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A systematic investigation of S-wave triply heavy tetraquark systems with quark content bcgc and ¢hgb
(¢ = u, d, s), spin-parity quantum numbers J* = 0%, 17, 2%, and isospin / = 0,% is carried out within the
constituent quark model framework. The four-body bound and resonance states are determined by solving
the Schrodinger equation employing the high-precision and efficient Gaussian expansion method in
conjunction with the powerful complex scaling method. Besides, a comprehensive coupled-channel
analysis of the S-wave tetraquark systems is performed, taking into account meson-meson, diquark-
antidiquark, and K-type configurations, as well as all allowed color structures. Several narrow resonant
states are identified in each 7(J”) channel. In particular, resonances for the bcgc system are found in the
mass range of 8.87-9.36 GeV, while those for the chgb system lie between 12.13-12.45 GeV. Most of the
predicted resonances are compact tetraquark states with sizes smaller than 1.0 fm, although four states
exhibit more extended structures with sizes around 1.3 fm, suggesting a more loosely bound nature.
Magnetic moments and dominant wave function components of these exotic states are also analyzed. The
results indicate that K-type configurations play a major role in the structure of the observed resonances.

Finally, possible strong decay channels (golden modes) for these states are theoretically proposed.

DOI: 10.1103/k8dy-yhbr

I. INTRODUCTION

Over the past decades, a large number of exotic hadrons,
viz. states that lie beyond the conventional quark model of
baryons and mesons, have continued to be reported by
high-energy experiments around the world. In the charmed
sector, focusing specifically on open-charm tetraquark
candidates, the LHCb Collaboration has reported several
notable findings. Among them are the charm-strange
tetraquark candidates X (1)(2900) and T8§++)(2900),
observed in the study of three-body strong decays of B
mesons [1-4]. Additionally, in 2021, LHCb identified a
doubly charmed tetraquark candidate, T.(3875) [5,6].

In the hidden-charm sector, four exotic states with
masses around 7.0 GeV were reported in succession by
the LHCb, CMS, and ATLAS Collaborations [7-9]. These
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experimental discoveries have sparked extensive theoretical
efforts employing a wide range of sophisticated approaches
to explore their nature. For detailed discussions on the
theoretical frameworks and properties of these exotic states,
readers are referred to several comprehensive and repre-
sentative reviews [10-36].

Nevertheless, no experimental signals of triply heavy
tetraquarks have been observed to date, and only a limited
number of theoretical investigations are available. Several
conclusions can be drawn from the existing studies. First,
the existence of bound states in the QQQ7 tetraquark
systems appears unlikely in various theoretical approaches,
including effective field theory [37,38], QCD sum rules
[39-41], and a range of phenomenological models [42-47].
However, a few studies have proposed the possible exist-
ence of bound states in triply charmed and triply bottomed
tetraquark systems [39,48].

Additionally, theoretical calculations have been per-
formed to estimate the mass spectra, magnetic moments,
charge radii, and decay properties of stable excitations of
0007 tetraquarks [38-40,42,46,47,49-51]. In particular,
our previous study based on a constituent quark model [47]
identified narrow resonant states in all allowed I(JF)
quantum channels of S-wave triply heavy tetraquarks
cccg and bbbg (g =u, d, s). These resonances are
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generally located in the energy ranges of 5.6-5.9 GeV for
the charm sector and 15.3-15.7 GeV for the bottom sector.

A subsequent investigation of triply heavy tetraquark
systems, specifically bcgc and ¢hgh configurations with
q = u, d, s, is carried out within the same quark model that
has demonstrated considerable success in predicting and
describing various exotic hadrons. These include hidden,
single, double, and fully heavy tetraquarks [52-59], as well
as pentaquarks [60-64], among others. Aimed at predicting
possible bound and resonant states in the novel QQQ0g
tetraquark systems, the study comprehensively considers
fully S-wave configurations, encompassing meson-meson,
diquark-antidiquark, and K-type structures, along with all
relevant color channels, for constructing the wave functions
of these systems. Furthermore, quantum states with spin
parity J* = 0%, 17, and 2" and isospin / =0 and } are
explored using a complex-range analysis within the frame-
work of the powerful complex scaling method (CSM). In
this theoretical approach, the complex-scaled four-body
Schrodinger equation is solved with high accuracy and
computational efficiency using the Gaussian expansion
method (GEM).

The structure of this article is as follows. Section II
introduces the constituent quark model and the construction
of wave functions for triply heavy tetraquarks. Theoretical
results and corresponding discussions are presented in
Sec. III. Finally, a brief summary of the study is provided
in Sec. IV.

II. THEORETICAL FRAMEWORK
A. The Hamiltonian

A complex scaled Schrodinger equation to investigate
possible four-body bound and resonance states is utilized,
the equation reads as

[H(0) — E(0)]¥;1(6) = 0. (1)

Generally, the Hamiltonian of a four-body system for a
QCD-inspired constituent quark model is

= ,—if
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where m; and p; are, respectively, the constituent mass and
momentum of a quark, Ty is the center-of-mass kinetic
energy, and the last term is the two-body interaction
potential. The complex-range analysis is performed by
introducing an artificial parameter of rotated angle € in
the Hamiltonian, and thus, three kinds of complex eigen-
values of Eq. (1) (bound, resonance, and scattering states)
can be simultaneously studied. In particular, resonance and
bound states are independent of the rotated angle 8, with the
first ones located above the threshold line with a total two-
body strong decay width I' = —2Im(E) and the second

ones always placed on the real-axis of the complex energy
plane. The scattering states appear aligned along threshold
lines and are unstable against different values of 6.

The dynamics of triply heavy tetraquarks, bcgc and
¢bgb, are driven by two-body complex-scaled potentials,

V(7;;e") = Veon(7ije) + Vogr(Fije). (3)

In particular, color confinement and perturbative one-gluon
exchange interactions are considered the most relevant
features of QCD in the heavy quark sector. Since this work
focuses on low-lying S-wave, positive-parity, triply heavy
tetraquark states, only the central and spin-spin components
of the potential are taken into account. As in Ref. [47], the
interactions associated with dynamical chiral symmetry
breaking, specifically those involving Goldstone boson
exchange, are omitted in the present analysis of tetraquark
systems.

Concerning the color confining interaction, lattice-
regularized QCD has demonstrated that multigluon
exchanges produce an attractive linearly rising potential
proportional to the distance between infinite-heavy quarks
[65]. Nevertheless, the spontaneous creation of light-quark
pairs from the QCD vacuum may give rise at the same scale
to a breakup of the created color flux tube [65]. Therefore,
we can phenomenologically describe the above two obser-
vations by

Veon(Fije?) = [—a (1 — e#erue”) + A] (¢ - ). (4)

where A¢ denote the SU(3) color Gell-Mann matrices,
whereas a., p., and A are model parameters. For a real-
range potential of Eq. (4) (@ = 0°), one can find that it is
linear at short interquark distances with an effective
confinement strength 6 = —au. (4 - %), while the poten-
tial becomes a constant at large distances, Vg, =
(& =) (35 %),

Beyond the chiral symmetry breaking energy scale, one
also expects the dynamics to be driven by perturbative
effects of QCD. In particular, the one-gluon exchange
potential, which includes the so-called Coulomb and color-
magnetic interactions, is the leading order part,

o 1 1
VOGE(rijele) = Zas(ﬂf /15) l—m

r,-je

1 N e—r[/-e"”/ro(u,:/-)
- ©i-0) —g=— (5

J
6m,-mj rijelgr%(ﬂij)

where 6 denote as the Pauli matrices, and r((x;;) = 7o/u;;
depends on the reduced mass of a gg pair, where 7, is a
quark model parameter. Besides, the regularized contact
term is
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TABLE I. The constituent quark model parameters taken from
Ref. [67].
Quark masses m,(q = u,d) MeV) 313
mg; (MeV) 555
m. (MeV) 1752
m;, (MeV) 5100
One-gluon exchange a 2.118
Ay (Ffm™1) 0.113
1o MeV) 36.976
7o MeV fm) 28.17
Confinement a, MeV) 430
ue (fm=") 0.70
A (MeV) 181.10
o 1 e—rijfig/’o(ﬂij)
5(F;je) ~ e (6)

47tr(2)(,u,-j) rije

An effective scale-dependent strong coupling constant,
a,(u;;), provides a consistent description of mesons and
baryons from light to heavy quark sectors. The frozen
coupling constant is, for instance, taken from Ref. [66],

A (Mij) = 2.7 (7)

where ag, po, and A are quark model parameters.

All of the above quark model parameters are summarized
in Table [; they are taken from Ref. [67]. In particular, the
quark model has already been successfully explaining the
hadronic phenomenology: hadron spectra [68—73], hadron-
hadron interactions [74-80], and multiquark systems
[60,81,82]. Additionally, for later concern, in order to have
a clear identification of continuum states of meson-meson
structure in a complex energy plane, theoretical and
experimental (if available) masses of ground and first radial
excitation states of QQ and Qg (¢ = u,d,s;Q = c,b)
mesons are listed in Table II. The theoretical masses are
obtained within the same theoretical framework employed
in the present study while the experimental values are taken
from Ref. [83]. This table can also be used for benchmark-
ing purposes, allowing for a direct comparison between our
predictions and the corresponding experimental masses
quoted by the Particle Data Group. No external theoretical
inputs are used for these states.

B. The tetraquark wave function

Figure 1 illustrates the S-wave configurations of triply
heavy tetraquarks considered in this study. Specifically, the
analysis includes one meson-meson structure shown in
Fig. 1(a), one diquark-antidiquark arrangement displayed
in Fig. 1(b), as well as five K-type configurations, which are
rarely discussed in the existing literature on multiquark

TABLEII. Masses (M), in MeV, of 1S and 25 states of Q0
and Qg(q =u,d,s;Q = c,b) mesons calculated within our
theoretical framework. Experimental masses (Mgyp), in MeV,
are taken from Ref. [83].

Meson nL Mpe My,
D 1S 1897 1870
28 2648 e
D~ 1S 2017 2007
28 2704 .
Dy 1S 1989 1968
28 2705 e
Dy 1S 2115 2112
28 2769 =
B 1S 5278 5280
28 5984 e
B* 1S 5319 5325
28 6005 XX
By 1S 5355 5367
28 6017 e
B; 1S 5400 5415
28 6042 e
B, 1S 6276 6275
28 6859 6872
B 1S 6330
28 6890

systems, and they are depicted in panels (c) to (g).
Employing this diverse set of configurations offers a
computationally efficient approach. We have -carefully
examined the K-type diagrams not explicitly displayed in
Fig. 1 and verified that they do not yield independent
contributions to the Hamiltonian matrix. Specifically, (i) cer-
tain diagrams are linearly dependent on those already
included, as can be shown through Fierz rearrangements;
(i) others are equivalent to the five presented once Fierz
reordering and quark-coordinate relabeling are applied; and
(iii) a few vanish identically as a consequence of color-
algebra constraints. In any event, the omission of these
diagrams does not introduce additional independent struc-
tures and therefore does not affect our numerical results.

