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We develop a light-front Hamiltonian formalism to study the real-time quantum evolution of a high-
energy quark propagating through the glasma phase of a heavy-ion collision. In this work, the quark Fock
space is truncated to the jqi sector, and the wave function is expanded in a discrete basis representation,
following the time-dependent basis light-front quantization (tBLFQ) framework. The classical glasma
background fields enter as a time-dependent external potential, and physical observables are extracted as
expectation values of quantum operators over the time-evolved state. We compute the transverse
momentum broadening and the jet quenching parameter, finding results consistent with classical estimates,
including the expected scaling with respect to the saturation momentum, and we use them to perform
phenomenological estimations for different collision systems. We also study the color rotation of the quark
state induced by the glasma fields and examine its dependence on the saturation scale and the gauge choice.
This formalism allows systematic improvements to include, in particular, noneikonal propagation and
parton splittings that will be considered in forthcoming publications.
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I. INTRODUCTION

Jets are collimated sprays of hadrons produced when
high-energy quarks and gluons fragment, and they serve as
key probes of the quark-gluon plasma (QGP) formed in
heavy-ion collisions. As a parton passes through the hot,
dense medium, it loses energy and picks up transverse
momentum through interactions with the surrounding color
fields, an effect known as jet quenching [1–6]. This has
been confirmed by a range of measurements at RHIC and
the LHC [7–10]. While jet quenching in the thermal QGP
phase is extensively studied, much less is known about how
jets interact with the pre-equilibrium—an early, short-lived
stage dominated by strong color fields [11–15]. Clarifying
the role of this phase is important for building a complete

picture of jet modification throughout the full evolution of a
heavy-ion collision.
The jet quenching parameter q̂, which quantifies the

transverse momentum squared acquired by a jet per unit path
length, is expected to vary with the momentum of the probe
and the temperature of the medium, potentially serving as a
thermometer for the nuclear matter [6,16]. Notably, the
maximum q̂ in the glasma phase is predicted to be much
larger than its value in the QGP [17–20]. The large values of
q̂ reported in the glasma early stage are compatible with that
estimated during the subsequent phase, described using
effective kinetic theory (EKT) of QCD [21–25]. The effect
of the pre-equilibrium stage on jet quenching and energy
loss has been studied within various approaches [26–29].
These studies have, however, did not led to a consensus on
the contribution of the pre-equilibrium stage to jet quenching
observables. This open puzzle underscores the importance
of further investigating jet dynamics in the glasma.
Jet momentum broadening and the quenching parameter

in the glasma fields for eikonal quarks were extracted using
a classical approach in Refs. [17,30], using correlators of
electric and magnetic fields, where the boost-invariant fields
are solved numerically using real-time lattice gauge theory.
Comparable values for q̂ in the glasma are obtained using
Fokker-Planck transport equations for the quark probe
evolving in glasma fields obtained analytically in the proper

*Contact author: dana.d.avramescu@jyu.fi
†Contact author: carloslamas.rodriguez@usc.es
‡Contact author: tuomas.v.v.lappi@jyu.fi
§Contact author: meijianli@hust.edu.cn
∥Contact author: carlos.salgado@usc.es

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 114, 054062 (2026)

2470-0010=2026=114(5)=054062(24) 054062-1 Published by the American Physical Society

https://orcid.org/0000-0002-1749-732X
https://orcid.org/0009-0005-4393-0763
https://orcid.org/0000-0002-5045-4532
https://orcid.org/0000-0003-0167-8932
https://orcid.org/0000-0003-4586-2758
https://ror.org/05n3dz165
https://ror.org/01x2x1522
https://ror.org/030eybx10
https://ror.org/02vcxyt85
https://crossmark.crossref.org/dialog/?doi=10.1103/jzsq-p93v&domain=pdf&date_stamp=2026-09-30
https://doi.org/10.1103/jzsq-p93v
https://doi.org/10.1103/jzsq-p93v
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


time τ expansion [19,31,32] and in the dilute approxima-
tion [17], or by solving numerically both theWong transport
equations for jets and the classical Yang-Mills equations for
the glasma fields [20]. Similar calculations were done for
heavy quarks [33–42]. These existing approaches are
inherently classical in nature, treating the parton as a
classical color charge evolving under the Lorentz force of
the background glasma fields, and therefore do not account
for quantum effects, such as color coherence, spin-field
coupling, or the quantum evolution of the parton’s internal
degrees of freedom. Furthermore, these estimates do not
consider radiative processes while the jet propagates in the
glasma. Recently, medium-induced radiation for jets was
considered in a model for the glasma flux tubes [43],
where the soft gluon radiation takes place inside correlation
domains with fixed lengths of longitudinal electric fields
which are static in time.Notably, the quantumDirac equation
for quark propagating in glasma background fields has been
studied in the context of quark production [44–47].However,
a quantum treatment of jet propagation in realistic glasma
fields, tracking the full parton quantum state at the amplitude
level, remains anopen challenge. In thisworkwewill address
this situation using the light-front Hamiltonian formalism.
The light-front Hamiltonian formalism combines light-

front dynamics with the Hamiltonian framework (see
reviews in [48]), providing powerful tools for investigating
both the internal structure of bound states [such as light-
front holographic quantum chromodynamics (QCD) [49]
and basis light-front quantization [50] ] and real-time
scattering processes [51–54]. The time-dependent basis
light-front quantization (tBLFQ) approach [51,55] is a
nonperturbative computational method built on this formal-
ism. By implementing a basis representation of field
quantization, it enables efficient numerical simulations of
real-time quantum dynamics. In earlier works, some of us
employed tBLFQ to develop a framework for simulating the
propagation of quark jets through classical color background
fields and carried out systematic studies of jet dynamics in
cold nuclear matter and hot dense medium [56–59]. With
this framework, one can perform real-time simulations of
jets as quantum states at the amplitude level, allowing the
investigation of QCD dynamics from first principles and
nonperturbative quantum effects that are difficult to access
with perturbative approaches. It is also worth noting recent
developments in quantum simulation of jet evolution based
on this framework [60–63].
In this work, we apply the light-front Hamiltonian

formalism tBLFQ, specifically the jet simulation framework
developed in Refs. [56–59], to study the jet momentum
broadening in the initial stages of heavy-ion collisions. As a
first step, we formulate the quark jet in its valence Fock
sector and work in the eikonal limit at midrapidity. We adopt
the classical field approach of the glasma to describe the
early-stage medium right after the collision. A key novelty
of this work is that the jet is treated as a fully quantum state,

whereas previous glasma studies modeled the jet as a
classical probe particle evolving via Wong’s equations or
Fokker-Planck transport. In our companion work [64], we
have elucidated the distinction between kinetic and canoni-
cal momentum and established the connection between the
classical and quantum formalism for computing broadening
with glasma fields, which sets the basis of the present study.
Here, we derive the corresponding quantum operators for
the relevant observables and show that the momentum
broadening can be evaluated equivalently via a direct
quantum calculation or by integrating the Heisenberg
picture quantum operator for the Lorentz force, with both
approaches reproducing the classical result within our Fock
space truncation. We detail the implementation of the
glasma fields, the coordinate transformation between
Milne and jet light-cone variables, and the gauge choices
adopted in our formalism, and we discuss associated effects
such aswave packet delocalization.We present results for the
momentum broadening and jet quenching parameter q̂ at
midrapidity, including its scalingwith the saturation scaleQs
and dependence on the infrared regulator, with particular
emphasis on the anisotropy between the directions longi-
tudinal and transverse to the collision axis.We also study the
color rotation of the quark state induced by the glasma
background fields. The quantum results are compared to the
results obtained from a classical treatment of the jet. While
only the single quark sector is studied here, ourwork sets up a
formalism that can be extended in future works to introduce
gluon radiation by including higher Fock states in the theory
as well as noneikonal corrections to the propagation.
This paper is organized as follows. We first introduce

the implementation of the glasma fields and the light-front
Hamiltonian formalism for simulating jet evolution in
Sec. II. We define the jet observables and derive the
relevant quantities in Sec. III. We then present and discuss
the numerical results in Sec. IV, and conclude in Sec. V.

II. FORMALISM

In this section, we present the theoretical framework
used to describe the propagation of a quark jet through the
glasma fields. We first introduce the physical setup and
coordinate systems, followed by the construction of the
glasma background fields and their numerical implemen-
tation. We then develop the quantum treatment of the quark
jet using the light-front Hamiltonian approach.

A. The setup

In this work, we study the propagation of a midrapidity
quark jet through the glasma fields produced in the early
phase of a heavy-ion collision. The setup of our calculation
is illustrated in Fig. 1. The colliding high-energy nuclei
propagate in opposite directions along the z-axis, while the
jet moves along an eikonal trajectory in the x-direction,
at η ≈ 0. We are interested in how the jet momentum in the
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ðy; zÞ plane—the transverse plane with respect to the jet
propagation direction—is modified by the glasma fields.
We employ the light-front Hamiltonian approach to

evolve the quantum state of the quark in the presence of
a classical background external field, in this case the glasma.
A convenient system of coordinates for such calculation is
given in terms of light-cone coordinates along the jet
direction, denoted as ðxþ; x−; y; zÞ and defined by

x� ≡ t� x: ð1Þ

These coordinates differ from the light-cone coordinates of
the colliding nuclei with respect to the beam axis, which are
denoted as ðx•; x; y; x�Þ and defined by

x• ≡ tþ z; x� ≡ t − z: ð2Þ

Here, we adopt the notation of Ref. [65] for the beam axis
direction light-cone coordinates to distinguish them from
those of the jet direction x.
In our setup, the glasma fields are expressed in Milne

coordinates ðτ; x; y; ηÞ, where τ denotes the proper time,
and η the space-time rapidity given by

τ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 − z2

p
; η≡ tanh−1

�
z
t

�
: ð3Þ

This coordinate system is particularly suitable to describe
boost-invariant fields, which do not depend on the rapidity η.

In practice, the jet evolution is computed in light-cone
coordinates, while the glasma fields are constructed in
Milne coordinates and subsequently mapped onto the light-
cone components needed for the Hamiltonian evolution.
Further details on the coordinate systems and conventions
used in this work are provided in Appendix A.

