
Hamiltonian lattice QED3 with one and two flavors of Wilson fermions:
Topological structure and response

Sriram Bharadwaj ,2 Emil Rosanowski,3 Simran Singh ,3 Alice Di Tucci,4 Changnan Peng ,5

Karl Jansen,4,6 Lena Funcke ,3 and Di Luo 1,7,8,*

1State Key Laboratory of Low-Dimensional Quantum Physics and Department of Physics,
Tsinghua University, Beijing 100084, China

2Mani L. Bhaumik Institute for Theoretical Physics, Department of Physics and Astronomy,
University of California, Los Angeles, California 90095, USA

3Transdisciplinary Research Area “Building Blocks of Matter and Fundamental Interactions”
(TRA Matter) and Helmholtz Institute for Radiation and Nuclear Physics (HISKP), University of Bonn,

Nussallee 14-16, 53115 Bonn, Germany
4Deutsches Elektronen-Synchrotron DESY, Platanenallee 6, 15738 Zeuthen, Germany

5Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
6Computation-Based Science and Technology Research Center, The Cyprus Institute,

20 Kavafi Street, 2121 Nicosia, Cyprus
7Frontier Science Center for Quantum Information, Beijing 100084, China
8Institute of Advanced Study, Tsinghua University, Beijing 100084, China

(Received 6 July 2026; accepted 10 September 2026; published 5 November 2026)

The quantum simulation of topological phases in ð2þ 1ÞD quantum electrodynamics with Wilson
fermions provides a promising route toward realizing topological phenomena in near-term lattice
experiments. We show that the commonly used staggered-fermion discretizations in Hamiltonian gauge
theories possesses an exact time-reversal symmetry, which forbids the emergence of nontrivial topological
phases and has led to confusion in the existing literature. In this work, we resolve this obstacle by
systematically analyzing fermion discretization effects in ð2þ 1ÞD lattice Hamiltonians of fermions
coupled to U(1) gauge fields that satisfy Gauss’s law. We show that Wilson fermions, already in the
minimal one-flavor theory, naturally enable topological regimes with nonzero Chern numbers, and that the
two-flavor extension at finite chemical potential further enriches the accessible topological structure. We
develop gauge-invariant diagnostics of topological response, including many-body Chern numbers and
current correlators that remain robust probes at weak coupling. Finally, through extensive exact
diagonalization calculations across both flavor settings, we characterize the spectrum, correlators, and
topological invariants, providing a concrete foundation for near-term quantum simulations of topological
phases in lattice field theories. The implications of this work for quantum simulations of lattice field theory
are analyzed in a joint submission [S. Bharadwaj et al., Companion letter, Phys. Rev. Lett. 137, 191604
(2026).].

DOI: 10.1103/kc9m-xv9h

I. INTRODUCTION

Quantum simulation is rapidly becoming a leading
paradigm for accessing nonperturbative regimes of
quantum field theories, offering a controlled route to
strongly correlated dynamics that remain inaccessible to
classical computation. In this context, ð2þ 1ÞD quantum

electrodynamics (QED3) occupies a special position: it
provides one of the simplest interacting gauge theories with
confinement and chiral phenomena, while also supporting
the possibility of intrinsically topological gauge responses
relevant to condensed-matter realizations. Recent progress
in quantum hardware, together with advances in tensor-
network and neural-network representations of gauge-
invariant states, has made Hamiltonian lattice formulations
of QED3 a particularly promising target for near-term
experiments. A central remaining difficulty, however, is
to construct lattice gauge models that simultaneously
respect Gauss’s law, faithfully encode fermionic dynamics,
and capture the emergence of topological structure beyond
perturbative continuum arguments. Establishing such a
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framework is essential for turning QED3 into a practical
platform for quantum simulation of interacting topological
phases.
An important theoretical challenge in Hamiltonian lattice

QED3 is to understand how topological phenomena depend
on the choice of fermion regularization once Gauss’s law is
imposed microscopically. Although staggered fermions are
frequently adopted in quantum simulation proposals, their
capability to realize lattice topological phases has remained
unsettled, giving rise to contradictory claims regarding
Chern numbers and Chern–Simons physics in (2þ 1)
dimensions. Here we show that this ambiguity has a simple
origin: staggered fermions in the Hamiltonian gauge-
invariant setting exhibit an exact time-reversal constraint
that excludes nontrivial topological phases. We then dem-
onstrate that Wilson fermions provide a natural route
toward topological phases, and that both the minimal
one-flavor formulation and its two-flavor generalization
at finite chemical potential support a substantially richer
topological landscape. This enables a unified characteri-
zation of the resulting topological structure through gauge-
invariant invariants and response functions, including
many-body Chern numbers and current-based correlators.
Together with extensive exact diagonalization calculations
in both flavor sectors, our analysis establishes Wilson-
fermion QED3 as a concrete and experimentally relevant
framework for accessing topological response in quantum
simulations of gauge theories.
In this work,1 we systematically explore the role of

fermion discretization in the emergence of topological
phases in ð2þ 1ÞD lattice Hamiltonians of fermions
coupled to U(1) gauge fields that satisfy Gauss’s law.
First, we demonstrate that staggered fermions fail to
support nontrivial topological phases, providing a resolu-
tion to the existing confusion in the literature. Second, we
show that Wilson fermions, with both one- and two-species
in the presence of finite chemical potential, naturally
support a variety of topological phases, including Chern
insulator and quantum spin Hall with nonzero Chern
numbers in the weak coupling limit. This analysis provides
a theoretical foundation for constructing lattice gauge
models that accurately encode topological effects in quan-
tum simulations. Furthermore, we analyze current corre-
lators, and show that they are robust probes for the
existence of topological phases at weak coupling.
Finally, we carry out a detailed numerical study for both
the one- and two-flavor cases, including the spectrum,
current-correlators, and the many-body Chern number via
exact diagonalization. Our results offer a crucial step
toward realizing near-term quantum simulations of topo-
logical phases of gauge theories.

This paper is organized as follows. In Sec. II we establish
the time-reversal symmetry of staggered fermions in ð2þ
1ÞD Hamiltonian gauge theories, which forbids the emer-
gence of topological phases. In Sec. III we introduce the
one-flavor Wilson-fermion Hamiltonian coupled to U(1)
gauge fields and characterize its topological phases via the
Chern number. In Sec. IV we extend the analysis to two
flavors at finite chemical potential and show that this theory
hosts both integer quantum Hall (IQH) and quantum spin
Hall (QSH) effects. In Sec. V we define and compute the
many-body Chern number in the gauge-invariant Hilbert
space and analyze its perturbative robustness at finite gauge
coupling. In Sec. VI we develop gauge-invariant current
correlators as probes of topological response. In Sec. VII
we present our exact diagonalization results for spectra,
current correlators, and the many-body Chern number. In
Sec. VIII, we provide a systematic analysis of truncation
and finite-size effects. In Sec. IX, we discuss the implica-
tions of our work for near-term quantum simulation.

II. TIME-REVERSAL SYMMETRY AND
TOPOLOGICAL PHASES

In this section, we explain the relation between time-
reversal symmetry and topological phases characterized by
a Chern number and highlight an apparent conflict between
the continuum and the lattice.
In the continuum, the theory of a single Dirac fermion

coupled to a U(1) gauge field exhibits the so-called parity
“anomaly,”2 which is manifest in its effective low-energy
Chern-Simons description. In other words, since charge
conjugation is a UV symmetry and charge conjugation,
parity and time-reversal (CPT) is always a symmetry, both
time-reversal and parity are broken explicitly in the
continuum. In contrast, we show below that the lattice
Hamiltonian formulation of a single staggered fermion
coupled to a U(1) gauge field is time-reversal invariant,
implying that the Chern number of the Berry curvature
vanishes. Therefore, the low-energy limit of staggered
fermions is always in a topologically trivial phase with a
vanishing Chern-Simons level.
Consider a theory of ð2þ 1ÞD staggered one-component

complex fermions χr coupled to U(1) gauge fields UkðrÞ
with k ¼ x, y. We will always treat time as a continuum
variable with space-time signature ðþ;−;−Þ and space as
an L × L square lattice with periodic boundary conditions
and unit lattice-spacing. The fermionic Hamiltonian is

Hs ¼
X
r

�
i
2
χ†rþx̂UxðrÞχr −

ð−Þiþj

2
χ†rþŷUyðrÞχr

�
þ H:c:

þm
X
r

ð−Þiþjχ†rχr; ð2:1Þ

1This manuscript provides the detailed analysis and additional
results for a joint submission; see Ref. [1] for a complementary
presentation.

2This is not an anomaly, but rather an explicit breaking. This
terminology is simply a convention (see Chap. 8 of [2]).
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where r ¼ ði; jÞ labels the sites. The local charge-density

operator is defined as Qs
r ¼ χ†rχr −

1−ð−Þiþj

2
. Since we are

analyzing the IR physics, we seek an effective Hamiltonian
that correctly models the ground-state of the theory
including the symmetries. In particular, the ground state
must satisfy lattice-translational symmetry, as required by
the continuum limit. Exact diagonalization of small sys-
tems (e.g., L ¼ 4) shows the existence of the following
staggered charge pattern Qs

i;j ¼ Qs
iþ1;jþ1;Q

s
i;jþ1 ¼ Qs

iþ1;j

for any site r ¼ ði; jÞ provided the gauge fields on the links
satisfy UkðrÞ ¼ Ukðrþ hÞ ¼ Ukðrþ dÞ, where h ¼ ð2; 0Þ,
d ¼ ð1; 1Þ. Hence, we take the unit cell to be spanned by
the vectors fh; dg [3].3 In this language, the Hamiltonian is

Hm ¼ m
X
r

½ψ†
a;rψa;r − ψ†

b;rψb;r� ð2:2Þ

Hhop ¼
1

2

X
r

½ieiϕ1ψ†
b;rψa;r þ ie−iϕ3ψ†

b;r−hψa;r

− eiϕ4ψ†
b;r−hþdψa;r þ e−iϕ2ψ†

b;r−dψa;r� þ H:c:;

ð2:3Þ

where we call the sites a if (iþ j) is even or b when (iþ j)
is odd. In Fourier space, the total Hamiltonian is

H ¼
X
k

b†kFak þ H:c:þm
X
k

½a†kak − b†kbk�; ð2:4Þ

where F¼ 1
2
ðieiϕ1 þ ie−iϕ3þ2ikx −eiϕ4þikx−iky þe−iϕ2þikxþikyÞ

and

ψ r;a ¼
1

L

X
k

eik·rak ψ r;b ¼
1

L

X
k

eik·rbk: ð2:5Þ

Decomposing into real and imaginary parts F ¼ Hs
x þ iHs

y

with Hs
z ¼ m, this may trivially be reorganized into (2.6).

Hence, the low-energy Hamiltonian is

Hs ¼
X
k

�
ak
bk

�†
½Hs

xσ
x þHs

yσ
y þHs

zσ
z�
�
ak
bk

�
; ð2:6Þ

where Hs
z ¼ m, and the other coefficients are straightfor-

ward to compute but will not be needed here. Unlike the
two-band Chern insulator model, Hs

z is independent of the
momenta. Hence, there exists a globally well-defined
Chern connection, leading to zero ground-state Chern
number for any m ≠ 0. When m ¼ 0, the theory is gapless.
Stated differently, time reversal symmetry acts as
ψðrÞ → ð−ÞiþjψðrÞ†, which leaves the Hamiltonian (2.6)

invariant. This invariance guarantees the vanishing of the
Chern number in the ground state.
These observations can be rephrased in terms of fer-

mionic doublers. The continuum theory of two Dirac
fermions coupled to a U(1) gauge field is time-reversal
invariant, provided that the two masses are equal and
opposite. On the lattice Hamiltonian side, the staggered
fermion formulation reduces the doublers from four to two
but does not eliminate them entirely. Due to the staggered
mass, these two modes have equal and opposite mass,
making the theory time-reversal invariant. To construct a
time-reversal-breaking Hamiltonian theory of a single
doubler-free fermion coupled to a U(1) gauge field, we
use Wilson fermions. The Wilson term removes all
doublers in the Hamiltonian formulation and breaks
time-reversal symmetry explicitly. This is consistent with
well-known results from the Lagrangian formulation on the
topological phases of Wilson fermions, as we will establish
shortly.

