
High-resolution cosmological simulations of primordial dark matter
clustering under long-range and fractional forces

Derek Inman *

RIKEN Center for Interdisciplinary Theoretical and Mathematical Sciences (iTHEMS),
Wako, Saitama 351-0198, Japan

(Received 16 March 2026; accepted 15 September 2026; published 26 October 2026)

Long-range attractive fifth forces can lead to exponential instabilities in the early Universe. For fermions
with a Yukawa coupling to a sufficiently light scalar mediator, rapid oscillations of the scalar field can lead
to a conservative force law with fractional behavior on sufficiently large scales. We study cosmological
systems evolving under a Newtonian potential and this fractional potential using high-resolution N-body
simulations. If compared at sizes approaching an effective scalar Compton length, we find that halos that
form under the fractional potential are much more dense than those that form under the Newtonian
potential. However, we also find that at this point the scalar field may develop large fluctuations and be
nonperturbative, which will modify subsequent clustering and collapse.
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I. INTRODUCTION

Instabilities from long-range forces are well known in
astrophysics, from the Jeans instability in self-gravitating
systems [1] to various electromagnetic instabilities in
plasmas [2]. In cosmology, the observed clustering of
matter, primarily composed of the unknown cold dark
matter (CDM), arises due to the partial suppression of the
gravitational instability by cosmic expansion [3] and is a
key piece of evidence for the ΛCDM model [4]. An
important question is to what extent this dark matter can
interact nongravitationally, such as scattering with
baryons [5,6], couplings to dark energy [7–9], or through
self-interactions [10,11]. If such interactions are short
range, collisional behavior can manifest as friction or
heating if frequent [12–14] or as rare pairwise scatterings,
which nonetheless can lead to dramatic effects like core
collapse [15,16]. On the other hand, if they are long range,
then the interacting dark matter may behave more like a
collisionless gravitational [17,18] or plasma [19–22] sys-
tem with particles interacting collectively with a mean field.
Attractive long-range forces can significantly accelerate

structure formation leading to nonlinear fluctuations—
halos—even in the radiation era [23]. A simple way to
realize this is with Yukawa couplings between a scalar
field (the force mediator) and fermion particles (the dark

matter) [24]. Such couplings occur in the standard model
and are also well motivated by asymmetric dark matter
models [25], with a concrete model related to early halo
formation being given in [26]. The formation of such halos
in an otherwise nearly homogeneous early Universe can
have numerous consequences including baryogenesis [27],
gravitational waves [28,29], and magnetogenesis [30].
Even if the fermions are not all the dark matter today,
they may have played an important role in producing the
CDM either by heating the plasma to reintroduce freeze-out
at lower redshifts [31] or collapsing into primordial black
holes (PBHs) [24,26,32]. Since PBHs can form much later
in this scenario than the standard one, some constraints do
not apply [33] allowing such PBHs to impact supermassive
black hole formation [34] or explain the γ-ray excess in the
Galactic Center [35,36].
If the scalar field is massless, the force is effectively the

same as the gravitational one on subhorizon scales; how-
ever, the fermions periodically become relativistic as they
propagate through the scalar medium [37] (see also [38] for
more general contexts). This situation can be avoided if a
scalar mass is introduced, at the cost of having a finite range
for the interaction [39]. That is, halos that are larger than the
scalar Compton wavelength will not form from this force.
Curiously, however, Ref. [39] found that if the scalar
potential is dominated by a quartic self-interaction, the
potential is only partially screened as the effective scalar
mass periodically oscillates to zero. If the frequency is fast
compared to the fermion dynamics, then the oscillation-
average force is stable in comoving coordinates and
long range.
The formation of halos under such a screened force

was demonstrated using N-body simulations in [39].
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However, because the simulations evolved the oscillating
system they were by necessity very low resolution and the
nonlinear regime could not be fully studied. The goal of the
present work is to implement the oscillation-averaged force
law into high-resolution simulations and to determine the
extent that early Universe structure is sensitive to different
attractive force laws. Section II provides an overview of the
long-range forces considered in this paper and also serves
as a brief review of Ref. [39] such that the present paper is
self-contained. Section III describes our implementation of
these forces using a high-resolution P3M force calculation
and presents a comparison of the density statistics of fields
evolved under the oscillation-averaged potential to a more
standard 1=r potential. Finally, Sec. IV discusses how the
fractional force law begins to break down once the scalar
field becomes sufficiently nonlinear.

II. LINEAR POTENTIALS

In this section, we show how the combination of higher-
order, scalar field self-interactions with scalar-fermion
Yukawa interactions can lead to long-range forces with
fractional force laws. Throughout this section, we will
assume that both the scalar and fermions can be linearized.
The cosmological case with quartic self-interactions (cor-
responding to m ¼ 2 below) was originally pointed out in
Ref. [39] and the reader is referred there for a more
thorough discussion, noting that the notation has been
simplified here to reflect the oscillation-averaged limit.

A. Force classification

Before discussing specific models, we provide in this
section some basic definitions and discussion on long-
range and fractional forces. Specifically, we will consider

conservative forces, F⃗ ∝ −∇!Φ, where the potential Φ
satisfies a linear elliptic equation,

Ŷ−1Φ≡ ð∇2 − ξ−2ÞΦ ¼ S; ð1Þ

where Ŷ is a linear operator containing a Laplacian and a
Debye-like screening parameter ξ, while S is a source term,
both of which can be time dependent. When ξ ¼ 0, this

corresponds to the Newtonian or attractive Coulomb
operator Ĝ, which has the Green’s function G,

Gk ¼ −
1

k2
↔ Gr ¼ −

1

4πr
; ð2Þ

where subscript k and r indicate representations in Fourier
space and real space, respectively. For ξ > 0, we instead
have the Yukawa interaction with Green’s function Y,

Ykξ ¼ −
1

k2 þ ξ−2
↔ Yr=ξ ¼ −

exp½−r=ξ�
4πr

: ð3Þ

The Yukawa Green’s function can be related to the
Newtonian one via Ykξ ¼ AkξGk with

Akξ ≡ 1

1þ ðkξÞ−2 : ð4Þ

From a thermodynamics perspective (i.e., infinite par-
ticles at fixed density), forces are classified as long range if
their potentials decay slower than −1=r3 as subsystems are
then nonadditive [40]. In this work, we are more concerned
with the formation of quasistationary states—in cosmol-
ogy, halos—for which a more restrictive definition exists
based on dynamics in the mean-field limit (i.e., infinite
particles at fixed volume). Specifically, only a potential that
decays slower than −1=r2 is guaranteed to allow for halos
that virialize, but do not reach thermal equilibrium in finite
time [41]. For either definition, the Newtonian interaction is
an example of a long-range force, whereas the Yukawa
interaction is short range. On the other hand, if ξ is much
larger than the scale of the system (or a causal horizon), it is
still reasonable to refer to such a force qualitatively as long
range [40]. Collective effects become dominant over
individual scatterings when the number of particles per
Debye volume (∼ξ3) is large, which is called the collision-
less limit [19,40].
The operators Q̂−1 modeling the scalar force that we will

consider in the next section have Green’s functions Q that
are well approximated by

Qkξ̄ ¼ A
1

4m−4
kξ̄

Gk ↔ Qr=ξ̄ ¼
�

1F2

�
1

4m − 4
;
1

2
; 1;

r2

4ξ̄2

�
−

2ffiffiffi
π

p Γ
�
2m−1
4m−4

�
Γ
�

1
4m−4

� r
ξ̄ 1F2

�
2m − 1

4m − 4
;
3

2
;
3

2
;
r2

4ξ̄2

��
Gr; ð5Þ

where m ≥ 2 is an integer and ξ̄ is explicitly constant. For
r ≪ ξ̄, we have Qr=ξ̄ ≈ Gr, whereas for r ≫ ξ̄ we obtain
Qr=ξ̄ ∝ −1=rð2m−1Þ=ð2m−2Þ. We compare the Newtonian,
Yukawa, and Q in Fig. 1 where we find that the latter
lies between G and Y. We note that we have selected
different ξ̄ for each m based on Eq. (13) in the next section.

