, for instance, Refs. [18–28].

VI. STRING-INSPIRED UNIFICATION

In string theories with nonstandard Kac-Moody levels,
the gauge coupling unification happens at a scale MX such
that

kiαiðMXÞ ¼ constant; where kY ¼ 5

3
k1; ð6:1Þ

where ki are the “Kac-Moody” (or “affine”) levels.3 While
k2 and k3 are positive integers, the value of k1 depends on
the structure of the string theory and can, in principle, take
any positive value.
Encoding the effect of any BSM model providing GCU

with respect to the SM as in Eq. (4.1), we can write the
relation with Kac-Moody levels as

kiαiðMXÞ ¼ ð1þ ϵiÞαSMi ðMXÞ: ð6:2Þ

3The affine levels have their origin in string theory. For
instance, in heterotic string constructions, gauge symmetries
Gi are realized as affine world-sheet Lie algebras with central
extensions realized at level ki. For a review, see, e.g., Ref. [13].
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Models with different values of k2 and k3 have been
analyzed in Refs. [13,29], although the case k2 ¼ k3 ≡ k is
phenomenologically favored (as already known and will be
numerically proven in the following).
In the following two subsections, we first consider the

case in which the αi in Eq. (6.2) are identical to the SM
ones, so that ki ¼ 1þ ϵi; in the last subsection, we provide
a case in which the αi are different from the SM ones, as
they include threshold effects.

A. GCU at μSM32 (or mirage SUSY)

Identifying the αi in Eq. (6.2) with those of the SM, we
consider the case in which

ϵ32 ≡ ϵ2 ¼ ϵ3 ¼ k − 1; ð6:3Þ

where k is a positive integer. Hence for k ¼ 1, ϵ32 ¼ 0,
while for k ¼ 2, ϵ32 ¼ 1. This is a string-inspired realiza-
tion of a mirage SUSY type model.
The value of ϵ1 is then given by ϵ1 ¼ 1 − k1 and we have

two free parameters: k and k1. In all cases, it turns out that
the unification scale is MX ¼ μSM32 and

αG ¼ kα2ðμSM32 Þ ¼ kα3ðμSM32 Þ ¼ k1α1ðμSM32 Þ; ð6:4Þ

from where the values of αG and k1 can be obtained, given
the numerical value of αSM32 and fixing k.
In particular, for k ¼ 1, ϵ2 ¼ ϵ3 ¼ 0, while ϵ1 ¼ −0.197.

The associated quantities ð1þ ϵiÞαiðμÞ are shown in the
left plot Fig. 7; notice that αG is precisely the value of
the SM partial unification, αSM32 ≈ 0.0217. For k ¼ 2,
ϵ2 ¼ ϵ3 ¼ 1, while ϵ1 ¼ 0.607. The associated quantities
ð1þ ϵiÞαiðμÞ are shown in the right plot of Fig. 7; now αG
is definitely larger than αSM32 . As a check, notice these
findings are also consistent with Fig. 3, taking the particular
cases ϵ32 ¼ 0 and 1, respectively.

B. GCU far from μSM32
We again identify the αi in Eq. (6.2) with those of the

SM. In the case k2 ¼ 1 and k3 ¼ 2, we have ϵ2 ¼ 0 and
ϵ3 ¼ 1. From the discussion in the previous section, we
thus expectMX > μSM32 . Actually, from the upper left plot in
Fig. 5 and from Fig. 6, we see that MX would be much
larger than the Planck scale. This possibility is thus highly
unfavored.
On the contrary, in the case k2 ¼ 2 and k3 ¼ 1, we have