The total wave function of a hadron is constructed as the
internal product of its color, spin, flavor, and spatial
components at the quark level. Starting with the color
degree of freedom, in the meson—meson configuration, a
color-singlet tetraquark wave function can be formed by
coupling two color-singlet clusters, 1 @ 1,

x5 == (Fr+gg+ bb) x (Fr+gg+ bb),  (8)

W] =

or two coupled color-octet clusters, 8§ ® 8,
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FIG. 1. The S-wave configurations considered in this study for
the triply heavy tetraquarks bcgc and ¢bgh (g =u, d, s).
Particularly, panel (@) is meson-meson structure, panel (b) is
diquark-antidiquark arrangement, and the five K-type configu-
rations are from panel (¢) to (g).

. _ _
5= % (3br7b + 3grig + 3bggb + 3gbbg + 3Fggr
+ 37bbr + 2717r + 25999 + 2bbbb — Frg
— ggrr — bbgg — bb¥r — ggbb — Frbb). 9)

The first color state is the so-called color-singlet channel,
and the second one is the named hidden-color case.

The color wave functions associated to the diquark-
antidiquark arrangement are the coupled color triplet-
antitriplet clusters, 3 ® 3,

V3 _
x5 = o (Frgg — grig + ggrr — ¥ggr + Frbb

— brib + bbFr — 7bbr + ggbb — bggb
+ bbgg — gbby), (10)

and the coupled color sextet-antisextet clusters, 6 ® 6,

6 —_ _
7= % (2FrFr + 23ggg + 2bbbb + Frigg + rrg
+ GgFr + Fqgr + Frbb + brib + bb¥r
+ 7bbr + ggbb + bggb + bbgg + gbbg). (11)

Meanwhile, the color-singlet wave functions of the
mentioned five K-type structures are given by

1 o
¢ = (Frir + gggg — 2bbbb
x5 6\/5( 9999 )
1 _ _ _ _
+—(7bbr + Fqgr + gbbg + griq -+ bqgb + brib
2\/5( ggr + gbbg + grrg + bgg )
L (ggPr +#rgg)
— rr+rr
3599 79
1 _ _ _ _
+— (bbFr + bbgg + Frbb + ggbb), 12
6\/5( 99 ggbb) (12)
X6 =X1s (13)
X7 =X1 (14)
X8 =15 (15)

1 _ _ _ _
¢ — _— (#bbr + Frbb + gbbg + ggbb + Fggr + 7rg
X6 2\/6( gbbg + gg 99 99
+ bbgg + bggb + ggrr + grrg + bbrr + brrb)
1 o
+ —(rrrr + gggg + bbbb), 16
\@( 9999 ) (16)
¢ =L (Fbbr— Frbb+ gbbg— Ggbb + Fggr— g
=——=(rbbr—rr - rggr—rr
X10 2\/§ gbbg—gg 99 qq

— bbgg + bggh — ggr + grig — bbFr + breb), (17)

X1 =X (18)
X2 = Ko (19)
Xis = X9 (20)
Xia = Xio- (21)

For the spin degree-of-freedom, the S-wave ground state
can have total spin S ranging from 0 to 2. Accordingly, the
spin wave functions, denoted as ;(‘; M are constructed for
each case. Without loss of generality, the spin projection
M can be taken to be equal to S,

200 (4) = 150250 (22)
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Ouy

1
Xoo(4) = 7 Ot -1 = xfoxTo + 17 _ixTh)s (23)

o‘lq 1 o )

)(00 <<\/;le __ - \/%;(10;(%.9)(%,_2
1 2

) (ﬁm@—% ) \/;”7’—"(%)@)’ (24)

Ou 1 O ol ol tol lon ol
Yoo (4) = 2 ()(00)(%,; 1 —)(009(5_%)(%91 (25)
for (S,Ms) = (0,0), b
)(1w11 (4) = XooXT1- (26)
X1 (4) = 20260, (27)
6“3 1 Cc .,0 O .,0
)(11( ):%(Zn){lo_ﬂ(loﬂ(n)’ (28)

Ow. 3000 100'0 ]00'6
()= \/;ﬁf W=\ iy = \/6” A

(29)
Ows 2 C 0 1 C .0 o

xii(4) = F AT\ e (30)
1T = 2l (1)

for (S,Mg) = (1,1), and by
1512(4) RrAYAIE (32)
for (S,Mg) = (2,2). Particularly, superscripts u;, ..., iy
and wy, ..., wg determine the spin wave function for each

conﬁguration of tetraquark system; their values are listed in
Table III. Additionally, the expressions above are derived
by considering the spin coupling between two subclusters,
whose individual spin wave functions are constructed
using standard SU(2) algebra. The required basis states
are given by

1
o =5 (= H20): (33)
X = XA (34)
22 22
X171 —)(1_1 %_%, (35)
o __ 1 lo} Lo} lo} o
#o =5 (AT + 20 a0,): (36)

TABLE III. The values of the superscripts uy,...,u; and
wi, ..., we that determine the spin wave function for each
configuration of the triply heavy tetraquark systems.

Dimeson Diquark-antidiquark K; K, K3 K; K;

u; 1 3
U 2 4
i3 5 7 9 11 13
Uy 6 8 10 12 14
Wi 1 4
Wy 2 5
w3 3 6
Wy 7 10 13 16 19
Ws 8 11 14 17 20
We 9 12 15 18 21

The flavor wave functions ;({ of the two considered triply
heavy tetraquarks are simply denoted as

o =bege,  y)? =cbgb,

The Schrodinger-like four-body system equation is
solved by means of the Rayleigh-Ritz variational principle.
Generally, within a complex scaled theoretical framework,
the spatial wave function is

(g =u,d,s). (37)

v, = || #n, ()i Ge)| o (Re®)| . (38)

L

where the internal Jacobi coordinates are written as

5 = )_C) )_52(4)7 (39)
PSS X4(2) (40)
o myX| + my X M3X3 + My X

B M 24)Xa4)  M3X3 4(2) 4(2), (41)

m; + my(4) ms + My (2)

for the meson-meson configuration of Fig. 1(a), and as

F=F - (2)
/_{:}2_)_543 (43)
I—é:mlfl +m3553 _le)_gz‘f’i’l’l4)_f)47 (44)

m1+m3 m2+m4

for the diquark-antidiquark arrangement of Fig. 1(b). The
five K-type configurations presented in Figs. 1(c) to 1(g)
are [i, j, k, [ take values according to the panels (c) to (g) of
Fig. 1)]

5:)@—?_5]‘, (45)
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o, oMYy (46)
m; +m
> mx+mx + mX
R=%- s (47)

m; +m; + my

Obviously, the center-of-mass kinetic term, 7'cy, can be
completely eliminated for a nonrelativistic system defined
in any of the above sets of relative motion coordinates.
In the Rayleigh-Ritz variational method, a key aspect lies
in the basis expansion of the true wave function, as
expressed in Eq. (38). To achieve this, the Gaussian
expansion method (GEM) [84] is employed. Within this
framework, the spatial wave functions corresponding to the
four relative motions are expanded using Gaussian basis
functions, with size parameters chosen in geometric pro-
gression. Further details on the mathematical formulation
of this method can be found, for example, in Ref. [60]. As a
result, the orbital wave functions appearing in Eq. (38),

Puin(Fe?) = /1/4aN, (re?) e (48)

take the following form:

buoo(e®) = \/1/4aN e~ (49)
for an S-wave tetraquark system. Note also that the size
parameters v, are defined as [84]

Uy = 12, r, = ria"". (50)

Speciﬁcally, the values of (ry,a) are (0.01, 2.0) for the p p
and 1 relative motions, whereas for the relative motion R
they are (0.1, 4.0).

At last, the fully wave function, which fulfills the Pauli
principle, is written as

lPJMJ,I = E CiijJM,,I,i.j

ij

- ZCUA [ [II/LML)(EVIS (4)} JM,)(;)(;} . (51)
i

where A is the antisymmetry operator of triply heavy
tetraquark systems, which take into account the fact of
involving two identical heavy quarks. The definition,
according to Fig. 1, is

A=1-(24). (52)

This is necessary in the present theoretical framework,
since the complete wave function of a tetraquark system is
constructed from the subclusters: meson-meson, diquark-
antidiquark, and K-type configurations.

As a further step toward understanding the nature of
exotic hadrons in the triply heavy sector, the internal
structure of possible resonant states, is investigated through
a quantitative analysis of interquark distances,

Fog = Re(\/<‘P/M,,1‘(rqfie

magnetic moment,

4 A
Qi .
m = Re<<LPJM_,,I| Zz—mdﬂ‘PJM_,,ﬂ), (54)
i=1 ="

D2 M,0)), (53)

and a qualitative survey of dominant components,

C, =Re (Z<C£j‘PJMJ,],i.j|CirijJM,,1,i,j>>' (55)

i.j

Furthermore, in Eq. (54), Q,» denotes the electric charge
operator of the ith quark, while o7 represents the z
component of the Pauli spin matrix. The coefficients c! :
and cj; correspond to the left and right generalized
eigenvectors, respectively, of the fully antisymmetric com-
plex wave function.

An important limitation of our theoretical framework
must be emphasized: the various multiquark channels are
not mutually orthogonal. Consequently, two types of
calculations are carried out to evaluate the wave function
components of the triply heavy tetraquark states. In the first
approach, only the diagonal elements of the resulting matrix
from Eq. (55) are considered when determining the con-
tribution from each channel. In the second approach, the off-
diagonal elements are also taken into account by summing
all elements in the ith row and attributing them to the ith
diagonal element, thereby capturing interference effects
between different configurations. A comparison on these
two sets of results will enable us to significantly identify the
dominant components of the either bound or resonant state
but also estimate if the contribution from off-diagonal
elements is significant.

III. RESULTS

This section presents the results and discussion concern-
ing triply heavy tetraquarks. As a starting point, the systems
are analyzed on the real energy axis by setting the rotation
angle 6 to 0°. However, when performing a fully coupled-
channel matrix computation, potential resonances are
embedded within the continuum spectrum. These different
types of states (bound, resonant, and scattering ones) can be
clearly distinguished in the complex energy plane by
introducing a nonzero rotation angle 6 through the complex
scaling method (CSM). To facilitate the extraction of well-
defined eigenvalues and eigenvectors for the tetraquark
systems, with all S-wave configurations included, the

034014-6
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TABLE IV. Lowest-lying bcgc tetraquark states with 1(J?) =
1(0T) calculated within the real range formulation of the
constituent quark model. The allowed meson-meson, diquark-
antidiquark, and K-type configurations are listed in the first
column; when possible, the experimental value of the non-
interacting meson-meson threshold is labeled in parentheses.
Each channel is assigned an index in the second column, it
reflects a particular combination of spin (y5') and color (x§) wave
functions that are shown explicitly in the third column. The
theoretical mass obtained in each channel is shown in the fourth
column, and the coupled result for each kind of configuration is
presented in the fifth column. When a complete coupled-channels
calculation is performed, the last row of the table indicates the
calculated lowest-lying mass (unit: MeV).

Channel Index X7 x5 [i5 /] M Mixed
(B.D)'(8145) 1 [1; 1] 8173
(B:D*)! 2 [2; 1] 8347 8173
(B.D)® 3 [1; 2] 8592
(B:D*)8 4 [2; 2] 8549 8528
(ce)(bq) 5 [3; 4] 8599
(cc)*(bg)* 6 [4; 3] 8625 8579
K, 7 [5; 5] 8534
8 [5; 6] 8580
9 [6; 5] 8586
10 [6; 6] 8521 8433
K, 11 [7; 7] 8548
12 [7; 8] 8536
13 [8; 7] 8482
14 [8; 8] 8588 8467
K; 15 [9; 10] 8612
16 [10; 9] 8591 8566
K, 17 [11; 12] 8626
18 [12; 12] 8576
19 [11; 11] 8967
20 [12; 11] 8592 8511
K 21 [13; 14] 8623
22 [14; 13] 8567 8547
Complete coupled-channels: 8173

rotation angle is varied systematically from 0° to 14° as an
artificial but effective parameter within the CSM
framework.

