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Obtaining hadronic two-point functions is a central step in spectroscopy calculations in lattice QCD.
This requires solving the Dirac equation repeatedly, which is computationally demanding. The distillation
method addresses this difficulty by using the lowest eigenvectors of the spatial Laplacian to construct a
subspace in which the Dirac operator can be fully inverted. This approach is efficient for nonlocal operators
such as meson-meson and baryon-baryon operators. However, local multiquark operators with four or more
(anti)quarks are computationally expensive in this framework: the cost of contractions scales with a high
power of the number of Laplacian eigenvectors. We present a position-space sampling method within
distillation that reduces this cost scaling by performing the momentum projection only over sparse grids
rather than the full spatial lattice. We demonstrate the efficiency of this unbiased estimator for single-
meson, single-baryon and local tetraquark operators. Using Wilson-clover fermions at the SUð3Þ-flavor-
symmetric point, we apply this method to study the importance of local tetraquark operators for extracting
the finite-volume Tccð3875Þþ spectrum. To this end, we extend a large basis of bilocal DD� and D�D�

scattering operators by including local tetraquark operators. The inclusion of local operators leads to
significant shifts in the estimates of several energy levels. Finally, we show the effect of these shifts on the
DD� scattering phase shift from a single-channel s-wave Lüscher analysis.
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I. INTRODUCTION

In recent decades, numerous exotic hadrons have been
discovered, including the χc1ð3872Þ and other charmo-
nium-like states, as well as various tetraquarks and penta-
quarks [1,2]. A prominent example is the Tccð3875Þþ
tetraquark, which was observed and studied at LHCb
[3,4]. It was found in the D0D0πþ mass spectrum just
below the D�þD0 threshold and is an IðJPÞ ¼ 0ð1þÞ state.
With a minimal quark content of ccūd̄, it does not fit
into the quark model picture and is therefore clearly an
exotic hadron. Another interesting exotic hadron is the
d�ð2380Þ dibaryon discovered by the WASA-at-COSY
collaboration [5]. It is an excited state of the deuteron
with IðJPÞ ¼ 0ð3þÞ, lying about 80 MeV below the ΔΔ
threshold.

These discoveries call for theoretical predictions of the
masses, widths, and other properties of such exotic
hadrons. Lattice quantum chromodynamics (QCD) is the
only known method to provide such predictions from first
principles. Since in lattice QCD one always works in a
finite box, it is necessary to relate finite-volume quantities
obtained there to infinite-volume observables. For single-
particle states that are stable within QCD, finite volume
effects on the energy are exponentially suppressed by the
box size times the smallest mass scale, i.e., the pion
mass [6]. However, most hadrons are not QCD stable
and can decay into other hadrons. In this case, the finite-
volume contributions only decay with inverse powers of the
box size and have to be taken into account. One way of
dealing with these finite-volume effects is to use Lüscher’s
finite-volume quantization conditions [7,8]. They relate the
low-lying finite-volume energies to the scattering ampli-
tude in infinite volume. The positions of the poles in this
amplitude are then used to extract the masses and widths of
the hadrons via amplitude analysis.
The current best strategy for computing the low-lying

finite-volume spectrum is the variational method [9]. It uses
a basis of interpolating operators, all carrying the quantum
numbers of the desired hadron, to construct a correlator
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matrix. By solving a generalized eigenvalue problem
(GEVP), the lowest few energy levels can be extracted
at large Euclidean times. To suppress the influence of
excited states, one wants to use many such operators, and
since the inner structure of exotic hadrons is generally
not known, they should have different spin, color and
spatial structures to capture the low-lying spectrum well.
Therefore, we want to use nonlocal scattering operators to
describe states that resemble weakly bound “molecular”
states, as well as local operators for more deeply bound
states. Not including such a variety of operators can lead to
an inaccurate finite-volume spectrum [10].
An efficient framework for computing correlation func-

tions of nonlocal operators is distillation [11]. It employs
Laplacian Heaviside (LapH) smearing, in which the lowest
eigenvectors of the spatial Laplacian define a subspace that
allows to fully invert the Dirac operator. Distillation has
been used successfully for two and three meson scattering
[10,12–22], tetraquarks [23–26], meson-baryon scattering
[27–31] and baryon-baryon scattering [32–35]. On the
other hand, two-point functions of local multiquark oper-
ators with four or more (anti)quarks can be obtained more
easily using standard approaches such as the point-to-all
method. Nevertheless, they have also been computed
within the distillation framework [25,36,37]. It is challeng-
ing to use these local operators in distillation because
one needs to construct high-rank tensors, which make the
contractions computationally expensive. A possible solu-
tion to this problem was recently proposed [38].
In this paper, we present a different approach for

reducing the cost of local operators in distillation. This
method uses position-space sampling, and we applied it to
the quantum numbers relevant for the Tcc tetraquark.
This paper is organized as follows: In Sec. II, we give a

brief overview of the distillation method and show why
local multiquark operators are expensive in this framework.
In Sec. III, we present a position-space sampling method
within distillation and show how it can be used to reduce
the cost of local multiquark operators. In Sec. IV, we
investigate the efficiency of this method for single-meson,
single-baryon and local tetraquark operators, and analyze
the importance of the latter for the Tcc tetraquark. We end
with our conclusion in Sec. V.

II. DISTILLATION METHOD

In hadron spectroscopy, field smearing is crucial for
reducing the coupling of hadron operators to high-energy
states. For the quark fields, we can use a smearing kernel
KðtÞ that acts on spin, color and position space but does not
mix different time slices. The smeared quark field is then
given by

ψ smðtÞ ¼ KðtÞψðtÞ: ð1Þ

A widely used quark smearing method is LapH smear-
ing, employed in distillation [11,39]. To establish notation

and make this paper self-contained, we briefly review LapH
smearing and the distillation method. The smearing kernel
K in LapH smearing is constructed from the lowest
eigenvectors of the (stout-smeared [40]) gauge-covariant
Laplacian ΔðtÞ. More precisely, we set K ¼ VV† where V
contains the lowest Nv eigenvectors of ΔðtÞ. Since all
eigenvalues λðkÞðtÞ of the Laplacian are negative, we order
them as

−λð1ÞðtÞ ≤ −λð2ÞðtÞ ≤ −λð3ÞðtÞ ≤ …; ð2Þ

and define V as

VðtÞ ¼ ðvð1ÞðtÞ; vð2ÞðtÞ;…; vðNvÞðtÞÞ; ð3Þ

where vðkÞðtÞ is the eigenvector corresponding to the
eigenvalue λðkÞðtÞ. This is a 3jΛ3j × Nv matrix, where
Λ3 is the spatial lattice and 3 is the number of colors.
The Laplacian acts trivially in spin space, so V and the
smearing kernel K constructed from it do as well. Since
the Laplacian is defined in terms of the gauge links, its
eigenvectors, and thus VðtÞ, are time dependent. We call the
Laplacian eigenvectors Laplace modes and the index k the
Laplace mode index.
Using only the Nv lowest Laplace modes is similar to

imposing a cutoff σ2 on its eigenvalues. This way, the
smearing kernel can be written in compact form as

