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The masses of 1−− P-wave charmoniumlike and bottomoniumlike tetraquark states are calculated in a
constituent quark model where the Cornell-like potential and Breit-Fermi interaction are employed. All
model parameters were imported from previous work, and predetermined by studying the low-lying
conventional S- and P-wave light, charmed, bottom, charmonium, and bottomonium meson mass spectra.
The lowest 1−− tetraquark mass is predicted to be around 4.15 GeV. The decay widths of 1−− P-wave
tetraquark states are calculated for possible two-body strong decay channels within the rearrangement
mechanism, including ωχcJ and ηJ=ψ for charmoniumlike tetraquarks, and ωχbJ for bottomoniumlike
tetraquarks. The theoretical results are compared with the selected exotic states, also known as Y states, and
tentative assignments are suggested. This study suggests that ψð4230Þ, ψð4360Þ, ψð4660Þ, and ϒð10753Þ
may be P-wave tetraquark states and that multiple states might exist around 4.36 GeV.
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I. INTRODUCTION

The study of exotic hadrons has gained significant
attention in recent years, particularly in the context of
the quark model. While the conventional meson and baryon
spectra are well described by quantum chromodynamics
(QCD) in terms of quark-antiquark and three-quark con-
figurations, respectively, experimental discoveries of
unconventional states challenge this simple classification.
Among these exotic candidates, compact tetraquarks,
bound states of two quarks and two antiquarks, offer a
compelling framework to explain certain resonances that do
not fit within the conventional meson spectrum [1,2].
Charmoniumlike tetraquarks, which contain a charm and

anticharm quark pair along with an additional light quark
pair, are particularly intriguing due to their potential
connection to the so-called Y states observed in elec-
tron-positron annihilation experiments. In the latest Particle
Data Group (PDG) [3] naming scheme, the Y states have
been renamed as ψ states because they share the same
quantum numbers ðJPC ¼ 1−−Þ as the J=ψ family.

Y(4230), an exotic state confirmed by multiple exper-
imental collaborations and considered part of the broader
family of charmoniumlike states, was first detected by the
BABAR Collaboration in the eþe− → πþπ−J=ψ channel
[4]. Y(4360) was later observed by the Belle Collaboration
in the eþe− → γπþπ−ψð2SÞ process [5]. Subsequently, Y
(4660) was discovered by BABAR in the initial state
radiation process eþe− → γISRπ

þπ−ψð2SÞ [6]. More
recently, Y(4484) was observed by the BESIII
Collaboration in the KþK−J=ψ channel with a statistical
significance greater than 8σ [7]. Additionally, Y(4544) was
reported by BESIII in the ωχc1 channel [8] with a
significance of 5.8σ. Notably, the mass of Y(4544) is
significantly higher than that of Y(4484), suggesting
possible differences in their underlying structure.
The ϒð10753Þ bottomoniumlike state was observed by

the Belle Collaboration in the eþe− → πþπ−ϒðnSÞ process
[9]. Recently, the Belle II Collaboration reported another
observation that strongly supports the existence of the
radiative transition process ϒð10753Þ → ωχbJð1PÞ [10].
The energy dependence of the Born cross sections for
ϒð10753Þ in the ωχbJð1PÞ channel [10] was found to be
consistent with the shape of the ϒð10753Þ state in the
πþπ−ϒðnSÞ channel [9]. Belle II concluded that the
internal structure of ϒð10753Þ may differ from that of
ϒð10860Þ, where the latter is well understood as a
predominantly conventional bottomonium state.
The exotic states exhibit properties that cannot be easily

accommodated with conventional quarkonium expectations,
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suggesting the need for alternative interpretations. Various
theoretical pictures for charmoniumlike exotic states,
including charmonium core admixed with coupled channels
[11–15], charmonium hybrids [16–20], hidden-charm
molecular states [21–25], and hidden-charm tetraquark
states [26–32], have been proposed to explore their internal
structure and mass spectra, providing valuable insights into
their nature.
Since the inception of the quark model [33], the

tetraquark picture has been widely employed and further
developed to understand the internal structure of exotic
states [34,35], not only in charmoniumlike systems. For
exotic states in the four-heavy-quark region, one may refer
to the fully-heavy tetraquark picture [36–53]. Similarly, for
light exotic states, the fully-light tetraquark picture has also
been considered [54–60].
In the previous work, Y(4230) and the ϒð10753Þ could

not be accommodated within a conventional heavy quar-
konium picture including S −D mixing [61]. In this work,
we focus on studying the mass spectrum and decay
properties of the 1−− P-wave charmoniumlike and botto-
moniumlike compact tetraquark states (which we refer to as
Yc and Yb for convenience) within a constituent quark
model (CQM) framework.
The paper is organized as follows. In Sec. II, all the

possible configurations of color, spin, and spatial degrees of
freedom of tetraquark states are introduced, and a constitu-
ent quark model developed from our previous work [54,62]
is briefly reviewed. In Sec. III, 1−− P-wave tetraquark mass
spectra and decay branching ratios are evaluated. The
theoretical results are compared with experimental data
of Y states, and tentative assignments for 1−− tetraquarks
are suggested. A summary is given in Sec. IV. The details of
the tetraquark spatial wave function and the cross terms
between different configurations from one-gluon-exchange
interaction are shown in the Appendixes.

II. THEORETICAL MODEL

A. Quark configurations of tetraquarks

The construction of tetraquark states follows the prin-
ciple that a tetraquark state must be a color singlet, meaning
the color wave function of the tetraquark must be a ½222�1
singlet within the SUcð3Þ group. In this work, we consider
only charmoniumlike and bottomoniumlike (q1Q2q̄3Q̄4)
states, where q1 andQ2 are a light quark and a heavy quark,
and q̄3 and Q̄4 are a light antiquark and a heavy antiquark,
respectively.
The permutation symmetry of the two-quark cluster (qQ)

in tetraquark states is described by the Young tableaux ½2�6
and ½11�3̄ of the SUcð3Þ group, while the color configu-
ration of the two-antiquark cluster (q̄ Q̄) consists of a ½211�3
triplet and a ½22�6̄ antisextet.
Thus, a ½222�1 color singlet for tetraquark states demands

the following configurations: ½2�6ðq1Q2Þ ⊗ ½22�6̄ðq̄3Q̄4Þ

and ½11�3̄ðq1Q2Þ ⊗ ½211�3ðq̄3Q̄4Þ, which correspond to
the color sextet-antisextet (6c ⊗ 6̄c) and triplet-antitriplet
(3̄c ⊗ 3c) configurations, respectively. The explicit color
wave function for each tetraquark color configuration can
be found in the previous work [62].
The JPC ¼ 1−− Y states can be described by L ¼ 1

tetraquark configurations with S ¼ 0 or S ¼ 2. Thus, two
possible spin combinations for tetraquarks are considered

as follows: ½ψqQ
½s¼1� ⊗ ψ q̄ Q̄

½s¼1��S¼0;2
and ψqQ

½s¼0� ⊗ ψ q̄ Q̄
½s¼0�.