In general, the calculated masses of the low-lying 0QgQ
tetraquark states are summarized in Tables IV through
XXVIIL Initially, within the real-range analysis, the lowest
masses for each tetraquark system, in the allowed 1(J”)
quantum numbers, are provided in Tables IV, VI, VIII,
X, XII, XIV, XVI, XVII, XX, XXII, XXIV, and
XXVI, respectively. In these tables, the first column lists
the considered configurations: meson-meson, diquark-
antidiquark, and K-type. Where applicable, the correspond-
ing noninteracting meson-meson threshold values from

. . B(18) D(2S)
B.D B. D B(28) D(18) B.(28) D'(1S) B.(1S) D'(28)
0 oy R G, e

12 +
15

-18 |-

-T/2 (MeV)

21k
oall e O
H o 6
27TH 3 10
ST

_30 1 " A " 1 " 1 " 1 " A " 1 " 1 "
8100 8200 8300 8400 8500 8600 8700 8800 8900 9000 9100
M (MeV)

' B:(ZS') D(1S) Bc(‘IJS) D(2'S)
:
:

T T ~

-T2 (MeV)
b b Ndbbh bbb Ao
T

-
o
T

'

-

-
T

10 =
14

1 " 1 " 1 " 1 " 1 " 1 " 1 [oY
8860 8880 8900 8920 8940 8960 8980 9000
M (MeV)

>iE e o

N
w N
T

FIG. 2. The complete coupled-channels calculation of bcge
tetraquark system with 7(J”) =1(0") quantum numbers. Par-

ticularly, the bottom panel is an enlarged part of dense energy
region from 8.85 GeV to 9.00 GeV.

experimental data are noted in parentheses. The second
column assigns an index to each channel, corresponding to a
specific combination of spin (y7) and color (§) wave
functions, which are explicitly shown in the third column.
The fourth column reports the theoretical mass calculated for
each channel, while the final column presents the result
obtained from a coupled-channel calculation for the respec-
tive type of tetraquark configuration. The last row of
each table gives the lowest-lying mass obtained from the
fully coupled-channel calculation within the real-range
framework.

Following the real-range investigation, fully coupled-
channel calculations for each quantum state of the triply
heavy tetraquark systems are performed using the complex
scaling method (CSM). Specifically, Figs. 2 to 13 display
the distribution of the complex eigenenergies, with the
identified resonance states highlighted by circles. To gain
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further insight into the nature of these resonances, several
properties are computed—including root-mean-square
(RMS) radii, magnetic moments, and dominant configu-
ration components. The corresponding results are presented
in Tables V, VII, IX, XI, XIII, XV, XVII, XIX, XXI, XXIII,
XXV, and XXVII.

Finally, a summary of the most significant findings is
provided in Table XXVIII. Besides, Table XXIX compares
the resonance masses in the cchg and bbcg tetraquark
sectors predicted by our theoretical approach with those
reported in previous studies available in the literature.

A. The bcgc tetraquarks

1. The I(J?)=1(0%) sector

A total of 22 channels are considered in this case, as
listed in Table IV. In particular, two meson-meson chan-
nels, corresponding to the B.D and B}D* configurations,
exhibit a scattering nature, with their lowest masses
coinciding with the theoretical noninteracting thresholds
of 8173 and 8347 MeV, respectively. The hidden-color
counterparts of B.D and B;:D* are found at approximately
8.55 GeV. The two diquark-antidiquark structures,
(cc)(bg) and (cc)*(bg)*, lie around 8.6 GeV. Additi-
onally, the 16 K-type configurations are broadly distrib-
uted within the (8.48-8.96) GeV range. Notably, no bound
state is identified in any individual channel calculation.
This conclusion remains valid for both partially and fully
coupled-channel scenarios.

The last column of Table IV presents the results of
partially coupled-channel calculations among the eight
structural configurations. The lowest mass, 8.17 GeV,
corresponds exactly to the theoretical threshold of the
noninteracting B.D channel. The exotic configurations,
including hidden-color, diquark—antidiquark, and K-type
arrangements, are all located near 8.5 GeV. When all 22
channels are considered in a full real-range coupled-channel
analysis, the scattering nature of the B.D state remains
unchanged.

Proceeding further, a fully coupled-channel calculation
using the CSM reveals two stable resonance poles, as
shown in Fig. 2. In the top panel, six continuum states are
clearly identified, including the ground states B.D and
B:D*, along with the radial excitations BL” (25)D(*)(1S)
and Bg*)(lS)D(*)(ZS). The lower panel, which magnifies
the energy region from 8.85 to 9.00 GeV, highlights two
resonances, encircled for clarity. These resonances possess
complex energies of M —il' = 8870 —i5.0 MeV and
8885 —i2.2 MeV, respectively.

The internal structure of these two resonances is
analyzed by evaluating their RMS radii, magnetic
moments, and dominant components. Results are sum-
marized in Table V. Four common features emerge: (i) both
resonances are narrow, with widths below 5.0 MeV;

TABLE V. Compositeness of exotic resonances obtained in a
complete coupled-channel calculation in the  (0") state of bege
tetraquark. Particularly, the first column is resonance poles
labeled by M — iT, unit in MeV; the second one is the magnetic
moment of resonance, unit in yuy; the distance between any two
quarks or quark-antiquark, unit in fm; and the component of
resonant state (S: dimeson structure in color-singlet channel; H:
dimeson structure in hidden-color channel; Di: diquark-antiquark
configuration; K: K-type configuration). Herein, two sets of
results on a resonance component are listed. Particularly, set I is
results on components, that only diagonal elements are em-
ployed, and results, that both diagonal and off-diagonal elements
are considered, are listed in set II.

Resonance Structure
8870 — i5.0 u=20
rept 0715 rgzt 1.02; regt 1.06; et 0.94
Set I: S: 15.6%; H: 3.5%; Di: 49%; K: 76.0%
Set II: S:12.9%; H: 5.5%; Di: 5.1%; K: 76.5%
8885 —i2.2 u=0
rept 0735 rggt 1125 regt 1.07; et 1.03
Set I: S:3.9%; H: 7.4%; Di: 3.2%; K: 85.5%
Set II: S: 4.4%; H: 7.8%; Di: 3.7%; K: 84.1%

(ii) they exhibit compact bcgc tetraquark structures, with
spatial extensions between 0.7 and 1.1 fm; (iii) their
magnetic moments are vanishing, suggesting nonmagnetic
character (u = 0); and (iv) their dominant structural
component, exceeding 76% in each case, is the K-type
configuration. Contributions from off-diagonal terms are
found to be minimal by comparison. Finally, both reso-
nances are expected to predominantly decay into the B,.D
channel, making them promising candidates for future
confirmation in high-energy experiments.

2. The I(J*)=}(1*) sector

A total of 33 channels are examined for this case, and the
results from the real-range computations are summarized in
Table VI. First, in the individual channel analyses, the
masses of the three meson-meson configurations: B.D*,
B:D, and B;:D*, are found to be 8293, 8227, and 8347 MeV,
respectively. These values correspond precisely to the
theoretical thresholds of the associated noninteracting
meson pairs. In addition, the hidden-color and diquark-
antidiquark channels are clustered around 8.58 and
8.60 GeV, respectively. The remaining 24 K-type channels
mostly lie within the 8.52-8.64 GeV range, except for one
outlier, the K, channel, located at 9.00 GeV.

In the subsequent coupled-channel calculations, carried
out separately for the meson-meson, diquark-antidiquark,
and K-type configurations, the lowest mass within the
meson-meson sector remains at 8227 MeV, corresponding
to the theoretical threshold of the B}:D state. For both the
hidden-color and diquark-antidiquark arrangements, the
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TABLE VI. Lowest-lying bcgc tetraquark states with 1(J?) =
1(17) calculated within the real range formulation of the

constituent quark model. Results are similarly organized as those
in Table IV (unit: MeV).

Channel Index X55 25 1] M Mixed
(B.D*)'(8282) 1 [1; 1] 8293
(B:D)! 2 [2; 1] 8227
(B:D*)! 3 [3; 1] 8347 8227
(B.D*)? 4 [1; 2] 8582
(B:D)® 5 [2; 2] 8588
(B:D*)® 6 [3; 2] 8566 8545
(cc)*(l:a q)* 7 [6; 3] 8633
(ce)*(bq) 8 [5; 4] 8594
(cc)(bg)* 9 [4; 3] 8627 8582
K, 10 [7; 5] 8583
11 [8; 5] 8549
12 [9; 5] 8574
13 [7; 6] 8557
14 [8; 6] 8607
15 [9; 6] 8551 8466
K, 16 [10; 7] 8560
17 [11; 7] 8528
18 [12; 7] 8517
19 [10; 8] 8558
20 [11; 8] 8570
21 [12; 8] 8576 8488
K; 22 [13; 10] 8610
23 [14; 10] 8628
24 [15; 9] 8585 8568
Ky 25 [16; 11] 8614
26 [17; 11] 8613
27 [18; 11] 9003
28 [16; 12] 8644
29 [17; 12] 8643
30 [18; 12] 8628 8524
Ks 31 [19; 14] 8641
32 [20; 14] 8624
33 [21; 13] 8561 8548
Complete coupled-channels: 8227

lowest mass lies around 8.55 GeV. The K; and K,
configurations yield minimum masses of approximately
8.47 GeV, while the remaining K-type configurations are
centered near 8.55 GeV. In the final step of the real-range
analysis, all 33 channels are included in a fully coupled
calculation; nevertheless, no bound state is observed.

In contrast, when a fully coupled-channel analysis is
performed using the CSM, three narrow resonances emerge.
The corresponding complex energy eigenvalues are illus-
trated in Fig. 3. The top panel displays the ground and
radially excited states of the B.D*, Bi:D, and B} D* systems,
which retain their scattering nature. In the enlarged view of

BD BD BD

B.(2S)D(1S) radial excitations

-I72 (MeV)
o
T

3 . -
8200 8300 8400 8500 8600 8700 8800 8900 9000 9100
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B (28)D'(18) B/(28)D'(1S)
) Lnd v T g
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E
T

Ge)

o 0
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oA 14
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FIG. 3. The complete coupled-channels calculation of ¢cdc
tetraquark system with 7(J”) =1 (1%) quantum numbers. Par-
ticularly, the bottom panel is enlarged parts of dense energy
region from 8.85 GeV to 8.96 GeV.

the energy region between 8.85 and 8.96 GeV (bottom panel
of Fig. 3), in addition to the scattering states B..(2S)D*(15)
and Bj(2S)D*(1S), three resonance poles are identified
at M —iI" = 8867 —i7.8 MeV, 8937 —i4.5 MeV, and
8950 — i7.4 MeV, respectively.