B. The glasma fields

1. The boost-invariant glasma

The glasma fields, which serve as the external back-
ground field in our calculation, are obtained as follows and
further details can be found in [64]. The glasma consists of
classical gluon fields obtained from the collision of high-
energy nuclei within the color glass condensate frame-
work [14,66,67]. At such energies, the nucleus is domi-
nated by large numbers of soft gluons, which carry a small
fraction of the total momentum. The hard partons inside the
nucleus, treated as a classical color current J μ, radiate
the soft partons, described by a classical gauge field Aμ.
The evolution of the latter is governed by the classical
Yang-Mills equation

½Dμ;F μν� ¼ J ν; ð4Þ

where ½Dμ; χ� ¼ ∂μχ þ ig½Aμ; χ� is the covariant derivative
and F μν ¼ ∂

μAν − ∂
νAμ þ ig½Aμ;Aν� the field strength

tensor.
Before the collision, the two nuclei, denoted as 1

and 2, propagate along the light-cone directions x•

and x�, respectively, with the nuclei light-cone coordi-
nates defined in Eq. (2). The associated color current is
aligned with the corresponding light-cone direction x•;�
and encodes the transverse color charge density:
J μ

ð1;2Þ ∝ δμ;ð•;�Þδðx�;•Þρð1;2Þðx⃗⊥Þ, where x⃗⊥ ≡ ðx; yÞ. By

the uncertainty principle, the highly boosted sources
are effectively static in the conjugate light-cone coordi-
nate so that ρð1;2Þðx�;•; x⃗⊥Þ ≈ δðx�;•Þρð1;2Þðx⃗⊥Þ. For large
nuclei at high-energies, the color charges are sampled
from a Gaussian probability functional using the
McLerran-Venugopalan (MV) model [68–70]. This enfor-
ces overall color neutrality via hρaðx⃗⊥Þievent ¼ 0 and
yields the 2-point charge correlation

hρaðx⃗⊥Þρbðy⃗⊥Þievent ¼ g2μ2δabδð2Þðx⃗⊥ − y⃗⊥Þ; ð5Þ

where h…ievent denotes the average over multiple event
configurations, and g2μ is the color charge density of the
individual nuclei 1 and 2. The color charge parameter g2μ
is directly related to the saturation momentum Qs, the
scale at which the gluon distribution saturates [15,71]. In
practice, to preserve randomness in the infinitesimal
direction of propagation x•ðx�Þ [72], one retains the
dependence ρð1;2Þðx�;•; x⃗⊥Þ, and the MV model correlator

FIG. 1. Schematic representation of the setup for our calcu-
lation. The colliding high-energy nuclei travel in opposite
directions along the z-axis, creating correlation domains in the
ðx; yÞ plane that are commonly depicted as flux tubes extending
in the z-direction. For simplicity, these correlation domains are
shown at the initial time, each with a length of 1=Qs, where Qs is
the saturation scale. The midrapidity jet propagates along the
x-axis, perpendicular to the beam direction, traversing the
expanding glasma fields.
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from Eq. (5) is regularized as

hρamðx⃗⊥Þρbnðy⃗⊥Þievent ¼
δm;n

Nη
g2μ2δabδð2Þðx⃗⊥ − y⃗⊥Þ; ð6Þ

in which Nη denotes the total number of layers of color
sources along x•ðx�Þ, and the layer indices m, n run over
1; 2;…; Nη. We start by obtaining the single-nucleus
gauge fields needed to construct the glasma initial
condition. In the covariant gauge ∂μA

μ
cov ¼ 0, the classical

Yang-Mills equation (4) reduces to a two-dimensional
Poisson equation,

ðΔ⊥ −m2
gÞA•;�

covðx�;•; x⃗⊥Þ ¼ −ρð1;2Þðx�;•; x⃗⊥Þ; ð7Þ

where A•
cov and A�

cov are the gauge fields sourced by
nucleus 1 (traveling along x•) and nucleus 2 (traveling
along x�). Here, Δ⊥ is the transverse Laplace operator, and
mg is an infrared regulator. In practice, Eq. (7) is solved in
momentum space via Fourier transformation. One then
performs a gauge transformation to the nuclei light-cone
gauge A•;�

LC ¼ 0, given by the color rotation

Vð1;2Þðx⃗⊥Þ ¼ P exp

�Z
dx�;•A•;�

covðx�;•; x⃗⊥Þ
�
; ð8Þ

yielding pure gauge fields for each nucleus,

α
i
ð1;2Þðx⃗⊥Þ ¼

i
g
Vð1;2Þðx⃗⊥Þ∂iV†

ð1;2Þðx⃗⊥Þ: ð9Þ

Here, α
i
ð1;2Þ ≡Ai;LC

ð1;2Þ denotes the transverse components

with i∈ fx; yg.
These pure gauge fields serve as the building blocks for

the glasma initial condition at τ ¼ 0. The standard glasma
initial condition is formulated in Milne coordinates, with
proper time τ and space-time rapidity η defined in Eq. (3),
in the temporal gaugeAτ ¼ 0, and under the assumption of
boost invariance ∂ηAμ ¼ 0. At τ ¼ 0, the glasma fields are
expressed in terms of the pure gauge fields [73,74],

Aiðτ ¼ 0Þ ¼ α
i
ð1Þ þ α

i
ð2Þ; ð10aÞ

Aηðτ ¼ 0Þ ¼ ig
2
½αið1Þ; α

i
ð2Þ�; ð10bÞ

and the temporal derivatives are imposed as ∂τAi ¼
∂τAη ¼ 0. The subsequent time evolution of the glasma
fields is governed by the sourceless classical Yang-Mills
equation ½Dμ;F μν� ¼ 0, which for the boost-invariant
glasma in the temporal gauge reduces to

∂τðτ∂τAiÞ ¼ τDjF j i −
ig
τ
½Aη;DiAη�; ð11aÞ

∂τ

�
1

τ
∂τAη

�
¼ 1

τ
DiðDiAηÞ: ð11bÞ

The field equations (11) are solved numerically using
real-time lattice gauge theory. The transverse plane ðx; yÞ of
side length L⊥ is discretized into N⊥ lattice points along
each direction, giving a lattice spacing a⊥ ¼ L⊥=N⊥. The
transverse gauge fieldAi is encoded in gauge link variables

Uiðτ; x⃗⊥Þ ¼ exp
�
iga⊥Ai

�
τ; x⃗⊥ þ a⊥

2
e⃗i

��
; ð12Þ

where e⃗i is the unit vector along direction i. These gauge
links represent the smallest Wilson lines connecting
neighboring lattice sites and are used to construct plaquette
variables, corresponding to the shortest Wilson loops on the
transverse lattice. Due to boost invariance, the field
component Aη is not discretized using such variables.
The field equations Eq. (11) are then expressed in terms
of Ui, Aη, and their time derivatives and are solved
numerically. Further details on the numerical implementa-
tion for SU(3) glasma fields are provided in [17,75].
The glasma electric and magnetic fields, extracted from

the gauge potentials as

Ei ¼ ∂τAi; Ez ¼
1

τ
∂τAη;

Bi ¼
1

τ
εi jDjAη; Bz ¼ −F xy; ð13Þ

exhibit characteristic correlation patterns. At the initial
time τ ¼ 0, the longitudinal electric fields Ez are correlated
on a typical scale 1=Qs, corresponding to the correlation
domain depicted in Fig. 1, while the longitudinal magnetic
fields Bz also exhibit an anticorrelation region [17,76–78].
To reduce numerical errors in the computation of physical

observables, it is advantageous to choose a gauge in which
the magnitude of the gauge potential is minimized [64].
The residual gauge freedom of the glasma temporal gauge
Aτ ¼ 0 can be used to additionally impose the transverse
Coulomb gauge condition

X
i

∂iAiðτ; x⃗⊥Þ ¼ 0 ð14Þ

at the initial time τ ¼ 0, as done in [79–81]. Such a gauge
fixing minimizes the square of the transverse gauge potential

A⃗⊥ ≡ ðAx;AyÞ, namely,
R
dx⃗⊥A⃗

2
⊥ðx⃗⊥Þ at a given τ [82,83].

The Coulomb gauge is imposed numerically using the
Fourier acceleration technique [84,85], as employed
in [64]. The resulting gauge transformation Cðτ ¼ 0; x⃗⊥Þ≡
Cðx⃗⊥Þ is then applied to the glasma transverse gauge
links Uiðx⃗⊥Þ → Cðx⃗⊥ÞUiðx⃗⊥ÞC†ðx⃗⊥ þ a⊥e⃗iÞ and fields
Aηðx⃗⊥Þ → Cðx⃗⊥ÞAηðx⃗⊥ÞC†ðx⃗⊥Þ. As shown in [64], working
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in the Coulomb gauge significantly reduces numerical errors
arising from the discretization.
In practice, any physical quantityO½ρ� extracted from the

numerical simulations is computed event-by-event, where
each event is characterized by a color charge configuration
ρ sampled according to the MV model (5) with a fixed
value of g2μ. The configuration average over Nevents events
is defined as

hO½ρ�ievent ¼
1

Nevents

XNevents

1

O½ρ�: ð15Þ

The proportionality factor between g2μ and Qs is deter-
mined from the dipole correlator of Wilson lines before the
collision, and depends on the numerical parameters enter-
ing the glasma fields, notably on the infrared regulator mg

and the lattice spacing a⊥ [71].

2. Classical jets in glasma

Before developing the quantum treatment in Sec. II C, we
briefly review the classical formulation of jet propagation in a
non-Abelian background field. This establishes key physical
quantities—in particular the Lorentz force—and the notation
used throughout the paper and allows for direct comparison
with existing results in the literature [17,20,30,64].
The classical evolution is performed by using Wong’s

equations [86], which represent the equations of motion for
classical point-like particles in the presence of a non-
Abelian background field. The classical transport equation
for the kinetic momentum pμ

kin is

dpμ
kin

dλ
¼ g

TR
tr½QðλÞfμðλÞ�; ð16Þ

where λ is the affine parameter which parametrizes the
particle worldline, fμ is the Lorentz force along the particle
trajectory, and Q ¼ Qata is the classical color charge.
Here, ta are the generators of the gauge group SU(3), and
tr½tatb� ¼ TRδ

ab with TF ¼ 1=2 for R ¼ F quarks in the
fundamental representation. The classical Lorentz force is
defined as

fμ ≡ dxν

dλ
F μν; ð17Þ

where xμ is the particle coordinate and F μν ¼ F μν;ata

contains the color electric and magnetic fields experienced
by the particle. This is accompanied by an equation of
motion for the classical color charge, which is expressed as
a color rotation

QðλÞ ¼ Uðλ; 0ÞQð0ÞU†ðλ; 0Þ; ð18Þ

with a Wilson line constructed along the particle trajectory,
which accumulates the background gauge field as

Uðλ; 0Þ ¼ P exp

�
−ig

Z
λ

0

dλ0
dxμ

dλ0
Aμðλ0Þ

�
: ð19Þ

We study classical momentum broadening, which is
defined as the squared difference in the kinetic momentum
along directions i∈ ðx; y; zÞ as

δpkin
i ðλÞ≡ pkin

i ðλÞ − pkin
i ð0Þ: ð20Þ

Further, we focus on the propagation of an eikonal quark
jet in the glasma background fields that were described
above in Sec. II B 1. We consider the quark to move with a
large momentum px → ∞ on a straight-line trajectory
along the x-axis, that is, x ¼ t along with λ ¼ τ at
midrapidity η ¼ 0. In this limiting case, one may integrate
over the color charge degrees of freedom using the classical
color averages [17,20,87–90]

Z
dQQaQb ¼ TRδ

ab: ð21Þ

In general, classical color charge averages are done as

hXiQ ≡
Z

dQX; ð22Þ

with Xbeing any n-point function ofQa. The color charged
averaged kinetic momentum broadening experienced by
the quark jet is given by

hðδpkin
i ðτÞÞ2iQ ¼ g2

Z
τ

0

dτ0
Z

τ

0

dτ00tr½f̃iðτ0Þf̃iðτ00Þ�; ð23Þ

where the Lorentz force is color rotated with the particle
Wilson line

f̃iðτÞ ¼ Uðτ; 0ÞfiðτÞU†ðτ; 0Þ: ð24Þ

For eikonal jets in the temporal gauge, the Wilson line from
Eq. (19) simplifies to

Uðτ; 0Þ ¼ P exp

�
−ig

Z
τ

0

dτ0Axðτ0Þ
�
: ð25Þ

The Lorentz force exerted on the quark jet along the
i∈ ðy; zÞ directions contains the following combination
of glasma electric and magnetic fields:

fy ¼ Ey − Bz; ð26aÞ

fz ¼ Ez þ By: ð26bÞ

The resulting kinetic momentum broadening, as expressed
in Eq. (23), is thus evaluated as the correlator of glasma
electric and magnetic fields along the eikonal jet trajectory
[17,20,30,64]. We emphasize that there is a difference
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between the kinetic and canonical momentum broadening,
with the canonical broadening being gauge dependent, as
discussed in more detail in [64].

