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We develop an extended framework for the hybrid Monte Carlo (HMC) algorithm in lattice gauge theory
by embedding the SUðNÞ group into the space of general complex matrices, MNðCÞ. Auxiliary directions
will be completely factorized in the path integral, and the embedding does not alter the expectation values
of the original theory. We perform the molecular dynamics updates by using the matrix elements of
W ∈MNðCÞ as the dynamical variables without group theoretic constraints. The framework enables us to
introduce nonseparable Hamiltonians for the HMC in lattice gauge theory exactly, whose immediate
application includes the Riemannian manifold HMC.
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I. INTRODUCTION

The hybrid Monte Carlo (HMC) algorithm [1] has been
widely accepted as an efficient algorithm for lattice QCD.
From the early times of its development, strategies for
curing critical slowing down have been discussed. The
relevance of this issue is becoming increasingly high as the
field is now committed to precision calculations using large
scale machines.
One of the major promising ideas for critical slowing

down is Fourier acceleration [2–4], which introduces a
nontrivial kinetic term in the HMCHamiltonian to align the
effective masses for all the Fourier modes. In generalizing
the idea to gauge theory, the kernel may be modified to the
covariant Laplacian [5,6], making it inevitably dependent
on the gauge field, which results in the nonseparable form
of the HMC Hamiltonian:

HðU; πÞ ¼ 1

2
πaG−1

abðUÞπb þ SðUÞ þ 1

2
log detGðUÞ: ð1Þ

The degrees of freedom of the kernel matrix GabðUÞ can be
utilized to accelerate the low modes [7–9], in which
context the algorithm is dubbed Riemannian manifold
(RM) HMC.

Despite its physically attractive concept, use of the
nonseparable Hamiltonian (1) in gauge theory is not
straightforward. Indeed, as was mentioned by Duane and
Pendleton in Ref. [6], the discretized molecular dynamics
(MD) update generically violates the symplecticity for a
nontrivial GðUÞ. The complication is due to the fact that,
because the gauge variable is group valued, Uðn; μÞ∈
SUðNÞ, we need to exponentiate the force vector to update
Uðn; μÞ. Though the continuous Hamiltonian equations
preserve the symplectic two-form ω, for a finite time incre-
ment, the exponentiation induces nonlinear terms that generi-
cally do not cancel in the change ofω (see Appendix B). The
present paper is motivated by the recognition that the
substantial earlier work of our collaboration developing the
RMHMC algorithm for QCD [8–11] relied on an inexact
updating algorithmwhich contained finite step size errors—a
problem rectified by the extended algorithm presented here.
This paper aims to extend the framework of the HMC in

lattice gauge theory such that nonseparable Hamiltonians
can be used exactly without gauge fixing (see Refs. [12,13]
for gauge fixing in this context). Since the source of the
issue is the constraint Uðn; μÞ∈ SUðNÞ, we embed SUðNÞ
into the space of complex N by N matrices, MNðCÞ.
The physical SUðNÞ variables are identified by a polar
decomposition. We run the HMC for the two-dimensional
SUð3Þ pure gauge theory to test the embedding framework,
in which we take the real and imaginary parts of the
matrix elements: W ≡ ðwjkÞ∈MNðCÞ, wjk ≡ xjk þ iyjk as
dynamical variables and use the symplectic integrators with
the linear form as in unconstrained theories. The exactness
of the algorithm is confirmed by comparing the numerical
expectation values to the analytical values.
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II. ALGORITHM

We use a single group variable to demonstrate the
algorithm for simplicity. Due to the tensor product structure
of the configuration space, generalization to the lattice
gauge system is straightforward.

A. Basic idea

The idea is to allow the dynamical variable in the
simulation to deviate from SUðNÞ into the space of
complex matrices, MNðCÞ (see Fig. 1). Since MNðCÞ is
noncompact, we need a systematic way to control the
deviation from SUðNÞ to make the path integral well-
defined.
For this purpose, we parametrize the extended variable

W ∈MNðCÞ in the polar decomposition form:

W ¼ eiθΦU; ð2Þ

where Φ is a positive N × N Hermitian matrix and
U∈ SUðNÞ. The SUðNÞ part is the physical variable,
and the noncompact nature of MNðCÞ is fully described
by Φ. As an example, we choose the following action for
the Φ direction:

S0ðΦÞ≡ λ

2N
trðΦ − 1NÞ2 −

κ

N
log detΦ ð3Þ

with the tunable parameters λ, κ > 0. We do not add an
action for the θ direction, though this is in principle
possible. The action S0ðΦÞ is chosen such that it prevents
Φ from having an excursion to infinity as well as from
approaching the singular points, detW ¼ 0, at which the
decomposition will be ill-defined.
Note that the value of Φ in the decomposition (2) does

not change under right multiplication of a UðNÞ matrix.
This suggests that, for a UðNÞ-invariant measure ðdWÞ, the
corresponding decomposition of the integration measure,

ðdWÞ ¼
ffiffiffiffiffiffiffiffiffiffi
det g

p
dθðdΦÞðdUÞ; ð4Þ

has the Jacobian factor
ffiffiffiffiffiffiffiffiffi
det g

p
that only depends on Φ. The

path integral is then completely factorized into the physical
part and the auxiliary part. This factorized structure is
reminiscent of the gauge fixing in the path integral. We
emphasize, however, that we are enlarging the configura-
tion space for an algorithmic purpose, and not altering the
original physical system at all.
In the following, we formulate the mathematical details

of the above outline. The resulting algorithm is simple and
is described in Sec. II D.

