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We consider the double parton scattering (DPS) initiated by direct photons in γp and γA collisions.
We extend the previously known results for photoproduction to the case of electroproduction with
nonzero photon virtuality Q2, and then consider the DPS for both photo and electroproduction for HERA
and EIC (electron ion collider) kinematics. The number of DPS events at the EIC is shown to be of the
same order as in HERA and is even larger, with increase in luminosity compensating the decrease of the
center-of-mass energy.
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I. INTRODUCTION

The study of double parton scattering (DPS) and multi-
parton interactions (MPI) started in early 1980s [1,2]. In
recent years there was a considerable progress in the
subject, both theoretically [3–14] (see also the recent
review [15]) and experimentally. The recent applications
however dealt mostly with pp and pA collisions. On the
other hand, the MPI, including DPS in deep-inelastic
scattering attracted relatively little attention, except some
research on MPI in HERA, where it was claimed that the
inclusion of MPI improves the agreement between the
experimental and theoretical description of HERA mea-
surements, although no concrete evidence for MPI in
HERA was presented experimentally [16,17]. More
recently, MPI in DIS were studied in [18] and in [19],
where the contribution of MPI in the underlying event in
the future electron-ion collider (EIC) was considered. The
MPI and in particular DPS are important both from the
point of view of searching for new physics as irreducible
backgrounds, as well as for the study of the perturbative
and nonperturbative correlations of partons in the nucleon
and in the nuclei.
One of the new ideas suggested recently to explain the

observed cross sections of DPS in pp and pA scattering
was the so-called 1 ⊗ 2 mechanism. While in conventional
DPS two independent partons from one nucleon interact
with two independent partons from the second nucleon, in
1 ⊗ 2 mechanism [see Fig. 1(a)] perturbative gluon from
one of the nucleons involved in the collision splits into two

and interacts with two independent partons of the second
nucleon. The analysis in [9,10] shows that the contribution
of this mechanism in pp and pA collisions has the same
order of magnitude as the contribution of the conventional
mechanism due to independent partons [see Fig. 1(b)].
However, in pp and pA collisions, it is not clear how to
isolate this mechanism and get the conclusive confirmation
of its existence.
The photon nucleus and photon nucleon collisions give a

unique possibility to separate such mechanism. Namely,
we can consider the so-called direct photons, The wave
function of such photons can be viewed as corresponding to
a perturbatively created quark-antiquark pair where the
quarks can be either light or heavy, like charmed quark. In
distinction to deep-inelastic scattering we can consider the
processes where each of the created quarks interacts with a
parton from the target nucleon, creating a quark and gluonic
jets, where the gluon comes from the nucleon side. Such
processes can be especially easily identified if one of the

FIG. 1. The 1 ⊗ 2 (a) and 2 ⊗ 2 (b) mechanisms for DPS in pp
collisions.
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quarks is a charmed quark, and we can neglect the charm-
anticharm content of the nucleon. Such processes are the
direct analogs of the 1 ⊗ 2 mechanism, see Fig. 2. We
expect such processes to be dominant in DPS at large
xγ ≡ x1 þ x2 ∼ 1, where x1, x2 are the Bjorken fractions of
quark jets. In this paper we consider the case when both
x1, x2 ≥ 0.2.
Such processes for the case of the photoproduction [see

Fig. 2(a)] were first considered in [20], where the DPS
associated with direct photons were considered for HERA
and LHeC kinematics and for ultraperipheral collisions at
the LHC. In this paper we extend the results of [20] to the
general case of electroproduction, i.e., we consider the case
of virtual photonsQ2 ≠ 0 [Fig. 2(b)]. In the limitQ2 → 0 our
results correspond to photoproduction andwe correct several
arithmetic mistakes made in numerical simulations in [20].
We consider theDPS due to direct photons both in the case of
HERAand theEIC. Such processesmaybe an important part
of the underlying event (UE) in these colliders [19]. We see
that although the energies of HERA are four times larger
than the maximal energy at the EIC, this is compensated by
much larger luminosity. We shall consider the maximum
energy of W2 ¼ 22500 ¼ 1502 GeV2, where we shall
assume luminosity as much as 100 times larger than in
HERA, and the energies W2 ¼ 10000 GeV2 where we
assume luminosity 1000 times larger than in HERA. For
photoproduction with charmed jets we obtain for pt ¼
3 GeV approximately 4 × 104 events per year for total
luminosity ∼1.7 × 1031 cm−2 s−1 for HERA, and of order
106 events per year at the EIC. The increase of the luminosity
compensates for the decrease in the center-of-mass energy.
Our results may permit us to study both the short-range

correlations in a nucleon and nuclei and study the
structure of underlying event at the EIC [19]. We shall
consider two important final-state cases. First is that each
hard event has two light quark and two gluon jets, and the
second case is two gluonic jets and two charmed quark
states. Here, certainly, it is much more easy to observe the
charm-gluon dijets.

The experience of HERA shows that it is possible to
identify charmed jets with the scale pT > 3.5 GeV.
Consequently, we shall show the results for DPS starting
from pT > 3 GeV [16,17,21]. We expect the same cutoff
for the charmed jets at the EIC.
For light quark final states the cutoffs at HERAwere two

time larger (see minireview in [19]), i.e., of order 6 GeV.
We expect for the EIC there will be the same scale.
Nevertheless, it will be interesting to start from 3 GeV
since this is the scale (2–3 GeV) of MPI transverse cutoffs
in Pythia, and, on the other hand, the ability to distinguish
jets is constantly improving although the relevant tech-
niques are mostly developed for the LHC processes. Thus,
our results can be also used as analytical counterpart of
Monte Carlo (MC) simulations [19].
Since we find a large number of DPS events at HERA

and the LHC, the question is whether we can actually
observe them, and in particular to distinguish from leading
twist 2 → 4 contributions depicted in Fig. 3.
As it was already discussed for the case of pp collisions,

the DPS are dominant in the case when the disbalances of
the dijets are rather small, in distinction to the hedgehog
picture when four jets are produced as a result of a hard
collision of two partons that produce a four-jet event. Thus,
we will see in DPS events two pairs of nearly back-to-back
jets. This kinematical preference is in stark contrast with
“hedgehoglike” configurations of four jets stemming from
a single collision [7].
Note that there is an additional effect that can help to

observe DPS at already small pT . It is the expected smaller
level of activity (pedestal) in direct photon-nucleon inter-
actions than in pp and even in generic photon-nucleon
collisions. This is due to the selection by the process of the
cc̄ pair of small size in the collision.
The numerical results demand the MC calculations. Such

calculations were done using Pythia and Madgraph for pp
collisions, their authors showed that it is possible to introduce
observables that are dominated by the DPS in the back-to-
back kinematics. Note, however, that these simulations were
carried through for pT > 10 GeV. When we go to small pT

FIG. 2. The DPS processes with the direct photons for γp deep-
inelastic collisions: : (a) photoproduction and (b) electoproduction.

