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We present constraints on isotropic cosmic birefringence induced by axion-like particles (ALPs), derived
from the analysis of cosmic microwave background (CMB) polarization measurements obtained with the
high-frequency channels of Planck. Recent measurements report a hint of isotropic cosmic birefringence,
though its origin remains uncertain. The detailed dynamics of ALPs can leave characteristic imprints on the
shape of the EB angular power spectrum, which can be exploited to constrain specific models of cosmic
birefringence. We first construct a multifrequency likelihood that incorporates an intrinsic nonzero EB
power spectrum. We also show that the likelihood used in previous studies can be further simplified without
loss of generality. Using this framework, we simultaneously constrain the ALP model parameters, the
instrumental miscalibration angle, and the amplitudes of the EB power spectrum of a Galactic dust
foreground model. We find that, if ALPs are responsible for the observed cosmic birefringence, ALP
masses at log10mϕ½eV� ≃ −27.8, −27.5, −27.3, −27.2, −27.1, as well as log10mϕ½eV�∈ ½−27.0;−26.5�, are
excluded at more than 2σ statistical significance.

DOI: 10.1103/kc89-xjkb

I. INTRODUCTION

Recent analyses of cosmic microwave background
(CMB) data have revealed a tantalizing hint of cosmic
birefringence—a rotation of the polarization plane of
photons as they propagate through space [1–5] (see
Ref. [6] for a comprehensive review). As a parity-violating
effect, cosmic birefringence offers a potential smoking gun
for new physics beyond both the Λ cold dark matter model
and the Standard Model of particle physics [7].
Cosmic birefringence can be induced by a pseudoscalar

field, such as axionlike particles (ALPs), coupled to
the electromagnetic field through the Chern-Simons
interaction,

L ⊃ −
1

4
gϕFμνF̃μν; ð1Þ

where g is the coupling constant, ϕ is an ALP field, Fμν

denotes the electromagnetic field tensor, and F̃μν is its
dual. Numerous studies have investigated this effect in
various cosmological contexts, including ALP fields
associated with dark energy [8–16], early dark energy
scenarios [5,12,17,18], and axion dark matter [19–23].
Additional mechanisms include topological defects
[24–28] and possible imprints of quantum gravity
[29–31]. Looking ahead, ongoing and upcoming CMB
experiments, including BICEP [32,33], the Simons
Observatory [34], CMB-S4 [35], and LiteBIRD [36,37],
are expected to substantially reduce polarization noise
and improve sensitivity to birefringence-induced signals,
thereby enabling more stringent tests of these theoretical
scenarios.
To investigate the origin of cosmic birefringence, it is

useful to consider observables that are unaffected by a
miscalibrated polarization angle. One such observable
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is the anisotropic polarization rotation induced by the
fluctuations of the ALP field, δϕ [8,38–47]. Several studies
have constrained these anisotropies by reconstructing the
polarization rotation angle [48–57], while others have
derived limits using CMB polarization power spectra
[21,23,58,59]. However, the time evolution of the ALP
field can substantially suppress the induced B-mode power
spectrum [60].
In this work, we aim to disentangle the effects of a

miscalibrated polarization angle from genuine birefrin-
gence by exploiting the spectral shape of the EB power
spectrum. The EB power spectrum is particularly sensitive
to the time evolution of pseudoscalar fields during the
epochs of recombination and reionization, which can
significantly alter the CMB polarization signals
[19,42,61–67]. By analyzing this spectral shape, we place
constraints on the ALP mass and other model parameters.
Additional constraints on late-time ALP dynamics can be
obtained through tomographic probes, such as the polarized
SunyaevZel’dovich effect [68,69] and galaxy polarization
measurements [70,71], both of which offer complementary
information and help mitigate degeneracies with polariza-
tion calibration errors.
This paper is organized as follows. In Sec. II, we review

the theoretical framework of the EB power spectrum
induced by ALP-driven cosmic birefringence. Section III
describes the datasets used and our analysis methodology.
We present our constraints on ALP model parameters in
Sec. IV. Finally, we summarize our findings and discuss
their implications in Sec. V.

II. ISOTROPIC COSMIC BIREFRINGENCE
FROM ALP

In this Section, we briefly review prior studies on the
angular EB power spectrum induced by cosmic birefrin-
gence from ALPs [9,17,19,61–67].
We begin by considering the case where cosmic bire-

fringence rotates the polarization plane of CMB photons by
a constant angle β. In this scenario, the observed Stokes
parameters are transformed as

Q� iU ¼ ½Qlss � iUlss� expð�2iβÞ; ð2Þ

whereQlss and Ulss denote the Stokes parameters at the last
scattering surface, in the absence of rotation. The E- and
B-mode coefficients are defined from the spin-weighted
spherical harmonic decomposition of the polarization field
[72,73],

Elm � iBlm ¼ −
Z

d2n̂ðY�2
lmðn̂ÞÞ�P�ðn̂Þ; ð3Þ

where P� ¼ Q� iU and Y�2
lm are spin-2 spherical har-

monics. Under a constant rotation β, the E, and Bmodes are
rotated according to

�
Elm

Blm

�
¼ RðβÞ

�
Elss
lm

Blss
lm

�
; ð4Þ

where the rotation matrix is defined as

RðβÞ ¼
�
cos 2β − sin 2β

sin 2β cos 2β

�
: ð5Þ

This leads to a nonzero EB power spectrum given by

CEB
l ¼ sin 4β

2
ðCEE;lss

l − CBB;lss
l Þ: ð6Þ

When cosmic birefringence is sourced by an ALP field,
the rotation angle becomes time dependent. The total
rotation angle for a photon observed today, emitted at
conformal time η, is

βðηÞ ¼ g
2
½ϕðη0Þ − ϕðηÞ� ð7Þ

¼ gϕini

2

ϕðη0Þ − ϕðηÞ
ϕini

≡ βini½fðηÞ − fðη0Þ�; ð8Þ

where η0 is the present conformal time, ϕini is an initial
value of the ALP field, βini ¼ −gϕini=2, and f ¼ ϕ=ϕini. To
compute the impact of this time-dependent rotation on the
CMB polarization, we solve the Boltzmann equation for the
polarized photon distribution [9,19,61,62],

�2Δ0
Pþ iqμ�2ΔP¼aneσT

�
−�2ΔPþ

ffiffiffiffiffiffi
6π

5

r
�2Y20ðμÞΠðη;qÞ

�
� igϕ0

�2ΔP; ð9Þ

where �2ΔP are the Fourier modes of Q� iU and are the
functions of conformal time, the magnitude of the Fourier
wave vector, q, and the cosine of the angle between the
Fourier wave vector and line-of-sight direction, μ. We also
introduce the scale factor, a, the electron number density,
ne, the cross section of the Thomson scattering, σT , and the
polarization source term, Π, introduced in Ref. [72]. A
prime denotes a derivative with respect to conformal time.
The evolution of the ALP field is governed by