B. Decomposition along the MD trajectory

We first define a decomposition of W that uniquely
determines the gauge field U along the MD trajectory. An
important point is that the decomposition is in accord with
reversibility, which is necessary for the resulting HMC
algorithm to be exact.
As is well known, for an invertible matrix

W ∈GLðN;CÞ, the polar decomposition

W ¼ ΦΩ ð5Þ

is unique, where Φ is a positive Hermitian matrix and
Ω∈UðNÞ. We assume below that the appearance of the
singular points detW ¼ 0 is properly suppressed by an
appropriate choice of λ and κ in Eq. (3).
To perform the decomposition of Ω∈UðNÞ into

eiθ ∈Uð1Þ and U∈ SUðNÞ, we need to consider an
ambiguity in relation to the center ZN of SUðNÞ.
Indeed, let us define

θ0 ≡ 1

N
arg detΩ; U0 ≡ e−iθ0Ω; ð6Þ

where by the argument of a complex number zwe intend an
angle −π ≤ arg z < π. Then, all the following pairs
ðθn; UnÞ give a consistent decomposition Ω ¼ eiθnUn:

θn≡θ0þ2πn=N ðmod 2πÞ; Un≡e−2πin=NU0; ð7Þ

where n ¼ 0;…; N − 1. In other words, multiplying U by
an element of the center, e2πin=N ðn ¼ 0;…; N − 1Þ, can be
absorbed into a shift of θ—a shift which corresponds to the
ambiguity in the definition of the arg function in Eq. (6).
We perform the decomposition such that it reduces to a

continuous evolution for infinitesimal updates. Suppose we
have a configuration W and its decomposition ðU; θ;ΦÞ,
and we update W to W0. After obtaining Ω0 and Φ0 from
Eq. (5), we determine U0; θ0 as

δθ≡ 1

N
arg det½e−iθΩ0�; ð8Þ

FIG. 1. A schematic sketch of the extended framework. The
MD update is performed in the W-space (represented by white
circles), and the physical variable U is obtained by using the
decomposition (2) as a projective map: MNðCÞ → SUðNÞ (rep-
resented by orange, filled circles).
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θ0 ≡ θ þ δθ ðmod 2π; θ0 ∈ ½−π; πÞÞ; ð9Þ

U0 ≡ e−iθ
0Ω0: ð10Þ

The triplet ðU0; θ0;Φ0Þ is uniquely determined from
ðU; θ;ΦÞ in a reversible manner: For a reversed process
from W0 to W, where W0 is decomposed into the triplet
ðU0; θ0;ϕ0Þ, we obtain the original ðU; θ;ϕÞ through the
same decomposition scheme (see Appendix C for the
detailed argument for reversibility and exactness of the
algorithm).
In the above, we identified theUð1Þ element of theUðNÞ

group that is proportional to the identity matrix. This
corresponds to taking as the Uð1Þ generator T0 ∝ 1N.
However, other choices are possible. Indeed, by choosing
aUð1Þ subgroup whose generator is not the identity matrix,
we can decompose W into ðU; θ;ΦÞ without ambiguity as
is worked out in Appendix D.

C. Path integral in the larger space

We next consider the integration measure forMNðCÞ and
its decomposition corresponding to Eq. (2). The desired
measure can be conveniently defined from the metric tensor
g as

g≡ tr½dWdW†� ¼
X
j;k

½dx2jk þ dy2jk�; ð11Þ

ðdWÞ≡Y
j;k

ðdxjkdyjkÞ; ð12Þ

where the bilinear form is assumed to be symmetrized.
To discuss the decomposition of ðdWÞ, we prepare the

one-form basis for the variables U and Φ. A convenient
choice for U is given by the Maurer-Cartan form

Θ≡ dUU−1 ≡ iTaΘa: ð13Þ

Θa is dual to the right-invariant derivative Da:

DaU ¼ iTaU; dU ¼ ΘaDaU: ð14Þ

With the traceless Hermitian generators Ta, we expand the
Hermitian matrices as

Φ ¼ ϕaTa þ ϕ01N; tr½TaTb� ¼ δab: ð15Þ

From the relation

dW ¼ ieiθΦTaUΘa þ ieiθΦUdθ

þ eiθTaUdϕa þ eiθUdϕ0; ð16Þ

the metric tensor can be rewritten accordingly:

g ¼ tr½TaTbΦ2�ΘaΘb þ 2tr½TaΦ2�Θadθ

þ trΦ2dθ2 þ dϕ2
a þ dϕ2

0: ð17Þ

As advertised, the Jacobian depends only on Φ:

ðdWÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det gðΦÞ

p
dθðdUÞðdΦÞ; ð18Þ

where

ðdUÞ≡Y
a

Θa ð19Þ

is the Haar measure, ðdΦÞ≡ dϕ0

Q
a dϕa, and

det gðΦÞ ¼ det

� ð1=2Þtr½fTa; TbgΦ2� tr½TbΦ2�
tr½TaΦ2� trΦ2

�
: ð20Þ

Collecting the formulas, the path integral in the larger
space,

ZMNðCÞ ≡
Z

ðdWÞe−SðUÞ−S0ðΦÞ; ð21Þ

can be related to the original one:

ZSUðNÞ ≡
Z

ðdUÞe−SðUÞ; ð22Þ

as follows:

ZMNðCÞ ¼
Z

dθ
Z

ðdUÞe−SðUÞ
Z
Φ>0

ðdΦÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det gðΦÞ

p
e−S0ðΦÞ

¼ ð2πÞZSUðNÞ

Z
Φ>0

ðdΦÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det gðΦÞ

p
e−S0ðΦÞ; ð23Þ

where the integration domain Φ > 0 is over positive
Hermitian matrices. The factorized Φ integral is well-
defined because of the bound

Z
Φ>0

ðdΦÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det gðΦÞ

p
e−S0ðΦÞ

<
Z

ðdΦÞe− λ
2NtrðΦ−1Þ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

det gðΦÞ
p

j detΦj κN; ð24Þ

which is a Gaussian integral of a function that has at most a
power law increase for large Φ, and thus has a finite value.
The above shows that we can calculate the expectation

value of the observable OðUÞ directly in the larger path
integral as a function of the physical part U. The nontrivial
Jacobian factor will automatically drop out in the expect-
ation values, and its precise form is irrelevant for running
the simulation.
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D. The HMC in the extended space

We now have a path integral (21) over 2N2 uncon-
strained real variables ðwIÞ≡ ðxjk; yjkÞ with the flat mea-
sure (12). We are therefore ready to run the HMC for the
flat space to simulate the gauge system.
We write the momentum as pI conjugate to wI . The

kinetic term of the HMC Hamiltonian can be taken
arbitrarily:

Hðw; pÞ≡ 1

2
pIK−1

IJ ðwÞpJ þ SðUÞ

þ S0ðΦÞ þ 1

2
log detKðwÞ: ð25Þ

With the implicit leapfrog integrator, for example, the entire
algorithm will be the following:
(1) Suppose we have a configuration W.
(2) Generate p from the Gaussian distribution:

Pinitðp;wÞ ∝ e−
1
2
pIK−1

IJ ðwÞpJ : ð26Þ

(3) Integrate the Hamiltonian equations:

p1=2
I ¼ pI −

τ

2
∂wI

Hðw; p1=2Þ; ð27Þ

w1=2
I ¼ wI þ

τ

2
∂pI

Hðw; p1=2Þ; ð28Þ

w0
I ¼ w1=2

I þ τ

2
∂pI

Hðw0; p1=2Þ; ð29Þ

p0
I ¼ p1=2

I −
τ

2
∂wI

Hðw0; p1=2Þ: ð30Þ

(4) Accept/reject the obtained configuration with the
probability:

minð1; e−Hðw0;p0ÞþHðw;pÞÞ: ð31Þ

(5) We add to the ensemble the physical configuration
U, calculated from the accepted W, to estimate the
expectation values of the observables under the path
integral (22).

The symplecticity of the integrator (see Appendix A)
implies the conservation of the phase space volume.
Together with reversibility, the exactness of the algorithm
follows.
Since the action is written in the ðU; θ;ΦÞ-basis while

the update is in theW-basis, we need the Jacobian matrix to
relate the two in the force calculation. From Eq. (16)

½ dxjk dyjk � ¼ ½Θa dθ dϕa dϕ0 �

2
666664

− Im½eiθðΦTaUÞjk� Re½eiθðΦTaUÞjk�
− Im½eiθðΦUÞjk� Re½eiθðΦUÞjk�
Re½eiθðTaUÞjk� Im½eiθðTaUÞjk�
Re½eiθUjk� Im½eiθUjk�

3
777775

≡ �
Θa dθ dϕa dϕ0

�
× JðU; θ;ΦÞ: ð32Þ

The force in the W-basis can be calculated from the
ðU; θ;ΦÞ-basis as

�
∂xjkHðp;wÞ
∂yjkHðp;wÞ

�
¼ JðU; θ;ΦÞ−1

2
66664

DaHðp;wÞ
∂θHðp; wÞ
∂ϕa

Hðp;wÞ
∂ϕ0

Hðp;wÞ

3
77775: ð33Þ

We comment that, because of the center ZN, we formally
regard the triplet ðU; θ;ΦÞ as a state of the Markov chain,
and the global structure of the state space is isomorphic to
GLðN;CÞ × ZN . We emphasize, however, that the center
ZN does not appear explicitly during the HMC, and we do
not need to set up an additional Monte Carlo update for the
center. The only occasions that require care are the

initialization of the variables and saving a configuration
to a file. To implement a hot start, for example, one can
randomly generate W, perform the decomposition into
ðU0; θ0;ΦÞ by using Eq. (6), and shift ðU0; θ0Þ with a
randomly chosen n∈ZN : ðU0; θ0Þ → ðUn; θnÞ as Eq. (7).
We associate the triplet ðUn; θn;ΦÞ with the starting
configuration W. To store a state of the Markov chain,
we save the triplet ðU; θ;ΦÞ, from which the W-variable
can be easily reconstructed.
The above argument for the single variable can be readily

generalized for the lattice gauge system in arbitrary dimen-
sions. During the simulation, we keepWðn; μÞ and the triplet
ðUðn; μÞ; θðn; μÞ;Φðn; μÞÞ for all the links ðn; μÞ. The
Jacobian matrix that maps the gradients in the two bases is
block-diagonal in the spatial and Lorentz structures. There-
fore,we can calculate the forcevector forWðn; μÞ by the same
formula as Eq. (33) by adding the link labels ðn; μÞ.
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III. NUMERICAL TEST

To numerically verify the exactness of our algorithm, we
perform Monte Carlo calculations for the two-dimensional
pure SUðN ¼ 3Þ gauge theory using the Wilson gauge
action with β ¼ 1.00; 1.05;…; 4.00. We adopt the trivial
kernelKðwÞ ¼ 12N2 to test that the HMC gives exact results
under the proposed embedding framework, examining it
independently from additional complications from implicit
iteration.
The lattice is periodic and has the dimension 32 × 32.

The auxiliary parameters are set to λ ¼ 1 and κ ¼ 5. The
MD is integrated with the explicit leapfrog. A trajectory of
length 1.0 in units of MD time is separated into 10 steps,
which gives an acceptance around 0.8. After thermalization
from a hot start, we calculate the observables every 10
trajectories. The expectation values are estimated from
1,000 configurations, and the statistical errors are estimated
with the jackknife method. Figure 2 shows the expectation
values of the plaquette htrUpi and the plaquette squared
hðtrUpÞ2i. The exact values are calculated from the
character expansion. The precision is subpercent level
and all the estimates are consistent with the exact value

within 3σ confidence level (see Fig. 3). Good agreement
verifies the exactness of the proposed algorithm.

IV. DISCUSSION

In this paper, we develop a framework to extend the
HMC in lattice gauge theory by embedding SUðNÞ into the
space of general complex matrices, MNðCÞ. Our extension
not only allows us to use the HMC with nonseparable
Hamiltonians but also adds new dimensions to optimize
the HMC. For example, let us expand the momentum in the
ðU; θ;ΦÞ-basis in terms of the momentum p≡ ðpIÞ in the
W-basis:

ðπa; πθ; ρa; ρ0ÞT ≡ JðwÞ · p: ð34Þ

An extension from the RMHMC Hamiltonian (1) is

Hðw; pÞ≡ 1

2
πaG−1

abðUÞπb þ
1

2mθ
π2θ þ

1

2mρ
ρ2a þ

1

2m0

ρ20

þ SðUÞ þ S0ðΦÞ þ 1

2
log detGðUÞ: ð35Þ

FIG. 2. Expectation values of the plaquette (left) and the plaquette squared (right) calculated with the proposed, extended HMC
algorithm.

FIG. 3. The deviation of the Monte Carlo estimate Ō from the exact value hOi in units of the statistical error δŌ: ðŌ − hOiÞ=δŌ. In the
left panel, O ¼ trUp, and in the right, O ¼ ðtrUpÞ2. The plots show reasonable accuracy for our calculation.
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As shown in Appendix E, the continuous Hamiltonian
equations for the Hamiltonian (35) reduce to those of the
original RMHMC when the evolution is projected onto
SUðNÞ. [Of course, if the Hamiltonian in Eq. (35) is to be
used in the symplectic finite-time-step update given in
Eqs. (27)–(30), the momenta ðπa; πθ; ρa; ρ0Þ must first be
expressed in terms of the pI using Eq. (34).] However, it is
possible in principle to intentionally mix the physical
modes πa with the auxiliary modes πθ, ρa, and ρ0 by
adding off-diagonal terms. It is interesting to consider if the
additional degrees of freedom can be utilized to increase the
tunneling rate of the topological charge. Machine learning
may be especially useful for this purpose (see Refs. [14–19]
for gauge invariant neural networks).
Avoiding the singular points, at which detW ¼ 0, is