K ¼ Θðσ2 þ ΔÞ ð4Þ

(cf. [39]), using the Heaviside function Θ. The difference
from the former definition is that the number of eigenvalues
of −ΔðtÞ below σ2 does not need to be constant across
different time slices. However, in [39] it was shown that this
number changes very little. Therefore, in numerical sim-
ulations we use a constant number of vectors to define K.
The Laplacian is covariant under gauge transformations,

rotations on the lattice, parity and charge conjugation, and
since the smearing kernel K is defined in terms of its
eigenvectors, it preserves these symmetries as well. Thus,
no relevant symmetry of the quark fields is broken by LapH
smearing.
When we smear the quark fields with K, we get the

smeared quark propagator (with flavor f) as

Sf;smðt0; tÞ ¼ Kðt0Þ · Sfðt0; tÞ · KðtÞ†
¼ Vðt0ÞVðt0Þ† · Sfðt0; tÞ · VðtÞVðtÞ† ð5Þ

in terms of the unsmeared propagator Sf ¼ D−1
f . Here, Df

is the Dirac operator for the quark with flavor f. This is a
12jΛ3j × 12jΛ3j matrix, and it is not feasible to invert it
fully. However, K is a projector onto the space spanned by
the Nv lowest Laplace modes. This so-called LapH sub-
space is 4Nv dimensional, and Nv is typically a few tens or
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a few hundreds; consequently, the Dirac operator can be
fully inverted in this subspace. This is done by introducing
the so-called perambulator, defined as

ðτfÞαβðt0; tÞ ¼ Vðt0Þ† · ðSfÞαβðt0; tÞ · VðtÞ: ð6Þ

Here we have explicitly written out the spin indices.
The perambulator is a 4Nv × 4Nv matrix, and it can be
computed by solving the Dirac equation for each Laplace
mode vðkÞðtÞ and spin index β at the source, and then
projecting the result to the Laplace modes at the sink.
Finally, the smeared propagator is given by

ðSf;smÞαβðt0; tÞ ¼ Vðt0Þ · ðτfÞαβðt0; tÞ · VðtÞ†; ð7Þ

in terms of the perambulator.
As an example, we consider the charged pion to illustrate

how distillation works in practice. For this, we use the
operator

OπðtÞ ¼
X
x∈Λ3

e−ip·xðd̄γ5uÞðx; tÞ; ð8Þ

which is projected to momentum p.1 Its unsmeared two-
point function is given by

Cðt0; tÞ ¼
X

x0;x∈Λ3

e−ip·ðx0−xÞ

· htr½Suðx0; t0; x; tÞ · Sdðx0; t0; x; tÞ†�iG; ð9Þ

where h…iG is the expectation value over the gauge fields
only. To get the smeared two-point function, we replace the
propagators by the smeared ones according to Eq. (7). This
gives us

Csmðt0; tÞ ¼ htr½Φðt0Þ · τuðt0; tÞ ·ΦðtÞ† · τdðt0; tÞ†�iG; ð10Þ

where we have collected the momentum projection and the
Laplace modes in the mode doublets ΦðtÞ defined as

Φðk;lÞðtÞ ¼
X
x∈Λ3

e−ip·xvðkÞa ðx; tÞ�vðlÞa ðx; tÞ: ð11Þ

They form an Nv × Nv matrix. Here we have explicitly
written out the Laplace mode indices ðk; lÞ and the color
index a in addition to the position index x. Using these
mode doublets in numerical simulations is easier than
recomputing or storing the Laplace modes. We see that
distillation has turned the pion two-point function into
simple matrix-matrix multiplications in the LapH subspace.

Before moving on to more complicated operators, we
address the question of how many Laplace modes to use.
As mentioned above, we can relate the number of Laplace
modes Nv to a cutoff σ2 on the eigenvalues of the
Laplacian. This cutoff corresponds to a certain smearing
radius, which we can tune to obtain a fast convergence of
the effective energy for a given two-point function. Once
we have chosen a certain Nv, we want to keep the physical
smearing radius constant as we change the lattice spacing
a and the volume V. In [39], it was shown that to keep
the physical smearing radius constant, we have to keep
the number of Laplace modes Nv proportional to the
physical volume V ¼ a3jΛ3j. Thus, going to larger vol-
umes increases the computational cost for computing the
perambulators. In addition, the contractions become more
expensive. For simple meson two-point functions, this is
manageable, but for local multiquark operators with four or
more (anti)quarks, it becomes problematic.

A. Local multiquark operators in distillation

As for mesons, we can use distillation for baryons
[11,33,39] by following the same steps as before: we first
compute an unsmeared baryon two-point function and
replace the propagators with smeared ones. Then we want
to somehow absorb the Laplace modes and the momentum
projection into a tensor. For mesons, we ended up with
the mode doublets, which form a rank-2 tensor. But for
baryons, we get a rank-3 tensor with one Laplace mode
index for each quark. These mode triplets are defined as

Ψðk;l;mÞðtÞ¼
X
x∈Λ3

e−ip·xεabcv
ðkÞ
a ðx; tÞvðlÞb ðx; tÞvðmÞ

c ðx; tÞ: ð12Þ

Similarly, we can proceed and compute two-point functions
of bilocal meson-meson and baryon-baryon scattering
operators. We can reuse the mode doublets and triplets
we have already defined for them, since the mesons and
baryons are each projected to a separate momentum.
The computational cost of computing two-point func-

tions of meson and bilocal meson-meson operators scales
as N3

v since the contractions consist of matrix-matrix
multiplications in the LapH subspace. An example for
such a meson-meson operator is the bilocal DD� operator
that is relevant for the Tcc tetraquark. We visualized the
tensor network diagram of its two-point function in the top
panel of Fig. 1. One can see that it consists only of traces in
the LapH subspace.
For baryon and bilocal baryon-baryon operators, the cost

for computing two-point functions asymptotically scales as
N4

v as we have to contract matrices (the perambulators) with
rank-3 tensors (the mode triplets).
However, as mentioned in the introduction, we are also

interested in local multiquark operators. For example, for
the Tcc tetraquark, a generic local tetraquark operator has
the form

1We suppress the dependence on the momentum p in most
cases.
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OTðtÞ ∼
X
x∈Λ3

e−ip·xðccūd̄Þðx; tÞ; ð13Þ

where we have suppressed the spin and color structure. It
could, for example, be a localDD� or a diquark-antidiquark
operator. When computing two-point functions, we again
collect the momentum projection and the Laplace modes
into a tensor, which in this case has rank 4. For a localDD�
operator, it is given by