III. TOPOLOGICAL PHASES OF Nf = 1 QED3

In this section, we analyze the topological phase diagram
of QED3 with Nf ¼ 1 Wilson fermion. The Hamiltonian
HQED3

¼ Hf þHm þ e2HE − 1
e2 HB for this theory in tem-

poral gauge is given below

HB ¼
X
r

cosBðrÞ

HE ¼ 1

2

X
k;r

EkðrÞ2

Hm ¼ ðmþ 2RÞ
X
r

ψ†
rγ0ψ r

Hf ¼ 1

2

X
r

½ψ†
rγ0ðiγk þ RÞψ rþk̂UkðrÞ þ H:c:�;

where the link variables are UxðrÞ ¼ eiXr , UyðrÞ ¼ eiYr and
BðrÞ ¼ Xr þ Yrþx̂ − Xrþŷ − Yr. Moreover, we have the
canonically conjugate electric and magnetic fields

½EkðrÞ;Ulðr0Þ� ¼ eδk;lδr;r0UkðrÞ: ð3:1Þ

For future convenience, let us define the lattice derivative
operators:

Δþ
k;rfðrÞ¼fðrþ k̂Þ−fðrÞ Δ−

k;rfðrÞ¼fðrÞ−fðr− k̂Þ:
ð3:2Þ

The Gauss-law constraint can be phrased in terms of a local
operator GðrÞ that commutes with the full Hamiltonian
HQED3

:

GðrÞ ¼ Δ−
k;rEkðrÞ −QðrÞ; ð3:3Þ

3Note that this is the same pattern reported in [3]. The main
difference here is that we also have a staggered hopping term,
while, in [3], only the mass term is staggered.
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where QðrÞ ¼ ψ†
rψ r is the local charge-density operator.

The simultaneous diagonalizability ofH andG implies that
the Hilbert-space decomposes into eigenspaces of the
Gauss-law operator G. Our goal will be to project onto
the zero eigenspace in this decomposition. In other words,

jψi∈Hphys ⇔ GðrÞjψi ¼ 0 for all r: ð3:4Þ

Averaging over the group of all Gauss’s law operators, we
define a projector P onto the physical Hilbert space Hphys,
which commutes with the full Hamiltonian. A state
jψi∈Hphys iff Pjψi ¼ jψi.
Since we are interested in quantum simulations, we will

often be interested in ZN truncations of the above gauge
theory. Explicitly, we use an exponentiated form of the
Gauss constraint, defined in terms of Gr ¼ ei

2π
NGðrÞ, of which

L2 − 1 are independent due to the global constraint. The
group GðNÞ (resp. G) of Gauss’s law operators is ZL2−1

N

(resp. Uð1ÞL2−1). Hence, we may define the normalized
projector P onto the gauge-invariant subspace Hphys as

P ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
jGðNÞj

q X
G∈GðNÞ

G: ð3:5Þ

Our strategy for the remainder of this section is as
follows. First, we explain why the gauge background is
trivial (i.e. Uk ¼ 1 for k ¼ x, y) at weak-coupling, and
solve the free-fermion theory, which exhibits nontrivial
topological phases. Second, we uplift this solution to be
gauge-invariant using the Gauss-projector P, which does
not change the spectrum or location of gapless transition
points. Next, we explain why this solution represents the
true ground state in the so-called trivial-flux sector, to be
defined below. In addition, we prove that the topological
phase diagram that we find here is consistent both with the
lattice Lagrangian formulation and the continuum limit. We
close the section with an analysis of time-reversal
symmetry.

A. Flux-symmetry at weak coupling

To analyze the spectrum and topological phases at weak
coupling, we identify the maximally commuting part of the
Hamiltonian, which we regard as the “unperturbed”
Hamiltonian H with perturbation H0:

H ¼ HB þHf þHm; H0 ¼ HE: ð3:6Þ

Since the terms in H are mutually commuting, we may
simultaneously diagonalize the above Hamiltonian.
Furthermore, the weakly coupled limit has an emergent
Uð1Þx × Uð1Þy global symmetry that greatly assists in the
analysis of topological phases. In particular, the noncon-
tractible Wilson lines, given by

Wx ¼
Y
x

Uxðx; 0Þ Wy ¼
Y
y

Uyð0; yÞ; ð3:7Þ

commute with the unperturbed Hamiltonian H,
i.e. ½Wk; H� ¼ 0.
In the discussions to follow, we focus on the trivial-flux

sector defined by ðWx;WyÞ ¼ ð1; 1Þ. The ground-state in
this superselection sector exhibits a nontrivial topological
phase diagram, which we show is consistent with the IR
phase diagram in the lattice Lagrangian formulation as well
as the continuum limit. Therefore, in the thermodynamic
limit, the ground state of the trivial-flux sector is expected
to converge to the unique ground state of the continuum
theory (see Sec. VIII).
To show that the flux constraint is compatible with gauge

symmetry, we show ½Wk;GðrÞ� ¼ 0 for any r assuming
periodic boundary conditions

½Gðx0; 0Þ;Wx�
¼

X
x

h
Exðx; 0Þ − Exðx − 1; 0Þ;

Y
x0
Uxðx0; 0Þ

i
¼

X
x

½Exðx; 0Þ;Uxðx; 0Þ�
Y
x0≠x

Uxðx0; 0Þ

−
X
x

½Exðx − 1; 0Þ;Uxðx − 1; 0Þ�
Y

x00≠x−1

Uxðx00; 0Þ ¼ 0;

ð3:8Þ
which vanishes due to periodic boundary conditions. This
argument holds for any lattice size L and both ZN or U(1)
gauge groups provided the gauge fields satisfy periodic
boundary conditions. A parallel argument works for Wy.

B. The Hamiltonian in the trivial flux sector

We take the spatial lattice to be L × L (with periodic
boundary conditions), and each site contains a single
Wilson fermion, which corresponds to two complex
degrees of freedom. In total, we have 2L2 complex degrees
of freedom. Explicitly, take Ψ ¼ ðψ1;1;ψ2;1;…;ψL;1;…;
ψ1;L;ψ2;L;…;ψL;LÞT , which is a 2L2-vector. In this nota-
tion, the Hamiltonian may be put in the following form:

Hf ¼ Ψ†HRΨ: ð3:9Þ
Hence, the Hamiltonian Hf is associated to a Hermitian
matrix in real-spaceHR of size 2L2 × 2L2. Since the above
Hamiltonian, is gauge invariant, i.e. ½P; Hf� ¼ 0, the 2L2

real eigenvalues must also be gauge invariant. In other
words, when this Hamiltonian is diagonalized with a fixed
gauge field configuration

ðX; YÞ ≔ fðXx;y; Yx;yÞji; j ¼ 0;…; ðL − 1Þg; ð3:10Þ

we find 2L2 real eigenvalues E�
x;y which are functions of the
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gauge-equivalence classes or orbits ½ðX; YÞ�, defined by the
equivalence relation on the gauge Hilbert space HG

ðX; YÞ ∼ ðX0; Y 0Þ ⇔ ∃G∈G∶jX; Yi ¼ GjX0; Y 0i: ð3:11Þ

Written explicitly, we have

E�
x;yð½ðX; YÞ�Þ ¼ E�

x;yðX; YÞ: ð3:12Þ

Hence, to solve for the ground-state in the trivial-flux sector
with Wx ¼

Q
x e

iXx;0 ¼ 1 and Wy ¼
Q

y e
iY0;y ¼ 1, we

simply need to identify one representative ðX�; Y�Þ of
the gauge-orbit ½ðX�; Y�Þ� which minimizes the fermionic
energy at half filling. Once such an element is identified,
we can easily reconstruct the gauge-invariant solution
P½jfðX�; Y�Þi ⊗ jX�; Y�i�.
In the following sub-subsection, we present an argument

to show that this representative may be chosen to be
ðX�; Y�Þ ¼ ð0L; 0LÞ provided we restrict to the superselec-
tion sector of H labeled by ðWx;WyÞ ¼ ð1; 1Þ. We empha-
size that this is a valid choice at weak-coupling because
½Wx; H� ¼ ½Wy; H� ¼ 0, where H ¼ Hf þHm − 1

e2 HB.
For larger couplings, this approximate symmetry does
not exist because ½HE;Wk� ≠ 0 is no longer small. This
argument is exemplified in the simplest possible setting of a
2 × 2 spatial lattice with Z2 gauge fields. We have verified
the correctness of this choice for larger systems L ¼ 4, 6 as
well as higher truncations N ¼ 3, 4. In the final sub-
subsection, we use this gauge choice to rewrite the
Hamiltonian in momentum-space, which allows us to
compute the fermionic ground state and hence characterize
topological phases.

1. Details on the 2 × 2 case with Z2 gauge fields

The gauge-parts of physical states are labeled as
jX11;X21;X12;X22;Y11;Y21;Y12;Y22i, where eiπXij ; eiπYij ∈
Z2 ≅ f−1;þ1g,4 which may be regarded as eigenvalues in

the Pauli-Z basis. The Gauss constraint may be phrased in
terms of the exponentials Gr of the operators GðrÞ,
represented by Pauli-X operators (the superscript denotes
the orientation of the links):

Gij ¼ ðσxÞðxÞij ðσxÞðxÞi−1;jðσxÞðyÞij ðσxÞðyÞi;j−1e
−iπψ†

i;jψ i;j : ð3:13Þ

The group of Z2-Gauss’s law operators Gð2Þ is generated by
ðL2 − 1Þ of the Gauss’s law operators, since the last vertex
imposes a redundant constraint. Hence, we have

Gð2Þ ¼ hG11;G12;G21i
¼ f1;G11;G12;G21;G11G12;G12G21;G11G21;G11G12G21g
≅ Z2 × Z2 × Z2: ð3:14Þ

This will be crucial for diagonalizing the real-space
Hamiltonian HR in (3.9).
As previously mentioned, we can only determine a set of

gauge configurations that minimize the fermionic energy
up to the equivalence relation (3.11). This may be explicitly
confirmed in the 2 × 2 Z2 case by looping over all allowed
gauge configurations, which yields a set of 8 gauge
configurations that are related precisely by elements of
Gð2Þ—all of which minimize the energy of the fermionic
ground state. Explicitly, label the sites by pairs r ¼ ðx; yÞ
with x, y ¼ 1, 2. It is convenient to define

Mx ¼ γ0ðiγx þ R12Þ; My ¼ γ0ðiγy þ R12Þ: ð3:15Þ

Furthermore, we define

Uxðx; yÞ ¼ eiXx;y Uyðx; yÞ ¼ eiYx;y ð3:16Þ

and Mx;y
x ¼ MxeiXx;y ;Mx;y

y ¼ MyeiYx;y . The hopping
Hamiltonian, including contributions from theWilson term,
Hhop is

1

2

0
BBBBBBB@

0 M11
x þ ðM21

x Þ† M11
y þ ðM12

y Þ† 0

M21
x þ ðM11

x Þ† 0 0 M21
y þ ðM22

y Þ†
M12

y þ ðM11
y Þ† 0 0 M12

x þ ðM22
x Þ†

0 M22
y þ ðM21

y Þ† M22
x þ ðM12

x Þ† 0

1
CCCCCCA; ð3:17Þ

where Ψ ¼ ðψ11;ψ21;ψ12;ψ22Þ, HR ¼ Hhop þHmass and

Hmass ¼ ðmþ 2RÞΨ†½14 ⊗ σ3�Ψ: ð3:18Þ

4Note that we have moved to a convention where Xx;y; Yx;y are 0 or 1 since the gauge group is Z2.
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Since we are interested in the weak-coupling limit, where
e2 → 0, it is crucial to include the kinetic term for the
magnetic field