FIG. 3. The leading-twist final state with two gluon and two
charmed jets.
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of order 3 GeV there are two factors influencing the result.
On the one hand the DPS contribution, being higher twist
than 2 → 4 contribution, is suppressed by μ2=Q2, so the
smaller the transverse scale the role of DPS is higher. On the
other hand the MC simulations are based on the difference
between hedgehog and back-to-back kinematics, and for
small transverse momenta the disbalances may be of the
same order as the transverse momenta of the jets themselves.
Thus, further MC simulations must be carried to distinguish
DPS from parasitical 2 → 4 leading-twist contributions
depicted in Fig. 3.
The interesting question is in what kinematic region the

direct gluon dominates over the resolved photon contribu-
tion. The preliminary calculations based on 2 ⊗ 2 analysis
show that in the kinematics region considered in this paper
xγ ≡ x1 þ x2 ≥ 0.4 the direct photon contribution dominates
even if we include the 1 ⊗ 2 contribution for resolved
photon. We expect that the resolved contribution starts to
dominate at xγ ≤ 0.2, when the resolved photon Parton
Distribution Function (PDF) [22] rapidly increase; however,
a detailed calculation in this kinematic region is needed [23].
Moreover, due to the small phase space available for HERA
and especially at the EIC, the effect of the rapidly increasing
PDFs at xiði ¼ 1– 4Þ for resolved photon will be suppressed
by phase-space constraints in hard matrix elements, decreas-
ing the resolved photon contributions. We expect these
constraints to be relaxed at LHeC.
One way to distinguish direct and resolved photons will

be the large rapidity gap between the quark-jet pair (large
x1, x2) and gluon jets (small x3, x4). Indeed the qq̄ pair is
created in the fragmentation region, while the gluon jets are
created in the target region. This property will also help to
identify the DPS event.
The paper is organized in the following way. In Sec. II we

calculate the partonic model contributions to the DPS cross
section for transverse and virtual photons (some technical
details of the calculations are given in Appendix A). In
particular we show how to use gauge invariance to calculate
the contribution due to longitudinal photons. In Sec. III
we calculate the total number of DPS events in different
kinematics, both for photo and electroproduction, and
include the pQCD evolution. In Sec. IV we reconsider
numerical results for photoproduction inHERAandcompare
them with the results for the EIC. We also consider the
numerical results for electroproduction for the EIC and
HERA kinematics. Our results are summarized in Sec. V.
InAppendixAwegive the details of calculation ofDPS cross
sections in theBreit system. InAppendixBwe study how the
gauge invariance is realized.

II. BASIC FORMULAS FOR MPI IN THE DIRECT
PHOTON-PROTON SCATTERING FOR GIVEN Q2

A. DPS kinematics

The DPS kinematics is similar to the kinematics of DIS
process [24],

dσ
dQ2dy

¼ πe2

4W

LαβDανDβμWμν

ð2πÞ3 ; ð1Þ

where we integrated over the azimuthal angle ϕe of the
scattered electron. Here W2 ¼ 2kp is the center-of-mass
energy squared of the proton and electron, while s ¼ 2qp is
the center-of-mass energy squared of the photon and
proton, s ¼ yW2, q ¼ k0 − k emit the virtual photon, and
p is the momentum of the proton. Here q is the momentum
of the virtual photon, q2 ¼ −Q2, k0; k are the final and
initial momenta of the electrons.
The propagator of the virtual photon Dμν is conveniently

represented as,

DμνðqÞ ¼ −

�
gμν −

qμqν

q2

�
q2

¼ −
�
eμLe

ν
L −

X
λ¼1;2

eλνT e
λν
T

��
q2;

ð2Þ

where

eL ¼ ðqþ 2xpÞ=Q; Q≡ ffiffiffiffiffiffi
Q2

p
ð3Þ

is the polarization vector of the longitudinal gluon and
eλT; λ ¼ 1, 2 are the basic polarization vectors of the
transverse photon, The leptonic tensor Lμν is given by

Lμν ¼ 4ðkμk0ν þ kνk0μ − gμνQ2=2Þ; ð4Þ

the tensorWμν is the hadronic tensor which we shall start to
calculate in the next subsection, and x ¼ Q2=ð2pqÞ. This
kinematics is depicted in Fig. 4.

B. Parton model

In this subsection we consider the process of production
of two dijets in the parton model. The corresponding
kinematics is depicted in Fig. 5, and is analogous to the

FIG. 4. The DPS kinematics in DIS.
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1 ⊗ 2 transition in pp collisions as it was mentioned in the
Introduction. Let us parametrize the momenta of quarks
and gluons using Sudakov variables (k1, k2 are the
momenta of virtual quarks and antiquark of the qq̄ pair
and k3, k4 are the gluon momenta). Let us analyze the
lowest-order amplitude shown in Fig. 3 for the double-hard
collision which involves photon splitting.
We decompose parton momenta ki in terms of the

Sudakov variables using the lightlike vectors q0 and p
along the incident photon and proton momenta,

k1 ¼ x1q0 þ βpþ kt; k3 ≃ ðx3 − βÞp;
k2 ¼ x2q0 − ðβ þ xÞp − kt; k4 ≃ ðx4 þ β − xÞp;
k⃗t ¼ δ⃗12 ¼ −δ⃗34 ðδ0 ≡ 0Þ; k0 ≃ ðx1 þ x2Þq:

Here q0 ¼ qþ xp; q02 ¼ 0, and we neglect the nucleon
mass p2 ¼ 0. Note that x1 þ x2 ¼ 1; q ¼ k1 þ k2, and
x ¼ Q2=ð2pqÞ. For the case of massive, i.e., charmed
quark, we shall neglect the charm quark masses except
while dealing with infrared singularities and phase space
constraints. The light cone fractions xi, (i ¼ 1;…4), are
determined by the jet kinematics (invariant masses and
rapidities of the jet pairs). Themomenta δ⃗12; δ⃗34;δ0≡δ12þδ34
are dijet transverse imbalances in the parton model their sum
is zero due to momentum conservation. The fraction β that
measures the difference of the longitudinal momenta of the
two partons coming from the hadron, is arbitrary and is
integrated over. The fixed values of the parton momentum
fractions x3 − β and x4 þ β correspond to the plane wave
description of the scattering process in which the longi-
tudinal distance between the two scatterings is arbitrary.
This description does not correspond to the physical
picture of the process we are discussing, where two
partons originate from the same bound state. In order to

ensure that partons 3 and 4 originate from the same
hadron of a finite size, we have to introduce integration
over β in the amplitude, in the region β ¼ Oð1Þ, as was
explained in detail in [7].
The Feynman amplitude contains the product of two

virtual propagators. The virtualities k21 and k22 in the
denominators of the propagators can be written in terms
of the Sudakov variables as

k21 ¼ x1βs − k2⊥; k22 ¼ −x2ðβ þ xÞs − k2t ; ð5Þ

where k2t ≡ ðk⃗tÞ2 > 0 is the square of the two-dimensional
transverse momentum vector.
The singular contribution we are looking for originates

from the region β ≪ 1. Hence, the precise form of the
longitudinal smearing does not play role and the integral
over β yields the amplitude A