The internal structure and electromagnetic properties of
these resonances are presented in Table VII. The lowest-
lying resonance at 8.87 GeV is found to be a compact
tetraquark state with a RMS radius of less than 1.1 fm.
Although off-diagonal contributions lead to approximately
12% modification, the dominant K-type component
remains above 67%. The golden decay modes for this
resonance are identified as B.D* and B} D*. In contrast, the
other two higher-mass resonances exhibit more diffuse
structures with sizes around 1.3 fm. These states also
feature K-type components exceeding 90%, and differences
between the two computational sets (with and without off-
diagonal elements) are relatively minor. These resonances,
located near 8.94 GeV, are expected to be observed in the
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TABLE VII. Compositeness of exotic resonance obtained in a
complete coupled-channel calculation in the  (1*) state of bege
tetraquark. Results are similarly organized as those in Table V.
Particularly, the magnetic moment of bciic and bedc tetraquark is
uy and u,, respectively.

Resonance Structure
8867 —i7.8 = —1.42, u, = 1.20
rept 0825 rg50 1125 regt 1.045 et 1.02
Set I: S:10.3%; H: 5.6%; Di: 3.7%; K: 80.4%
Set 1I: S:16.3%; H: 10.9%; Di: 5.1%; K: 67.7%
8937 — i4.5 uy =—1.45, i, =1.08
rept 0795 rp50 1345 regt 1275 reet 1.09
Set I: S: 4.4%; H: 0.7%; Di: 2.3%; K: 92.6%
Set 1I: S:3.4%; H: 1.1%; Di: 4.7%; K: 90.8%
8950 — i7.4 u = —1.30, u, = 1.15
rept 0755 rg50 1.235 regt 1125 reet 1.05
Set I S: 3.6%; H: 1.1%; Di: 2.9%; K: 92.4%
Set 1I: S: 4.5%; H: 2.0%; Di: 2.7%; K: 90.8%

B;D* decay channel in future experiments. Lastly, the
magnetic moments of the first resonance are —1.42u, for
the bciic configuration and 1.20uy for bedc. The corre-
sponding values for the second resonance are —1.45py
and 1.08uy, and for the third, —1.30uy and 1.15up,
respectively.

3. The I(J¥)=1(2%) state

A total of 11 channels are examined for the highest spin
state, with the results of the real-range calculations

TABLE VIII. Lowest-lying bcgc tetraquark states with
I(JP) =3(2") calculated within the real range formulation of

the constituent quark model. Results are similarly organized as
those in Table IV (unit: MeV).

Channel Index X9 x5 15 ] M Mixed
(BeD")! ! [1; 1] 8347
(B:D")? 2 [1; 3] 8584
(ce)*(bg)* 3 [1; 7] 8649
K, 4 (1; 8] 8581
5 [1; 10] 8619 8527
Le 6 [1; 11] 8583
7 [1; 12] 8582 8568
K; 8 [1; 14] 8639
Ky 9 [1; 8] 9013
10 [1; 10] 8651 8600
Ks 11 [1; 11] 8652
Complete coupled-channels: 8347

B(2S)D'(1S) B, (1S)D'(2S)

1 9

T T T
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FIG. 4. The complete coupled-channels calculation of bcgc
tetraquark system with /(J”) = 1(2") quantum numbers.

summarized in Table VIII. Among these, the sole
meson-meson channel, B;D, remains unbound in both
single-channel and coupled-channel analyses. Its lowest
mass corresponds exactly to the theoretical threshold of
8347 MeV. The hidden-color configuration appears at
8584 MeV, while the diquark-antidiquark structure
(cc)*(bg)* lies higher, at 8649 MeV. The computed masses
of the eight K-type channels are generally clustered around
8.6 GeV, with the exception of the K, state, which is
located at 9.01 GeV. After performing a coupled-channel
calculation involving the K;, K,, and K, structures, the
lowest mass obtained is approximately 8.53 GeV.

Figure 4 displays the results of a fully coupled-channel
analysis using CSM, where the rotation angle is varied from
0° to 14°. Three scattering states [B:(1S)D*(1S),
B:(2S)D*(1S), and B:(1S)D*(2S)] can be clearly distin-
guished in the energy range of 8.3 to 9.2 GeV. In addition,
three resonance poles are identified with complex energies
of M —il' =8893 —i10.2 MeV, 8934 — 7.4 MeV, and
9183 — i4.5 MeV, respectively.

The internal properties of these three resonances are
summarized in Table IX. The lowest and highest resonan-
ces are found to be compact bcgce tetraquark states with
root-mean-square radii of less than 1.00 fm. In contrast, the
intermediate resonance exhibits a more loosely bound
structure, with a spatial extent of approximately 1.3 fm.
All three resonances share identical magnetic moments:
—1.22uy for the bciic configuration and 1.78u, for the
bedc state. Despite differences of 10-20% between the
results obtained from the two computational schemes (with
and without off-diagonal elements), the K-type structure
remains the dominant component for all three resonances,
contributing more than 63%. Finally, these resonances are
expected to be identified through the two-body strong
decay channel B;D*.
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TABLE IX. Compositeness of exotic resonances obtained in a
complete coupled-channel calculation in the 1 (2*) state of bege
tetraquark. Results are similarly organized as those in Table V.

Resonance Structure
8893 —710.2 = —1.22, u, = 1.78
rept 0.805 1550 0.97; regt 0905 re.t 075
Set I: S: 5.5%; H: 7.7%; Di: 03% K: 86.5%
Set II: S: 1.8%; H: 1.3%; Di: 0.6%; K: 96.3%
8934 — (7.4 = —-1.22, u, = 1.78
r.p: 0.87; Thg' 1.36; Tegt 1.27; rp.: 1.22
Set I: S: 11.3%; H: 1.3%; Di: 1.7%; K: 85.7%
Set 1I: S:18.4%; H: 1.1%; Di: 3.5%; K: 77.0%

9183 — i4.5 p=—1.22, 4, = 1.78

r.: 0.97; Fhg' 0.91; rez: 1.00; 7. 0.64
Set I: S:9.9%; H: 6.6%; Di: 0.8%; K: 82.7%
Set 1I: S:24.4%; H: 12.2%; Di: 0.4%; K: 63.0%

B. The bcsc tetraquarks

1. The I(J?)=0(0*

Table X lists the 22 channels considered in this study,
encompassing meson-meson configurations (both color-
singlet and hidden-color), diquark-antidiquark structures,
and K-type arrangements. The lowest among them is the
B.D, scattering channel, with a theoretical mass of
8265 MeV. Another meson-meson channel, B:Dj}, lies at
8445 MeV. All remaining channels, which involve exotic
color configurations, are located above 8.60 GeV.
Specifically, the two hidden-color channels are found
around 8.69 GeV, the two diquark-antidiquark configura-
tions near 8.71 GeV, and the remaining 16 K-type channels
generally span the 8.60-9.19 GeV energy range. Upon
performing various coupled-channel calculations, the scat-
tering character of the lowest B.D, channel remains
unaffected. Additionally, the lowest coupled masses among
the seven exotic structures cluster around 8.6 GeV.

To search for possible resonant states of the bcsc
tetraquark system, a fully coupled-channel calculation
was conducted using CSM. The resulting complex eige-
nenergies are shown in Fig. 5. In the top panel, seven
continuum states are clearly identified, including the
ground states of B.D; and B*D’(, as well as radial

excitations such as B.”(2S ) (IS) )(IS) U(ZS),
and B.(3S5)D,(1S). Moreover, a single stable resonance
pole is circled in the bottom panel within the 8.96—
9.04 GeV energy window. The corresponding complex
energy of this resonance is M — i[' = 8965 — i2.6 MeV.
Some properties of this resonance, including quark
distances, magnetic moment, and component contributions,
are summarized in Table XI. Notably, the magnetic moment
remains zero, consistent with the bcgc resonances in the
1(0™) state. The root-mean-square radius lies between 0.73
and 0.98 fm, indicating a compact tetraquark configuration.

) sector

TABLE X. Lowest-lying bcsc tetraquark states with 1(J7) =
0(0%) calculated within the real range formulation of the
constituent quark model. Results are similarly organized as those
in Table IV (unit: MeV).

Channel Index 175 x5 [i3]] M Mixed
(B.D;)'(8243) 1 [1; 1] 8265
(B*D*)1 2 [2; 1] 8445 8265
(B.D,)? 3 [1; 2] 8693
(B:Dy)? 4 [2; 2] 8658 8638
(cc)(b 5) 5 [3; 4] 8700
(ce)*(bs)* 6 [4; 3] 8723 8682
K, 7 [5; 5] 8651
8 [5; 6] 8693
9 [6; 5] 8695
10 [6; 6] 8636 8546
K, 11 [7; 7] 8665
12 [7; 8] 8651
13 [8; 7] 8604
14 [8; 8] 8694 8589
K; 15 [9; 10] 8711
16 [10; 9] 8701 8676
K, 17 [11; 12] 8723
18 [12; 12] 9193
19 [11; 11] 9099
20 [12; 11] 8693 8631
Ks 21 [13; 14] 8722
22 [14; 13] 8678 8658
Complete coupled-channels: 8265

The dominant component is a K-type structure, contribut-
ing over 52% to the state, though a significant portion,
exceeding 18%, also comes from the color-singlet B;D}
channel.

2. The I(J*)=0(1*
A total of 33 channels contribute to this case, and their
masses, as obtained in the real-range investigation, are
listed in Table XII. Several key observations can be drawn
from these results: First, the theoretical threshold masses of
the individual meson-meson channels B.Dj, B:D,, and
B:D; are 8391, 8319, and 8445 MeV, respectively.
Additionally, in the single-channel calculations, the hid-
den-color and diquark—antidiquark configurations are
found to lie around 8.68 and 8.72 GeV, respectively.
The 24 K-type channels span a broader energy range
between 8.63 and 9.12 GeV. Second, no bound state is
identified in this sector. In the coupled-channel calcula-
tions, the lowest mass remains at 8319 MeV, corresponding
exactly to the theoretical threshold of the Bj:D, channel.
The lowest coupled-channel masses for the other configu-
rations are approximately 8.6 GeV.

) sector
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FIG. 5. The complete coupled-channels calculation of bcsc

tetraquark system with I(J¥) = 0(0%) quantum numbers. Par-
ticularly, the bottom panel is enlarged parts of dense energy
region from 8.96 GeV to 9.04 GeV.

When a complete coupled-channel calculation is per-
formed using the complex-range method, four resonances
are identified. In the top panel of Fig. 6, both the ground
and radially excited states of the B.D}, B:D,, and B;D;
channels are clearly depicted. One resonance pole is esp-
ecially distinct and is highlighted with a circle; its com-
plex energy is M —il" = 9283 — i4.4 MeV. An enlarged

TABLE XI. Compositeness of the exotic resonances obtained
in a complete coupled-channel calculation in the 0(0") state of
bcse tetraquark. Results are similarly organized as those in
Table V.

Resonance Structure
8965 — 2.6 u=20
rept 0735 rps: 0.88; res: 0.94; r .0 0.98
Set I: S:20.4%; H: 1.4%; Di: 1.3%; K: 76.9%
Set 1I: S: 27.7%; H: 3.5%; Di: 16.7%; K: 52.1%

TABLE XII. Lowest-lying bcsc tetraquark states with 1(J7) =
0(1%) calculated within the real range formulation of the
constituent quark model. Results are similarly organized as those
in Table IV (unit: MeV).