The complete basis is constructed by coupling the
harmonic-oscillator (HO) wave functions, taking the gen-
eral form,

ψNL ¼
X
nχi ;lχi

Aðnχ1 ; nχ2 ; nχ3 ; lχ1 ; lχ2 ; lχ3Þ

× ψnχ1 lχ1
ðχ⃗1Þ ⊗ ψnχ2 lχ2

ðχ⃗2Þ ⊗ ψnχ3 lχ3
ðχ⃗3Þ; ð1Þ

where ψnχi lχi
are HO wave functions. The sum nχi ; lχi is

over nχ1 ; nχ2 ; nχ3 ; lχ1 ; lχ2 ; lχ3. The relative Jacobi coordi-
nates χ⃗1, χ⃗2, and χ⃗3 are defined as

χ⃗1 ¼
1ffiffiffi
2

p ðr⃗1 − r⃗2Þ;

χ⃗2 ¼
1ffiffiffi
2

p ðr⃗3 − r⃗4Þ;

χ⃗3 ¼
mur⃗1 þmQr⃗2
mu þmQ

−
mur⃗3 þmQr⃗4
mu þmQ

; ð2Þ

where r⃗j denotes the coordinate of the jth quark. The
reduced quark masses are defined as

u1 ¼
2mumQ

mu þmQ
;

u2 ¼
2mumQ

mu þmQ
;

u3 ¼
mu þmQ

2
; ð3Þ

where mu and mQ are the masses of the light and heavy
quarks, respectively. N and L are, respectively, the total
principal quantum number and total angular momentum,
and L ¼ lχ1 þ lχ2 þ lχ3 ¼ 1 for a P-wave tetraquark
and N ¼ ð2nχ1 þ lχ1Þ þ ð2nχ2 þ lχ2Þ þ ð2nχ3 þ lχ3Þ.
We stress that the Jacobi coordinates in Eq. (2) are

introduced for convenience when constructing the complete
HO basis and evaluating matrix elements, and do not
impose a dynamical assumption on the internal structure
of the tetraquark. Other commonly used coordinate sets,
often referred to as H- and K-type, are related to Eq. (2) by
linear transformations of the same four-body relative
coordinates. Likewise, different color coupling schemes
associated with these coordinate choices are connected by
basis transformations (e.g., 3̄c − 3c and 6c − 6̄c can be
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written as linear combinations of 1c − 1c and 8c − 8c).
Therefore, in a sufficiently large basis, the physical
observables are independent of the chosen coordinate
representation [63].

B. Hamiltonian

We study meson and tetraquark systems within the
nonrelativistic quark model [64–66]. The Hamiltonian
has been widely employed in recent years [37,53] and
takes the form

H ¼ H0 þHso;

H0 ¼
XN
k¼1

�
1

2
Mave

k þ p2
k

2mk

�
þ
XN
i<j

�
−

3

16
λ⃗i · λ⃗j

�
VcenðrijÞ;

Hso ¼
XN
i<j

�
−

3

16
λ⃗i · λ⃗j

�
ðVsoðrijÞÞ; ð4Þ

where Mave
k denotes the spin-averaged mass given by

1
4
MPS þ 3

4
MV . mk are the constituent quark masses. λ⃗i is

the quark color operator in SU(3). The Cornell-like
potential and one-gluon-exchange potentials are employed
in the central potential, taking the form

VcenðrijÞ ¼ Aijrij −
Bij

rij
þ VssðrijÞ; ð5Þ

where the spin-spin interaction VssðrijÞ originates from the
one-gluon-exchange potential and takes the form

Vss ¼
1

6mimj
ΔVVðrÞσ⃗i · σ⃗j ¼

2Bijσ
3
ij

3mimj
ffiffiffi
π

p e−σ
2
ijr

2
ij σ⃗i · σ⃗j: ð6Þ

The spin-orbital interaction VsoðrijÞ takes the form

Vso ¼
1

rij

dVV

dðrijÞ
1

4

��
1

m2
i
þ 1

m2
j
þ 4

mimj

�
L⃗ij · S⃗ij

þ
�

1

m2
i
−

1

m2
j

�
L⃗ij · ðs⃗i − s⃗jÞ

�

−
1

rij

dVS

dðrijÞ
�
L⃗ij · s⃗i
2m2

i
þ L⃗ij · s⃗i

m2
j

�

¼
�

1

m2
i
þ 1

m2
j
þ 4

mimj

��
−Bijσij
2

ffiffiffi
π

p
�
e−σ

2
ijr

2
ij

r2ij
L⃗ij · S⃗ij

þ
�

1

m2
i
þ 1

m2
j
þ 4

mimj

��
−Bij

4

�
Erf½σijrij�

r3ij
L⃗ij · S⃗ij

þ
�
−Aij

2

�
1

rij

�
L⃗ij · s⃗i
m2

i
þ L⃗ij · s⃗j

m2
j

�
; ð7Þ

where σ⃗i are the quark spin operators in SU(2). Note that
we have employed VVðrÞ ¼ −BErf½σr�=r and
VSðrÞ ¼ Ar, taken from Ref. [65]. mi and mj are the
constituent quark masses of the ith and jth quarks. si

!
represents the spin operator of the ith quark. Sij

�! ¼ si
!þ sj

!
is the spin operator for (ij)th quark pair. Lij

�!
is the relative

orbital operator, taking the form

L⃗ij ¼ r⃗ij × p⃗ij ¼ r⃗ij ×
mip⃗i −mjp⃗j

mi þmj
: ð8Þ

In line with the previous works, Aij, Bij, and σij are
proposed to be mass-dependent coupling parameters, tak-
ing the form