3. Glasma fields on the jet light-cone

To describe the evolution of the quantum quark state we
will use the light-front Hamiltonian formalism, which is
naturally expressed in the light-cone coordinates of the jet,
introduced in Eq. (1). The glasma fields, which are derived
and evolved in Milne coordinates, must then be re-written
into this coordinate system.
We focus on high-energy quark jets propagating along

eikonal trajectories with x ¼ t. Along such a trajectory, one
has xðxþÞ ¼ xþ=2, and the corresponding proper time is
given by τðxþ; zÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxþ=2Þ2 − z2

p
. It follows that the

relevant components of the glasma fields experienced by
the quark jet are

Aþðxþ; y; zÞ ¼
1

2

�
Axðτðxþ; zÞ; xðxþÞ; yÞ

−
z
τ2
Aηðτðxþ; zÞ; xðxþÞ; yÞ

�
;

Ayðxþ; y; zÞ ¼ Ayðτðxþ; zÞ; xðxþÞ; yÞ;

Azðxþ; y; zÞ ¼
xþ

2τ2
Aηðτðxþ; zÞ; xðxþÞ; yÞ: ð27Þ

On the lattice, the transverse gauge potentials Ai with
i∈ fx; yg are extracted as the logarithm of the correspond-
ing gauge links, that is, iga⊥Ai ¼ lnUi using Eq. (12).
The numerical implementation of the exact coordinate

transformation between Milne and light-cone variables
presents several challenges. For nonvanishing rapidity,
one has t ≠ τ, and the glasma fields at a given xþ value
may contain contributions from all previous proper time
values τ < xþ=2. Consequently, one would need to retain
the full history in Milne proper time τ to reconstruct the
fields at a fixed light-cone time xþ, which is computation-
ally costly. Note that the glasma field equations from
Eq. (11) contain only first-order proper time derivatives,
and the numerical implementation of these equations does
not require fully storing the fields at all previous τ values. In
addition at a fixed t, the classical background fields occupy
a finite extent in the z-, Δz ¼ t, whereas the quantum jet is
described by a spatially extended wave packet rather than a
pointlike particle. Consequently, parts of the quark wave
function may extend beyond the glasma light-cone and
probe regions where the classical fields are not physically
defined. This reflects an intrinsic limitation of describing
the state of a quantum particle, with t or xþ as the time
coordinate, at an early time after the collision. At early
times in particular, the extent of the collision region in z is
very small, and it is not straightforward to consistently

account for the finite spatial extent of the wave function of
the jet.
These complications associated with the coordinate

transformation are mitigated by exploiting the fact that
the jet is well localized around midrapidity. In the classical
calculation [17], only the first-order derivatives in z
contribute to the momentum broadening from Eq. (23),
as may be noticed from the expressions of the relevant
electric and magnetic field components [see Eq. (13)]. This
suggests that a first-order expansion in the z-coordinate,
Aμðxþ; y; zÞ≃Aμðxþ;y;0Þþ ðz∂Aμ=∂zÞðxþ;y;0ÞþOðz2Þ,
should already capture the relevant physics for jets propa-
gating near η ≃ 0. The only component that has a nontrivial
contribution from the linear term is Aþ, while for Ay

and Az the linear term vanishes and only the zero-order
term contributes. The expanded fields then read

Aþðxþ; y; zÞ ≃
1

2

�
AxðτðxþÞ; xðxþÞ; yÞ

−
4z

ðxþÞ2AηðτðxþÞ; xðxþÞ; yÞ
�
;

Ayðxþ; y; zÞ ≃AyðτðxþÞ; xðxþÞ; yÞ;

Azðxþ; y; zÞ ≃
2

xþ
AηðτðxþÞ; xðxþÞ; yÞ; ð28Þ

where τðxþÞ ¼ xðxþÞ ¼ xþ=2. Using this expansion we
effectively extend the fields outside the future light cone in a
smooth way, preserving the dynamics in the region around
η ¼ 0, which is our main interest here. Now, the only
dependence on z is given by the Aη term of Aþ. However,
this approximation only works for jet wave functions which
are well localized around midrapidity and breaks if the
effective transverse width of the jet becomes too large. From
now on we simply denote

AμðτðxþÞ; xðxþÞ; yÞ≡AμðxþÞ ð29Þ

since the x-coordinate coincides with the temporal one
and the y-coordinate is not modified by the coordinate
transformation.

C. Jet evolution in the light-front
Hamiltonian approach

Let us now summarize the formalism used for the
quantum evolution of a quark state in the presence of a
classical non-Abelian background field. We start by deriv-
ing the Hamiltonian using the framework of light-front
quantization. We then present the method employed to
construct the quark state and explain how the state is
numerically evolved. Note that here, both the fields and the
momenta must be understood as quantum operators acting
on the quark state.
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1. The quark propagation Hamiltonian

The Lagrangian that describes the evolution of the quark
fermion field (Ψ) in the presence of a classical external
gluon field (Aμ) can be derived from the Dirac Lagrangian
using minimal coupling, where the covariant derivative is
modified as ∂μ → Dμ ¼ ∂μ þ igAμ with Aμ ¼ Aa

μta. As an
initial investigation, we truncate the Fock space of the
quark jet jqi þ jqgi þ jqggi þ � � � to the single-quark
sector jqi, thereby neglecting contributions from gluon
emissions and virtual corrections associated with the
quantum gluon field. The Lagrangian is then given by

L ¼ Ψ̄ðiγμDμ −mÞΨ: ð30Þ

The corresponding Hamiltonian is obtained from the
Lagrangian in Eq. (30) by performing a Legendre trans-
form. We work in the light-front formalism, where xþ
defined in Eq. (1) serves as the temporal variable. The
resulting Hamiltonian is referred to as the light-front (LF)
Hamiltonian [48]. It takes the form

P−ðxþÞ ¼
Z

dx−d2x⃗⊥
�
1

2
Ψ̄γþ

m2 −∇2⊥
i∂þ − gAþ Ψ

þ gΨ̄ðγþAþ þ γiAiÞΨþ g2

2
Ψ̄γiAi

×
γþ

i∂þ − gAþ γjAjΨ
�
: ð31Þ

We use lower indices for the fieldAμ, with the exception of
the term i∂þ − gAþ, where we retain the upper index to
make transparent the physical interpretation of pþ − gAþ
as the kinetic longitudinal momentum.
Light-front quantization of the gluon field is formulated

in the light-cone gauge Aþ ¼ 0. However, since the
quantized gluon field is absent due to Fock space trunca-
tion, only the classical external field Aμ appears in the
resulting Hamiltonian. We emphasize that the external
classical field Aμ can be in a different gauge, and thus,
the componentAþ still appears. In practice, as discussed in
Sec. II B 1 and done in [64], the glasma fields are obtained
in the Fock-Schwinger gauge Aτ ¼ 0, and we additionally
impose the transverse Coulomb gauge ∂iAi ¼ 0 at the
initial proper time τ ¼ 0.
Formally, the derivative in the denominators of Eq. (31)

may be understood as i∂þ → pþ, which is valid when
acting on momentum eigenstates where pþ is treated as a
c-number. In this work, we only consider eikonal jets
whose longitudinal momentum is very large pþ → ∞. We
then expand Eq. (31) assuming pþ ≫ Aþ, keeping terms
of order 1=pþ but neglecting ones of order Aþ=ðpþÞ2,
to get

P−ðxþÞ ¼
Z

dx−d2x⃗⊥
�
1

2
Ψ̄γþ

m2 −∇2⊥
pþ Ψ

þ gΨ̄ðγþAþ þ γiAiÞΨþ g2

2
Ψ̄γiAi

γþ

pþ γjAjΨ
�
:

ð32Þ

Therefore, for an arbitrary gauge with finite Aþ, the
longitudinal Aþ component of the background field does
not enter the Hamiltonian at Oð1=pþÞ in the eikonal
expansion. We will, however, keep the terms suppressed
as 1=pþ since they will be relevant in the derivation of
quantum operators.
We quantize the fermion field by expanding the field

operator in terms of creation and annihilation operators,

ΨcðxÞ ¼
X
λ

Z
dpþd2p⃗⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþð2πÞ3

p
× ½uλðpÞe−ip·xbλ;cðpÞ þ vλðpÞeip·xd†λ;cðpÞ�; ð33Þ

where p · x ¼ 1=2pþx− − p⃗⊥ · x⃗⊥ denotes the light-front
spatial three-product, λ is the light-front helicity, c is the
color index, and uλ and vλ are the Dirac spinors. The
phase factor originates from the four-product p · x ¼
1
2
ðpþx− þ p−xþÞ − p⃗⊥ · x⃗⊥, which reduces to the above

form upon quantization on the xþ ¼ 0 surface. This
reduction is a feature of canonical quantization in the
Schrödinger picture, as implemented here in tBLFQ. The
evolution in xþ is then generated by the Hamiltonian acting
on the state, while equal-xþ anticommutation relations

fbλ;cðpÞ; b†λ0;c0 ðp0Þg ¼ fdλ;cðpÞ; d†λ0;c0 ðp0Þg
¼ δð3Þðp − p0Þδλ;λ0δc;c0 ð34Þ

remain independent of the chosen picture. Note that within
our leading Fock space truncation only the term containing
the quark spinor contributes. Applying this free-field
expansion to the Hamiltonian in Eq. (32) and presenting
the result in the quantum many-body representation (see
Appendix B for detailed derivations) leads to

P− ¼ m2 þ ðp⃗⊥ − gA⃗⊥Þ2
pþ þ 2gAþ − 2g

BxSx

pþ : ð35Þ

Our derivation closely follows the framework introduced in
Ref. [91] for the light-front Hamiltonian of quarkonium in
an external magnetic field. This many-body representation
provides an intuitive understanding and facilitates the
derivation of various operator expressions.
The first term in Eq. (35) is the kinetic energy of the

quark propagating in the presence of the background field,
from which we identify the kinetic momentum
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p⃗kin⊥ ¼ p⃗⊥ − gA⃗⊥; ð36Þ

where p⃗⊥ is the canonical momentum conjugated to the
transverse position operator. A more detailed discussion of
the distinction between the kinetic and canonical momen-
tum in the glasma is provided in our companion paper [64].
Note that in light-front dynamics, pþ is the central charge
of the transverse Galilei subgroup and plays the role of an
effective mass in the transverse motion. It is therefore
natural that the resulting Hamiltonian resembles the quad-
ratic form of the color Dirac Hamiltonian, e.g., as given
in Ref. [92].
The second term in Eq. (35) describes the interaction of

the quark with the external potential. The last term accounts
for the coupling of the quark’s spin projection to the chromo-

magnetic field B⃗ ¼ ∇ × A⃗, analogous to the Zeeman effect
in the nonrelativistic (NR) quantum mechanics. Recall that
in the quantization we have chosen the jet direction, i.e.,
the x-axis, as the longitudinal direction. Consequently, the
x-component of the spinor matrix S⃗ ¼ σ⃗=2 contains the
conventionally defined Pauli-σ3 matrix

Sx ¼ 1

2
σ3 ¼ 1

2

�
1 0

0 −1

�
: ð37Þ

We identify the quark’s magnetic momentum as μ⃗q ¼
gsgqS⃗, where the gyromagnetic ratio is gq ≡ g=pþ, and
the Landé g-factor gs ¼ 2. This term is actually a reduced

form of −μ⃗q · B⃗, under the assumption that the longitudinal
momentum transfer from the external field Aμ is negligible
compared to the pþ momentum component of the jet. This
implies that spin flips of the quark state are forbidden.
As we have previously mentioned, we retain terms

suppressed as 1=pþ in Eq. (35), as they can contribute
to the derivation of the quantum operators associated to the
physical observables even in the limit pþ → ∞. After
the relevant operators have been derived, we will take the
eikonal limit on the Hamiltonian and retain only the terms
which are not pþ suppressed,

lim
pþ→∞

P− ¼ 2gAþ: ð38Þ

We will use the Hamiltonian in Eq. (38) to compute the
quantum evolution of the quark state, and the full
Hamiltonian in Eq. (35) only when deriving quantum
operators in Sec. III. Therefore, only the Aþ component
of the background fields enters the evolution Hamiltonian

of the system, while the transverse A⃗⊥ components enter
the definition of the kinetic momentum of the particle, as in
Eq. (36). The Zeeman term in the Hamiltonian does not
play any role at leading eikonal order, nor does the A−
component of the background fields.