Channel Index %95 x5 [i5 ] M Mixed
(B.D:)'(8387) 1 [1; 1] 8391
(BeDy)! 2 [2; 1] 8319
(B:D*)! 3 [3; 1] 8445 8319
(B.D:)® 4 [1; 2] 8684
(B:D,)® 5 [2; 2] 8689
(B:D;)3 6 (3; 2] 8670 8654
(cc)*(b5)* 7 [6; 3] 8730
(cc)*(b5) 8 [5; 4] 8696
(cc)(b5)* 9 [4; 3] 8723 8686
K, 10 [7; 5] 8692
11 [8; 5] 8661
12 [9; 5] 8683
13 [7; 6] 8673
14 [8; 6] 8714
15 [9; 6] 8660 8578
K, 16 [10; 7] 8673
17 [11; 7] 8648
18 [12; 7] 8631
19 [10; 8] 8668
20 [11; 8] 8679
21 [12; 8] 8684 8608
K3 22 [13; 10] 8710
23 [14; 10] 8724
24 [15; 9] 8696 8680
Ky 25 [16; 11] 8716
26 [17; 11] 8715
27 [18; 11] 9129
28 [16; 12] 8740
29 [17; 12] 8739
30 [18; 12] 8724 8641
Ks 31 [19; 14] 8736
32 [20; 14] 8723
33 [21; 13] 8672 8660
Complete coupled-channels: 8319

view, covering the 8.96-9.16 GeV energy region, is pre-
sented in the bottom panel. This includes the scattering
states B.(2S)D:(1S), B:(2S)D:i(1S), B:i(1S)D,(2S),
B.(1S)Di(2S), and B;(1S)D}(2S). Among these com-
plex energy points, three additional resonance poles are
identified at 8968 —i3.6 MeV, 9014 —i1.8 MeV, and
9024 — i6.4 MeV.

The magnetic moments of these four isoscalar resonan-
ces with a besc quark composition are given in Table XIII,
with values of 0.86uy, 0.53uy, 0.74uy, and 1.04uy,
respectively. All of these states exhibit compact tetraquark
structures, with sizes less than 1.1 fm. A comparison
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FIG. 6. The complete coupled-channels calculation of bcsc
tetraquark system with I(J¥) = 0(17) quantum numbers. Par-
ticularly, the bottom panel is enlarged parts of dense energy
region from 8.96 GeV to 9.16 GeV.

between component sets I and II shows minimal modifi-
cations due to off-diagonal elements, which generally
contributes less than 6%; and in all cases, the dominant
configuration is the K-type structure. The decay channels
B D} and B D7 serve as the primary decay modes for these
resonances, except for the resonance at 9.01 GeV, for which
the dominant decay channel is theoretically predicted to
be B;D.

3. The I(J?)=0(2%) sector

The results of real-range calculations for the highest spin
state of the bcsc tetraquark are presented in Table XIV.
Among the 11 channels considered, the lowest corresponds
to the color-singlet B: D7 configuration, with its mass equal
to the theoretical threshold of 8445 MeV. The calculated
lowest masses of the hidden-color channels (B:D})? and
(cc)*(b5)* are approximately 8.68 and 8.74 GeV, respec-
tively. The eight K-type arrangements span the energy

TABLE XIII.  Compositeness of exotic resonances obtained in a
complete coupled-channel calculation in the O(1%) state of bcsc
tetraquark. Results are similarly organized as those in Table V.

Resonance Structure
8968 — 3.6 u=0.86
rep 0.74; rps: 1.02; r5: 0.99; r..: 0.98
Set I: S:5.1%; H: 6.9%; Di: 8.7%; K: 79.3%
Set II: S: 7.7%; H: 9.4%; Di: 7.3%; K: 75.6%
9014 —i1.8 u=0.53
rep: 0.73; rp5: 0915 r5: 0.90; r..: 0.98
Set I: S:4.2%; H: 1.2%; Di: 6.3%; K: 88.3%
Set 1I: S: 4.6%; H: 1.4%; Di: 7.3%; K: 86.7%
9024 — i6.4 u=0.74
reps 0805 rs: 1.13; r5: 0915 ro. 0 1.10
Set I: S: 13.6%; H: 3.2%; Di: 12.8%; K: 70.4%
Set 1I: S:10.3%; H: 4.0%; Di: 9.6%; K: 76.1%
9283 — i4.4 u =104
rep: 0925 rpo: 0.77; 150 0.87; ro.: 0.58
Set I: S: 7.3%; H: 0.8%; Di: 7.9%; K: 84.0%
Set II: S:4.9%; H: 2.7%; Di: 6.2%; K: 86.2%

range from 8.68 to 9.13 GeV, with the lowest masses in the
coupled-channel calculations for each K-type structure
around 8.67 GeV. Notably, no bound state emerges even
when performing a full coupled-channels analysis.
Figure 7 shows that, within the energy interval of 8.4 to
9.4 GeV, the ground state of B:D; and the first radial
excitations B (25)D;(1S) and B:(15)D;(2S) are clearly
identified. Additionally, three resonances are found near the
threshold lines associated with these radial excitations.

TABLE XIV. Lowest-lying bc5c tetraquark states with 1(J7) =
0(2%) calculated within the real range formulation of the
constituent quark model. Results are similarly organized as those
in Table IV (unit: MeV).

Channel Index X255 25 i3] M Mixed
(B:D3)' 1 [1; 1] 8445
(BeDg)? 2 [1; 3] 8685
(ce)*(b3)* 3 [1; 7] 8744
K, 4 [1; 8] 8689
5 [1; 10] 8724 8629
K, 6 [1; 11] 8693
7 [1; 12] 8689 8678
K3 8 [1; 14] 8735
K, 9 [1; 8] 9138
10 [1; 10] 8745 8710
Ks 11 [1; 11] 8747
Complete coupled-channels: 8445
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FIG. 7. The complete coupled-channels calculation of bcsc
tetraquark system with 7(J*) = 0(2") quantum numbers.

Their complex energies are M — iI" = 9004 — i10.6 MeV,
9298 — 9.2 MeV, and 9364 — i26.2 MeV, respectively.
A detailed characterization of these resonances is sum-
marized in Table XV. Remarkably, all three states share the
same magnetic moment value of y = 1.34uy. They exhibit
compact bcsc tetraquark configurations, with sizes ranging
from 0.6 to 0.9 fm. The K-type components contribute
more than 80% to these exotic states, while the effects of
the nonorthogonal basis remain minor (less than 7%) in this
sector. Consequently, these three narrow resonances are
promising candidates for experimental confirmation via
two-body strong decay channels involving B} D5?.

C. The cbgb tetraquarks

1. The I(J?)=1(0*) sector

Single-channel, partially coupled-channel, and fully
coupled-channel analyses are performed, with the results

TABLE XV. Compositeness of exotic resonances obtained in a
complete coupled-channel calculation in the 0(27) state of bcsc
tetraquark. Results are similarly organized as those in Table V.

Resonance Structure
9004 — i10.6 u=134
rep: 0.77; rgs: 0.88; re5: 0.80; r..: 0.80
Set I: S: 1.5%; H:0.1%; Di: 3.4%; K: 95.0%
Set 1I: S:0.6%; H: 0.1%; Di: 11.8%; K: 87.5%
9298 —i9.2 u=134
rep: 0.92; gt 0735 res: 0.88; .t 0.55
Set I: S: 1.6%; H: 0.2%; Di: 18.5%; K: 79.7%
Set 1I: S:2.0%; H:0.3%; Di: 16.6%; K: 81.1%
9364 — i26.2 =134
rep: 0.59; rps: 0.68; r: 0.77; ro.t 0.54
Set I S:2.0%; H: 0.6%; Di: 13.5%; K: 83.9%
Set 1I: S:2.6%; H: 1.7%; Di: 16.7%; K: 79.0%

TABLE XVI. Lowest-lying cbgb tetraquark states with
I(JP) =1(0T) calculated within the real range formulation of

the constituent quark model. Results are similarly organized as
those in Table IV (unit: MeV).

Channel Index x5 x5 [is]] M Mixed
(B.B)'(11,555) 1 [1; 1] 11,554
(B:B*)! 2 [2; 1] 11,649 11,554
(B.B)® 3 [1; 2] 11,879
(B:B*)3 4 [2; 2] 11,909 11,844
(bb)(cq) 5 [3; 4] 11,851
(bb)*(cg)* 6 [4; 3] 11,838 11,827
K 7 [5: 5] 11,861
8 [5; 6] 11,843
9 [6; 5] 11,848
10 [6; 6] 11,797 11,719
K, 11 [7; 7] 11,773
12 [7; 8] 11,878
13 [8; 7] 11,726
14 8; 8] 11,862 11,711
K; 15 [9; 10] 11,838
16 [10; 9] 11,837 11,818
K, 17 [11; 12] 11,839
18 [12; 12] 12,254
19 [11; 11] 12,237
20 [12; 11] 11,857 11,793
Ks 21 [13; 14] 11,844
22 [14; 13] 11,833 11,818
Complete coupled-channels: 11,554

summarized in Table XVI. Specifically, the lowest masses
of the color-singlet B.B and B;B* channels are 11.55 and
11.65 GeV, respectively. Their corresponding hidden-color
channels lie at 11.88 and 11.91 GeV. The masses of the two
diquark-antidiquark configurations are approximately
11.84 GeV. The 16 K-type channels span a mass range
from 11.72 to 12.25 GeV. The theoretical results indicate
that the system is unbound in the lowest B.B channel, as
the masses obtained across all coupling schemes remain
above threshold, 11.55 GeV.

Nevertheless, a complex-range analysis incorporating
all 22 channels reveals three narrow resonances. Figure 8
displays the distribution of the complex eigenenergies
obtained. Six scattering states, corresponding to the
ground states of B.B and B;B*, as well as the first radial
excitations B.(2S)B(1S), B:(2S)B*(1S), B.(1S)B(2S),
and Bj(1S)B*(2S), are clearly identified in the complex
energy plane. Additionally, three resonance poles are
distinctly circled, with complex energies M —il" =
12,129 — i7.5 MeV, 12,163 —i0.8 MeV, and 12,433 —
i13.0 MeV, respectively.

As shown in Table XVII, all resonances possess zero
magnetic moment and correspond to compact cbgb
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FIG. 8. The complete coupled-channels calculation of ¢bgb
tetraquark system with 7(J”) = 1(0") quantum numbers.

tetraquark configurations with sizes smaller than 1.1 fm. A
common characteristic of these exotic states is that over
71% of their components arise from K-type channels, and
the effects of off-diagonal elements are very small. The B.B
channel serves as the golden decay one for the first and
third resonances, whereas the resonance at 12.16 GeV can
be identified experimentally in both the B.B and B}B*
channels.

2. The I(J*)=1(1*) sector

Thirty-three channels are considered in this case, and
the corresponding calculated results are presented in
Table X VIII. Specifically, three meson-meson color-singlet
channels: B.B*, B;B, and B;B*, are located at 11.59,

TABLE XVII. Compositeness of exotic resonances obtained in
a complete coupled-channel calculation in the §(0™) state of
¢bgb tetraquark. Results are similarly organized as those in
Table V.

TABLE XVIII. Lowest-lying c¢bgb tetraquark states with
I(JP) =1 (17) calculated within the real range formulation of

the constituent quark model. Results are similarly organized as
those in Table IV (unit: MeV).

