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In this paper, we apply the deterministic quantum imaginary time evolution (QITE) algorithm to obtain
the ground state of a (2þ 1)-dimensional pure Z2 lattice gauge theory. We first construct the set of Pauli
operators commuting with Gauss’s law constraints, generalizing a previous result. This makes the
deterministic QITE gauge-invariant and reduces both the measurement and gate costs significantly without
adding extra algorithm errors in the QITE. Then, the classical numerical simulation of the deterministic
QITE using tensor networks is performed, and the results are compared with the density matrix
renormalization group to evaluate the accuracy of the algorithm. Specifically, we investigate the coupling
and system size dependence, and find that the deterministic QITE can achieve a relative error of less than
0.1% up to a 12-plaquette system and coupling values in a regime that we study. Furthermore, the error
dependence on the number of time steps is studied and discussed.
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I. INTRODUCTION

Recently, there has been growing interest in Hamiltonian
simulation of lattice gauge theories (LGTs), aiming to
avoid the infamous sign problem in the conventional
Monte Carlo method. However, naive classical implemen-
tations of Hamiltonian simulation often suffer from expo-
nentially growing computational costs as system size
increases. To overcome this problem, quantum computing
in the context of LGTs has been studied extensively in
recent years since a seminal paper [1] (see also, e.g., [2–5]
for recent reviews).
Among several applications, the preparation of the ground

state and thermal state is important to probe properties of the
theory, such as quantum phases. Imaginary time evolution
(ITE) has been used for both purposes. However, imple-
mentation of (nonunitary) imaginary time evolution using a

quantum computer is not straightforward, due to the unitary
nature of quantum gates. Several attempts have been made in
this context, including variational [6–8] and deterministic [9]
methods that approximate the nonunitary ITE by unitary
operators, an algorithm utilizing quantum signal processing
[10–12], an approach based on double-bracket flow [13],
and probabilistic methods [14–16]. Moreover, the ITE
algorithm using continuous variables was proposed in
[17]. The deterministic method proposed in Ref. [9] (see
also [18–22] for improvements and applications), which we
call the deterministic quantum imaginary time evolution
(QITE), approximates the imaginary time evolution by the
real time evolution via a summation of Pauli operators,
where the coefficients are determined by solving a linear
equation. The deterministic QITE algorithm has bounded
errors if the support of the unitary operator is taken large
enough. The drawback, however, is that it requires many
measurements (tomography) to obtain the linear equation
coefficients. Reference [23] proposed a method to reduce the
costs using the symmetry of the Hamiltonian, which was
applied to the global symmetry in a spin model. While the
deterministic QITE and the reduction method can be applied
to a general Hamiltonian, including that of LGTs, the
computational cost depends on the details of the model
considered. Therefore, resource estimation for a specific
Hamiltonian would be important in practice.
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In the context of LGTs, Refs. [24,25] obtained the
thermal phase diagram of (1þ 1)-dimensional models
using QITE along with thermal pure quantum states.
Moreover, the gauge-invariant implementation of thermal
state preparation via the quantum minimally entangled
typical thermal states algorithm, which utilizes the QITE
as a subroutine, was recently proposed for the (1þ 1)-
dimensional Z2 LGT [26]. Beyond one dimension, a
(2þ 1)-dimensional Z2 LGT has been intensively studied
in recent years as a simple toy model. In particular,
Ref. [27] identified a set of Pauli operators commuting
with Gauss’s law (along with other symmetries in several
models), and performed a numerical simulation of the
variational QITE using an ansatz composed of the
resulting Pauli set. This not only makes the QITE gauge
invariant, but also reduces computational resources
significantly.1

In this paper, we apply the deterministic QITE algo-
rithm (original qubit version) to obtain the ground state
energy in the (2þ 1)-dimensional pure Z2 LGTs, and
evaluate its accuracy and resources. First, we construct the
set of Pauli operators in the linear equation compatible
with Gauss’s law, by generalizing the results in [27] to
arbitrary supports. This preserves gauge symmetry in the
QITE while significantly reducing resource requirements.
Then, we perform classical (and noiseless) numerical
simulations for the deterministic QITE using the resulting
Pauli operators and compare the results with those from
the Suzuki-Trotterized ITE (without unitary approxima-
tion), and the density matrix renormalization group
(DMRG) [29]. Specifically, we use the ladderlike geom-
etry (two links in the vertical direction) and vary the
system size (in the horizontal direction) and the coupling
strength. We find that the deterministic QITE results are
consistent with the DMRG results to within 0.1%, at least
for small systems (up to 12 plaquettes) and coupling
values in the regime that we study. The algorithmic errors
are further investigated by studying the dependence on a
time step size.
This paper is organized as follows. First, we review the

general framework for the QITE algorithm [9] and the
reduction using symmetry [23] in Sec. II. Section III A
defines the Hamiltonian of a pure Z2 LGT. Then, we
explain the QITE and the symmetry reduction specifically
in the Z2 LGT in Sec. III B. With these setups, Sec. IV
shows the results for the numerical simulations. Finally, we
summarize our results and give some future directions
in Sec. V.

II. QUANTUM IMAGINARY TIME EVOLUTION

A. Ground state preparation via imaginary time
evolution

The ITE is defined as

jψ ITEðτÞi ¼ expð−τHÞjψ initi; ð1Þ

where jψ initi is a chosen initial state. Let jΩi be the ground
state of a target Hamiltonian,2 and suppose that we choose
jψ initi such that jhψ initjΩij ≠ 0. Then, the ITE in the infinite
imaginary time limit gives the target ground state,

lim
τ→∞

jψ̄ ITEðτÞi ¼ jΩi; ð2Þ

jψ̄ ITEðτÞi ¼
jψ ITEðτÞi

N ðjψ ITEðτÞiÞ
; ð3Þ

where N ðjψiÞ is a normalization factor defined by
N ðjψiÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffihψ jψip

. In practice, we truncate the imaginary
time at jψ ITEðτmaxÞi, which gives an approximation to the
ground state.

B. Quantum algorithm for imaginary time evolution

We explain the implementation of the ITE using the
quantum algorithm proposed in Ref. [9], which we call the
deterministic QITE. While there are other families of QITE
algorithms (e.g., variational, probabilistic), we only focus
on the deterministic one, and we will denote the determin-
istic one simply as the QITE. The QITE consists of two
steps. First, the entire evolution is decomposed into small
pieces by the standard Suzuki-Trotter decomposition. More
precisely, we divide the Hamiltonian as

H ¼
XM
m¼1

hðmÞ; ð4Þ

where we assume that each term hðmÞ is at most κ local with
a constant κ. With this notation, the first-order Suzuki-
Trotter decomposition is given by

e−τH ¼
 YM

m¼1

e−Δτh
ðmÞ

!
Nstep

þOðΔτÞ; ð5Þ

where Δτ ¼ τ=Nstep with a positive integer Nstep. We
sequentially apply MNstep terms in (5) on the initial
state jψ initi.
The next step is to approximate each term e−Δτh

ðmÞ
using

unitary operators. We call this step the unitary approxima-
tion. Let us denote an approximated (normalized) state at the
kth time step and (m − 1)th Hamiltonian decomposition by