Ξðk;l;m;oÞðtÞ
¼

X
x∈Λ3

e−ip·xvðkÞa ðx; tÞ�vðlÞa ðx; tÞvðmÞ
b ðx; tÞ�vðoÞb ðx; tÞ; ð14Þ

whereas for a diquark-antidiquark operator the color
structure differs. The tensor network diagram of the
corresponding two-point function in distillation is dis-
played in the bottom panel of Fig. 1. In Fig. 2, we visualize
the order in which the propagators and the Laplace modes
are contracted to first obtain the perambulators and Ξ. Then
these tensors are contracted to arrive at the two-point
function.
Consequently, the overall computational cost for this

two-point function scales as N5
v. This is very expensive,

especially for large physical volumes. An additional prob-
lem is the memory required to store the rank-4 tensor Ξ.
The problem becomes more severe when we want to use

local hexaquark operators for dibaryons such as the
d�ð2380Þ. These operators are of the form

OHðtÞ ∼
X
x∈Λ3

e−ip·xðuuudddÞðx; tÞ; ð15Þ

where again we have suppressed the spin and color
structure. It is not clear whether these operators are relevant
for the low-lying finite-volume energies of a certain
dibaryon system. Previous lattice studies found that they
are not important for the low-lying nucleon-nucleon ener-
gies [35,41,42], but it is possible that they are relevant for
other dibaryons such as the d� and the H [43].
To use these local hexaquark operators in distillation,

we would have to construct a rank-6 tensor, and the
computational cost would scale as N7

v. This is prohibitively
expensive even for a reasonably small number of Laplace
modes such as Nv ¼ 32.
The reason why the computational cost for these local

multiquark operators scales so badly is the order in which

FIG. 2. Tensor network diagrams of the same tetraquark two-
point function as in the bottom panel of Fig. 1. Here, all tensors
involved in distillation are displayed to visualize the order in
which they are contracted. In the conventional distillation method
(top), the perambulators τf (with flavor f) are constructed by
contracting the propagators Sf with the neighboring V matrices.
The remaining V’s are contracted with e−ipx

0
which gives the

rank-4 tensor Ξ. In the position-space sampling method (bottom),
the propagators are contracted with all four V’s connected to it,
giving the smeared propagators Sf;sm. The contraction with the
exponentials is then performed only over subspaces of the spatial
lattice (indicated by the dashed lines). The spin and color
structure is suppressed in these diagrams.

FIG. 1. Tensor network diagrams of two-point functions in
distillation of operators relevant for the Tcc tetraquark; a bilocal
DD� (top) and a local tetraquark operator (bottom). For the
bilocal DD� operator, the two terms from the Wick contraction
are topologically distinct, whereas for the local tetraquark
operator, they have the same topology. The spin structure is
suppressed.
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the tensors are contracted. By summing over the position
indices first, we construct high-rank tensors that make
the contractions over the Laplace mode indices expen-
sive. To avoid these high-rank tensors, we can change
the contraction order as it is visualized in the bottom
panel of Fig. 2 for a local tetraquark operator. This
means we explicitly construct the smeared propagators
as defined in Eq. (7) by summing over all Laplace mode
indices first. The remaining contraction then involves a
double sum over the position indices x0 and x as
in Eq. (9).
Let us analyze the cost scaling for this case. The

computation of the smeared propagators from perambu-
lators consists of two matrix-matrix multiplications
with costs N2

vjΛ3j and NvjΛ3j2, and the double sum
over the position space scales as jΛ3j2. As mentioned
before, to have a constant smearing radius, we have to
keep Nv proportional to the physical volume V ¼ a3jΛ3j.
Consequently, for a constant lattice spacing, the asymp-
totic cost scaling is proportional to N3

v, and it comes
from computing the smeared propagators. This is much
better than the N5

v and N7
v scaling for local tetraquark

and hexaquark operators when constructing the afore-
mentioned high-rank tensors, and it is independent
of the number of quarks. But since jΛ3j ≫ Nv, the
computation is still very expensive. Moreover, one
would have to write the full Laplace modes to disk or
recompute them for each contraction batch job; both
options are impractical.
The solution we propose in this paper for these local

multiquark operators is to use a position-space sampling
method in addition to distillation. This reduces the
cost of computing the smeared propagators and of the
contractions.

III. POSITION-SPACE SAMPLING

The basic idea of the position-space sampling method is
to compute the smeared propagators only on subspaces
Λ̃3 ⊂ Λ3 rather than on the full spatial lattice Λ3. More
precisely, we choose two subspaces, Λ̃0

3 and Λ̃3: the first for
the sink and the second for the source. Then, we compute
the smeared propagators D−1

f;smðx0; t0; x; tÞ for all x0 ∈ Λ̃0
3

and x∈ Λ̃3 from the perambulators and the Laplace modes,
and contract them to obtain the two-point function. The
subspaces Λ̃0

3 and Λ̃3 have to be chosen with a certain
scheme for each gauge configuration and source time t if
multiple sources are used. Before we look at possible
sparsening schemes, we first illustrate how this position-
space sampling method works.
Applying this sparsening approach to the charged pion

Eq. (9), we obtain the smeared pion two-point function
within position-space sampling C̃smðt0; tÞ as

C̃smðt0; tÞ ¼
*

jΛ3j2
jΛ̃0

3jjΛ̃3j
X
x0 ∈ Λ̃0

3
x∈ Λ̃3

e−ip·ðx0−xÞtr½Su;smðx0; t0; x; tÞ

· Sd;smðx0; t0; x; tÞ†�
+

G;Λ̃ð0Þ
3

; ð16Þ

where we have added the prefactor jΛ3j2=ðjΛ̃0
3jjΛ̃3jÞ to

ensure the correct normalization. The expectation value
h…i

G;Λ̃ð0Þ
3

is now an expectation value both over the gauge

fields and over the two subspaces, since they do not have to
be the same for all gauge configurations.
For general local multiquark operators, the procedure is

the same, only the contraction of the smeared propagators is
more complicated. In the tensor network diagram in the
bottom panel of Fig. 2, we use dashed lines to indicate the
contractions that are performed using position-space
sampling.
To use this approach, we need to store the Laplace modes

on the two subspaces Λ̃0
3 and Λ̃3 for each gauge configu-

ration. Various approaches for defining these subspaces
have been used in the literature [44,45], though not
combined with distillation. They can be grouped into
two categories: sparse grids and random subspaces. The
former uses some types of sparse grids, such as regular
grids, where only every fourth or every eighth point in each
spatial direction is used. With this sparsening approach, a
relatively large separation between the points can be used,
without introducing significant additional noise from field
sparsening. However, the disadvantage is that it leads to an
incomplete momentum projection, so the resulting estima-
tor is biased (cf. [45]).
The second approach uses fully random subspaces,

meaning that the points are chosen randomly from the full
spatial lattice Λ3. The advantage of this approach is that it
leads to a complete momentum projection, so the resulting
estimator is unbiased. However, numerical investigations
show that it leads to a larger variance compared to the
sparse-grids method [45].
In this work, we propose to use a regular sparse grid that

is randomly shifted. More precisely, we choose a point
separation Nsep that divides the spatial extent Ns of the
lattice and define the subspace