2. Basis representation

We employ a basis representation to construct the Hilbert
space of the system and to perform the time evolution. We
choose the eigenstates of the kinetic energy part of the free
Hamiltonian as the basis states jβi so that the basis retains
the same symmetries as the free theory

m2 þ p⃗2⊥
pþ jβi ¼ P−

β jβi: ð39Þ

Each basis state is labeled by five quantum numbers, the
longitudinal momentum pþ, the transverse momentum p⃗⊥,
the light-front helicity λ, and the color index c.
We discretize the transverse ðy; zÞ position space on a

square lattice with extent L⊥ and N⊥ sites per dimension,
such that the lattice spacing is a⊥ ¼ L⊥=N⊥. In the
y-direction, this discretization matches that used for the
glasma fields, described in Sec. II B 1. The associated
momentum space is also discretized on a finite lattice
by Fourier transforming the coordinate space lattice.
Accordingly, the transverse momentum resolution is
dp ¼ 2π=L⊥, acting as an effective infrared (IR) cutoff
for the momentum transferred by the background fields,
while the finite lattice spacing introduces an effective
ultraviolet (UV) cutoff λUV ¼ π=a⊥. The transverse
momentum in the basis space can therefore be written as

pi ¼ kidp; i ¼ y; z; ð40Þ

with the dimensionless quantum number ki ¼ −N⊥=2;
−N⊥=2þ 1;…; N⊥=2 − 1. Since the background field
preserves the longitudinal momentum and the light-front
helicity, we label the basis state as β ¼ fky; kz; cg.
The jet state can then be expanded as

jψ ; xþi ¼
X
β

cβðxþÞjβi; ð41Þ

where cβðxþÞ≡ hβjψ ; xþi are the basis coefficients at xþ.
All the information about time evolution is now contained
in the coefficients, which can be collected into a column
vector cðxþÞ. This formulation greatly simplifies the
computation, as the evolution reduces to matrix multi-
plications between the coefficient vector and the corre-
sponding evolution matrix.

3. Time evolution

The evolution of the jet as a quantum state obeys the
time-dependent Schrödinger equation on the light front,

i
∂

∂xþ
jψ ; xþi ¼ 1

2
P−ðxþÞjψ ; xþi: ð42Þ

The solution of the evolved state can be written as
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jψ ; xþi ¼ Uðxþ; 0Þjψ ; 0i; ð43Þ

with the unitary evolution operator defined as

Uðxþf ; xþi Þ ¼ T þ exp

�
−
i
2

Z
xþf

xþi

dxþP−ðxþÞ
�
: ð44Þ

Here, T þ denotes the light-front time ordering. In the basis
representation, where the state is expanded as in Eq. (41),
the solution takes the matrix form

cðxþÞ ¼ T þ exp

�
−
i
2

Z
xþ

0

dsMðsÞ
�
cð0Þ; ð45Þ

whereMββ0 ðxþÞ≡ hβjP−jβ0i are the matrix elements of the
light-front Hamiltonian.
Knowing the quantum state, an observable can be

evaluated as the expectation value of the corresponding
operator O,

hOðxþÞiψ ¼ hψ ; xþjOðxþÞjψ ; xþi
¼

X
ββ0

c�βðxþÞcβ0 ðxþÞOββ0 ðxþÞ: ð46Þ

where Oββ0 ðxþÞ≡ hβjOjβ0i denotes the matrix elements of
the operator O in the chosen basis. One should not confuse
the quantum expectation value of an operator, noted
as h…iψ , with the average over glasma configurations
h…ievent defined in Eq. (15).
We formulate the time evolution in the Schrödinger

picture, noting that it can be expressed equivalently in the
interaction or Heisenberg picture. The interaction picture is
often preferred when studying the effect of an external field
on the eigenstates of the free Hamiltonian, as in studies of a
quark jet traversing a medium field [56,59]. In the eikonal
limit relevant to our calculation, only the interaction part of
the Hamiltonian survives, and thus, the Schrödinger and
interaction pictures coincide. This is the picture we adopt
for the quantum calculation. The Heisenberg picture will
also be employed in later sections, as it facilitates com-
parison with the classical treatment in our companion
work [64], where it is likewise adopted. In particular,
the derivation of the kinetic momentum operator becomes
more transparent in the Heisenberg picture since the time
dependence is carried by the position operator.
The operators in the Heisenberg picture are related to

those in the Schrödinger picture by

OHðxþÞ ¼ U†ðxþ; 0ÞOðxþÞUðxþ; 0Þ; ð47Þ

and the states are time-independent

jψiH ≡ jψ ; 0i ¼ U†ðxþ; 0Þjψ ; xþi: ð48Þ

The time evolution of the system is encoded at the operator
level through Heisenberg’s equation of motion,

dOH

dxþ
¼ i

�
1

2
P−
H;OH

�
þ ∂OH

∂xþ
; ð49Þ

and the evaluation of observables is equivalent to that in the
Schrödinger picture

hOðxþÞiψ ¼ Hhψ jOHðxþÞjψiH: ð50Þ

III. JET OBSERVABLES

In this section, we derive the quantum operators asso-
ciated with the jet observables of interest. Specifically, we
focus on the momentum broadening induced by the back-
ground field and the subsequent jet quenching parameter.
We also introduce the color transition rate to quantify the
effect of the medium on the color charge of the quark jet.

A. Momentum broadening

It is well established, both in classical and quantum
mechanics, that for a particle propagating through an
external medium, the momentum conjugated to the position
operator—the canonical momentum p⃗⊥—does not gener-
ally coincide with the physical kinetic momentum, which
we denote by p⃗kin⊥ . In nonrelativistic quantum mechanics,
the kinetic momentum of a particle is defined as mass times
velocity, where the velocity is given by the time derivative
of the position operator. In light-front dynamics, the
longitudinal momentum pþ plays the role of particle mass
in the nonrelativistic theory, as it is the central charge of the
transverse Galilei subgroup. The transverse kinetic momen-
tum is therefore defined as

p⃗kin⊥ ¼ pþ dx⃗⊥
dxþ

: ð51Þ

The time derivative of the coordinate operator is readily
obtained in the Heisenberg picture using the evolution
equation given in Eq. (49) and the Hamiltonian in the
quantum many-body representation given in Eq. (35),

dx⃗⊥;H

dxþ
¼ i

�
1

2
P−
H; x⃗⊥;H

�

¼ U†ðxþ; 0Þ p⃗⊥ − gA⃗⊥
pþ Uðxþ; 0Þ; ð52Þ

where we have applied the canonical commutation relations
½pi; xi� ¼ −i. The quantum operator of transverse kinetic
momentum is therefore

p⃗kin⊥ ¼ p⃗⊥ − gA⃗⊥: ð53Þ
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The kinetic momentum is the physical, gauge-invariant
quantity, whereas the canonical momentum p⃗⊥ includes a
gauge-dependent contribution from the external field. We
emphasize that when referring to “momentum space,”
particularly in the context of basis representation, we mean
the canonical momentum.
In deriving the kinetic momentum operator, we employ

the full light-front Hamiltonian in Eq. (35). This is neces-
sary because the operator is proportional to pþP−, so terms
in the Hamiltonian that are formally suppressed by 1=pþ
still contribute to the observable, even in the eikonal limit
pþ → ∞. This treatment is therefore consistent with—
indeed required for—the use of the eikonal Hamiltonian
in Eq. (38) to describe the time evolution.
To quantify the transverse momentum broadening over a

finite evolution time, we introduce the operator

ðδpkin
i;HðxþÞÞ2 ¼ ðpkin

i;HðxþÞ − pkin
i;Hð0ÞÞ2; ð54Þ

where i∈ ðy; zÞ and we do not sum over i, to study the
anisotropies in the momentum broadening between the two
directions transverse to the jet. This definition removes the
contribution from a nonzero initial kinetic momentum,
which can arise when the jet is initialized as a wave packet
in transverse momentum space or when the background
field is nonzero initially.
In the above equation, we express the operator in the

Heisenberg picture to avoid ambiguities associated with
time dependence. In contrast, in the Schrödinger, picture

both the quantum state and the glasma field A⃗⊥, and
consequently p⃗kin⊥ , carry explicit time dependence. The
operator in the Schrödinger picture is obtained via the
standard unitary transformation

ðδpkin
i ðxþÞÞ2 ¼ Uðxþ; 0Þðδpkin

i;HðxþÞÞ2U†ðxþ; 0Þ: ð55Þ

We evaluate the corresponding expectation value using
two complementary approaches, detailed in the following
subsections: a direct quantum calculation based on the
operator definition of pkin

i given in Eq. (53), and an
alternative formulation in terms of the Lorentz force
quantum operator.