1Another related research direction is the continuous variable
version of QITE proposed in Ref. [17]. The authors further
applied the method to a (1þ 1)-dimensional scalar field theory.
Moreover, Ref. [28] proposed the QITE for a qubit-qumode
hybrid system and applied it to the (2þ 1)-dimensional quantum
electrodynamics. 2We assume that the ground state is nondegenerate.
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jΨ̃ðk;m−1Þ
P i (k∈ f1; 2;…; Nstepg; m∈ f1; 2;…Mg).3 The tar-

get state in the next step that we want to obtain is given by

jψ̄ ðk;mÞ
ITE i ≔ e−Δτh

ðmÞ jΨ̃ðk;m−1Þ
P i

N ðe−ΔτhðmÞ jΨ̃ðk;m−1Þ
P iÞ

: ð6Þ

The QITE algorithm approximates the normalized state

jψ̄ ðk;mÞ
ITE i by a (unitary) real-time evolution via an operator

AP defined as

jΨðk;mÞ
P ðaðk;mÞÞi ≔ e−iΔτAPðaðk;mÞÞjΨ̃ðk;m−1Þ

P i; ð7Þ

where we define the unitary operator AP as

APðaðk;mÞÞ ¼
X
σ ∈P

aðk;mÞ
σ σ; ð8Þ

where P, which we call the Pauli pool, is a set of Pauli
strings fI; X; Y; Zg⊗Nq with Nq being the total number of
qubits. We will omit the Pauli pool dependence when it is
clear. The coefficients aðk;mÞ can be obtained by minimizing
the distance between the two states,

1

Δτ2
kjψ̄ ðk;mÞ

ITE i − jΨðk;mÞ
P ik2: ð9Þ

Expanding the minimization condition up to first order ofΔτ
gives the following linear equation for faðk;mÞ

σ g,
X
σ0 ∈P

Sðk;mÞ
σ;σ0 aðk;mÞ

σ0 ¼ bðk;mÞ
σ ; σ ∈P: ð10Þ

The matrix elements are defined as [up to OðΔτ2Þ
corrections]

Sðk;mÞ
σ;σ0 ¼ 2Rehσσ0i;

bðk;mÞ
σ ¼ −2 ImhσhðmÞi

. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2ΔτhhðmÞi

q
; ð11Þ

where we denote hOi ¼ hΨ̃ðk;m−1Þ
P jOjΨ̃ðk;m−1Þ

P i (see
Appendix A for the derivation). One can solve the linear
equation (10) via a classical solver to have a solution
denoted by ãðk;mÞ. We define the corresponding operator as

Ãðk;mÞ
P ≔ APðãðk;mÞÞ and denote the resulting state by

jΨ̃ðk;mÞ
P i ≔ jΨðk;mÞ

P ðãðk;mÞ
P Þi ð12Þ

¼ e−iΔτÃ
ðk;mÞ
P jΨ̃ðk;m−1Þ

P i: ð13Þ

In order to obtain the resulting state, we implement the

Suzuki-Trotter decomposition of Ãðk;mÞ
P , which requires

OðjPjÞ gates in the worst case. We repeat this procedure

jΨ̃ðk;m−1Þ
P i → jΨ̃ðk;mÞ

P i for each Hamiltonian term hðmÞ and
each Suzuki-Trotter step. The pseudocode for the QITE
algorithm is given in Algorithm 1.
In the numerical simulation in Sec. IV, we use the

second-order Suzuki-Trotter decomposition,

 YM
m¼1

e−Δτh
ðmÞ=2

Y1
m¼M

e−Δτh
ðmÞ=2

!
Nstep

; ð14Þ

which can be implemented similarly by doubling the terms
hðmÞ and replacing the time step withΔτ=2. This suppresses
Suzuki-Trotter error in the simulation and makes the QITE-
specific error (unitary approximation error) more promi-
nent, which is the main interest of this paper.

C. Reduction of Pauli pool

In this subsection, we review a general method to reduce
the dimension of the Pauli pool according to Ref. [23]. The
proofs of the propositions given in this section are provided
in Appendix B. In the following, we introduce the support
and weight of the Pauli string σ, which will be used to
represent the effective size of the Pauli pool. Essentially,
weight counts the number of (nonidentity) Pauli operators,
and support is a region on which the Pauli string acts
nontrivially. The formal definition is given as follows.
Definition 1: Support and weight of Pauli string. Let σ

be a Pauli string expressed as σ ¼ σμ1q1 ⊗ � � � ⊗ σμkqk where
Q ¼ fqig is a set of qubits and μi ∈ fI; X; Y; Zg with
σI ¼ I. The support of the Pauli string is defined as a set of
qubits on which σ acts nontrivially, i.e.,

suppðσÞ ¼ fqi ∈Qjμi ≠ Ig: ð15Þ

ALGORITHM 1: QITE algorithm.

1: Δτ ← τmax=Nstep
2: State initialization
jΨ̃ðk¼0;m¼MÞi ← jψ initi

3: For k ¼ 1 to Nstep do Loop for time steps
4: jΨ̃ðk;m¼0Þi ← jΨ̃ðk−1;MÞi
5: For m ¼ 1 to M do Loop for Hamiltonian

terms
6: Construct Sðk;mÞ; bðk;mÞ
via Eq. (11)

7: Find ãðk;mÞ by solving Eq. (10)
8: Ãðk;mÞ ←

P
σ ã

ðk;mÞ
σ σ,

9: jΨ̃ðk;mÞi ← e−iΔτÃ
ðk;mÞ jΨ̃ðk;m−1Þi

10: End for
11: End for

3For m ¼ 1, we define jΨ̃ðk;0Þ
P i ¼ jΨ̃ðk−1;MÞ

P i for k > 1 and
jΨ̃ð1;0Þ

P i ¼ jψ initi for k ¼ 1. Besides, the notation P will be
defined later.
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We also define the weight of the Pauli string σ by the
number of qubits in suppðσÞ, that is,

wtðσÞ ≔ jsuppðσÞj: ð16Þ

To obtain the coefficients in the linear equation (10)
using the Pauli pool P we need to evaluate OðjPj2Þ terms
defined in Eq. (11), which increases the total number of
measurements. For example, if we choose the Pauli pool as
P ¼ fI; X; Y; Zg⊗q, then OðjPj2Þ ∼ 2OðqÞ. Furthermore,
the implementation of e−iÃPΔτ involves the Suzuki-
Trotter decomposition of OðjPjÞ terms, which requires
gate costs of the same order in the worst case. Although it
was shown in Ref. [9] that the size of the support is
bounded by OðC2Þ, where C is a correlation length, for a
nearest-neighbor local Hamiltonian on a two-dimensional
square lattice, the exponential increase in measurement cost
is a bottleneck of this algorithm. To reduce this cost, one
can use the following three propositions, obtained in the
previous work [23].
The first proposition utilizes the reality of the coeffi-

cients in the linear equation (11).
Definition 2. We denote the number of Y operators in a

Pauli string σ ∈P by numYðσÞ. Additionally, we define the
Pauli pool whose elements consist of Pauli strings with an
odd number of Y as

Podd ≔ fσ ∈PjnumYðσÞ≡ 1 mod 2g: ð17Þ

Proposition 1: Reduction via reality condition. Suppose
that all elements of the matrix (or vector) representation of

jΨ̃ðk;m−1Þ
P i and hðmÞ in the computational basis are real. Then

the solution ã of the linear equation (10) for the Pauli pool
P is derived from the reduced Pauli pool Podd. Moreover,
the real-time evolutions obtained from both Pauli pools are
equivalent, i.e.,

jΨ̃ðk;mÞ
P i ¼ jΨ̃ðk;mÞ

Podd
i: ð18Þ

This proposition implies two important cost reductions.
First, the evaluation of matrix elements in Eq. (11) is
needed only for the reduced Pauli pool Podd. On top of that,
e−iΔτAP can be replaced with e−iΔτAPodd while keeping the
accuracy unchanged [see Eq. (18)], which requires fewer
gates in general.
The second reduction method uses symmetry.
Definition 3: Symmetrized Pauli pool. Let S be a

symmetry group. For a given Pauli pool P, we define
the symmetrized Pauli pool as

PS ≔ fσ ∈Pjσ ¼ sσs†; ∀ s∈Sg: ð19Þ

Proposition 2: Reduction via symmetry. Let us denote
the model Hamiltonian as H and a symmetry group as S.
We then assume the following conditions.

