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It is well known that the diffusion equation, when treated as a stand-alone partial differential equation,
exhibits exponential instabilities in boosted frames, which render the corresponding initial value problem ill
posed. Recently, however, it was shown that Fick-type diffusion arises as the exact hydrodynamic sector of
relativistic Fokker-Planck kinetic theory. In this work, we exploit this kinetic embedding to formulate a
modified initial value problem for one-dimensional Lorentz-boosted diffusion. We show that the resulting
dynamics are well posed both forward and backward in time, provided the boosted density profiles admit a
kinetic-theory realization. Such profiles form a space of band-limited functions, within which the evolution
can be expressed as a discrete superposition of spatially sampled initial data, weighted by a Shannon-
Whittaker-type Green’s function defined on the full Minkowski plane. The Green’s function is obtained in
closed analytic form.
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I. INTRODUCTION

Let nðt; xÞ denote the density of an ensemble of
relativistic particles constrained to move in one spatial
dimension. Such particles are assumed to propagate
through a medium at rest, which induces stochastic
scattering and gives rise to diffusive transport. In the
long-wavelength limit, the density field is expected to
obey Fick’s law (Sec. 9.3 [1]),

∂tn ¼ ∂
2
xn; ð1Þ

written here in natural units. A fundamental question in
relativistic hydrodynamics [2–4] is how such a diffusive
description should be formulated in a reference frame ðt̃; x̃Þ
in which the medium moves with constant velocity v, i.e.,

t̃ ¼ γðtþ vxÞ;
x̃ ¼ γðxþ vtÞ; ð2Þ

with γ ¼ ð1 − v2Þ−1=2. Below, we briefly summarize the
most natural (and common) strategies and the difficulties
associated with each of them.
A first possibility is to solve (1) for prescribed initial data

at t ¼ 0 and then to apply a Lorentz boost to the resulting

solution. This procedure has the limitation that, for generic
initial data, solutions of (1) cannot be extended to negative
times (Sec. II A [5]). As a consequence, the boosted density
profiles are typically defined only in the region t̃ > vx̃
(corresponding to t > 0). In particular, there exists no time t̃
at which the density profile is defined for all spatial points
x̃. One may attempt to circumvent this issue by restricting
the space of admissible initial data so that the correspond-
ing solutions nðt; xÞ exist for all t∈R, but such a restriction
appears physically unmotivated. For instance, it would
exclude compactly supported initial data, which are other-
wise admissible.
A second possibility is to boost Eq. (1) itself,

ð∂t̃ þ v∂x̃Þn ¼ γð∂x̃ þ v∂t̃Þ2n; ð3Þ

and to solve it for initial data at t̃ ¼ 0. This approach
encounters a more severe obstruction: the resulting initial
value problem is ill posed in the sense of Hadamard, in that
solutions fail to exist for generic Sobolev initial data [3].
The origin of this pathology lies in the presence of
exponential instabilities (e.g., n ¼ et̃=ðγv2Þ is a solution),
whose growth rate diverges in the short-wavelength limit.
For this reason, (3) is commonly regarded as devoid of
predictive content.
A third line of attack, widely explored in the literature,

consists of modifying Fick’s law itself, so as to restore
compatibility with relativistic requirements. In particular,
guaranteeing stability in all reference frames necessitates
rendering (1) causal [6], which can be achieved by the
inclusion of a second-order time derivative [7–10], as in
∂tn ¼ ð∂2x − ∂

2
t Þn. The resulting model, commonly referred

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW D 113, 114038 (2026)

2470-0010=2026=113(11)=114038(12) 114038-1 Published by the American Physical Society

https://orcid.org/0000-0002-6603-9253
https://ror.org/013meh722
https://crossmark.crossref.org/dialog/?doi=10.1103/k646-mgz5&domain=pdf&date_stamp=2026-06-22
https://doi.org/10.1103/k646-mgz5
https://doi.org/10.1103/k646-mgz5
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


to as Cattaneo theory (Sec. 6.5.1 [11]), can indeed be
shown (see Appendix A) to reproduce the exact density
dynamics in a specific microscopic setting, namely one in
which the particles are massless, and their velocity
(V ¼ �1) undergoes random sign flips with a momen-
tum-independent rate [4]. The drawback of this construc-
tion is that Cattaneo’s theory lacks the universal character
of Fick’s law [12–14]. Motivated by this limitation, a
different strategy has recently been proposed [4], in which
(1) is left unchanged, but the Lorentz transformation is
implemented only approximately. This procedure preserves
the long-wavelength, low-frequency behavior of the theory,
while reducing the temporal order of (3) so as to guarantee
well-posedness, leading to ð∂t̃ þ v∂x̃Þn ¼ γ−3∂2x̃n. The
price paid in this approach is the explicit loss of Lorentz
covariance: different observers no longer construct solu-
tions that are related to one another by Lorentz
transformations [15].
In this article, we explore yet another approach. We

will start from the recent realization [16,17] that, when
the microscopic dynamics are governed by Fokker-
Planck momentum diffusion, the density n obeys
Fick’s law (1) exactly within the hydrodynamic sector,
understood as the branch of modes continuously con-
nected to the origin in frequency space. As a conse-
quence, boosting relativistic Fokker-Planck kinetic
theory (which is itself covariantly stable [18]) results
in a hydrodynamic sector governed by (3). Importantly,
however, not every solution of (3) admits a realization
within the kinetic theory, as exponentially unstable
solutions such as n ¼ et̃=ðγv2Þ are automatically excluded.
This observation provides a physically motivated cri-
terion for selecting admissible initial data for boosted
diffusion. We exploit this criterion to derive an initial
value formulation of (3) restricted to a function space
that is substantially smaller than the Sobolev spaces
conventionally employed in the theory of partial differ-
ential equations [19]. We then find that such initial
value problem is well posed both forward and backward
in time, and that its solutions admit an explicit repre-
sentation in terms of a discrete Green’s function
expansion.
Throughout the article, we work in natural units,

c ¼ ℏ ¼ kB ¼ Diffusivity ¼ 1.