ϵ2 ¼ 1 and ϵ3 ¼ 0. We thus expect MX < μSM32 . Actually,
from an extrapolation to low energy of the bottom left plot
in Fig. 5, we obtain the left plot of Fig. 8, where we see that,
with ϵ2 ¼ 1 and ϵ1 ¼ 2.29, GCU happens at
MX ¼ 105 GeV, as also expected from Fig. 6. The asso-
ciated quantities ð1þ ϵiÞαiðμÞ are represented by the solid
lines in the right plot of Fig. 8, the dashed lines standing for
the SM running couplings αiðμÞ. We are thus led to
postulate the possibility of GCU at 100 TeV, with
αG ≈ 0.0605.
In string theory, there are essentially two ways of

lowering the string scale Ms from its natural value ∼MP
(the Planck scale) to, e.g., ∼100 TeV, using the string
relation with the four-dimensional (4D) Planck scale

M2
P ¼ 1

g2s
M8

sV6; ð6:5Þ

where gs is the string scale and V6 ¼ ð2πRÞ6 is the
compactified volume, R being the compactified radius.
For gs ¼ Oð1Þ and Ms ∼ 100 TeV, one can increase the

compactification volume such that 1=R ∼ 0.5 GeV. This is
the so-called “large extra dimension scenario” proposed in
Refs. [39,40]. In this case, the SM fields cannot propagate
in the bulk of the extra dimensions, but are localized on a 3-
brane perpendicular to the transverse dimensions. Only the
gravitational sector can propagate in the bulk, making
difficult its experimental detection. Of course, the size of
the six extra dimensions can be different. In particular, the

FIG. 7. Solid lines represent the quantities ð1þ ϵiÞαiðμÞ in the case of string-inspired corrections leading to full GCU. Left: for k ¼ 1,
the corrections are given by ϵ2 ¼ ϵ3 ¼ 0 and ϵ1 ¼ −0.197. Right: for k ¼ 2, the corrections are ϵ2 ¼ ϵ3 ¼ 1 and ϵ1 ¼ 0.607. The dashed
lines stand for the SM running couplings αiðμÞ.
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possibility of low string scale and two extra dimensions of a
micron size has been recently considered in Refs. [41–45].
The other possibility is considering Ms ∼ 100 TeV,

while the inverse compactification radii are at the TeV
scale. In this case, the size of the 4D Planck scale is fixed by
the smallness of the string coupling, gs ∼M4

sV
1=2
6 =

MP ∼ 10−10. The string construction that realizes this
possibility is the so-called little string theory, which is
defined on a stack of Neveu-Schwarz (NS5)-brane where
gravity is decoupled in the limit gs → 0 (for a review on
little string theory, see Ref. [46]). In this case, the SM fields
can propagate in the bulk and as such their Kaluza-Klein
excitations can be detected at present and future colliders.
Moreover, the string states with masses ∼Ms could be
searched for in future high-energy colliders, such as FCC-hh
[47]. This possibility was first explored in Refs. [48,49]
where all scales are considered at the TeV.

C. Power-law unification

Another possibility, motivated by a class of string
theories (typically type I or type I0 strings), is a D > 4
dimensional theory with four flat dimensions and δ ¼
D − 4 compactified dimensions, with a common compac-
tification radius R ¼ M−1

c much smaller than the unifica-
tion scale, Mc ≪ MX, which is typically associated with
the string scale Ms. For scales below Ms, the theory is an
effective field theory defined in four flat and δ compactified
dimensions. Concentrating on the gauge couplings, below
Mc they run logarithmically with the scale μ according to
the 4D renormalization group equation. For scales μ > Mc,
the beta functions change every time a Kaluza-Klein (KK)
threshold is crossed, and for a large number of thresholds
the logarithmic running can be described by a power-law
behavior (∼μδ), which we can call, with an abuse of
language, power-low “running,” but it is really a finite
threshold effect at the corresponding scale μ [34–36]. The
large number of thresholds corresponding to KK states
accelerates the behavior of gauge couplings, which can

then unify at much lower scales than the corresponding
4D theory.
Most applications of these theories deal with the case of