Aij ¼ aþ bmij; Bij ¼ B0

ffiffiffiffiffiffiffi
1

mij

s
; σij ¼ σ0mij; ð9Þ

where mij is the reduced mass of the ith and jth quarks,

defined asmij ¼ 2mimj

miþmj
. a, b, B0, and σ0 are constants. For a

more detailed discussion, one may refer to Ref. [62]. The
hyperfine coefficient σij is also proposed to be mass-
dependent [65].
The central potential V0 and the spin-spin interaction Vss

are treated as the leading effects, while the remaining spin-
orbital interaction Vso is considered a perturbation that
shifts the mass spectrum. The Schrödinger equation is
solved for mesons and tetraquarks within the Hamiltonian
H0, yielding the eigenvalue E0 and eigenstates ψ0. The
mass spectrum is then calculated by adding the diagonal-
ized Hso matrix to the basis of the eigenstates obtained in
the previous step, which takes the form

E ¼ E0 þ hψ0jHsojψ0i: ð10Þ

By importing the coupling constants a, b, and B0, as well
as the constituent quark masses mu, mc, and mb from
previous work [62], the mass spectra of S- and P-wave
light, charmed, bottom, charmonium, and bottomonium
conventional mesons are calculated in the Hamiltonian in
Eq. (4). A comparison of the theoretical results, presented
in Table I, with experimental data from the PDG [3], yields
a model coupling parameter σ0 ¼ 0.7.
The present calculation is performed in a compact

tetraquark CQM basis and does not include an explicit
coupling to open two-meson continuum channels. Coupled-
channel effects, which may induce additional mass shifts,
especially for states close to open-flavor thresholds, will be
considered in future extensions of this framework.

C. Two-body strong decay

The two-body strong decays of the Y tetraquark states
are studied within the rearrangement mechanism, as shown
in Fig. 1.
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Tcs ¼ hψcs
f jψcs

i i ¼ hψc
M1M2

jψc
Yihψ s

M1M2
jψ s

Yi; ð11Þ

where ψc
Y and ψ s

Y are color and spin wave functions of the
initial Y tetraquark states in the mass spectrum. ψc

M1M2
and

ψ s
M1M2

are the color and spin wave functions of the final

states of all possible two-body strong decay channels:ωχc0,
ωχc1, ωχc2, ηJ=ψ , ωχb0, ωχb1, and ωχb2.
In the work, the ratio of jTcsj2 is approximated as the

branching ratio, assuming that the spatial contributions
from different decay channels are similar.

III. RESULTS AND DISCUSSION

A. Results

The predetermined and imported parameters are applied
to predict the masses of Y tetraquark states in the
Hamiltonian in Eq. (4) including the color-dependent
central potential Vcen, which may mix different color-spin
configurations.
Because of the cross terms from the color operator

ðλ⃗i · λ⃗jÞ and the spin operator ðσ⃗i · σ⃗jÞ, listed in
Appendix B, eigenstates of the Hamiltonian for S ¼ 0

are linear combinations of ψc
3⊗3

ψS¼0
ð0⊗0Þ, ψc

3̄⊗3
ψS¼0
ð1⊗1Þ,

ψc
6⊗6̄

ψS¼0
ð0⊗0Þ, and ψc

6⊗6̄
ψS¼0
ð1⊗1Þ. Eigenstates for S ¼ 2 are

linear combinations of ψc
3̄⊗3

ψS¼2
ð1⊗1Þ and ψc

6⊗6̄
ψS¼2
ð1⊗1Þ. There

is no configuration mixing between S ¼ 0 and S ¼ 2 states,
as no cross terms are found. En, where n ¼ 1; 2; 3;…,
represents the nth eigenstate of the Hamiltonian in Eq. (4)
in the notation used later in this work, incorporating color-
spin configuration mixing.
The theoretical masses and branching ratios for the E1–

E15 S ¼ 0 charmoniumlike Yc tetraquarks with various
mixed configurations are listed in Table II. Similarly, the
masses and branching ratios of the E1 to E8 mixed S ¼ 0
bottomoniumlike Yb tetraquarks are listed in Table III.
Likewise, the masses of the E1 to E6 mixed S ¼ 2
charmoniumlike Yc and bottomoniumlike Yb tetraquarks
are provided in Table IV.
For S ¼ 0 Yc tetraquarks, the spin-color factor for the

two-body strong decay into ηJ=ψ is close to zero. For S ¼
2 Yc and Yb tetraquarks, the spin-color factors in ωχc0,
ωχc1, ωχc2, ωχb0, ωχb1, ωχb2 decay channels are all equal
to zero.
Since the diquark-type color couplings 3̄c − 3c and

6c − 6̄c are linearly related to the meson–meson couplings

TABLE I. S- and P-wave meson states applied to fit the model
parameters. The last column shows the deviation between
the experimental and theoretical mean values, D ¼ 100 ·
ðMexp −McalÞ=Mexp. Mexp is taken from PDG [3].

Meson JPðCÞ nL Mexp (MeV) Mcal (MeV) D (%)