II. BOOSTED DIFFUSION FROM
FOKKER-PLANCK KINETIC THEORY

In this section, we show how the embedding of the
diffusion equation into relativistic Fokker-Planck kinetic
theory, introduced in [16,17], can be exploited to identify a
physically motivated reduced space of functions within
which diffusion admits a well-posed formulation.
Physically, Fokker-Planck equation describes particles
propagating through a medium and subject to infinitely
frequent but infinitely soft Markovian scattering, so that the

particle momenta undergo Brownian motion. This is a
fundamentally different limit from the standard relaxation-
time approximation, where particles propagate ballistically
over a finite timescale before undergoing fully randomizing
scattering.

A. Diffusion as a sector of relativistic Fokker-Planck
theory: Brief recap

Let p denote the momentum of an individual particle,
εðpÞ its energy, and V ¼ dε=dp its velocity, all defined in
the global rest frame of the external medium. The state of
an ensemble of particles is described by the kinetic
distribution function fðt; x; pÞ (Sec. III A [20]). In our
units, the relativistic Vlasov-Fokker-Planck equation takes
the form [21,22]

ð∂t þV∂xÞf ¼ β−2∂p½e−βε∂pðeβεfÞ�; ð4Þ

where β > 0 denotes the inverse temperature of the external
medium (which is assumed constant). Within this frame-
work, the hydrodynamic sector is spanned by modes of the
form

f ¼ e−βεþikðx−βpÞ−iωt; ð5Þ

with k;ω∈C. In fact, substituting the ansatz (5) into (4),
one finds that the kinetic equation is satisfied if and only if
ω ¼ −ik2, which coincides with the dispersion relation of
the diffusion equation (1). It follows immediately that the
associated density wave (recall that n ¼ R dp

2π f [23])

n ¼ eikx−k
2t

Z
R

dp
2π

e−βε−ikβp ð6Þ

is an exact solution of (1). By forming continuous super-
positions of these modes, one may therefore generate a
broad class of solutions to the diffusion equation. This
mathematical result is not in conflict with causality. In
fact, it is possible for a causal microscopic theory to
contain an acausal hydrodynamic equation as an exact
subsector [16,24].
There is, however, an important caveat. For a kinetic

state to be physically admissible (and for n to be defined),
the momentum integral in (6) must converge. In a
Newtonian setting, where ε ¼ p2=ð2mÞ, this integral is
Gaussian and converges for all k (since β > 0). In the
relativistic case, the situation is qualitatively different: at
large momenta, the energy grows linearly, εðpÞ ∼ jpj. As a
consequence, convergence requires that

jIm kj < 1: ð7Þ
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This condition constitutes the fundamental consistency
requirement imposed by the underlying kinetic theory.1

The bound (7) automatically ensures that the analy-
sis is restricted to a class of modes for which diffu-
sion is covariantly stable, in the sense that Im ω ≤
jIm kj [26,27]. Indeed, since Im ω ¼ Imð−ik2Þ ¼
ðIm kÞ2 − ðRe kÞ2, one has ðIm kÞ2 − ðRe kÞ2 ≤
ðIm kÞ2 ≤ jIm kj. Nevertheless, it is important to stress
that the condition (7) is stronger than the mere requirement
of covariant stability. For instance, the mode with k ¼
3þ 2i is excluded by Eq. (7), while it still satisfies
the covariant stability condition, since Im ω ¼ −5 <
jIm kj ¼ 2. The bound (7) therefore represents a genuine
physical admissibility criterion, rather than a mere refor-
mulation of stability for Eq. (1).

B. Wave number bounds on boosted diffusion

Consider a density profile nðt; xÞ constructed as a linear
superposition of the modes (6), and suppose that it can be
written as a spatially localized perturbation δnðt; xÞ around
a homogeneous background n0. If the perturbation decays
sufficiently rapidly at spatial infinity and is sufficiently
regular at t ¼ 0, then it belongs to a standard class of
localizable functions (e.g., the Schwartz class, or L2, or
Hs). In this case, δnðt; xÞ admits a representation as a
continuous superposition of “Fourier modes,” namely of
excitations of the form (6) with k∈R. All such modes
automatically satisfy the bound (7). Consequently, aside

from the usual convergence requirements associated with
Fourier integrals [16], this construction allows one to span
all localized smooth initial conditions δnð0; xÞ.
Let us now repeat the same reasoning in a reference

frame in which the background medium moves with
velocity v > 0. We again assume that, in this boosted
frame, the density perturbation δnðt̃; x̃Þ is well defined
everywhere at t̃ ¼ 0, so that a meaningful initial value
problem can be posed in this frame. We also assume that the
initial state δnð0; x̃Þ is spatially localized and sufficiently
regular, so that it may be expanded in modes that are of
Fourier type in the boosted frame, namely excitations of the
form (6) with k̃∈R [3]. Here, the boosted wave vector
ðω̃; k̃Þ is related to the original wave vector ðω; kÞ appearing
in the ansatz (5) via eik̃ x̃−iω̃ t̃ ≡ eikx−iωt, giving

ω ¼ γðω̃ − vk̃Þ;
k ¼ γðk̃ − vω̃Þ: ð8Þ

In contrast to the unboosted case, however, the kinetic
admissibility condition (7) now imposes nontrivial restric-
tions on the set of allowed Fourier modes. In fact,
substituting the second relation in (8) into (7), and using
the assumptions k̃∈R and v > 0, one finds the constraint

jIm ω̃j < 1

γv
: ð9Þ

This restriction has two immediate and physically signifi-
cant consequences, illustrated in Fig. 1. First, all exponen-
tially growing solutions of the boosted diffusion
equation (3) (such as et̃=ðγv2Þ) are ruled out a priori. This
follows directly from the kinetic admissibility condition
(7), which enforces covariant stability of the allowed

FIG. 1. Imaginary part (left) and real part (right) of the boosted dispersion relations ω̃ðk̃Þ∶R → C, obtained by applying a Lorentz
boost to Fick’s law of diffusion ω ¼ −ik2. The boost velocity is chosen as v ¼ 1=2, but the qualitative features are the same for all
v > 0. The blue branch is stable, while the red branch is unstable. The shaded region in the left panel indicates the kinetically
inadmissible domain, which must be excluded on physical grounds [the dashed lines correspond to Im ω ¼ �1=ðγvÞ]. As expected,
the unstable branch lies entirely within this region. In addition, the kinetic bound excludes the high-wave-number portion of the stable
branch, leading to an upper cutoff in k̃ (for v ¼ 1=2, the cutoff wave number is Λ ¼ 4).