Λ̃3;x̃ ¼ fanþ x̃jnk ¼ 0; Nsep; 2Nsep;…; Ns − Nsep

× ðk ¼ 1; 2; 3Þg; ð17Þ
with a random offset x̃∈Λ3. The number of points in this
subspace is jΛ̃3;x̃j ¼ jΛ3j=Nsep

3. To properly sample the
full lattice, we use a different random offset x̃ for each
gauge configuration and source time t for the sparse grid at
the source (denoted by Λ̃3;x̃). For the sparse grid at the sink
(denoted by Λ̃3;x̃0 ), we sample a single random offset x̃0 for
each gauge configuration, and use it for all sink times t0.
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This allows us to preserve correlations between different
sink times t0, yielding more precise effective energies.
The important difference from the sparse-grids method

without a random offset is that this sparsening approach is
unbiased. To show this, we first note that all two-point
functions of local operators with definite momentum can be
written as

Cðt0; tÞ ¼
X

x0;x∈Λ3

hfðx0; t0; x; tÞiG: ð18Þ

The function f encompasses the (smeared) quark propa-
gators and the exponential from the momentum projection.
When applying our position-space sampling method, this
expression becomes

C̃ðt0; tÞ ¼
*

jΛ3j2
jΛ̃3;0j2

X
x0 ∈ Λ̃

3;x̃0
x∈ Λ̃3;x̃

fðx0; t0; x; tÞ
+

G;x̃ð0Þ
: ð19Þ

Here, we have changed the notation for the expectation
value to h…iG;x̃ð0Þ , since the expectation value over the
sparse grids is just an average over all possible offsets x̃0
and x̃. Consequently, we have

h…iG;x̃ð0Þ ¼
1

jΛ3j2
X

x̃0;x̃∈Λ3

h…iG: ð20Þ

To make the dependence on x̃0 and x̃ in the sparse grids
explicit, we can write

Λ̃3;x̃ð0Þ ¼ Λ̃3;0 þ x̃ð0Þ ð21Þ

where the addition is understood elementwise. That way we
can move the offsets x̃0 and x̃ from the sum into f. Using
these properties, Eq. (19) becomes

C̃ðt0; tÞ ¼ 1

jΛ̃3;0j2
X

x0 ;x∈ Λ̃3;0
x̃0 ;x̃∈Λ3

hfðx0 þ x̃0; t0; xþ x̃; tÞiG: ð22Þ

Due to the periodicity of the spatial lattice, we can perform
the substitutions

x̃0 → x̃0 − x0; x̃ → x̃ − x ð23Þ

in the offsets. Then, the sum over x0 and x becomes trivial,
yielding a factor jΛ̃3;0j2. Finally, we obtain

C̃ðt0; tÞ ¼
X

x̃0;x̃∈Λ3

hfðx̃0; t0; x̃; tÞiG ¼ Cðt0; tÞ; ð24Þ

i.e., we recover the sum over the full spatial lattice.
Consequently, the position-space sampling estimator is
unbiased.

We can also adapt this derivation to mixed two-point
functions of a local and a bilocal operator. In that case, we
only use position-space sampling for the local operator, i.e.,
only at the sink or the source. Hence, also for these mixed
two-point functions, the position-space sampling estimator
is unbiased.2

The point separation Nsep in the sparse grids gives us
control over the variance, where for Nsep ¼ 1 we get the
result from distillation without position-space sampling.
Ideally, we want to choose Nsep such that the uncertainty
from position-space sampling is much smaller than the
Monte Carlo error. We expect that the noise from position-
space sampling depends primarily on the physical distance
aNsep between the points as the lattice spacing and volume
are changed. Thus, once we have chosen anNsep for a given
operator, we want to keep aNsep constant as we change the
lattice spacing and volume. This means we keep the
number of points in the sparse grids jΛ3j=Nsep

3 propor-
tional to the physical volume a3jΛ3j, i.e., proportional to
the number of Laplace modes Nv. As a result, we have the
same V3 cost scaling as for Nsep ¼ 1 (cf. Sec. II A), but
with a much smaller prefactor that depends on the chosen
Nsep. In addition, the scaling toward the continuum (a → 0)
is improved when keeping aNsep constant, compared to
Nsep ¼ 1. Consequently, position-space sampling makes
local multiquark operators with four or more (anti)quarks
feasible within distillation, especially in large physical
volumes.

IV. NUMERICAL INVESTIGATION

In this section, we show spectroscopy results from
applying our position-space sampling method. First, we
study the efficiency of this method and investigate which
point separation Nsep should be used for computing two-
point functions of single-meson, single-baryon and local
tetraquark operators. Then, we analyze the importance of
the latter for the Tcc tetraquark by comparing estimates of
the low-lying finite-volume spectrum obtained with and
without including local tetraquark operators. Finally, we
investigate the effect of including these operators on the
extracted s-wave DD� scattering phase shift, determined
using Lüscher’s finite-volume quantization conditions. All
errors only include statistical uncertainties computed using
the Γ method [46].

A. Lattice setup

The simulations were performed using two CLS [47]
gauge ensembles with OðaÞ-improved Wilson fermions at
the SUð3Þ-flavor-symmetric point. This means the quark
mass is approximately set to the average of the physical u, d

2In this case, the random offset in the sparse grid is not required
to obtain an unbiased estimator.
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and s quarks. The relevant parameters for the simulations
are summarized in Table I. The resulting pion mass is
mπ ≈ 420 MeV on both ensembles. For the valence charm
quark, the same fermion action was used. Its quark mass
was tuned such that the D meson mass approximately
matches the average of the physical D0, Dþ and Dþ

s
masses, which is 1901 MeV. The unphysical pion mass
results in aD� meson that is stable within QCD; this avoids
three-particle decays of the Tcc. For the B450 ensemble, we
also used a heavier-than-physical charm quark with hop-
ping parameter κc ¼ 0.115336, resulting in a D mass of
mD ¼ 2753 MeV. We used stout smearing [40] in the
spatial Laplacian.