A ∼
Z

dβ
ðx1βs − k2t þ iϵÞð−x2ðβ þ xÞs − k2t þ iϵÞ

¼ 1

sðk2t þ x1x2Q2Þ : ð6Þ

The numerator of the full amplitude is proportional to the
first power of the transverse momentum kt. As a result, the
squared amplitude (and thus the differential cross section)
acquires the necessary factor 1=k2t that enhances the back-
to-back jet production.
The integration over kt gives a single log contribution

to the cross section αem logðQ2
1=μ

2Þ for light quarks and
αem logðQ2

1=m
2
cÞ, where Q1 ∼Q2 is the characteristic trans-

verse scale of the hard processes. The scale μ is the scale
beyond which the nonperturbative dynamics becomes
dominant and is of order of m2

ρ ∼ 4m2
const, where mρ is

the ρ-meson mass, mconst ∼ 200 –300 MeV is the constitu-
ent quark mass for the light quark.
Note, that strictly speaking the answer due to diagram 3

is proportional to δðk⃗1t þ k⃗2tÞ=ðk21t þ x1x2Q2Þ, where k1t
and k2t are the transverse momenta of quark and antiquark
(k⃗1t ¼ −k⃗2t ≡ k⃗t in the parton model).
The parton model answer is only single collinearly

enhanced while we are looking for the double collinear
enhanced contributions [7]. It is well-known that these
contributions originate from the gluon dressing of the
parton model vertex, with the δ function becoming a
new pole.
Assuming factorization theorem in order to calculate the

vertex function it is enough to calculate the diagram 3. The
direct calculation gives the answer for the t channel
amplitude (see Appendix A for details),

Wμν ∼
Z

d2kt
ð2πÞ2

JμJν þ κtμκtν
ðk2t þ x1x2Q2Þ2 ; ð7Þ

FIG. 5. Parton model electroproduction with DPS.
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where

Jμ ¼ 2x1x2q0μ − 2k⃗21tpμ þ ðx2 − x1Þkμ1t ¼ JμL þ JμT;

κμ ¼
2i
s
ϵμabcka1tq

bpc; JμT ¼ ðx2 − x1Þkμ1t;
JμL ∼ 2x1x2q0μ − ðk2t =sÞpμ: ð8Þ

Note that JTκ ¼ 0, i.e., these two transverse currents are
actually orthogonal to each other.
This is however not the end of the story. It is easy to see

that the longitudinal part of the current JμL [see Eq. (8)] is
not conserved; qJbL ≠ 0, where Jb is the contribution to
the longitudinal current of the diagram Fig. 3, i.e., the
expression in Eq. (8). As shown in Appendix B, in order
to include the gauge invariance one has to include the
contributions of diagrams 6(a) and 6(c); the full current is a
sum JaL þ JbL þ JcL, where a and c correspond to contri-
butions of the two latter diagrams.
We however do not need the explicit form of the full

longitudinal vector current. Indeed it enters the amplitude
in the form JLeL, where eL is the polarization vector of
the longitudinal photon that interacts with the hadron.
Recall that from the condition qeL ¼ 0 we have

eL ¼ ðq0 þ xpÞ=
ffiffiffiffiffiffi
Q2

p
¼ ðqþ 2xpÞ=

ffiffiffiffiffiffi
Q2

p
. So the contri-

bution to the amplitude has two parts proportional to qJL
and pJL, respectively. For the full longitudinal current we
have qJL ¼ 0 due to the gauge invariance (the gauge
invariance is explicitly checked in Appendix B). On the
other hand it easy to see that pJL is due only to the
contribution of the diagram Fig. 5; for Figs. 6(a) and 6(c)
this contribution is zero, since they are proportional to
γμuðpÞ or ūðpÞγμ and these are zero since p̂uðpÞ ¼ 0, due
to equations of motion. Then eLJL ¼ 2xpJbL=Q ¼ 2x1x2Q,

where Q ¼
ffiffiffiffiffiffi
Q2

p
.

Then remaining parts of the calculation is easily done
and give

dσ
dQ2dy

¼ Q2
q
α2e
2

Z
d2kt
ð2πÞ2

y
k2t þ x1x2Q2Þ2

×

�
k⃗2t ðx21 þ x22Þ

�ð1þ ð1 − yÞ2Þ
y2Q2

− 2m4
e=Q4

�
þ 8x21x

2
2ð1 − yÞ=y2

�
; ð9Þ

where W2 ¼ 2kp ¼ ys is the squared center-of-mass
energy of the e-p collider, and in parton model
x1 þ x2 ¼ 1, and Qq is the quark charge in electron units,
i.e., Qu ¼ Qc ¼ 2=3, Qd ¼ Qs ¼ −1=3.

III. FULL DPS CROSS SECTION
AND THE EVENT NUMBER

A. Hard matrix elements

The cross sections of hard processes dσ=dt are the usual
dijet cross sections calculated with s → yW2, where s is the
invariant energy of the γp system.
We have

dσ=dp2
1t ¼

M2

ðx1x3 ffiffiffiffiffiffiffiffiffi
x1x3

p Þ16πs3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x3s − 4p2

t

p ; ð10Þ

where p1t is the dijet transverse scale, and x1, x3 are jet
momentum fractions. The matrix elementM2 of the quark-
gluon scattering is given by [25]

M2 ¼ ð4παsðp2
1tÞÞ2

�
−
4

9

�
û
ŝ
þ ŝ
û

�
þ t̂2þ û2

ŝ2

�
¼ 4παsðp2

1tÞÞ2
�
−ð4=9Þ

�
1þ zþ 1

1þ z

�
þ 2ð1þ z2Þ

�
;

ð11Þ

where

ŝ ¼ x1x3s; t̂ ¼ −ŝð1 − zÞ=2; û ¼ −ŝð1þ zÞ=2;
z ¼ cos θ ¼ tanhðy1 − y3Þ=2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4p2

1t=ðx1x3sÞ
q

: ð12Þ

The angle θ is the scattering angle in the center-of-mass
frame of the dijet. The region of integration is given by

x1x3s − 4ðp2
t þm2

cÞ ≥ 0; x1 > 0.2: ð13Þ

The integration over the second dijet event goes in the same
way, with x1 → x2; x3 → x4.