The fastest this potential can decay is as −1=r3=2 when
m ¼ 2 and so it is also long range by either definition.
However, this does not mean it is equivalent to other long-
range forces. The Newtonian interaction is particularly
special as it is independent of scale and so the shell theorem
holds [42]. The potential in Eq. (5) falls off faster than the

DEREK INMAN PHYS. REV. D 114, 083539 (2026)

083539-2



Newtonian potential, and so the relative effect of nearby
particles will be larger. Numerical simulations of a −1=r3=2
potential have shown that this leads to faster relaxation than
the Newtonian interaction for a finite number of particles
([43], see also [44]).
This potential can also be thought of as fractional as the

long-range behavior involves fractional powers of the
Laplacian, i.e.,

Q̂−1 ∼
	
−ð−∇2Þ4m−5

4m−4ξ̄−
1

2m−2 large scales

−ð−∇2Þ small scales:
ð6Þ

For a mathematical review on fractional Laplacians, we
refer the reader to [45], whereas a cosmology oriented
discussion can be found in Appendix A of [46]. We note
that, in general, the real and Fourier representations of
the Green’s function need not coincide for fractional
Laplacians, but they do for infinite and periodic boundary
conditions [45,47].

B. Fractional Yukawa forces

Fractional force laws approximately of the form in
Eq. (5) arise in nonexpanding spacetimes as the effective
force law mediated by a scalar field ϕ, with both a
monomial self-interaction of strength λ and a Yukawa
interaction with fermions ψ of strength y,

Veff ¼
λ

2m
ϕ2m þ yϕnψ ; ð7Þ

where nψ is the fermion particle density. The scalar
equation of motion is then given by the Klein-Gordon
equation,

ϕ̈ −∇2ϕþ ∂Veff

∂ϕ
¼ 0 ð8Þ

with ∂Veff=∂ϕ ¼ λϕ2m−1 þ ynψ . The case with m ¼ 1

corresponds to the standard Yukawa equation under which
the fermions interact via the potential given by Eq. (3),
whilem ¼ 2 is the cosmological case discussed in Ref. [39]
and in Sec. II C.
To show that this leads to fractional behavior, let us

now assume that the scalar field and fermions have a
meaningful background about which they can be expanded,
ϕ ¼ ϕ0ðtÞ þ ϕ1ðt; x⃗Þ and nψ ¼ n̄ð1þ δψðt; x⃗ÞÞ. The mean
fermion density n̄ is constant due to particle number
conservation. On the other hand, the mean scalar field
evolves according to

ϕ̈0 þ λϕ2m−1
0 þ yn̄ ¼ 0; ð9Þ

which can be constant, if Veff is minimized, but can also
change with time.
We can simplify this equation by using dimension-

less variables, ϕ0ðtÞ ¼ ϕ̄ν0ðθÞ with ϕ̄ ¼ ðyn̄=λÞ1=ð2m−1Þ
and θ ¼ ωϕt where the generalized Compton frequency
is ω2

ϕ ¼ ðλðyn̄Þ2m−2Þ1=ð2m−1Þ, leading to the scale-free
equation

d2ν0
dθ2

þ ν2m−1
0 þ 1 ¼ 0: ð10Þ

When the scalar field is small, ν0 ∼ ν00 ∼ 0, the Yukawa
interactions dominate the self-interactions leading to
ν0 ≈ −θ2=2. When the self-interactions dominate, ν0 ≪ 0,
they instead provide a restoring force and return the scalar
field to the origin. We show this result for various monomial
powers in Fig. 2.

FIG. 1. Scale dependence of the Newtonian interaction (G), the
Yukawa interaction (Y), and various fractional interactions (Q).
The values of ξ=l are chosen for each m to match the fifth force
arising in scalar-fermion systems.

FIG. 2. Background evolution of a scalar field for various scalar
self-interactions ∝ ϕ2m. When the scalar field is large (ν0 ≪ 0) its
potential is dominated by self-interactions (∝ ν2m0 ), whereas when
it is small (ν0 ∼ 0) it is dominated by the Yukawa interactions and
the scalar field behaves parabolically ν0 ≈ −θ2=2.
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The dynamical evolution of the perturbed scalar field is
given by an inhomogeneous nonlinear wave equation,
which is, in general, very difficult to solve but reduces
in the nonrelativistic limit to the Poisson-like equation,

ð∇2 −M2
ϕÞϕ1 ¼ yn̄δψ ; ð11Þ

whereM2
ϕ ¼ λððϕ0 þ ϕ1Þ2m−1 − ϕ2m−1

0 Þ=ϕ1 is the effective
mass of the scalar field. If we now furthermore assume
that the scalar field can be treated perturbatively, then
M2

ϕϕ1 ≈ ∂
2Veff=∂ϕ2 ¼ λð2m − 1Þϕ2m−2

0 ϕ1 ¼ l−2ν2m−2
0 ϕ1

with l ¼ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m − 1

p
ωϕÞ−1 being a generalized Compton

length scale. Under these two approximations, the scalar
equation becomes Eq. (1) with ξ=l ¼ 1=jν0jm−1.
As pointed out in Ref. [39] for the quartic potential,

ν0 → 0 periodically, and so it is clear that the Yukawa
potential Ykξ is at least occasionally long range for m ≥ 2.
Furthermore, the timescale of these oscillations is ∼ω−1

ϕ

which can be very small for systems with sufficiently high
n̄. In this case, the oscillations may be significantly faster
than the fermion dynamics and we can perform an
oscillation average of Ykξ, which we define as Qkξ̄ ¼
hYkξi ¼ hAkξiGk with

hAkξi ¼
1

P

Z
P

0

1

1þ ν2m−2
0 =ðklÞ2 dθ; ð12Þ

where P is the period of oscillations. For m ¼ 1 this is
simply the constant Yukawa interaction, hAkξi ¼ Akl. For
m ≥ 2 the oscillation average can be computed numeri-
cally; however, we can extract the long-range behavior,
kl ≪ 1, analytically by noting that in this regime only ν0 ∼
−θ2=2 ∼ 0 contributes significantly to the integral

hAkξikl≪1 ≈
1

P

Z
∞

0

1

1þ ð−θ2=2Þ2m−2=ðklÞ2 dθ

¼ 2
ffiffiffi
2

p

P
Γ
�
4m − 5

4m − 4

�
Γ
�
4m − 3

4m − 4

�
ðklÞ 1

2m−2

≡ ðkξ̄Þ 1
2m−2: ð13Þ

Reference [39] found that hAkξi ≈A1=4
kξ̄

is a very good
approximation for m ¼ 2 even with an approximate rela-
tion for ξ̄=l. We generalize this result to higher m in

Eq. (5): hAkξi ≈A1=ð4m−4Þ
kξ̄

with ξ̄ related to l based on

Eq. (13). We demonstrate the accuracy of the approxima-
tion for a variety of m in Fig. 3, finding that the maximum
deviation is around ∼2%. We further note that Ref. [39]
found an exact solution to Eq. (10) with m ¼ 2 in terms of
elliptic Jacobi equations which yields for the period P ¼
ð4 ffiffiffi

π
p

=21=6ÞðΓ½7=6�=Γ½2=3�Þ and so ξ̄ ≈ l=1.89735.

C. Validity for dark matter

In an expanding Universe, where background and
perturbations can be properly modeled, the Klein-
Gordon equation additionally depends on the scale factor a,

ϕ00 þ 2
a0

a
ϕ0 −∇2ϕþ a2

∂Veff

∂ϕ
¼ 0; ð14Þ

where primes denote derivatives with respect to conformal
time η defined by adη ¼ dt. Following Ref. [39], we can
simplify this substantially via the transformation ϕ ¼
ðai=aÞφ after which we obtain

φ00 −
a00

a
φ −∇2φþ a3

ai

�
λ
a2m−1
i

a2m−1 φ
2m−1 þ ynψ

�
¼ 0: ð15Þ

In the radiation-dominated Universe, we have that a ¼
Hia2i η and so a00=a≡ 0. If we furthermore assume non-
relativistic fermions nψ ¼ nia3i =a

3ð1þ δψÞ, we see that if
m ¼ 2 then Eq. (15) is equivalent to Eq. (8) with the
associations t → η, λ → λa2i , and yn̄ → ynia2i . Using the
same steps as before to get to Eq. (10), we have then that
ϕ̄ ¼ aiφ̄ ¼ ðynia3i =λÞ1=3 and ω2

φ ¼ ðλðynia3i Þ2Þ1=3 from
which we see that ω2

φ is sourced by the comoving fermion
number density nia3i ¼ const. The corresponding cosmo-
logical Compton length scale l, which we now associate
with ω2

φ ¼ ð3lÞ−2, is therefore constant in comoving
coordinates.