Channel Index x5 x5 [is ] M Mixed
(B.B*)'(11,600) 1 [1; 1] 11,595
(B:B)' 2 [2; 1] 11,609
(B:B")! 3 3: 1] 11,649 11,595
(B.B")* 4 [1: 2] 11,867
(B:B)® 5 [2; 2] 11,870
(B:B*)? 6 [3; 2] 11,869 11,830
(bb)*(cq)* 7 [6; 3] 11,842
(bb)*(cq) 8 [5: 4] 11,837
(bb)(cq)* 9 [4; 3] 11,806 11,803
K, 10 [7; 5] 11,874
11 [8; 5] 11,798
12 [9; 5] 11,833
13 [7; 6] 11,828
14 [8; 6] 11,835
15 [9; 6] 11,803 11,723
K, 16 [10; 7] 11,772
17 [11; 7] 11,755
18 [12; 7] 11,737
19 [10; 8] 11,819
20 [11; 8] 11,886
21 [12; 8] 11,848 11,715
K3 22 [13; 10] 11,824
23 [14; 10] 11,837
24 [15; 9] 11,820 11,807
K, 25 [16; 11] 11,883
26 [17; 11] 11,917
27 [18; 11] 12,266
28 [16; 12] 11,845
29 [17; 12] 11,844
30 [18; 12] 11,807 11,779
K5 31 [19; 14] 11,836
32 [20; 14] 11,840
33 [21; 13] 11,817 11,808
Complete coupled-channels: 11,595

Resonance Structure
12,129 — {7.5 u=0
rpet 0.855 rag: 1.105 g 0.87; ryy,t 0.81
Set I: S: 6.8%; H: 17.6%; Di: 2.9%; K: 72.7%
Set II: S: 1.4%; H: 10.3%; Di: 4.5%; K: 83.8%
12,163 —i0.8 u=20
e 0.67; reg: 0.92;5 rp;: 0.815 rp;: 0.69
Set I: S:9.8%; H: 9.5%; Di: 4.3%; K: 76.4%
Set II: S: 8.1%; H: 11.0%; Di: 9.1%; K: 71.8%
12,433 — i13.0 u=20
rpet 1.035 ragt 0.945 rps: 0915 ryyt 0.39
Set I: S:4.5%; H: 3.3%; Di: 1.9%; K: 90.3%
Set 1I: S:5.2%; H: 3.7%; Di: 9.7%; K: 81.4%

11.61, and 11.65 GeV, respectively. Their hidden-color
counterparts are found at 11.86, 11.87, and 11.87 GeV. The
masses of the three diquark-antidiquark configurations are
11.84, 11.83, and 11.81 GeV, respectively. The 24 K-type
channels span the 11.74-12.26 GeV mass range. No bound
state is found; the lowest state remains the B.B* scattering
channel, both in single-channel and coupled-channel analy-
ses. Additionally, coupled-channel results for hidden-color,
diquark-antidiquark, and the K;- and Ks-type structures
yield masses around 11.81 GeV, while the K-, K,-, and
K4-type configurations are located near 11.72 GeV.
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FIG. 9. The complete coupled-channels calculation of c¢bhgb
tetraquark system with /(J*) =1 (1) quantum numbers. Par-

ticularly, the bottom panel is enlarged parts of dense energy
region from 12.12 GeV to 12.38 GeV.

Figure 9 shows the results of a fully coupled-channel
calculation performed using CSM. In the top panel, the
scattering nature of B.B*, BB, and B;B* channels,
including both ground and radially excited states, is
depicted. Notably, two nearby resonance poles are iden-
tified, with complex energies M —il" = 12427 —
i6.5 MeV and 12,440 —i12.4 MeV. Furthermore, we
show in the bottom panel an enlarged view of the energy
region between 12.12 and 12.38 GeV, identifying four
additional resonances. The corresponding resonance poles
are located at 12,130 —i4.3 MeV, 12,139 —i1.9 MeV,
12,148 — i5.4 MeV, and 12,234 — il.1 MeV, respectively.

Some properties of these six resonances are summarized
in Table XIX. All of them are identified as compact cbgb
tetraquark configurations, with spatial extensions of less
than 1.0 fm. While off-diagonal effects contribute moder-
ately (around 20-30%) the overall structure of all reso-
nances remains consistent with K-type dominance, with
contributions exceeding 50%. The magnetic moments of the

TABLE XIX. Compositeness of exotic resonances obtained in
a complete coupled-channel calculation in the §(17) state of
cbgb tetraquark. Results are similarly organized as those in
Table V. Particularly, the magnetic moment of ¢bith and chdb

tetraquark is y; and u,, respectively.

Resonance Structure
12,130 — i4.3 uy = —0.56, u, =0.17
rpet 0745 rzg5: 0.89; 150 0.84; 14,0 0.51
Set I: S: 18.7%; H: 15.8%; Di: 9.3%; K: 56.2%
Set 1I: S: 17.7%; H: 16.6%; Di: 9.7%; K: 56.0%
12,139 —i1.9 uy =—1.32, u, =0.34
et 0.73; 1zt 1145 rpz0 1.03; 14,0 0.82
Set I: S:42.3%; H: 4.6%; Di: 1.3%; K: 51.8%
Set 1I: S:13.0%; H: 7.6%; Di: 2.1%; K: 77.3%
12,148 —i5.4 uy = —1.61, u, =0.57
rpz: 0.78; Tzg- 1.01; Tpg- 0.88; rpp: 0.66
Set I: S: 28.0%; H: 0.8%; Di: 4.8%; K: 66.4%
Set 1I: S:6.9%; H:3.9%; Di: 2.9%; K: 86.3%
12,234 —i1.1 uy = —1.80, ur, = 0.80
et 0.63; 1zt 0.92; ;0 0.83; 1y, 0 0.67
Set I: S:249%; H: 12%; Di: 1.3%; K: 72.6%
Set II: S:26.9%; H: 1.9%; Di: 2.0%; K: 69.2%
12,427 — i6.5 uy = —1.03, u, = 0.44
et 1.015 rag: 0.87; rpz: 0.95; 1,0 0.38
Set I: S: 7.7%; H:7.0%; Di: 5.1%; K: 80.2%
Set 1I: S:99%; H: 10.0%; Di: 8.1%; K: 72.0%
12,440 — i12.4 u = —1.08, u, =0.12
Fpe+ 1.03; Tzg - 0.91; Tpg- 0.92; rp,: 0.39
Set I: S:6.2%; H:2.1%; Di: 0.8%; K: 90.9%
Set II: S:16.4%; H: 83%; Di: 11.5%; K: 63.8%

cbub resonances are calculated to be —0.56py, —1.32uy,
—1.61puy, —1.80uy, —1.03py, and —1.08u,, respectively.
For the corresponding cbdb states, the values are 0.17uy,
0.34uy, 0.57uy, 0.80uy, 0.44uy, and 0.12uy. Theore-
tically, the B.B* channel is the dominant decay mode for
the first three resonances, while the remaining three states
can potentially be observed through both B.B* and B;B
final decay channels.

3. The I(J?)=1(2*) sector

Only one meson-meson configuration, B;:B*, is consid-
ered, both in the color-singlet and hidden-color channels,
along with a single (bb)*(¢g)* configuration and eight
K-type arrangements. The real-range calculation results are
summarized in Table XX, and the conclusions are con-
sistent with those found in other cases. First, the lowest
state, corresponding to the color-singlet B B* channel, is of
scattering nature, with a computed mass of 11.65 GeV. This
result persists in the full coupled-channel analysis. The
remaining exotic configurations yield masses around
11.85 GeV, with the exception of two K-type channels:
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TABLE XX. Lowest-lying ¢bgb tetraquark states with 1(J*) =
1(27) calculated within the real range formulation of the

constituent quark model. Results are similarly organized as those
in Table IV (unit: MeV).

TABLE XXI. Compositeness of exotic resonances obtained in
a complete coupled-channel calculation in the §(2") state of
cbgb tetraquark. Results are similarly organized as those in

Table V.

Channel Index X255 25 i3] M Mixed
(B:B")' 1 [1; 1] 11,649
(B:B*)® 2 [1; 3] 11,860
(bb)* (¢ q)* 3 [1; 7] 11,851
K, 4 [1: 8] 11,834
5 [1; 10] 11,848 11,778
K, 6 [1; 11] 11,797
7 [1; 12] 11,847 11,790
K; 8 [1; 14] 11,853
K, 9 [1; 8] 12,264
10 [1; 10] 11,852 11,830
K 11 [1; 11] 11,859
Complete coupled-channels: 11,649

K,, with a mass of 11.80 GeV, and K, at 12.26 GeV. In the
coupled-channel computations involving the K;, K,, and
K, structures, the lowest mass in each arrangement is
consistently around 11.80 GeV.

Further analysis using CSM is presented in Fig. 10,
which shows the results of a fully coupled-channel calcu-
lation. In the energy range from 11.65 to 12.55 GeV, the
ground state of B B*, along with its first radial excitations:
B:(2S)B*(1S) and B((1S)B*(2S), are clearly identified.
Additionally, two narrow resonances are observed, with
complex energies located at M — il" = 12,164 — i5.4 MeV
and 12,455 —il11.2 MeV, respectively.

Some properties of these exotic hadrons are detailed in
Table XXI. Both resonances exhibit a compact tetraquark
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FIG. 10. The complete coupled-channels calculation of cbhgb
tetraquark system with /(J”) = §(2") quantum numbers.

Resonance Structure
12,164 —i5.4 = —2.48, u, =0.52
rpet 0.76; rzg: 0.89; rpz: 0.81; rypt 0.43
Set I: S:3.9%; H: 7.3%; Di: 0.1%; K: 88.7%
Set II: S: 8.6%; H: 15.1%; Di: 0.1%; K: 76.2%
12,455 —i11.2 uy = =248, u, =0.52
rpet 1.015 rzg: 0.86; rpz: 0.93; ryy,t 0.41
Set I: S: 47%; H: 3.8%; Di: 0.1%; K: 91.4%
Set II: S:25.5%; H: 17.3%; Di: 0.1%; K: 57.1%

structure, with spatial sizes below 1.0 fm. The magnetic
moments of the two c¢biuib resonances are notably large,
each having y = —2.48yu,, while the corresponding ¢bdb
states have a value of y = 0.52uy. K-type components
dominate the wave functions of these resonances, contrib-
uting more than 57%. Notably, the higher resonance at
12.46 GeV exhibits strong mixing among color-singlet,
hidden-color, and K-type channels.

D. The cbsb tetraquarks

1. The I(J*)=0(0") sector

Twenty-two channels, listed in Table XXII, are initially
investigated through real-range calculations. The lowest
channel, B By, is clearly a scattering state, with a theo-
retical threshold at 11.63 GeV. Another meson-meson
configuration, B} B}, lies at 11.73 GeV. Their correspond-
ing hidden-color counterparts are found at 11.97 and
11.99 GeV, respectively. The two diquark-antidiquark
configurations, (bb)(cs) and (bb)*(¢5)*, have masses
around 11.93 GeV. Additionally, the 16 K-type configu-
rations span an energy range from 11.83 to 12.35 GeV.
Upon performing coupled-channel calculations within
each of the seven exotic color structures, the lowest mass
obtained is approximately 11.91 GeV for the hidden-color,
diquark-antidiquark, K3, K4, and K5 configurations, and
around 11.81 GeV for the K| and K, arrangements. In the
fully coupled-channel analysis, the results remain consis-
tent with those for the B B, system, indicating no bound
state formation.