N ¼ 1 supersymmetric theories at the level of zero modes,
which implies N ¼ 2 supersymmetry at the level of KK
modes [34,35,50]. The nonsupersymmetric case [35] is
much simpler as, at the level of KK modes, the contribution
of gauge bosons is simply complemented by a scalar in the
adjoint representation of the gauge group, while chiral
fermions have extra partners with opposite chirality.
We will here concentrate, for simplicity, on the case of

δ ¼ 1 so that there is a 5D space compactified on the
orbifold S1=Z2, where all KK states have masses mn ¼
m0 þ n=R for n∈Z, and m0 is the possible zero-mode
mass, which is usually negligible as compared to the
compactification masses. The S1=Z2 orbifold has two fixed
points at the two boundaries of the interval ½0; πR�, where
some 4D states can be localized. In general, we will assume
that there are propagating in the bulk the gauge bosons, the
Higgs field, and a number η ≤ 3 of fermion generations. For
the gauge fields, the four-dimensional components Aμ are
even under parity and the fifth component, the real scalar A5,
is odd (so no zero mode), both in the adjoint representation
of the gauge group. Below Mc only Aμ contributes to the
gauge coupling running, while beyondMc the KKmodes of
both Aμ and A5 do contribute to the running. As for fermions
in the bulk, their KK modes are Dirac fermions while the
zero modes are chiral, as one chirality is even and the
opposite is odd, and thus without zero mode. Therefore,
using the general expression (2.2), the contribution of KK
modes to the beta functions is given by

b̃i ¼ −
7

2
C2ðGiÞ þ

1

3
nsCðrsÞ þ

4

3
nfCðrfÞ; ð6:6Þ

where ns (nf) is the number of complex scalars (fermions)
propagating in the bulk in the representation rs (rf), and we
have considered that KK fermions are Dirac. Also notice
that KK modes from the real scalar A5, in the adjoint

FIG. 8. String-inspired corrections to GCU for k2 ¼ 2 and k3 ¼ 1, that is, ϵ2 ¼ 1 and ϵ3 ¼ 0. Left: enlarged view of the low energy
region for MX. Right: the quantities ð1þ ϵiÞαiðμÞ unify at MX ¼ 105 TeV when ϵ1 ¼ 2.29. The dashed lines stand for the SM running
couplings αiðμÞ.
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representation, contribute as much as 1
6
CðAdjÞ ¼ 1

6
C2ðGiÞ

to Eq. (2.2). The running with the scale μ is then given, for
δ ¼ 1, by

α−1i ðμÞ ¼ α−1i ðmZÞ−
bi
2π

log
μ

mZ

þ
�
b̃i
2π

log
μ

Mc
−
b̃i
π

�
μ

Mc
− 1

��
Θðμ−McÞ; ð6:7Þ

where ΘðxÞ is the step function equal to 1 (0) for x ≥ 0
(x < 0), so the KK modes only contribute for scales
μ > Mc.
For the SM with gauge bosons, Higgs and η fermion

generations propagating in the bulk, the zero modes (bi)
and KK (b̃i) beta functions are given by

ðb3; b2; bYÞ ¼ ð−7;−19=6; 41=6Þ;

ðb̃3; b̃2; b̃YÞ ¼
�
−
21

2
;−

41

6
;
1

6

�
þ 8

3
η

�
1; 1;

5

3

�
ð6:8Þ

and we are using as initial condition α−1Y ðmZÞ ¼ 98.29.
We can impose here partial unification conditions, i.e.,

α2ðMXÞ ¼ α3ðMXÞ from Eq. (6.7) and get the solution, as a
function of Mc,

MX ¼ γW
�
1

γ
e
ð1þ π

b̃23
α−1
23
ðMcÞÞ=γ

�
Mc; with γ ¼ b23− b̃23

2b̃23
;