FIG. 3. Ratio of approximate potential Q in Eq. (5) to the
numerical evaluation of Eq. (12). The top panel shows the Fourier
space calculation, whereas the lower panel shows the correspond-
ing real-space calculation. For large m, the real-space curves are
truncated due to numerical oscillations when evaluating 1F2 with
large arguments.
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Now let us consider the dynamics of the fermions in this
same epoch, again following Ref. [39]. At the background
level, the fermions have an effective massmeff ¼ mψ þ yϕ0

which decays tomψ provided yφ̄=mψ ≪ 1 and so the effect
can be neglected. The linear equations of motion are then
given by

η2δ00ψ þ ηδ0ψ ¼ s
4

k2

k2 þM2
φ
δψ ≈

s
4
hAkξiδψ ; ð16Þ

where

s ¼ 12y2
M2

pl

m2
ψ

mψni
ρi

a
ai

¼ si
a
ai

ð17Þ

and ρi is the background radiation density with ρi ¼
3H2

i M
2
pl and M2

pl ¼ ð8πGÞ−1. The growing solution for
the fermion density contrast is then

δψðs; kÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Δ0ðkÞ

p I0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffihAkξis

p Þ
I0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihAkξis0
p Þ ; ð18Þ

where we can take s0 → 0 with nonzero Δ0.
The density contrast on scales kξ̄ ≫ 1 begins to grow

significantly after s ¼ siη=ηi ≳ 1, suggesting the appropri-
ate fermion timescale is ω−1

ψ ¼ ηi=si. As discussed in
Ref. [39], the oscillation-average procedure should be
appropriate when the typical scalar oscillation timescale
is much smaller

ω−1
φ

ω−1
ψ

¼ 12

�
1

λ1=6y1=3

��
y2

m2
ψ=M2

pl

��
mψni
ρi

Hi

n1=3i

�
≪ 1: ð19Þ

The first term in the parentheses corresponds to the mean-
field limit, which should be valid provided there are a large
number of particles within a characteristic volume,

nia3i ð
ffiffiffi
3

p
lÞ3 ¼ 1ffiffiffi

λ
p

y
≫ 1; ð20Þ

or, in other words, we need fairly small couplings. The
second term corresponds to the relative strength of the fifth
force to gravity. Like other forces, we expect that the scalar
force is stronger than gravity, implying

1≳ y ≫ mψ=Mpl: ð21Þ

So far, the requirements of Eqs. (20) and (21) oppose
Eq. (19). However, the third term in Eq. (19) can be very
small. For instance, if the fermions are stable and make
up all the dark matter, then mψni=ρi ∼ ai=aeq and

ðai=aeqÞðHi=n
1=3
i Þ ∼ 10−25ðmψ=GeVÞ1=3. Note that this

quantity is independent of the arbitrary parameter ai and

so Eq. (19) is either always satisfied or never satisfied in the
radiation era.
The next section describes numerical simulations in the

limit set by Eq. (19). While this allows us to model
nonlinear density fields, it remains in the same simplified
system discussed here and in Ref. [39]: in a radiation-
dominated Universe with relevant scales being subhorizon
and appropriate thermodynamic considerations satisfied
(see also [37]); with gravitational accelerations that are
negligible1; using growing-mode Gaussian initial condi-
tions rather than a consistent inflationary treatment (one
such example being [26]) and assuming negligible quantum
corrections to the quartic potential (see, e.g., [48,49] for
discussions in other contexts.)

III. QUASILINEAR SIMULATIONS

The cosmic fermion density field becomes nonlinear
exponentially fast, and so studying its dynamics requires
nonlinear modeling. Initially, however, the scalar field
fluctuations remain small and can be modeled by the linear
Poisson-like equations sourced by the nonlinear fermion
density. Reference [39] previously solved this system using
N-body simulations that had very short time steps in order
to resolve the scalar oscillations controlling the effective
fermion mass meff and the effective force length scale ξ̄.
Unfortunately, these requirements necessitated a very low-
force resolution (a particle mesh calculation), even for
parameters that only mildly satisfied the oscillation-average
approximation and which are far away from cosmologically
relevant values. The high level of force softening further
made it difficult to study the nonlinear density field deep
inside halos. Our goal in this section then is to replace this
calculation with one assuming the oscillation-average
procedure, and then use a higher-resolution force calcu-
lation. For the fractional force, we make use of Eq. (5) with
m ¼ 2 throughout.
We have also implemented simulations using the

Newtonian potential, which corresponds to simply replac-
ing Q with G in the subsequent equations. On physical
considerations, a truly massless scalar field leads to
relativistic fermions [37]; however, we could consider it
to represent the quadratic case in [39] where am−1

ϕ is simply
large compared to the simulation volume so that Y ≈ G.
Similarly, we could consider this as the dynamics of the
m ≥ 2 potential on wave numbers much larger than ξ̄−1 as
again Q ≈ G. To be explicit, these simulations are to model
Yukawa-type interactions and not the gravitational accel-
erations, which are always neglected.

1The omitted gravitational term is ð3=2Þða=aiÞðmψni=ρiÞδψ
on the right-hand side of Eq. (16). Requiring this to be much
smaller than ðs=4ÞhAkξiδψ and assuming Eq. (21) then requires
kξ̄ ≫ 1=ð ffiffiffi

2
p

yMpl=mψ Þ4.
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A. Equations of motion

Our first goal is to find the correct oscillation-averaged
equations of motion. The general form of Hamilton’s
equations is given by [39]

dx⃗
dη

¼ p⃗
ameff

;
dp⃗
dη

¼ −aiy∇!φ1; ð22Þ

where x⃗ is the comoving particle coordinate and p⃗ ¼ meff v⃗
is the conjugate momentum. We now assume that all
nonoscillating quantities (x⃗, p⃗, s, δψ ) are constant over a
period of scalar oscillations, Δη ¼ P=ωψ . Based on the
arguments and calculations in Ref. [39], we furthermore
assume that meff decays rapidly to mψ and that its
oscillations can also be neglected. Taking the oscillation
average of the equations of motion then leads to

x⃗ðηþ ΔηÞ − x⃗ðηÞ
Δη

¼ 1

Δη

Z
ηþΔη

η

p⃗
amψ

dη0 ð23Þ

≈
v⃗
a

ð24Þ

and

mψ
v⃗ðηþ ΔηÞ − v⃗ðηÞ

Δη
¼ −

aiy
Δη

Z
ηþΔη

η
∇!φ1ðη0; xðη0ÞÞdη0:

ð25Þ

When Δη is small, the first equation is simply a definition
of the derivative. The second, however, defines the oscil-
lation-averaged acceleration if we assume that the particle
trajectory over a period is effectively constant, x⃗ðη0Þ ≈ x⃗.
Assuming Δη is sufficiently small, we therefore replace
Hamilton’s equations with

dx⃗
dτ

¼ v⃗;
dv⃗
dτ

¼ −∇Φ; ð26Þ

where adτ ¼ dη ≫ Δη is the superconformal time [50]
and Φ is the oscillation average of aðaiy=mψÞφ1 ¼
ðy=mψ Þa2ϕ1 satisfying the fractional equation

ðHia2i Þ−2Q̂−1Φ ¼ s
4
δψ : ð27Þ

In practice, we can also compute additional corrections to
these equations that are also linear in the potential Φ. We
provide these in Appendix A and show that the non-
decaying term is suppressed by Eq. (19).
To solve these equations numerically, we use

dimensionless simulation units and a drift-kick-drift leap-
frog algorithm as in Ref. [39]. We also use compa-
rable time step criteria, keeping dt ¼ d log s ≤ 0.01,
dt ≤ log½1þ 0.25=s� → ds < 0.25, dt ≤ rmin=max½vp�,

and dt ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.04rmin=max½ap�

p
. Crucially, we no longer

need to limit the time step based on the oscillating scalar
field as we are now using oscillation-averaged equations.

B. P3M force calculation

When computing forces with high resolution, it is
common to split the calculation into long- and short-range
components that are evaluated using different techniques.
Here, we use a particle-particle particle-mesh (P3M) force
calculationwherewe evaluate the long-range force spectrally
(Q → Qkξ̄) and the short-range force directly (Q → Qr=ξ̄).
To compute the P3M force, we need to first split the force

into the PM and PP portions, as well as provide a softening
scheme for the latter. In general, these are fairly standard
procedures used in large-scale structure for gravitational
forces [51–53] and our goal here is to adapt them to the
scale-dependent scalar force.

1. PM force

To obtain the grid-based PM acceleration, we first
compute the density field δψ by interpolating the N-body
particles to a cubical grid using the cloud-in-cell (CIC)
interpolation scheme. The density field is then Fourier
transformed and multiplied with the long-range part of the
Green’s function, which we define via a Gaussian splitting
kernel, Q̃kξ̄ ¼ exp ½−ðkrsÞ2�Qkξ̄. Even for gravitational
forces, there are several ways of implementing the
Fourier space kernel [54]. We opt for a modified version
of kernel (iv) in [54] (and related to that of [55]),

∇! Q̃ → iD⃗kQ̃kξ̄W
−2
CIC; ð28Þ

whereWCIC is the CIC convolution kernel, D⃗k corresponds
to the finite-difference gradient operator in Fourier space
and we have replaced the gravitational kernel withQkξ̄. The
field is then transformed back into Fourier space, multiplied
by s=4 to yield the acceleration, and then reinterpolated
back to the particle position using the same CIC scheme in
order to conserve momentum.