Figure 11 presents the outcomes of a complex-range
study for the fully coupled-channel case. In the top panel
(11.6-12.5 GeV energy region), the ground states of BB,
and B;Bj;, along with their radial excitations, are clearly
illustrated. The bottom panel zooms into the energy region
between 12.19 and 12.39 GeV, revealing four more scatter-
ing states: B.(2S)B,(1S), B:(2S)B:(1S), B.(18)B,(2S),
and B (1S)B:(2S). Within this region, three narrow
resonances are identified at complex energies
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TABLE XXII. Lowest-lying c¢bsb tetraquark states with
I1(J?) = 0(0") calculated within the real range formulation of
the constituent quark model. Results are similarly organized as
those in Table IV (unit: MeV).

Channel Index x5 x5 [i3 ] M Mixed
(B.B,)'(11,642) 1 [1; 1] 11,631
(B:B:)! 2 [2; 1] 11,731 11,631
(B.By) 3 [1; 2] 11,970
(B:B:)? 4 [2; 2] 11,995 11,937
(bb)(c5) 5 [3; 4] 11,932
(bb)*(c5)* 6 [4; 3] 11,931 11915
K, 7 [5: 5] 11,944
8 [5; 6] 11,945
9 [6; 5] 11,940
10 [6; 6] 11,897 11,812
K, 11 [7; 7] 11,872
12 [7; 8] 11,965
13 [8; 7] 11,828
14 [8; 8] 11,957 11,813
K; 15 [9; 10] 11,935
16 [10; 9] 11,926 11,911
K, 17 [11; 12] 11,931
18 [12; 12] 12,356
19 [11; 11] 12,341
20 [12; 11] 11,938 11,898
K 21 [13; 14] 11,940
22 [14; 13] 11,922 11,910
Complete coupled-channels: 11,631

M —il' = 12,201 — i0.4 MeV,
12,269 — il.4 MeV.

Table XXIII summarizes the properties of these reso-
nances, including size, magnetic moment, and dominant
components. All three states exhibit a compact cbsb
tetraquark configuration, with spatial sizes below 1.0 fm.
Each has a magnetic moment y = 0. The first two reso-
nances display strong mixing between the color-singlet and
K-type configurations, although the K-type remains dom-
inant with contributions exceeding 54%. In contrast, the
third resonance shows weak coupling effects, and its
dominant component (~79%) is of K-type nature. The
golden decay channel for the first resonance at 12.20 GeV
is expected to be B.B,, while the remaining two higher-
mass resonances are likely to be confirmed through the
B} B} decay mode.

12,251 —i2.6 MeV, and

2. The I1(J¥)=0(1*) sector

A total of 33 channels are considered for this case, with
the corresponding results presented in Table XXIV.
Notably, the masses of the three color-singlet configura-
tions: B.B;, B/B,, and BB}, are 11.67, 11.68, and

-T2 (MeV)

_30.|.|.|.|.|.|.|.|.
11600 11700 11800 11900 12000 12100 12200 12300 12400 12500

M (MeV)
B(28)B(15) B (2S)B(18) B(1S)B(28) B (19)B.(29)
0@ T i (o T T T i
i
r
2+
3k
S ot
5]
2 0
o or
=L
[
7 o 0:
| @ 6
8 @ 10
Ll A 14]
-9 1 N 1 N 1 N 1 N 1 N 1 N
12210 12240 12270 12300 12330 12360 12390
M (MeV)
FIG. 11. The complete coupled-channels calculation of ¢bsb

tetraquark system with 7(J¥) = 0(0") quantum numbers. Par-
ticularly, the bottom panel is enlarged parts of dense energy
region from 12.19 GeV to 12.39 GeV.

TABLE XXIII. Compositeness of exotic resonances obtained
in a complete coupled-channel calculation in the 0(0") state of
¢cbsb tetraquark. Results are similarly organized as those in
Table V.

Resonance Structure
12,201 — i0.4 u=20
rpes 0.66; rag: 1.01; rpz: 0.92; rpp: 0.84
Set I: S:43.0%; H: 2.4%; Di: 0.2%; K: 54.4%
Set 1I: S:22.7%; H: 8.8%; Di: 0.8%; K: 67.7%
12,251 - i2.6 u=20
rpes 0.72; rag: 1.05; rpz: 0.89; rpp: 0.90
Set I: S: 33.8%; H: 3.8%; Di: 4.0%; K: 58.4%
Set 1I: S: 24.2%; H: 5.3%; Di: 5.0%; K: 65.5%
12,269 — il.4 u=20
rpas 0.73; rg: 0.97; rps: 0.815 1y 0.76
Set I: S:16.3%; H: 4.1%; Di: 0.7%; K: 78.9%
Set 1I: S: 14.8%; H: 4.9%; Di: 0.9%; K: 79.4%
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TABLE XXIV. Lowest-lying cbsb tetraquark states with
I1(J?) = 0(1%) calculated within the real range formulation of
the constituent quark model. Results are similarly organized as
those in Table IV (unit: MeV).

Channel Index x5 x5 [i3 ] M Mixed
(B.B*)'(11,690) 1 [1; 1] 11,676
(B:B,)! 2 [2; 1] 11,685
(B:B:)! 3 [3; 1] 11,731 11,676
(B.B;)® 4 [1; 2] 11,960
(B:B,)* 5 [2; 2] 11,961
(B:B:)® 6 [3; 2] 11,962 11,928
(bb)*(c5) 7 [6; 3] 11,935
(bb)*(5) 8 [5: 4] 11,920
(bb)(cs)* 9 [4; 3] 11,901 11,897
K, 10 [7; 5] 11,959
11 [8; 5] 11,896
12 [9; 5] 11,927
13 [7; 6] 11,931
14 [8; 6] 11,935
15 [9; 6] 11,902 11,819
K, 16 [10; 7] 11,875
17 [11; 7] 11,856
18 [12; 7] 11,838
19 [10; 8] 11,920
20 [11; 8] 11,974
21 [12; 8] 11,945 11,816
K3 22 [13; 10] 11,924
23 [14; 10] 11,934
24 [15; 9] 11,912 11,903
K, 25 [16; 11] 11,967
26 [17; 11] 11,999
27 [18; 11] 12,366
28 [16; 12] 11,938
29 [17; 12] 11,937
30 [18; 12] 11,902 11,884
Ks 31 [19; 14] 11,934
32 [20; 14] 11,937
33 [21; 13] 11,909 11,902
Complete coupled-channels: 11,676

11.73 GeV, respectively. Their corresponding hidden-color
channels are nearly degenerate, each having a mass around
11.96 GeV. The three diquark-antidiquark configurations
exhibit masses of 11.93, 11.92, and 11.90 GeV, respec-
tively. The remaining 24 K-type configurations span an
energy interval from approximately 11.84 to 12.36 GeV.
When coupled-channel calculations are performed within
each structure, the lowest masses are consistently found
around 11.90 GeV for all exotic configurations, except for
the K; and K, cases, where the lowest masses are both

ground states

-T2 (MeV)
S o

-21

24

B oe o

-27

14

PR T T S P T - Y- o

0
11700 11800 11900 12000 12100 12200 12300 12400
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B.(28)B(1S) B(29)B/(1S) B.(2S)B.(1S) B(1S)B(2S) B(1S)B(2S) B.(1S)B(2S)
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-T2 (MeV)

oo |o

0 " 1 DA " 1 " 1 " 1 " 1 " 1 "
12240 12260 12280 12300 12320 12340 12360 12380 12400
M (MeV)

FIG. 12. The complete coupled-channels calculation of ¢bsb
tetraquark system with I(J¥) = 0(1") quantum numbers. Par-
ticularly, the middle panel is enlarged parts of dense energy
region from 11.65 GeV to 11.80 GeV, and the bottom one is
enlarged parts of dense energy region from 12.23 GeV to
12.40 GeV.

034014-19



GANG YANG, JTIALUN PING, and JORGE SEGOVIA

PHYS. REV. D 113, 034014 (2026)

TABLE XXV. Compositeness of exotic resonances obtained in
a complete coupled-channel calculation in the 0(17) state of ¢bhsb
tetraquark. Results are similarly organized as those in Table V.

Resonance Structure
12,202 — i1.0 u=0.51
rpzs 0.66; rac: 1.02; rps: 0.93; ryy: 0.84
Set I: S:51.0%; H: 0.9%; Di: 0.4%; K: 47.7%
Set 1I: S:2.9%; H: 3.4%; Di: 1.4%; K: 92.3%
12,235 -i5.3 u=0.59
rpas 0.79; ra: 0.93; rps: 0.77; 1yt 0.69
Set I: S: 20.8%; H: 7.5%; Di: 4.4%; K: 67.3%
Set 1I: S: 25.3%; H: 9.2%; Di: 2.1%; K: 63.4%
12,248 — i3.0 u=0.30
rpas 0.70; ra: 0.96; rps: 0.85; 1y 0.79
Set I: S:29.9%; H: 6.5%; Di: 0.8%; K: 62.8%
Set 1I: S: 28.2%; H: 7.5%; Di: 0.9%; K: 63.4%
12,313 — 1.0 u =045
rpas 0.67; ras: 0.92; rps: 0.78; 1y 0.75
Set I: S: 24.2%; H: 1.3%; Di: 3.0%; K: 71.5%
Set II: S: 23.6%; H: 1.7%; Di: 4.5%; K: 70.2%

approximately 11.82 GeV. Across all computational sce-
narios, the lowest-lying channel, BB}, remains a scatter-
ing state.

Figure 12 illustrates the results from a complete coupled-
channel calculation using the CSM, where four resonance
poles are identified. In the top panel, a remarkably narrow
resonance with a complex energy of M — il = 12,202 —
i1.0 MeV is found embedded among the continuum states
of B.(18)Bi(1S), B:(1S)B,(1S), B:(15)Bi(1S), and their
radial excitations. The middle panel clearly depicts the
scattering nature of the ground-state channels BB}, B:B,,
and B} Bj}. The bottom panel focuses on the energy window
between 12.23 and 12.40 GeV, where six radial excitations,
namely B:(2S)B,(1S), B.(2S)Bi(1S), B:(2S)Bi(1S),
B.(18)B%(2S), B:(1S)B(2S), and B:(1S)B;(2S), are well
resolved. In this region, three additional narrow resonance
poles are observed at 12,235 —i5.3 MeV, 12,248 —
i3.0 MeV, and 12,313 —i1.0 MeV, respectively.

As shown in Table XXV, all resonances are identified as
compact ¢bsb tetraquark configurations with sizes smaller
than 1.0 fm. Their magnetic moments are 0.51uy, 0.5%uy,
0.30pp, and 0.45uy, respectively. A strong coupling
between the color-singlet (S) and K-type (K) components
is observed, particularly for the three resonances at 12.23,
12.24, and 12.31 GeV, where the S and K contributions are
approximately 25% and 64%, respectively. For the lowest
resonance at 12.20 GeV, a significant mixing between S
and K structures is evident; nonetheless, the K-type
configuration remains the dominant component. The
golden decay channel for the lowest resonance at
12.20 GeV is suggested to be B.Bj. The resonances at
12.23 and 12.24 GeV are expected to be confirmed through

TABLE XXVI. Lowest-lying c¢bsb tetraquark states with
1(JP) = 0(2%) calculated within the real range formulation of
the constituent quark model. Results are similarly organized as
those in Table IV (unit: MeV).