(i) (symmetry of initial state) The initial state satisfies
sjψ initi ¼ jψ initi for all s∈S.

(ii) (symmetry of Hamiltonian) The Hamiltonian sat-
isfies ½H; s� ¼ 0 for all s∈S

(iii) (symmetric decomposition) Each term in the Suzuki-
Trotter decomposition satisfies ½hðmÞ; s� ¼ 0 for all
m ¼ 1;…;M and s∈S.

With these conditions, the solution of the equation (10) for
the Pauli pool P is derived from the Pauli pool PS.
Moreover, the real-time evolutions obtained from both
Pauli pools are equivalent, i.e.,

jΨ̃ðk;mÞ
P i ¼ jΨ̃ðk;mÞ

PS
i: ð20Þ

As explained after Prop. II C, Prop. II C also leads to
reductions both in measurement and gate costs. Moreover,
the resulting state automatically preserves the symmetry,
i.e.,

se−iAPS
Δτjψ initi ¼ e−iAPS

Δτjψ initi; ð21Þ

holds for all s∈S.4

One can further reduce the size of the Pauli pool by
considering the quotient group under the action of S. This
can be formulated as follows.
Definition 4: Quotient Pauli pool. Let S be a symmetry

group, which is composed of Pauli strings. We introduce a

binary relation S
∼
defined by

σ ∼S σ0 ⇔ ∃ s∈S; such that σ ¼ �σ0s: ð22Þ

Then, the quotient Pauli pool is defined as

PS=S ≔ PS=∼
S : ð23Þ

Each element of the quotient group is represented by its
representative as ½σ�S ≔ fσ0 ∈PSj ∃ s∈S; σ ¼ �σ0sg.
Below, we will implicitly fix a representative for each

element in PS=S.
Proposition 3: Reduction via quotient group. Suppose

that all the assumptions of Prop. 2 hold. Then, the solution
of the linear equation (10) for the symmetrized Pauli pool
PS is derived from that of the quotient Pauli pool PS=S.
Moreover, the real-time evolutions obtained from both
Pauli pools are equivalent, i.e.,

4If there is any error in evaluating the coefficients (11), those
correspond to nonsymmetric Paulis σ ∉ PS become zero, even if
one solves the linear equation (10) for the entire Pauli pool P.
However, once some errors occur in the evaluation, they may turn
on these elements and break the symmetry. In this sense, Prop. II
C makes the symmetry in the QITE more robust to the errors.
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jΨ̃ðmÞ
PS

i ¼ jΨ̃ðmÞ
PS=S

i: ð24Þ

This implies that it is sufficient to consider the represent-
atives in each equivalent class.
Finally, we can combine those propositions into a single

statement.5

Proposition 4. Under the assumptions of the previous
propositions, the original Pauli pool P is reduced to the
intersection of the odd Pauli poolPodd and the symmetrized
Pauli pool PS

jΨ̃ðmÞ
P i ¼ jΨ̃ðmÞ

Podd∩PS
i: ð25Þ

In addition, the original Pauli pool P is further reduced to
the intersection of the odd Pauli pool Podd and the quotient
Pauli pool of S-action PS=S as

jΨ̃ðmÞ
P i ¼ jΨ̃ðmÞ

Podd∩ðPS=SÞi: ð26Þ

Wewill apply these propositions to the LGTmodel in the
next Section.

III. QITE IN Z2 LATTICE GAUGE THEORY

A. Hamiltonian

We consider a pure Z2 gauge theory on a two-dimen-
sional square lattice [30,31]. The Z2 gauge theory is the
simplest toy model for two-dimensional LGTs; no trunca-
tion is required for the gauge variables since it only takes
discrete values. However, it still possesses similar interest-
ing properties in a full-fledged LGT; it exhibits confine-
ment/deconfinement, while its extension with dynamical
matter also exhibits string breaking. For this reason, this
model with and without matter has been intensively studied
in recent years using quantum computers and tensor net-
works (see, e.g., [32–56]).
A square lattice we consider is composed of Nlink links

where the gauge fields live and Nsite sites. The Z2 link
variables are directly mapped to qubits, that is, Nq ¼ Nlink.
We can put static fermionic matter at each site, but we will
not do this in this paper. Each site is specified by a Cartesian
coordinate n ¼ ðnx; nyÞ for nμ ∈ f0; 1;…; Nμ

site − 1g,
where Nμ

siteðμ ¼ x; yÞ is the number of sites in each
direction. An operator O acting on the link between n
and nþ eμðμ ¼ x; yÞ is denoted by On;μ where eμ is a unit
vector in the μth direction. The Hamiltonian is given by6

H ¼ −
X
n

ðXn;x þ Xn;yÞ − λ
X
n

Wn; ð27Þ

Wn ¼ Zn;xZnþex;yZnþey;xZn;y: ð28Þ

The first term is called the electric term and the second is
called the magnetic term. The physical states must satisfy
the following conditions, called Gauss’s law constraints,

gnjphysi ¼ ð−1Þqn jphysi; ð29Þ

gn ¼ Xn−ex;exXn;exXn−ey;eyXn;ey ð30Þ

where qn specifies a static charge on the vertex n (see
Fig. 1). We set qn ¼ 0 in this paper, but the following
argument can be applied to any values of qn. Additionally,
we impose open boundary conditions on all boundaries.
Specifically, if a site n is at a boundary and a link ðn� eμ; μÞ
does not exist, we define Xn�eμ;μ ¼ 1. Then, the corre-
sponding Gauss’s law operator (30) becomes a three (two)
body operator at boundaries (corners) of the rectangular
lattice.

B. QITE and Pauli pool reduction

In this Subsection, we will apply the general reduction
methods explained in Sec. II C to theZ2 LGTand show that
it reduces the size of a Pauli pool. This was done in [27] for
a fixed support (one plaquette), but we give a general
formula for the size of the Pauli pool for an arbitrary
support. On top of that, we also apply the reduction via the
quotient group (i.e., Prop. B4).
Let us first explain the setup. We decompose the

Hamiltonian into subterms as fhðmÞgm ¼ fXn;eμgn;μ ∪
fWngn and apply the second-order Suzuki-Trotter decom-
position to e−τH. We also use the ground state of the electric
term, denoted by jΩ0i ≔ jþi⊗Nlink, as an initial state.
Finally, the Pauli pool acting on a set of qubits (links) D ≔
fq1;…; qDg is defined by

P½D� ≔ fσμ1q1 ⊗ � � � ⊗ σμDqD; μi ∈ fI; X; Y; Zgg: ð31Þ

FIG. 1. Magnetic term and Gauss’s law in our convention. Blue
links denote a magnetic term. Red links denote a Gauss’s law
operator.