−
1

e2
Hmag ¼ −

1

e2
½cosðπðX21 þ Y21 − X12 − Y12ÞÞ

þ cosðπðX21 þ Y12 − X22 − Y21ÞÞ
þ cosðπðX12 þ Y22 − X21 − Y12ÞÞ
þ cosðπðX22 þ Y12 − X21 − Y22ÞÞ�18: ð3:19Þ

The role of this term is to penalize those plaquettes that do
not satisfy cosB ¼ 1, since they are suppressed at weak
coupling. For a ZN gauge theory, the electric term may be
dropped since it isOðe2Þ, while the magnetic term above is
Oðe−2Þ and the fermionic terms are Oð1Þ.5 Stated differ-
ently, we are restricting to the unperturbed problem
H ¼ Hf þHm − 1

e2 HB.
Lastly, we project to the trivial flux sector where

Wx ¼ Wy ¼ 1. This is valid as we are in the weak coupling
sector, where these operators commute with the
Hamiltonian H. Diagonalizing HR this Hamiltonian by
looping over all 28 gauge-configurations, we find that the
following 8 gauge-states are “degenerate” [in the sense that
gauge-redundant due to the equivalence relation (3.11)] and
minimize the fermionic energy for any value of ðmþ 2RÞ:

fj00000000i; j00001111i; j00110101i; j00111010i;
j11000101i; j11001010i; j11110000i; j11111111ig:

ð3:20Þ

It is straightforward to verify these eight elements belong to
a single gauge-orbit and are related by the eight elements of
Gð2Þ ¼ ðZ2Þ3 in (3.14). Hence, in the ground state of the
trivial flux sector, one may set the gauge fields to zero up to
gauge transformations. With the above understanding, we
may pick a gauge where Xr ¼ Yr ¼ 0 since the spectrum
itself is invariant under gauge transformations of this
configuration.
We have verified this finding for L ¼ 4, 6 and N ¼ 3, 4

with a similar approach, but do not spell out these examples
here for simplicity. We emphasize here that this gauge
choice does not trivialize gauge-dynamics, as we eventually
also incorporate the effects of the perturbation HE, which
does not commute with H orWk. However, at this stage, in
the weak coupling limit, the gauge fields and fermions
decouple up to gauge transformations, which allows for an
exact solution.

2. The L × L case in momentum space

Having fixed the gauge-background ðX�; Y�Þ ¼ ð0L; 0LÞ
in the trivial flux sector, we now use the Fourier transform
of the fermions to rewrite the Hamiltonian, which will
allow us to solve for the ground-state in the trivial-flux
sector at weak-coupling. Explicitly

ψ r ¼
1ffiffiffiffi
N

p
X
k∈B

eik·rψk; ð3:21Þ

where B is the Brillouin zone. This implies

Hf ¼ 1

2

X
r

½ψ†
rþx̂Mxψ r þ ψ†

rþŷMyψ r� þ H:c:

¼ 1

2

X
k

ψ†
k½e−ikxMx þ e−ikyMy þ H:c:�ψk: ð3:22Þ

Decomposing Mx and My into the Pauli matrices, we get
three distinct contributions

Hx¼ sinkx Hy¼ sinky Hð1Þ
z ¼RcoskxþRcosky:

ð3:23Þ

The mass term takes the following form:

Hm ¼ ðmþ 2RÞ
X
r

ψ†
rσzψ r ¼ ðmþ 2RÞ

X
k

ψ†
kσ

zψk;

ð3:24Þ

which gives a second contribution to the z-component

Hð2Þ
z ¼ ðmþ 2RÞσz; ð3:25Þ

where we now defineHz ¼ Hð1Þ
z þHð2Þ

z . To summarize the
Hamiltonian in momentum space is

H ¼
X
k

ψ†
kHðkx; kyÞψk; ð3:26Þ

with Hðkx; kyÞ ¼ Hxσ
x þHyσ

y þHzσ
z. From here on, let

us define M ≡mþ 2 and set R ¼ 1. Then we have

Hz ¼ M þ cos kx þ cos ky: ð3:27Þ

This derivation and the argument for setting the gauge
fields to zero up to gauge transformations fill the missing
link between the low energy limit of Wilson fermions
coupled to a U(1) gauge field and the Chern insulator
Hamiltonian suggested in [4]. In fact, H is simply the
Qi-Wu-Zhang model [5] in condensed matter.5This heuristic holds only when the theory is gapped.
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C. The unperturbed trivial-flux spectrum

The Hamiltonian may be diagonalized by a unitary
transformation

HðkÞ ¼ UðkÞ†HðDÞðkÞUðkÞ; ð3:28Þ

where HðDÞ ¼ diagðE−ðkÞ; EþðkÞÞ. It is convenient to
define

ψ̃k ¼ UðkÞψk ¼
�
ψk−

ψkþ

�
: ð3:29Þ

Then the Hamiltonian takes the simple form

H ¼
X
k

½E−ðkÞψ†
k−ψk− þ EþðkÞψ†

kþψkþ�; ð3:30Þ

where E�ðkx; kyÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

x þH2
y þH2

z

q
¼ �jHj, viewing

H ¼ ðHx;Hy;HzÞ as a vector. The band gap between the
two levels is

Δðkx; kyÞ ¼ Eþðkx; kyÞ − E−ðkx; kyÞ ¼ 2jHj: ð3:31Þ

The eigenstate for the lower band is

juð1Þ− i ¼ 1

N 1−

�
Hz − jHj
Hx þ iHy

�
; ð3:32Þ

which is singular when Hx ¼ Hy ¼ 0 and Hz > 0 (N 1− is
a normalization constant). This occurs when

ðkpx; kqyÞ ¼ ðpπ; qπÞ with p; q∈ f0; 1g ð3:33Þ

and

Hzðkpx; kqyÞ ¼ M þ ð−1Þp þ ð−1Þq > 0: ð3:34Þ

At this singularity in the Brillouin zone B, we must use an
alternative eigenstate that is nonsingular and gauge-equiv-
alent to uð1Þ− , i.e.

juð2Þ− i ¼ 1

N 2−

�
Hx þ iHy

Hz þ jHj

�
¼ eiλ−ðkx;kyÞjuð1Þ− i; ð3:35Þ

where N 2 is a normalization constant and

eiλ−ðkx;kyÞ ¼
�
Hz þ jHj
Hx þ iHy

����� Hz þ jHj
Hx þ iHy

����−1: ð3:36Þ

This wave function is complementary in the sense that it is
singular when Hx ¼ Hy ¼ 0 and Hz < 0. An analogous
expression exists for λþ, but we will not need its
explicit form.

The fermionic vacuum-state jfi is represented as

jfi ¼ ⊗
k∈B

ψ†
k−j∅i ¼ ⊗

L−1

n;m¼0
ju−ðkn;mÞi; ð3:37Þ

with j∅i being the state with no particles and kn;m ¼
ð2πn=L; 2πm=LÞ where n;m ¼ 0; 1;…; ðL − 1Þ. In
Eq. (3.37), the subtlety regarding whether we use uð1Þ− or
uð2Þ− is left implicit.

D. Calculation of the Chern number

To characterize the IR topological phases, we use the
first Chern number of the following U(1) connection and
curvature (not to be confused with the gauge field)6

aðlÞi ¼ −ihuðlÞ− j∂ki juðlÞ− i; bi ¼ ð∇ × aðlÞÞi: ð3:38Þ

A few comments are in order.
(1) When the mass M > 2, infBHz > 0 for any choice

of the momenta and the juð2Þ− i is globally well
defined: this phase is topologically trivial.

(2) Similarly, when M < −2, supBHz < 0 for any
choice of momenta and juð1Þ− i is globally well
defined: this phase is topologically trivial.

(3) On the other hand, when jMj < 2, we expect to see
topological phases with nonzero Chern numbers
since the two eigenstates juð1;2Þ− i are patched together
by the nontrivial gauge transformation λ.

To identify the topological phases, we note the following
sign structure for Hz at the singular points ðkpx; kqyÞ.
(1) Hzðk0x; k0yÞ ¼ M þ 2 > 0 for any M > −2.
(2) Hzðk1x; k0yÞ ¼ Hzðk0x; k1yÞ ¼ M > 0 if M > 0.
(3) Hzðk1x; k1yÞ ¼ M − 2 > 0 for any M > 2.
Using the above inputs, we may evaluate the Chern

number. For any −2 < M < 0, we must use the eigenstate
uð2Þ− in a neighborhood of the ðp; qÞ ¼ ð0; 0Þ point, and uð1Þ−
in its complement in B. Calling the common boundary
contour γ, the first Chern number of b is

c1½b� ¼
Z
B

b
2π

¼ 1

2π

Z
γ
ð−að1Þ þ að2ÞÞ ¼

Z
γ

dλ
2π

; ð3:39Þ

where we have used Stokes’ theorem, and the fact that the
two connections differ by the gauge transformation λ.
Parametrizing the curve γ by an angle θ∈ ½0; 2π�,

c1½b� ¼
λð2πÞ − λð0Þ

2π
: ð3:40Þ

Supposing that γ is a small loop around ðkx; kyÞ ¼ ð0; 0Þ,
we Taylor expand as follows:

6Note the independence of b on the index l, which follows
from U(1) gauge-invariance.
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Hx ¼ kx þOðk2xÞ; Hy ¼ ky þOðk2yÞ: ð3:41Þ

Since (3.39) is manifestly coordinate invariant, we are free
to evaluate it in any choice of coordinates. Hence,

eiλ ¼ jHx þ iHyj
Hx þ iHy

¼ jkx þ ikyj
kx þ iky

þOðk2Þ ¼ e−iθ þOðk2Þ;

ð3:42Þ

where we have switched to polar coordinates ðk; θÞ. This
yields λ ¼ −θ. Hence,

c1½b� ¼ −1 for any M∈ ð−2; 0Þ: ð3:43Þ

For any 0 < M < 2, we must use the eigenstate uð1Þ− in a
neighborhood Bð1Þ of the ðp; qÞ ¼ ð1; 1Þ point in B, and
uð2Þ− in the complement. The above argument applies except
that the orientation of γ since we take it to be a circle around
the ðp; qÞ ¼ ð1; 1Þ point rather than the (0, 0) point. Hence,

c1½b� ¼ þ1 for any M∈ ð0; 2Þ: ð3:44Þ

In summary, the first Chern number is

c1½b� ¼
Z
B

b
2π

¼

8>><
>>:

−1; if M∈ ð−2; 0Þ
þ1; if M∈ ð0;þ2Þ
0; otherwise:

ð3:45Þ

In terms of the many-body fermionic solution jfgi subject
to the gauge background jgi ¼ ⊗

k;r
jUkðrÞ ¼ 1i, the gauge-

invariant solution is Pjfg; gi, which has the same energy as
jfg; gi since ½H;P� ¼ 0. Real space diagonalization on
small lattices shows that Uk ¼ 1 (see Sec. III B 1) in the
vacuum up to gauge-equivalent configurations related by
Gauss’s law provided: ðWx;WyÞ ¼ ð1; 1Þ and we include
the plaquette term − 1

e2
P

r cosBðrÞ at weak-coupling. In
fact, the (1, 1) sector contains the true weak-coupling
vacuum in the thermodynamic limit.