1. Direct quantum calculation

The expectation value of the momentum broadening
operator defined in Eq. (54) can be evaluated equivalently
in either the Heisenberg or Schödinger picture,

hðδpkin
i ðxþÞÞ2iψ ¼ H hψ jðδpkin

i ðxþÞÞ2HjψiH
¼ hψ ; xþjðδpkin

i ðxþÞÞ2jψ ; xþi: ð56Þ

We adopt the latter formulation here. Expanding the square
in Eq. (54), three terms contribute

hðδpkin
i ðxþÞÞ2iψ ¼ hðpkin

i ðxþÞÞ2iψ þ hðpkin
i ð0ÞÞ2ψ i

− 2ℜhpkin
i ðxþÞpkin

i ð0Þiψ ; ð57Þ

where ℜ denotes the real part. The two squared terms are
straightforward to evaluate,

hðpkin
i ðxþÞÞ2iψ ¼ hψ ; xþjðpkin

i ðxþÞÞ2jψ ; xþi
¼ hψ ; xþjðpi − gAiðxþÞÞ2jψ ; xþi; ð58Þ

and

hðpkin
i ð0ÞÞ2iψ ¼ hψ ; 0jðpi − gAið0ÞÞ2jψ ; 0i: ð59Þ

The cross term requires additional manipulations and can
be written as

hpkin
i ðxþÞpkin

i ð0Þiψ
¼ hψ ; 0jU†ðxþ; 0Þpkin

i ðxþÞUðxþ; 0Þpkin
i ð0Þjψ ; 0i

¼ hψ ; xþjpkin
i ðxþÞjψ̃ i; xþi

¼ hψ ; xþjpi − gAiðxþÞjψ̃ i; xþi; ð60Þ

where we have defined an auxiliary state

jψ̃ i; 0i≡ pkin
i ð0Þjψ ; 0i; jψ̃ i; xþi ¼ Uðxþ; 0Þjψ̃ i; 0i:

ð61Þ

In practice, the auxiliary state jψ̃ i; 0i is prepared alongside
the original state jψ ; 0i and evolved simultaneously under
the same Hamiltonian so that the momentum broadening
observable can be evaluated at arbitrary light-front time xþ.
Let us now consider the particular case where the

background fields are the glasma fields. The time-evolution
operator Eq. (44) reduces to the path-ordered exponentia-
tion of the longitudinal field component

Uþðxþ; 0Þ ¼ T þ exp
�
−ig

Z
xþ

0

dsþAþðsþ; y; zÞ
�
; ð62Þ

where the glasma field Aþ are evaluated according to
Eq. (28), which incorporates the midrapidity expansion.
The transverse field components Ay and Az entering the
kinetic momentum operator are likewise given by Eq. (28).
As discussed in Sec. II B 1, the glasma fields fluctuate

across events due to the random initial color charge
configurations sampled from the MV model Eq. (5).
Accordingly, the momentum broadening must be averaged
over a large ensemble of glasma events to remove the
dependence on a particular color charge realization. We
adopt the combined notation

h� � �i≡ hh� � �iψievent ð63Þ
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to indicate both the quantum expectation value defined in
Eq. (46) and the average over glasma color charges
configurations in Eq. (15), and we use this notation
throughout the remainder of this manuscript.

2. Lorentz force calculation

An alternative approach to evaluating the momentum
broadening operator is to compute the change rate of the
transverse kinetic momentum and then integrate this
operator over the evolution time

hðδpkin
i ðxþÞÞ2iψ ¼

Z
xþ

0

dsþ
Z

xþ

0

ds̄þ

× Hhψ j
dpkin

i;HðsþÞ
dsþ

dpkin
i;Hðs̄þÞ
ds̄þ

jψiH: ð64Þ

which provides a direct correspondence to the classical
calculation based on Wong’s equation in Sec. II B 2
and Ref. [17].
In the Heisenberg picture, the light-front time derivative

of the kinetic momentum operator gives the Lorentz force
experienced by the jet as

dpkin
i;H

dxþ
¼ g

2
fi;HðxþÞ: ð65Þ

Applying the Heisenberg equation of motion in Eq. (49),

dpkin
i;H

dxþ
¼ i

�
1

2
P−
H; p

kin
i;H

�
þ ∂pkin

i;H

∂xþ
; ð66Þ

yields the Lorentz force operator in the Schrödinger picture
(see Appendix C),

fiðxþÞ ¼ 2F iþðxþÞ; ð67Þ

where F μν is the field strength tensor of the classical
background fields. This expression is in close analogy with
the classical non-Abelian Lorentz force for an eikonal particle
propagating through the glasma, as in Eq. (17) and
Refs. [17,20,30,64]. Note that the terms suppressed as
1=pþ in the Hamiltonian Eq. (35) do not contribute here
since there are no additional pþ factors in the operator
definition and the eikonal Hamiltonian in Eq. (38) suffices. In
the Heisenberg picture, the Lorentz force operator becomes

fi;HðxþÞ ¼ U†ðxþ; 0ÞfiðxþÞUðxþ; 0Þ: ð68Þ

Substituting Eq. (65) into the double-time integral, the
kinetic momentum broadening reads

hðδpkin
i ðxþÞÞ2iψ ¼ g2

4

Z
xþ

0

dsþ
Z

xþ

0

ds̄þ

× hψ ; 0jfi;HðsþÞfi;Hðs̄þÞjψ ; 0i: ð69Þ

This expression is manifestly gauge invariant, with the
evolution operator Uðxþ; 0Þ playing the same role as the
classical color rotation operator Uðτ; 0Þ in Eq. (19): both
perform the parallel transport of the Lorentz force along the
jet trajectory.
We emphasize that an important distinction between

Eq. (69) and its classical counterpart in Eq. (23) lies in the
treatment of color degrees of freedom. In the classical
approach, one solves the equations of motion for the color
charge, averages over color charge configurations accord-
ing to Eq. (22) and the two-point function from Eq. (21),
and normalizes to obtain an overall Casimir factor. By
contrast, in the quantum calculation, the color degrees of
freedom are encoded directly in the quark state defined in
Eq. (41), and the quantum expectation value is subsequently
averaged over the initial quark color. The calculation is
therefore fully quantum from the perspective of the jet, with
the only classical approximation entering through the gluon
background field, where it is justified by the large gluon
occupation numbers. Furthermore, taking the classical limit
of Eq. (65) as discussed in [64] recovers the classical
momentum broadening result, demonstrating that the
classical—quantum correspondence is consistently realized
within the light-front quantization framework.
So far, the derivation in this section has been carried out

for a generic classical background field. We can now
specify the result for the background glasma fields.
Substituting the rapidity expanded fields from Eq. (28)
into Eq. (67), the relevant components of the Lorentz force
operator are

fyðxþÞ ¼ −
�
∂τAy þ F xy þ

4z
ðxþÞ2DyAη

�
;

fzðxþÞ ¼ −
2

xþ
ð∂τAη þDxAηÞ; ð70Þ

where the gauge fields AμðxþÞ have a coordinate depend-
ence according to Eq. (29) and are expressed as in Eq. (28).
Since the Lorentz force calculation is carried out entirely in
coordinate space, no measurement of canonical momentum
is required. We can therefore initialize the wavefunction as
a delta function in coordinate space at y ¼ z ¼ 0, which
eliminates the last term in fy. Setting xþ ¼ 2τ, the electric
and magnetic field components entering the jet evolution
are the ones given by Eq. (13) and the Lorentz force
quantum operator takes the form

fyjy¼z¼0 ¼ Ey − Bz; fzjy¼z¼0 ¼ Ez þ By; ð71Þ

which also holds for general y. The time evolution operator
also reduces to

Uðxþ; 0Þ ¼ T þ exp

�
−i

g
2

Z
xþ

0

dsþAxðsþÞjy¼z¼0

�
; ð72Þ

LIGHT-FRONT HAMILTONIAN JET EVOLUTION IN THE … PHYS. REV. D 114, 054062 (2026)

054062-11



with the fields evaluated at τ ¼ x ¼ sþ=2. The Lorentz
force components in Eq. (71), together with the color
rotation in Eq. (72), are substituted into Eq. (69) to obtain
the kinetic momentum broadening for a single glasma
event, which is then averaged over glasma configurations as
in Eq. (15).

3. Delocalization effects: Abelian toy-model

In this section, we explore how the finite spatial extent of
the jet in transverse space affects momentum broadening.
We start from the Lorentz force components in Eq. (70), but
instead of treating the jet as a perfectly localized delta
function, we consider a Gaussian wave packet

jψi ¼ 1

ð2πσ2yÞ1=4
1

ð2πσ2zÞ1=4
Z

dydz

× exp

�
−

y2

4σ2y

�
exp

�
−

z2

4σ2z

�
jy; zi; ð73Þ

where the color and helicity indices are absent as they are
not relevant for this calculation. Let us now consider, for
simplicity, that the background field is Abelian, so the
color rotation operators cancel. Using that the field
strength tensor Heisenberg operator is local in coordinate
space, we can write hy; zjfi;HðsþÞfi;Hðs̄þÞjy0; z0i ¼
fi;HðsþÞfi;Hðs̄þÞδðy − y0Þδðz − z0Þ. By substituting the
wave packet in Eq. (73) into Eq. (69), we obtain the
kinetic momentum broadening for a single glasma event as

hðδpkin
i Þ2iψ ¼ g2

4

1

ð2πσ2yÞ1=2
1

ð2πσ2zÞ1=2

×
Z

dydz exp

�
−

y2

4σ2y

�
exp

�
−

z2

4σ2z

�

×
Z

xþ

0

dsþ
Z

xþ

0

ds̄þ½fiðsþÞfiðs̄þÞ�; ð74Þ

where i ¼ y, z, and the Lorentz force is given by Eq. (70),
valid for small deviations from midrapidity.
To perform the integration over the ðy; zÞ coordinates we

use that, after averaging over glasma configurations as in
Eq. (15), any point in the y-direction becomes equivalent,
so hF½AðyÞ�ievent ¼ hF½Aðy ¼ 0Þ�ievent, with F½A� being an
arbitrary local function of the background fields A. The
y dependence in the Lorentz force can therefore be dropped,
and the y integral is trivial. The z integration is less trivial: as
seen in Eq. (28), Aþ carries an explicit dependence on z
arising from the transformation between Milne and light-
cone coordinates, which is not removed by the configuration
average. The relevant Gaussian integrals over z are

Z
∞

−∞
dz

z

ð2πσ2zÞ1=2
exp

�
−

z2

2σ2z

�
¼ 0; ð75aÞ

Z
∞

−∞
dz

z2

ð2πσ2zÞ1=2
exp

�
−

z2

2σ2z

�
¼ σ2z : ð75bÞ

The configuration-averaged momentum broadening then
reads

hðδpkin
y Þ2i

¼ g2

4

Z
xþ

0

dsþ
Z

xþ

0

ds̄þ
�
½fyðsþÞfyðs̄þÞ�y¼z¼0

þ σ2z

�
4

ðsþÞ2 ∂yAηðsþÞ
4

ðs̄þÞ2 ∂yAηðs̄þÞ
�
y¼0

�
event

;

ð76aÞ

hðδpkin
z Þ2i

¼ g2

4

Z
xþ

0

dsþ
Z

xþ

0

ds̄þh½fzðsþÞfzðs̄þÞ�y¼z¼0ievent; ð76bÞ

where fzðxþÞjy¼z¼0 is the Lorentz force in Eq. (71), and the
Aη components are evaluated at τ ¼ x ¼ xþ=2, as explained
in Sec. II B 3. Recall that h� � �i indicates both the quantum
expectation value and the average over glasma configura-
tions, as defined in Eq. (63).
Several observations follow from these results. First, the

kinetic momentum broadening is independent of σy, the jet
width in the y-direction, as expected from the translational
invariance of the system after configuration averaging.
Second, broadening in the z-direction is also independent
of σz: sinceAþ depends only linearly on z, this dependence
is removed when taking the derivative ∂zAþ to form fz, as
given in Eq. (67). Third, and most notably, Eq. (76a)
contains a term proportional to σ2z that is absent for a
perfectly localized jet, as in Eq. (13). This indicates that
hðδpyÞ2i is sensible to the jet width in the z-direction,
deviating from the localized particle results. At early times
Aη ∝ τ2, so the ratio Aη=τ2 remains finite as τ → 0, and
this correction can be safely neglected for strongly colli-
mated jets even at early times.
A quantitative study of these delocalization effects is,

however, beyond the reach of the present approximation
scheme. The z-expanded fields in Eq. (28) are valid only
when σzðg2μÞ ≪ 1, i.e., when the transverse extent of the
jet is small enough that σzðgAμÞ can be considered as a
small correction. The delocalization correction becomes
significant precisely in the regime where this condition is
violated. One might attempt to circumvent this limitation
by retaining the exact coordinate transformation between
Milne and Minkowski coordinates. However, as discussed
in Sec. II B 1, the finite spatial extent of the glasma fields
restricts the jet widths that can be simulated without
sampling space-time points outside the causal domain,
so in practice, this approach does not extend our ability to
study wide jets. We expect, however, the qualitative
behavior to hold in the physical situation.
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It is important to note that the observed sensitivity to σz
is not inherently quantum but rather arises from probing
space-time points away from z ¼ 0, where the fields differ
from their values at the origin. A Gaussian distribution of
classical probe particles would yield the same correction as
in Eq. (76a). Nevertheless, the effect becomes particularly
relevant in the quantum framework, where particles are
naturally described as distributions in both coordinate and
momentum space.