2. PP force

We next consider the pairwise PP force between
particles that are a distance r apart. In Fourier space, the
short-range part of the Green’s function is simply
ð1 − exp ½−ðkrsÞ2�ÞQkξ̄, but in real space there is a non-
trivial convolution of Qr=ξ̄. To simplify the calculation, we
can set the splitting scale to be substantially less than
the Compton length, rs ≪ ξ̄ such that Q ≈ G. The con-
volution with the Newtonian potential is exact and
leads to a multiplicative factor in real space as well,
G̃r ¼ erfc½r=ð2rsÞ�Gr [53]. When computing the short-
range scalar force, we assume this same multiplica-
tive factor can be used as well; however, because the
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convolution is no longer exact, it is ambiguous in real space
whether the approximation G → Q should be made for the
potential kernel or the acceleration kernel. We opt for the
latter, and, as we are assuming r ≪ ξ̄, we Taylor expand
the acceleration Green’s function

−4πr2Q0
r=ξ̄≪1

≈ 1 −
1

8

�
r
ξ̄

�
2

þ 4

9
ffiffiffi
π

p Γ
�
7
4

�
Γ
�
1
4

�
�
r

ξ̄

�
3

−
5

256

�
r

ξ̄

�
4

ð29Þ

such that the pairwise acceleration between two particles is
given by

a⃗PP ¼ −
r⃗

4πr3
ð−4πr2Q0

r=ξ̄≪1
Þ s
4

ðHia2i Þ2
ni

×

�
erfc

�
r
2rs

�
þ rffiffiffi

π
p

rs
exp

�
−
�

r
2rs

�
2
��

: ð30Þ

For softening, we assume the particles are a uniform sphere
such that the force law is further transformed below a scale
rmin [56],

1

4πr3
→

1

4πr3min

�
8 − 9

r
rmin

þ 2

�
r

rmin

�
3
�
: ð31Þ

In practice, we tabulate ja⃗PPj=r and then later interpolate to
find the acceleration. As such, in the future we could
remove some of the approximations we have made, e.g., by
numerically performing the convolution with a Gaussian or
by using the numerical evaluation of Eq. (12). Our
numerical implementation of the calculation follows the
description in Ref. [52], utilizing a linked list and looping
over grid cells without repeating symmetric calculations to
optimize speed.

3. Accuracy

So far, we have focused on the overall procedure; here
we describe our specific implementation and accuracy tests.
We first specify the characteristic fifth force length scale in
grid cells via l=L ¼ nl=nc where L is the simulation
volume and nc is the number of grid cells in the PM
computation. Based on the tests in Ref. [39] we choose
nl ¼ 12 and use grids of size nc ¼ 768. For the force
splitting, we use a value of rs ¼ 1.15 and compute the PP
force in a cubic volume up to four grid cells away. For the
softening length, we use rmin ¼ 0.15, approximately a tenth
of the interparticle distance. To quantify accuracy we use a
similar force test as in Ref. [39]: we set one massive particle
at a random location, and then compute the acceleration of
999 other massless particles with different r and oriented
randomly. We then repeat this process 1000 times in order
to obtain variances. We show the result of this calculation in
Fig. 4. We find the maximum variance occurs around the

force splitting scale and is typically no more than ∼1%. The
largest errors correspond to the region between 4 and 5

ffiffiffi
3

p
grid cells, which is where particles may or may not have a
PP force depending on their orientation with respect to the
grid. In the bottom panel, we show the relative error
between our numerical calculation of the force and the
forces corresponding to the approximate Eq. (5) (i.e.,
∝ ∂Qr=ξ̄=∂r) and the exact Eq. (12) (i.e., ∝ h∂Yrξ=∂ri),
finding that they have comparable percent-level errors.
In addition, a particle’s location relative to the grid can

induce force artifacts that can build up over time. A
common way to reduce such errors is to uniformly shift
particle positions so that they do not repeatedly have the
same force error [52,55]. We therefore add a random shift
up to five grid cells per dimension to the particle positions
at the beginning of each time step and subtract the same
random offset at the end of the time step.

C. Initial conditions

We assume that fluctuations are initially Gaussian with a
power-law initial spectrum

Δ2
0 ¼

�
k
k0

�
2ðn0−1Þhδ20iV; ð32Þ

where subscript V indicates a volume average (rather than
a periodic average). We set the initial variance as
hδ20iV ¼ 10−6, the pivot scale to be k0l ¼ 4=Δ1=3

cr with

FIG. 4. Top: P3M force calculation for an inverse square law
(green) and the oscillation-averaged scalar force (blue). Solid
lines show the mean of 1000 repetitions, while shaded regions
show the 1σ standard deviation. The vertical gray line shows the
softening length, while the shaded gray region indicates where
the grid geometry affects whether the PP force is calculated.
Bottom: shaded regions show the standard deviation without the
mean. The solid curves show the fluctuation between the mean
force and the approximate force based on Eq. (5) (purple) and an
exact oscillation-averaged force calculation (black). Both theo-
retical and numerical errors are around ∼1% (shown as dotted
horizontal lines).
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Δcr ¼ 200, and the spectral index as n0 ¼ 1 (flat, similar to
Ref. [39]) or n0 ¼ 2 (blue tilted). Simulations are not
started at s ¼ 0, but rather at some later time si ¼ 10−2. For
a physical model, we should set si based on Eq. (17), but in
practice, we treat it as a free parameter and choose
si ¼ 10−2. A similar consideration holds for k0 when
n0 ≠ 1, although in this case it concerns where Δ2

0 ∼ 1

relative to l−1.
For our comparison simulation using G, the n0 ¼ 1 case

cannot be simulated correctly as the largest scales will be
dominated by the periodic boundary conditions. As an
alternative, we add additional scale dependence in the
initial conditions such that the linear Δ2

ψ at a given final
scale factor sf is equivalent to that of the Q simulation.
To do this, we introduce an inverse transfer function

I0ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−k2Qkξ̄sf

q
Þ=I0ðsfÞ and can make use of the

approximation I0ðx≫1Þ≈exp½x�ð1= ffiffiffiffiffiffiffiffi
2πx

p þ1=8=
ffiffiffiffiffiffiffiffiffiffi
2πx3

p
þ

9=128=
ffiffiffiffiffiffiffiffiffiffi
2πx5

p
Þ. We therefore have three initial power

spectra for four simulations.
We now need to express δψ ðsiÞ in terms of particles,

which is typically done through the use of the Zel’dovich

approximation ∇! · Ψ⃗ ¼ δψ , with Ψ⃗ being the displacement
field [57]. Here we find a conceptual difference between
simulations in the matter era and the radiation era. In a
matter era, the growth rate is ∝ a and so it is sensible to
assume that there are no initial particle displacements, or
δ0 → 0 as a → 0. However, in a radiation era, this is not the
case, as δ0 remains finite as s0 → 0. In other words, there is

a nonzero primordial displacement ∇! · Ψ⃗0 ¼ δψ ðs0Þ and

whether to move the particles by Ψ⃗ or Ψ⃗ − Ψ⃗0 is unclear.
We consider this ambiguity in more detail in

Appendix B. In practice, we do not find much difference
based on how we initialize particles, and so we have opted
to use a standard approach using Ψ⃗ [see Eq. (B1)],
primarily because it allows us to straightforwardly have
fewer particles than grid cells. Specifically, we use a body-
centered cubic lattice with Np ¼ 2 × ðnc=2Þ3 total
particles [58,59]. For reference, we show the initial power
spectra at si in Fig. 5.