E. Consistency with the lattice Lagrangian formulation

In this subsection, we establish a relation between the
vacuum Chern number that we have computed in the
Hamiltonian formulation (i.e. with time being continuous
but space being discrete) with the Chern-Simons level
obtained in the Lagrangian formulation (i.e. with both time
and space discrete) [4,6]. We find full agreement with
Fig. 1, including the locations of the transitions at
M ¼ 0;�2. Starting with the Chern-Simons level derived
in the Lagrangian formulation with spatial lattice spacing a
and time lattice-spacing a0, we consider the limit a0 → 0,
derived in Eq. (2.9) of [4]. In our conventions with a ¼ 1,
this equation reads

cðm; a0Þ ¼
1

2

�
ð−Þ0 m

jmj þ ð−Þ1
�
2
mþ 2

jmþ 2j þ
mþ 2

a2
0

jmþ 2
a2
0

j
�

þ ð−Þ2
�
mþ 4

jmþ 4j þ 2
mþ 2þ 2

a2
0

jmþ 2þ 2
a2
0

j
�

þ ð−Þ3
mþ 2þ 4

a2
0

jmþ 2þ 4
a2
0

j
�
: ð3:46Þ

Using M ¼ mþ 2, we have

lim
a0→0

cðM; a; a0Þ ¼
1

2

�
M − 2

jM − 2j − 2
M
jMj þ

M þ 2

jM þ 2j
�

¼

8>>><
>>>:

0; M < −2
þ1; M∈ ð−2; 0Þ
−1; M∈ ð0; 2Þ
0; M > 2

; ð3:47Þ

which reproduces c1½b� (up to an arbitrary sign that is fixed
by the orientation of the integration contour). This can be
summarized as

c1½b� ¼ − lim
a0→0

cðm; a; a0Þ: ð3:48Þ

This confirms that the topological phases that one obtains in
the deep IR from the Lagrangian formulation agreewith what
we find using the Hamiltonian. Importantly, the topological
transition that we have atm ¼ 6 for a0 ≠ 0 in the Lagrangian
formulation disappears. Satisfactorily, we can match the
Lagrangian answer with the full continuum limit. For this
purpose, we restore the spatial lattice-spacing a.

FIG. 1. Chern number (solid black line) vs the shifted mass M
for R ¼ 1. The pink regions are trivial insulator phases, the
orange one has c1½b� ¼ −1, while the yellow one has c1½b� ¼ þ1.
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cðm; a; 0Þ ¼ 1

2

�
m
jmj − 2

mþ 2
a2

jmþ 2
a2 j

þ mþ 4
a2

jmþ 4
a2 j

�

⟶
a→0 1

2

�
m
jmj − 1

�
¼

�
0; m > 0

−1; m < 0
: ð3:49Þ

This is precisely the Chern-Simons level for Pauli-Villars
regulated ð2þ 1ÞdUð1Þ gauge theory with Nf ¼ 1 Dirac
fermion and negative Pauli-Villars mass.

F. Time-reversal symmetry

In this section, we analyze the time-reversal transforma-
tions of a single Wilson fermion coupled to a U(1) gauge
field. Since the gauge kinetic terms are invariant, we restrict
our attention to the fermionic terms. We take the antiunitary
time-reversal operator to be

T ¼ iσyK; ð3:50Þ

where K is complex-conjugation operator. Under T -trans-
formations, ðkx; kyÞ → ð−kx;−kyÞ, γμ → −γμ. Since we
work in the temporal gauge and the spatial components
of the gauge fields have the same transformation as the
momenta, i.e. ðX; YÞ → ð−X;−YÞ, and hence do not play a
role in this discussion.
For the purposes of this discussion, wemaywrite the Dirac

and Wilson parts of the Hamiltonian in momentum space as

HD ¼ γ0ðγi sin ki þmÞ ¼ σi sin ki þmσz

HW ¼ Rð2þ cos kx þ cos kyÞσz: ð3:51Þ

Then we have

T †HDT ¼σi sinki−mσz; T †HWT ¼−HW: ð3:52Þ

To summarize, T effectively maps ðm;RÞ → ð−m;−RÞ.
Hence, the Nf ¼ 1 Wilson fermion theory explicitly breaks
time-reversal symmetry, allowing for topological phases
characterized by an integer Chern number.

IV. PHASE DIAGRAM OF Nf = 2 QED3

We consider the topological phase diagram of the two-
flavor theory as a function of the masses, both at zero and at
finite density. The gauge-kinetic contribution and arguments
for fixing the gauge at weak coupling toUk ¼ 1 is identical to
what we have previously described for the Nf ¼ 1 case (see
Sec. III B 1). Hence, to analyze the phase diagram, we need
only analyze the fermionic terms. At zero chemical potential,
the fermionic Hamiltonian with Nf ¼ 2 flavors coupled to a
U(1) gauge field and relative chemical potential μ7 is

Hf ¼ 1

2

X
r

½ψaðrÞ†γ0ðiγk þ RÞψaðrþ k̂ÞUkðrÞ þ H:c:�

þ
X
r

MaψaðrÞ†γ0ψaðrÞ þ μðψ†
1ψ1 − ψ†

2ψ2Þ; ð4:1Þ

where a ¼ 1;…; Nf. In the second line above, we have
implicitly included the dependence on the Wilson couplings
inside the shiftedmass-matrixMa ¼ ma þ 2R (we setR ¼ 1
here). We will focus on the following special cases: M1 ¼
M2 ¼ M (only a singlet mass) andM1 ¼ −M2 ¼ M (only a
tripletmass).We focus on the theory at half-filling, defined by
1

4L2

P
r ψaðrÞ†ψaðrÞ ¼ 1

2
. The average occupation fraction

faðμ;MÞ at half-filling serves as an indicator for metal-
insulator transitions with

faðμ;MÞ ¼ 1

2L2

X
k∈B

hψaðkÞ†ψaðkÞiμ;M; ð4:2Þ

where
P

a faðμ;MÞ ¼ 1.

A. Calculation of Chern number

1. Singlet mass

Since the structure of the unit cell is independent of the
matter content, the Hamiltonian in Fourier space is

HðkÞ ¼ HxΓx þHyΓy þHzΓz þ μσz ⊗ 12; ð4:3Þ

where Γk ¼ 12 ⊗ σk and the functionsHiðkÞ are as defined
for the Nf ¼ 1. The eigenstates of HChem are simply those
of σz: fj↑i; j↓ig corresponding to the energies �μ. On the
other hand, the eigenstates of H are simply given as tensor-
product states js; u�i with s ¼ ↑;↓. As before, we still
have a gauge-ambiguity in the global definitions of u�ðkÞ.
The corresponding energies of the four bands are given by
Eðμ; kÞ ¼ �μ� jHðkÞj, where the two choices of sign are
independent. To map out the IR phase diagram, we need to
know the structure of the vacuum at half filling (see Fig. 18,
Appendix C,). In either regime with jμj ≫ sup jHj or
jμj ≪ inf jHj, the vacuum is gapped at half filling. From
the eigenvalues, we see

j0i ¼

8>>>><
>>>>:

⊗
k∈B

j↓; u−ðkÞi ⊗ j↓; uþðkÞi; μ ≫ sup jHj
⊗
k∈B

j↓; u−ðkÞi ⊗ j↑; u−ðkÞi; jμj ≪ inf jHj
⊗
k∈B

j↑; uþðkÞi ⊗ j↑; u−ðkÞi; μ ≪ − sup jHj:

ð4:4Þ

All of these regimes correspond to distinct gapped phases.
This can be made precise by studying the vacuum expect-
ation value of the average occupation fraction faðμ;MÞ as a
function of μ for a fixed mass M. Figure 2 shows three7For the Nf ¼ 2 phase diagram at zero density, see Fig. 21.
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distinct insulating gapped phases (blue, yellow and green)
separated by two metallic gapless (gray) crossover regions.
The gapped phases may be topological or not: there exist
integer IQH phases for the singlet case and QSH phases for
the triplet case (see Fig. 3). Repeating the analysis of Fig. 2
on various slices, we obtain the full phase diagram
displayed in Fig. 3. In the absence of a gauge field, the

triplet mass case with μ ¼ 0 reduces to the Bernevig-
Hughes-Zhang model in condensed matter [7].
We now evaluate the Chern number using the methods

laid out in detail for the Nf ¼ 1 case in various parts of the
full phase diagram, which was obtained by patching
together a series of slices that look like Fig. 2. This will
give us a full understanding of the topological phase
diagram in the ðM; μÞ-plane, as summarized in Fig. 3.
An analysis of the order of the metal-insulator transitions is
considered in Appendix B.
Let us first begin with the blue and green regions, of

which it suffices to consider one. We focus on the green
region in Fig. 2 exclusively, where the vacuum is

j0i ¼ ⊗
k∈B

j↓; u−ðkÞi ⊗ j↓; uþðkÞi: ð4:5Þ

We find that the Chern number of the vacuum in the green
regime is always zero

1

L2
Cgreen ¼ c1½b� − c1½b� ¼ 0; ð4:6Þ

corresponding to u− and uþ respectively (since the total
Chern number of the two-band model is zero). However, if
jMj < 2, each term is nonzero since c1½b� ≠ 0: this is a
trivially gapped phase. The same logic applies to the blue
region in Fig. 2, with the only distinguishing feature being
the sign of the flavor spins.
In the intermediate gapped phase (which exists for

0 < jMj < 2: the yellow/orange regime in Fig. 3), the
vacuum is given by

FIG. 2. A plot of the average occupation fraction fa vs μ, where
a ¼ 1 corresponds to ↑ (red) and a ¼ 2 corresponds to ↓ (blue).
The purple segment in between corresponds to the regime where
they red and blue coincide. Clearly, as we tune the chemical
potential, the theory is driven to different phases. This plot was
produced for the Nf ¼ 2 theory with equal masses M ¼ −1.2 on
a 32 × 32 spatial lattice.

FIG. 3. The phase diagram of Nf ¼ 2 Wilson fermions coupled to a U(1) gauge field for singlet (left) and triplet (right) mass
configurations at weak coupling. In the left figure, the pairs are labeled as ðc1½b�; hsiÞ. In the right figure, the triplets of Chern numbers
are labeled as ðc↑; c↓; ctotÞ. Here, “↑↓” denotes zero average spin. The diagram highlights the existence of IQH phases for singlet masses
and QSH phases for triplet masses. This plot was produced on a 16 × 16 lattice using the analytical solution, which allows access to
large system sizes.
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j0i ¼ ⊗
k∈B

j↓; u−ðkÞi ⊗ j↑; u−ðkÞi: ð4:7Þ

Following the same logic as above, we have

1

L2
Cyellow=orange¼c1½b�þc1½b�¼

8<
:
−2; orange

þ2; yellow

0; otherwise:

ð4:8Þ

The compensating sign comes from the flavor-spin part of
the wave function. Therefore, the yellow/orange regimes
exhibit the IQHE but is a trivially gapped phase or metal
otherwise.
There is a subtlety in the preceding discussion. There are

two distinct notions: singular points of the wave function
and points in the parameter space where theory becomes
gapless. In the case of Nf ¼ 1, these two notions coincide,
i.e. the wave function was singular precisely where the
band gap closes. But these two notions no longer coincide
for Nf ¼ 2. There exist points μc where the Chern number
does not jump since we do not encounter a singularity of the
wave function but the gap closes as we dial μ → μc and we
transition from a metallic to an insulating phase. This is
possible because the wave function is independent of μ,
while the eigenvalues depend explicitly on μ. Physically
speaking, the Hall current in the metallic phase is negligible
due to large ordinary electric current parallel to any
infinitesimal applied electric field. Therefore, while the
Chern number does not jump across a metal-insulator
transition, it loses any physical meaning in a gapless phase.