ϕ00 þ 2
a0

a
ϕ0 þ a2m2

ϕϕ ¼ 0; ð10Þ

assuming a quadratic potential VðϕÞ ¼ m2
ϕϕ

2=2. While
ALPs generally possess periodic potentials such as a
cosine-type one, we employ a quadratic one for simplicity
of the analysis. If the ALP evolves around the potential
minimum where the potential can be approximated by a
quadratic one, our analysis can be applied.
To derive the angular power spectra, we expand �2ΔP

as [72]
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�2ΔPðη0; q; μÞ≡ −
X
l

i−l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πð2lþ 1Þ

p
× ½ΔE;lðqÞ � iΔB;lðqÞ��2Yl0ðμÞ: ð11Þ

The EB angular power spectrum from these E- and
B-modes is then given by

CEB
l ¼ 4π

Z
dðln qÞPsðqÞΔE;lðqÞΔB;lðqÞ; ð12Þ

where PsðqÞ is the dimensionless power spectrum of the
primordial scalar curvature perturbations. Solving Eq. (9)
provides the full shape of the birefringence-induced EB
power spectrum as described in Eq. (12).
Note that the trajectories of CMB photons are deflected

by gravitational lensing due to foreground large-scale
structures (see, e.g., Ref. [74]). This lensing effect leads
to a smearing of the acoustic peaks in the observed CMB
anisotropies and enhances the amplitude of small-scale
anisotropies. Reference [65] derives the lensed EB power
spectrum by utilizing the fact that gravitational lensing and
a global rotation of the polarization plane commute—that
is, lensing does not affect the rotation, and vice versa [75].
If the ALP mass satisfies mϕ ≲ 10−28 eV, the field

evolves slowly and the rotation angle during recombination
remains nearly constant. In this regime, the EB power
spectrum is well approximated by Eq. (6), using the
rotation angle at recombination. An exception arises at
low multipoles where reionization effects become signifi-
cant [63]. In contrast, for mϕ ≳ 10−28 eV, the ALP field
begins oscillating before or during recombination, causing
the rotation angle to decrease significantly by the time of
photon decoupling. As a result, the conversion of E to B
modes is suppressed, leading to a diminished EB
correlation.
The rotation angle at any epoch satisfies jβðηÞj≲ jβinij.

When jβinij < 1 deg, the EB power spectrum amplitude
scales linearly with βini at approximately 0.08% accuracy,
allowing for simple rescaling in the small-angle limit. Even
when jβinij ≫ 1 deg, this linear rescaling of the EB power
spectrum by βini remains valid, provided that the rotation
angle satisfies jβðηÞj < 1 deg during recombination.

III. ANALYSIS

In this Section, we present our methodology for jointly
constraining the parameters of ALPs, the polarization
miscalibration angle, and foreground contributions. We
begin by outlining the key equations used to relate
theoretical predictions to observational data, along with
the likelihood function employed in the analysis. A detailed
derivation of these equations is provided in Appendix B.
We then describe the datasets used in our analysis and
specify the set of model parameters we aim to constrain.

A. Basic equations for analysis

We here derive the core equations used to analyze the
observed CMB polarization power spectra and constrain
parameters. We model the observed spherical harmonic
coefficients of the CMB polarization maps as [2,4,76]

�
Êlm;i

B̂lm;i

�
¼ RðαiÞ

�Elm þ fElm;i

Blm þ fBlm;i

�
þ
�nElm;i

nBlm;i

�
; ð13Þ

where RðαiÞ is the rotation matrix defined in Eq. (5) and,
(i) Êlm;i, B̂lm;i: observed E- and B-mode components

of the ith map,
(ii) αi: miscalibration angle for the ith map,
(iii) Elm, Blm: cosmological E- and B-mode signals that

could already be rotated by cosmic birefringence,
(iv) fElm;i, f

B
lm;i: E- and B-mode foreground contribu-

tions in the ith map,
(v) nElm;i, n

B
lm;i: E- and B-mode instrumental noise in the

ith map.
To express the angular power spectra, we introduce the
following matrices and vectors [2,4,76]:

Rðαi; αjÞ≡
�
cos 2αi cos 2αj sin 2αi sin 2αj
sin 2αi sin 2αj cos 2αi cos 2αj

�
; ð14Þ

R⃗ðαi; αjÞ≡
�

cos 2αi sin 2αj
− sin 2αi cos 2αj

�
; ð15Þ

Dðαi; αjÞ≡
�− cos 2αi sin 2αj − sin 2αi cos 2αj

sin 2αi cos 2αj cos 2αi sin 2αj

�
; ð16Þ

D⃗ðαi; αjÞ≡
�

cos 2αi cos 2αj
− sin 2αi sin 2αj

�
: ð17Þ

Using the above definitions, the data vector composed of
the power spectra is written as (see Appendix B for
derivation)

d⃗l;ij ≡

0
BBB@

Ĉ
EiEj

l

Ĉ
BiBj

l

Ĉ
EiBj

l

1
CCCA

¼
 

Rðαi; αjÞ
R⃗Tðαi; αjÞ

! 
CEE
l þ F

EiEj

l

CBB
l þ F

BiBj

l

!

þ
 

Dðαi; αjÞ
D⃗Tðαi; αjÞ

! 
F
EiBj

l

F
BiEj

l

!
þ E⃗ðαi; αjÞCEB

l ; ð18Þ

where FXY
l denotes the foreground power spectrum, and we

define
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E⃗ðαi; αjÞ≡
0
B@

− sin 2θij
sin 2θij
cos 2θij

1
CA; ð19Þ

with θij ¼ αi þ αj. We assume that the noise components
from different frequency channels are statistically indepen-
dent and neglect noise covariance [2,4,76].