B. The jet quenching parameter

The jet quenching parameter q̂ is a central quantity that
provides information about the medium probed by the jet. It
is typically extracted from experimental data, see, e.g., [6]
for a recent review of different phenomenological analyses,
and serves as an input parameter for calculations in the
QGP phase. Here, we compute the transport coefficient q̂ in
the glasma as the amount of squared momentum transferred
from the fields to the jet per unit time,

q̂ ¼ 2
dhðδp⃗kin⊥ Þ2i

dxþ
: ð77Þ

The factor of 2 is chosen in order to match the usual
definition in the literature, which uses a derivative with
respect to t. We are interested in how this parameter evolves
in time, as it serves as a probe of the evolution and strength
of the background fields. On dimensional grounds, one
expects the jet quenching parameter to scale as q̂ ∝ Q3

s ,
where Qs is the saturation momentum, that sets the
characteristic scale of the glasma fields. The saturation
scale is related to the color charge density g2μ and the IR
regulator mg through the Wilson line correlator [71]. The
presence ofmg as an additional dimensionful parameter can
break the pure Q3

s scaling, though we expect this behavior
to hold approximately.
The formalism of jet quenching in the QGP assumes that

the parton experiences kicks from scattering centers uncorre-
lated in the direction of the propagation. Under this condition,
there is a one-to-one correspondence between broadening
and energy loss by soft gluon radiation in the high energy
limit, as both are proportional to q̂. Parametrically [93],

ΔE ∼ αsq̂L2; ð78Þ

where αs is the strong coupling constant, and L is the length
of the particle path inside the medium.1 The assumption of
independent transverse momentum kicks breaks down in the
glasma due to the coherence and the correlation structure of
the color fields. In the absence of a full computation of
medium-induced gluon radiation using glasma fields

(see, however, the recent work [43]) that would test its
validity, Eq. (78) should be regarded as an educated estimate
of the possible magnitude of pre-equilibrium energy loss
relative to that in the QGP phase.

C. Color rotation

The time evolution of the quantum state is governed by
the path-ordered exponential in Eq. (43) with the eikonal
Hamiltonian in Eq. (38). This exponential represents a
color rotation of the quark state: a quark initially in a
definite color state is rotated into a superposition of color
states through its interaction with the glasma field. The time
scale over which this color homogenization occurs depends
on the properties of the field, in particular on the saturation
scale Qs. It is subsequently of interest to study this color
rotation as a means of extracting information about the
properties of the glasma.
The probability of finding the quark in a given color state

c at light-front time xþ is

PcðxþÞ ¼ jhψ ; xþjcij2; ð79Þ

with the normalization condition

XNc

c¼1

PcðxþÞ ¼ 1 ð80Þ

satisfied at all times. As for the momentum broadening, the
color rotation is averaged over a large ensemble of glasma
configurations to eliminate dependence on the initial
classical color charge fluctuations.
It is important to note that the color of a quark state is not

a physically observable quantity. Indeed, Eq. (79) is not
gauge invariant, and consequently the color homogeniza-
tion timescale depends on the choice of gauge for the
background fields. It is expected that, in gauges where the
magnitude of the potential is large, the color mixing
proceeds more rapidly, while in gauges where the potential
is small—such as the Coulomb gauge [64]—homogeniza-
tion is expected to take longer.

IV. RESULTS AND DISCUSSION

Let us nowmove to presenting our results for momentum
broadening, the jet quenching parameter, and color rotation
effects obtained from simulations of jet evolution in the
glasma. The glasma fields and the jet state are discretized
on the same transverse lattice, with parameters chosen such
that g2μL⊥ ¼ 100 and N⊥ ¼ 1024. This ensures that the
lattice spacing a⊥ ¼ L⊥=N⊥ is sufficient to resolve the
glasma flux tubes of characteristic size 1=Qs ∼ 1=ðg2μÞ.
For standard values g2μ ≈ 1–2.5 GeV, these parameters
correspond to system sizes similar to the area of a large
nucleus, L⊥ ≈ 8–20 fm. We further require that the quan-
tum wave packet is well contained within the lattice,

1Note that the path length traveled by the particle inside the
medium is related to the light-front propagation time byL ¼ xþ=2,
following our convention for light-front coordinates, xþ ¼ tþ x.
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meaning that the probability of occupying momentum states
above the ultraviolet cutoff λUV ¼ π=a⊥ is negligible. For
every observable and every parameter configuration, we run
100 glasma events. We extract the expectation value of the
observable for each of them and then average over all the
events to obtain the configuration averaged magnitude as
given by Eq. (15). For the quantum results, h…i denotes the
combined quantum expectation value and glasma configu-
ration average, in the notation introduced in Eq. (63). When
performing the classical simulations to compare with the
quantum results, we only run 10 glasma events, but we do
not only average over events and the classical color charge
[as defined in Eq. (22)] but also over all the possible starting
points of the jet in the ðx; yÞ plane, giving an effectively
much larger number of configurations. In this case, h…i →
hhh…iQir⃗0ievent denotes the average over the quark classical
color charge, as defined in Eq. (22), followed by the event
average over glasma configurations, which includes both
the event average and the average over the jet starting point.
To improve numerical accuracy, we fix the residual gauge
freedom by imposing the transverse Coulomb gauge con-
dition ∂iAi ¼ 0 [64] at the initial time τ, in addition to the
Fock-Schwinger gauge condition Aτ ¼ 0 used in the
formulation of the glasma fields.

A. Momentum broadening

Let us now extract the jet momentum broadening
in the y- and z-directions both via the direct calculation
in Sec. III A 1 and the Lorentz force calculation in
Sec. III A 2. We also follow the classical evolution of
the probe as described in Sec. II B 2. Here, we will plot
our results in physical units assuming g2μ ¼ 2 GeV,
which corresponds to a lattice transverse length L⊥ ¼
50 GeV−1 ≈ 10 fm. The IR regulator from Eq. (7) is set to
mg ¼ 0.2 GeV, ensuring λIR ¼ 2π=L⊥ < mg so that the
physics is controlled by the glasma model parameters
rather than the lattice spacing or volume.
We first consider a jet well localized around y ¼ z ¼ 0,

with σ2y ¼ σ2z ¼ 0.005 GeV−2. In Fig. 2, we show the
results for the direct and the Lorentz force calculations,
given by Eqs. (57) and (69), respectively, together with the
classical results, obtained by solving the Wong’s equations
as in Eq. (23). We find a good agreement between the two
quantum approaches, an indicator of the robustness of our
calculation. We also find the quantum results to match the
classical calculation. This is expected within our Fock
space truncation to the jqi sector; by restricting the quark
Fock space to single-quark sectors, we neglect gluon
emissions and therefore quantum corrections to the quark
propagation so that our quantum formalism naturally
reproduces the classical predictions. The result then serves
as a consistency check for the formalism developed here,
which will be extended in future works to include the
effects of gluon radiation. Small deviations from a perfect

agreement are interpreted as numerical uncertainties.
Imposing the Coulomb gauge condition on the background
field [64] is essential here, without this additional gauge
fixing, these deviations would be much larger.
Moreover, Fig. 2 reveals a clear asymmetry between the

momentum broadening in the y- and z-directions, with
broadening being systematically larger along the collision
axis (z). This directional asymmetry is consistent with the
findings of previous works [17,20], which report a similar
anisotropy for classical probe particles propagating in
glasma fields. Notably, Ref. [94] finds that for eikonal
quarks, the ratio hðδpkin

z Þ2i=hðδpkin
y Þ2i starts at 1 at τ ¼ 0

and quickly becomes anisotropic. Such anisotropic
momentum broadening, acquired during the pre-equilib-
rium phase, persists into the subsequent thermalized stage,
where it combines with anisotropies generated by collective
flow or energy density gradients in the QGP [24,95–105],
making a clean separation of the two contributions chal-
lenging. Nevertheless, the anisotropy in momentum broad-
ening remains one of the most promising quantities for
identifying imprints of the glasma phase in experimentally
measured jet properties such as the jet substructure.
Having validated our formalism against classical results

for a completely localized jet, we now investigate how the
transverse width of the jet wave function affects momentum
broadening. Since both quantum approaches agree, we will
present results obtained via direct evaluation of the kinetic
momentum operator in the following, which is more in the
usual spirit of evaluating observables as expectation values
in a time dependent quantum state. Figure 3 shows the
momentum broadening for jets of different transverse
widths, also simulated using Nevents ¼ 100 glasma events
as before, with the classical particle simulation for a
localized jet serving as a reference.

FIG. 2. Momentum broadening of a quantum particle traversing
the glasma fields. Squares (circles) represent the results obtained
via the direct (quantum Lorentz force) calculation according to
Eq. (57) [Eq. (69)], while the dashed line corresponds to the
classical probe particle simulation, according to Eq. (23). Results
are shown for both the y- (red) and z- (blue) directions.
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In Fig. 3(a), we fix σ2z ¼ 0.005 GeV−2 and vary σ2y. Both
hðδpkin

y Þ2i and hðδpkin
z Þ2i are insensitive to the width

change, with all quantum results agreeing with the classical
results for jets localized at y ¼ z ¼ 0. We then fix σ2y ¼
0.005 GeV−2 and vary σ2z in Fig. 3(b). While hðδpkin

z Þ2i
remains insensitive to the width change, hðδpkin

y Þ2i grows
significantly as the jet becomes more delocalized in the
z-direction, developing large deviations from the localized
classical result. This behavior is in perfect agreement with
the analytical predictions derived in Sec. III A 3 using an
Abelian toy model for the background fields. As follows
from Eq. (76b), hðδpkin

z Þ2i is independent of the transverse
width of the jet in both y- and z-directions. In contrast,
Eq. (76a) contains a term proportional to σ2z , which causes
hðδpkin

y Þ2i to depend on the width of the wave packet in the
z-direction while remaining insensitive to σy. When
σzðgAηÞ is small, this term becomes negligible, and the
quantum results converge to the classical ones, recovered in
the limit of a perfectly localized particle at y ¼ z ¼ 0.
However, as the jet gets wider the term containing σ2z gains
relevance, generating large deviations from the classical
result.
It is worth emphasizing that the observed width depend-

ence is not an intrinsic quantum effect, but rather a
consequence of the finite spatial extent of the jet, as
discussed in Sec. III A 3. An analogous effect would arise
for a classical ensemble of probe particles distributed over a
finite transverse area. Nevertheless, it appears naturally in
the quantum calculation, where the particle inherently has a
nonzero transverse size. Finally, we note that these results
are obtained within a first-order expansion of the fields in
the z-coordinate, which breaks down for poorly localized
jets. A more complete treatment would require retaining
the exact transformation between Milne and light-cone

coordinates and accounting for the finite transverse extent
of the glasma fields.