D. Correlation function

For studying the density field, we make use of the real-
space two-point correlation function ΞðrÞ.2 Commonly, this
calculation can be done either by Fourier transforming the
power spectrum [60]

Ξðr; sÞ ¼
Z

∞

0

Δ2ðk; sÞj0ðkrÞ
dk
k

ð33Þ

or in a pairwise manner between particles or galaxies [61].
Here, we instead compute it based off density fields using
the grid-based method described in [62]: given an initial
density grid, we compute correlations between cells a
distance of

ffiffiffi
1

p
,

ffiffiffi
2

p
, and

ffiffiffi
3

p
cells apart; then we reduce

to a smaller grid by a factor of 2 or 3 via averaging; we
repeat this process until the reduced grid size is just
one cell.
So far, we have not specified how to obtain the density

grid because the best choice of particle interpolation
schemes is not obvious. One option is to use the CIC
interpolation scheme, which we also used in the PM force
calculation. However, this scheme leads to an autocorre-
lation for individual particles, which is somewhat undesir-
able. Furthermore, reducing a grid by averaging is not
equivalent to interpolating directly to the smaller grid size.
The simpler nearest-grid-point (NGP) method has neither
of these issues, but has a less smooth density field with
potentially larger interpolation artifacts.
We provide some detailed tests of the particle interpo-

lation scheme in Appendix C 1. In general, we have opted
to use the NGP scheme for particle interpolation based on
the considerations above, but have confirmed that the
choice does not affect our results significantly. In order
to probe down to the softening scale, we use a grid size a
factor of 4 larger than in the P3M calculation (e.g., 3072
grid cells per dimension). Further convergence tests of our
results with respect to simulation parameters are provided
in Appendix C 2.
One exception to the above is during the initial linear

evolution. Here, the CIC scheme reproduces the smooth
density field well (with Poisson noise being canceled by the
lattice initialization), while NGP has large interpolation
errors when assigned to the grid. We therefore use the same
size grid as the PM force, the CIC interpolation scheme,
and have also shifted particles to a cell vertex by subtracting

FIG. 5. Initial power spectra at si ¼ 10−2. While the two n0 ¼ 2
simulations have the same initial power spectrum, the n0 ¼ 1
simulations are different at si but have the same linear power at a
later redshift.

2We use capital ΞðrÞ rather than the more common ξðrÞ to
avoid confusion with the length scale ξ.
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0.5 cells from each position. We show the correlation
functions of the initial conditions described above in Fig. 6.
To compare our numerical calculation with linear theory,
we have done slightly different calculations for each
simulation. In all cases, since the power spectrum at si
is very similar to s0, we simply show the ΞðrÞ at s0 curves
as these can be integrated more straightforwardly for
power-law initial conditions. The most difficult calculation
is the flat initial conditions (n0 ¼ 1;Q) as power from all
scales contributes equally. We therefore use Eq. (33) with
Δ2

0 set to 0 outside kmin ¼ 2π=L and kmax ¼ πnc=L where
L ¼ lnc=nl. For the scale-dependent n0 ¼ 1 case with G,
we instead perform the calculation numerically using
hankl [60] with kmin reduced and kmax increased by a
factor of 10 to reduce ringing. Finally, for the n0 ¼ 2 cases
we use ΞðrÞ ¼ hδ20iV=ðk0lÞ2ðrlÞ−2.
In general, we find good agreement between the grid-

based calculation and the analytic estimates based on power
spectra, except at very large scales. Matching such scales in
real space precisely is nontrivial (see [63]) and it could be
beneficial to reexamine our somewhat standard setup in
future calculations.

E. Simulation results

In this section, we present our results comparing halo
formation under the fractional Q potential to that of the
Newtonian potential G. In general, it is not obvious how to
best make this comparison. For instance, if we run
simulations with the same initial conditions for the same
amount of time, then the halos that form under G will be
substantially bigger than underQ. We therefore instead opt
to compare the simulations at the same characteristic halo
size. We define this as in Ref. [39], occurring when the
linear matter power spectrum is unity, Δ2ðs; knlÞ ¼ 1, and
relating to the typical halo mass by

Mhl ¼
4

3
πðmψnia3i ÞΔcrR3

hl ¼
4

3
πðmψnia3i Þk−3nl ; ð34Þ

where Δcr ≡ 200 is the mean overdensity of a halo. As
discussed in Sec. III C, we will further consider simulations
with the same initial conditions, i.e., the same δψðs0Þ for
n0 ¼ 2, and those with the same linear theory final
conditions, i.e., the same δψðsfÞ for n0 ¼ 1. Table I shows
the scale factors corresponding to a few characteristic halo
radii for each simulation setup.
We show a visualization of the spacetime evolution for

each of the four simulations in Fig. 7. Focusing on the
n0 ¼ 2 cases, the simulation with the Newtonian potential
(top panel) resembles the more familiar large-scale struc-
ture, having filaments connecting a web of halos, even at
the final redshift. Given that this simulation is scale-free
(both in initial conditions and potential interaction), we can
expect this to continue through larger scales until an
effective Compton length l is reached. The simulation
run with the fractional potential (upper middle panel)
represents such a case and we see that once scales
comparable to l−1 become nonlinear the structure has
collapsed into just halos, as was noticed in Ref. [39].
Alternatively, we can interpret the G simulation not as an
early phase of the Q one, but rather as a direct comparison
of how different potentials lead to different evolution. In
this interpretation, comparing the top panel to the three
other cases indicates that it is the scale dependence—either
of the force law or the initial conditions—that determines
the structure properties.
To be more quantitative, we now consider the real-space

correlation function. We start by comparing the matched
initial conditions simulations (the top two panels of Fig. 7)
and show ΞψðrÞ in Fig. 8 at various Rhl. We find that the
correlation function on small scales, related to typical halo
densities, is substantially larger for simulations evolved
under the Q potential. The reason for this enhancement is

FIG. 6. Two-point correlation function of the initial conditions.
Crosses and dots indicate the positive and negative values of the
correlation function measured from initial particle configuration.
Solid and dashed lines correspond to theoretical predictions at s0.

TABLE I. Evolution of halo radius as a function of scale factor
for each of our four simulations. When initial conditions are
matched, we use the blue-tilted power spectrum for bothQ and G
force laws.When final conditions are matched, we use a flat power
spectrum for Q and a scale-dependent power spectrum for Q.

Simulations

Matched s0 Matched sf

n0 2 1

Scale factor s

Rhl=l Q G Q G

1=8 87.2 66.7 103.7 113.4
2=8 136.2 79.3 136.2 148.3
3=8 180.3 87.1 164.0 171.6
4=8 220.6 92.9 188.3 188.3
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not entirely obvious as the typical halo size is less than the
force screening length and so the interior dynamics are
always in the regime where Qr=l≪1 ≈ G. In idealized
gravity-based secondary-infall calculations, particle orbits
become time independent after relaxation, as shells of
matter spend most of their time away from the center of the
halo, and so the central mass does not build up with
accretion [64]. This result relies on self-similarity, however,
and the Q potential explicitly breaks this as large halos are

accreting from a region of size Rnl ¼ k−1nl ¼ RhlΔ
1=3
cr , which

is greater than l for Rhl=l ∼ 1.4=8. In other words, both the
time between halo mergers and the infalling halo trajecto-
ries can be different between Q and G forces.
To further test this interpretation, we can consider our

simulations with matched final conditions that have much
more similar evolution histories. Figure 9 shows the
correlation functions with matched final conditions and
indeed the densities are much more similar. Nonetheless,
there is still a residual enhancement at late times in the Q
simulation indicating that simply changing the initial
conditions cannot uniformly mimic a change in the force
field. Since the differences between these two simulations
are small, it is important to consider whether they could be
numerical artifacts. We provide a number of convergence
tests in Appendix C and find that the largest source of error
appears to be in the calculation of the correlation function
itself, up to ∼10%. Given that we are looking at ratios, we
expect such errors to at least partially cancel; however, to be
strict we can only conclude that the excess observed in the
bottom panel of Fig. 9 is robust for Rhll ¼ 3=8 and larger.
Additionally, we find that the Q simulation with n0 ¼ 2
may have more numerical systematics as we observe worse
convergence (a few percent, instead of subpercent) when
changing particle number than in the other cases. We show
this in more detail in Appendix C 3, where we also show the
accuracy of our calculation on resolved scales within the
halo (roughly, 10−1l≲ r≲ l).
Our simulations imply that the amplitude of the corre-

lation function depends sensitively on the evolution of the
nonlinear wave number, which we show directly as a

FIG. 7. Visualization of spacetime evolution of the four
simulations listed in Table I where the left edge corresponds
to the same redshift si ¼ 10−2, the right edge corresponds to
when the typical halo radius is Rhl=l ¼ 1=2, and other locations
are equally separated in scale factor relative to the particular
simulation’s final redshift. Vertical white lines show when each
simulation has Rhl=l ¼ 1=8; 2=8, and 3=8 for comparison.

FIG. 8. The real-space correlation function assuming matched
initial conditions. The correlation function is systematically
larger for the oscillation-averaged potential (Q) than the New-
tonian one (G). In the upper panel, negative values of the
correlation function are shown via points instead of curves.
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function of scale factor in Fig. 10. For the simulations with
matched initial conditions, we see that knl always changes
more slowly in the Q simulation, consistent with halos
being denser at all times. For the matched final conditions,
the evolution is more complicated as knl in theQ simulation
is initially changing more rapidly than in the G simulation;
although, this soon reverses. This is again consistent with
the bottom panel of Fig. 9 where the correlation function
ratio is initially reduced (albeit with the important caveat
about numerical accuracy mentioned earlier) before sub-
sequently becoming enhanced.