ηb 0−þ 1S 9399 9394 0.1
2S 9999 10024 –0.3

ϒ 1−− 1S 9460 9467 –0.1
2S 10023 10054 –0.3

hb 1þ− 1P 9899 9922 –0.2
2P 10260 10320 –0.6

χb0 0þþ 1P 9859 9896 –0.4
2P 10232 10301 –0.7

χb1 1þþ 1P 9893 9911 –0.2
2P 10255 10312 –0.6

χb2 2þþ 1P 9912 9935 –0.2
2P 10269 10332 –0.6

ηc 0−þ 1S 2984 2962 0.7
2S 3638 3614 0.7

ψ 1−− 1S 3097 3090 0.2
2S 3686 3655 0.8
3S 4040 4027 0.3

hc 1þ− 1P 3525 3516 0.2
χc0 0þþ 1P 3415 3464 –1.4

2P 3860 3876 –0.4
χc1 1þþ 1P 3510 3500 0.3
χc2 2þþ 1P 3556 3553 0.1

2P 3930 3932 –0.1
B0 0− 1S 5279 5289 –0.2
B� 1− 1S 5325 5337 –0.2
B1 1þ 1P 5721 5800 –1.4
B�
2 2þ 1P 5747 5814 –1.2

D0 0− 1S 1865 1906 –2.2
2S 2549 2590 –1.6

D�0 1− 1S 2007 2021 –0.7
2S 2627 2622 0.2

D0
1

1þ 1P 2420 2465 –1.9
D�0

0
0þ 1P 2343 2438 –4.1

D0
1

1þ 1P 2412 2465 –2.2
D�0

2
2þ 1P 2460 2508 –2.0

ρ 1−− 1S 770 766 0.5
2S 1450 1395 3.8

h1ð1170Þ 1þ− 1P 1170 1202 –2.7
b1ð1235Þ 1þ− 1P 1235 2.3
f0ð1370Þ 0þþ 1P 1200–1500 1191 � � �
f1ð1285Þ 1þþ 1P 1280 1223 4.4
a1ð1260Þ 1þþ 1P 1230 0.6
f2ð1270Þ 2þþ 1P 1275 1277 –0.2
a2ð1320Þ 2þþ 1P 1318 3.1

FIG. 1. Quark rearranged diagram for Y tetraquark in the
hidden-charm decay modes.
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1c − 1c and 8c − 8c, an eigenstate may occasionally acquire
a noticeable 1c − 1c admixture. Such a component can
resemble a weakly interacting two-cluster configuration
and may therefore exhibit enhanced sensitivity to changes
of the relative-coordinate basis. We therefore apply a real-
basis-scaling stability test [67] to examine the stability of
each eigenstate against variations of the basis length
parameter and, in particular, to identify possible strongly
basis-dependent solutions associated with the χ⃗3 relative
coordinate. Here χ⃗3 denotes the relative coordinate between

the two subclusters defined in Eq. (2). The length parameter
associated with the χ⃗3 coordinate is rescaled by a factor,
bχ3 → λbχ3 , while the basis structure and Hamiltonian are
kept fixed [68–70].
The present calculation is performed within a compact

tetraquark CQM basis and does not explicitly include two-
meson scattering channels. Therefore, the present real-
scaling analysis is used as a basis-stability diagnostic,
rather than as a resonance-width extraction procedure based
on identifying avoided crossing points [71]. In the standard
stabilization treatment, an avoided crossing arises when a
scale-dependent continuumlike eigenvalue approaches and
interacts with a comparatively stable localized eigenvalue.
Such behavior requires an explicit representation of the
corresponding scattering continuum, which is not included
in the present compact tetraquark Hamiltonian.
We present, as an example, in Fig. 2 the eigenvalue

trajectories of the S ¼ 0 Yc levels, E1–E15, over a
representative range of λ obtained by rescaling the χ⃗3
coordinate. The low-lying levels E1–E10 display clear flat
valleys over the range of λ, with variations generally limited
to a few tens of MeV, indicating good stability against the
rescaling of the χ3 coordinate. The higher levels show a
more noticeable upward shift as λ increases, especially E14
and E15, indicating a stronger sensitivity to the basis
truncation. The eigenvalues at λ ¼ 1.0, which correspond
to the mass spectrum results presented in the work, are
located near the bottoms of the valleys. Within the
considered model space and scaling range, no eigenvalue
shows a clearly identifiable strongly-scale-dependent con-
tinuumlike trajectory.
As an additional numerical check, we apply the com-

plex-scaling method to the mixed S ¼ 0 Yc tetraquark
system. The complex rotation is introduced through
r → reiθ, with θ ¼ 6° [63]. Under complex scaling, in

TABLE II. Mass spectrum and decay branching ratios for the
S ¼ 0 Yc tetraquark states. Threshold masses are given in square
brackets for each decay channel, and the ratios are normalized to
the E2 → ωχc0 channel (set to 1). All masses are in MeV.

En Mass ωχc0[4196] ωχc1[4292] ωχc2[4338]

E1 4139 � � � � � � � � �
E2 4219 1 � � � � � �
E3 4300 15 45 � � �
E4 4313 1.8 5 � � �
E5 4388 1.7 5 8.5
E6 4408 0.01 0.03 0.05
E7 4480 4.8 14 24
E8 4498 0.3 0.7 1.3
E9 4516 6 18 30
E10 4531 1.4 4 7
E11 4567 6 17 28
E12 4575 0.3 1 1.6
E13 4587 11 33 55
E14 4595 3 10 17
E15 4625 56 169 282

TABLE III. Mass spectrum and decay branching ratios for the
S ¼ 0 Yb tetraquark states. Threshold masses are given in square
brackets for each decay channel, and the ratios are normalized to
the E4 → ωχb0 channel (set to 1). All masses are in MeV.

En Mass ωχb0[10641] ωχb1[10674] ωχb2[10694]

E1 10504 � � � � � � � � �
E2 10548 � � � � � � � � �
E3 10565 � � � � � � � � �
E4 10679 1 3 � � �
E5 10754 1.4 4 7
E6 10774 0.1 0.3 0.5
E7 10791 0.2 0.7 1.2
E8 10810 0.2 0.5 0.8

TABLE IV. Mass spectrum of mixed S ¼ 2 Yc and Yb
tetraquark states. Mass values are in MeV.

En E1 E2 E3 E4 E5 E6

Yc 4284 4350 4463 4570 4578 4617
Yb 10574 10657 10797 10830 10855 10940

FIG. 2. Real-basis-scaling stability trajectories of the mixed
S ¼ 0 Yc tetraquark levels. The eigenvalues En(λ) (E1–E15) are
obtained by rescaling only the length parameter associated with
the χ⃗3 coordinate, bχ3 → λbχ3 , while keeping the Hamiltonian
fixed. The scaling is employed here as a basis-stability diagnostic
within the compact tetraquark model space.