crucial in practice. In the vicinity of the singular points, Φ
can take arbitrarily large values, resulting in a slow
convergence in the decomposition (2) and a large gradient
∂S0ðΦÞ. In this regard, a detailed study of the optimal
choice of S0ðΦÞ is important. In our simple choice of the
action, Eq. (3), large λ restricts the fluctuation in the non-
compact directions to be small, while it can also cause an
unbalance between the forces from SðUÞ and S0ðΦÞ. In the
RMHMC applications, therefore, it is important to adjust
the relative sizes of the canonical masses,mθ,mρ, andm0 in
Eq. (35), at the same time when we engineer the auxiliary
action S0. It may also be beneficial if we can utilize the
multilevel integration scheme [20] by separating the physi-
cal and auxiliary actions. We note that the effective action
of Φ has a nontrivial contribution from the measure [see
Eq. (23)], which can be understood as the potential term for
a centrifugal force from the singularity (see Fig. 1). It may
be important to design S0ðΦÞ taking this effect into
account. In our exploratory runs in four dimensions, we
find that using a quartic instead of a quadratic form can
increase the efficiency.
Finally, since our goal is to speed up lattice QCD

production runs, it is most important to test the algorithm
in realistic systems. Though the iterations in the implicit
update steps are potentially computationally demanding, it
is important to recognize that the increase of the computa-
tional cost from these steps is additive to the fermion force
calculation in the usual multilevel evolution algorithm [20].
Indeed, we can circumvent reevaluating the fermion force
in the implicit iteration by pushing the force terms for the
nontrivial kernel KðwÞ into the lower level where we
calculate the gauge force [8,9]. Consequently, the net
increase in computational cost can be mild for the dynami-
cal simulations where the cost for the fermion force is
substantial. Especially under such circumstances, combin-
ing the algorithm with the field transformation [21] may
yield further benefit.
Work along these lines is in progress and will be reported

elsewhere.
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APPENDIX A: COMMENT ON IMPLICIT,
SYMPLECTIC INTEGRATORS

The implicit leapfrog integrator, Eqs. (27)–(30), is a
symplectic discretization of the Hamiltonian equations

ẇI ¼ ∂pI
H; ṗI ¼ −∂wI

H; ðA1Þ

which are derived using the symplectic two-form

ωðw; pÞ≡ dpI ∧ dwI: ðA2Þ
Indeed, as one can easily show, for the first pair of the
update, ω is preserved:

ωðw1=2; p1=2Þ ¼
�
δIJ þ

τ

2
∂pI

∂wJ
Hðw; p1=2Þ

�
dp1=2

I ∧ dwJ

¼ ωðw; pÞ: ðA3Þ

The second pair is determined from the time-reversal
symmetry.
This structure may become more transparent by intro-

ducing the auxiliary transfer matrices:

Tp;τ=2

�
w

p

�
¼

�
w

p − τ
2
∂wHðw; pÞ

�
; ðA4Þ

Tq;τ=2

�
w

p

�
¼

�
wþ τ

2
∂pHðw; pÞ
p

�
; ðA5Þ

which represent explicit steps. The process of incrementing
the MD time by τ with the implicit leapfrog can then be
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represented as

Tp;τ=2 · ðTq;−τ=2Þ−1 · Tq;τ=2 · ðTp;−τ=2Þ−1: ðA6Þ

Such a simplified viewpoint enables us to easily write down
improved integrators. For example, the Omelyan integrator
[24–26] may be written in the nonseparable case as

Tp;ατ · ðTq;−ατÞ−1 · Tq;ð1=2−αÞτ · ðTp;−ð1=2−αÞτÞ−1
· Tp;ð1=2−αÞτ · ðTq;−ð1=2−αÞτÞ−1 · Tq;ατ · ðTp;−ατÞ−1: ðA7Þ

As is well known [27,28], there exists an exactly
conserved shadow Hamiltonian H̃ for a given symplectic
integrator. For the implicit Omelyan (A7), for example, the
shadow Hamiltonian has the formal expansion

H̃ ¼ H þ τ2

12

�
ð6α2 − 6αþ 1Þ ∂H

∂wI

∂
2H

∂pI∂pJ

∂H
∂wJ

þ 6α − 1

2

∂H
∂pI

∂
2H

∂wI∂wJ

∂H
∂pJ

þ ð12α2 − 6αþ 1Þ ∂H
∂wI

∂
2H

∂pI∂wJ

∂H
∂pJ

�
þOðτ4Þ: ðA8Þ

Since we do not know the typical values of the derivatives
a priori, the parameter α is to be tuned manually for a given
system.