B. Inclusion of a target

The target can be either a proton or a nucleus with atomic
weight A (the corresponding factors were calculated in
[20]). Here we just recall the results.

FIG. 6. Gauge invariance and parton model, Q1 and Q2 are the
dijet momenta. The additional diagrams (a) and (c) needed for
gauge invariamce in parton model.
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1. The γp case

In order to estimate whether it is feasible to observe the
MPI events discussed in the previous section, we have to
calculate the double differential cross section and then to
convolute it with the photon flux.
For the case of the proton target we have

dσ
dx1x2dx3dx4dp2

1tdp
2
2t

¼ Dðx1; x2; p2
1t; p

2
2tÞGðp2

1t; x3ÞGðp2
2t; x4Þ

dσ
dt1

dσ
dt2

×
Z

d2Δ
ð2πÞ2UðΔÞ: ð14Þ

Here we carried the integration over the momenta Δ con-
jugated to the distance between partons, obtaining the last
multipliers in the equations above. This integralmeasures the
parton wave function at zero transverse separation between
the partons and hence it is sensitive to short-range parton-
parton correlations. For the γp case, the factorUðx1; x2;ΔÞ in
the approximation when two gluons are not correlated, is
equal to a product of two gluon form factors of the proton,

UðΔ; x3; x4Þ ¼ F2gðΔ; x3ÞF2gðΔ; x4Þ: ð15Þ

For the numerical estimates we use the following
approximation for 2GPD of the nucleon:

2Dðx3; x4; p2
1t; p

2
2t;ΔÞ ¼ Gðx3; p1tÞGðx4; p2tÞ

× F2gðΔ; x3ÞF2gðΔ; x4Þ; ð16Þ
where the two-gluon form factor,

F2gðΔÞ ¼
1

ð1þ Δ2=m2
gÞ2

; ð17Þ

and the parameter

m2
g ¼ 8=δ; ð18Þ

where

δ ¼ maxð0.28 fm2; 0.31 fm2 þ 0.014 fm2 logð0.1=xÞÞ;
ð19Þ

was determined from the analysis of the exclusive J=Ψ
diffractive photoproduction [26]. The functions G are the
gluon PDFs of the proton, that we parametrize using [27].
Then

Z
d2Δ
ð2πÞ2UðΔÞ ¼ 1

4π

m2
gðx3Þm2

gðx4Þðm4
gðx3Þ −m4

gðx4Þ þ 2m2
gðx3Þm2

gðx4Þ logðm2
gðx4Þ=m2

gðx3ÞÞ
ðm2

gðx3Þ −m2
gðx4ÞÞ3

: ð20Þ

In the limit x3 ∼ x4 we recover Z
d2Δ
ð2πÞ2 UðΔÞ ¼ m2

g

ð12πÞ : ð21Þ

2. The γA case

The general expressions for a nuclear target is

dσ
dx1x2dx3dx4dp2

1tdp
2
2t
¼ Dðx1; x2; p2

1t; p
2
2tÞGðp2

1t; x3ÞGðp2
2t; x4Þ

dσ
dt1

dσ
dt2

Z
d2ΔF0

AðΔ;−ΔÞ; ð22Þ

where

F0
AðΔ;−ΔÞ ¼ FAðΔ;−ΔÞ þ AUðΔÞ: ð23Þ

Here FAðΔ;−ΔÞ is the nucleus body form factor, and the
form factor U was defined in Eq. (15). The first term in
Eq. (23) corresponds to the processes when two gluons
originate from the different nucleons in the nucleus while
the second term in Eq. (23) corresponds to the case
when they originate from the same nucleon. The first
term is expected to dominate for heavy nuclei as it scales as
A4=3 [13,14].

For the nuclear target we have

FAðΔ;−ΔÞ ¼ F2ðΔÞ;

FðΔÞ ¼
Z

d2b expðiΔ⃗ · b⃗ÞTðbÞ; ð24Þ

where

TðbÞ ¼
Z

dzρAðb; zÞdz ð25Þ

is the nucleus profile function, b is the impact parameter.
The nuclear form factor integral is expressed through the
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profile function as

GðAÞ ¼
Z

d2Δ
ð2πÞ2 FðΔ;−ΔÞ ¼

Z
T2ðbÞd2b

¼ π

Z
T2ðbÞdb2; ð26Þ

where T(b) is calculated using the conventional mean field
nuclear density [28–30],

ρAðb; zÞ ¼
CðAÞ
A

1

1þ exp ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ z2

p
− 5.5 · A1=3Þ=ð2.8Þ :

ð27Þ

The factor CðAÞ is a normalization constant,Z
d2bdzρAðb; zÞ ¼ A: ð28Þ

Here the distance scales are given in GeV−1. Note that the
nuclear form factor is independent of x3, x4.
Then the only difference from the expression for γp

collisions for photon nucleus scattering is the substitution,

Uðx3; x4Þ → AUðx3; x4Þ þGðAÞ: ð29Þ

C. Account of gluon radiation and full expression

We can now take into account the gluon radiation in
the leading logarithmic approximation (LLA) depicted
in Fig. 7.
We include only the logarithmically enhanced

Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)-type
diagrams both for the longitudinal and transverse gluons.
The DGLAP evolution is easily accounted in pA ¼ 0 light
cone gauge, see [9,10] for details. We obtain the expression
for the total number of events for a unit of time,

N ¼ L
Z

dk2t dzdQ2dydx1dx2dx3dx4dp2
1tdp

2
2t

dσ
dQ2dydx1dx2dx3dx4dp2

1tdp
2
2t
; ð30Þ

where L is the corresponding luminosity. We have the following conditions determining the integration phase space
in p1t; p2t:

p2
1t < x1x3yW2=4; p2

2t < x2x4yW=4; ð31Þ

x1 < z < 1 − x2; ð32Þ

Q2

W2
< y < ðQ2=ð2m2

eÞ
�
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

e=Q2

q �
; ð33Þ

coming from Q2=ðyW2Þ < 1, Q2 > m2
ey2=ð1 − yÞ [24]. These kinematic constraints together determine the integration