STUDY OF 1−− P-WAVE CHARMONIUMLIKE AND … PHYS. REV. D 114, 074032 (2026)

074032-5



principle, the eigenenergies of bound states shall remain on
the real-energy axis and are independent of the rotation
angle in the complete-basis limit. By contrast, continuum
states are rotated into the complex-energy plane and
generally acquire nonzero imaginary components that vary
with the rotation angle θ. In the present calculation, the
complex-scaling analysis is therefore used as an additional
diagnostic of the numerical stability of the discrete sol-
utions obtained from the compact Hamiltonian.
The complex eigenenergies calculated with different

basis dimensions are listed in Table V. With increasing
basis dimension, the real parts of the eigenenergies gradu-
ally converge to the corresponding values obtained without
complex rotation, while the imaginary parts systematically
decrease toward zero. The small imaginary components
appearing in a finite basis are attributed to basis truncation

and numerical uncertainties rather than to physical decay
widths. In the infinite basis limit, the imaginary parts are
expected to vanish. No eigenvalue exhibits the character-
istic complex-plane motion expected for a continuum-
like state.
Taken together, the real- and complex-scaling analyses

support the interpretation that the calculated levels are
stable discrete solutions of the present compact tetraquark
Hamiltonian. The conclusion does not constitute a defini-
tive classification of these states as bound states or
resonances of the physical coupled-channel system. Such
a classification would require an explicit treatment of the
open two-hadron continuum channels, which is beyond the
scope of the present work.
Experimental data on Yc and Yb state candidates from

different decay processes are listed in Table VI and will be

TABLE VI. Masses and widths of Yc and Yb state candidates from the cited sources, with units in MeV. PDG represents the names of
established states in the PDG, while Assignment refers to the names used in this work. The symbol ψ in the third column represents both
J=ψ and ψð2SÞ.
PDG Assignment πþπ−ψ KþK−J=ψ ωχcJ πþπ−hc ηJ=ψ πþπ−ϒðnSÞ ωχbJ

ψð4230Þ Y(4230) 4220, 46 [72] 4225, 73 [7] 4218, 28 [73] 4218, 66.0 [74] 4219, 82.7 [75]
4221, 42 [76]
4234, 18 [77]

ψð4360Þ Y(4300) 4298, 127 [76]
Y(4340) 4340, 94 [6]

4347, 103 [78]
Y(4390) 4390, 143 [77] 4392, 140 [74] 4382, 136 [75]

� � � Y(4484) 4484, 111 [7]
� � � Y(4544) 4544, 116 [8]
ψð4660Þ Y(4660) 4651, 155 [77] 4708, 126 [79]

4652, 68 [78]
4669, 104 [6]

ϒð10753Þ Y(10753) 10753, 36 [9] Yes [10]

TABLE V. Complex eigenenergies for different basis dimensions, with units in MeV. N represents the total principal quantum number
of the complete basis, taking the form N ¼ ð2nχ1 þ lχ1Þ þ ð2nχ2 þ lχ2Þ þ ð2nχ3 þ lχ3Þ.
En N ¼ 3 N ¼ 5 N ¼ 7 N ¼ 9 N ¼ 11 N ¼ 13

E1 4174.3 − 18.5i 4153.6 − 12.2i 4146.2 − 7.0i 4142.4 − 4.4i 4140.4 − 2.7i 4139.2 − 1.8i
E2 4246.5 − 10.2i 4229.0 − 9.5i 4224.1 − 4.7i 4221.3 − 2.9i 4219.8 − 1.6i 4219.0 − 1.0i
E3 4315.7 − 4.0i 4304.8 − 3.8i 4302.6 − 2.0i 4301.4 − 1.4i 4300.7 − 0.8i 4300.4 − 0.5i
E4 4338.6 − 2.8i 4322.7 − 5.7i 4318.5 − 3.3i 4315.6 − 2.4i 4314.1 − 1.6i 4313.1 − 1.1i
E5 4418.4 − 5.8i 4399.5 − 6.9i 4394.3 − 4.1i 4391.2 − 3.0i 4389.4 − 2.2i 4388.3 − 1.7i
E6 4435.7 − 3.8i 4418.5 − 5.5i 4413.3 − 3.6i 4410.5 − 2.7i 4408.8 − 2.0i 4407.7 − 1.6i
E7 4504.2 − 9.6i 4491.7 − 7.6i 4485.0 − 5.0i 4482.5 − 3.0i 4481.1 − 2.0i 4480.3 − 1.4i
E8 4528.7 − 8.2i 4514.8 − 6.2i 4503.9 − 4.3i 4501.0 − 3.5i 4498.9 − 2.8i 4497.7 − 1.7i
E9 4551.9 − 5.3i 4539.0 − 5.5i 4521.7 − 2.0i 4519.0 − 3.2i 4517.1 − 2.9i 4516.2 − 1.8i
E10 4577.5þ 8.1i 4547.3þ 6.9i 4535.1 − 3.3i 4533.0 − 2.3i 4531.9 − 1.6i 4531.2 − 1.3i
E11 4593.5þ 0.5i 4580.0 − 0.4i 4571.0 − 2.3i 4568.9 − 1.8i 4567.4 − 1.5i 4566.6 − 1.0i
E12 4601.2þ 10.6i 4584.7 − 2.2i 4579.1 − 2.0i 4577.4 − 1.4i 4576.1 − 1.1i 4575.4 − 0.9i
E13 4605.7 − 1.6i 4592.8 − 3.5i 4589.7 − 2.4i 4588.5 − 1.8i 4587.7 − 1.5i 4587.1 − 1.3i
E14 4635.9þ 18.2i 4627.2þ 9.4i 4599.3 − 6.4i 4598.9 − 3.2i 4595.9 − 2.8i 4594.6 − 2.2i
E15 4708.1þ 54.9i 4658.8þ 29.8i 4628.1þ 11.5i 4624.1þ 2.4i 4624.0 − 1.7i 4624.6 − 0.5i
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reviewed and discussed separately below. The assignments
of S ¼ 0 and S ¼ 2 Yc tetraquarks, along with their
theoretical masses and two-body decay branching ratios
to ωχc0 are presented in Table VII. Similarly, the assign-
ments of S ¼ 0 Yb tetraquarks, along with their theoretical
masses and two-body decay branching ratios to ωχb0, ωχb1,
and ωχb2, are provided in Table VIII.