B. The jet quenching parameter

The jet quenching parameter q̂ characterizes the momen-
tum broadening induced on the jet per unit time, as defined
in Eq. (77). Here, we study how q̂ scales with the physical
saturation scale Qs and the IR regulator mg, as discussed in
Sec. III B and already observed in [17]. We also use the
assumption, possibly very crude in the case of the glasma
fields, of independent soft scatterings to turn these values of
q̂ into a rough estimate of medium-induced energy loss in
the glasma phase.

1. Dependence on the IR regulator

We consider three values of the charge density
g2μ ¼ 1.33, 2, and 2.5 GeV and two values of the IR
regulator, mg ¼ 0 and 0.2 GeV. The lattice transverse size
L⊥ is adjusted accordingly to keep g2μL⊥ ¼ 100 fixed,
while N⊥ ¼ 1024 is held constant. The saturation scale Qs
for each parameter setup is estimated using the results
of [71] with Nη ¼ 50 color sheets in the MV model
correlator from Eq. (6) and g2μL⊥ ¼ 100. Since we are
here interested in the total q̂ rather than directional
anisotropies, we sum the momentum broadening in the
y- and z-directions.
i. Case mg ¼ 0. When no IR regulator is applied, the

lattice resolution λIR ¼ 2π=L⊥ acts as an effective IR
cutoff. With g2μL⊥ ¼ 100, the saturation scale is related
to the charge density by Qs=ðg2μÞ ¼ 1.08, giving Qs ¼
1.44, 2.16, and 2.70 GeV for the three values of g2μ. The
results are shown in Fig. 4, both in physical units [Fig. 4(a)]
and in dimensionless units [Fig. 4(b)], where q̂ is rescaled
by Q3

s and xþ by Qs.

FIG. 3. Momentum broadening hðδpkin
i Þ2i as a function of the evolution time xþ for varying the jet width (a) σ2y and (b) σ2z . Red and

blue curves show the y- and z-components, respectively. Different markers denote different width values. Dashed lines show the
classical result, which corresponds to localized jets.
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All three values of Qs display the same qualitative
behavior: q̂ rises sharply at early times, reaches a peak,
and then decreases as the background fields expand and
dilute. This peaked behavior is consistent with previous
glasma studies [19,30,94]. When presented in dimension-
less units [Fig. 4(b)], the curves collapse onto a single one,
demonstrating a perfect scaling with Qs. This is expected
since, at mg ¼ 0, the saturation scale is the only dimen-
sionful scale of the problem.
The position of the peak is located at xþ ∼ 1=Qs

[equivalently τ ∼ 1=ð2QsÞ] approximately halfway through
the glasma light-front lifetimeΔxþglasma ∼ 2=Qs. This can be
understood heuristically in terms of the glasma flux tube
structure [43]. If the glasma fields are organized into
correlation domains of size ∼1=Qs, a jet produced at a
random position will travel for an average light-front time
xþ ∼ 1=Qs within a single domain before entering the next
one. During this interval, the jet momentum grows linearly
with time, and so does q̂. Beyond xþ ∼ 1=Qs, the jet
crosses into uncorrelated domains which, after event
averaging, leads to a saturation of the momentum growth.
Combined with the dilution of the background fields, this
produces the observed decrease of q̂ at later times. Notably,
the peak occurs while the system is still in the glasma
phase, prior to the onset of thermalization. Since q̂
decreases with time in the effective kinetic theory [22], a
smooth glasma-to-EKT matching requires q̂ to already be
decreasing at the transition point, which is indeed what we
observe.
ii. Case mg ¼ 0.2 GeV. We then introduce a nonzero IR

regulator mg ¼ 0.2 GeV, chosen such that mg > 2π=L⊥
and the IR physics is controlled by the gluon mass in the
Poisson equation rather than by the lattice resolution. The
presence of mg introduces a second dimensionful scale
alongside Qs, so the scaling with Qs alone is no longer

expected to be exact. The ratios mg=ðg2μÞ ¼ 0.15, 0.10,
and 0.08, obtained from [71], yield Qs ¼ 1.01, 1.72, and
2.28 GeV, respectively. The results are shown in Fig. 5,
again in physical units in Fig. 5(a) and in dimensionless units
in Fig. 5(b). Comparing Figs. 4(b) and 5(b), the presence of
the IR regulator shifts the peak to earlier times and increases
its magnitude in dimensionless units. However, the depend-
ence onmg remains weaker than the leading scaling behavior
given by the dependence on Qs. Both effects are in good
agreement with the predictions of Ref. [30].

2. Phenomenological estimates

The obtained values of q̂ can be used to parametrically
estimate the energy loss during the glasma phase and to
compare to the energy loss in the QGP phase. We here
recall that the BDMPS-Z picture of independent soft
scatterings is not well suited for the glasma, so the results
in this section must be understood as an educated estimate
and not a precise numerical result.
The length traveled by the quark inside the glasma phase

can be estimated as Lglasma ∼ 1=Qs. Integrating the obtained
values of q̂ up to this life-time the momentum broadening
accumulated during the glasma phase is found to be
hðδpkin⊥ Þ2iglasma ≈ 0.14Q2

s for mg ¼ 0 GeV. For mg ¼
0.2 GeV the value is slightly larger, but the difference is
nevertheless negligible at the parametric level. The
average value of q̂ during the glasma phase is therefore
q̂glasma ∼ 0.14Q3

s . The value of the jet quenching parameter
in the QGP extracted from data (see [6] for a recent review
containing many phenomenological analyses) is rather
unconstrained, in the range 2≲ q̂=T3 ≲ 5. As we just need
a reasonable estimate for our comparisons, we will take
q̂QGP ∼ 3T3. For Pb-Pb collisions, using typical values
Qs;Pb ≈ 2 GeV and TPb ≈ 0.2 GeV, we find

FIG. 4. Jet quenching parameter q̂ as a function of light-cone time xþ at mg ¼ 0. Different shades of blue and different markers
correspond to different values of Qs. Panel (a): results in physical units. Panel (b): results rescaled by Q3

s (vertical axis) and Qs
(horizontal axis), showing perfect scaling with the saturation scale.
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q̂glasma

q̂QGP
≈ 50; ð81Þ

so the jet quenching parameter in the glasma phase is
between 1 and 2 orders of magnitude larger than that on
the QGP. As the dominant scale in the problem is the
saturation scale Qs of the colliding nuclei, we can assume
parametrically that T ∝ Qs when varying the atomic mass
number A or the collision energy. The ratio in Eq. (81) will
then hold over different nuclear species.
Let us now see how this large value of q̂ translates into

medium-induced momentum broadening and energy loss.
As we previously exposed, the glasma is a valid description
for a path-length Lglasma ∼ 1=Qs. We also know that Qs

scales with the nuclear mass number as Q2
s ∝ A1=3 [68], so

the saturation scale for any nuclear species can be esti-
mated from one of the lead collisions through
Qs ∼ ðA=APbÞ1=6Qs;Pb. In addition, we consider that the
QGP size traversed by the jet is, on average, the nuclear
radius, LQGP ∼ RA ∼ 1.2 fm · A1=3. The ratio between the
momentum broadening accumulated in the glasma and the
QGP is then

hðδpkin⊥ Þ2iglasma

hðδpkin⊥ Þ2iQGP
¼ q̂glasma

q̂QGP

Lglasma

LQGP
∼ 50

ðAPb=AÞ1=6
12A1=3 ; ð82Þ

which for Pb-Pb and O-O collisions yields

hðδpkin⊥ Þ2iglasma

hðδpkin⊥ Þ2iQGP

				
Pb

≈ 0.7;
hðδpkin⊥ Þ2iglasma

hðδpkin⊥ Þ2iQGP

				
O

≈ 2.5:

ð83Þ

The momentum broadening induced on jets by the glasma
nuclear matter is comparable to the one induced by the

QGP even for large systems, consistent with similar
observations in Ref. [19]. In light nuclei collisions, the
thermalization time increases while the QGP lifetime
decreases, therefore yielding a much larger relative impor-
tance of the glasma stage over the thermalized stage. In
these kind of small systems, the contribution of the glasma
phase to momentum broadening can even be larger than the
QGP contribution.
The increase in the relevance of the glasma phase for

small collision systems is even more evident when one
looks at medium induced energy loss. The ratio between
the energy loss induced by the glasma and that by the QGP
follows from Eq. (78) as

ΔEglasma

ΔEQGP
¼ q̂glasma

q̂QGP

�
Lglasma

LQGP

�
2

∼ 50
ðAPb=AXÞ1=3
144A2=3

X

; ð84Þ

which scales with the squared medium length so that the
relative glasma contribution will be largely enhanced in
small collision systems. For Pb-Pb and O-O collisions this
estimate yields

ΔEglasma

ΔEQGP

				
Pb

≈ 0.01;
ΔEglasma

ΔEQGP

				
O

≈ 0.13: ð85Þ

The energy loss in the glasma phase is therefore largely
suppressed compared to the QGP one in heavy-ion colli-
sions due to the longer lifetime of the QGP phase. This can
make it difficult to experimentally access the glasma stage.
However, in light-ion collisions, the glasma-induced energy
loss becomes sizable, only one order of magnitude smaller
than the one induced by the QGP. Consequently, we believe
that the ongoing light-ion collision program at the LHC
[106–108] can offer a unique opportunity to probe the
effects of the glasma on jet observables.

FIG. 5. Jet quenching parameter q̂ as a function of light-cone time xþ atmg ¼ 0.2 GeV. Different shades of blue and different markers
correspond to different values of Qs. Panel (a): results in physical units. Panel (b): results rescaled by Q3

s (vertical axis) and
Qs (horizontal axis), showing approximate but no longer exact scaling with Qs due to the presence of the second scale mg.
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Finally, we stress that the energy loss estimate above
relies on the assumption of independent soft scatterings,
which is not strictly valid in the glasma due to the presence
of large field correlations in the form of flux tubes and
correlation domains, as discussed in Sec. III B. A rigorous
computation of glasma-induced energy loss requires
including at least the jqgi sector of the quark Fock space
and tracking the gluon emission probability over time. We
leave this full calculation for future work.

C. The color rotation

Let us finally study the color rotation experienced by the
quark quantum state through its interaction with the glasma
background field. Although the color is not a physical
observable, analyzing its evolution provides valuable infor-
mation about the mechanisms of in-medium jet evolution
and the intensity of the background fields. We consider jets
initially prepared in a single color state c ¼ 1, and evolve
the wave function in time. We then compute the probability
of finding the quark in each of the color states c ¼ 1, 2, 3 as
a function of time, according to Eq. (79). This probability
depends directly on the magnitude of the longitudinal
component of the background field Aþ and is therefore a
gauge-dependent quantity. It is also sensitive to the MV
model parameters, namely the saturation scaleQs and the IR
regulator mg.