5In general, even if P1, P2 satisfies jΨ̃ðmÞ
P i ¼ jΨ̃ðmÞ

Pi
i (i ¼ 1, 2),

it does not necessarily hold jΨ̃ðmÞ
P i ¼ jΨ̃ðmÞ

P1∩P2
i. However, at least

in Prop. II C, one can show that the intersection gives the correct
reduction. See Appendix B for the details.

6The convention of the coupling in this article is different from
the one used in the standard Kogut-Susskind Hamiltonian [57].
The small coupling in our convention corresponds to the strong
coupling (confining regime) in the standard one.
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We call the region D the support of the Pauli pool P½D�.
We will omit D dependence when the support is fixed and
obvious.
Under these setups, we employ the propositions given in

Sec. II C. First of all, one can show that the assumptions in
Prop. II C are satisfied for our settings. Therefore, the Pauli
pool P is reduced to Podd.
We can further reduce the resulting Pauli pool using

symmetry via Prop. II C. The symmetry group we consider
is generated by Gauss’s law as

G½D� ≔ hgs1 ; gs2 ;…; gsnsiteðDÞ i; ð32Þ

where si is a site in the supportD, nsiteðDÞ is the number of
sites involved in the support D, and gn is defined by
Eq. (30). Now, we split elements in the Pauli pool as
σ ¼ σX ⊗ σX̄, where σX is a tensor product of X and I
operators, and σX̄ is a product of Y and Z operators.
To identify the condition under which ½σ; g� ¼ 0, we

follow a similar argument used to find the detectable errors
with syndromes in the toric code [58,59]. Suppose that
suppðσX̄Þ ¼ fq1;…; qD0 g. We identify the set of qubits as a
set of links where the qubits live. Then, if suppðσX̄Þ has a
boundary vertex s as Fig. 2, the corresponding Gauss’s law
operator gs overlaps with the support of σX̄ an odd number
of times, resulting in ½σ; gs� ¼ ½σX̄; gs� ≠ 0. On the other
hand, if the support forms the closed loop, all the Gauss’s
law operators overlap with the σX̄ support an even number
of times, and therefore σX̄ commutes with all of them. To
recap, we have found that

½σ; g� ¼ 0; ∀ g∈G ⇔ suppðσX̄Þ∈Γ; ð33Þ
where Γ is a set of closed loops (which can be disjoint). In
other words, the condition ½σ; g� ¼ 0 enforces that σX̄
should be gauge invariant, and therefore its support is
geometrically similar to Wilson loops in the pure theory.
Therefore, the symmetrized Pauli group defined by Eq. (19)
is given as

PG ¼ fσ ∈PjsuppðσX̄Þ∈Γg: ð34Þ

Using Prop. 2, one can show that the Pauli pool P is
reduced to PG. As mentioned after Prop. 2, this not only
saves the measurement and gate cost, but also makes the
resulting state gauge invariant, i.e., preserves all the
eigenvalues of generators gn.
Combining the above two results, the reduction from the

full pool P to

PG;odd ≔ PG ∩ Podd ð35Þ

¼ fσ ∈PjsuppðσX̄Þ∈Γ;

∧ numYðσX̄Þ≡ 1 ðmod 2Þg: ð36Þ
The number of elements (denoted by j • j) in the reduced
Pauli pool PG;odd is given by

jPG;odd½D�j ¼ 2nlinkðDÞ−1 × ð2nplaqðDÞ − 1Þ; ð37Þ

FIG. 2. Gauss’s law constraints on Pauli pool elements. Blue
links represent the support of σX̄, and red links represent the
support of the Gauss’s law operator. At a black vertex (site), the
number of overlapping links is even, and thus its eigenvalue does
not change. On the other hand, Gauss’s law at white vertices
overlaps with the blue support an odd number of times, flipping
the sign of Gauss’s law eigenvalues.

FIG. 3. Bulk and boundary Gauss’s law operators. In this
example, we consider a support composed of four plaquettes.
Blue links indicate the support, and red links show the qubits on
which Gauss’s law operators act. The left is the support composed
of four plaquettes. The center example represents the bulk
Gauss’s law, and the right is the boundary Gauss’s law.

TABLE I. Pauli pool operator counts per support with and
without the reductions. White vertices denote the bulk Gauss’s
law operators. Boundaries of the entire lattice are not taken into
account.

Support D
The maximum

weight D jPnI⊗Dj jPG;oddj jPG;odd=Gj

4 255 8 8

7 16383 192 192

10 1048575 2048 2048

10 1048575 2048 1024

12 16777215 30720 15360
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where we define the number of links (plaquettes) involved
in the support D by nlink ðplaqÞðDÞ. See Appendix C for a
proof. Explicit values of the right-hand side of Eq. (37) for
concrete examples are given in Table I. We observe a
significant reduction using these methods, which saves the
number of measurements for Eq. (11) and the number of
gates in the resulting real-time evolution (7). The for-
mula (37) for a one-plaquette support (the first row in
Table II) agrees with what was obtained in [27].
Finally, let us consider the Pauli pool reduction via the

quotient group (Prop. 4). For this purpose, we classify the
Gauss’s law operators appearing in Eq. (32) as follows. If
all four X operators in an operator gn are included in the
support D, then this operator is called a bulk Gauss’s law
operator, and otherwise referred to as a boundary Gauss’s
law operator (see Fig. 3). On top of that, the number of bulk
Gauss’s law operators for the support D is denoted by
nGðDÞ, which is equal to the number of bulk sites in the
regionD. With these definitions, the number of elements in
the quotient group is given by

jPG;odd=Gj ¼
jPG;oddj
2nGðDÞ ð38Þ

¼ 2nlinkðDÞ−1 × ð2nplaqðDÞ − 1Þ
2nGðDÞ : ð39Þ

See Appendix C for a proof. The explicit values of this
formula for several supports are given in Table II. One can
see that the reduction via reality and symmetry condition is
significant (e.g., 255 → 8 in the first row). On the other
hand, for the regions D in this table, nGðDÞ is at most one,
and thus the reduction via quotient PG;odd → PG;odd=G is at
most two.7

IV. NUMERICAL SIMULATION

A. Tensor network simulation settings

To understand the algorithmic error and its dependence
on the system and time-step size, we perform tensor
network simulations of the QITE. Specifically, we use a
matrix product state (MPS) where the systematic errors are
controlled by the bond dimension and singular value
decomposition (SVD) cutoff. We take the bond dimension
large enough so that the systematic errors in the MPS
representation are negligible, and the results can be used to
study hardware algorithm errors in the absence of quantum
noise. The gate operations in the QITE are implemented by
the time evolving block decimation (TEBD) algorithm
[60], and the coefficients (11) are evaluated in MPS
representations, then the linear equation (10) is solved
via a standard solver. For comparison, we compare the
QITE results (labeled QITE) with those from the following
two methods. The first is the Suzuki-Trotter decomposition
of the imaginary-time evolution (labeled ITE).8 This only
involves the Suzuki-Trotter and TEBD errors and separates
the unitary approximation error in the QITE from these
errors. The second is a DMRG [29], which is the variational
method using MPS to obtain the ground state energy. It
provides a reference value for validating the QITE and ITE

TABLE II. Support of the Pauli pool for each term of the
Hamiltonian. Wavy lines denote the links involved in the
considered term.