region in the phase space. For the differential cross section we then have

dσ
dQ2dydx1dx2dx3dx4dp2

1tdp
2
2t
¼ α2eNc

2

Z
1−x2

x1

dz
Z

d2kt
ð2πÞ2

y
ðk2t þ x1x2Q2Þ2 ðk⃗

2
t ðz2 þ ð1 − zÞ2Þ

�ð1þ ð1 − yÞ2Þ
y2Q2

− 2m4
e=Q4

�
þ 8z2ð1 − zÞ2ð1 − yÞ=y2ÞGqAðx1=z; k2t ; p2

1tÞGq̄Bðx2=ð1 − zÞ; k2t ; p2
2tÞ

1

zð1 − zÞ

×
M2

ðx1x3 ffiffiffiffiffiffiffiffiffi
x1x3

p Þ16πðyW2Þ3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x3yW2 − 4p2

1t

p
×

M2

ðx2x4 ffiffiffiffiffiffiffiffiffi
x2x4

p Þ16πðyW2Þ3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x3yW2 − 4p2

2t

p Uðx3; x4Þfðx3; p2
1tÞfgðx4; p2

2tÞ; ð34Þ

FIG. 7. DPS with direct photons in pQCD: (a) photoproduction
and (b) electroproduction.
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where the hard matrix element M2 is given by Eq. (11),
functions f are conventional gluon PDFs [27], U is a
nonperturbative factor proportional determined in the
previous subsection after integration in Δ2 and propor-
tional tom2

g for the proton target, q̄q is the quark-antiquark
pair created in a photon splitting, and A, B are the resulting
jet flavors.
The functions GqA;GqB are the fundamental solutions of

the DGLAP equations that correspond to evolution from
the scale k2t to the scale p2

1t and p2
2t, respectively. If

we neglect the evolution (i.e., gluon radiation from the
quark model) these fundamental solutions become delta
functions δð1 − x1=zÞ; δð1 − x2=ð1 − zÞÞ, and we obtain
from Eq. (34) the parton model expression.

IV. NUMERICS

A. Photoproduction revisited

Let us first consider the photoproduction. We depict the
photoproduction due to direct photons in Fig. 8; left for
the case of the light quark jet, and right for the case of the
charmed quark jet. The two quark jets come from the
direct photon side and the two gluon jets come from
the nucleon side.
We consider the 3 cases, with different values of W2:

HERA with W2 ¼ 90000 GeV2, and electron-ion collider.
We consider two regimes for EIC: W2 ¼ 10000 GeV2 and
maximum,W2 ¼ 22500 GeV2. In the figures we calculate
the number of the DPS events, that occur for x1 > 0.2,
x2 > 0.2 in the logarithmic scale. For the case of light quark
jet we sum the contributions of u,d and s quarks giving a
multiplier 3=2, relative to the charm quark jets. We assume
the luminosities L ¼ 1.7 × 1031 sm−2 s−1 for HERA, L ¼
1034 sm−2 s−1 for EIC and W2 ¼ 10000 GeV2, L ¼
1033 sm−2 s−1 for EIC and W2 ¼ 22500 GeV2.
We see that due to higher luminosities the biggest number

of DPS events occurs at EIC atW2 ¼ 10000 GeV2, and this
is even a larger number than at HERA, i.e., increase in
luminosity overcomes the decrease of a number of events due

to the decrease of the center-of-mass energy W2 and the
phase space available for hard processes.
For pt ¼ 3 GeV for example we obtain 2 × 106 events

per year for light quark jets, and ∼106 for charmed jets
(i.e., final state with two charmed and two gluonic jets),
while for HERA we have 3.6 × 105; 1.2 × 105 per year,
respectively.
We also consider in Fig. 9 the change of the number of

events if we increase x1, x2, and xγ . We see that the decrease
is rather slow with an increase of xγ , similar to the results
for such ratio in [20].
In our numerical calculations we used mathematica to

integrate over kt; z; y and then used Simpson’s rule to
integrate over xi and pt. We integrate over k2t starting from
Q2

0 ∼m2
ρ ∼ 4m2

const ∼ 0.6 GeV2, where mconst is the con-
stituent mass of the light quark. The states with small kt
splitting must be considered as nonperturbative and related
to resolved photon contributions.
Note that when x1 þ x2 become close to 1, the phase

space for gluon radiation starts to be extremely small;
∼Q2

1ð1 − x1 − x2Þ, i.e., the transverse momenta of radiated
gluons become small and the coupling constant large, i.e.,
the process becomes nonperturbative, and we come close to
Landau pole. The situation seems to be close to what we
encounter in the x → 1 limit in PDF/Drell-Yan processes,
where in analogous way the phase space available for
radiating gluons becomes Q2ð1 − xÞ, and the transverse
momenta of the radiated gluons are k2t ≤ Q2ð1 − xÞ. It was
shown in [31,32] that the resummation of such gluons
effectively corresponds to the change in the running
coupling constant from αsðQ2Þ to αsðQ2ð1 − xÞÞ, meaning
that, when Q2ð1 − xÞ ∼ Λ2

QCD, we hit the Landau pole and
the perturbative QCD method due to DGLAP becomes
unapplicable. It is well-known that the way to get rid of the
Landau pole is to carry out the so-called resummation
procedure, which essentially means adding higher-twist
contributions to get rid of the Landau pole [33]. Our case is
more complicated since we need to carry the resummation
for a 3-point function. Consequently, in order not to hit the

FIG. 8. The DPS processes with direct photons for γp deep inelastic collisions; (left) two light quark and two gluon jets, (right) two
charmed jets and two gluon jets as final states. Here and in the figures below pT is the scale of the leading jet.
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Landau pole, while calculating the number of events we
imposed the kinematic constraintQ2ð1 − x1 − x2Þ ≥ Λ2

QCD.

B. Electroproduction

For the case of electroproduction we consider both the
charm and light quark jets. We take the transverse scales of
the jets for the examples and we made the numerical
estimates to be 3 and 5 GeV.

In Figs. 10–13 we depict the DPS event numbers for
HERA and EIC, with the same parameters as in the
previous subsection, as a function of the photon virtuality
Q. We consider separately the contribution of the longi-
tudinal and the transverse photon. We see, however, that in
all considered examples the contribution of the longitudinal
photons is rather small, only 5–10% at most, relative to the
transverse photon contribution. Consequently in these
examples total number of the DPS is approximately equal

FIG. 10. The DPS processes with direct photons for γp deep inelastic collisions as function of Q for fixed pT ; light quark jets with
pT ¼ 3 GeV, electroproduction. (Left)Transverse photon contribution. (Right) Longitudinal photons.

FIG. 9. The DPS processes with direct photons for γp deep inelastic collisions, charmed jets dependence of the events number on

xγ ¼ x1 þ x2. R ¼ NðxγÞ
Nð0.4Þ, whereN is a number of events for xγ calculated for x1 ¼ x2 ¼ xγ=2. (Left) Absolute number of events per year,

(Right) The ratio R defined above. (For this figure we considered x1 ¼ x2 ¼ xγ=2 and the case of two charmed jets and two gluon jets as
final states, however we expect that similar dependence on xγ will continue for other final states and for electroproduction.