APPENDIX B: COMPLICATIONS OF
NONSEPARABLE HANILTONIANS FOR GROUP

VARIABLES

With the symplectic form for the SUðNÞ variable [29]

ωSUðNÞðU; πÞ≡ dðπaΘaÞ; ðB1Þ

the continuous Hamiltonian equations can be written
down as

U̇U−1 ¼ iTa∂πaH; ðB2Þ

π̇a ¼ −DaH − πcfabc∂πbH; ðB3Þ

under which Ḣ ¼ 0 and ω̇ ¼ 0. Note here that Θ is not
closed, and thus

dΘa ¼ −
1

2
fbcaΘb ∧ Θc; ðB4Þ

where ½Ta; Tb�≡ ifabcTc.
The problem for the case of a nonseparable Hamiltonian

(1) arises for gauge theory when we discretize the
Hamiltonian equations (B2) and (B3). As a simple exam-
ple, let us consider applying the implicit leapfrog as
follows:

π1=2a ¼ πa −
τ

2
fDaHðU; π1=2Þ þ π1=2c fabc∂πbHðU; π1=2Þg;

ðB5Þ

U1=2 ¼ exp

�
iτ
2
Ta∂πaHðU; π1=2Þ

�
U; ðB6Þ

U0 ¼ exp

�
iτ
2
Ta∂πaHðU0; π1=2Þ

�
U1=2; ðB7Þ

π0a ¼ π1=2a −
τ

2
fDaHðU0; π1=2Þ þ π1=2c fabc∂πbHðU0; π1=2Þg:

ðB8Þ

To see the nonpreservation of ω, we write the differential of
the exponential map as

iTbAðXÞba ≡ ∂Xa
eiXcTc · e−iXcTc ; ðB9Þ

or equivalently

AðXÞ ¼ expðiXcFcÞ − 1N2−1

iXcFc

¼
X∞
k¼0

1

ðkþ 1Þ! ðiXcFcÞk; ðB10Þ

where ðFcÞab ≡ ifacb. We have for the second step,
Eq. (B6),

Θ1=2
b ¼ expðiXcFcÞbaΘa þ AðXÞbadXa; ðB11Þ

where Xa ≡ τ
2
∂πaHðU; π1=2Þ. The exponentiation resulted

in the nonlinear factors expðiXcFcÞ and AðXÞ.
Note that for a trivial kernel, G ¼ 1N2−1, we have

X ¼ ðτ=2Þπ1=2. Because of the antisymmetry of fabc, the
nonlinearity drops out in this case when they are contracted
with π1=2: Xb expðiXcFcÞba ¼ Xa and XbAðXÞba ¼ Xa. As
a result, the symplectic form is preserved at each step:
ωSUðNÞðU1=2; π1=2Þ ¼ ωSUðNÞðU; π1=2Þ ¼ ωSUðNÞðU; πÞ. On
the other hand, for a nonseparable Hamiltonian, the
preservation of ωSUðNÞ is designed to hold for the paired
update of the first two steps [see Eq. (A3)]. Because of the
complicated form of X, the nonlinear terms do not simplify
as in the former case, and there are no counterterms from
the first step that cancel them. Therefore, the naive
application of the implicit leapfrog to a nonseparable
Hamiltonian in gauge theory generically violates
symplecticity.
To overcome the issue, one may consider introducing

coordinate systems instead of working in the invariant
bases fΘag, fDag. This turns out, however, not to be
straightforward. For simplicity, let us take SUðN ¼ 2Þ ≃ S3

as an example. One may divide S3 into two hyper-
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hemispherical patches and introduce exponential coordi-
nates qN=S around the pole points UN=S (where N/S is an
abbreviation for North/South):

U ¼ exp½iqaN=STa�UN=S: ðB12Þ

By defining the momentum pa conjugate to qa (N=S labels
are suppressed),

pa ≡ πbAðqÞba; ðB13Þ

the symplectic form (B1) will have a flat form:

ωSUðNÞ ¼ dpa ∧ dqa: ðB14Þ

We can therefore apply the implicit, symplectic integrators
for the unconstrained variables in a given patch by taking
ðq; pÞ as the phase space variables.
The complication arises when the trajectory steps over

the boundary between the patches. Note that preserving
the symplecticity and the conservation of H can be dealt
with straightforwardly because we know the transforma-
tion laws for ðqa; paÞ from Eqs. (B12) and (B13).
However, it is difficult to determine which coordinate
system to use in a reversible way. In fact, for a finite τ, the
force vector differs depending on the choice of the
coordinates. Accordingly, tedious exception handling
occurs for the cases where the update steps over the
boundary with the initially chosen coordinate system but
does not for the reversed sequence. For a nontrivial kernel
G, the change of coordinates on one link affects the
determination for the other links, giving rise to a global
optimization problem. We did not pursue this direction
since it was already difficult to maintain reversibility for a
small-size system in a systematic way.