Channel Index X275 x5 (5] M Mixed
(B:B})! 1 [1; 1] 11,731
(B:B:)® 2 [1; 3] 11,953
(bb)*(e5)* 3 [1; 71 11,943
K, 4 (1; 8] 11,929
5 [1; 10] 11,944 11,871
K, 6 [1; 11] 11,897
7 [1; 12] 11,944 11,891
K; 8 [1; 14] 11,949
K, 9 [1; 8] 12,365
10 [1; 10] 11,944 11,932
K 11 [1; 11] 11,954
Complete coupled-channels: 11,731

both BB, and B} B} final states. The highest resonance, at
12.31 GeV, could be observed in either the BB} or B:B,
decay channels.

3. The I(J?)=0(2*) sector

Eleven channels, listed in Table XXVI, are investigated
in this sector. These include one BB} configuration in both
color-singlet and hidden-color channels, one (bb)*(c5)*
diquark-antidiquark configuration, and eight K-type con-
figurations. In the real-range analysis, no bound state is
found in this sector. The lowest configuration corresponds
to a scattering state of B;B¥, with a theoretical mass of

TABLE XXVII. Compositeness of exotic resonances obtained
in a complete coupled-channel calculation in the 0(2") state of
¢bsb tetraquark. Results are similarly organized as those in
Table V.

Resonance Structure
12,251 —il.5 u=0.08
rpzet 0.66; raz5: 0.96; rys: 0.89; rpyp: 0.78
Set I: S:0.1%; H: 0.1%; Di: 0.1%; K: 99.7%
Set 1I: S:22.0%; H: 4.6%; Di: 1.1%; K: 72.3%
12,272 — i4.7 u=0.08
rpes 0.77; rag: 0.87; rps: 0.74; rpp: 0.59
Set I: S:0.1%; H: 0.1%; Di: 0.1%; K: 99.7%
Set 1I: S: 8.3%; H: 7.2%; Di: 0.4%; K: 84.1%
12,350 — 2.7 1 =0.08
rpzs 0.83; ras: 1.20;5 rpg: 1.045 1yt 1.08
Set I: S: 0.3%; H: 0.1%; Di: 0.1%; K: 99.5%
Set 1I: S: 24.5%; H: 4.7%; Di: 1.2%; K: 69.6%
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TABLE XXVIII. Summary of resonance structures found in the
triply heavy tetraquark systems. The first column shows the
isospin, total spin and parity of each singularity. The second
column refers to the theoretical resonance with notation:
E = M — il" (unit: MeV). Size (r, unit: fm) and magnetic moment
(4, unit: py) of resonance are presented in the last column.
Particularly, the magnetic moment of a triply heavy tetraquark

state with #(d) light quark content is denoted with p; (u,).

Theoretical resonance

1(J%) E=M-il' Structure r, u
o o _
S bcgc tetraquarks
RS 1(0") 8870 — i5.0 0.71-1.06, 0
RN e el P R R S RET =T B L O _ _
%1700 11800 11900 12000 12100 12200 12300 12400 12500 12600 8885 —i2.2 0.73-1.12, 0
M (MeV) %(1*) 8867 —i7.8 0.82-1.12, —1.42(1.20)
8937 —i4.5 0.79-1.34, —1.45(1.08
FIG. 13. The complete coupled-channels calculation of ¢bsb 8350 _ ;7.4 0.72_1_23: _1.3()%1.15;
tetraquark system with 7(J¥) = 0(2*) quantum numbers.
%(2+) 8893 —i10.2 0.75-0.97, —1.22(1.78)
8934 —i7.4 0.87-1.36, —1.22(1.78)
11.73 GeV. Both the hidden-color and diquark-antidiquark 9183 —i4.5 0.64-1.00, —1.22(1.78)
channels exhibit masses arognc.l 11.95 GeV, while the 0(0%) 8965 — i2.6 0.73-0.98, 0
K-type configurations lie within the energy range of 00+ 2068 — 13.6 074102 0.86
11.89 to 12.36 GeV. I -3 74-1.02, 0.

In the complete coupled-channel calculation using ggéi - ’éi 8;3‘??2 832
CSM, three resonance states are identified, as shown in 0083 : i 4' 4 0'58:0.92’ 1'0 4
Fig. 13. Their complex energies are found to be 12,251 — ’ ' o
il.5 MeV, 12,272 — i4.7 MeV, and 12,350 —i2.7 MeV,  0(27) 9004 — i10.6 0.77-0.88, 1.34
respectively. Also, within this analysis, the scattering states 9298 _.’9'2 0.55-0.92, 1.34
B:(18)B:(1S), B:(2S)B:(1S), and B:(1S)B:(2S) are 9364 —i26.2 0.54-0.77, 1.34
clearly displayed. ¢bgb tetraquarks

A.s.displayed in Table XXVII, all th'ree resonant Sta'fes %(04.) 12,129 — i7.5 0.81-1.10, 0
exhibit very smal.l values of magnetic moments, _w1_th 12,163 — 0.8 0.67-0.92, 0
1~ 0.08uy. The first t.wo resonances are compact ¢bsb 12,433 — i13.0 0.39-1.03, 0
tetraquark structures, with spatial sizes less than 0.96 fm.In N .
contrast, the highest-mass resonance appears to be a more 2 (17) 12,130 - 1_4'3 0.51-0.89, ~0.56(0.17)
loosely bound state, with an estimated size of approx- };}ig_’;z 822_}(1)‘; _}g(gg‘;)
imately 1.20 fm. Lastly, a strong coupling between the 12’234:21'1 0'63:0.92’ :1'8020.803
color-singlet and K-type channels is observed across all 12’427 _ i6.5 0.38—1.01’ _1'03(0'44)
three.resona.nces. Nevex.thel.ess, the K-type conﬁguratioqs 12”440 _i124 0:39_1:03: —1:08(0: 12)
remain dominant, contributing over 70% to the composi- .
tion of each state. %(2*) 12,164 —i5.4 0.43-0.89, —2.48(0.52)

12,455 —il1.2 0.41-1.01, —2.48(0.52)
IV. SUMMARY 0(0") 12,201 — i0.4 0.66-1.01, 0
o . 12,251 —i2.6 0.72-1.05, 0
'Wlthm the framework of a constituent quar_k model, 12.269 — ;].4 0.73-0.97. 0
triply heavy tetraquark systems of the forms bcgc and o1+ 12200 — i1.0 0.66-1.02. 0.51
cbgb (g =u, d, s) with spin-parity quantum numbers (1) et e
o o JrreE X 12,235 - i5.3 0.69-0.93, 0.59
J. =071 R and 2 : and 1s0.sp1n. 1 = 0 or 3, are system- 12.248 — i3.0 0.70-0.96. 0.30
atically studied. Special attention is given to fully S-wave 12313 = 1.0 0.67-0.92, 0.45
tetraquark configurations, including color-singlet and N ,
hidden-color meson-meson structures, diquark-antidiquark 02") 12,251 - 1.1.5 0.66-0.96, 0.08
ith all d col ol itripl d 12,272 — i4.7 0.59-0.87, 0.08
arrangements with allowed color triplet-antitriplet an 12.350 — 2.7 0.83-1.20. 0.08

sextet-antisextet combinations, as well as five K-type
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TABLE XXIX. Masses of resonances within ccbg and bbcg tetraquark systems by theoretical investigations, unit in GeV.

Jr This work [49] [51] [44] [43] [42] [46]
cchii ot 8.87-8.89 8.52-8.64 8.76-8.96 8.66-8.76 8.20-8.44 8.61-8.76 9.02-9.06
1" 8.86-8.95 8.54-8.61 8.80-8.94 8.67-8.74 8.22-8.45 8.61-8.74 8.96-9.06
2 8.89-9.18 8.63 8.91 8.76 8.48 8.74 8.91-9.25
ccbs 0* 8.97 8.57-8.67 8.94-9.14 8.75-8.85 8.30-8.54 8.78-8.84 9.03-9.14
1" 8.97-9.28 8.61-8.65 8.98-9.11 8.76-8.83 8.32-8.55 8.74-8.82 9.08-9.15
2% 9.00-9.36 8.67 9.09 8.84 8.57 8.84 9.22-9.33
bbcu 0" 12.13-12.43 11.94-12.08 12.14-12.26 11.91-12.01 11.58-11.69 12.02-12.11 12.15-12.52
I 12.13-12.44 11.95-11.98 12.14-12.22 11.87-11.98 11.58-11.66 11.97-12.07 12.12-12.33
2 12.16-12.46 11.99 12.23 11.95 11.65 12.06 12.18-12.58
bbcs 0" 12.20-12.27 12.02-12.14 12.32-12.44 11.99-12.07 11.68-11.79 12.33-12.55
1" 12.20-12.31 12.03-12.06 12.32-12.40 11.95-12.04 11.67-11.75 12.16 12.21-12.56
2 12.25-12.35 12.06 12.41 12.02 11.75 12.16 12.26-12.64

configurations. To address the four-body bound- and
resonant states, we solve the Schrodinger equation using
the Gaussian expansion method (GEM) combined with the
complex scaling method (CSM).

Multiple narrow resonances are identified across the
different isospin-spin-parity channels when fully coupled-
channel calculations using CSM are performed. These are
summarized in Table XX VIII, which includes the mass, M,
width, T, size, r, and magnetic moment, y, of the found
resonances, organized by their quantum numbers I(J7).
Meanwhile, Table XXIX lists a comparison of resonance
masses within the cchg and bbcg tetraquark sectors as
reported in previous studies.

The following key conclusions can be drawn:

(i) Resonance states with bcgc content appear in the
mass range of 8.87-9.36 GeV, while those of ¢bgb
lie between 12.13 and 12.45 GeV. These results
are generally compatible with those reported of
Refs. [46,51].

(i) The vast majority of the identified resonances are
compact bcge and ¢hgb tetraquark configurations
with spatial sizes smaller than 1.0 fm.

(iii) The K-type configurations constitute the dominant
components of the obtained resonance states, while
some cases exhibit moderate mixing with other
quark configurations such as meson-meson ones.

(iv) The magnetic moment y of the 0T resonance state is
zero. For the 17 and 27 triply heavy tetraquarks with
u light quark content, x4 ranges from —1.03 to
—1.61uy, except for a chith state in the 17 channel,
which has a smaller magnetic moment of —0.56.
Two c¢chub resonances in the 27 channel exhibit
larger magnetic moments, reaching —2.48y;.

(v) The magnetic moment y ranges from 0.53 to 1.78 uy
for bege (g = d, s) states in the 11 and 27 sectors.
In contrast, u is smaller for the corresponding cbgb
(g = d, s) resonances, falling in the range 0.08-
0.80 uy.

(vi) There are 16 and 21 resonance states found in the
¢hgb and bcgc systems, respectively. Owing to
kinematic considerations, hadronic systems contain-
ing heavier quarks exhibit stronger binding than
those composed of lighter quarks. This provides a
qualitative explanation for the larger number of
states identified in the cbgb sector compared to
the bcgc sector.

All of these exotic resonances involving heavy flavors

are expected to be accessible in future high-energy
experiments.
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