2. Triplet mass

With the same assumptions on the unit cell as before, we
have

H ¼
X
k

�
ψ1ðkÞ
ψ2ðkÞ

�†
½HxΓx þHyΓy þHzσ

z ⊗ σz

þ μσz ⊗ 12�
�
ψ1ðkÞ
ψ2ðkÞ

�
: ð4:9Þ

Define juðsÞ� ðkÞi ¼ ju�ðk; sm; sRÞi with s ¼ � (corre-
sponding to s ¼ ↑;↓) denoting the flavor σz eigenvalues,
respectively. The eigenvectors that diagonalize the
Hamiltonian are

fj↓; uð−Þ� ðkÞi; j↑; uðþÞ
� ðkÞig; ð4:10Þ

which correspondingly have the eigenvaluesn
−μ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

x þH2
y þH2

z

q
;þ μ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

x þH2
y þH2

z

q o
. As

for the case of a singlet mass only, we have three distinct
gapped regimes

j0i ¼

8>>>>><
>>>>>:

⊗
k∈B

j↓; uð−Þ− ðkÞi ⊗ j↓; uð−Þþ ðkÞi; μ ≫ sup jHj

⊗
k∈B

j↑; uðþÞ
− ðkÞi ⊗ j↓; uð−Þ− ðkÞi; jμj ≪ inf jHj

⊗
k∈B

j↑; uðþÞ
þ ðkÞi ⊗ j↑; uðþÞ

− ðkÞi; μ ≪ − sup jHj:

ð4:11Þ

As before, we carry out the analysis of the occupation
fraction as a function of the triplet mass and chemical
potential. Since this plot is analogous to the preceding case,
we summarize the results in Fig. 3.
Consistent with our analysis of discrete symmetries on

the lattice and the continuum, we find that the total Chern
number is always vanishing. The interesting twist lies in the
orange and yellow regions. Although the net Chern number
vanishes, the Chern number for the spin-up/spin-down
particles is not zero. In these regions, the Fock vacuum is

j0i ¼ ⊗
k∈B

j↑; uðþÞ
− ðkÞi ⊗ j↓; uð−Þ− ðkÞi: ð4:12Þ

Then, we see that c↑ ¼ c1½b�jþM ¼ −c↓ ¼ −c1½b�j−M,
where jM denotes the value of the Chern number at mass
M. Therefore, the net Chern number in the orange/yellow
regions is zero, but the spin-up and spin-down Chern
numbers are not. In a insulating system with edges, this
would give rise to the QSH, where in the insulating bulk the
Hall conductance and Hall currents vanish, but there are
edge currents due to the equal and opposite nonzero Chern
numbers of the spin-up and spin-down particles.

B. Time-reversal symmetry

For the theory with equal masses and Wilson couplings,
we simply have two copies of the Nf ¼ 1 Hamiltonian,
which are both not T -invariant. Hence, this case breaks
time-reversal symmetry, and indeed has phases with non-
zero Chern numbers.
On the other hand, the case with ðm1; R1Þ ¼ −ðm2; R2Þ

can be shown to preserve T -symmetry. We start with the
Hamiltonian in momentum space

H ¼ Hx12 ⊗ σx þHy12 ⊗ σy

þ ⨁
j¼1;2

½mj þ Rjð2þ cos kx þ cos kyÞ�σz: ð4:13Þ

Acting with T : ðm1; R1Þ → ð−m1;−R1Þ and
ðm2; R2Þ → ð−m2;−R2Þ. This transformation leaves the
theory invariant if and only if

m1 ¼ −m2 R1 ¼ −R2 ψ1↔
T
ψ2: ð4:14Þ

This theory is, therefore, T -invariant provided we swap the
two fermions and focus on equal and opposite masses and
Wilson couplings. Hence, the Hamiltonian for the triplet
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case may be concisely written as

H ¼ Hx12 ⊗ σx þHy12 ⊗ σy þHzσ
z ⊗ σx: ð4:15Þ

V. THE MANY-BODY CHERN NUMBER AND
PERTURBATIVE ROBUSTNESS

To discuss the stability of the topological response under
deformations like HE, it is convenient to introduce the
many-body Chern number defined using twisted boundary
conditions [8,9]. On an L × L torus we impose twists
θ ¼ ðθx; θyÞ∈ ½0; 2πÞ2, so that translating a charged field
around the x (resp. y) cycle produces a phase eiθx (resp.
eiθy). Equivalently, θ may be viewed as a flat background
U(1) gauge field threading the noncontractible cycles. For
each θ, we denote the gauge-invariant ground state by
jψ0ðθÞi, assumed to be nondegenerate and separated by a
finite many-body gap for some M.
The associated Berry connection on the twist torus is

AkðθÞ ¼ ihψ0ðθÞj∂θk jψ0ðθÞi; k∈ fx; yg; ð5:1Þ

with Berry curvature

FxyðθÞ ¼ ∂θxAyðθÞ − ∂θyAxðθÞ: ð5:2Þ

The many-body Chern number is the first Chern number of
the ground-state line bundle

C ¼ 1

2π

Z
2π

0

dθx

Z
2π

0

dθyFxyðθÞ∈Z; ð5:3Þ

and in gapped phases it equals the quantized Hall response
(in appropriate units) [8,9]. For later use (and to avoid
gauge choices for jψ0i), one may equivalently write [9,10]

C¼ i
2π

Z
2π

0

dθx

Z
2π

0

dθyTrðPðθÞ½∂θxPðθÞ;∂θyPðθÞ�Þ; ð5:4Þ

where PðθÞ ¼ jψ0ðθÞihψ0ðθÞj is the ground-state projector
(or, in the presence of a protected r-fold ground multiplet,
the rank-r spectral projector onto that multiplet).

A. Relation to momentum-space Chern number

To understand the connection of C with c1½b�, we
proceed by fixing the gauge jg0i ¼ jUk ¼ 1i as we did
in the preceding sections, but with twisted boundary
conditions for the fermions, i.e.

ψðrþ LblÞ ¼ e−iθlψðrÞ where l ¼ x; y: ð5:5Þ

Then the gauge-invariant ground state is

jψ0i ¼ Pjfθg0 ; g0i ¼
1ffiffiffiffiffiffijGjp X

h∈G

jfθhðg0Þi ⊗ jhðg0Þi; ð5:6Þ

where the state jfθgi is fermionic Fock ground state solved
subject to the gauge configuration g with twisted boundary
conditions characterized by θ. Observe that the gauge-ket
does not depend on θ. Hence, we obtain

hψ0j∂θjψ0i ¼
1

jGj
X
h∈G

hfθhðg0Þj∂θjfθhðg0Þi: ð5:7Þ

For each h∈G, the (local) gauge transformation of
fermions is

hψðrÞh† ¼ eiαhðrÞψðrÞ; αhðrþLblÞ ¼ αhðrÞðl¼ x; yÞ;
ð5:8Þ

so that h is independent of θ and preserves the twisted
boundary conditions ψðrþ LblÞ ¼ e−iθlψðrÞ. Gauge
covariance of the Wilson-Dirac operator then implies that
the fermion Hamiltonian in the background hðg0Þ is
unitarily equivalent to that in g0 at the same twist θ,

Hθ
f½hðg0Þ� ¼ hHθ

f½g0�h†: ð5:9Þ

Consequently, the many-body occupied-band Fock projec-
tor satisfies

Pθ
−½hðg0Þ� ¼ hPθ

−½g0�h†: ð5:10Þ

Rather than working with the Berry connection (which
depends on the phase convention for jfθgi), we use the
gauge-invariant expression for the Berry curvature in terms
of Pθ

−½g�,

Fxy½g�ðθÞ ¼ iTrðPθ
−½g�½∂θxPθ

−½g�; ∂θyPθ
−½g��Þ: ð5:11Þ

Using (5.10) and cyclicity of the trace, we immediately
obtain

Fxy½hðg0Þ�ðθÞ ¼ Fxy½g0�ðθÞ ∀ h∈G: ð5:12Þ
In words: every gauge transform hðg0Þ yields the same
Berry curvature as g0 at fixed twist. Therefore all terms in
the group average contribute identically at the curvature
(and hence Chern-number) level, and we may evaluate the
many-body Chern number using any single representative
of the orbit.
Since the fermionic ground state in each background is

nondegenerate, then (5.9) implies

jfθhðg0Þi ¼ eiχhðθÞhjfθg0i; ð5:13Þ

for some phase χhðθÞ. Since h is θ-independent, the Berry
connections satisfy
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ihfθhðg0Þj∂θk jfθhðg0Þi ¼ ihfθg0 j∂θk jfθg0i þ ∂θkχhðθÞ; ð5:14Þ

so they can differ only by a pure gauge term. This term
drops out of the curvature and hence cannot affect the
Chern number. In other words, up to pure-gauge terms

hψ0j∂θjψ0i ¼ hfθg0 j∂θjfθg0i: ð5:15Þ

To calculate the above, we use the following Fourier
expansion

ψ r ¼
e−i

1
Lθ·rffiffiffiffi
L

p
X
k

eik·rψk; ð5:16Þ

where the momenta satisfy

kn;m ¼ ðkx; kyÞ ¼
�
2πn
L

;
2πm
L

�
; ð5:17Þ

where n;m ¼ 0;…; L − 1. Substituting this modified
Fourier transform into the Hamiltonian, we obtain the
modified Hamiltonian HθðkÞ ¼ Hðk − θÞ which gives

jfθhðg0Þi ¼ ⊗
n;m

����uhðg0Þ−

�
2πn
L

−
θx
L
;
2πm
L

−
θy
L

�	
: ð5:18Þ

The above expression may be further simplified using the
definition of the state ψ :

C ¼ i
2π

XL−1
n;m¼0

I
γ
dθi



u−

�
kn;m −

θ

L

�����∂θi
����u−

�
kn;m −

θ

L

�	
:

ð5:19Þ

The evaluation of these integrals requires some care as the
singularities in the wave functions occur at different values
for each term in the sum. Let us evaluate the integral for
fixed ðn;mÞ, and then sum over n and m. We notice that
there is a singularity whenever

1

L
ðθx; θyÞ ¼

�
2πn
L

− pπ;
2πm
L

− qπ

�
ð5:20Þ

for any p; q∈ f0; 1g. To evaluate the integral, it is con-
venient to change linear change of variables

θn;m ¼ ðθxn; θymÞ ¼
�
2πn
L

−
θx
L
;
2πm
L

−
θy
L

�
: ð5:21Þ

This changes the summand in (5.19) toI
γn;m

dθn;mhu−ðθn;mÞj∂θn;m ju−ðθn;mÞi: ð5:22Þ

Using the periodicity of the integrand, we note that each
term above evaluates to c1½b�, which gives

C ¼ c1½b�: ð5:23Þ

Hence, the many-body Chern number at weak coupling is
simply c1½b�.

B. Robustness under deformations

As before, we split the Hamiltonian at fixed gauge
coupling e2 > 0 as H ¼ þH0

H ¼ Hf þHm −
1

e2
HB; H0 ¼ e2HE; ð5:24Þ

where HE and HB carry no explicit powers of e2. To make
the robustness statement precise, we introduce an inter-
polation parameter s∈ ½0; 1� and define

HðsÞðθÞ ≔ HðθÞ þ sH0 ¼ HfðθÞ þHm −
1

e2
HB þ se2HE:

ð5:25Þ

Let PðsÞðθÞ denote the ground-state spectral projector of
HðsÞðθÞ in the physical Hilbert space. If there is a uniform
many-body gap along the entire path

Δmin ≔ inf
s∈ ½0;1�

inf
θ∈ T2

ðE1ðθ; sÞ − E0ðθ; sÞÞ > 0; ð5:26Þ

then the ground-state (or ground-subspace) spectral pro-
jector PðsÞðθÞ varies smoothly with ðs; θÞ. A convenient
formulation of this smoothness is provided by quasiadia-
batic continuation: as long as the gap (5.26) remains open,
one can construct a continuous family of (quasilocal)
unitaries UðsÞ that transports the ground-state subspace
along the path, so that

PðsÞðθÞ ¼ Uðs; θÞPð0ÞðθÞU†ðs; θÞ; ð5:27Þ

which in particular implies smooth dependence of PðsÞðθÞ
on the parameters [11,12]. In this case the Chern number
computed from (5.3) is constant as a function of s:

CðsÞ≡ C½HðsÞ� ð5:28Þ

is independent of s as long as (5.26) holds. Equivalently,
the integer topological invariant cannot change under a
continuous deformation that preserves the gap; any change
of C requires a gap closing (or a change in the rank of the
ground projector) somewhere on the twist torus [9,10].
Defining the full invariant to be the Chern number of the
complete Hamiltonian

Cfull ≔ C½Hð1Þ�; ð5:29Þ

the above implies the desired equality
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Cfull ¼ C½Hð1Þ� ¼ C½Hð0Þ�; ð5:30Þ

i.e. turning on the electric term e2HE from s ¼ 0 to s ¼ 1
does not change the many-body Chern number provided
the many-body gap remains open for all twists. For
numerical evaluation on a discrete twist grid, we use a
gauge-invariant lattice formula for the Berry curvature,
following Ref. [13].