Overall, we find that halos that evolve under the frac-
tional Q potential are systematically denser than those
evolved under the Newtonian force G. While it is possible
to make ad hoc changes to the initial conditions that
partially reduce this, it is only possible at a single scale
factor. By looking at larger s in Fig. 10, we expect that
halos would become relatively denser in theQ simulation if
we ran them for longer times. Furthermore, we have shown
that this increase in density correlates strongly with the rate
of change of knl and so we expect it to be qualitatively
similar for other partially screened forces.

IV. NONLINEAR SCREENING

So far, our results have all assumed that we can treat the
scalar field linearly, which is only perturbatively true for the
quartic (or higher power) potential. In fact, we can already
see that this may be an issue for the quartic self-interaction
by inspecting the oscillation-averaged potential on large
scales, Qkξ̄ ∝ 1=ðklÞ3=2 which diverges. An even stricter
condition, that the oscillating potential remains small, may
be required, in which case δψ needs to decay at least as fast
as δψ ∝ ðklÞ2. In our simulations this is not the case, and so
we need to assume that the fermion perturbations decrease
substantially faster on unresolved large scales or that the
scalar is otherwise regulated by relativistic effects or a small
mass term, ∼ð1=2Þm2

ϕϕ
2, in the potential.

While we can avoid such large-scale issues with suitable
assumptions, a more pressing concern is that the scalar field
may become dynamically nonlinear during the simulation
on resolved scales even when ω−1

φ =ω−1
ψ → 0. Based on

Eq. (11), we can expect that this may occur when
δψ ∼ ðklÞ ∼ 1, as it is not suppressed by ðklÞ2 nor M2

ϕ

when it oscillates to zero. However, this estimate assumes
that the oscillation-averaged procedure itself is valid, and
we investigate when this approximation breaks down
below. Afterward, we argue that the typical halo size after
structure formation is Rhl ≲ l even under different assump-
tions about the internal dynamics of the halos.

A. Oscillating fluctuations

We now use our simulations to investigate when the
quasilinear analysis breaks down, assuming that other
dissipative or otherwise nonlinear processes are inefficient
throughout. The nondimensional oscillating scalar pertur-
bation is given in Fourier space as

φ1

φ̄
¼ ν1 ¼ −

1

3

δψ
ðklÞ2 þ ν20

; ð35Þ

from which we see that the background oscillations
generate reciprocal oscillations in the perturbation: ν1 is
largest when ν0 ∼ 0 and smallest when ν20 is largest. Of
course, the simulations are designed not to resolve the
oscillating potential; however, we can still estimate it by

FIG. 9. The same as Fig. 8 except for the simulations with
matched (linear) final conditions. Halos are still systematically
more dense with the oscillation-averaged potential, but not as
substantially as when initial conditions are matched.

FIG. 10. Evolution of the nonlinear wave number knl as a
function of scale factor. Horizontal lines show the characteristic
halo sizes listed in Table I. Steeper slopes correspond to more
rapid merger histories and with more dilute halos.
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assuming that δψ is constant over a period. Under this
approximation, we compute the dimensionless ν1 power
spectrum Δ2

φ as a function of the period. We focus on the
n0 ¼ 2 case, as it is more consistent with a potential that is
linear on large scales. Figure 11 shows that the oscillation-
averaged scalar power spectra reaches unity around Rhl ∼
l=2 (lower panel). However, the oscillating ν1 itself reaches

order unity earlier, around Rhl ∼ 3l=8 (second lowest
panel), indicating an earlier end of perturbative validity.
The power spectrum quantifies fluctuations on certain

scales and not necessarily typical values, i.e., the power
being small for kl ≪ 1 implies a relatively constant but not
necessarily small ν1. To understand typical amplitudes, we
compute the scalar field mass ðMϕlÞ2 ¼ ν20 þ ν21 and show
its rms value hðMϕli2V as a function of the oscillation phase
in Fig. 12. For Rhl ¼ l=8 the scalar mass is consistent with
just the oscillating background component which, in
combination with the small perturbations at this time
(top panel of Fig. 11), indicates the quasilinear approach
is still valid at this time. On the other hand, at Rhl ¼ l=4
there is a noticeable enhancement due to the hν21iV term,
although still less than unity with correction terms scaling
like ∼ν3. Therefore, after Rhl=l ¼ 1=8 the approximations
underlying the quasilinear simulations begin to break
down, both in the background and in the perturbations.

B. Equilibrium behavior

Without simulations evolving the nonlinear Klein-
Gordon equation for the scalar field, it is difficult to move
beyond the previous analysis quantitatively. Nonetheless,
we can consider more qualitative arguments about what
will happen to the halos under conditions where they can
equilibrate [65]. Then, energy will be equipartitioned
between the scalar binding energy and its self-interaction
energy,

FIG. 11. Power spectrum of the dimensionless scalar field
perturbation as a function of oscillation phase for the quartic
interaction and n0 ¼ 2 initial conditions. The black curve shows
the power spectrum of the oscillation-averaged potential, while
the gray curve shows its linear prediction. The green curve is the
oscillation average of the scalar power spectrum, which is
quadratic in φ and so differs from the black curve. Scalar
fluctuations around the halo become order unity when
Rhl ≲ l=2. For comparison, the fermion power spectrum is
shown in the black dashed curve.

FIG. 12. Scalar field mass for the quartic interaction as a
function of background oscillation phase and typical halo size,
which is monotonic with scale factor, computed from the
simulation with Q potential and n0 ¼ 2. When the homogeneous
component oscillates to zero, the perturbation contribution is
maximal, whereas the reverse is true when the homogeneous
contribution is large. Dashed curves show just hν21iV and large
values relative to ν20 indicate a breakdown in validity of the
simulations.
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y2N2
hl

Rhl
∼ VðϕÞR3

hl; ð36Þ

whereNhl ¼ Mhl=mψ is the number of fermions in a halo of
radius Rhl and we neglect factors of order unity. The
expression for the binding energy is based on analogy with
the gravitational case and so is only valid provided the
range of the force M−1

ϕ is larger than the halo. For the
quartic potential, the scalar mass is M2

ϕ ∼ λϕ2 yielding

�
Nhl

nia3il
3

�
2

∼M4
ϕR

4
hl; ð37Þ

where we also used that
ffiffiffi
λ

p
y ∼ 1=ðnia3i l3Þ. As the halo

continues to grow, it can reach Nhl ∼ nia3il
3, implying

Mϕ ∼ 1=Rhl and that the fifth force is screened at the size of
the bound object.
This behavior is essentially the chameleon mechanism in

modified gravity scenarios, where a similar interaction with
VeffðϕÞ has already been used to implement density-
dependent screening [66]. Compact systems of this type
in the early Universe were studied in Ref. [67], who found
that the degeneracy pressure supported Fermi balls can
collapse into primordial black holes once they become
sufficiently large. Since our results suggest that growth
during the prior dilute phase may be less efficient in
producing Nhl > 1=

ffiffiffi
λ

p
y, another merger mechanism

may be necessary to form objects of sufficient size to
collapse.

V. CONCLUSION

We have run high-resolution N-body simulations of early
Universe fermion clustering under different types of
Yukawa forces. We considered two regimes—one where
we assume that the dynamics are on scales much smaller
than a generalized Compton wavelength, relevant for any
scalar field potential, and one where the dynamics are on
scales comparable to the screening length. For the former,
we evolved the fermion density field under the Poisson
equation, similar to traditional cosmological simulations
but modeling the exponential growth expected for Yukawa
forces. For the latter, we solved a fractional equation valid
when the scalar field has a linearized quartic potential and
is oscillating on fast timescales compared to the fermions.
We have two main results from the high-resolution

simulations. The first is a qualitative comparison of
structure formation of screened versus unscreened forces.
Using the fractional potential as a representative example of
a screened force law, we showed that halos evolving under
a screened force are significantly denser than those evolv-
ing under the unscreened force when compared at similar
masses near the screening scale. We identified that this is
closely associated with the rate of change of the nonlinear
scale, how fast halos are growing by mergers, and so we

expect it to be qualitatively correct for other screened
potentials too. However, this conclusion is only justified
while the linearized potential remains a good approxima-
tion. Our second result is that, for the quartic self-inter-
action, reciprocal oscillations in the perturbed scalar field
also become important when the typical halo radii approach
the background screening Compton length, at which point
the quasilinear calculation is no longer valid. If the scalar
field mass becomes large at this point, it may still limit the
size of halos to around the associated Compton length,
although showing this directly would require simulations
that evolve nonlinear equations for the scalar. However,
even if the scalar force becomes completely screened, the
initial instability still leads to correlations on scales much
larger than l−1 which could then be constrained by
observations similar to the quadratic case [68,69].
Further incorporating radiative and nonlinear processes
is clearly an important target for future analyses.
This work has made use of Matplotlib [70], SciPy [71],