APPENDIX C: MORE ON THE EXACTNESS OF
THE ALGORITHM

In this appendix, we elaborate on reversibility
for the decomposition scheme developed in Sec. II B.
Since the main concern will be in relation to the
center ambiguity, we demonstrate the reversibility first
for the update in the Uð1Þ direction and drop the
Φ-dependence:

Ω0 ≡ eiδωΩ: ðC1Þ

According to Eq. (8), we calculate

δθ ¼ 1

N
arg eiNδω ¼ 1

N
bNδωc; ðC2Þ

where bθc is the projection of the angular variable θ onto
the range ½−π; πÞ. We obtain

U0 ¼ eiðδω−δθÞU ¼ eiðδω−1
NbNδωcÞU: ðC3Þ

The map is manifestly reversible, except for the case with
bNδωc ¼ −π to be dealt with later, because the reverse
process corresponds to switching the sign of δω, for which
Eq. (C3) still applies with the negative sign, correctly
reproducing ðU; θÞ from ðU0; θ0Þ. A general update of Ω
can be given by a left multiplication of an SUðNÞmatrix in
Eq. (C1), which does not change the conclusion.
Given that our decomposition scheme provides a revers-

ible update, the HMC remains exact. In fact, as mentioned
in Sec. II D, a state of the Markov chain can be labeled as
ðW; nÞ ½W ∈GLðN;CÞ; n∈ZN �. Note, however, that the
volume element in the W-space does not depend on n for
the same W. The leapfrog integrators in the W-space
guarantee the volume preservation for the extended phase
space measure ðdWÞðdpÞ thanks to the functional form of
the force vector, irrespective of n that the updated con-
figuration will be labeled by. The reversibility and the
volume preservation then guarantee the exactness of the
algorithm.
The exceptional case with bNδωc ¼ −π is measure

zero, and thus it does not affect the algorithm under
perfect real arithmetic. Nevertheless, it may be of aca-
demic interest to show that the algorithm is exact even
when the exceptional case is taken into account by using
the skew detailed balance [30]. Let us write the transition
probability from the state ðU; θ;ΦÞ to ðU0; θ0;Φ0Þ as
PðU0; θ0; π0jU; θ;ΦÞ, in which the range of the angular
variable is ½−π; πÞ. We further introduce the transition
probability PRðU0; θ0;Φ0jU; θ;ΦÞ that represents the
same algorithm except that the range of the angular
variable is replaced by ð−π; π�. Note that PR serves as
the reverse algorithm of P including the exceptional case
by accommodating the edge value with the different sign.
We then see that they satisfy the skew detailed balance
relation

PðU0; θ0;Φ0jU; θ;ΦÞe−SðUÞ−S0ðΦÞ

¼ PRðU; θ;ΦjU0; θ0;Φ0Þe−SðU0Þ−S0ðΦ0Þ; ðC4Þ

which shows that the Boltzmann factor is the fixed
point of the transition matrix P as we see by integrating
over the triplet ðU; θ;ΦÞ. The algorithm is therefore
exact.
We finally comment on the discontinuous jump of

ðU0; θ0Þ at δω ¼ π=N which we encounter when we
continuously increase δω in Eq. (C2). Such a jump
generically implies a significant deviation from the con-
tinuous time trajectory, leading to a violation of the energy
conservation. While the actual probability of encountering
the discontinuity can be system-dependent, we can argue
that it only happens when the acceptance rate would be low
in the first place due to the appearance of the large force F.
In fact, for the worst case where F is aligned with the Uð1Þ
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direction, a nontrivial jump occurs when we have the force
with a sizable magnitude for the single link variable
τF ∼Oð1=NÞ, where τF should usually be suppressed
by a rational order of the volume. At least for small N,
such a sizable update would mean a mistuning of τ that
leads to a small acceptance rate. Conversely, in practical
calculations with large volumes, the discontinuous jump
rarely occurs and hardly affects the acceptance rate. We
emphasize that the algorithm is exact even with the
discontinuous jumps as discussed in the first half of the
appendix.

APPENDIX D: ALTERNATIVE DECOMPOSITION
WITHOUT THE ZN AMBIGUITY

In this appendix, we consider an alternative decompo-
sition:

W ¼ Φ expðiθT0ÞU; T0 ≡ diagð1; 0;…; 0Þ; ðD1Þ

and show that the ZN ambiguity mentioned in Sec. II B can
be removed. The argument holds for any Hermitian matrix
T0 with the same eigenvalues and their geometric multi-
plicity as those of the T0 defined by Eq. (D1).
As in the main text, we first perform the polar

decomposition (5) to obtain Ω and Φ. We then set θ and
U as

θ≡ arg detΩ; U ≡ expð−iθT0ÞΩ: ðD2Þ

The Jacobian matrix JðU; θ;ΦÞ will be modified as

JðU; θ;ΦÞ ¼

2
666664

− Im½Φ expðiθT0ÞTaU�jk Re½Φ expðiθT0ÞTaU�jk
− Im½eiθðΦT0UÞjk� Re½eiθðΦT0UÞjk�
Re½Ta expðiθT0ÞU�jk Im½Ta expðiθT0ÞU�jk
Re½expðiθT0ÞU�jk Im½expðiθT0ÞU�jk