1. General case

Eliminating the E- and B-mode auto power spectra,

CEE
l þ F

EiEj

l and CBB
l þ F

BiBj

l , from Eq. (18), we obtain
(see Appendix B for derivation)

Ĉ
EiBj

l ¼ Ĉ
EiEj

l sin 4αj − Ĉ
BiBj

l sin 4αi
cos 4αi þ cos 4αj

þ 2
F
EiBj

l cos 2αi cos 2αj þ F
BiEj

l sin 2αi sin 2αj
cos 4αi þ cos 4αj

þ CEB
l

cos 2θij
: ð20Þ

If intrinsic foreground EB correlations are negligible, this
simplifies to

Ĉ
EiBj

l ¼ Ĉ
EiEj

l sin 4αj − Ĉ
BiBj

l sin 4αi
cos 4αi þ cos 4αj

þ CEB
l

cos 2θij
: ð21Þ

Moreover, subtracting the symmetric component under
i ↔ j yields an expression involving only observed quan-
tities,

Ĉ
EiBj

l − Ĉ
EjBi

l ¼ sin 4αj − sin 4αi
cos 4αi þ cos 4αj

�
Ĉ
EiEj

l þ Ĉ
BiBj

l

�
: ð22Þ

2. Modeling the intrinsic EB foregrounds

To account for Galactic foregrounds—primarily thermal
dust at Planck high-frequency channels—we adopt the
empirical model of Ref. [4], where the foreground EB
power spectrum is modeled as

F
EiBj

l ¼ Adust
l sin 4ψlF

EiEj

l ; ð23Þ

with Adust
l as a free amplitude parameter, and the effective

dust polarization angle defined by

ψl ≡ 1

2
arctan

�
FTB
l

FTE
l

�
; ð24Þ

determined from Planck 353 GHz maps. As in previous
studies, we assume Adust

l and ψl are frequency independent.

This simplification has been shown to be valid given the
weak frequency dependence of the prefactor [2].
The complete data model, including this dust-induced

correlation, becomes

d⃗l;ij¼
�
R

R⃗T

��
CEE
l

CBB
l

�
þ
� Λ
Λ⃗T

� 
F
EiEj

l

F
BiBj

l

!
þ E⃗CEB

l ; ð25Þ

where the matrix Λ includes the dust angle contribution,

� Λ
Λ⃗T

�
≡
�

R

R⃗T

�
þ tan 2xl

0
B@

0

E⃗ 0

0

1
CA; ð26Þ

with tan 2xl ≡ Adust
l sin 4ψl. As Eq. (25) contains three

equations, we can eliminate the foreground power spectra,

F
EiEj

l and F
BiBj

l , leading to a single equation for the EB
power spectrum (see Appendix B for derivation),

Ĉ
EiBj

l ¼ Ĉ
EiEj

l cos 2αj sin 2θ̃j;l − Ĉ
BiBj

l sin 2αi cos 2θ̃i;l
cos 2θ̃ij;l cos 2δij

þ CEB
l cos 2xl − CEE

l sin 2xl
cos 2θ̃ij;l

; ð27Þ

where we define

δij ¼ αi − αj; ð28Þ

θ̃i;l ¼ αi þ xl; ð29Þ

θ̃ij;l ¼ θij þ xl: ð30Þ

This equation can be recast in a linear form for parameter
estimation,

A⃗T
l;ij

0
BBB@

Ĉ
EiEj

l

Ĉ
BiBj

l

Ĉ
EiBj

l

1
CCCA − B⃗T

l;ij

0
BBB@

CEE
l

CBB
l

CEB
l

1
CCCA ¼ 0; ð31Þ

with the vectors defined as

A⃗l;ij ¼

0
B@

− cos 2αj sin 2θ̃j;l=ðcos 2θ̃ij;l cos 2δijÞ
sin 2αi cos 2θ̃i;l=ðcos 2θ̃ij;l cos 2δijÞ

1

1
CA; ð32Þ

B⃗l;ij ¼
1

cos 2θ̃ij;l

0
B@

− sin 2xl
0

cos 2xl

1
CA: ð33Þ
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This linearized equation is used in our likelihood analysis
to simultaneously constrain the birefringence signal, mis-
calibration angle, and foreground contamination.

3. Constant rotation

Before detailing the likelihood implementation, we
consider a special case where cosmic birefringence is
modeled as a constant rotation βi, potentially varying by
frequency band, as done in previous work [2,4,76]. In this
scenario, the total rotation of the CMB signal is described
by αi þ βi, and the birefringence-induced EB correlation is
set to zero. From Eq. (18), the data vector becomes

d⃗l;ij ¼
 

Rðαi þ βi; αj þ βjÞ
R⃗Tðαi þ βi; αj þ βjÞ

! 
CEE;lss
l

CBB;lss
l

!

þ
 

Rðαi; αjÞ
R⃗Tðαi; αjÞ

! 
F
EiEj

l

F
BiBj

l

!

þ
 

Dðαi; αjÞ
D⃗Tðαi; αjÞ

! 
F
EiBj

l

F
BiEj

l

!
: ð34Þ

One can eliminate the E- and B-mode power spectra of the
foregrounds to yield a single equation [4],

Ĉ
EiBj

l − ΛTΛ−1

 
Ĉ
EiEj

l

Ĉ
BiBj

l

!

¼ ½R⃗Tðαi þ βi; αj þ βjÞ

− Λ⃗TΛ−1Rðαi þ βi; αj þ βjÞ�
 
CEE;lss
l

CBB;lss
l

!
: ð35Þ

Instead of directly using this expression, we simplify by
rotating the CMB spectra by βi in Eq. (27), which yields

0
B@

CEE
l

CBB
l

CEB
l

1
CA ¼

 
Rðβi; βjÞ
R⃗Tðβi; βjÞ

! 
CEE;lss
l

CBB;lss
l

!
: ð36Þ

Substituting this into Eq. (31) yields

A⃗T
l;ij

0
BB@

Ĉ
EiEj

l

Ĉ
BiBj

l

Ĉ
EiBj

l

1
CCA − ½B⃗0�Tl;ij

 
CEE;lss
l

CBB;lss
l

!
¼ 0; ð37Þ

with

½B⃗0�Tl;ij ≡ ð− sin 2xl; 0; cos 2xlÞ
cos 2θ̃ij;l

� Rðβi; βjÞ
R⃗Tðβi; βjÞ

�
ð38Þ

¼ 1

cos 2θ̃ij;l

�
cos 2βi sin 2Δj;l

− sin 2βi cos 2Δj;l

�T

; ð39Þ

where we define Δj;l ¼ βj − xl. The single equation is
then given by

Ĉ
EiBj

l ¼ Ĉ
EiEj

l cos2αj sin2θ̃j;l − Ĉ
BiBj

l sin2αi cos2θ̃i;l
cos2θ̃ij;l cos2δij

þCEE;lss
l cos2βi sin2Δj;l −CBB;lss

l sin2βi cos2Δj;l

cos2θ̃ij;l
:

ð40Þ

If xl ¼ 0, we obtain the following single equation:

Ĉ
EiBj

l ¼ Ĉ
EiEj

l sin 4αj − Ĉ
BiBj

l sin 4αi
cos 4αi þ cos 4αj

þ CEE;lss
l cos 2βi sin 2βj − CBB;lss

l sin 2βi cos 2βj
cos 2ðαi þ αjÞ

:

ð41Þ

The above equation is an alternative simplified expression
for Eq. (6) of Ref. [4]. If βi ¼ βj ¼ β and ignore the
intrinsic EB correlation of the foregrounds, we find that the
equation has the following simple form:

Ĉ
EiBj

l ¼ Ĉ
EiEj

l sin 4αj − Ĉ
BiBj

l sin 4αi
cos 4αi þ cos 4αj

þ sin 4β
2 cos 2ðαi þ αjÞ

ðCEE;lss
l − CBB;lss

l Þ: ð42Þ

This equation is an alternative simplified expression for
Eq. (10) of Ref. [76]. If we further assume αi ¼ αj ¼ α, the
above equation coincides with Eq. (3) of Ref. [76] but
without the intrinsic EB correlations from foregrounds and
the CMB,

Ĉ
EiBj

l ¼ tan 4α
2

ðĈEiEj

l − Ĉ
BiBj

l Þ

þ sin 4β
2 cos 4α

ðCEE;lss
l − CBB;lss

l Þ: ð43Þ

B. Data

We utilize polarization data of Planck Public Release 4
[77] measured at the following four frequency channels of
the Planck high-frequency instrument (HFI): 100 GHz,
143 GHz, 217 GHz, and 353 GHz. For each frequency, we
use the corresponding detector-split maps to form cross-
spectra and mitigate noise bias. We adopt the baseline
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carbon monoxide and point-source mask of Ref. [4] that
covers approximately 92% of the sky.
Following the methodology of Ref. [4], we compute the

observed EB power spectra using the POLSPICE package
[78]. The spectra are calculated by cross-correlating differ-
ent detector maps over the multipole range 51 ≤ l ≤ 1490,
using the same sky mask as in Ref. [4]. We apply
corrections for the instrumental beam and pixel window
function via deconvolution. The resulting power spectra are
then binned into evenly spaced multipole bins across the
full range for subsequent analysis.

C. Likelihood

We follow the likelihood approach developed in
Refs. [2,4,76] to constrain ALP model parameters.
Specifically, we use all cross-spectra between different
map pairs, excluding autocorrelations to avoid noise bias.

At each multipole l, we define the following residual
vector:

fv⃗lgα ≡ A⃗T
l;ij

0
BBB@

Ĉ
EiEj

l

Ĉ
BiBj

l

Ĉ
EiBj

l

1
CCCA − B⃗T

l;ij

0
BB@

CEE
l

CBB
l

CEB
l

1
CCA; ð44Þ

where α ¼ ði; jÞ runs over all map pairs with i ≠ j. We then
constrain the model parameters p⃗ by minimizing the
residuals through the log-likelihood function [4],

−2 lnLðp⃗Þ ¼
X
b

ðv⃗TbM−1
b v⃗b þ ln jMbjÞ; ð45Þ

where the sum is over multipole bins b, and the covariance
matrix Mb is given by [4]

fMbgαα0 ≡ A⃗T
b;ij

0
BBB@

CovðĈEiEj

b ; Ĉ
Ei0Ej0
b Þ CovðĈEiEj

b ; Ĉ
Bi0Bj0
b Þ CovðĈEiEj

b ; Ĉ
Ei0Bj0
b Þ

CovðĈBiBj

b ; Ĉ
Ei0Ej0
b Þ CovðĈBiBj

b ; Ĉ
Bi0Bj0
b Þ CovðĈBiBj

b ; Ĉ
Ei0Bj0
b Þ

CovðĈEiBj

b ; Ĉ
Ei0Ej0
b Þ CovðĈEiBj

b ; Ĉ
Bi0Bj0
b Þ CovðĈEiBj

b ; Ĉ
Ei0Bj0
b Þ

1
CCCAA⃗b;i0j0 : ð46Þ

The covariance for the binned power spectra is calculated
as [4]

CovðĈXY
b ; ĈZW

b Þ ¼ 1

Δl2

X
l∈ b

CovðĈXY
l ; ĈZW

l Þ; ð47Þ

where the bin size is Δl ¼ 20 and the unbinned covariance
at multipole l is given by [4]

CovðĈXY
l ; ĈZW

l Þ ¼ ĈXZ
l ĈYW

l þ ĈXW
l ĈYZ

l

ð2lþ 1Þfsky
: ð48Þ

Here, fsky denotes the effective sky fraction, computed
using Eq. (22) of Ref. [4]. Note that we omit the observed
EB power spectrum from the right-hand side of Eq. (48) to
avoid large fluctuations that may bias the covariance
estimation. Note that we use a nearly full-sky polarization
map and the mode coupling between multipoles is very
small. More importantly, we apply the multipole binning
that further suppresses residual correlations between multi-
poles. Since the multipole binning is the same as that used
in Ref. [79] and is determined so that the mode coupling
becomes negligible, we do not include the correlation
between different multipole bins.

D. Model parameters

The EB power spectrum induced by cosmic birefrin-
gence depends primarily on two ALP parameters: the

logarithmic ALP mass μϕ ≡ log10mϕ½eV�, and the initial
rotation angle βini ¼ −gϕini=2 [64]. In addition to μϕ and
βini, we follow the treatment of instrumental miscalibration
and foreground modeling as established in Refs. [2,4].
Specifically, we include eight miscalibration angles αi,
corresponding to the two detector-split maps for each of the
four Planck frequency bands (100, 143, 217, and 353 GHz).
To model the Galactic foreground contribution, we employ
a parametric approach with four dust amplitude parameters,
Adust
b ðb∈ ½1; 4�Þ. Each parameter characterizes the dust

amplitude Adust
l from Eq. (23) within a specific range of

multipoles: l∈ ½51; 130�, [131, 210], [211, 510], and [511,
1490], respectively.
The theoretical EB power spectrum is computed using the

code developed in Refs. [17,64,65], which solves the
Boltzmann equations with cosmic birefringence. The code
assumes a sufficiently small ALP field amplitude jϕinij such
that the ALP energy density does not affect the background
cosmological evolution. To improve computational effi-
ciency, we precompute CEB

l at βini ¼ 0.3 deg for each fixed
value of μϕ, and obtain spectra for arbitrary βini via rescaling.
This procedure is valid in the small-angle approximation,
where the power spectrum scales linearly with βini, and the
resulting constraints on μϕ are independent of the specific
reference angle chosen. To avoid introducing bias, we select
a sufficiently dense set of μϕ values for precomputing the EB
power spectra, ensuring that the final constraints are insen-
sitive to the specific choice of precomputed mass values.
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To explore the posterior distribution of the model
parameters, we use the affine-invariant Markov chain
Monte Carlo sampler implemented in the EMCEE

package [80].