1In [17], an additional requirement was imposed, namely that
the information current [25] be finite (equivalently, that f belong
to the Hilbert space defined by Onsager’s inner product [18]),
leading to the more restrictive bound jIm kj ≤ 1=2. In the
present work, we only require finiteness of the density n, although
the analysis can be straightforwardly adapted to incorporate
stronger conditions.
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solutions. Second, there is a wave number cutoff in the
stable branch, meaning that all modes with jk̃j ≥ Λ are
excluded. To determine the explicit value of the cutoff scale
Λ, one substitutes the boost relations (8) into the diffusion
dispersion relation ω ¼ −ik2 and solves for k̃ under the
saturation condition Im ω̃ ¼ −1=ðγvÞ. This yields (see
Appendix B)

Λ ¼ 1þ 2vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vð1 − vÞp : ð10Þ

As expected, the cutoff Λ diverges in the limit v → 0,
reflecting the fact that, in the rest frame of the medium,
all wave numbers are physically admissible. Interestingly, Λ
also diverges as v → 1. As a result, the cutoff scale exhibits a
minimum at v ¼ 1=4 (see Fig. 2), whereΛ ¼ 2

ffiffiffi
3

p
≈ 3.464.

C. Boosted initial value problem and well-posedness

The above analysis allows us to single out a natural class of
physically admissible initial data for moving observers. The
boosted diffusion equation (3) is thus endowed with the
following physically motivated initial value formulation.
First, localized perturbations δn at t̃ ¼ 0 are required to

belong to a space of band-limited functions. Concretely, the
initial profile is assumed to admit a Fourier representation
of the form

δnð0; x̃Þ ¼
Z

Λ

−Λ

dk̃
2π

φðk̃Þeik̃ x̃; φ∈L2ð½−Λ;Λ�Þ; ð11Þ

where the cutoff wave number Λ is given by (10) and
enforces the kinetic admissibility condition.
Second, the time evolution of each Fourier mode should

be governed by the stable dispersion relation

ω̃ðk̃Þ ¼ k̃
v
þ i
2γv2

0
@1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4ivk̃
γ

s 1
A; ð12Þ

which corresponds to the blue line in Fig. 1.
Under these assumptions, the following properties hold.
(i) Since L2ð½−Λ;Λ�Þ ⊂ L1ð½−Λ;Λ�Þ, the Fourier inte-

gral in (11) converges absolutely. As a consequence,
the initial profile δnð0; x̃Þ is well defined pointwise
for all x̃∈R.

(ii) The set of admissible initial data defined by (11)
coincides with the Paley-Wiener space PWΛ
[28,29], namely the closed subspace of L2ðRÞ
consisting of functions whose Fourier transform is
supported in ½−Λ;Λ�. In particular, PWΛ is a Hilbert
space when endowed with the L2 norm.

(iii) For every fixed t̃∈R, the evolution factor e−iω̃ðk̃Þt̃

satisfies je−iω̃ðk̃Þt̃j ≤ ejt̃j=ðγvÞ. It follows that the
evolved profile δnðt̃; x̃Þ is well defined for all times,
remains in PWΛ, and satisfies the estimate

kδnðt̃ÞkL2 ≤ ejt̃j=ðγvÞkδnð0ÞkL2 : ð13Þ

Putting everything together, we conclude that the
boosted diffusion equation (3), when restricted to such
kinetically admissible initial data and evolved along the
stable branch, defines a well-posed initial value problem
(Sec. 3.10 [30]). The dynamics depends continuously on
the initial data and is well defined both forward and
backward in time.
Let us also remark that applying any differential operator

∂x̃
a
∂t̃

b (a; b∈N) to the Fourier representation of δn
amounts to multiplying the integrand by ðik̃Það−iω̃Þb.
But since k̃ and ω̃ðk̃Þ are both bounded on the interval
½−Λ;Λ�, the resulting Fourier coefficients still belong to
L2ð½−Λ;Λ�Þ. It follows that all derivatives can be taken
under the integral sign, and that δn∈C∞ðR2Þ. In particular,
δnðt̃; x̃Þ solves the boosted diffusion equation (3) in the
ordinary (i.e., nondistributional) sense globally.

III. GENERAL PROPERTIES
OF THE INITIAL DATA

In the previous section, we showed that kinetic admis-
sibility restricts localized perturbations to the Paley-Wiener
space PWΛ at all times. This is a strong constraint, which
severely limits the class of admissible initial data [29]. In
this section, we briefly examine its main consequences.

A. Regularity

Consider again the representation (11) and expand the
exponential eik̃ x̃ in powers of k̃ x̃. Assuming that the
resulting series may be interchanged with the integral,
one obtains

FIG. 2. Wave number cutoff Λ as a function of the boost
velocity v, as determined by (10). For jk̃j > Λ, solutions of the
boosted diffusion equation (3) no longer admit a realization
within the underlying Fokker-Planck kinetic theory, because the
kinetic integral in (6) diverges.
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δnð0; x̃Þ ¼
X∞
a¼0

ðix̃Þa
a!

Z
Λ

−Λ

dk̃
2π

φðk̃Þk̃a: ð14Þ

Since the magnitude of the integrals appearing in (14) is
bounded by 1

2π kφkL1Λa, the series converges absolutely.
This justifies the exchange of summation and integration. It
follows that δnð0; x̃Þ is not only C∞, but can be analytically
continued to an entire function on the complex plane.
Hence, it inherits all the standard properties of real-analytic
functions. For example, it cannot be compactly supported:
if it vanishes on an interval, it must vanish everywhere.
To illustrate the nontrivial implications of this result,

consider the following example. Let Gðt; xÞ denote the
retarded Green’s function of the (unboosted) diffusion
equation (1), defined by ð∂t − ∂

2
xÞG ¼ δðtÞδðxÞ and

Gð0−; xÞ ¼ 0, with explicit form Gðt; xÞ ¼ e−x
2=ð4tÞ=

ffiffiffiffiffiffiffi
4πt

p
(Sec. 7.4 [31]). Applying a Lorentz boost yields [6]