Terms Pauli pool supports

FIG. 4. System sizes studied in this work. We employ a
ladderlike geometry with fixed Ny

site ¼ 3 and open boundary
conditions. The smallest system, ðNx

site; N
y
siteÞ ¼ ð3; 3Þ, is shown

on the left and the largest system, ðNx
site; N

y
siteÞ ¼ ð7; 3Þ, is shown

on the right.

7The reduction factor using the reality and symmetry con-
ditions is jPG;oddj=jPj ∼ 2−nsiteðDÞ, where nsiteðDÞ denotes the
number of sites included in the region D. The quotient group
method further reduces the cost by jPG;odd=Gj=jPG;oddj ¼ 2−nGðDÞ.
Since nsiteðDÞ > nGðDÞ holds, the symmetry and reality reduc-
tion are more significant than the quotient one when the region D
is sufficiently large.

8We distinguish “(Q)ITE” from our numerical results written
as (Q)ITE. The former is a theoretical (algorithmic) object while
the latter is its numerical implementation using the specific
methods.
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results.9 For the simulation parameters, we set the SVD
cutoff of TEBD and DMRG to 10−14, the number of
DMRG sweeps to 5, and the maximum bond dimension for
DMRG to 200. Tensor network codes are implemented
using a tensor network library Itensor.jl [61].

B. Results for ðNx
site;N

y
siteÞ = ð3; 3Þ

In this Section, we present simulation results for a fixed
system size ðNx

site; N
y
siteÞ ¼ ð3; 3Þ (see the left panel of

Fig. 4) with open boundary conditions. The initial state is
the ground state of the electric field term given as
jΩ0i ¼ jþi⊗Nlink . We also fix the maximal imaginary time
as τmax ¼ 2.0, for which we confirm the convergence (See
the left panel of Fig. 5).
As we mentioned in Sec. II C, the size of the support of

Pauli pools is shown to be controlled by the correlation
length [9]. Although taking a sufficiently large support
yields state preparation with provable error bounds, we can
instead use a smaller support as a heuristic. This further
reduces gate and measurement costs, at the expense of extra
errors. Specifically, we consider Pauli pools at each step
with the maximum Pauli-string weight of four (i.e., each
Pauli string in the Pauli pool has weight at most four),
which are given as follows (see also Table II). For a
plaquette termWn, we use P½D� defined by Eq. (31) with a
support D ¼ suppðWnÞ, which is a set of qubits that the
plaquette acts on. On the other hand, each link ðn; eμÞ is
involved in the two adjacent plaquettes, Wn and Wn−eν ,
where ν ¼ y (ν ¼ x) for μ ¼ x (μ ¼ y). We thus define

Dþ ¼ suppðWnÞ; D− ¼ suppðWn−eνÞ; ð40Þ

and construct the corresponding Pauli pool as P ¼
P½Dþ� ∪ P½D−�.

We implement both the QITE and (Suzuki-Trotterized)
ITE using the TEBD, and compare results with the DMRG
energy. At each time step, the relative errors

εðτÞ ¼
����EðτÞ − EDMRG

EDMRG

���� ð41Þ

are computed. The left panel of Fig. 5 shows the relative
errors εðτÞ as a function of τ (0 ≤ τ ≤ τmax ¼ 2.0) for a
small coupling value λ ¼ 0.5. The value of time steps is
varied as Δτ∈ f0.05; 0.0125g. For all the cases, one can
observe that the relative errors converge to the value below
10−6 for τ ¼ 2.0, which is further improved as the number
of steps increases. Moreover, the QITE results agree with
those from the ITE, which shows that the QITE algorithm
can approximate the Suzuki-Trotterized ITE, even for a
limited Pauli pool (the maximum Pauli-string weight of
four), at least for the small coupling value and system size.
Next, the dependence on coupling values is studied, and

the results are shown in the right panel of Fig. 5. We see that
the accuracy gets worse with increasing value of λ (except
for a few points forΔτ ¼ 0.0125), as expected from the fact
that we use the weak-coupling (electric) ground state as an
initial state. However, the relative errors for coupling values
in 0.5 ≤ λ ≤ 5.0 are still below 0.1%. One can also observe
that increasing the time steps improves the results for all
coupling values.

C. Time step and system size dependence

In this Subsection, we present the dependence of the
relative error on the time steps and system sizes. The
simulation settings for larger systems are the same as those
for ðNx

site; N
y
siteÞ ¼ ð3; 3Þ.

First, we study the Δτ dependence for λ ¼ 0.5, 2.0 with
system sizes ðNx

site; N
y
siteÞ ¼ ð3; 3Þ; ð6; 3Þ (see the right

panel of Fig. 4). Figure 6 shows the relative error ε at
τ ¼ τmax as a function of time step Δτ. The values of time
steps are taken as Δτ∈ f0.0125; 0.025; 0.05; 0.1g. To

FIG. 5. Relative error of classically simulated QITE and ITE for ðNx
site; N

y
siteÞ ¼ ð3; 3Þ with open boundary conditions. The initial state

is the ground state of the electric term, and the Pauli pool is composed of the set of plaquettes. The left plot shows relative error as a
function of imaginary time τ with the coupling value λ ¼ 0.5 fixed. The right plot shows the dependence of the relative error on the
coupling value λ for τ ¼ 2.0.

9To be more precise, we perform the DMRG study using the
transverse field Ising model on the dual lattice, which is shown to
be equivalent to the pure Z2 LGT [30].
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interpret the results, we classify the possible sources of
errors in the (Q)ITE algorithms as follows.

(i) Suzuki-Trotterized-ITE errors (ITE and QITE)
(i-a) finite τmax effect
(i-b) Suzuki-Trotter decomposition of ITE opera-

tor (5)
(ii) QITE-specific errors (QITE)

(ii-a) unitary approximation of ITE operator
e−Δτh

ðmÞ
=N ≈ e−iΔτA with a fixed Pauli pool

(ii-b) Suzuki-Trotter decomposition of unitary op-
erator e−iΔτÃ

(iii) MPS errors (ITE and QITE)
The ITE (i) and MPS (iii) errors are present both in QITE
and ITE. Therefore, one can consider that the difference
between the QITE and ITE results comes from the QITE-
specific error (ii). We confirm that ε for both ITE and
QITE decreases when Δτ becomes smaller for λ ¼ 0.5.
This implies that not only the ITE error (i), but also QITE-
specific errors (ii) are controlled by Δτ for a small coupling
value (λ ¼ 0.5). However, for λ ¼ 2.0, one can observe that
ITE errors decrease as Δτ becomes smaller, while QITE
errors saturate at some point.10 Since the Suzuki-Trotter
error in QITE (ii-b) is considered to decrease with Δτ → 0,
we expect that this saturation of error mainly comes from
unitary approximation error (ii-a). This error can be
mitigated by increasing the maximum weight of Pauli
strings in the Pauli pool and/or using other initial states.