FIG. 11. The DPS processes with direct photons for γp deep inelastic collisions as function of Q for fixed pT ; charm quark jets with
pT ¼ 3 GeV, electroproduction. (Left) Transverse photon contribution. (Right) Longitudinal photons.
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to the transverse photon contribution. Note that in this case
we integrate over k2t ≥ Q2, where Q is the momentum of
the virtual photon, and effectively the invariant mass of the
initial quark-antiquark pair. We also see that the number of
DPS in electroproduction is significantly smaller than the
number of DPS events in photoproduction.

C. SPS versus DPS

It is also interesting to estimate what is the percent of the
DPS events relative to the number of corresponding SPS
events, i.e., when we have one dijet==charm jet plus gluon

jet in the final state. We depict these results in Figs. 14–16.
For longitudinal photons the form of graphs is similar but
the ratios are by the order of magnitude smaller. We see also
that the ratios decrease rather rapidly with the increase of
pT and increase of Q2 for electroproduction.

D. Photon-nucleus reactions

The factor GðAÞ for A ¼ 208 is equal to GðAÞ ¼ 11.5.
On the other hand for A ¼ 208 AUðx3; x4Þ varies from 4.5
to 5.7 for different x3, x4 relevant for the integration region

FIG. 12. The DPS processes with direct photons for γp deep inelastic collisions as function of Q for fixed pT ; light quark jets with
pT ¼ 5 GeV, electroproduction. (Left) Transverse photon contribution (Right) Longitudinal photons.

FIG. 13. The DPS processes with direct photons for γp deep inelastic collisions as function of Q for fixed pT ; charm quark jets with
pT ¼ 5 GeV, electroproduction. (Left) Transverse photon contribution. (Right) Longitudinal photons.

FIG. 14. The ratio of event numbers for DPS and SPS light quarkþ gluon dijets photoproduction (left) and charm quarkþ gluon
photoproduction (right).
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for HERA, while for EIC the relevant region is even
smaller—from 5.3 to 5.7 for W2 ¼ 10000 GeV2, and 5.1
to 5.7 for W2 ¼ 22500 GeV2—thus the corresponding
multipliers for A ¼ 208 (Pb) is for EIC 16.9–17.3 and
16.7–17.3. In other words, with good accuracy, a number
of the events in photon-nucleus collisions at the EIC and
HERA is three times larger than for photon-proton DPS
events for the whole region of x1, x2 considered here (and
taken for the same luminosity).

V. CONCLUSION

We found that a rather large number of DPS events were
due to direct events both in HERA and EIC. In EIC the
number of events per year is of order 106 for pT ¼
3–3.5 GeV jets, due to rather high luminosity. For HERA
we have 4 × 104, since although the energy is higher for
HERA, the luminosity is significantly smaller. The corre-
sponding ratio for the final state in SPS for the one dijet
(quarkþ gluon) was found to be of order 10−2. We also
found the number of DPS events in electroproduction (see
Figs. 10–13) as a function of Q2 for different energies for
bothHERAand EIC. The use of the heavy nucleus as a target
increases these numbers by the order of 3.
The study of these DPS-like events will permit us to

study the specific properties of 1 ⊗ 2 mechanism and the

short-range transverse correlations in the nucleon. The DPS
events in the limit x1 þ x2 → 1 deserve further study since
they may be controlled by very soft gluons, and one needs
to develop the resummation procedure along the lines of
[33] to take them into account.
We shall also make some comments on next-to-leading

order (NLO) calculations, although this problem goes
beyond the scope of the current paper that deals with
LLA results. The NLO corrections are most important as
the corrections to hard processes.. These corrections, as is
widely known, lead to rather large K factors of order 1.5–2.
Thus, the number of DPS events may be larger by a factor
2–4 relative to numerical estimates in the previous section.
Nevertheless, we must note that most of these estimate were
obtained using asymmetric jet cuts, i.e., rather large jet
disbalances, i.e., the estimates for dijets at LHC with pT >
20 GeV need the cut asymmetry of order 10 GeV [34] (or a
complicated resummation procedure). Thus, further work
must be carried out for studying NLO corrections.
Nevertheless we expect that they only increase the number
of DPS events and DPS/SPS ratios calculated above.
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FIG. 15. The ratio of event numbers for DPS and SPS light quarkþ gluon dijets photoproduction (left) and charm quarkþ gluon
electroproduction (right), pT ¼ 3 GeV.

FIG. 16. The ratio of event numbers for DPS and SPS light quarkþ gluon dijets photoproduction (left) and charm quarkþ gluon
electroproduction (right), pT ¼ 5 GeV.
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APPENDIX A: BREIT SYSTEM
CALCULATION FOR DPS

In this appendix we show the details of the calculation of
the electroproduction cross section for DPS. We shall carry
the calculation in Breit system [35],

q ¼ Qð0; 0; 0; 1Þ; p ¼ Epð1; 0; 0;−1Þ; ðA1Þ
where Ep is the energy of the proton, s ¼ 2EpQ.
In this system we can parametrize the momenta of initial

and scattered electrons as

k ¼ 1

2
QðcoshðψÞ; sinhðψÞ cosðϕeÞ; sinhðψÞ sinðϕeÞ; 1Þ;

k0 ¼ 1

2
QðcoshðψÞ; sinhðψÞ cosðϕeÞ; sinhðψÞ sinðϕeÞ;−1Þ:

ðA2Þ

If y ¼ qpp=kpp, then

coshðψÞ ¼ ð2 − yÞ=y; sinhðψÞ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p
=y: ðA3Þ

The leptonic tensor is

Lαβ ∼ 4ðkμk0ν þ kνk0μ − gμνQ2=2Þ: ðA4Þ

The emitted photon polarization vectors are

e1T ¼ ð0; cosðϕγÞ; sinðϕγÞ; 0Þ;
e2T ¼ ð0;− sinðϕγÞ; cosðϕγÞ; 0Þ;
eL ¼ ð1; 0; 0; 0Þ; ðA5Þ

where we choose linearly polarized transverse photons as a
basis. It is easy to calculate

LαβeLαeLβ ¼ 2Q2ð1 − yÞ=y2;

LαβeT1αeT1β ¼
Q2

2
ð1þ 2ðke1t Þ2Þ ¼

Q2

2
ð1þ sinhðψÞ2 cosðϕe − ϕγÞ2Þ;

LαβeT2αeT2β ¼
Q2

2
ð1þ sinhðψÞ2 sinðϕe − ϕγÞ2Þ;

LαβeT1αeT2β ¼
Q2

2
sinhðψÞ2 sinð2ðϕe − ϕγÞÞ=2;

LαβeLαeT1β ¼ −
Q2

2y
sinhðψÞ cosðϕe − ϕγÞ;

LαβeLαeT2β ¼ −
Q2

2y
sinhðψÞ sinðϕe − ϕγÞ: ðA6Þ

Next we consider the corresponding contractions with the hadronic tensor,

JeL ¼ JLeL ¼ 2x1x2Q;