Gðt̃; x̃Þ ¼ Θðt̃ − vx̃Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πγðt̃ − vx̃Þp exp

�
−
γðx̃ − vt̃Þ2
4ðt̃ − vx̃Þ

�
: ð15Þ

This function solves the boosted diffusion equation (3)
everywhere except at the point ðt̃; x̃Þ ¼ ð0; 0Þ (Sec. 1.7,
Problem 3 [30]). In particular, if we restrict attention to the
region t̃ ≥ 1, it provides an exact solution of (3) that is
smooth (indeedC∞), rapidly decaying at spatial infinity, and
supported exclusively on the stable branch ofmodes.2 At first
sight, this might appear to define a perfectly admissible
physical solution of our initial value problem, but that is not
the case. The function (15) vanishes identically in the region
x̃ > t̃=v and therefore cannot be entire in x̃. As a conse-
quence, it does not belong to the Paley-Wiener space PWΛ,
meaning that its Fourier transform contains contributions
from arbitrarily large jk̃j, including modes with jk̃j > Λ (as
verified inAppendixC). A simpleway to see this is to evolve
the solution backward in time: as t̃ → 0þ, a singularity is
encountered at x̃ ¼ 0, demonstrating that Gð1; x̃Þ does not
belong to a function space for which the initial value problem
is well posed backward in time.
Despite the above mathematical discussion, it still may

not be entirely obvious (from a physics perspective) why
the restriction of G to t̃ ≥ 1 cannot consistently arise as the
density associated with a solution of Fokker-Planck kinetic
theory. Below, we show that the obstruction has a direct
physical origin, which can be traced back to causality at the
level of the kinetic equation.
Let us interpret the retarded Green’s function Gðt; xÞ as

describing the following process: for t < 0 the system is in
equilibrium, at t ¼ 0 a unit of charge is injected at x ¼ 0,

and for t > 0 the excess density spreads diffusively. In
kinetic-theory language, this corresponds to an equilibrium
distribution function f for t < 0, followed by the insertion
of a perturbation at t ¼ 0, which then relaxes under the
Fokker-Planck dynamics. Now, the key subtlety is that,
since the relativistic Fokker-Planck equation (4) is causal, if
a kinetic perturbation δf is truly localized at x ¼ 0, it
cannot propagate outside the light cone. By contrast,
Gðt; xÞ exhibits infinitely long spatial tails for all x at
any t > 0. This implies that, even though the density
perturbation δn is localized at x ¼ 0 at t ¼ 0, the corre-
sponding perturbation δf must have been generated by a
kinetic source that was already nonlocal at that time.3 In
other words, while the diffusion Green’s function G is
generated by a source term δðtÞδðxÞ at the level of the
diffusion equation, generating G as the exact density
associated with a solution of Fokker-Planck (without
additional nonhydrodynamic contributions) requires a
more complicated source term δðtÞσðx; pÞ that is infinitely
extended in space, i.e., σðx; pÞ =∝ δðxÞ.
As a consequence, when one performs a Lorentz boost

and restricts attention to the region t̃ ≥ 1, the resulting
density profile solves the boosted diffusion equation (3)
everywhere in that region. However, its associated distri-
bution function fails to satisfy the kinetic equation (4) along
the line x̃ ¼ t̃=v, where a source term appears. This line
coincides with the boundary of the region whereG vanishes
identically and therefore marks the precise locus at which
analyticity, and hence kinetic admissibility, breaks down.

B. Bounds on localizability

The impossibility for δnð0; x̃Þ to be compactly supported
is only one manifestation of the strong localization con-
straints obeyed by Paley-Wiener functions. Additional
limitations follow from standard uncertainty-type argu-
ments. In particular, the uncertainty relation Δx̃Δk̃ ≥ 1=2
implies a lower bound on spatial localization. Since
functions in PWΛ have Fourier support of length 2Λ,
one has Δk̃ ≤ 2Λ, and therefore

Δx̃ > ð4ΛÞ−1: ð16Þ

The inequality is strict, as saturation of the uncertainty
bound occurs only for Gaussian wave packets, which do
not belong to the Paley-Wiener class. A related constraint
follows from a pointwise bound on the density profile.
Indeed, from jδnðx̃Þj ≤ 1

2π kφkL1 ¼ 1
2π ðei argφ;φÞ and the

Cauchy-Schwarz inequality, one finds [32]

2One can show (see Appendix C) that the portion of G with
t̃ < 0 is a superposition of unstable modes (red curve in Fig. 1),
whereas for t̃ > 0 it involves only stable modes (blue curve in
Fig. 1).

3Indeed, it is shown in [16] that no perturbation δf belonging
to the diffusive sector can be compactly supported, even when the
associated density perturbation δn is. Hence, the apparent acausal
spreading of the density is reconciled with microcausality
through the fact that the hydrodynamic projection is spatially
nonlocal within the underlying kinetic theory.
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jδnðx̃Þj ≤
ffiffiffiffi
Λ
π

r
kδnkL2 : ð17Þ

Both bounds indicate that there is a fundamental limit to
how strongly the density can be concentrated at a single
location. If either bound is violated at a given time, a
boosted observer can immediately infer that the subsequent
density evolution cannot be governed solely by the dif-
fusive sector of Fokker-Planck kinetic theory, but must
involve nonhydrodynamic contributions. In fact, in addi-
tion to the diffusive mode, Fokker-Planck also contains two
quasiballistic branches [17], into which the diffusive mode
is absorbed when (7) is violated. Such modes inevitably
appear whenever one attempts to localize the boosted
kinetic initial data over length scales shorter than Λ−1.