NumPy [72], and FFTW [73].
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APPENDIX A: EXPANSION IN ω − 1
φ =ω− 1

ψ

1. Multiscale expansion in φ

We define φ ¼ φ̄ν and substitute into (15) to obtain

φ̄

ynia2i
½ν00 −∇2ν� þ ν3 þ 1þ δψ ¼ 0: ðA1Þ

It is immediately clear that there is no free parameter to keep
the scalar field linear, and furthermore, while we expect the
Laplacian term −∇2ν to smooth the scalar field on small
scales, it can still be the case that jνj3 ∼ δψ ≫ jνj≳ 1.
Rather than expanding to higher orders φ ¼

φ0 þ φ1 þ φ2 þ…, let us instead make use of the freedom
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to choose our time and space coordinates to make a
nonperturbative expansion in ω−1

φ =ω−1
ψ . Based on the

quasilinear dynamics, we expect that the fermion over-
density grows on scales characterized by the scalar field
oscillation frequency χ⃗ ¼ ωφx⃗ ∼ x⃗=l, but on timescales set
by the fermion evolution s ¼ ωψη, which we specify
explicitly as δψ ¼ δþðs; χ⃗Þ. It is natural then to look for
a scalar term on the same scales, i.e., ν ∼ νþðs; χ⃗Þ.
However, this does not match the homogeneous compo-
nent, which instead evolves on fast timescales θ ¼ ωφη and

long wavelengths Λ⃗ ¼ ωψ x⃗, ν ∼ ν×ðθ; Λ⃗Þ. We therefore

consider νðη; x⃗Þ ¼ ν×ðθ; Λ⃗Þ þ νþðs; χ⃗Þ, separating the
equations into

∂
2

∂θ2
ν× þ ν3× þ 1 −

�
ω−1
φ

ω−1
ψ

�
2

∇2
Λν×

þ 3ν×hν2þiV þ hν3þiV ¼ 0 ðA2Þ

and

−∇2
χνþ þ 3ν2×νþ þ δþ þ

�
ω−1
φ

ω−1
ψ

�
2
∂
2

∂s2
νþ

þ 3ν×ðν2þ − hν2þiVÞ þ ðν3þ − hν3þiVÞ ¼ 0; ðA3Þ

where we have placed terms with the expectation that φ0 ≈
φ̄ν× represents the homogeneous background and φ1 ≈
φ̄νþ is the fluctuation.
However, we see directly that the nonlinear ν3 term

necessarily mixes different time and length scales, even
when ω−1

φ =ω−1
ψ → 0. If we assume hν2þiV ≪ 1 then νþ

becomes the oscillating background ν0, while Eq. (A3)
retains a linear mixed term 3ν2×νþ which can be further
averaged to obtain the fractional force law in Eq. (27). On
the other hand, if ν3þ ≫ jν×j ∼ hν2þiV ≫ 1 as we might
expect in a deeply nonlinear regime with δþ ≫ 1, then
Eq. (A3) decouples from ν×,

−∇2
χνþ þ ν3þ þ δþ ≈ 0: ðA4Þ

It is only the first regime that can be modeled by the
simulations.

2. Friction and tidal effects in ψ

In this section we compute the lowest-order correction
terms to the oscillation-averaged dynamics. However, we

continue to ignore relativistic effects (i.e., φ1
00) and non-

linear in φ terms such as φ0φ
2
1 or φ3

1 (and others that we
shall soon encounter), as well as gravitational effects (e.g.,
the horizon scale or the onset of the matter era).
We first compute the correction to Eq. (24) which is

related to the oscillating fermion mass [39],

meff ¼ mψ þ y
φ

s=si
≈mψ

�
1þ y

φ̄

mψ

ν0
s=si

�
; ðA5Þ

where we neglected the term proportional to φ1. We further
assume that yφ̄=mψ ≪ 1 such that we can treat this as
always perturbative and decaying. Then we have that

x⃗ðηþ ΔηÞ − x⃗ðηÞ
Δη

¼ 1

Δη

Z
ηþΔη

η

p⃗
ameff

dη0 ðA6Þ

≈
p⃗
mψ

1

Δη

Z
ηþΔη

η

1

a
dη0

1þ y φ̄
mψ

ν0
s=si

ðA7Þ

≈
p⃗

amψ

�
1 − y

φ̄

mψ

hν0i
s=si

�
ðA8Þ

≡ p⃗
amψ

M; ðA9Þ

where hν0i is an order 1 number. The correction M − 1,
assumed to start small, decays even further from relevance.
We next compute the corrective terms to Eq. (25). In this

case we have that

p⃗ðηþΔηÞ− p⃗ðηÞ
Δη

¼−
aiy
Δη

Z
ηþΔη

η
∇!φ1ðη0;xðη0ÞÞdη0 ðA10Þ

and we should evaluate trajectories based on Eq. (A9),
x⃗ðη0 ≤ ηþ ΔηÞ ≈ x⃗ðηÞ þ p⃗=ðamψ Þðη0 − ηÞM, correspond-
ing to the Born approximation. Then we have that

φ1ðη0; x⃗ðη0ÞÞ ≈ φ1ðη0; x⃗ðηÞÞ

þ p⃗ðηÞ
aðηÞmψ

MðηÞðη0 − ηÞ∇!φ1ðη0; x⃗ðηÞÞ

ðA11Þ

and so

p⃗ðηþ ΔηÞ − p⃗ðηÞ
Δη

¼ −
aiy
Δη

Z
ηþΔη

η

�
∇!φ1 þ

MðηÞ
aðηÞmψ

ðp⃗ðηÞ · ∇!Þ∇!φ1ðη0 − ηÞ
�
dη0: ðA12Þ
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The first term under the integral is the oscillation-averaged
force already found, while the second represents a tidal
correction. This correction depends explicitly on η, e.g., the
scalar field value,

hδYkξi ∝
1

Δη

Z
ηþΔη

η

η0 − η

k2 þ ξ−2ðη0Þ dη
0 ðA13Þ

¼ 1

Δη

Z
Δη

0

y
k2 þ ξ−2ðηþ yÞ dy ðA14Þ

with y ¼ η0 − η. One possibility is to perform another
oscillation average (e.g., because dη ≫ Δη). If we do this,
we get

⟪δYkξ⟫¼ 1

Δη2

Z
Δη

0

dx
Z

Δη

0

dy
y

k2þ ξ−2ðηþ xþ yÞ
×

1

ðηþ xÞai=ηi
Mðηþ xÞ≈ 1

2

Δη
a
MQkξ̄; ðA15Þ

where we assumed η ≫ Δη ≥ x.
The lowest-order equations of motion therefore are

dx⃗
dτ

¼ p⃗
mψ

M ðA16Þ

and

1

mψ

dp⃗
dτ

¼ −∇!Φþ a⃗T; ðA17Þ

where the tidal acceleration is given by

a⃗T ¼ −
1

2

Δη
a

Mðv⃗ · ∇!Þ∇!Φ ðA18Þ

¼ −
1

2

�
Pða2i HiÞ−1M

ω−1
φ

ω−1
ψ

��
v⃗
s
· ∇!

�
∇!Φ: ðA19Þ

This tidal term does not decay (initially at least, as v⃗ ∝ s),
unlike the friction M → 1. As discussed in Appendix A 1,
the oscillation-averaged force equation is already correct to
order ðω−1

φ =ω−1
ψ Þ2 assuming quasilinearity. Therefore, in

the limit where yφ̄=mψ and ω−1
φ =ω−1

ψ are negligible, we
recover the equations used for the simulations.