E. Priors

1. Mass

We adopt a flat prior on the logarithmic ALP mass
parameter μϕ, uniformly distributed over the range
μϕ ∈ ½−29.0;−26.5�. The lower bound of this range is
chosen since the behavior of the EB power spectrum is
the same for the mass at μϕ ≪ −28.0. For this degeneracy,
the posterior with a fixed value of μϕ is identical at
μϕ ≲ −28.0. The highly degenerated region μϕ ≪ −28.0
also leads to the volume effect that leads to a computational
difficulty, although we find that the results are almost the
same even if we choose the lower limit to μϕ ¼ −30.0. The
upper bound is set to limit computational cost, as evaluating
the birefringence-induced power spectrum becomes
increasingly expensive for higher ALP masses.

2. Amplitude

For the parameter, βini, we do not have any specific prior
from theory and consider an objective uninformative prior
to maximize the constraints from data. One of the common
choice in this case is the Jeffreys prior as an objective
Bayesian analysis widely used for astronomy (see, e.g.,
Refs. [81–84]).
Here, we further approximate the Jeffreys prior so that it

can be easily implemented in our calculation. We first
summarize the behavior of the EB power spectrum and
introduce a rescaled amplitude parameter. For low ALP
masses, μϕ ≲ −28.0, the birefringence-induced EB power
spectrum closely resembles that from a constant rotation
angle across all multipoles considered in our analysis
[63,64]. For higher masses, μϕ ≳ −28.0, for a fixed
βini ≃ 0.3 deg, the overall amplitude of the EB power
spectrum significantly depends on μϕ. To account for this
variation and maintain a consistent amplitude scale across
mass values, we define a suppression factor,

FsupðμϕÞ≡ 1

1440

X1490
l¼51

jCEB
l ðμϕÞj

jCEB
l ðμϕ ¼ −33.0Þj ; ð49Þ

and normalize the power spectrum accordingly. We then
introduce a rescaled amplitude parameter,

AEB ≡
�

βini
0.3 deg

�
Fsup; ð50Þ

which quantifies the magnitude of the EB power spectrum
induced by cosmic birefringence. If we change the ampli-
tude parameter from βini to AEB, we find that the Jeffreys

prior for βini can be approximated to a flat prior on AEB (see
Appendix C). Thus, we use AEB and adopt the flat prior
for AEB.

3. Other parameters

For the remaining nuisance parameters, we follow the
treatment in Ref. [4] and adopt flat-uniform priors on
miscalibration angles, αi ∈ ½−5 deg; 5 deg�, and on the EB
dust amplitude, Adust

b ∈ ½0; 1�.

IV. RESULTS

Figure 1 presents the parameter constraints in the μϕAEB
plane with the 2σ contour obtained from the posterior
marginalized over the miscalibration angles and dust
amplitude parameters. The full posterior distributions for
all parameters are provided in Appendix A. Figure 2 shows
the corresponding 1 and 2σ contours in the μϕ ln jβinij plane
where we change the y axis from AEB to ln jβinij using
Eq. (50). We find that the Planck polarization data favor a
nonzero isotropic cosmic birefringence induced by ALPs,
although the posterior exhibits multiple peaks. Notably, the
data exclude the logarithmic ALP masses at μϕ ≃ −27.8,
−27.5, −27.3, −27.2, −27.1 with more than 2σ statistical
significance. The mass range μϕ ∈ ½−27.0;−26.5� is sim-
ilarly disfavored at greater than 2σ. It is important to note
that for μϕ ≲ −28.0, the EB power spectrum becomes
approximately proportional to the EE power spectrum
across most multipoles, except near the reionization

FIG. 1. Marginalized posterior distribution of the logarithmic
ALP mass μϕ ¼ log10mϕ½eV� and the rescaled amplitude param-
eter AEB, which characterizes the overall strength of the bi-
refringence-induced EB power spectrum. The two-dimensional
panel shows the distribution of Markov chain Monte Carlo
samples along with the 2σ contour.
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bump [63]. Consequently, at μϕ ≤ −29.0, the EB power
spectrum retains the same shape across the multipole range
accessible to Planck, and this mass range remains con-
sistent with the data. Regarding the amplitude of the EB
power spectrum, jAEBj ≃ 1 is favored as expected. In the
regions where AEB ≃ −1 is favored, β has an opposite sign
to βini around the recombination epoch due to the oscillat-
ing behavior of the ALP field. Since the oscillation phase in
the recombination epoch shifts depending on the ALP
mass, positive and negative AEB are alternately favored
for μϕ ≳ −28.0.

To elucidate why the Planck data disfavor higher ALP
masses, Fig. 3 presents the EB power spectra for μϕ ¼
−27.822 and −26.846, both assuming AEB ¼ 1. For com-
parison, we also show the power spectrum for μϕ ¼ −33
with AEB ¼ 0.36=0.30 ¼ 1.2, which corresponds to the
best-fit value of AEB using the Planck HFI data [4].
Additionally, we include the power spectrum for a constant
rotation angle β ¼ 0.36 deg. The power spectrum for μϕ ¼
−33 closely matches that of the constant rotation scenario
and is in excellent agreement with the observed data. In
contrast, the spectra for μϕ ¼ −27.822 and −26.846 exhibit
shifts in the acoustic peak structure relative to the μϕ ¼
−33 case. Notably, at multipoles around l ∼ 400, these
higher mass cases show significant discrepancies from the
observed spectrum. Such deviations provide a clear basis
for excluding these ALP mass values.
We also perform an analysis without explicitly modeling

the EB power spectrum from intrinsic dust foregrounds.
Specifically, we repeat the same analysis but excluding the
dust amplitude parameters Adust

b in the model parameter set
and setting xl ¼ Adust

l sin 4ψl ¼ 0 in Eqs. (32) and (33).
The data prefer a slightly smaller value of AEB than that
without the dust EB modeling. The resulting constraints,
shown in Fig. 4, are broadly consistent with those obtained
when including the dust EB foreground modeling, indicat-
ing the robustness of our findings.

V. SUMMARY AND DISCUSSION

We have constrained the mass of ALPs using Planck HFI
polarization data, under the assumption that isotropic

FIG. 2. Same as Fig. 1, but shown in the
log10mϕ½eV� ln jgϕini=2j plane, where gϕini=2 is expressed in
degrees. The two-dimensional posterior is visualized with 1σ
(cyan) and 2σ (blue) contours.

FIG. 3. Comparison of theoretical EB power spectra for differ-
ent ALP masses and amplitudes: μϕ ¼ −27.822, AEB ¼ 1 (blue
solid), μϕ ¼ −26.846, AEB ¼ 1 (orange solid), and μϕ ¼ −33,
AEB ¼ 0.36=0.3 (green solid). For reference, the spectrum from a
constant rotation angle β ¼ 0.36 deg is shown as a black dashed
line. The black points represent the stacked, foreground-
subtracted EB power spectrum derived from the data using the
best-fit foreground model.