Je1T ¼ JTe1T þ iκe1T ¼ −ððx1 − x2Þ cosðϕq − ϕγÞ − i sinðϕq − ϕγÞÞ;
Je2T ¼ JTe2T þ iκe2T ¼ −ððx1 − x2Þ sinðϕq − ϕγÞ þ i cosðϕq − ϕγÞÞ; ðA7Þ

where in the Breit system,

κit ¼ ϵijk1tj; k⃗1t ¼ ðcosðϕqÞ; sinðϕqÞÞ; κ⃗ ¼ ð− sinðϕqÞ; cosðϕqÞ: ðA8Þ

Then it is easy to see that the longitudinal-transverse cross terms are zero. For the part of the cross section due to
longitudinal photons we have

σLL ∼ ðLαβeαLe
β
LÞðJeLÞ2 ¼ 8Q4x21x

2
2ð1 − yÞ=y2: ðA9Þ

For the transverse part we have
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σTT ∼
X
λ¼1;2

LαβeαλT eβλT ðJeλTÞðJeTλÞ þ 2Lαβeα1T eβ2T ðJe1TÞðJe2TÞ: ðA10Þ

This can be rewritten as

σTT ∼Q2ðsinhðψÞ2 cosðϕe − ϕγÞ2 þ 1Þðx21 þ x22Þ cosðϕq − ϕγÞ2
þQ2ðsinhðψÞ2 sinðϕe − ϕγÞ2 þ 1Þðx21 þ x22Þ sinðϕq − ϕγÞ2
−Q2ðx1x2ÞðsinhðψÞ2 sinð2ðϕq − ϕγÞÞ sinð2ðϕe − ϕγÞÞ: ðA11Þ

We now average over the photon polarization angle ϕγ ,Z
dϕγ cosðϕq − ϕγÞ2 ¼ ð1=2Þ � 2π;Z
dϕγ cosðϕq − ϕγÞ2 cosðϕe − ϕγÞ2 ¼ 2π � ð1=4Þð1þ cosð2ðϕq − ϕeÞÞ=2Þ;Z
dϕγ sinðϕq − ϕγÞ2 sinðϕe − ϕγÞ2 ¼ 2π � ð1=4Þð1þ cosð2ðϕq − ϕeÞÞ=2Þ;Z
dϕγ sinð2ðϕq − ϕγÞÞ sinð2ðϕe − ϕγÞÞ ¼ −π cosð2ðϕq − ϕeÞÞ: ðA12Þ

This means that

σTT ∼ 2Q2ðx21 þ x22Þð1þ sinhðψÞ2=2Þ � ð1þ cosð2ðϕq − ϕeÞÞ=2Þ þQ2x1x2 sinhðψÞ2 cosð2ðϕq − ϕeÞÞ=2Þ: ðA13Þ

We see that the interaction with longitudinal gluons is isotropic while the transverse gluons have angular correlations.
Averaging over angular correlations we get

σTT ∼Q2k⃗21tðx21 þ x22Þð1þ sinhðψÞ2=2Þ ¼ Q2k⃗21tðx21 þ x22Þð1þ ð1 − yÞ2Þ=y2; ðA14Þ

where ψ is determined by Eq. (A3). Thus, including the term with the mass of the electron, we get

dσ
dQ2dy

¼ α2eNc

2

Z
d2kt
ð2πÞ2

y
ðk2t þ x1x2Q2Þ2

�
k⃗2t ðx21 þ x22Þ

�ð1þ ð1 − yÞ2Þ
y2Q2

− 2m2
e=Q4

�
þ 8x21x

2
2ð1 − yÞ=y2

�
; ðA15Þ

where we have the same normalization as in [20] for the
total cross section and αe ¼ 1=137 is an electromagnetic
constant. There are two kinematic boundaries. First, since

x ¼ Q2=s ¼ Q2=ðyW2Þ < 1; ðA16Þ

then

y > Q2=W2: ðA17Þ

The second boundary comes from

Q2 >
m2

ey2

1 − y
: ðA18Þ

Solving this inequality we obtain,

y ≤
Q2

2m2
e

�
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

e=Q2

q �
∼ 1; if Q2 ≫ m2

e:

ðA19Þ

So for fixed Q2 we have the limits

Q2

2m2
e

�
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

e=Q2

q �
> y > Q2=W2: ðA20Þ

The latter equations means that

y ≤ 1Q2 ≫ m2
e; y ≤ Q=me; Q2 ≪ m2

e: ðA21Þ

In addition there is a constraint due to hard processes (see
Sec. III C).

DOUBLE PARTON INTERACTIONS INITIATED BY DIRECT … PHYS. REV. D 113, 014009 (2026)

014009-13



APPENDIX B: GAUGE INVARIANCE

It is interesting to note that the longitudinal part of the
current calculated in the previous section is not conserved.
In order to achieve gauge invariance we need to consider
not only the diagram 17(b), but all three diagrams in
Fig. 17. It is easy to see that the diagrams 17(a) and 17(c)
do not contribute to the scattering amplitudes, but account
for the gauge invariance. We look at a proton with
momentum p interacting with a photon with momentum
q such that q2 ¼ −Q2 < 0 via two quarks with momentum
k3 and k4 such that k3jjk4jjp, resulting in two dijets with
momenta Q1 and Q2. In Fig. 17 we present the three
amplitudes that contribute to the process and that need to be
accounted for to satisfy the Ward-Takahashi identity.
We introduce the center-of-energy scale s≡ 2qp and the

vectorq0 ≡ qþ xpwherex ¼ Q2=s, we aregoing to assume
p2 ¼ 0, and from that we can see that ðq0Þ2 ¼ 0. We can
parametrize the outgoing momenta as Qμ

1 ¼ x1ðq0Þμ þ
x3pμ þ kμt ; Q

μ
1 ¼ x2ðq0Þμ þ x4pμ − kμt , where x1 þ x2 ¼ 1

and kt is perpendicular to both q0 and p, and k3 ¼
ðx3 − βÞp; k4 ¼ ðx4 þ β þ xÞp. With this, we can write
out the amplitudes as

ðaÞ ∝ ūðpÞ−x1
bq0 − βp̂− k̂t

x1βs− k⃗2t þ iϵ

−bq0 − ðx4 þ βÞp̂
ðx4 þ βÞsþ iϵ

γμuðpÞ;

ðbÞ ∝ uðpÞ−x1
bq0 − βp̂− k̂t

x1βs− k⃗2t þ iϵ
γμ

x2bq0 − ðβþ xÞp̂− k̂t
−x2ðβþ xÞs− k⃗2t þ iϵ

uðpÞ;