3
777775
: ðD3Þ

Compared to Eq. (7), with this decomposition, ðU; θÞ
can simply be given from Ω by Eq. (D2) and there are no
multiple solutions with θ in the range −π ≤ θ < π. The
removal of the ZN ambiguity can be understood as a
breaking of the connection between the elements of the
center ZN and the angle θ. Specifically, a right multipli-
cation of expðiθT0Þ by an element ofZN , e2πin=N1N , cannot
be absorbed by a shift of θ.
With the decomposition given in the main text, the ZN

ambiguity demands special care when W is treated
independently from the variables ðU; θ;ΦÞ. This includes
when we perform a hot start and when we save a
configuration in terms of the W variable (see Sec. II D).
The removal of the ZN ambiguity simplifies the algorithm
in this regard.
We provide an implementation of the algorithm

with the decomposition (D1) in the GRID PYTHON

TOOLKIT (GPT) [23], which uses Grid [31,32] for perfor-
mance portability.

APPENDIX E: REDUCED HAMILTONIAN
EQUATIONS

In this appendix, we derive the reduced Hamiltonian
equations in the variables ðU; θ;ΦÞ in the continuous
time limit.
It is convenient to write the decomposed bases collec-

tively as

ðΘAÞ≡ ðΘa; dθ; dϕa; dϕ0Þ; ðE1Þ

ðDAÞ≡ ðDa; ∂θ; ∂ϕa
; ∂ϕ0

Þ: ðE2Þ

We distinguish the upper and lower indices in the extended
bases. The relation between the Jacobian matrix and the
metric tensor (11) is

dwI ¼ ΘAJAIðwÞ; g ¼ gABðwÞΘAΘB ðE3Þ

with

gABðwÞ≡ δIJJAIðwÞJBJðwÞ: ðE4Þ

Defining the pairing between a tangent vector (or simply a
differential operator) D and a one-form df,

hD; dfi≡Df; ðE5Þ

we find hDA;ΘBi ¼ δBA. In particular,

hDa;Θbi ¼ −i tr½TbDaUU−1� ¼ δab; ðE6Þ

h∂ϕa
; dϕbi ¼ ∂ϕa

ϕb ¼ δab; ðE7Þ

where we used Θa ¼ −i tr½TadUU−1�.
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We first note that, for an SUðNÞ variable, the
Hamiltonian equations with the symplectic form (B1)
can be written as1

	
d
dt

;Θa



¼ ∂πaH; ðE12Þ

dπa
dt

¼ −DaH − πcfabc∂πbH; ðE13Þ

where t is the MD time. Equation (E12) is equivalent to
Eq. (B2) because

iTa

	
d
dt

;Θa



¼

	
d
dt

;Θ



¼ U̇U−1 ¼ iTa∂πaH; ðE14Þ

where U̇ ≡ dU=dt.
Next, in the extended system, we have the symplectic

form

ω ¼ dpI ∧ dwI ¼ dðπAΘAÞ; ðE15Þ

where

πA ≡ JAIðwÞpI: ðE16Þ

As in Sec. IV, we write ðπAÞ ¼ ðπa; πθ; ρa; ρ0ÞT .
The Hamiltonian equations can be written in two different
ways:

dwI

dt
¼ ∂pI

H;
dpI

dt
¼ −∂wIH; ðE17Þ

which are in the canonical form, and

	
d
dt

;ΘA



¼ ∂πAH; ðE18Þ

dπA
dt

¼ −DAH − πCfABC∂πBH; ðE19Þ

analogously to Eqs. (E12) and (E13), where

dΘA ≡ −ð1=2ÞΘB ∧ ΘCfBCA: ðE20Þ

The continuous time limit of the MD update described
by Eqs. (27)–(30) is Eq. (E17). Its equivalent description in
the ðU; θ;ΦÞ-basis is, therefore, Eqs. (E18) and (E19). Note
that ΘA are closed forms except for Θa. Accordingly, the
structure constants fABC are only nontrivial within the
SUðNÞ sector, and they reduce to fabc in this sector. For a
block-diagonal kernel KðwÞ as given in Eq. (35), the time
evolution of the ðU; θ;ΦÞ variables factorize in Eqs. (E18)
and (E19). We thus see that the reduced Hamiltonian
equations for the physical variable U are exactly
Eqs. (E12) and (E13). One can further derive the reduced
equations for θ, ϕa, and ϕ0, which have the canonical form.
For example,

dϕa

dt
¼ ∂ρaH;

dρa
dt

¼ −∂ϕa
H: ðE21Þ
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