FIG. 4. Same as Fig. 1, but without modeling the intrinsic
dust-induced EB foreground correlation. This comparison illus-
trates the impact of foreground modeling on the inferred ALP
parameters.
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cosmic birefringence is sourced by ALPs. Our analysis
reveals that the data favor mass ranges in which birefrin-
gence is effectively described by a constant rotation
angle. Consequently, certain mass ranges—specifically
μϕ ≃ −27.8, −27.5, −27.3, −27.2, −27.1, as well as
μϕ ∈ ½−27.0;−26.5�—are excluded at more than 2σ stat-
istical significance. Importantly, the region μϕ ≲ −28.0
remains unconstrained and allows for the possibility that
ALPs play the role of dynamical dark energy, consistent
with recent results from DESI [85]. We also demonstrated
that this conclusion is robust against uncertainties in the
modeling of intrinsic EB power spectrum of dust
foreground.
In this work, we assume that ALPs act as spectator fields

and do not contribute to the background evolution. For a
quadratic potential, Ref. [12] provides constraints on the
ALP-photon coupling constant g, based on the requirement
that ALPs remain subdominant in energy density. Their
analysis uses a benchmark value of jgϕini=2j ¼ 0.3 deg,
ensuring consistency with upper limits on ALP energy
density. Within the mass range considered in our study,
they find a wide range of viable g values consistent with
current experimental constraints from CAST, SN1987A,
and Chandra. Therefore, our results are compatible with the
assumption that the contributions from ALPs to the back-
ground evolution are negligible.
Although Ref. [12] also places constraints on ALP-

induced cosmic birefringence, their analysis does not
use a full solution of the Boltzmann equations and does
not rule out any mass ranges. In contrast, our work provides
the first exclusion of specific ALP masses under the
assumption that the observed birefringence originates
from ALPs, using a full Boltzmann treatment of CMB
polarization.
Our limits on the ALPmass rely on the assumption of the

mass potential. If higher-order terms of the potential exist
and affect the ALP dynamics, the oscillation phase during
the recombination alters, and the constraints on the ALP are
modified. While one can carry out an analysis similar to the
one presented here, one has to vary an additional parameter
in such a case because the degeneracy between g and ϕini is
resolved.
We did not investigate whether the nπ-phase ambiguity,

recently discussed in Ref. [66], could reconcile the data
with ALP masses that are otherwise excluded at more than
the 2σ level in the absence of this ambiguity. Accounting
for the ambiguity, we can consider the regime where
jβðηÞj ≫ 1 deg for η during the recombination, leading
to a breakdown of the small-angle approximation
sin 4βðηÞ ≃ 4βðηÞ. For the excluded masses, the rotation
angle for photons emitted during recombination varies
rapidly and significantly, and EB power spectrum has a
nontrivial spectral shape. These variations also tend to
suppress the polarization signal [22], resulting in an EE

power spectrum inconsistent with the data, suggesting that
such scenarios are unlikely.
Planck polarization data lacks sensitivity to the small

angular scales beyond l≳ 1500. At these scales, the shape
of the EB power spectrum can be further modified by the
ALP dynamics during the recombination epoch. Additional
high-resolution data, such as that from the Atacama
Cosmology Telescope, would provide valuable information
at these multipoles and could further tighten constraints on
ALP parameters.
A further low-redshift test of cosmic birefringence is

important to uncover the origin of cosmic birefringence.
For example, cosmic birefringence induced by ALPs with
μϕ ≲ 10−32 eV can be probed using the polarization of low-
redshift radio galaxies [86]. Additionally, complementary
constraints can be obtained from the polarization and shape
of low-redshift galaxies [71]. Since this parameter space is
challenging to access using CMB data alone, such low-
redshift observations provide a valuable and independent
avenue for testing cosmic birefringence.
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APPENDIX A: FULL CONTOURS

Figure 5 shows the constraints on all parameters in our
analysis. Most of the miscalibration angles are consistent
with zero within 2σ significance, which is similar to the
constraints in previous studies [2,4]. The constraints on the
dust amplitude parameters are close to that obtained in
Ref. [4] where they constrain cosmic birefringence for the
constant rotation case.
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APPENDIX B: DERIVATION OF EQUATIONS

We here derive the basic equations described in Sec. III. Using Eq. (13), we first compute the covariance between
observed E and B modes as

Cl;ij ≡
 
Ĉ
EiEj

l Ĉ
EiBj

l

Ĉ
BiEj

l Ĉ
BiBj

l

!
¼
 
Êlm;i

B̂lm;i

!
ðÊ�

lm;j; B̂
�
lm;jÞ ¼ RðαiÞ

 
CEE
l þ F

EiEj

l CEB
l þ F

EiBj

l

CEB
l þ F

BiEj

l CBB
l þ F

BiBj

l

!
RTðαjÞ: ðB1Þ

Here, we assume that the noise in ith and jth maps are statistically independent and ignore the noise covariance. Using the
formula for the vectorization of the matrix (e.g., Ref. [87]), we obtain

FIG. 5. Constraints on the ALP mass, the overall rescaled amplitude of the EB power spectrum, miscalibration angles, αi, and dust EB
amplitude, Adust

b .

NAMIKAWA, MURAI, and NAOKAWA PHYS. REV. D 112, 123513 (2025)

123513-10



0
BBBBBB@

Ĉ
EiEj

l

Ĉ
BiEj

l

Ĉ
EiBj

l

Ĉ
BiBj

l

1
CCCCCCA

¼ ½RðαjÞ ⊗ RðαiÞ�

0
BBBBBB@

CEE
l þ F

EiEj

l

CEB
l þ F

BiEj

l

CEB
l þ F

EiBj

l

CBB
l þ F

BiBj

l

1
CCCCCCA
; ðB2Þ

where⊗ is the tensor product. Following the previous studies, we exclude the equation for Ĉ
BiEj

l from the above equations
and exchange the elements of the vector, yielding

d⃗l;ij ≡

0
BBB@

Ĉ
EiEj

l

Ĉ
BiBj

l

Ĉ
EiBj

l

1
CCCA ¼ S1;2;3P2↔4½RðαjÞ ⊗ RðαiÞ�PT

2↔4

0
BBBBBB@

CEE
l þ F

EiEj

l

CBB
l þ F

BiBj

l

CEB
l þ F

EiBj

l

CEB
l þ F

BiEj

l

1
CCCCCCA
; ðB3Þ

where S1;2;3 is the 3 × 4 selection matrix that selects the first, second, and third elements of a vector, and P2↔4 is the
4 × 4 permutation matrix to exchange the second and fourth elements of the vector. The explicit expression of the matrix is
given by