C. Shannon-Whittaker representation

The final structural property of the space PWΛ that will
be relevant for our purposes is the Shannon-Whittaker
sampling theorem [33], whose content we briefly
recall below.
The starting point is the observation that the set

fe−iπak̃=Λga∈Z forms an orthogonal basis of L2ð½−Λ;Λ�Þ.
As a consequence, the Fourier representation (11) admits
the decomposition

δnð0; x̃Þ ¼
Z

Λ

−Λ

dk̃
2π

Xþ∞

a¼−∞
caeik̃ðx̃−

πa
Λ Þ

¼
Xþ∞

a¼−∞
ca

Z
Λ

−Λ

dk̃
2π

eik̃ðx̃−πa
Λ Þ; ð18Þ

which yields

δnð0; x̃Þ ¼
Xþ∞

a¼−∞
ca

sin
h
Λ
�
x̃ − πa

Λ

�i
π
�
x̃ − πa

Λ

� : ð19Þ

Evaluating this expression at the sampling points x̃a ¼
πa=Λ immediately gives ca ¼ πδnð0; x̃aÞ=Λ, and therefore

δnð0; x̃Þ ¼
Xþ∞

a¼−∞
δnð0; x̃aÞ

sin½Λðx̃ − x̃aÞ�
Λðx̃ − x̃aÞ

: ð20Þ

This identity shows that any initial profile δnð0; x̃Þ∈PWΛ
can be uniquely reconstructed from its values on the
discrete set of points x̃a ¼ πa=Λ, which motivates the
terminology “sampling theorem.”
An immediate consequence is that, once the time

evolution of the initial profile sincðΛx̃Þ is known, the
corresponding solution Kðt̃; x̃Þ can be used to generate all
other solutions via the expansion

δnðt̃; x̃Þ ¼
Xþ∞

a¼−∞
δnð0; x̃aÞKðt̃; x̃ − x̃aÞ: ð21Þ

In this sense, K plays the role of a “discrete Green’s
function,” or fundamental solution, for boosted diffusion.
It is worth stressing, however, that K is not a Green’s

function in the usual sense (and it is not retarded). In fact,
since sincðΛx̃Þ∈PWΛ, the function Kðt̃; x̃Þ is necessarily
smooth and real analytic and therefore cannot vanish on
any dense set of spacetime points. Accordingly, K solves
the boosted diffusion equation (3) throughout R2, without
the appearance of Dirac δ source terms at ðt̃; x̃Þ ¼ ð0; 0Þ,
and it describes both forward and backward time evolution.
We also emphasize that the discrete representation (21) is

not an approximation scheme, nor a numerical truncation.
Rather, it is an exact identity within the space PWΛ. The
emergence of a discrete sampling structure is the direct
counterpart of the strong limitations on spatial localization
imposed by band limitation, which ultimately originates
from the bound (7).

IV. THE FUNDAMENTAL SOLUTION

In this section, we compute the function Kðt̃; x̃Þ explic-
itly and analyze its properties. This function provides the
basic building block from which any other kinetically
admissible solution of (3) can be reconstructed, through
the sampling formula (21).

A. Expressing the Fourier integral in the rest frame

Since the initial condition is Kð0; x̃Þ ¼ sincðΛx̃Þ, the
fundamental solution admits the integral representation

Kðt̃; x̃Þ ¼
Z

Λ

−Λ

dk̃
2Λ

eik̃ x̃−iω̃ t̃; ð22Þ

where ω̃ðk̃Þ is the stable dispersion relation, given in (12).
In this form, there is no hope of evaluating the integral
explicitly, since ω̃ appears in the exponent as a complicated
function of k̃. However, we can transform back to the rest
frame, where the dynamics are much simpler.
By construction, eik̃ x̃−iω̃ t̃ ¼ eikx−k

2t. Accordingly, the
integral over k̃∈ ½−Λ;Λ� may be rewritten as an integral
over the complex k-plane along the image of this interval
under the mapping kðk̃Þ ¼ γðk̃ − vω̃ðk̃ÞÞ. Since kðk̃Þ is
analytic and one to one on ½−Λ;Λ�, this change of variables
defines a smooth contour in the complex k-plane with end
points kð−ΛÞ and kðΛÞ. This contour avoids the branch
singularities associated with the square root in ω̃. For the
cutoff value Λ used here, the end points take the simple
form (see Appendix B)

kð�ΛÞ ¼ i�
ffiffiffiffiffiffiffiffiffiffiffi
1þ 1

v

r
: ð23Þ
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Moreover, the relation kðk̃Þ can be inverted to yield
k̃ ¼ γ½kþ vωðkÞ� ¼ γðk − ivk2Þ, so that the measure trans-
forms as dk̃ ¼ γð1 − 2ivkÞdk. We therefore obtain

Kðt; xÞ ¼
Z

kðΛÞ

kð−ΛÞ

dk
2Λ

γð1 − 2ivkÞeikx−k2t: ð24Þ

Since the integrand is an entire function of k, the value of
the integral depends only on the end points of the contour
(and not on the particular choice of path connecting them).
Before evaluating the integral explicitly for generic

values of t and x, it is instructive to verify that (24) indeed
possesses the properties required of K. First, by construc-
tion, it is an exact solution of the diffusion equation, being a
superposition of modes ∝ eikx−k

2t. Moreover, the integral
converges for all ðt; xÞ∈R2 and defines a real-analytic
function, by the same arguments discussed in Sec. III A.
The integration contour may be chosen as

k¼Rekþi
ðRekÞ2
1þ1=v

; Rek∈
�
−

ffiffiffiffiffiffiffiffiffiffi
1þ1

v

r
;

ffiffiffiffiffiffiffiffiffiffi
1þ1

v

r �
; ð25Þ

which lies entirely within the strip (7) and is therefore
compatible with kinetic admissibility.
The final property to be checked is the initial condition.

When t̃ ¼ 0, the expression (24) must reduce to sincðΛx̃Þ.
When t̃ ¼ γðtþ vxÞ ¼ 0, the prefactor appearing in the
integrand becomes proportional to the derivative of the
exponential, allowing the integral to be evaluated explicitly.
One finds

Kð−vx; xÞ ¼
Z

kðΛÞ

kð−ΛÞ

dk
2Λ

γð1 − 2ivkÞeikxþvk2x

¼ γ

2iΛx

Z
kðΛÞ

kð−ΛÞ
dkðixþ 2vkxÞeikxþvk2x

¼ γ

2iΛx
ðeikðΛÞxþvkðΛÞ2x − eikð−ΛÞxþvkð−ΛÞ2xÞ

¼ γ

Λx
sin

�
x
γ

1þ 2vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vð1 − vÞp �

¼ sincðΛx̃Þ; ð26Þ

as required.