ðcÞ ∝ uðpÞγμ
bq0 þ ðx3 − β − xÞp̂
ðx3 − β − xÞsþ iϵ

x2bq0 − ðβþ xÞp̂− k̂t
−x2ðβþ xÞs− k⃗2t þ iϵ

× uðpÞ: ðB1Þ
Taking all three amplitudes togetherwe can seewhatweget if
we take a product of them with different vectors. The useful
vector basis that we can work with is the set q0; p; kt, and κ,
where κ is a vector perpendicular to all the other three and

satisfies κ2 ¼ k2t ¼ −kt
!2

.We now define the sumof all three
diagrams as a new “vector”,

VμðβÞ ¼ uðpÞ
"

−x1bq0 − k̂t
x1βs − k⃗2t þ iϵ

−bq0 − ðx4 þ βÞp̂
ðx4 þ βÞsþ iϵ

γμ

þ −x1bq0 − k̂t
x1βs − k⃗2t þ iϵ

γμ
x2bq0 − k̂t

−x2ðβ þ xÞs − k⃗2t þ iϵ

þ γμ
bq0 þ ðx3 − β − xÞp̂
ðx3 − β − xÞsþ iϵ

x2bq0 − k̂t
−x2ðβ þ xÞs − k⃗2t þ iϵ

#
× uðpÞ; ðB2Þ

where the terms of the form uðpÞp̂ and p̂uðpÞ are taken to
be zero. Using the basis defined above we obtain,

q0VðβÞ ¼ −x1x2xs2

ðx1βs − k⃗2t þ iϵÞð−x2ðβ þ xÞs − k⃗2t þ iϵÞ
;

pVðβÞ ¼ −x1x2s2

ðx1βs − k⃗2t þ iϵÞð−x2ðβ þ xÞs − k⃗2t þ iϵÞ
;

ktVðβÞ ¼

26664
1

ðx1βs−k⃗2tþiϵÞððx4þβÞsþiϵÞ

þ ðx2−x1Þ
ðx1βs−k⃗2tþiϵÞð−x2ðβþxÞs−k⃗2tþiϵÞ

− 1

ððx3−β−xÞsþiϵÞð−x2ðβþxÞs−k⃗2tþiϵÞ

37775k⃗2t s;

κVðβÞ ¼

26664
1

ðx1βs−k⃗2tþiϵÞððx4þβÞsþiϵÞ
þ 1

ðx1βs−k⃗2tþiϵÞð−x2ðβþxÞs−k⃗2tþiϵÞ
þ 1

ððx3−β−xÞsþiϵÞð−x2ðβþxÞs−k⃗2tþiϵÞ

37775
× 2iλεabcdpαðq0ÞbκcðktÞd; ðB3Þ

where λ is the helicity of the quark.
Let us make several observations. First, if we look at

the products with qμ
0
and pμ we can see that qVðβÞ ¼

ðq0 − xpÞVðβÞ ¼ 0, showing that theWard-Takahashi iden-
tity is satisfied. What happens is that if we multiply the
diagrams and c by qμ, the denominators proportional to
1=ðx4 þ βÞ and 1=ðx3 − β − xÞ cancel out with nominators
of the diagrams. We are left then with the some of two terms

FIG. 17. The three amplitudes that contribute to the process.

B. BLOK and R. SEGEV PHYS. REV. D 113, 014009 (2026)

014009-14



one proportional to 1=ðx1βs − k⃗2t Þ and 1=ð−x2ðβ þ xÞ
s − k⃗2t due to the diagrams 17(a) and 17(c), respectively.
The sum of this terms gives the first line in Eq. (B3), the two
multipliers give the convergent contribution,

∼
1

ðx1βs − k⃗2t Þð−x2ðβ þ xÞs − k⃗2t Þ
;

that is canceled by the contribution of diagram b.
Note that although the diagrams 17(a) and 17(c) seem to

be divergent in β and cannot be calculated using residues
due to β in the nominators. Their sum, convoluted with q,
has no dependence on β in the nominator and is convergent
and can be calculated using the residue analysis.
Second, in the transverse products, meaning ktVðβÞ and

κVðβÞ, we find that each amplitude has basic poles in β, but
for amplitude (b) they are always on different sides of the
real line, while for amplitudes (a) and (c) both poles are on
the same side meaning they do not contribute to the
amplitudes of the physical processes. Note that β depend-
ence in the nominators is also canceled out, permitting the
application of the residue technique.
We can also look at three diagrams in Fig. 17 from

a slightly different point of view. Consider the sum of
diagrams 17(a) and 17(c). We see that the sum of these two
diagrams is the sum of two terms.
First, these are convergent terms that behave as 1=β2 at

large β. These terms have denominators

ðaÞ ¼ 1

ðx4 þ β þ iϵÞðx1βs − k⃗2t þ {ϵÞ
ðB4Þ

and

ðcÞ ¼ 1

ððx3 − β − xÞ þ iϵÞðx2ðβ þ xÞsþ k⃗2t þ {ϵÞ
; ðB5Þ

and are zero since, as it was mentioned above, the residues
in β lie in the same half-plane of complex β.

Second, there are two terms that do not depend on x3, x4,
but the corresponding integrals in β are divergent. It is
easy to see that these terms are longitudinal and propor-
tional to pμ,

2pμ

� ðx1q̂0 þ k̂tÞ
ðx1βs − k2t þ iϵÞ þ

x2q̂0 − k̂tÞ
−x2ðβ þ xÞs − k2t þ iϵ

�
: ðB6Þ

Although each term behaves as 1=β, in the sum the
dependence of the nominator on β is canceled out and
we have for this sum the same denominator as for
diagram 17(b).
We can now sum the contributions of three diagrams

together. We see that the longitudinal part of the sum is just

∼
2x1x2ðqμ þ 2xpμÞ

ðx1βs − k2t þ iϵÞðx2ðβ þ xÞsþ k2t − iϵÞ : ðB7Þ

Then, after taking residues, we see that the longitudinal part
of the vertex current is

JμL ¼ 2x1x2ðqμ þ 2xpμÞ; ðB8Þ

which is proportional to eμL. In the same way we obtain, for
the transverse part of the current the result in Sec. II B in the
main text, it is contributed only by the diagram of 17(b).
We conclude that we can carry all calculations using

the diagram 17(b) but using the effective gauge-invariant
vertex Eqs. (B7) and (B8).
Finally, in the LLA approximation we must attach two

ladders to the parton model diagrams. It is easy to see, using
for example the simple ladder building rules [36], that the
DGLAP gluons factor out, and the resulting diagram has
the spinor structure of the parton model times the numerical
factor due to DGLAP gluons, as in the pp collisons [7]. In
other words, the answer corresponds to the product of the
vertex factor [given by Eq. (B7) and the corresponding
expression for the transverse part of the current] and the
DGLAP factors. Consequently the gauge invariance of the
resulting expression remains intact.
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