R̃ðαi; αjÞ≡ S1;2;3P2↔4½RðαjÞ ⊗ RðαiÞ�PT
2↔4 ðB4Þ

¼ S1;2;3P2↔4

0
BBB@

cos 2αi cos 2αj − sin 2αi cos 2αj − cos 2αi sin 2αj sin 2αi sin 2αj
sin 2αi cos 2αj cos 2αi cos 2αj − sin 2αi sin 2αj − cos 2αi sin 2αj
cos 2αi sin 2αj − sin 2αi sin 2αj cos 2αi cos 2αj − sin 2αi cos 2αj
sin 2αi sin 2αj cos 2αi sin 2αj sin 2αi cos 2αj cos 2αi cos 2αj

1
CCCAPT

2↔4 ðB5Þ

¼

0
B@

cos 2αi cos 2αj sin 2αi sin 2αj − cos 2αi sin 2αj − sin 2αi cos 2αj
sin 2αi sin 2αj cos 2αi cos 2αj sin 2αi cos 2αj cos 2αi sin 2αj
cos 2αi sin 2αj − sin 2αi cos 2αj cos 2αi cos 2αj − sin 2αi sin 2αj

1
CA: ðB6Þ

The matrices and vectors in the previous studies [2,4,76] are given by

Rðαi; αjÞ≡ R̃1∶2;1∶2ðαi; αjÞ ¼
�
cos 2αi cos 2αj sin 2αi sin 2αj
sin 2αi sin 2αj cos 2αi cos 2αj

�
¼ 1

2

�
cos 2δij þ cos 2θij cos 2δij − cos 2θij
cos 2δij − cos 2θij cos 2δij þ cos 2θij

�
;

ðB7Þ

R⃗ðαi; αjÞ≡ ½R̃3;1∶2ðαi; αjÞ�T ¼
�

cos 2αi sin 2αj
− sin 2αi cos 2αj

�
¼ −

1

2

�
sin 2δij − sin 2θij
sin 2δij þ sin 2θij

�
; ðB8Þ

Dðαi; αjÞ≡ R̃3∶4;3∶4ðαi; αjÞ ¼
�− cos 2αi sin 2αj − sin 2αi cos 2αj

sin 2αi cos 2αj cos 2αi sin 2αj

�
¼ 1

2

�
sin 2δij − sin 2θij − sin 2δij − sin 2θij
sin 2δij þ sin 2θij − sin 2δij þ sin 2θij

�
;

ðB9Þ

D⃗ðαi; αjÞ≡ ½R̃3;3∶4ðαi; αjÞ�T ¼
�

cos 2αi cos 2αj
− sin 2αi sin 2αj

�
¼ 1

2

�
cos 2δij þ cos 2θij
− cos 2δij þ cos 2θij

�
; ðB10Þ

where θij ¼ αi þ αj and δij ¼ αi − αj. We decompose Eq. (B3) into the blocks that contain the E- and B-mode auto spectra,
and that have EB cross spectra, yielding
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d⃗l;ij ¼
 

Rðαi; αjÞ
R⃗Tðαi; αjÞ

! 
CEE
l þ F

EiEj

l

CBB
l þ F

BiBj

l

!
þ
 

Dðαi; αjÞ
D⃗Tðαi; αjÞ

! 
CEB
l þ F

EiBj

l

CEB
l þ F

BiEj

l

!
: ðB11Þ

The last term in the above equation contains CEB
l twice. We simplify the last term and find Eq. (18).

Next, we derive Eq. (27) from Eq. (25). We write Eq. (26) as

� Λ
Λ⃗T

�
¼ 1

2

0
B@

cos 2δij þ cos 2θij − 2 tan 2xl sin 2θij cos 2δij − cos 2θij
cos 2δij − cos 2θij þ 2 tan 2xl sin 2θij cos 2δij þ cos 2θij
− sin 2δij þ sin 2θij þ 2 tan 2xl cos 2θij − sin 2δij − sin 2θij

1
CA: ðB12Þ

As Eq. (25) has three equations, we eliminate F
EiEj

l and F
BiBj

l to obtain a single equation,

Ĉ
EiBj

l − Λ⃗TΛ−1

 
Ĉ
EiEj

l

Ĉ
BiBj

l

!
¼ ½R⃗T − Λ⃗TΛ−1R�

 
CEE
l

CBB
l

!
þ
�
cos 2θij − Λ⃗TΛ−1

�−1
1

�
sin 2θij

�
CEB
l : ðB13Þ

Using x̃l;ij ¼ cos 2θij − tan 2xl sin 2θij ¼ cos 2θ̃ij;l= cos 2xl, we compute Λ−1 explicitly as

Λ−1 ¼ 2

�
cos 2δij þ cos 2θij − 2 tan 2xl sin 2θij cos 2δij − cos 2θij
cos 2δij − cos 2θij þ 2 tan 2xl sin 2θij cos 2δij þ cos 2θij

�−1

¼ 1

2

1

x̃l;ij cos 2δij

�
cos 2δij þ cos 2θij − cos 2δij þ cos 2θij

− cos 2δij þ cos 2θij − 2 tan 2xl sin 2θij cos 2δij þ cos 2θij − 2 tan 2xl sin 2θij

�
: ðB14Þ

We then multiply the vector, Λ⃗, to the above equation, finding a very simple form,

½Λ⃗TΛ−1�T ¼ 1

2x̃l;ij cos 2δij

�
sin 2ðθij − δijÞ þ tan 2xl½1þ cos 2ðθij − δijÞ�
− sin 2ðθij þ δijÞ þ tan 2xl½1 − cos 2ðθij þ δijÞ�

�
ðB15Þ

¼ 1

2x̃l;ij cos 2δij

�
sin 4αj þ tan 2xlð1þ cos 4αjÞ
− sin 4αi þ tan 2xlð1 − cos 4αiÞ

�
ðB16Þ

¼ 1

cos 2δij cos 2θ̃ij;l

�
cos 2αj sin 2θ̃j;l

− sin 2αi cos 2θ̃i;l

�
: ðB17Þ

For the coefficient of the E- and B-mode auto power spectra, we compute

Λ−1R ¼ ðR−1ΛÞ−1 ¼
�
Iþ tan 2xl sin 2θijR−1

�−1 0

1 0

��−1
ðB18Þ

¼ 1

1 − tan 2xl tan 2θij

�
1 0

− tan 2xl tan 2θij 1 − tan 2xl tan 2θij

�
; ðB19Þ

and find that

R⃗T − Λ⃗TΛ−1R ¼ R⃗T − ½R⃗T þ ðtan 2xl cos 2θij; 0Þ�
1

1 − tan 2xl tan 2θij

�
1 0

− tan 2xl tan 2θij 1 − tan 2xl tan 2θij

�
ðB20Þ

¼ − tan 2xl
x̃l;ij

ð1; 0Þ ¼ − sin 2xl
cos 2θ̃ij;l

ð1; 0Þ: ðB21Þ

Alternatively, we can use Eq. (B15) to obtain the above equation,
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Λ⃗TΛ−1R¼ 1