B. Evaluating the Fourier integral

Since (24) is a contour integral of an entire function, its
value is given by the difference of the primitive evaluated at
the end points of the contour. Recalling that derivatives may
be taken outside the integral sign, one finds

Kðt; xÞ ¼ γ
ffiffiffi
π

p
4Λ

ffiffi
t

p ð1 − 2v∂xÞ
�
e−

x2
4terf

� ffiffi
t

p
kðΛÞ − ix

2
ffiffi
t

p
�

− e−
x2
4terf

� ffiffi
t

p
kð−ΛÞ − ix

2
ffiffi
t

p
��

: ð27Þ

This expression is well defined also for negative values of t,
in which case, the square root contributes a factor of i.
Equivalently, for t < 0 one may replace

ffiffi
t

p
with

ffiffiffiffiffijtjp
and

the error function erf with the imaginary error function erfi.
Moreover, evaluating (24) directly at t ¼ 0 yields (see
Fig. 3)

Kð0; xÞ ¼ 1

1þ 2v
ð1 − 2v∂xÞ

�
e−xsinc

�
x

ffiffiffiffiffiffiffiffiffiffiffi
1þ 1

v

r ��
: ð28Þ

The appearance of the exponential factor e−x deserves
some explanation. In constructing K, we are effectively
asked to determine an initial density profile Kð0; xÞ such
that, upon time evolution, it reproduces the profile sincðΛx̃Þ
on the simultaneity line t̃ ¼ 0 (i.e., t ¼ −vx) of an observer
Omoving with velocity −v (with v > 0). For large positive
x, this simultaneity line lies in the far past relative to t ¼ 0,
so one expects that diffusion has exponentially damped the
profile by the time it reaches the line t ¼ 0. Accordingly,
Kð0; xÞ must decay exponentially for x → þ∞. By con-
trast, for large negative x, the simultaneity line t̃ ¼ 0 lies far
in the future of t ¼ 0, so the initial profile must contain
oscillations of exponentially large amplitude in order for
them to survive up to t̃ ¼ 0. The fact that the resulting
asymmetry is precisely encoded by the factor e−x reflects
the circumstance that K is constructed as a superposition of
all kinematically admissible modes in the boosted frame
and therefore lies at the boundary of the kinetic admis-
sibility condition (7).
From a mathematical standpoint, this behavior illustrates

that the natural class of spatially localized functions for
which the boosted initial value problem is well posed
cannot be obtained by simply boosting solutions that are
spatially localized in the rest frame. In this sense, spatial

FIG. 3. Snapshot at t ¼ 0, in the rest frame of the medium, of
the fundamental solution K associated with the boosted initial
value problem for an observer moving with velocity −1=2. The
profile is modulated by an exponential factor e−x, which arises
due to relativity of simultaneity and reflects the saturation of the
kinetic admissibility bound (7). The corresponding analytic
formula is given in Eq. (28).
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localizability is a frame-dependent notion for diffusive
dynamics. This sharply contrasts with the situation in
causal theories such as Cattaneo’s, where compact support
in one reference frame implies compact support in all
reference frames [6].
Finally, it is instructive to consider the limits of small and

large boost velocities. As v → 0, one finds that
Kð0; xÞ ≈ sincðx= ffiffiffi

v
p Þ, which converges to π

ffiffiffi
v

p
δðxÞ.

This behavior is expected: in the limit v → 0, the boosted
initial value problem reduces to the rest-frame one, the
cutoff Λ diverges as 1=

ffiffiffi
v

p
, and the sampling formula (21)

becomes indistinguishable from the usual Green’s function
representation, with the replacement

P
a →

R
dx=ðπ ffiffiffi

v
p Þ.

In the opposite limit v → 1, no singular behavior occurs,
and K converges to a finite and smooth function. This
reflects the fact that both the simultaneity hypersurface of
O and the cutoff wave numbers (23) approach finite limits.
The fact thatΛ diverges as v → 1 (see Fig. 2) is entirely due
to the contraction of the boosted coordinates. There is no
intrinsic singularity in K itself.

C. Building exact solutions

By boosting the expression (27) back to the moving
frame, one obtains the Green’s functionKðt̃; x̃Þ (see Fig. 4),
which enters the sampling formula (21). As such, K
provides the basic building block from which all solutions
of the initial value problem introduced in Sec. II C can be
reconstructed.

It is worth emphasizing that the sampling formula is
most naturally interpreted not only as an evolution rule, but
also as a constructive prescription for admissible initial
data. Indeed, one may start from an arbitrary sequence of
coefficients fcaga∈Z ∈l2 (which is needed for conver-
gence) and define

δnðt̃; x̃Þ ¼
Xþ∞

a¼−∞
caKðt̃; x̃ − x̃aÞ; ð29Þ

where x̃a ¼ πa=Λ. By construction, the resulting profile
belongs toPWΛ and is thus kinetically admissible.Moreover,
it solves the boosted diffusion equation (3) exactly, and its
initial profile satisfies δnð0; x̃aÞ ¼ ca at the sampling points.
Since Kð0; x̃Þ ¼ sincðΛx̃Þ, the qualitative features of the

reconstructed initial profile are directly controlled by the
behavior of the coefficients ca. If these vary rapidly from
one integer to the next, the resulting profile δnð0; x̃Þ will
oscillate on the shortest admissible spatial scale, of order
1=Λ, which reflects the presence of modes near the cutoff.
Conversely, if the coefficients are obtained by sampling a
reference function gðx̃Þ that varies smoothly on scales much
larger than 1=Λ, namely ca ¼ gðx̃aÞ, then the reconstructed
profile δnð0; x̃Þ provides an accurate PWΛ approximation
of gðx̃Þ. In this regime, the effect of the cutoff becomes
negligible, and the sampling representation is effectively
indistinguishable from a continuum description.