VI. PROBING TOPOLOGICAL PHASES WITH
CURRENT CORRELATORS

A. The case of Nf = 1 flavor

Consider the gauge-current operator with k ¼ x, y

JkðrÞ ¼
δ

δ logUkðrÞ
H½U�

¼ ψðrÞ†Mkψðrþ k̂ÞUk −
1

e2
X

ðr;kÞ∈□

U□ þH:c:; ð6:1Þ

which is the lattice counterpart of the continuum Chern-
Simons current. Note that the second term comes from the
HB and the sum runs over those plaquettes that contain the
link k with base point r. Since the plaquette contribution is
simply an additive constant (for a fixed e2) in the trivial-
flux sector, we may simply drop in the following calcu-
lation. This indicates that fermions and gauge fields
decouple in this weakly coupled sector.
Since we are working in the gauge choice of Sec. III B,

we may consider the correlation function of Jk with
Uk ¼ 1. To compute this correlator, it is convenient to
write the Fourier transform as

ψðrÞ ¼ 1

L

X
k∈B

eik·rψðkÞ ¼ 1

L

X
k∈B

eik·rUðkÞ−1ψ̃k; ð6:2Þ

where ψ̃ is the basis in which the free fermionic
Hamiltonian is diagonal. In this basis, the current operator
is

JkðrÞ ¼
X

p;q∈B

ψ̃†
p
e−ip·r

L
½UðpÞMkUðqÞ†�

eiq·ðrþk̂Þ

L
ψ̃q þ H:c:

ð6:3Þ

We wish to calculate the expected value of this operator in
the Fock vacuum, given by

j0i ¼ ⊗
k∈B

ψ†
k−j∅i: ð6:4Þ

To achieve this, we compute the momentum-space two-
point function with s; s0 ∈ f�g:

h0jψ sðpÞ†ψ s0 ðqÞj0i: ð6:5Þ

Consider

ψ s0 ðqÞj0i ¼ fψ s0 ðqÞ;ψ†
−ðqÞg ⊗

q0≠q
ψ−ðkÞ†j∅i

¼ δs0;− ⊗
q0≠q

ψ−ðkÞ†j∅i: ð6:6Þ

Likewise, it follows that

h0jψ sðpÞ† ¼ δs;− ⊗
p0≠p

h∅jψ−ðp0Þ: ð6:7Þ

It is clear that whenever p ≠ q, the momentum-space two-
point function (6.5) vanishes by the definition of the empty
state j∅i. Putting it all together

h0jJkðrÞj0i ¼
X
p∈B

½UðpÞMkUðpÞ†�−−eip·k̂
L2

þ H:c: ð6:8Þ

The above expression is trivial to evaluate with the aid of
computer algebra, but not particularly illuminating to
display here for general L. Importantly, the above expres-
sion has the property that it is nonzero precisely when we
are in a topological phase. For clarity, we spell out the case
when L ¼ 2, which gives four contributions—see Table. I.
This implies

h0jJxðrÞj0i ¼ ð−Þ1þsignðMþ2Þ
2

1

4

����1þ M þ 2

jM þ 2j
����

þ ð−Þ1−signðM−2Þ
2

1

4

����1þ M − 2

jM − 2j���� ¼
�−1; jMj < 2 ðtopologicalÞ
0; jMj > 2 ðtrivialÞ: ð6:9Þ

Hence, Jk serves as a robust marker of topological
phases—exactly as the continuum Chern-Simons current
obtained after integrating out a massive Wilson fermion.

B. The case of Nf = 2 flavors

The fermionic contribution to the gauge current operator is

JakðrÞ ¼
δHa½U�

δ logUkðrÞ
¼ ψaðrÞ†MkUkðrÞψaðrþ k̂Þ þ H:c:

ð6:10Þ

TABLE I. Summary of contributions to hJxi for L ¼ 2.

ðkx; kyÞ Contribution to h0jJxj0i
(0, 0) ð−Þ1þsignðMþ2Þ

2
1
4
j1þ Mþ2

jMþ2j j
ð0; πÞ − 1

4
j1þ M

jMj jðπ; 0Þ þ 1
4
j1þ M

jMj j
ðπ; πÞ ð−Þ1−signðM−2Þ

2
1
4
j1þ M−2

jM−2j j
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For the unperturbed problemwithout theHE term,wemay go
to the gauge in which Uk ¼ 1 in the trivial-flux sector, as in
Sec. III B. Supposing that

UðkÞ ¼
�
U11ðkÞ U21ðkÞ
U12ðkÞ U22ðkÞ

�
ð6:11Þ

is the 2Nf × 2Nf matrix that diagonalizes the Hamiltonian
such that ψaðkÞ ¼ Va;sðkÞΨsðkÞ, where Ψs ¼ ðψ̃1;s; ψ̃2;sÞ⊤
is a 2-component spinor with s ¼ � and V ¼ U−1 and the
four 2 × 2 blocks ofV are labeled asVa;s. Then it follows that

ψaðrÞ ¼
1

L

X
k∈B

eik·rψaðkÞ ¼
1

L

X
k∈B

eik·rVa;sðkÞΨsðkÞ:

ð6:12Þ

Then

Jak ¼
X

p;q∈B

ΨsðpÞ†VasðpÞ†MkVas0 ðqÞΨs0 ðqÞeiq·ðrþk̂Þ−ip·r

L2

þ H:c:; ð6:13Þ

where s and s0 are implicitly summed over. As before,
evaluating the one-point function h0jJxj0i boils down to
knowing momentum-space two-point function

h0jψ̃csðpÞ†ψ̃bs0 ðqÞj0i ¼ δbcδs;−δs0;−δðp − qÞ: ð6:14Þ

Hence,

h0jJak j0i¼
1

L2

X
p∈B

Tr½Va−ðpÞ†MkVa−ðqÞ�eip·k̂þH:c: ð6:15Þ

It is now straightforward to plug in expressions for the
matrices V and Mk to obtain the correlator, which has been
plotted in Fig. 4. In perfect agreement with the results for the

Nf ¼ 1 case as well as the computation of the Chern number,
we find

8>>><
>>>:

singlet∶Jk ¼ J1k þ J2k ¼
�−2; when jMj < 2ðtop:Þ
0; otherwiseðtrivialÞ

triplet∶J1k ¼ −J2k ¼
�−1; when jMj < 2ðtop:Þ
0; otherwiseðtrivialÞ:

ð6:16Þ

In summary, the current correlator at weak coupling is a
robust Z2 marker for topological phases.

VII. A PATH TO WILSON FERMION QUANTUM
SIMULATIONS OF QED3

So far, we have shown that lattice Hamiltonian theories
with Wilson fermions capture a variety of topological
phases while staggered fermions fail to do so. However,
staggered fermions have received a lot of attention as far as
implementation on quantum computing platforms is con-
cerned, while similar experiments and quantum simulations
with Wilson fermions are not as widespread. In this section,
we provide numerical results obtained via exact diagonal-
ization (ED) on 2 × 2 systems, with and without gauge
fields, which serve as a starting point for a deeper study of
quantum simulations with Wilson fermions. This also
provides an independent check on the results developed
so far.
When we include gauge fields, there are a number of

considerations. First, the gauge fields must be truncated
from U(1) toZN . Second, the physical states that carry both
fermionic and gauge labels must satisfy Gauss’s law and be
gauge-invariant. Third, the symmetries imposed prior to
introducing the gauge fields must be compatible with the
gauge symmetry, i.e. the Gauss-law projector and the
symmetry-generators must share simultaneous eigenstates.
We have explicitly shown this for the ZN and U(1) cases

FIG. 4. The analytical current one-point functions for both the singlet and triplet cases, which are nontrivial in the IQH and QSH
phases, respectively.
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with Wk flux-symmetry in Sec. III A. Since our theoretical
arguments indicate that the lowest Wk-invariant state is
independent of the gauge field values, we must be able to
see the topological transitions from ED even for N ¼ 2 as a
proof of concept. This offers a possibility to realize such
topological phases in near-term quantum devices via spin
representation for the truncated gauge group, such as
superconducting devices [14], Rydberg atoms [15], trapped
ion [16], dipolar molecules [17] and fermion-pair regis-
ters [18].
In this section, we provide an algorithmic summary of

our numerical simulations carried out via exact ED. Let us
outline the key results before we dive into the algorithmic
details. Figure 5 displays the results of ED for the Nf ¼ 1
case. The lowest four levels live in the four distinct
approximate superselection sectors that exist at weak
coupling. Of key interest here is the (1, 1) sector, which
exhibits level crossing and corresponding topological phase
transitions at M ¼ 0;�2. Figure 6 displays the analogous
result for the Nf ¼ 2 case. The finite density phase
transitions are verified in the Nf ¼ 2 theory in Fig. 7.
Next, we summarize parts of the algorithm that are
common to both the Nf ¼ 1 and Nf ¼ 2 cases (i.e. the
gauge sector), and then we handle the parts which are
different one by one (i.e. the fermionic sectors). Following
this, we discuss the numerical calculations of a variety of
observables, including the current one-point function and
the many-body Chern number, and the corrections to their
expectation-values as a function of the gauge coupling.

A. The gauge sector

We work on a periodic 2 × 2 lattice with periodic
boundary conditions Z2 gauge fields on the links. The
gauge Hilbert space is

HG ¼ ðC2Þ⊗8; dimHG ¼ 28 ¼ 256;

with computational basis fjgi∶g∈ f0; 1g8g. Let GðxÞ
denote the local Z2 Gauss’s law operator at site x, acting
by a star flip on the four incident links and a matter-parity
phase,

GðxÞjf; gi ¼ ð−1ÞnxðfÞjf; g ⊕ Mxi; ð7:1Þ

where Mx is the star mask, ⊕ denotes componentwise
addition modulo 2, and nxðfÞ is the occupation number at x
(defined below for each Nf). Rather than forming the

FIG. 5. The lowest five energies versus M for the Nf ¼ 1 theory before projecting onto the trivial-flux sector (left), and the level
crossing after projecting onto the trivial-flux sector (right) with ðWx;WyÞ ¼ ð1; 1Þ viaQk

1þWk
2

. The results were obtained via ED on a
2 × 2 lattice with Z2 gauge fields and e2 ¼ 0.01. We emphasize that the left figure did not require a projection into the approximate
ðWx;WyÞ superselection sectors, but rather were found to naturally lie in the four sectors labeled as ð�1;�1Þ.

FIG. 6. The lowest five energies versus M for the Nf ¼ 2

theory with Z2 gauge fields and e2 ¼ 0.01. The various energy
levels live in distinct approximate superselection sectors labeled
by ðWx;WyÞ at weak coupling. The results were obtained via ED
on a 2 × 2 lattice. No projection into the superselection sectors
was performed here.
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Gauss’s law projector P as a matrix, we construct an
isometry V whose adjoint implements the projector, i.e.