4x̃l;ij cos2δij

�
sin2ðθij − δijÞ þ tan2xl½1þ cos2ðθij − δijÞ�
− sin2ðθij þ δijÞ þ tan2xl½1− cos2ðθij þ δijÞ�

�T� cos2δij þ cos2θij cos2δij − cos2θij
cos2δij − cos2θij cos2δij þ cos2θij

�

¼ 1

2

	
sin2θij − sin2δij þ 2 tan2xl

x̃l;ij
− sin2θij − sin2δij



: ðB22Þ

Finally, for the third term, we use

cos 2θij − Λ⃗TΛ−1
�−1

1

�
sin 2θij ¼

1

x̃l;ij
¼ cos 2xl

cos 2θ̃ij;l
: ðB23Þ

Substituting Eqs. (B17), (B21), and (B23) into Eq. (B13), we obtain Eq. (27).
We finally derive Eq. (20) from Eq. (18). From the three equations in Eq. (18), by eliminating F

EiEj

l and F
BiBj

l , we obtain

Ĉ
EiBj

l − RTR−1

 
Ĉ
EiEj

l

Ĉ
BiBj

l

!
¼ ½DT − RTR−1D�

 
F
EiBj

l

F
BiEj

l

!
þ
�
cos θij − RTR−1

�−1
1

�
sin θij

�
CEB
l ðB24Þ

¼ ½DT − RTR−1D�
 
F
EiBj

l

F
BiEj

l

!
þ 1

cos θij
CEB
l : ðB25Þ

Note that

RTR−1 ¼ lim
xl→0

ΛTΛ−1 ¼ 1

2 cos 2δij cos 2θij
ðsin 4αj;− sin 4αiÞ; ðB26Þ

and

DT −RTR−1D¼ 1

cos2δijcos2θij

×ðcos2αicos2αj;sin2αi sin2αjÞ: ðB27Þ

Substituting Eqs. (B26) and (B27) into Eq. (B25), we
find Eq. (20).

APPENDIX C: PRIOR ON AEB

Here, we explain how the Jeffreys prior on βini leads to
the flat prior on AEB used in our analysis. The Jeffreys prior
on βini is defined as

PJðβiniÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
�
∂
2 lnL
∂β2ini

�s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

�
∂
2

∂β2ini

X
b

ðv⃗TbðβiniÞM−1
b v⃗bðβiniÞþ ln jMbjÞ

�s
:

ðC1Þ

From Eq. (44), we obtain



∂v⃗b
∂βini

�
ij
¼ −

X
l∈ b

B⃗T
l;ij

0
@ 0

0

C̄EB
l

1
A

¼ −
X
l∈ b

cos 2xl
cos 2θ̃ij;l

C̄EB
l ¼ −

cos 2xb
cos 2θ̃ij;b

C̄EB
b ; ðC2Þ

where we use the fact that the EB power spectrum scales
with βini and define CEB

l ≡ βiniC̄EB
l . The last equality comes

from our assumption of the multipole dependence of the
intrinsic EB dust. We also use Eq. (33) and ignored the βini
dependence of CEE

l , which is negligibly small. The Jeffreys
prior (C1) then becomes

PJðβiniÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
bαβ

�
cos 2xb
cos 2θ̃α;b

C̄EB
b fM−1

b gαβ
cos 2xb
cos 2θ̃β;b

C̄EB
b

�s
:

ðC3Þ

For the cosmic birefringence analysis of the Planck data,
the small-angle approximation provides almost the same
results as that without the approximation [2]. We here
simplify the calculation with the small-angle approxima-
tion. The above equation then becomes
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PJðβiniÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
b

ðC̄EB
b Þ21⃗TM−1

b 1⃗
r

; ðC4Þ

where 1⃗ is a vector whose elements are all unity.
Next, we see how the above prior depends on μϕ and

other parameters. If we change μϕ, Ref. [64] shows that the
amplitude of the EB power spectrum significantly changes
and the acoustic peaks are shifted. We thus factorize the
amplitude change as follows:

jC̄EB
l ðμϕÞj ≃ fðμϕÞjC̄EB

l ðμϕ ¼ −33Þj; ðC5Þ

where we ignore the shift of the acoustic peaks in the EB
power spectrum since the impact of the peak shift would
not significantly change the summation of the multipole
bins in the Jeffreys prior. Then, the dependence of the prior
on μϕ is given by

PJðβiniÞ ≃ fðμϕÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
b

½C̄EB
b ðμϕ ¼ −33Þ�21⃗TM−1

b 1⃗
r

: ðC6Þ

We also note that, in the small-angle limit, Eq. (32)
becomes A⃗T

l;ij ≃ ð0; 0; 1Þ and the covariance of Eq. (46)
is independent of the parameters,

fMbgαα0 ≃ CovðĈEiBj

b ; Ĉ
Ei0Bj0
b Þ: ðC7Þ

Since the quantities inside the square root of Eq. (C6) are
constant and the Jeffreys prior is proportional to fðμϕÞ, the
posterior is described by

Ppostðp⃗Þ ¼ Lðp⃗ÞfðμϕÞPpriorðq⃗Þ; ðC8Þ

where p⃗ is a vector containing μϕ, βini, miscalibration
angles, and EB dust amplitude parameters. q⃗ is the same as
p⃗ but without βini, and Pprior is the prior on q⃗.
As a final step, we check that the above posterior

Ppostðp⃗Þ is equivalent to that used in our analysis. To

see this, we use the fact that FsupðμϕÞ ¼ fðμϕÞ and rewrite
Eq. (50) with fðμϕÞ,

AEB ¼
�

βini
0.3 deg

�
fðμϕÞ: ðC9Þ

If we change the parameter from βini to AEB, the Jacobian of
this transformation is proportional to 1=fðμϕÞ. Thus, the
posterior in the new parameter space containing AEB is
given by

Ppostðp0!Þ ¼ Lðp0!ÞPpriorðq⃗Þ; ðC10Þ

where p0! is the vector p⃗ with βini replaced by AEB. This is
equivalent to the posterior with the flat prior on AEB.
To validate the approximation in Eq. (C5), we further

compare our constraint in Fig. 2 with that obtained using
the Jeffreys prior given in Eq. (C3). The constraint with the
Jeffreys prior shown in Fig. 6 is almost identical to that
shown in the main text.
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