ð6:9Þ

where we are using the notation α−1ij ðμÞ ¼ α−1i ðμÞ − α−1j ðμÞ,
bij ¼ bi − bj, b̃ij ¼ b̃i − b̃j, and W is the Lambert func-
tion. Notice that, as b̃23 ¼ 11=3 does not depend on the
number of generations in the bulk η, the unification scale
does not depend on it either. Also notice that the expression
(6.9) is exact and no logarithmic term has been neglected

therein. We plot in Fig. 9 the partial unification scale MX
(left panel) as a function of the compactification scale Mc.
Full unification can be implemented by imposing the

further condition αYðMXÞ ¼ α3ðMXÞ which translates into
the condition on the value of η as

η¼ 3

23

12πα−1Y3ðMcÞ−128ðMX=Mc−1Þ−19 logðMX=McÞ
2ðMX=Mc−1Þ− logðMX=McÞ

:

ð6:10Þ

In the right panel of Fig. 9, we plot the number of bulk
generations η ensuring full unification as a function of the
compactification scale Mc (as well as the full unification
scale MX). In all cases, the compactification scale is
determined by the SM running of gauge couplings.
Moreover, from the right panel of Fig. 9 we can see that,
for values η ≃ 3, low values of Mc are preferred from
unification of gauge couplings, while clearly values η < 3
are disfavored; the value η ¼ 3 appears forMc ≃ 640 GeV,
which strongly suggests an approximate unification for
values Mc in the few TeV region.
We plot in Fig. 10 the running of α3ðμÞ, α2ðμÞ, and αYðμÞ

for three families of fermions in the bulk, η ¼ 3, andMc ¼
640 GeV (left panel) and Mc ¼ 10 TeV (right panel).
In the former case, unification is perfect; even in the latter
case the gauge couplings unify very well, within a few
percent. The unification happens at MX ≃ 10 TeV for
Mc ¼ 640 GeV, and MX ≃ 180 TeV for Mc ¼ 10 TeV,
consistent with the left panel of Fig. 9.
Notice that unification happens here as the condition

αG ¼ αYðMXÞ ¼ α2ðMXÞ ¼ α3ðMXÞ ∼ 1=27; ð6:11Þ

which corresponds to values of the Kac-Moody levels
kY ¼ k2 ¼ k3 ¼ 1, in contrast to the embedding into a
unification group for which kY ¼ 5=3, suggesting a stringy
unification origin. A plot of αGUT as a function of Mc is
shown in the left plot of Fig. 11.

FIG. 9. The partial unification scaleMX (left) and the number of bulk generations η ensuring full unification (right) as functions of the
compactification scale Mc, for the case of one extra dimension.
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In terms of the general parametrization proposed here,
the unification condition of Eq. (6.11) becomes

αG ¼ ð1þ ϵYÞαSMY ðMXÞ ¼ ð1þ ϵ2ÞαSM2 ðMXÞ
¼ ð1þ ϵ3ÞαSM3 ðMXÞ: ð6:12Þ

A plot of the ϵ corrections as functions of Mc is shown in
the right panel of Fig. 11, and their explicit expressions are
given by

ϵ−1i ¼ α−1i ðMcÞ − bi
2π logðMX=McÞ

b̃i
π ðMX=Mc − 1Þ − b̃i

2π logðMX=McÞ
− 1; ð6:13Þ

where MX is fixed by Eq. (6.9). The contribution propor-
tional to the logarithm is generically subleading. Notice
also that ϵ3 turns out to be negative.
Theoretical and phenomenological issues raised in these

theories, as perturbativity, higher-loop corrections, sensi-
tivity to the unification scale thresholds, proton decay, and
embedding into string theory, have been addressed in the
original literature [35]. The main obstacle to string grand
unified theory (GUT) models with a unification simple