B. Nsep dependence of position-space sampling method

To study the efficiency of our position-space sampling
method, we computed two-point functions of single-meson,
single-baryon and local tetraquark operators using different
point separations Nsep in the sparse grids. Then we inves-
tigated the change in the variance of both the effective energy
Eeff and the energy from aplateau fit toEeff .When decreasing
the point separation Nsep, we expect the variance to decrease
until the error is dominated by the Monte Carlo error. From
there on, decreasing Nsep will not reduce the overall error
further. That Nsep value is the ideal point separation for
numerical simulations, although one can choose a biggerNsep

tomake simulations affordable at the cost of a larger error. The
goal of this investigation is to find that ideal Nsep.
We did this Nsep-dependence analysis mostly using the

B450 ensemble (see Table I) to keep the computational cost
lower. The sparse grids that we use for position-space
sampling [cf. Eq. (17)] require a point separation Nsep that
divides the spatial extent Ns of the lattice. For B450 this
value is Ns ¼ 32, so the possible Nsep are Nsep ¼ 1, 2, 4, 8,
16, 32 where Nsep ¼ 1 means using the full lattice and
Nsep ¼ 32 means using only one point from the spatial
lattice on a given time slice. The maximum point separation
Nsep ¼ 32 led to large noise such that the correlator data
was not usable. Therefore, Nsep ¼ 16 is the biggest
separation that we used.

1. Single-meson and single-baryon operators

As an example single-meson system, we investigated the
D meson. For that, we used the pseudoscalar operator

ODðtÞ ¼
X
x∈Λ3

e−ip·xðūγ5cÞðx; tÞ ð25Þ

for the momenta p ¼ 0 and p ¼ 2π
L ð1; 0; 0Þ, where L ¼ aNs

is the physical lattice size. The top left panel in Fig. 3 shows
the effective energy ED

eff obtained from D meson two-point
functions with p ¼ 0 for Nsep ¼ 4, 8, 16. For single
mesons, we used the cosh definition of the effective energy.
We see a significant decrease in error when going from
Nsep ¼ 16 to Nsep ¼ 8. But the error does not decrease
further when going to Nsep ¼ 4. This indicates that the
error from position-space sampling is dominated by the
Monte Carlo error already for Nsep ¼ 8.
The top right panel in Fig. 3 shows theDmeson energies

ED
Nsep

obtained from plateau fits to ED
eff as a function of Nsep.

We used the same fit range for all Nsep to isolate the Nsep

dependence, and we normalized the result with the
Nsep ¼ 1 value ED

1 . Unlike for the effective energy, the
zero-momentum plateau fit shows no significant change in
error up to Nsep ¼ 16; this indicates that the decreased
errors in the effective energy are associated with increased
correlations between different t. For p2 ¼ ð2π=LÞ2, the
error in the energy ED

Nsep
is constant for Nsep ≤ 8 and

increases for Nsep ¼ 16. For both momenta, all ED
Nsep

values

are consistent with the Nsep ¼ 1 value, which is expected
since the position-space sampling estimator is unbiased.
We repeated this analysis for the nucleon N using the

operator

ONðtÞ ¼
X
x∈Λ3

e−ip·x½εabcPþuaðuTbCγ5PþdcÞ�ðx; tÞ; ð26Þ

where C is the charge conjugation matrix, Pþ is the
positive parity projector, and the Roman letters are color
indices. Here we also used momenta with p2 ¼ 0 and
p2 ¼ ð2π=LÞ2, but for the latter, we averaged over the
six spatial directions to improve the signal. The obtained
results are shown in the bottom panels of Fig. 3. As for the
D meson, we see a clear decrease in the error of the zero-
momentum effective energy when going from Nsep ¼ 16 to
Nsep ¼ 8. Decreasing the point separation any further does
not lead to a reduction in the error. Similarly, the error of the
energies EN

Nsep
obtained from plateau fits to EN

eff are stable

for Nsep ≤ 8. For Nsep ¼ 16, the zero-momentum energy

TABLE I. Parameters of the gauge ensembles used for the simulations. The lattice spacing was determined in [48]. Ncfg and Nsrc are
the number of gauge field configurations and sources per gauge configuration used. The point separation Nsep denotes the value that was
used for the Tcc simulations.

Ensemble N3
s × Nt β a (fm) κu ¼ κd ¼ κs κc Ncfg Nsrc Nv Nsep

B450 323 × 64 3.46 0.0749 0.136890 0.126243 1612 8 32 8
N202 483 × 128 3.55 0.0633 0.137000 0.128423 899 8 68 8
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shows a slight error increase, whereas the p2 ¼ ð2π=LÞ2
value increases significantly. Nonetheless, the change in
error between Nsep ¼ 16 and Nsep ¼ 8 in the effective
energy is much bigger than in the fit result, indicating again
the increased correlation in the data. The same analysis for
the pion and the D� meson leads to similar results.
We conclude that position-space sampling works well

for two-point functions of single-meson and -baryon
operators, i.e., we can use a large point separation Nsep

in the sparse grids without observing an increase in the
error of observables. Consequently, on the B450 ensemble
and for these observables, the ideal point separation
is Nsep ¼ 8.

2. Tetraquark operators

Position-space sampling starts to yield large cost
savings for local multiquark operators with four or more

(anti)quarks. Therefore, we now investigate its Nsep

dependence for local tetraquark operators relevant for the
Tcc tetraquark. It is a IðJPÞ ¼ 0ð1þÞ state with minimal
quark content ccūd̄. Simple local tetraquark operators that
carry these quantum numbers are the local DD� operator

TDD�
i ðtÞ ¼

X
x∈Λ3

e−ip·xðūγ5cd̄γicÞðx; tÞ − fu ↔ dg; ð27Þ

the local D�D� operator

TD�D�
i ðtÞ ¼

X
x∈Λ3

e−ip·xεijkðūγjcd̄γkcÞðx; tÞ ð28Þ

and the local diquark-antidiquark operator

FIG. 3. Effective energies Eh
eff for the D meson (h ¼ D, top left) and the nucleon (h ¼ N, bottom left) at zero momentum and for

different point separations Nsep. The red bands are results from plateau fits for Nsep ¼ 4. The right panel displays the energies Eh
Nsep

obtained from plateau fits to Eh
eff for theDmeson (top right) and the nucleon (bottom right) as a function ofNsep. The energies Eh

Nsep
were

computed using momenta with p2 ¼ 0 and p2 ¼ ð2π=LÞ2, and are normalized with the Nsep ¼ 1 value Eh
1 .
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Tdiq
i ðtÞ ¼