Moreover, the discrepancy between ITE and QITE for
small Δτ becomes larger for Nsite ¼ ð6; 3Þ than that for
Nsite ¼ ð3; 3Þ. This is consistent with the argument above,
since the effect of the Pauli weight is expected to increase
with system size.
We then investigate the system-size dependence in more

detail. Figure 7 shows the relative error ε at τ ¼ τmax as a
function of the number of links (qubits), which allows us to
see the system size dependence more clearly. In this plot,
the number of sites along the x axis varies as Nx

site ∈
f3;…; 7gwhile the number of sites along the y axis is fixed
at Ny

site ¼ 3 (see Fig. 4). The total number of links is
therefore given by

Nlink ¼ Nx
siteðNy

site − 1Þ þ ðNx
site − 1ÞNy

site: ð42Þ

FIG. 6. Relative error of classically simulated QITE and ITE at the final imaginary time with respect to the DMRG energy as a function
of imaginary time step. System size is ðNx

site; N
y
siteÞ ¼ ð3; 3Þ to ðNx

site; N
y
siteÞ ¼ ð6; 3Þ, open boundary conditions. λ ¼ 0.5 for the left

panel and λ ¼ 2.0 for the right panel, respectively. The initial state is the ground state of electric term. The QITE and ITE series
correspond to results obtained using QITE and ITE, respectively.

FIG. 7. Relative error of classically simulated QITE and ITE at
the final imaginary time with respect to the DMRG energy as a
function of the number of links. System size is ðNx

site; N
y
siteÞ ¼

ð3; 3Þ to ðNx
site; N

y
siteÞ ¼ ð7; 3Þ, λ ¼ 0.5 and λ ¼ 2.0, open boun-

dary conditions, imaginary time step Δτ ¼ 0.0125. The initial
state is the ground state of electric terms. The QITE and ITE
series correspond to results obtained using QITE and ITE,
respectively.

10We also give additional results for a larger coupling value,
λ ¼ 3.5, in Appendix D. Their qualitative behavior is similar to
that observed at λ ¼ 2.0. The critical coupling value in the
thermodynamic limit is λc ¼ 3.04438 [62]. The difference
between the small and large coupling behaviors observed here
does not correspond sharply to this critical value. Nevertheless,
finite-size effects can smooth and shift signatures associated with
the thermodynamic-limit transition, and some of the behavior
around λ ¼ 2.0 may be related to finite-size precursors of the
phase transition. It would be interesting to clarify this relation
using larger size simulation.
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We see that the ITE errors remain almost constant, while
the QITE errors slightly increase with system size, which
implies that the QITE-specific error (ii) becomes larger for
larger Nlink. The increasing rate is larger for λ ¼ 2.0 than
that of λ ¼ 0.5, which is consistent with the previous
discussion. We also note that the QITE results for λ ¼ 0.5
show better performance than those for λ ¼ 2.0. In other
words, the behavior observed in the right panel of Fig. 5 for
ðNx

site; N
y
siteÞ ¼ ð3; 3Þ is also present for other system sizes.

V. CONCLUSION

In this work, we have applied the deterministic QITE
algorithm and the resource reduction using symmetry to the
(2þ 1)-dimensional pure Z2 lattice gauge theory and
verified its performance via tensor-network simulations.
First, we constructed the set of Pauli operators that
commute with symmetry generators, which generalizes
the previous results [27]. This leads to a significant
reduction of both measurement and gate costs using the
general method in Ref. [23]. For example, the number of
elements in the Pauli pool with a single plaquette support is
reduced from 255 to 8. The reduction factors are even more
substantial in the remaining cases, and we can further
combine the resource reduction using the quotient group.
Then, the numerical simulation was performed using
TEBD. The QITE results are compared with the Suzuki-
Trotterized ITE (without unitary approximation) and the
DMRG. We confirmed that the energy obtained from the
QITE agrees with the DMRG up to 0.1% error for the
coupling value 0.5 ≤ λ ≤ 5.0 up to a 12-plaquette system
(two links in the vertical direction and six links in the
horizontal direction). The error tends to increase with the
value of λ, which is consistent with the fact that we take the
electric (λ ¼ 0) ground state as an initial state of the ITE.
Moreover, we investigated the dependence of the error on
the time step size and system size. We confirm that a shorter
time step size Δτ results in a smaller error for λ ¼ 0.5,
which implies controllability of QITE errors. The error
convergence is also observed for λ ¼ 2.0, but worse than
that for λ ¼ 0.5. We discussed that this may come from the
limited size of the Pauli pool support and the initial state.
The validation of this hypothesis and the improvement are
left for future work. Finally, we saw that the QITE error
slowly increases with the system size, at least the ladderlike
geometry in 12 ≤ Nlinkð¼ NqÞ ≤ 32. It would be interest-
ing to see how the error scales for larger systems and/or
genuine 2D systems.
Several future directions can be considered. First, under-

standing the dependence on the Pauli support size in a
larger lattice would be important to see how the resources
scale. Additionally, in the large coupling regime, it would
be more efficient to use other initial states, such as the
ground state in the strong-coupling (magnetic) limit.
Moreover, to study the effects of noise, a noisy simulation
or implementation on the current hardware is also valuable.

In particular, it would be important to see the robustness of
symmetry preservation during the QITE in the presence of
noise. For the gauge theory perspective, it would also be
essential to include dynamical fermions. This makes the
Gauss’s law operators weight five [Eq. (30) times fermion
operator Xn], and the number of Pauli operators in the
symmetric pool is obtained by counting the gauge-invariant
operators, whose Y=Z support [suppðσX̄Þ] takes the form of
closed Wilson loops or open Wilson lines terminated by
pairs of fermion operators. Finally, an extension to the
LGTs with (continuous) Abelian and non-Abelian gauge
symmetry would also be important for LGT simulations.

ACKNOWLEDGMENTS

We thank Yutaro Iiyama for providing the codes for
generating a two-dimensional lattice, based on which we
performed our numerical simulation. This work is sup-
ported by JST PRESTO Grant No. JPMJPR25F5 and JST
Grant No. JPMJPF2221. M. S. is supported by Forefront
Physics and Mathematics Program to Drive Transformation
(FoPM), a World-leading Innovative Graduate Study
(WINGS) Program, the University of Tokyo.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX A: DERIVATION OF THE LINEAR
EQUATION IN QITE

First, the distance can be expanded in terms of Δτ as

DðaðmÞ
I Þ ¼

���� 1

Δτ
ðjψ̄ ðmÞ

Δτ i − jψ̄iÞ − iAðmÞjψ̄i
����
2

þOðΔτÞ

ðA1Þ

¼ kjδψ ðmÞi − iAðmÞjψ̄ik2 þOðΔτÞ; ðA2Þ

where we defined

jδψ ðmÞi ≔ 1

Δτ
ðjψ̄ ðmÞ

Δτ i − jψ̄iÞ ðA3Þ

¼ 1

Δτ

 
1

N ðjψ ðmÞ
Δτ iÞ

e−Δτh
ðmÞ − 1

!
jψ̄i ðA4Þ

¼ 1

Δτ

2
64 1 − ΔτhðmÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2hψ̄ jhðmÞjψ̄i
q − 1

3
75jψ̄i þOðΔτÞ:

ðA5Þ

The stationary condition leads to the following equations:

MINORU SEKIYAMA and LENTO NAGANO PHYS. REV. D 114, 054506 (2026)