As a simple illustration, one finds

Xþ∞

a¼−∞
e−ða2Þ2Kð0; x̃ − x̃aÞ ≈ e−ð

Λx̃
2πÞ2 ðvery accurateÞ;

Xþ∞

a¼−∞
e−ða2Þ4Kð0; x̃ − x̃aÞ ≈ e−ðΛx̃2πÞ4 ðslightly worse; because more sharply localizedÞ: ð30Þ

FIG. 4. Snapshots of the forward (left) and backward (right) time evolution of the Green’s functionKðt̃; x̃Þ, obtained by boosting (27).
To compensate for advection by the moving medium, each snapshot covers a region shifted by vt̃. For t̃ > 0, the evolution exhibits
asymmetric diffusion and rapid suppression of oscillations associated with the cutoff scale. Under backward time evolution, those same
oscillatory features are progressively amplified. Again, we chose v ¼ 1=2.
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As can be seen in Fig. 5, the oscillatory features associated
with the cutoff scale are strongly suppressed,4 and they
become progressively smaller at later times. Taken together,
these examples indicate that, in the long-wavelength
regime (relative to the scale 1=Λ), and upon restricting
attention to forward time evolution, the exact, kinetically
admissible solutions (29) are effectively indistinguishable
from those obtained by solving the boosted diffusion
equation (3) for generic smooth initial density profiles
nð0; x̃Þ, where the initial time derivative ∂t̃nð0; x̃Þ is fixed so
as to project out the unstable branch and retain only the
stable modes. In this regime, the kinetic admissibility
constraint (7) plays no dynamical role beyond enforcing
stability forward in time.

D. Kinetic embedding

Up to this point, we have implicitly assumed that any
solution of (1) constructed as a linear superposition of
kinetically admissible modes is itself kinetically admis-
sible. This assumption, however, hides a subtle mathemati-
cal issue. Even if a superposition of density modes of the
form (6) converges to a regular density profile nðt; xÞ, this
does not automatically imply that the corresponding super-
position of kinetic modes (5) also converges to a regular
distribution function fðt; x; pÞ [16]. Therefore, in order to
rigorously establish that the solutions (29) admit a reali-
zation within Fokker-Planck kinetic theory, one must
explicitly verify that the kernel (27) arises as the particle
density associated with a physically admissible solution of
the kinetic equation (4).
In the case of massless particles, it is known that, if such

a kinetic realization exists, it must take the form [16]

δfKðt; x; pÞ ¼ πβe−βjpjð1 − ∂
2
xÞKðt; x − βpÞ: ð31Þ

It is straightforward to verify that (31) indeed solves (4).
The associated density reads

FIG. 5. Exact solutions (29) of the boosted diffusion equation (3) for the initial data (30) at boost velocity v ¼ 1=2. Left: forward
evolution. We see a progressive loss of sensitivity to the detailed structure of the initial profile and convergence toward a universal
(asymmetric) diffusive shape. Right: backward evolution. Here, antidiffusion amplifies modes near the cutoff, leading to the emergence
or enhancement of spatial oscillations on the scale 1=Λ.

4Note that, even if oscillations are not visible to the naked eye
(at least in the case with e−a

2=4), oscillatory tails are generically
present for band-limited functions (although highly exceptional
nonoscillating Paley-Wiener functions do exist [34]). Such
oscillatory components are progressively amplified under back-
ward time evolution, as shown in Fig. 5.
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δnðt; xÞ ¼
Z
R

dp
2π

πβe−βjpjð1 − ∂
2
xÞKðt; x − βpÞ ¼ξ≡−βp

Z
R

dξ
2
e−jξjð1 − ∂

2
ξÞKðt; xþ ξÞ

¼
Z

0

−∞

dξ
2
eξð1 − ∂

2
ξÞKðt; xþ ξÞ þ

Z þ∞

0

dξ
2
e−ξð1 − ∂

2
ξÞKðt; xþ ξÞ

¼ Kðt; xÞ −
�
eξ

2
ðK − ∂ξKÞ

�
ξ¼−∞

−
�
e−ξ

2
ðKþ ∂ξKÞ

�
ξ¼þ∞

; ð32Þ

where the final line follows from integration by parts (recall
that K is smooth). The boundary term at þ∞ decays
exponentially, as e−2ξ, while the contribution at −∞ decays
1=ξ. Hence, both these terms vanish at infinity, meaning
that the integral converges (and this is precisely our
admissibility criterion), so (31) defines a kinetically admis-
sible solution of the Vlasov-Fokker-Planck equation with
associated density δnðt; xÞ ¼ Kðt; xÞ, as required.

V. CONCLUSIONS

In this work, we have reconsidered how an initial value
problem should be formulated for Lorentz-boosted diffu-
sion, starting from its microscopic embedding within
relativistic Fokker-Planck kinetic theory [16,17]. By
exploiting the fact that Fick-type diffusion arises as the
exact hydrodynamic sector of the kinetic theory, we
identified a physically motivated space of admissible initial
data for boosted profiles, based on the requirement that the
resulting evolution should admit a kinetic realization. This
criterion singles out a space of band-limited functions and
allows one to define an initial value problem for the boosted
diffusion equation that is well posed and microscopically
meaningful.
Within this restricted setting, we showed that the

resulting dynamics are well defined not only forward in
time, but also backward. While the forward evolution
undergoes ordinary diffusive smoothing, the backward
evolution is correspondingly “antidiffusive,” with spatial
structures on the shortest admissible scales being progres-
sively amplified. Crucially, however, this growth is not
arbitrarily fast. The kinetic admissibility condition enforces
a sharp wavelength cutoff, which in turn bounds the growth
rate to be controlled by a maximal exponent 1=ðγvÞ. As a
result, the evolution remains well posed in the sense of
Hadamard (Sec. 3.10 [30]): small changes in the initial data
lead to proportionally small changes in the solution at any
finite time. In physical terms, the cutoff prevents the
catastrophic short-wavelength instabilities that would oth-
erwise render the backward problem ill posed and ensures a
controlled, continuous time-reversed dynamics within the
kinetically admissible sector.
Finally, we have verified that the mathematical technical-

ities associated with band-limited function spaces become

largely irrelevant in the regime that is most relevant for
practical applications. In the long-wavelength limit, and
upon restricting attention to forward time evolution, the
exact solutions constructed here are effectively indistin-
guishable from those obtained by solving the boosted
diffusion equation after simply discarding the unstable
branch of modes. From this perspective, the present
analysis provides a microscopic justification for what is
otherwise the most obvious fix of boosted diffusion.
It is important to emphasize that the construction

presented here is not intended as a “practical” framework
for relativistic transport theory. In fact, our analysis is
restricted to one spatial dimension, to the linear regime, and
to a homogeneous background medium. Indeed, it remains
open whether an analogous kinetically admissible formu-
lation can be extended beyond the linear regime, where
nonlinear mode coupling may transfer energy toward
progressively shorter wavelengths and potentially excite
nonhydrodynamic degrees of freedom. Moreover, the
whole construction relies heavily on the special structure
of the Fokker-Planck kinetic equation. For these reasons,
we do not expect this approach to replace more conven-
tional formulations of relativistic dissipation [7,8,35], nor
to be directly applicable in fully realistic settings. Its
primary interest lies instead in its conceptual implications.
Our results show that, in some cases, it is possible to make
precise mathematical sense of evolution equations that are
acausal and linearly unstable when treated as stand-alone
partial differential equations, provided one is willing to
impose nonlocal constraints on the admissible initial data.
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APPENDIX A: CATTANEO THEORY AS AN
EXACT KINETIC EQUATION