V†V ¼ P=
ffiffiffiffiffiffiffiffiffiffiffi
jGð2Þj

q
and VV† ¼ 1phys. Concretely, for each

gauge orbit O ¼ fg ⊕ Mh∶ h∈Gð2Þg and fixed matter
configuration, one averages over Gð2Þ with the phases
accumulated from (7.1). Equivalently, V† embeds a physi-
cal state into the full space by distributing amplitudes over
each orbit with the appropriate �1 signs, and V maps back
by orbit-averaging. At fixed coupling e2 we write

HðmÞ ¼ ðmþ 2RÞHm þHf −
1

e2
HB þ e2HE; ð7:2Þ

where HB is diagonal and equals the plaquette-flux sumP
□

Q
l∈ ∂□

Zl, and HE ¼ P
l Xl flips individual links.

The kinetic term is the Wilson nearest-neighbor hopping
including the link signs ZlðgÞ ¼ �1. The physical
Hamiltonian is always obtained by projection

HphysðmÞ ¼ VHðmÞV†: ð7:3Þ

Next, we address the fermionic sectors for Nf ¼ 1, 2 one
by one.

B. Nf = 1 QED3

For Nf ¼ 1, matter consists of a two-component Wilson
fermion on each site, i.e. 2L2 ¼ 8modes. We restrict to half
filling

P
8
α¼1 nα ¼ 4 and define

Hð1Þ
F ¼ spanfjfi∶f∈ f0; 1g8; jfj ¼ 4g; ð7:4Þ

where dimHð1Þ
F ¼ ð8

4
Þ ¼ 70 and impose Gauss’s law. Thus,

Hð1Þ
phys ¼ Hð1Þ

F ⊗ HG has dimension 70 × 32 ¼ 2240. In

(7.1) the parity is the on-site occupation parity of the
single flavor

nxðfÞ ¼
�X1

s¼0

nx;sðfÞ
�

mod 2;

i.e. ð−1ÞnxðfÞ ¼ −1 iff the site has odd fermion number.

C. Nf = 2 QED3

For Nf ¼ 2, we take two identical flavors (labeled ↑;↓),
each with 8 modes, and work in the fixed-number sector

ðN↑; N↓Þ ¼ ð4; 4Þ. LetHð4Þ
8 denote the single-flavor 8-mode

Hamming-weight-4 subspace, dimHð4Þ
8 ¼ 70. Then

Hð2Þ
F ¼ Hð4Þ

8 ⊗ Hð4Þ
8 ; dimHð2Þ

F ¼ 702 ¼ 4900;

and Hð2Þ
phys ¼ Hð2Þ

F ⊗ HG. In (7.1) the parity is the total on-
site occupation parity summed over both flavors and both
spinor components

Qxðf↑; f↓Þ ¼
�X1

s¼0

nx;sðf↑Þ þ
X1
s¼0

nx;sðf↓Þ
�

mod 2:

Since the group acts only on the gauge register, the 256
gauge configurations decompose into 256=8 ¼ 32 orbits of
size 8. Accordingly the projected representation is naturally

organized as amplitudes on Hð2Þ
F ⊗ C32 and has dimension

dimHð2Þ
phys ¼ 4900 × 32 ¼ 156800:

We do not explicitly assemble HphysðmÞ. Instead, we
implement its action by the three-step map

x↦
V†

y ↦
HðmÞ

z↦
V
HphysðmÞx, where x and HphysðmÞx are

stored in the orbit basis and y, z in the full gauge basis.
Low-lying eigenvalues are then obtained by
diagonalization.

D. Current correlators

Using the ED algorithm, it is straightforward to evaluate
the current one-point function in the presence of gauge
interactions to verify the analytical predictions of Sec. VI.
The results of Fig. 9 clearly indicate that in the trivial-flux
sector with ðWx;WyÞ ¼ ð1; 1Þ, the fermionic contribution

to the current one-point function hJðfÞx i ≠ 0 only when the
theory is in a topologically nontrivial phase. Otherwise, it
must vanish. Interestingly, we note that the current one-
point function in other superselection sectors is smooth and
does not exhibit any sharp jumps, indicating an absence of
phase transitions in all sectors except ðWx;WyÞ ¼ ð1; 1Þ.
We emphasize that the results are not projected down into
the superselection sectors but are found by evaluating Wx

FIG. 7. The average occupation fraction fa versus the relative
chemical potential μ for the Nf ¼ 2 theory for a fixed gauge
coupling e2 ¼ 0.01 in the lowest level with ðWx;WyÞ ≈ ð1; 1Þ;
we did not project into this subspace.
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and Wy for the lowest states in the energy spectrum. As
anticipated, we find there are nonperturbative corrections to
the wave-function and hence observables, including hJxi,
which are suppressed at weak coupling. Figure 8 displays
the corrections to hJxi vs e2.

E. Many-body Chern number from twists

We compute the many-body Chern number of a chosen
eigenstate by imposing U(1) boundary twists θ ¼
ðθx; θyÞ∈ ½0; 2πÞ2 and evaluating the Berry curvature on
the twist torus using the Fukui-Hatsugai-Suzuki (FHS) lattice
discretization. The twists enter only through the boundary-
wrapping hops of theWilson kinetic term. Introduce directed
“cut” operators eiθx and eiθy that contain precisely those
hoppings crossing the x and y boundaries, and define

HxðθxÞ ¼ Hbulk
x þ eisθxeiθx þ e−isθxe−iθx ;

HyðθyÞ ¼ Hbulk
y þ eisθyeiθy þ e−isθye−iθy ; ð7:5Þ

with s ¼ �1 a fixed phase convention. Then
HfðθÞ ¼ HxðθxÞ þHyðθyÞ. We discretize the twist torus

by θðiÞμ ¼ 2πi=Nθ for i ¼ 0;…; Nθ − 1. At each grid point

θij ¼ ðθðiÞx ; θðjÞy Þ we diagonalizeHphysðθijÞ in a small energy
window and select the target branch by continuity: starting
froma reference eigenstate at (0, 0), we choose at neighboring
points the eigenvector with maximal overlap with the
previously selected state. This overlap criterion robustly
tracks the same eigenstate across the grid away from gap
closings. From normalized states fjψ ijig we form the U(1)
link variables

Uxði;jÞ¼
hψ ijjψ iþ1;ji
jhψ ijjψ iþ1;jij

; Uyði;jÞ¼
hψ ijjψ i;jþ1i
jhψ ijjψ i;jþ1ij

; ð7:6Þ

with periodic identification of indices modulo Nθ. The field
strength on each plaquette of the twist grid is

Fij ¼ arg ½Uxði; jÞUyðiþ 1; jÞUxði; jþ 1Þ−1Uyði; jÞ−1�;
ð7:7Þ

and the FHS estimator of the many-body Chern number is

C ¼ 1

2π

XNθ−1

i;j¼0

Fij: ð7:8Þ

In gapped phases C converges rapidly to an integer as Nθ is
increased; deviations occur near gap closings, where the
tracked eigenstate can become ill defined on the twist torus.
As a consistency check, in regimes where the two flavors
contribute additively, we check that CNf¼2 ¼ 2CNf¼1 at the

same ðm; e2Þ. The results are summarized in Fig. 10.

FIG. 8. Corrections to the current one-point function at a fixed
shifted mass M ¼ 0.5 in the Nf ¼ 1 theory.

FIG. 9. The current one-point function hJxi versusM for a fixed
gauge coupling e2 ¼ 0.01, i.e. at weak coupling. The blue curve
corresponds the expectation in the (approximate) (1, 1) trivial-
flux sector in the Nf ¼ 1 theory.

FIG. 10. The many-body Chern number C for a fixed gauge
coupling e2 ¼ 0.01, i.e. at weak coupling computed in the
(approximately) trivial-flux state with ðWx;WyÞ ≈ ð1; 1Þ in the
Nf ¼ 1 theory.
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F. Effect of the electric term on the spectrum

Although the e2-independent electric energy operator
HE ¼ P

k;r EkðrÞ2 is suppressed at weak-coupling, we
emphasize that it contributes small off-diagonal matrix
elements that modify the energies. We study the contribu-
tion jhHEij of the electric term to the energies. These off-
diagonal corrections to the energies do not modify the
topological phase structure, which is robust to such smooth
deformations, thanks to the adiabatic continuity argument
presented in Sec. V B. Nonetheless, Fig. 11 is instructive
because it demonstrates two things. First, it shows that the
smallness of HE is not trivially due to the multiplicative
prefactor e2=2 being small; the e2-independent operator
expectation hHEi is itself suppressed at weak-coupling.
Second, it shows that the gauge-kinetic terms at weak-
coupling do not merely modify the energies by a trivial
shift, but rather also contribute off-diagonal terms that
induce nontrivial changes in the spectrum as e2 is dialed up.
A detailed analysis of such strongly coupled phases is
expected to reveal signatures of confinement and, hence, is
of great interest. We leave this for future work.

VIII. ANALYSIS OF TRUNCATION
AND FINITE-SIZE EFFECTS

In this section, we analyze the effects of truncation and
finite-size effects using a complementary approach to the
exact diagonalization presented in the preceding section. In
particular, we emphasize that we do not use the ED
algorithm, which requires us to construct an exponentially
large Hilbert space since this is not suitable for scaling up to
larger systems and higher U(1) truncations.
Our results indicate that although the topological phase

transitions discussed so far do not occur in the ground state
with ðWx;WyÞ ¼ ð−1;−1Þ at finite volume, in the thermo-
dynamic limit L → ∞, the topological phase transitions

indeed occur in theground state. This is completely consistent
with our expectations from the lattice Lagrangian formu-
lation, which indicate that the topological transitions must
take place in the infrared in the infinite volume limit.

A. The real-space diagonalization algorithm

We utilize a real-space diagonalization algorithm to
diagonalize the fermionic Hamiltonian Hf coupled to
gauge fields. We access different gauge configurations
by using the correspondence between nontrivial
Wilson loop values and twisted boundary conditions. In
other words, the products ðQx Uxðx; 0Þ;

Q
y Uxðy; 0ÞÞ ¼

ðeiθx ; eiθyÞmay be accumulated and assigned to the last link
as a twisted boundary condition. In other words, the N2

weak-coupling superselection sectors are in one-to-one
correspondence with the free Wilson fermion with N2

different possible twisted boundary conditions.
In other words, to compute the energy level of

the Hamiltonian Hf þHm − 1
e2 HB with ðWx;WyÞ ¼

ðe2πitx
N ; e

2πity
N Þ, we simply calculate the ground state of the

free Wilson fermion with twisted boundary conditions

ðθx; θyÞ ¼ ð2πtxN ; 2πtyN Þ, where ðtx; tyÞ∈Zx
N × Zy

N . We com-
pute the half-filled ground-state energy of a free lattice
Wilson fermion Hamiltonian on an L × L torus with
discrete twisted boundary conditions. The single-particle
Hilbert space has dimension 2L2, and we assemble

Hðθx; θy;mÞ ¼ Hfðθx; θyÞ þHmðmÞ; ð8:1Þ

where dimH ¼ 2L2. The twists are discretized by

θx ¼
2πtx
N

; θy ¼
2πty
N

; tx; ty ∈ f0; 1;…; N − 1g:
ð8:2Þ

We construct sparse real-space hopping operators in the x
and y directions as block-matrices that implement nearest-
neighbor couplings and multiply only the wrap-around
boundary link by the appropriate twist phase. Concretely,
one first builds the 2L × 2L one-dimensional x-block
XblockðθxÞ

XblockðθxÞ ¼

0
BBBBBBB@

0 Mx 0 � � � 0

0 0 Mx � � � 0

..

. . .
. . .

. ..
.