054506-10



0 ¼ ∂

∂aI
DðfaðmÞ

J gÞ ðA6Þ

¼ ∂

∂aI
½−2 Imhψ̄ jAðmÞ†jδψ ðmÞi þ hψ̄ jAðmÞ†AðmÞjψ̄i� ðA7Þ

¼ −2 Imhψ̄ jσ†I jδψ ðmÞi þ
X
J

aðmÞ
J ð2Rehψ̄ jσ†IσJjψ̄iÞ ðA8Þ

¼ −bI þ
X
J

SIJaJ ðA9Þ

for all I, where

SIJ ¼ 2Rehψ̄ jσ†IσJjψ̄i;
bI ¼ 2 Imhψ̄ jσ†I jδψ ðmÞi: ðA10Þ

Therefore, an optimal tuple of a ¼ faIgI can be found
by solving the linear equation

Sx ¼ b: ðA11Þ

Additionally, one can show the explicit form of bI up to
the first order in Δτ

bI ¼ −
2 Imhψ̄ jσ†I hðmÞjψ̄iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2Δτhψ̄ jhðmÞjψ̄i

q þOðΔτ2Þ: ðA12Þ

APPENDIX B: PROOF OF PAULI POOL
REDUCTION

Definition B1. For a pair of Pauli pools P and P0, we
introduce a binary relation P ∼ P0 by

P ∼ P0 iff jΨ̃ðmÞ
P i ¼ jΨ̃ðmÞ

P0 i: ðB1Þ
This implies that both Pauli pools P and P0 give the same
imaginary time evolution in the QITE algorithm.
Lemma B1. Suppose that there exists a subset P0 ⊂ P

that satisfies

SIJ ¼ 0 for all σI ∈P0; σJ ∈PnP0;

bI ¼ 0 for all σI ∈P0: ðB2Þ

Then the time evolution obtained via the linear equa-
tion (10) from the full Pauli pool P is equivalent to that
obtained from the reduced pool Pred ≔ PnP0. In other
words, we have

P ∼ Pred: ðB3Þ

Proof. Suppose that there existsP0 ⊂ P. Then the matrix
S and the vector b have the form

S ¼
�
S0 0

0 �

�
; ðB4Þ

b ¼
�
b0

0

�
: ðB5Þ

Therefore, a solution of the equation S0a0 ¼ b0 denoted by
ã0 gives that of the equation Sa ¼ b by the relation

ã ¼
�
ã0

00

�
: ðB6Þ

Thus, the real-time evolution via P is equivalent to that
of Pred,

eiAPðãÞΔtjψi ¼ eiAPred
ðã0ÞΔtjψi: ðB7Þ

▪
Proposition B1. Suppose that all elements of the matrix

(vector) representation of the Hamiltonian and the initial
state in the computational basis are real. Then Podd ¼
fσ ∈PjnumYðσÞ is oddg is equivalent to the original Pauli
pool P

P ∼ Podd: ðB8Þ

Proof. From the previous Lemma B.1, it is sufficient to
prove that the condition (B2) holds for Peven. It can be
shown that for σI ∈Podd and σJ ∈Peven, all elements of the
matrix representation of σIσJ in the computational basis are
purely imaginary. Thus, one can obtain

SIJ ¼ 2Rehψ jσIσJjψi ¼ 0: ðB9Þ

The same argument applies to bI , and hence one can use
Lemma B.1. The remaining part of the proof follows by
induction over the imaginary time steps. ▪
Proposition B2. Let us denote the model Hamiltonian as

H and a symmetry group as S. We then assume the
following conditions.

(i) (Symmetry of initial state) The initial state satisfies
sjψ initi ¼ jψ initi for all s∈S.

(ii) (Symmetry of Hamiltonian) The Hamiltonian sat-
isfies ½H; s� ¼ 0 for all s∈S.

(iii) (Symmetric decomposition) Each term in the
Suzuki-Trotter decomposition satisfies ½hðmÞ; s� ¼
0 for all m ¼ 1;…;M and s∈S.

With these conditions, PS ¼ fσ ∈Pjσ ¼ sσs†; ∀ s∈Sg
is equivalent to the original Pauli pool P

P ∼ PS: ðB10Þ

Proof. From Lemma B.1, it is sufficient to prove that
the condition B.1 holds for PnPS. One can show that
σ ∈PnPS anticommutes with some s∈S. Then,
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for σI ∈PnPS and σJ ∈PS

SIJ ¼ 2Rehψ jσIσJjψi ðB11Þ

¼ 2Rehψ jσIσJsjψi ðB12Þ

¼ 2Rehψ jð−sÞσIσJjψi ðB13Þ

¼ −SIJ: ðB14Þ

Thus, SIJ ¼ 0. The same argument holds for bI and hence
one can use Lemma B1. The remaining part of the proof is
just using induction for each step. ▪
Proposition B3. Suppose that a Pauli pool P reduces to

PA and PB according to Lemma B1. Then the intersection
of PA and PB is equivalent to the original Pauli pool P

P ∼ PA ∩ PB: ðB15Þ

Proof. By assumption, there are subsetsPA ¼ PnPA and
PB ¼ PnPB for the case of PA and PB, respectively, that
satisfy the reduction condition (B2) replacing P0 with PA,
PB. Then one can show that their union PA ∪ PB also
satisfies the reduction condition (B2). Thus, the comple-
ment of the union is equivalent to the original Pauli pool P,
i.e.,

PnðPA ∪ PBÞ ¼ PA ∩ PB ðB16Þ

where the equality follows from De Morgan’s laws. ▪
Corollary B1. Suppose that the conditions in Prop. B1

and Prop. B2 are satisfied. Then the intersection of Podd
and PS is equivalent to the original Pauli pool P

P ∼ Podd;S; ðB17Þ

where we use Podd;S ¼ Podd ∩ PS .
Remark B1. The following statement does not hold in

general:

P ∼ P0 ⇒ P ∼ P ∩ P0: ðB18Þ

Choosing different representatives in Prop. B.4 gives a
counterexample.
Proposition B4. The original Pauli pool P can be

reduced to the intersection of the odd Pauli pool Podd
and the quotient Pauli pool of S-action PS=S

PS ∼ PS=S: ðB19Þ

Proof. Suppose that σk and σl belong to the same
equivalence class. Then there exists some s∈S such that

σk ¼ ηklσl · s; ðB20Þ

where ηkl ¼ �1. Thus,

hψ jσk†hðmÞjψi ¼ hψ js†ηklσl†hðmÞjψi ¼ ηklhψ jσl†hðmÞjψi;
ðB21Þ

and therefore

bðmÞ
σk ¼ ηklb

ðmÞ
σl : ðB22Þ

A similar argument can be applied to the matrix S and we
have

S ¼

0
B@

S0 xk ηklxk
x⊤k 2 ηkl2

ηklx⊤k ηkl2 2

1
CA; ðB23Þ

b ¼

0
B@

b0

bk
ηklbk

1
CA: ðB24Þ

Now, let a be a solution to the linear equation Sx ¼ b.
Writing a⊤ ¼ ða0⊤ ak alÞ, one finds that

ã ¼

0
B@

a0

ak þ ηklal
0

1
CA ðB25Þ

is also a solution to the same linear equation. Hence,
instead of using the Pauli pool PS, one can use PSnfσlg
with