group G, leaving aside the phenomenological problem of
proton decay in theories with low scale unification, is that
to break G to the Standard Model group one needs a Higgs
in the adjoint representation, which is hard to obtain given
the implied requirement that kG ≥ 2. In fact, GUT uni-
fication is not required in string theories, as unification is a
consequence of the relation 8πGN=α0 ¼ g2i ki ¼ g2string
(i ¼ Y; 2, 3), where GN is the Newton constant, α0 is the
string tension, gi is the gauge coupling of group Gi, and
gstring is the string coupling. This leads us to consider, as a
path to unification, the case of considering an appropriate
affine level kY < 5=3. The presence in the spectrum of a
right-handed lepton with hypercharge jYlR j ¼ 1 leads to
the condition kY ≥ 1. MSSM-like models with kY < 5=3
have been identified in Ref. [51]. Nonsupersymmetric
intersecting brane string theories with the Standard
Model content have been worked out in Ref. [52].
The previous analysis is based on the SM hypercharge

normalization kY ¼ 1 with the non-Abelian Kac-Moody
levels k2 ¼ k3 ¼ 1. The possibility of getting different
values of Kac-Moody levels, in particular, for the hyper-
charge kY for a broad class of string models was achieved in
Ref. [51]. The obtained result is that for most realistic string

FIG. 10. The case of one extra dimension (δ ¼ 1) and three generations in the bulk (η ¼ 3). Running of gauge couplings α3, α2, and
αY , for Mc ¼ 640 GeV (left) and Mc ¼ 10 TeV (right).

FIG. 11. The case of one extra dimension (δ ¼ 1) and three generations in the bulk (η ¼ 3). The value of αG (left) and the parameters
ϵ3;2;Y (right) as functions of Mc.
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models it turns out that kY ≥ 5=3, while particular values
kY < 5=3 can be obtained in the presence of singularities
(e.g., in orbifold compactifications) and/or for higher non-
Abelian Kac-Moody levels. While a detailed analysis in
terms of string theories is beyond the scope of the present
paper, we have made an analysis of possible values of kY
and Mc, which predict unification depending on the
different number of fermion generations propagating in
the bulk.
The results are shown in the plots of Fig. 12 for the cases

with k2 ¼ k3 ¼ 1 (left panel), k2 ¼ k3 ¼ 2 (middle panel),
and k2 ¼ 2, k3 ¼ 1 (right panel). We have presented the
predictions for no fermion generation in the bulk η ¼ 0
(upper lines) and a number of fermion generations η ≤ 3
(subsequent lines); in the last case, for η ¼ 0, 1 there is no
solution to unification for any value of kY . As we can see
from the left plot, for the case of basic non-Abelian Kac-
Moody levels, unification can only be achieved for
kY < 5=3. However, for higher non-Abelian Kac-Moody
levels, unification can also be achieved for kY > 5=3. In the
first two cases, there is always a point in the plane ðMc; kYÞ
for which unification holds independent of the number of
fermion generations propagating in the bulk. In the third
case, there is also a point where unification holds inde-
pendent of the number of bulk generations, although here
only the values η ¼ 2, 3 are consistent with unification. For
all the plots, what happens at such point is that MX ¼ Mc
(so larger values ofMc for whichMX < Mc are forbidden):
the unification point is when the 4D SM (with the particular
values of k2 and k3) unifies by itself. For k2 ¼ k3 ¼ 1, the

unification point happens at MX ¼ μð1Þ32 which yields the
well-known relation kY ¼ 1.28. For the case k2 ¼ k3 ¼ 2,

the unification point is also at MX ¼ μð1Þ32 and kY ¼ 2.6.
Finally, for the case k2 ¼ 2, k3 ¼ 1, the unification happens
for MX ≃ 105 GeV, in agreement with the result from the
right panel of Fig. 8, and kY ¼ 5.4.