0 … 0 0 Mx

eiθxMx 0 � � � 0 0

1
CCCCCCCA

and then lifts it to the full lattice by
XfullðθxÞ ¼ 1L ⊗ XblockðθxÞ. Similarly, one builds the full
y-coupling YfullðθyÞ in terms of My. We then define
Hcðθx; θyÞ ¼ XfullðθxÞ þ YfullðθyÞ, which gives

FIG. 11. jhHEij vs e2 at M ¼ −1 in the lowest five eigenstates
for truncated gauge group Z2.
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Hfðθx; θyÞ ¼
Hcðθx; θyÞ þHcðθx; θyÞ†

2
; ð8:3Þ

so that Hf is Hermitian by construction. The onsite mass
term is diagonal in real space

HmðMÞ ¼ M1L2 ⊗ σ3: ð8:4Þ

For each ðθx; θyÞ and each mass value m in a scan, we

diagonalizeHðθx; θy;mÞ to obtain eigenvalues fεjg2L2

j¼1, sort
them as ε1 ≤ � � � ≤ ε2L2 , and compute the half-filled
ground-state energy

Ehfðθx; θy;mÞ ¼
XL2

j¼1

εj: ð8:5Þ

Repeating over all ðθx; θyÞ∈Z2
N yields N2 twisted sector

energies Ehfðθx; θy;mÞ. The same idea may be applied to
excited states.
The complexity of each such diagonalization for a fixed

mass M is OððL2Þ3N2Þ, which is (poly-)exponentially
faster compared to the ED algorithm, whose complexity
is at leastΩðð22L2

N2L2Þ3Þ. Nonetheless, the ED algorithm is
instructive as it serves as a useful baseline for the analysis
of potential quantum simulations.

B. Results

In Fig. 12, we plot the lowest N2 þ 1 energy levels of the
ZN theory with N ¼ 8 for both the 2 × 2 and 4 × 4 cases.
We note that we simply drop the magnetic contribution HB
since it is simply a constant in the weakly coupled limit. We
note that the lowest level for any N is always the one that
has ðWx;WyÞ ¼ ð−1;−1Þ and the ðN2Þth one has
ðWx;WyÞ ¼ ð1; 1Þ. The left panel of Fig. 12 shows that
although the number of levels between the ð−1;−1Þ and (1,
1) approaches infinity, the gap Ehfð0; 0Þ − Ehfðπ; πÞ does
not scale with N.
Interestingly, we find that the splitting between the N2

twisted sectors is a finite-size effect, as suggested by the

right panel of Fig. 12. This idea is further confirmed by the
analysis in Fig. 13, which shows that the gap between the
N2 levels is exponentially suppressed in the infinite-volume
limit L → ∞. This is typical of degeneracies that are lifted
in finite volume due to tunneling effects.
Consistent with the idea that the infinite degeneracy is

restored in the infinite-volume limit, we find that the gap
between the ground state with ðWx;WyÞ ¼ ð−1;−1Þ and
the would-be first excited state in the thermodynamic limit
approaches zero, precisely at atM ¼ 0;�2, which is shown
in Fig. 14 for various system sizes. As the system size is
increased, the gap at M ¼ 0;�2 tends to zero. This is
further verified by the log-log fit between the gap Δ and L,
where we find that ΔðLÞ ∼ 1

L → 0 in the thermodynamic
limit Fig. 15. It is interesting to note that the scaling of the
gap to zero is manifestly different (i.e. a power law) than
that of the gap between the lowest N2 levels, which become
degenerate exponentially rather than as a power law. This is
highly suggestive of the idea that the latter is a consequence
of finite-volume tunneling effects, while the latter is a
signature of a physical topological phase transition.

FIG. 12. The lowest N2 þ 1 energy levels with N ¼ 8 for 2 × 2 (left) and 4 × 4 (right) lattices, respectively.

FIG. 13. The exponentially vanishing degeneracy splitting
between the lowest N2 levels.
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IX. CONCLUSION AND OUTLOOK

Expanding on the letter [1], we have studied the
emergence of infrared topological phases in Hamiltonian
lattice QED3 with a truncated gauge groupZN and Nf ¼ 1,
2 flavors of Wilson fermions, motivated by near-term
quantum simulations of ð2þ 1ÞD lattice gauge theories.
A key observation at weak gauge coupling is an approxi-
mate Zx

N × Zy
N symmetry generated by Wilson loops.

Exploiting this structure, we gauge-fix the theory so that
in the weak-coupling regime it reduces to a product of Nf

effectively free Wilson-fermion Hamiltonians. This limit-
ing description supports a rich set of gapped topological
phases, including IQH and QSH regimes.
By continuity, we argued that these phases persist in the

fully dynamical gauge theory at finite, nonzero gauge
coupling provided the coupling remains small compared
to the fermion gap. Using exact diagonalization on small
lattices, we verified that the ground states considered are

compatible with Gauss’s law and mapped out the phase
structure at half-filling for both one and two flavors,
extending also to finite density. This reveals metal-insulator
behavior and topological phases such as Chern insulators
and QSH phases. As the gauge coupling is increased, our
numerics indicate that the system undergoes a transition
into a strongly coupled, nontopological phase, where
instantonlike effects (which are suppressed at weak cou-
pling) become important.
More broadly, our results clarify why Wilson fermions

naturally accommodate topological phases in the
Hamiltonian framework, in agreement with earlier
Lagrangian analyses, and emphasize that staggered-fermion
formulations are not compatible with realizing such Chern
phases in the same way.
Several directions are motivated by the results of this

work. First, it will be important to explore the strong-
coupling regime in detail and determine the structure of the
resulting nontopological phase, including the role of
instantonlike corrections and the possible appearance of
symmetry breaking or confinementlike phenomena. A
closely related challenge is to locate and classify the phase
transitions separating the weak-coupling topological
phases, since these critical points are generically gapless
and strongly coupled, making analytic control difficult.
More broadly, a comprehensive mapping of the phase
diagram as a function of gauge coupling, Wilson masses,
and chemical potential would be valuable, particularly at
finite density where strong correlations and sign problems
can obstruct classical approaches [19]. In this context it is
also natural to investigate analogs of the Aoki phases
known in Lagrangian lattice QCD4 with Wilson fermions,
which organize the gauge-coupling-mass plane and delin-
eate phase boundaries at finite coupling [20–24], and to ask
whether similar structures arise in lattice QED3 and in
finite-density settings. Finally, these goals motivate the
development of quantum simulation methods and quantum
algorithms for detecting and mapping phase transitions, for
instance using variational quantum eigensolvers and quan-
tum phase estimation, together with measurement protocols
tailored to truncated gauge-field encodings and bench-
marked against exact diagonalization on small systems.
Overall, our results provide a controlled weak-coupling

route to topological phases in a truncated gauge-theory
setting, establish their persistence into finite coupling, and
set the stage for quantum simulations to probe the strongly
coupled landscape and accurately locate phase transitions
beyond the reach of current classical approaches.
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APPENDIX A: SUPPLEMENTARY FIGURES FOR
STAGGERED FERMIONS AND NAÏVE WILSON

FERMIONS

In this subsection, we present the analog of the result in
Fig. 5 for the case of staggered fermions and naïve Wilson
fermions with R ¼ 0 (see Fig. 16). These results were
produced by exact diagonalization on a 2 × 2 lattice.
Unlike the case of Wilson fermions with R ¼ 1, we find
that there is only a single gapless point at M ¼ 0 (which is
metallic), and no topological transitions or corresponding
level crossings at M ¼ �2. Away from M ¼ 0, the theory
is in a trivially insulating phase.

APPENDIX B: ORDER OF METAL-INSULATOR
TRANSITION

To analyze the order of the metal-insulator transitions,
we examine the ground-state energy and its first derivative
as a function of μ (see Fig. 17).

FIG. 16. The lowest two energies for naïve Wilson and Staggered fermions: note the absence of transitions at M ¼ �2.

FIG. 17. A plot of the ground-state energy and its first derivative at M ¼ −1.2 on a 32 × 32 spatial lattice. Clearly, the energy is
smooth at the transition points μ ¼ �0.8;�3.2, while its first derivative dE

dμ is nonanalytic at those points, indicating a phase transition.
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APPENDIX C: SUPPLEMENTARY FIGURES FOR
THE Nf = 2 THEORY AT FINITE DENSITY WITH

EQUAL MASSES

1. Structure of the four-band model for M1 =M2 =M

When μ ¼ 0, the lowest energy band is highly degen-
erate jz1; z2i≡ z1j↑; u−i þ z2j↓; u−i, where jz1j2 þ
jz2j2 ¼ 1 and z1; z2 ∈C. Clearly, ðz1; z2Þ parametrize points
on S3 ≅manifold SUð2ÞF, which is consistent with the exist-
ence of an SUð2ÞF flavor symmetry. As the chemical

potential is turned on, the degenerate moduli-space of
vacua is “lifted” and we have four bands (see Fig. 18).

2. Gaplessness at μ = 0 when M1 =M2 =M = 0; ±2

We know that the theory is gapless at M ¼ −2; 0;þ2
when μ ¼ 0, which means that the intermediate yellow
region in Fig. 2 cannot exist for those values of M. Indeed,
this is confirmed explicitly by the plots in Fig. 19.

FIG. 18. The above figures show a plot of the four bands over momentum-space for various values of the relative chemical potential μ
and fixed massM ¼ 0.8. The blue (−) and red (þ) bands comprise the states j↓; u�ðkÞi respectively, while the orange (−) and green (þ)
ones comprise the energy levels j↑; u�ðkÞi respectively. Tuning μ drives the theory into qualitatively distinct phases. At half-filling, the
theory is gapped in the regimes of small and large μ, as shown in 19a and 18d. On the other hand, the theory at half-filling is gapless and
displays metallic behavior in the crossover regions in 19b and 18c.
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3. Occupation fraction versus singlet mass M for
various fixed μ

We also studied the occupation fractions fa as function of
the singlet massM for fixed values of the chemical potential
μ. This analysis reveals (see Fig. 20) the existence of three
qualitatively distinct regimes. When μ ≪ 1, we find that the

theory has four distinct gapped phases as we dialM that are
distinguished by their vacuum Chern numbers and quantum
numbers under the flavor symmetry. When μ ∼ 1, then we
find that the theory can only have two distinct gapped phases
as we dialM. And, lastly, when μ ≫ 1, the theory will have
three distinct gapped phases as we dial M.

FIG. 19. The average occupation fraction in the vacuum fa versus the relative chemical potential μ. Interestingly, we find that the
yellow gapped regime of Fig. 2 collapses to form a gapless inflection point. This is crucial for consistency with the topological phase
diagram at zero density since we know the theory to be gapless at M ¼ 0;�2 when μ ¼ 0. These calculations were performed on a
32 × 32 spatial lattice.
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FIG. 20. The average occupation fraction fa in the vacuum versus the singlet massM for various fixed values of the chemical potential
μ. We observe that there are three distinct qualitative regimes: small μ ≪ 1 with four distinct gapped phases [Fig. 20(a)], intermediate
μ ∼ 1 with two gapped phases (figure 20b), and large μ ≫ 1 with three distinct gapped phases [Fig. 20(c)]. Each of the colored gapped
phases are distinguished by their vacuum Chern number and net flavor spin, as indicated by the legend in Fig. 20(d). The above
calculations were performed on a 16 × 16 spatial lattice.
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APPENDIX D: CONSISTENCY WITH THE PHASE
DIAGRAM AT ZERO DENSITY

At zero density, it is straightforward to map out the
topological phase diagram as a function of the masses
Ma¼1;2 ¼ ma þ 2 of the two Dirac fermions respectively.

We have summarized the results of this analysis in Fig. 21,
which shows a rich phase diagram. The black lines denote
slices at which the lattice theory is gapless, and across
which there are phase transitions. In the gapped regimes,
the theory exhibits IQHE, QSHE, or is a trivial insulator.
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