B. Y(4230)

Over the past two decades, Y(4230) has been established
as an exotic state observed and confirmed by several
experimental collaborations, and is considered part of
the broader family of charmoniumlike states [3]. Y
(4260), the original name of Y(4230), was observed by
BABAR in the πþπ−J=ψ invariant-mass spectrum [4], and
was subsequently confirmed by the CLEO Collaboration
[80] and the Belle Collaboration [81] in the same process.
With improved statistical precision, BESIII identified an
asymmetry in the cross section, which caused the peak
position to move to a lower mass [82]. Y(4260) was
therefore renamed Y(4230).
Unlike conventional quarkonium, which consists of a

quark-antiquark pair, Y(4230) is classified as an exotic
hadron due to its unconventional properties, including
anomalous decay channels and unexpected production
mechanisms. In the previous work, Y(4230) could not

be accommodated in a conventional charmonium picture
including S −D mixing [61].
The exact internal structure of Y(4230) remains a subject

of ongoing research, with theoretical models proposing
interpretations such as tetraquark states [26,27,32], molecu-
lar bound states of charmed mesons [21,22], or hybrid
mesons [19,20].
Y(4230) has been observed in several channels, but

primarily via electron-positron collisions, where the proc-
esses include eþe− → πþπ−ψ [72,76,77], ηJ=ψ [75], ωχc0
[83], πþπ−hc [74], and KþK−J=ψ [7], which are listed in
Table VI. Observations in different channels provide clues
for identifying whether certain resonances correspond to
distinct states.
In the first observation of Y(4230) in the invariant mass

of ωχc0 by BESIII in 2014 [83], the resonance parameters
were found to be inconsistent with the line shape of Y
(4260) observed in πþπ−J=ψ [4] which was the first
observed Y state by BABAR in 2005. However, Y(4260)
structure in the πþπ−J=ψ channel was later superseded in
PDG by an updated BABAR analysis [84], in which the
presence of two interfering resonances was not excluded.
Similarly, Y(4230) observed in the ωχc0 channel [83] was
superseded by an updated BESIII analysis in 2019 [73]. In
this updated BESIII study, no solid conclusion could be
drawn regarding whether Y(4230) observed in the
πþπ−J=ψ and ωχc0 channels corresponds to the same state.
Y(4230) was also observed in theKþK−J=ψ process [7],

and the resonance parameters are consistent with those of Y
(4230) observed in the πþπ−J=ψ channel, which suggests
that the signals seen in KþK−J=ψ and πþπ−J=ψ may
correspond to the same state. Later, Y(4230) was observed
in the process πþπ−hc [74], whose resonance parameters
are consistent with those of the resonance observed in ωχc0
[83], which supports the possibility that the structures seen
in ωχc0 and πþπ−hc correspond to the same state.
The number of states in this mass region remains to be

further determined experimentally [3]. This study predicts
only one state in the mass region. As shown in Table VII,
we assign Y(4230), observed in the πþπ−J=ψ , KþK−J=ψ ,
ωχc0, and πþπ−hc channels, to the E2 tetraquark state, with
a corresponding theoretical mass of 4219 MeV.

C. Y(4360)

Y(4360) was first observed in the process eþe− →
γπþπ−ψð2SÞ [5]. With a mass of approximately
4.36 GeV, Y(4360) resides in the energy region above the
open-charm threshold, similar to other Y-states. Y(4360) is of
particular interest due to its unusual decay patterns, including
prominent decays into ψð2SÞ rather than into lower char-
monium states like J=ψ , which contrasts with expectations
from conventional quarkonium models. This anomalous
behavior suggests that Y(4360) could be an exotic hadron.
As a PDG established state, in PDG data listed in

Table VI, the reported masses of ψð4360Þ range from

TABLE VII. Theoretical mass and branching ratio predictions,
along with assignments for S ¼ 0 and S ¼ 2 Yc tetraquark states.
The mass results are given in units of MeV. Y(4390) and
Y’(4390) denote the states observed in the πþπ−hc and
πþπ−ψ processes, respectively.

Mass 4139 4219 4284 4300 4313 4350 4388

ωχc0 � � � 1 � � � 15 1.8 � � � 1.7
data X(4160) Y(4230) Y(4300) � � � � � � Y(4340) Y(4390)
Mass 4408 4463 4480 4498 4516 4531 4567
ωχc0 0.01 � � � 4.8 0.3 6 1.4 6
data Y’(4390) � � � � � � Y(4484) � � � � � � Y(4544)
Mass 4570 4575 4578 4587 4595 4617 4625
ωχc0 � � � 0.3 � � � 11 3 � � � 56
data � � � � � � � � � � � � � � � Y(4660) � � �

TABLE VIII. Theoretical mass, branching ratio predictions,
and assignments for S ¼ 0 Yb tetraquark states. Mass values are
in MeV.

En E1 E2 E3 E4 E5 E6 E7 E8

mass 10504 10548 10565 10679 10754 10774 10791 10810
ωχb0 � � � � � � � � � 1 1.4 0.1 0.2 0.2
ωχb1 � � � � � � � � � 3 4 0.3 0.7 0.5
ωχb2 � � � � � � � � � � � � 7 0.5 1.2 0.8
data Y(10753)
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4.3 to 4.4 GeV, which may indicate three distinct states
within this broad mass range. The first, second, and third
states are around 4.30, 4.34, and 4.39 GeV, and are denoted
here as Y(4300), Y(4340), and Y(4390), respectively.
Y(4300) and Y(4340) observed in the πþπ−J=ψ and

πþπ−ψð2SÞ processes are assigned as S ¼ 2 tetraquark
states, with corresponding theoretical masses of 4284 and
4350 MeV, respectively.
Y(4390) was observed in πþπ−J=ψ [77] and πþπ−hc

[74] channels. In the πþπ−hc process [74], Y(4230) was
also observed. The resonance parameters of Y(4230) in the
πþπ−hc process were consistent with those of Y(4230)
observed in the ωχc0 channel [83], which may suggest that
Y(4390) could also be observed in the ωχc0 channel.
The experimentally observed Y(4390) in the πþπ−hc

channel is assigned to the state with a theoretical mass of
4388 MeV in Table VII, considering the large decay ratio to
ωχc0. Y(4390) could potentially be observed in the ωχc0
channel, which may motivate future experimental searches.
In Ref. [74], the line shapes of Y(4390) observed in the

πþπ−hc process [74] are inconsistent with those in
πþπ−J=ψ and πþπ−ψð2SÞ by BABAR [4,6,84,85] and by
Belle [5,78,81,86]. One may support the existence of two Y
states around 4390 MeV, which are tentatively named Y
(4390) for the one from πþπ−hc, and Y’(4390) for the one
from πþπ−J=ψ .
In Table VII, the experimentally observed Y’(4390) in

the πþπ−ψ channel is assigned to the state with a theoretical
mass of 4408 MeV, due to the small decay ratio to ωχc0.