APPENDIX B: PRIMORDIAL DISPLACEMENTS

The primordial displacement field Ψ⃗0 introduces a
conceptual ambiguity for particle initialization. We have
considered two possible particle initial conditions to deal
with this. In the first, we neglect the ambiguity completely
and assign particle displacements analogously to traditional
large-scale structure simulations,

Ψ⃗p ¼ Ψ⃗ ≈ −i
k⃗
k2

δψðs0Þ
�
1þ 1

4
ð−k2Qkξ̄Þðs − s0Þ

�
: ðB1Þ

In the second possibility, we encode only the relative
displacement between si and s0 → 0,

Ψ⃗p ¼ Ψ⃗ − Ψ⃗0 ≈ i
k⃗
k2

δψ ðs0Þ
�
1

4
ð−k2Qkξ̄Þðs − s0Þ

�
: ðB2Þ

With this second choice, however, we still need to encode
the primordial fluctuations at s0, which we can do by
adding an additional fluctuation to the particle mass,
δmp=mp. In either case, the velocities are set by

s
d
ds

Ψ⃗p ≈ −ik⃗k−2δψ ðs0Þð−k2QkξÞ
s
4
; ðB3Þ

although only for the second choice are they proportional to
the displacement field for s0 ¼ 0. We note that this situation
is somewhat analogous to one encountered in primordial
black hole simulations; however, in that case the black
holes are initially Poisson distributed and so particles can
be placed randomly rather than on a lattice [74].
Using individual particle mass fluctuations has only seen

limited use in cosmological simulations (e.g., [75]),
although having a pair of masses is common for multi-
species simulations (e.g., [76]). The simplest way to encode
the density field is to have one particle at the center of each
grid cell and assign that particle’s mass fluctuation to be
δmp=mp ¼ δψðs0Þ. However, since this requires at least 4
times more particles than our preferred lattice conditions,
our default simulation setup was not possible. Instead, we
reduced the grid size to nc ¼ 2563 cells with the same
number of particles (i.e., just over 7 times fewer particles in
total than the default setup). We ran two simulations, one
with only displacements given by Eq. (B1) and one with
both mass fluctuations and displacements given by
Eq. (B2), showing their ratio in Fig. 13. We find that on

FIG. 13. Ratio of power spectrum computed with mass fluc-
tuations and displacements to that where there are only displace-
ments. The differences are generally subpercent, although it is
difficult to extrapolate to even smaller scales.
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small scales there is around a ∼1% difference between the
two simulations. Unfortunately, it is somewhat difficult to
interpret how this impacts our results due to the changing
particle number, PM grid size, and ratio of nl to nc.
However, our results are principally comparisons between
simulations that should be similarly affected by this
ambiguity and so we do not expect our interpretations to
change. Determining how to create more accurate initial
conditions in the radiation era is certainly worthy of
further study.

APPENDIX C: CONVERGENCE TESTS FOR Ξ

1. Particle interpolation

In this appendix, we discuss how the correlation function
calculation depends on the particle interpolation method.
As a demonstration, we compute the correlation function of
particles with random coordinates using either the CIC or
NGP interpolation method, showing the result in Fig. 14.
While a true Poisson distribution is expected to have zero
correlation, we find there is a numerical correlation which
is substantially larger when using CIC interpolation.
In both cases, however, the numerical result is substan-

tially less than the physical correlations we find in the
simulation. At the final redshift of the simulations, we find
that it makes very little difference whether we use NGP or
CIC provided the number of grid cells is large enough. We
show this in Fig. 15, where the differences between CIC
and NGP are quite small for the nc ¼ 3072 grid. However,
the differences are not small when a nc ¼ 768 grid is used,
suggesting that NGP interpolation provides a more robust
estimate.

2. Self-similarity

While we can compare our simulations with linear theory
predictions on linear scales, it is much more difficult to test
the accuracy of the simulation and analysis methods on
nonlinear scales, especially as we have no other imple-
mentations to compare against. An alternative way to
determine accuracy is to exploit self-similarity [77]. This
approach makes use of the fact that the only physical scale
in an initially scale-free simulation is the nonlinear scale.
Provided results are appropriately rescaled by a quantity
that varies with the nonlinear scale, we can establish the
degree to which the simulations are converged.
Our simulation with n0 ¼ 2 and G represents an exam-

ple of a simulation that should be scale-free. We show

FIG. 14. Correlation function of particles with random coor-
dinates using different interpolation schemes. When interpolation
is done using the NGP method, the results are independent
of grid size.

FIG. 15. Ratio of correlation functions computed using CIC to
NGP at the final redshift of the n0 ¼ 2 G simulation. The solid
purple line is computed with a grid size of nc ¼ 3072 cells per
dimension, while the dashed purple line uses nc ¼ 768. By
construction, an NGP calculation with nc ¼ 768 is equivalent to
nc ¼ 3072 for grid cells that overlap.

FIG. 16. Correlation function of scale-free G with n0 ¼ 2
simulation, which has been rescaled to show self-similarity.
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the rescaled correlation function in Fig. 16, taking
Rnl ¼ RhlΔ

1=3
cr ¼ k−1nl as an appropriate rescaling variable.

In general, we find that our results appear to be converged
to around 5% up to the halo radius and to better than 10%
up to the nonlinear scale. Afterward, they differ more
substantially from self-similarity, likely due to the effects of
the finite box size.
Another very noticeable effect is the sawlike pattern seen

in the bottom panel for Rhl=l ¼ 3=8. This is not due to
convergence of our simulations, but rather a systematic
effect in the calculation of Ξ, specifically due to the three
different shifts

ffiffiffi
1

p
,

ffiffiffi
2

p
, and

ffiffiffi
3

p
used in the calculation. The

resulting artifact cancels exactly when the radii of the 4=8
correlation function is interpolated to the 1=8 and 2=8
cases, as the points remain aligned, but does not for the 3=8
case. We therefore treat the size of the saw pattern as an
estimate of the numerical error in our calculation, which
appears to be less than 10% out to Rnl.

3. Numerical parameters

We last wish to test the effects of numerical parameters
on our calculation. We first consider the force softening
length: we ran three further G simulations with n0 ¼ 2, but
using rsoft ¼ 0.1, 0.2, and 0.25. Figure 17 shows the ratio of
the correlation function with varying softening length to the
one in Fig. 8. We find that our results are generally
converged to around ∼1% on all scales. However, it does
seem to be the case that in all cases deviations are beginning
around r ∼ 10−1l, which corresponds to the grid scale. By
comparing with Fig. 4, we see that the deviation starts

occurring on scales comparable but smaller than where the
largest force error is. Thus, differences due to the PM and
PP force matching remains a plausible explanation. Since
Q ≈ G on scales relevant to force softening, we do not
expect it to directly change between the sets of simulations,
unless in conjunction with other effects.
The second test we perform tests the convergence with

respect to N-body particle number. The simplest way to
change particle number is to reduce the particle number by
2 per dimension, or a factor of 8 total. However, this is a
rather dramatic change, and so we have also run a set of
simulations where we change the lattice configuration to a
simple cubic lattice (see [78] for a visualization), which
corresponds to a factor of 2 reduction in particle number.
We show the ratio between the correlation function with
reduced particle number to the ones shown in Figs. 8 and 9.
On scales r≲ l, we find that the simulations withNp=2 are
generally converged to better than 1% to r ∼ 10−1l. One
exception to this is the correlation function of the last
redshift of theQ simulation with n0 ¼ 2. Here we observe a
larger and more scale-dependant change in the ratio.
The origin of this is not clear, although one plausible

FIG. 17. Variation of the correlation function for the G
simulation with n0 ¼ 2 with respect to softening length. The
denominator of the ratio is shown directly in Fig. 8.

FIG. 18. Variation of the correlation function with respect to
particle number for each of the four cases we simulated. We find
general convergence to be ∼1% in most cases. The large
fluctuations on scales r≳ l appear to be due to the calculation
method as they do not appear in the power spectrum.
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explanation is that the final value of s for this simulation is
substantially higher than the others (see Table I), and so
numerical issues may become more pronounced. For the
Np=8 ratio, we find worse convergence in all cases,
reaching around 10% at r ∼ 10−1l, with earlier times
showing the greatest deviation in all cases.
On scales r≳ l, we see a substantial amount of noise in

the ratio. However, we suspect this is related to the
calculation method, even though it does not appear as
much in the scale-free case with G and n0 ¼ 2. Figure 19
shows the analogous power spectrum. Here convergence on
large scales (kl ≪ 1) appears much better with subpercent
differences in all cases except the Q simulation with
n0 ¼ 2. For the latter case, we do find noise at the level
of a couple percent. We suspect this may be due to the force
on large scales being substantially suppressed, although as
before it must be in conjunction with the longer run-time as
the noise is not visible for the n0 ¼ 1 case. Overall,
however, the differences in Figs. 17–19 are generally much
smaller on scales 10−1l≲ r≲ l, compared to the ∼5× and
∼1.5× enhancement we see in the bottom panels of
Figs. 8 and 9.
Finally, we note a technical issue present in the simu-

lations where the largest discrete Fourier mode was
incorrectly aliased to the opposite sign. The only practical
effect is a change in the floating-point representation of
zero, i.e., the difference in representation between sinðπÞ
and sinð−πÞ. We tested this explicitly and found that the
resulting changes due to floating-point arithmetic are
consistent with setting the value to 0 exactly. We conclude
then that our results are robust to numerical parameters.
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