X
x∈Λ3

e−ip·xðεabccTbCγiccεadeūdCγ5d̄Te Þðx; tÞ: ð29Þ

Such local tetraquark operators have already been incorpo-
rated in simulations [25,36,49]. The diquark-antidiquark
operator is in the ð3̄c ⊗ 3cÞ1c color representation, but there
is also a diquark-antidiquark operator in the ð6c ⊗ 6̄cÞ1c
representation. The latter is usually discarded in favor of the
former because of the repulsive interactions in the diquark
6c and the antidiquark 6̄c [50]. Using Fierz transformations,
the diquark-antidiquark operator Tdiq

i can be represented as
a linear combination of products of two color singlet
currents of the form

X
x∈Λ3

e−ip·xðūΓAcd̄ΓBcÞðx; tÞ ð30Þ

for various combinations of elements ΓA, ΓB of the Clifford
algebra [51,52]. Hence, this operator is related to the local
DD� and the local D�D� operator. However, since we do
not use a complete basis of operators of the type given in
Eq. (30), the diquark-antidiquark operator is still linearly
independent.
In this work, we only consider the zero-momentum case,

i.e., p ¼ 0, therefore the operators TDD�
i , TD�D�

i and Tdiq
i

belong to the Tþ
1 irreducible representation (irrep) of the

octahedral group Oh. For the Nsep-dependence analysis,
we only consider the local DD� and the local diquark-
antidiquark operator. Due to their similar structure, we
expect the local D�D� operator to behave similarly to the
local DD� operator.
These tetraquark operators are not optimized, and the

energy levels for this multiparticle system are closely
spaced. Therefore, we do not expect the excited states to
decay before the signal is lost, implying that they do not
correspond to genuine finite-volume energies. To still
extract observables which we can use to compare different
Nsep values, we performed plateau fits to the effective
energies at late times. Again, we used the same plateau
range across all Nsep.
The resulting plateau values ET

Nsep
as a function of the

point separation Nsep are displayed in Fig. 4. The cost for
computing these two-point functions scales as Nsep

−6, and
they are more expensive than the single-hadron two-point
functions. Therefore, we only used the point separations
Nsep ¼ 4, 8, 16, and we used the best estimate ET

4 to
normalize the results. As for the nucleon, there is a decrease
in error when going fromNsep ¼ 16 toNsep ¼ 8, but then the
error stabilizes. The effective energy shows the same behav-
ior, although the reduction in error fromNsep¼16 toNsep ¼ 8

is more significant there. Hence, also for local tetraquark
operators, we have a significant increase in correlation
between different t when reducing the point separation.

We conclude that also for local tetraquark operators the
position-space sampling method works well and that the
optimal point separation for these operators is Nsep ¼ 8

on B450.
The other ensemble that we used for the Tcc simulations

is the N202 (see Table I). It has the lattice size Ns ¼ 48, so
possible and reasonable point separations are Nsep ¼ 4, 6,
8, 12, 16. Its lattice spacing is ∼15% smaller than that of
B450. This means if we want to keep aNsep constant,
we would have to use a point separation Nsep ∼ 9.5.
Consequently, we should use either Nsep ¼ 8 or
Nsep ¼ 12. Our numerical investigation for Nsep ¼ 8, 12
and 16 showed that the plateau values ET

Nsep
for the local

tetraquark operators stabilize already at Nsep ¼ 12. But
there is still a small error reduction in the effective energy
when going from Nsep ¼ 12 to Nsep ¼ 8. Therefore, we
also choose Nsep ¼ 8 for the N202 ensemble. The results
for the Tcc presented in the next section were all obtained
using this point separation.

C. Results for Tcc

In this section, we present our spectroscopy results
relevant for the Tcc. We begin by analyzing the importance
of local tetraquark operators for extracting the finite-
volume spectrum, then we show their effect on the resulting
DD� s-wave scattering phase shift.

1. Importance of local operators
for finite-volume spectrum

The importance of local tetraquark operators for
extracting the finite-volume ccūd̄, isospin-0, Tþ

1 spectrum
has been discussed in the literature [25,37]. The authors

FIG. 4. Plateau values ET
Nsep

from plateau fits to the effective
energy of the local DD� and diquark-antidiquark two-point
functions vs the point separation Nsep. The plateau values are
normalized with the Nsep ¼ 4 value ET

4 .
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find that these operators, more precisely the diquark-
antidiquark operator, have little effect on the ground-state
energy estimate but a significant impact on that of the first
excited-state energy. In these two works, the rank-4 tensor
Ξ mentioned in Sec. II A was used to compute two-point
functions of local tetraquark operators within distillation.
Because of their cost scaling with N5

v, a smaller number of
eigenvectors was used for the local tetraquark operators
than for the bilocal meson-meson operators. This is differ-
ent in our simulations, where we used the same Nv for all
operators.
For our importance analysis, we used a large basis of

bilocal DD� and D�D� operators in addition to the three
local tetraquark operators defined in Eqs. (27)–(29). The
bilocal DD� operators are constructed from linear combi-
nations of operators of the form

ODD�
i;p ðtÞ ¼

X
x1;x2 ∈Λ3

e−ip·ðx1−x2Þðūγ5cÞðx1; tÞðd̄γicÞðx2; tÞ

− fu ↔ dg; ð31Þ

and the bilocal D�D� operator from

OD�D�
i;p ðtÞ
¼

X
x1;x2∈Λ3

e−ip·ðx1−x2ÞεijkðūγjcÞðx1; tÞðd̄γkcÞðx2; tÞ: ð32Þ

Both were combined with the appropriate momentum
structures to end up in the Tþ

1 irrep (all of them are in
the rest frame). The guiding principle for constructing these
bilocal scattering operators was the following: we included
as many operators as there are (degenerate) noninteracting
energy levels on a given momentum shell.
To systematically investigate the effect of the different

operator types and momentum shells on the spectrum, we
organized the DD� and the D�D� operators on a given
momentum shell in groups that we call

Dð�Þðk2ÞD�ðk2ÞfNopsg; ð33Þ

where k ¼ L
2π p is the integer momentum and Nops is the

number of operators in this group. For the DD� type
operators we used the momentum shells k2 ¼ 0, 1, 2 with
Nops ¼ 1, 2, 3 operators, respectively. For the D�D� we
used k2 ¼ 0, 1 withNops ¼ 1, 2, respectively. In total, those
are nine bilocal meson-meson operators. Together with the
three local tetraquark operators, whose group we call Tf3g,
the basis consists of 12 operators. For our investigation, we
ordered these groups as follows: first the local tetraquark
operators Tf3g, then the Dð�ÞD� operator groups ordered
by increasing noninteracting Dð�ÞD� energy. In this order,
we extended the basis one operator group at a time, and in
each step we extracted the low-lying energies. Then we
repeated the same analysis without the tetraquark operators.