Following [4], we decompose the ensemble of massless
particles into right movers, which propagate with velocity
þ1, and left movers, which propagate with velocity −1,
disregarding the precise value of their momentum. In a
kinetic-theory framework, where the fundamental degree of
freedom is the single-particle distribution function
fðt; x; pÞ, this amounts to introducing the partial densities

nþðt; xÞ ¼
Z þ∞

0

dp
2π

fðt; x; pÞ;

n−ðt; xÞ ¼
Z

0

−∞

dp
2π

fðt; x; pÞ: ðA1Þ

Integrating the Boltzmann equation ð∂t þV∂xÞf ¼
“scattering integral” [with V ¼ sgnðpÞ] over positive or
negative momenta, and invoking particle-number conserva-
tion, one obtains ð∂t þ ∂xÞnþ ¼ R and ð∂t − ∂xÞn− ¼ −R.
Here, R denotes the net rate of conversion between right
movers and left movers induced by random scattering with
the environment. The central assumption of the model is that
all particles, independent of their momentum, have the same
probability per unit time of reversing their direction of
motion. Under this assumption, the conversion rate takes
the form R ¼ ðn− − nþÞ=2 (in appropriate units).
Introducing the total particle density n ¼ nþ þ n− and the
associated flux J ¼ nþ − n−, one finds

∂tnþ ∂xJ ¼ 0;

∂tJ þ J ¼ −∂xn; ðA2Þ

which is the Cattaneo theory of diffusion. Combining these
two equations yields the second-order evolution equation
∂tn ¼ ð∂2x − ∂

2
t Þn, as expected.

A natural question is therefore which form of the
scattering integral gives rise to the conversion rate
R ¼ ðn− − nþÞ=2. The simplest example is provided by
the relaxation-time approximation, ð∂t þV∂xÞf ¼ feq − f
[36], where feq denotes the local equilibrium distribution

with the same density as f (and with the temperature and
velocity of the environment). Indeed, integrating this
equation over positive momenta yields R ¼ n=2 − nþ ¼
ðn− − nþÞ=2, as required. By contrast, Fokker-Planck
kinetic theory does not share this property. Integrating ð∂tþ
V∂xÞf¼β−2∂p½feq∂pðf=feqÞ� over positive momenta gives

R ¼ −
�
feq
2πβ2

∂pðf=feqÞ
�
p¼0

; ðA3Þ

which is not determined solely by n�, but depends on the
detailed momentum-space structure of f.

APPENDIX B: DETERMINATION OF THE
CUTOFF WAVE NUMBER

Plugging (8) into iω ¼ k2, we obtain iγðω̃ − vk̃Þ ¼
γ2ðk̃ − vω̃Þ2. We seek solutions with k̃ ¼ Λ∈R and
ω̃ ¼ Ω − i=ðγvÞ, where the real part Ω is to be determined,
and the imaginary part −ðγvÞ−1 saturates (9). This leaves us
with

iγðΩ−vΛÞþ1

v
¼ γ2ðΛ−vΩÞ2þ2iγðΛ−vΩÞ−1: ðB1Þ

Since Λ andΩ are assumed real, we can just set the real and
the imaginary parts of (B1) to zero separately. This
immediately gives

Λ − vΩ ¼ � 1

γ

ffiffiffiffiffiffiffiffiffiffiffi
1þ 1

v

r
; Ω ¼ 2þ v

1þ 2v
Λ: ðB2Þ

Plugging the second equality into the first, and taking the
positive solution, we arrive at (10).

APPENDIX C: FOURIER DECOMPOSITION OF
THE REST-FRAME RETARDED GREEN’S

FUNCTION IN BOOSTED FRAMES

We have the following (note the change of integration
variable y ¼ t̃=v − x̃):

Gðt̃; k̃Þ¼
Z
R

Θðt̃−vx̃Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πγðt̃−vx̃Þp exp

�
−
γðx̃−vt̃Þ2
4ðt̃−vx̃Þ − ik̃ x̃

�
dx̃¼

Z
R

ΘðyÞffiffiffiffiffiffiffiffiffiffiffiffiffi
4πγvy

p exp
�
−
γðy− t̃

γ2vÞ2
4vy

− ik̃ðt̃=v−yÞ
�
dy

¼ e
−ik̃vt̃þ t̃

2γv2ffiffiffiffiffiffiffiffiffiffi
4πγv

p
Z

∞

0

1ffiffiffi
y

p exp

�
−
�

γ

4v
− ik̃

�
y−

t̃2

4γ3v3y

�
dy¼ e

−ik̃vt̃þ t̃
2γv2ffiffiffiffiffiffiffiffiffiffi

4πγv
p

ffiffiffiffiffiffiffiffiffiffiffiffi
π

γ
4v− ik̃

s
exp

�
−2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
γ

4v
− ik̃

�
t̃2

4γ3v3

s �

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γðγ−4ivk̃Þ

q exp

�
−it̃

�
k̃
v
þ i
2γv2

−
jt̃j
t̃

i
2γv2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4ivk̃
γ

s ��
; ðC1Þ
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from which we immediately obtain

Gðt̃; k̃Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γðγ − 4ivk̃Þ

q 	
e−iω̃−ðk̃Þt̃; t > 0;

e−iω̃þðk̃Þt̃; t < 0;
ðC2Þ

where ω� are the two dispersion relations of the boosted
diffusion equation. In particular, ω− is the stable branch
(blue curve in Fig. 1), see Eq. (12), while ωþ is the unstable
branch (red curve in Fig. 2).
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