VII. CONCLUSIONS

In this work, we have explored the role of the SM
non-Abelian gauge coupling partial unification scale,

μSM32 ≈ 2.8 × 1016 GeV, in relation to the issue of full or
partial unification in models of new physics, with or without
a desert below the unification scale.
Starting from the fact that μSM32 is interestingly close to the

(nearly full) GCU predicted in the low energy SUSY
framework, MSUSY

X ∼ 2 × 1016 GeV, we investigated the
associated beta functions. We noticed that, similarly, also
the 2HDM and the split-SUSY models predict the partial
unification of their non-Abelian gauge couplings at (or
close to) μSM32 .
We then introduced a simple general parametrization,

Eq. (4.1), useful to understand how (full or partial) GCU
happens in any new physics model. In particular, we
emphasized that the corrections to the non-Abelian gauge
couplings, denoted by ϵ2 and ϵ3, control the closeness of
the unification scale MX to μSM32 .
If the non-Abelian corrections are equal (or very close),

thenMX is equal (or very close) to μSM32 , as happens for low
energy SUSY and other relevant models, including the
2HDM and split-SUSY models. For this reason, all models
of this type will be denoted as mirage SUSY; the value of
the (partially or fully) unified gauge coupling can, however,
sizably differ with respect to low energy SUSY, as well as
among the mirage SUSY models.
Only in the case that the non-Abelian corrections are

sizably different can one disentangle MX from μSM32 , as the
quantity logðMX=μSM32 Þ turns out to be proportional to the
difference ϵ3 − ϵ2, see Eq. (4.4) and Fig. 6.
Models of the nondesert type usually have positive and

similar non-Abelian corrections, ϵ3 ≈ ϵ2; this corresponds
to the dot-dashed line in the plot of Fig. 6. Many relevant
models lie close to this line, including low energy SUSY,
2HDM, and split SUSY. They thus belong to the category
of mirage SUSY models, for which the partial (or full)
GCU scale is close to μSM32 .
Models of the desert type have corrections stemming

from UV effects. Here we postponed the interesting (but
lengthy) case of effective corrections from a nonrenorma-
lizable kinetic term and rather considered in some detail the
case in which the corrections satisfy string-inspired rela-
tions. For the latter scenario, we found that, in addition to

FIG. 12. The prediction of kY as a function of Mc from gauge coupling unification for the cases with k2 ¼ k3 ¼ 1 (left), k2 ¼ k3 ¼ 2
(middle), and k2 ¼ 2, k3 ¼ 1 (right). In every panel, the upper line corresponds to η ¼ 0 and the lower line to η ¼ 3.
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the possibility of full GCU at μSM32 (obtained when
ϵ3 ¼ ϵ2 ¼ 0), there is also the possibility of a much lower
scale, MX ≈ 100 TeV, obtained when ϵ3 ¼ 0 and ϵ2 ¼ 1.
The latter scale is remarkably close to the energy range
accessible to future experiments. The phenomenology of
the latter scenario, which corresponds to the upper left
corner in Fig. 6, deserves further consideration. In addition,
we focused on models with power-low running [34–36],
outlining an interesting connection between coupling uni-
fication and the number of fermion families propagating in
the bulk of the extra dimensions.
As the non-Abelian gauge groups in the SM unify at a

pretty high scale μSM32 , one could be led to the appealing
assumption that new physics deals mainly with extra
hypercharge (weakly coupled) fields. However, we have
shown that this case requires ϵ1 < 0, which is not com-
patible with the presence of extra fields with masses below
the unification scale. In fact, this case would only be
consistent with threshold effects from supermassive states
of some UV completion of the theory, as, e.g., the string
excitations for the case where the string scale is Ms ≳ μSM32 ,
or Kaluza-Klein modes corresponding to dimensions with
inverse size 1=R≳ μSM32 . The possibility of modifying the
kinetic terms of the gauge bosons by higher-dimensional
operators will be analyzed elsewhere.

Summarizing, we have shown that the SM partial
unification scale μSM32 is a useful guide for new physics
models displaying full or partial gauge coupling unification.
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