By comparing the different energy estimates, we can
deduce how important a certain operator group is for
obtaining the correct spectrum.
To extract the low-lying energy levels, we used the

variational method outlined in [9]. This means we solved
the GEVP

CðtÞvnðt; t0Þ ¼ λnðt; t0ÞCðt0Þvnðt; t0Þ ð34Þ

for the correlator matrix

CijðtÞ ¼ hOiðtÞOjð0Þ†i; ð35Þ

where Oi are the operators in the given basis. From the
eigenvalues λnðt; t0Þ we computed the effective energy

Eeff;nðtÞ ¼ −
1

a
log

�
λnðtþ a; t0Þ
λnðt; t0Þ

�
ð36Þ

by setting t0=a ¼ ⌈t=ð2aÞ⌉ where ⌈ · ⌉ is the ceiling
function. That way, the condition t0 ≥ t=2 holds, which
ensures a suppression of the excited states with
Oðe−ðENops−EnÞtÞ in Eeff;nðtÞ [9]. The energy levels En could,
in principle, be extracted directly from Eeff;nðtÞ. However,
the En are strongly correlated with the noninteracting DD�
energies. To reduce statistical errors, we therefore extracted
the energies using plateau fits to the effective energy
differences

ΔEeff;nðtÞ ¼ Eeff;nðtÞ −mD
effðtÞ −mD�

eff ðtÞ; ð37Þ

where mD
effðtÞ and mD�

eff ðtÞ are the effective masses of the D
and D� meson, respectively. This gives us the energy
differences ΔEn ¼ En −mD −mD� where mD and mD� are
the D and D� masses. We computed these masses sepa-
rately from plateau fits to mD

eff and mD�
eff to obtain the En.

This method is very similar to performing fits to ratios of
correlators, which can lead to fake plateaus [53]. To avoid
this, we performed fits in a region where both the two-
particle effective energy and the single-particle effective
masses have reached a plateau. This approach was advo-
cated in [54].
The resulting energy estimates for the different operator

bases on the N202 ensemble are shown in the top panels of
Fig. 5. The plot for the ground state energy (top left panel)
shows that the inclusion of local tetraquark operators does
not change the estimate of this level significantly. The result
from just using one bilocal scattering operator already
agrees well with the best estimate from using all 12
operators.
For the first excited state (top right panel), we see that the

energy estimates from only using bilocal operators decrease
in a steplike manner when adding operator groups. On the
other hand, when including the local tetraquark operators,
the energy estimates have already converged when using
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the first three operator groups. When using all bilocal
operators, the resulting energy estimate is still roughly 1σ
away from the 12-operators result. This indicates that the
bilocal scattering operators on their own do not capture the
correct spectrum well. We also see that the local tetraquark
operators on their own do not capture the spectrum
correctly: for both the ground and the first excited state,
the Tf3g result is far away from the 12-operators result.
In a Lüscher analysis, both the two-particle energy levels

and the single-particle masses are important as both enter
the calculation. Consequently, a large correlation between
the two can result in a significant error cancelation.
Therefore, we also analyzed the correlated ratio between
the interacting energies and the threshold energy
mD þmD� . The results are displayed in the lower panels
of Fig. 5. Compared to the upper panels, we see a large

error cancellation, which results in a more significant
difference between the result from the bilocal and the full
operator basis. For both the ground and the first excited state,
we see a steplike decrease in the energy estimates from the
bilocal bases, and they do not reach the 12-operators result.
On the other hand, the bases with local operators result in
energy estimates that stabilize when only including a few
operator groups. Consequently, the best estimates from the
bilocal and the full operator bases differ significantly. For the
ground state, the difference is roughly 2σ and for the first
excited state it is approximately 3σ. Presumably, adding
more Dð�ÞD� operators on higher momentum shells to the
bilocal operator basis would decrease the resulting energies.
However, the bilocal operators become increasingly expen-
sive on higher momentum shells due to the larger number of
momentum combinations.

FIG. 5. Finite-volume ground state (top left) and first excited state (top right) energy estimates from using different operator bases with
and without local tetraquark operators. The x axis denotes the last operator group added to the basis for computing En; groups to the left
were already present (except Tf3g when only bilocal operators are used). The red bands show the results from using all 12 operators.
The lower panels show the same results, but the energy estimates are normalized with the threshold energy using correlated ratios. We
removed the Tf3g energy estimates from the lower plots due to their large values compared to the others. All energies were computed on
the N202 gauge ensemble.
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This type of operator-importance analysis provides a
useful way to test the reliability of the extracted spectrum.
Even without comparing the energy estimates from the
bilocal and the full basis, one can infer that the first excited
state is not reliably determined using only our set of bilocal
operators.
To investigate the individual influence of the two types

of tetraquark operators on the spectrum, we repeated the
operator-importance analysis while omitting either the
diquark-antidiquark operator or the local Dð�ÞD� operators
(results not shown). If fewer operator types are sufficient,
then the construction of correlation functions could be
simplified. For this analysis, we again investigated the
ratios of the lowest two energy level estimates to the
threshold energy on the N202 ensemble. We found that
excluding the local diquark-antidiquark operator from the
operator basis yields energy estimates that are virtually
identical to those obtained when all three tetraquark

operators are included. In contrast, omitting the two local
meson-meson operators results in a step-like decrease in the
first excited state as more bilocal operators are added; when
all nine bilocal operators are used, the remaining difference
is about 0.4σ. For the ground state, this combination of all
bilocal operators and the local diquark-antidiquark operator
also produces a negligible difference relative to the full
operator set. Consequently, using bilocal meson-meson
operators in combination with either the two local meson-
meson operators or the diquark-antidiquark operator is
sufficient to extract the lowest two energy levels accurately.
However, using the local meson-meson operators is more
stable with respect to the number of bilocal operators.
Utilizing the basis consisting of all bilocal operators and

that of all local and bilocal operators, we computed the
estimate of the low-lying finite-volume spectrum on both
ensembles. The results are displayed in Fig. 6. For the
N202, we see the shifts in the energy estimates for the