D. Y(4660)

Y(4660) was first discovered in the initial state radiation
process eþe− → γISRπ

þπ−ψð2SÞ [6]. With a mass of
approximately 4.66 GeV, Y (4660) lies well above the
open-charm threshold, adding complexity to the spectrum
of charmoniumlike states. Y(4660) exhibits intriguing
decay patterns, most notably decaying into ψð2SÞ rather
than J=ψ , a feature shared with other exotic states like Y
(4360). This has led to speculation that Y(4660) could be a
tetraquark [11,32,87], a S −Dwave mixture state [88], or a
hybrid meson [19,20].
As shown in Table VII, the experimentally observed Y

(4660) has been reported mainly in the πþπ−ψ channel and
may be naturally grouped with Y(4300), Y(4340), and
Y’(4390), which are seen in the same process. Y(4660) may
be assigned to a tetraquark state with a small decay ratio to
ωχcJ and a corresponding theoretical mass of 4617 MeV.

E. Other Yc states

The X(4160) was first observed by the Belle
Collaboration in double-charmonium production, eþe− →
J=ψXð4160Þ with Xð4160Þ → DþD− [89]. Later, a related
state was observed by the LHCb Collaboration in the decay
Bþ → J=ψϕKþ [90], reconstructed from the invariant mass

spectrum of J=ψϕ. The two states observed around
4.15 GeV are grouped together as a single entry in the
PDG [3], according to their similar masses and decay
widths. Whether these observations correspond to the same
state still requires further experimental confirmation. The
nature of the X(4160) therefore remains uncertain and
requires further theoretical and experimental investigation.
The production rate of the X(4160) in double-charmo-

nium processes, along with its decay patterns into theDþD−

and J=ψϕ channels, does not align well with expectations
for conventional cc̄ states [3,91]. However, some studies
have still considered interpretations of the X(4160) as a
higher charmonium state [92]. The X(4160) is more likely
interpreted as an exotic hadron, with several theoretical
scenarios proposed. These include a compact tetraquark
configuration, either hidden-charm cc̄qq̄ or cc̄ss̄, supported
by QCD sum rules [93], as well as a meson-meson
molecular state, in particular a D�

sD̄�
s bound state [94].

Despite these scenarios, the quantum numbers of the X
(4160) remain unclear. The Belle Collaboration did not
measure its quantum numbers [89], while LHCb analyses
favor an assignment of JPC ¼ 2−þ [90]. Given its measured
mass near 4.16 GeV, the X(4160) may also be interpreted as
a tetraquark candidate, based on mass consistency with
theoretical predictions for hidden-charm exotics in this
region [93]. However, further experimental confirmation is
still required. The X(4160) is tentatively assigned as a
tetraquark state based on mass agreement, with a corre-
sponding theoretical mass of 4139 MeV.
Recently, Y(4484) was observed in the KþK−J=ψ

process by BESIII for the first time with a statistical
significance greater than 8σ [7]. Together with Y(4230)
observed in the same process, the line shape is consistent
with that of the established Y(4230) in the πþπ−J=ψ
channel. In Table VII, Y(4484) is grouped with
Y’(4390) from the πþπ−J=ψ channel and is assigned as
a tetraquark state based on mass agreement, with a
corresponding theoretical mass of 4498 MeV.
The newly observed Y(4544) was seen in the ωχc1

channel by BESIII [8], and the structure was observed for
the first time with a significance of 5.8σ. Y(4544) has a
significantly higher mass than Y(4484). One may support
the view that Y(4484) and Y(4544) are different states
rather than combining them into a single Y(4500). In the
assignment, Y(4544) is grouped with Y(4230) from ωχc0
channel and assigned to be a tetraquark state considering
the mass agreement and the large ratio to ωχcJ with a
corresponding theoretical mass of 4567 MeV.
The theoretical branching ratios for 1−− Y tetraquark

states decaying into ηJ=ψ are close to zero. Thus, the Y
(4230) state and the Y(4360) state observed in ηJ=ψ [75]
cannot be accommodated in the current tetraquark picture,
and these two states could correspond to other structures,
for example, hadronic molecule states [21–25], or hybrid
mesons [16–20].
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F. Y(10753)

The Y(10753) bottomoniumlike state was first observed
by Belle in the eþe− → πþπ−ϒðnSÞ process [9]. Recently,
the Belle II Collaboration reported another observation that
strongly supports the existence of the radiative transition
process ϒð10753Þ → ωχbJð1PÞ [10]. The energy depend-
ence of the Born cross sections for Y(10753) in the
ωχbJð1PÞ channel [10] was found to be consistent with
the shape of the Y(10753) state in the πþπ−ϒðnSÞ channel
[9]. Belle II concluded that the internal structure of Y
(10753) may differ from that of ϒð10860Þ, where the latter
is well understood as a predominantly conventional botto-
monium state.
In previous work, Y(10753) could not be accommo-

dated within a conventional bottomonium picture, includ-
ing S −D mixing [61]. After the experimental discovery,
a P-wave hidden-bottom tetraquark interpretation was
proposed in the first set of theoretical pictures [95].
For a tetraquark mixing interpretation, one may refer
to Ref. [96].
As shown in Table VIII, the experimentally observed Y

(10753) in πþπ−ϒðnSÞ and ωχbJð1PÞ channels is assigned
to the E5 tetraquark state, considering the mass agreement
and the large ratio to ωχbJ.