S̃ ¼
�

S0 xk
x⊤k 2

�
; ðB26Þ

b̃ ¼
�
b0

bk

�
; ðB27Þ

ã ¼
�

a0

ak þ ηklal

�
; ðB28Þ

which produces the same result. Therefore PS ∼ PSnfσlg.
Repeating this argument for all equivalent classes and for
all non-representative elements in each class, we have

PS ∼ PS=S: ðB29Þ

▪
Corollary B2. Suppose that those conditions in the

previous propositions are satisfied. Then the intersection
of Podd and PS=S is equivalent to the original Pauli pool P

P ∼ Podd;S=S: ðB30Þ
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APPENDIX C: REDUCED PAULI POOL
IN Z2 LGT

In this Section, we provide the proofs of propositions
regarding the cost reduction in Z2 LGT, which are given in
Sec. III B.
Proposition C1. The number of elements in PG;odd is

given by

jPG;oddj ¼ 2nlinkðDÞ−1 × ð2nplaqðDÞ − 1Þ: ðC1Þ

Proof. The Pauli pool PG;odd is given by

PG;odd ≔ PG ∩ Podd ðC2Þ

¼ fσ ∈PjsuppðσX̄Þ∈Γ;

∧ numYðσX̄Þ≡ 1 ðmod 2Þg: ðC3Þ

Pauli strings σ for a fixed support D ¼ suppðσÞ satisfying
the above condition can be constructed as follows (see
Fig. 8 for an example):
(1) Partition the support as D ¼ DX⊔DX̄, where

DX ≔ suppðσXÞ and DX̄ ≔ suppðσX̄Þ.
(2) Assign I, X and Y, Z for each qubit q∈DX and

q∈DX̄, respectively.
If one chooses the partition in the first step so that it
satisfies the first condition in (C3), each choice corresponds
to choosing a set of plaquettes, which specifiesDX̄ ∈Γ. The
number of such sets is given by

2nplaqðDÞ − 1; ðC4Þ

where we exclude the configuration with jDX̄j ¼ 0, since
this breaks the second condition numYðσX̄Þ.
OnceDX andDX̄ are fixed, we assign fI; Xg or fY; Zg to

each qubit in the supports. Let us denote the weights of the
Pauli strings as

wX ≔ wtðσXÞ ¼ jDXj; ðC5Þ

wX̄ ≔ wtðσX̄Þ ¼ jDX̄j: ðC6Þ

The Pauli string σX can be taken from fI; Xg⊗wX . The
number of choices is given by 2wX. On the other hand,
σX̄ can be fixed with the condition numYðσX̄Þ being
satisfied. The number of possible strings is given as11

XwX̄

k¼1;
k≡1 ðmod 2Þ

�
wX̄

k

�
¼ 2wX̄−1: ðC11Þ

Thus, for each partition D ¼ DX⊔DX̄, the number of
possible Pauli assignments is given by

2wX × 2wX̄−1: ðC12Þ

On the other hand, since D is a disjoint union of DX
and DX̄, we have

wX þ wX̄ ¼ jDj ¼ nlinkðDÞ; ðC13Þ

independent of the way of partitioning. Thus, the number of
possible Pauli strings for each partition is given by

2nlinkðDÞ−1: ðC14Þ

Therefore, the total number of Pauli strings is obtained by
multiplying the number of possible partitions by the above
factor as

2nlinkðDÞ−1 × ð2nplaqðDÞ − 1Þ: ðC15Þ

▪
Proposition C2. The number of elements in PG;odd=G is

given by

jPG;odd=Gj ¼
2nlinkðDÞ−1 × ð2nplaqðDÞ − 1Þ

2nGðDÞ : ðC16Þ

FIG. 8. Example of a partition and Pauli assignment for a four
plaquette support D, shown as blue links. Green links denote a
specific partition DX̄ ¼ suppðσX̄Þ∈Γ and green plaquettes de-
note the corresponding plaquette excitation. Magenta links show
the support for the other part, DX ¼ suppðσXÞ ¼ DnsuppðσX̄Þ.

11The equality can be shown as follows. First, we have

2n ¼ ð1þ 1Þn ¼
Xn
k¼0

�
n

k

�
; ðC7Þ

0n ¼ ð1 − 1Þn ¼
Xn
k¼0

�
n

k

�
ð−1Þk: ðC8Þ

Therefore, we obtain

Xn
k¼1;

k≡1 ðmod 2Þ

�
n

k

�
¼
Xn
k¼0

�
n

k

�
1 − ð−1Þk

2
ðC9Þ

¼ 2n − 0n

2
¼ 2n−1: ðC10Þ
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Proof. Suppose gn is a bulk Gauss’s law operator in the
support of a Pauli pool P. Then the right action of gn on
P is given by the right multiplication of X on each Pauli
matrix

IX ¼ X XX ¼ I YX ¼ −iZ ZX ¼ iY: ðC17Þ

This means that the action of gn does not mix σX and σX̄,
σ ¼ σX ⊗ σX̄ → �σ0X ⊗ σ 0̄X with suppðσXÞ and suppðσX̄Þ
unchanged. Consider σ ¼ σX ⊗ σX̄ ∈PG;odd, which thus
satisfies the conditions (C3). Since all closed loops on the
square lattice always have an even number of links, we
have

numYðσX̄Þ≡ numZðσX̄Þ mod 2: ðC18Þ

Thus, the exchange of Z and Y induced by the action (C17)
does not change the parity condition numYðσX̄Þ. Hence, one
finds

σ · gn ∈PG;odd: ðC19Þ

Moreover, we also have

ðσ · gnÞ · gn ¼ σ · g2n ¼ σ: ðC20Þ

Therefore, the right action of gn induces a free Z2 action
on P. Consequently,

jPG;odd=fgngj ¼
jPG;oddj

2
; ðC21Þ

for a fixed gn. Repeating the same argument for all bulk
Gauss’s laws gn ∈G, we have

jPG;odd=Gj ¼
jPG;oddj
2nGðDÞ ; ðC22Þ

provided that these Gauss’s law operators are indepen-
dent. ▪

APPENDIX D: ADDITIONAL NUMERICAL
RESULTS

We present additional numerical results for the larger
coupling value λ ¼ 3.5, which is above the thermody-
namic-limit critical coupling λc ¼ 3.04438 [62]. Figure 9
shows the imaginary-time dependence of the relative error
for λ ¼ 3.5, corresponding to Fig. 5 in the main text for
λ ¼ 0.5. Figure 10 shows the dependence of the final
relative error on the imaginary-time step Δτ, corresponding
to Fig. 6 in the main text for λ ¼ 0.5 and 2.0. The
qualitative behavior is similar to that observed at λ ¼ 2.0.

FIG. 9. Relative error of classically simulated QITE and ITE for
ðNx

site; N
y
siteÞ ¼ ð3; 3Þ, and λ ¼ 3.5, with open boundary condi-

tions. The initial state is the ground state of the electric term, and
the Pauli pool is composed of the set of plaquettes. The plot
shows relative error as a function of imaginary time τ with the
coupling value λ ¼ 3.5 fixed.

FIG. 10. Relative error of classically simulated QITE and ITE
at the final imaginary time with respect to the DMRG energy as a
function of imaginary time step. System size is ðNx

site; N
y
siteÞ ¼

ð3; 3Þ, and λ ¼ 3.5, with open boundary conditions. The initial
state is the ground state of the electric term. The QITE and ITE
series correspond to results obtained using QITE and ITE,
respectively.
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