FIG. 6. Estimate of the finite-volume ccūd̄, isospin-0 spectrum in the Tþ
1 irrep for the operator basis consisting only of bilocal

scattering operators and for the full operator basis including also local tetraquark operators. The energy estimates are normalized with
the threshold energy using correlated ratios. The spectrum is presented for the N202 (left) and the B450 (middle) gauge ensembles. In
addition, energy estimates on B450 computed with a heavier-than-physical charm quark are displayed (right). The horizontal lines
denote the non-interacting Dð�ÞD� energies (with the integer back-to-back momentum squared in the parentheses).
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ground and first excited state that we have already
discussed. Besides those two energy levels, there are also
significant shifts in higher excited states. Especially the
state below the D�D�ð0Þ threshold, whose estimate shifts
by roughly 5σ upon inclusion of local operators. The only
level that is unaffected by the local operators is the state
below the DD�ð1Þ noninteracting level.
On the B450 ensemble, which has a coarser lattice

spacing and a smaller physical volume, the inclusion of
local operators has a smaller impact. The ground state and
the first excited state energy estimates shift by roughly
0.5σ. The two levels close to theD�D�ð0Þ threshold remain
mostly unaffected. The smaller effect of the local operators
on B450 could be due to its smaller physical volume, which
leads to more widely spaced finite-volume energy levels.
Consequently, excited states are more suppressed in the
effective energy.
In Fig. 6 we also show energy estimates on the B450

ensemble that we computed with the heavier than physical
charm quark (cf. Chapter IVA). We include them because
the Tbb tetraquark, which is deeply bound [55,56], arises
from substituting the two charm quarks with bottom
quarks. Local tetraquark operators were found to be
essential for correctly determining the finite-volume spec-
trum of the Tbb, particularly its ground state [25].
Therefore, we expect a stronger binding and a bigger
importance of local tetraquark operators with our heavy
charm quark. This is what we see: the ground state energy
estimate shifts by roughly 1.5σ and that of the first excited
state by 1σ upon including local operators. There is also a
significant shift in the state above the DD�ð1Þ noninteract-
ing level. This shift was already present with the physical
charm quark (not displayed in the plot), but it is enhanced
with the heavier charm quark.
We conclude that both the bilocal operators and the basis

consisting of local and bilocal operators qualitatively
produce the same finite-volume spectrum, i.e., one does
not miss an energy level when not including local tetra-
quark operators. But depending on the gauge ensemble, the
inclusion of local operators can result in significant shifts in
the estimates of some levels. Consequently, not including
them can lead to a considerable systematic error.

2. s-wave Lüscher analysis

To relate our finite-volume spectra to the infinite-volume
s-wave DD� scattering phase shift, we utilized Lüscher’s
quantization condition [8]. We performed a single-channel
s-wave analysis, which means we assumed a negligible
d-wave interaction. In this case, we can obtain the s-wave
scattering phase shift δ0 directly from the c.m. scattering
momentum qcm via the generalized zeta function [57]. In
the rest frame, this relation is given by

qcm cot δ0ðqcmÞ ¼
2ffiffiffi
π

p
L
Z00

�
1;
qcmL
2π

�
; ð38Þ

where qcm is given in terms of the Mandelstam s via

ffiffiffi
s

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2cm þm2

D

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2cm þm2

D�

q
: ð39Þ

Our finite-volume spectra were obtained in the rest frame,
so in our case s ¼ E2.
We measured a deviation from the continuum dispersion

relation for the D and the D� meson on the two ensembles
that we used. Therefore, we employed a modified disper-
sion relation given by λp2 þm2, with a parameter λ ≤ 1.
This modification can be derived from Symanzik effective
field theory in the limit of small momenta, and it has
already been used, e.g., in [58]. It results in the following
equation for qcm:

ffiffiffi
s

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λDq2cm þm2

D

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λD�q2cm þm2

D�

q
: ð40Þ

The solution is

q2cm ¼ s
ðλD − λD� Þ2

"
λD þ λD� þ ðλD − λD� Þm

2
D� −m2

D

s

− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλD − λD� Þ λDm

2
D� − λD�m2

D

s
þ λDλD�

r #
; ð41Þ

which has the correct limit for λD; λD� → 1.
We obtained the two correction factors λD and λD� from a

constant fit to ðEDð�Þ ðpÞ2 −m2
Dð�Þ Þ=p2 where EDðpÞ and

ED� ðpÞ are the D and D� energies for momentum p. We
choose the fit range ð L

2πÞ2p2 ¼ 1, 2, 3. The resulting values
are listed in Table II.
For single-channel DD� scattering, Lüscher’s quantiza-

tion condition is valid between the u-channel cut coming
from the one pion exchange (at q2cm ≈ −m2

π=4) and the
D�D�ð0Þ threshold. Therefore, we only used the lowest two
energy levels on both the B450 and the N202 ensemble for
our analysis. The third level on N202 could, in principle,
also be used, but it is strongly influenced by the d wave.
The resulting qcm cot δ0 are displayed in Fig. 7. As

expected, the shifts in the estimates of the finite-volume
energies upon inclusion of local operators also appear in the
estimate of the phase shift. We see that the improved
spectrum results in a better agreement between N202 and
B450. The analysis without local operators would have

TABLE II. Correction factors for the modified dispersion
relation.

Ensemble λD λD�

B450 0.928(7) 0.91(1)
N202 0.968(4) 0.965(6)
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suggested a large discretization effect, and this is
reduced now.
Our results indicate an intersection of qcm cot δ0 at

positive
ffiffiffiffiffiffiffiffiffiffiffi
−q2cm

p
, which corresponds to a virtual bound

state. However, the presence of the nearby left-hand cut
(u cut) may distort this [25,59–62]. We plan to investigate
this in future work.

V. CONCLUSION

We have presented a position-space sampling method for
local multiquark operators within the distillation frame-
work that avoids a strong cost scaling of the contractions
with the physical volume. It is an unbiased stochastic
estimator for correlators that uses randomly displaced
sparse grids to compute the momentum projection. It
allows combining local multiquark operators and bilocal
scattering operators in a variational analysis.
We investigated the variance of this estimator as a

function of the point separation in the sparse grids. We
did this for single-meson and -baryon operators but also for
local tetraquark operators relevant for the Tcc tetraquark.
For these operators, we can use a large point separation
while still getting a statistical error that is dominated by the

Monte Carlo error. This makes local multiquark operators
affordable in large physical volumes.
For the Tcc, we analyzed the importance of local

tetraquark operators for computing the finite-volume spec-
trum. To that end, we investigated the convergence of the
energy-level estimates upon enlarging a basis consisting of
purely bilocal operators and one that also includes local
operators. We find qualitative agreement between the
spectra obtained from the two bases. However, we observe
a fast convergence when using the mixed basis, whereas
with the bilocal basis, the energy estimates converge more
slowly. Depending on the gauge ensemble, the estimates of
several energy levels shift significantly upon inclusion of
local operators. Finally, we performed a single-channel
s-wave Lüscher analysis for the spectra from the bilocal
and the full operator basis to compare the resulting DD�
phase shifts.
We conclude that not including local tetraquark oper-

ators in an analysis of the Tcc can lead to significant
systematic errors. Future work will extend this analysis also
to the moving frame and will include multiple physical
volumes and lattice spacings.
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FIG. 7. Estimates of the s-wave DD� scattering phase shift in
terms of qcm cot δ0ðqcmÞ for the full and the bilocal operator basis
and for both gauge ensembles. The c.m. scattering momenta qcm
are normalized with the pion mass mπ . The green dashed line
displays the pole condition qcm cot δ0ðqcmÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffi
−q2cm

p
and the

vertical gray dashed line shows the start of the u-channel cut.
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