IV. SUMMARY

The masses of P-wave charmoniumlike tetraquark states
are calculated using a constituent quark model that incor-
porates a Cornell-like potential and the Breit-Fermi inter-
action. All model parameters were predetermined by
reproducing the mass spectra of low-lying S- and P-wave
light, charmed, and charmonium mesons. The theoretical
results for P-wave tetraquarks are compared with selected
exotic states, known as Y states, and a tentative assignment
is proposed.
The PDG-established state around 4.23 GeV may be

treated as a single state at this stage. In the assignment, Y
(4230), observed in the πþπ−J=ψ , KþK−J=ψ , ωχc0 and
πþπ−hc channels, is assigned as an S ¼ 0 1−− tetra-
quark state.
The PDG established state around 4.36 GeV may be

split into four distinct states. In the assignment, Y(4300)
and Y(4340) observed only in the πþπ−J=ψ process are
assigned as 1−− tetraquark states, respectively. Y(4390),
observed in the πþπ−hc channel, is assigned as a 1−−

tetraquark state with a large decay ratio to ωχcJ, while
Y’(4390), observed in the πþπ−J=ψ channel, is
assigned as a tetraquark state with a small decay ratio
to ωχcJ. Y(4390) could potentially be observed in the
ωχc0 channel, which may motivate future experimental
searches.
The PDG established state Y(4660), observed in the

πþπ−J=ψ channel and grouped with Y’(4390) from the
same process, is assigned as a 1−− tetraquark state.

Y(4484), observed in the KþK−J=ψ channel by BESIII,
and Y(4544), newly observed in the ωχc1 channel by
BESIII, are tentatively assigned as 1−− tetraquark states
because their masses agree with our predictions.
Y(10753), observed in πþπ−ϒðnSÞ and ωχbJð1PÞ chan-

nels by Belle, is assigned as the E5 S ¼ 0 1−− bottomo-
niumlike tetraquark state.
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APPENDIX A: TETRAQUARK SPATIAL WAVE
FUNCTION

The total spatial wave function of the tetraquark,
coupling the χ1, χ2, and χ3 HO wave functions, takes
the general form

ψNL ¼
X
nχi ;lχi

Aðnχ1 ; nχ2 ; nχ3 ; lχ1 ; lχ2 ; lχ3Þ

× ψnχ1 lχ1
ðχ⃗1Þ ⊗ ψnχ2 lχ2

ðχ⃗2Þ ⊗ ψnχ3 lχ3
ðχ⃗3Þ; ðA1Þ

where ψnχi lχi
are HO wave functions. The sum nχi ; lχi is

over nχ1 ; nχ2 ; nχ3 ; lχ1 ; lχ2 ; lχ3. N and L are, respectively, the
total principal quantum number and total angular momen-
tum, and L ¼ lχ1 þ lχ2 þ lχ3 ¼ 1 while lχ1 ; lχ2 ; lχ3 ≤ 1 for
P-wave tetraquark and N ¼ ð2nχ1 þ lχ1Þ þ ð2nχ2 þ lχ2Þþ
ð2nχ3 þ lχ3Þ.
The complete bases of the tetraquarks are listed in

Table IX up to N ¼ 3 for reference.

TABLE IX. The complete bases of tetraquark with quantum
number, N ¼ 2nþ L and L ¼ 1.

ψ11 ψ0;0ðχ⃗1Þψ0;0ðχ⃗2Þψ0;1ðχ⃗3Þ, ψ0;0ðχ⃗1Þψ0;1ðχ⃗2Þψ0;0ðχ⃗3Þ,
ψ0;1ðχ⃗1Þψ0;0ðχ⃗2Þψ0;0ðχ⃗3Þ

ψ31 ψ1;0ðχ⃗1Þψ0;0ðχ⃗2Þψ0;1ðχ⃗3Þ, ψ1;0ðχ⃗1Þψ0;1ðχ⃗2Þψ0;0ðχ⃗3Þ,
ψ1;1ðχ⃗1Þψ0;0ðχ⃗2Þψ0;0ðχ⃗3Þ, ψ0;0ðχ⃗1Þψ1;0ðχ⃗2Þψ0;1ðχ⃗3Þ,
ψ0;0ðχ⃗1Þψ1;1ðχ⃗2Þψ0;0ðχ⃗3Þ, ψ0;1ðχ⃗1Þψ1;0ðχ⃗2Þψ0;0ðχ⃗3Þ,
ψ0;0ðχ⃗1Þψ0;0ðχ⃗2Þψ1;1ðχ⃗3Þ, ψ0;0ðχ⃗1Þψ0;1ðχ⃗2Þψ1;0ðχ⃗3Þ,
ψ0;1ðχ⃗1Þψ0;0ðχ⃗2Þψ1;0ðχ⃗3Þ
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APPENDIX B: CROSS TERMS BETWEEN
DIFFERENT CONFIGURATIONS FROM

CENTRAL POTENTIAL

The color operator λ⃗i · λ⃗j in the Hamiltonian in Eq. (4),
along with the mass-dependent coefficient in the Cornell-
like potential, mixes different color configurations, leading
to nonzero cross terms for charmoniumlike and bottomo-
niumlike tetraquarks.
Similarly, the color-spin operator λ⃗i · λ⃗jσ⃗i · σ⃗j, along with

the mass-dependent factor in the spin-spin interaction,

λ⃗i · λ⃗jVss ¼
2Bijσ

3
ij

3mimj
ffiffiffi
π

p e−σ
2
ijr

2
ij λ⃗i · λ⃗jσ⃗i · σ⃗j; ðB1Þ

mixes different color-spin configurations, also leading to

nonzero cross terms for charmoniumlike and bottomonium-
like tetraquarks.
For reference, the expectation values of Oij ¼ λ⃗i · λ⃗jσ⃗i ·

σ⃗j for S ¼ 0 and S ¼ 2 states are listed in Tables X and XI,
respectively, with all components given in the format
ðO12; O13; O23; O14; O24; O34Þ. The mass-dependent factor
in Eq. (B1) induces nonzero cross terms between different
color-spin configurations.
In conclusion, the S ¼ 0 charmoniumlike and bottomo-

niumlike tetraquarks are linear combinations of ψc
3̄⊗3

ψS¼0
ð0⊗0Þ,

ψc
3̄⊗3

ψS¼0
ð1⊗1Þ, ψc

6⊗6̄
ψS¼0
ð0⊗0Þ, and ψc

6⊗6̄
ψS¼0
ð1⊗1Þ. Similarly, the

S ¼ 2 charmoniumlike and bottomoniumlike tetraquarks
are linear combinations of ψc

3̄⊗3
ψS¼2
ð1⊗1Þ and ψc

6⊗6̄
ψS¼2
ð1⊗1Þ.

There is no configuration mixing between S ¼ 0 and S ¼ 2
states, as no cross terms are found.
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