1. Gauge dependence

We begin by studying how the color rotation depends on
the gauge choice. The glasma fields are derived in the
temporal gauge Aτ ¼ 0. In all previous sections, we have
used the residual gauge freedom to additionally impose the
transverse Coulomb gauge condition ∂iAi ¼ 0, with
i∈ fx; yg, as this choice reduces the magnitude of the
background fields and thereby suppresses numerical
errors [64]. Here, we present results for the color rotation
both with and without this additional condition in order to
assess the effect of the gauge transformation on the jet wave
function. We chose the charge density and the effective
gluon mass to be g2μ ¼ 2 GeV andmg ¼ 0. We refer to the
case where the residual gauge freedom in temporal gauge is
supplemented by fixing the Coulomb gauge condition at
the initial time as the Coulomb gauge, and to the case
without the Coulomb gauge fixing as the temporal gauge.
Results are shown in Fig. 6, where we find the color

rotation to be much faster in the temporal gauge than in the
Coulomb gauge. This is an expected result, as the Coulomb
gauge choice is such that it minimizes the surface generated
by the Ax and Ay components of the background field. The
color rotation depends directly on the longitudinal Aþ
component so, by reducing its magnitude, the color homog-
enization will become slower. As explained in [64], a rapid
color rotation induced by a large Ax is a potential source of

numerical error accumulation. Therefore, the Coulomb
gauge improves the robustness of our numerical scheme
since the color rotation is almost negligible in the glasma
phase (xþ ≲ 2=Qs). We believe the small deviation from
the symmetry value 1=3 at late times to be a statistical
fluctuation. Even with rather large statistics in the configu-
ration average (with 100 glasma events), the large pure
gauge component present in the temporal gauge fields has
large fluctuations, which we have confirmed by looking at
the statistical error (not shown on the plot).

FIG. 6. Gauge dependence of the color rotation. The probability
of finding the quark state in a c ¼ 1 (red line), c ¼ 2 (green line),
and c ¼ 3 (blue line) state is shown as a function of dimension-
less time xþQs. Results are shown both before (solid line) and
after (dashed line) imposing the Coulomb gauge condition on the
background fields.

FIG. 7. Dependence of the color rotation on the saturation
scale. The probability of finding the quark state in a c ¼ 1 (red
line), c ¼ 2 (green line), and c ¼ 3 (blue line) state is shown as a
function of dimensionless time xþQs. Results are obtained in the
temporal gauge, without the imposition of the Coulomb gauge
condition, for Qs ¼ 2.16 GeV (dashed line) and Qs ¼ 2.70 GeV
(solid line).
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2. Saturation scale dependence

We next examine how the color rotation depends on the
glasma model parameters, in particular on the saturation
scale Qs. We work in the temporal gauge, where the color
rotation is more pronounced and therefore more sensitive to
the background field parameters. With mg ¼ 0, the satu-
ration scale is the only dimensionful scale of the back-
ground fields. We take g2μ ¼ 2 GeV and g2μ ¼ 2.5 GeV,
corresponding to Qs ¼ 2.16 GeV and Qs ¼ 2.70 GeV,
respectively. Results are shown in Fig. 7. When plotted
as a function of the dimensionless time xþQs, the two
datasets exhibit near-perfect scaling, consistent with Qs
being the only relevant scale. Residual deviations are of the
same order as the difference between the c ¼ 2 and c ¼ 3
components and are therefore attributed to large statistical
fluctuations associated with working without the Coulomb
gauge fixing.

V. CONCLUSION AND OUTLOOK

We studied the real-time quantum evolution of a high-
energy quark jet propagating through the glasma phase of a
heavy-ion collision using the light-front Hamiltonian for-
malism and time-dependent basis light-front quantization
(tBLFQ). We derived the light-front Hamiltonian for quark
propagation in an external background field and solved its
real-time evolution in the eikonal limit, where the time
evolution of the quark state is driven by the longitudinal
potential VI ¼ 2gAþ. The transverse gauge fields A⃗⊥ also
enter our measurement through the kinetic momentum
operator. The quark quantum state is expanded in a discrete
basis representation spanned by transverse momentum,
longitudinal momentum, and color, and its Fock space is
truncated to the jqi sector. The real-time evolution of the
quark state is then obtained by solving the time-dependent
Schrödinger equation on the light front, with the back-
ground glasma fields entering as a time-dependent external
potential evaluated on a classical real-time lattice.
Our main findings are the following:
(i) We computed transverse momentum broadening

ðδpkin
i Þ2 via two different quantum methods. The

first evaluates the kinetic momentum operator
directly using the time-evolved quark state in the
Schrödinger picture. The second works in the
Heisenberg picture, computing the time derivative
of p⃗kin⊥ to obtain the quantum Lorentz force
operator, which is then integrated and squared to
yield ðδpkin

i Þ2. This second method is the quantum
analogue of integrating Wong’s equations in the
classical calculation of Refs. [17,20,64], with forces
and fields understood as quantum operators rather
than c-numbers. Both methods agree with each
other and with the classical result of Refs. [17,20],
validating our formalism within the current Fock
space truncation where gluon emissions are absent.

(ii) We studied the dependence of momentum broadening
on the transverse width of the jet wave packet. While
ðδpkin

y Þ2 is insensitive to the spread σy, it increases
with σz as the delocalized jet probes glasma fields at
transverse positions away from z ¼ 0, where they
differ from their values at the collision point. Con-
versely, ðδpkin

z Þ2 is insensitive to both σy and σz. This
is not a purely quantum effect but rather a consequence
of wave packet delocalization, and we expect the same
behavior for a classical ensemble of probe particles
distributed in the transverse plane. We note that our
coordinate matching between glasma and light-cone
frames relies on approximations valid only for a well-
localized jet around z ¼ 0, so these delocalization
results should be interpreted as qualitative predictions.

(iii) We obtained the jet quenching parameter q̂ as a
function of the light-cone time for different values
of Qs. For mg ¼ 0 it peaks at xþ ≈ 1=Qs

[or τ ≈ 1=ð2QsÞ] and we find a perfect scaling with
the saturation scale q̂=Q3

s ¼ const. When a finite IR
regulator mg ¼ 0.2 GeV is introduced, the exact
scaling with Qs is somewhat violated: the peak
shifts to earlier times, and its magnitude increases in
dimensionless units, in good agreement with the
predictions of Ref. [30].

(iv) We investigated the color rotation of the quark state
induced by propagation through the glasma, which
serves as a direct probe of the interaction potential
VI ¼ 2gAþ. The isotropization times scales as 1=Qs
when mg ¼ 0. Imposing the Coulomb gauge con-
dition on the background fields significantly slows
the color rotation, suppressing the accumulation of
numerical errors in the time evolution [64].

The present work establishes the tBLFQ framework as a
viable tool for studying real-time quantum jet evolution in
the glasma. A phenomenological comparison with QGP
estimates suggests that glasma-induced effects can be most
prominent in light-ion collisions, such as O-O [106,107],
where the glasma phase constitutes a larger fraction of the
total evolution time. Our work provides the starting point for
going beyond the jqi Fock sector truncation and include the
jqgi sector. This will enable the explicit computation of
medium-induced gluon emission and radiative energy loss,
providing a more complete quantum picture of jet quenching
in the glasma. Additionally, this formalism can be extended
to study the quantum evolution of a gluon probe. At the
considered eikonal order, the extension is straightforward:
one replaces the fundamental color generators with the
adjoint ones, and the momentum broadening is expected
to scale with the Casimir factor. Casimir scaling of classical
quark vs gluon momentum broadening in the glasma was
studied in [17,20] where it was found to hold for eikonal and
static quarks and starts to break for classical particles with
finite m or pþ. Attempts to use the light-front Hamiltonian
formalism to evolve a gluon probe have been made in the
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QGP and cold-nuclear matter [62,109]. The gluon-probe
extension in the glasma is part of our plans for future work.
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APPENDIX A: COORDINATE CONVENTIONS

In this work, we employ two distinct coordinate systems.
The first consists of Milne coordinates, xμðMÞ, which are
natural for the time evolution of the boost-invariant glasma.
The second uses the light-cone coordinates defined along
the jet direction, xμ, which are well suited for the time
evolution of the jet. In addition, to obtain the glasma initial
condition in Sec. II B 1, we use the light-cone coordinates
referred to the beam direction x•�.
We here summarize the conventions adopted for those

coordinate systems and describe their relations to the
standard Minkowski coordinates.

1. Milne coordinates

The Milne coordinates are xμðMÞ ¼ ðτ; x; y; ηÞ, where τ is
the proper time and η the space-time rapidity. They are
convenient for describing the evolution of the boost-invariant
glasma. They are related to the Minkowski coordinates by

τ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 − z2

p
; η ¼ tanh−1ðz=tÞ; ðA1Þ

or the inverse relation

t ¼ τ cosh η; z ¼ τ sinh η: ðA2Þ

The metric tensor can be obtained through

gðMÞ
μν ¼

∂xαðMÞ
∂xμ

∂xβðMÞ
∂xν

gαβ; ðA3Þ

in which gμν ¼ diagð1;−1;−1;−1Þ is the metric of the
Minkowski coordinates. Using the coordinate transforma-
tion in Eq. (A1) the Milne coordinate metric tensor reads

gðMÞ
μν ¼ ð1;−1;−1;−τ2Þ; gμνðMÞ ¼ ð1;−1;−1;−1=τ2Þ:

ðA4Þ

In this set of curvilinear coordinates, it is important to
differentiate between upper and lower indices, related
through the metric tensor

Vτ ¼ Vτ; Vx ¼ −Vx;

Vy ¼ −Vy; Vη ¼ −τ2Vη: ðA5Þ

2. Jet light-cone coordinates

We define the light-cone coordinates of the jet as
xμ ¼ ðxþ; x−; y; zÞ, where

x� ¼ t� x: ðA6Þ

In our setup, the jet propagates ultrarelativistically along
the positive x-direction. Accordingly, its light-front time is
identified with xþ, while x− serves as the longitudinal
spatial direction.
In analogy to using Eq. (A3), we find the metric of the

light-cone coordinates as

gðLCÞμν ¼

0
BBB@

0 1
2

0 0

1
2

0 0 0

0 0 −1 0

0 0 0 −1

1
CCCA;

gμνðLCÞ ¼

0
BBB@

0 2 0 0

2 0 0 0

0 0 −1 0

0 0 0 −1

1
CCCA: ðA7Þ

In these coordinates, vectors then transform as

Vþ ¼ 1

2
V−; V− ¼ 1

2
Vþ;

Vy ¼ −Vy; Vz ¼ −Vz; ðA8Þ
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and the scalar product of two vectors is given by

VμWμ ¼ gðLCÞμν VμWν

¼ 1

2
ðVþW− þ V−WþÞ − VyWy − VzWz: ðA9Þ

3. Beam light-cone coordinates

We define the light-cone coordinates of the nuclei,
propagating along the z-direction, as x•� ¼ ðx•; x; y; x�Þ,
where

x• ¼ tþ z x� ¼ t − z: ðA10Þ

The metric tensor and vector transformations are identical
to those in the jet light-cone coordinate system under the
x ↔ z exchange.

APPENDIX B: QUANTUM MANY-BODY
REPRESENTATION OF THE LIGHT-FRONT

HAMILTONIAN

In this section, we provide a derivation of the quantum
many-body representation of the light-front Hamiltonian
given in Eq. (35) from the light-front quantized
Hamiltonian Eq. (32). The derivation closely follows the
framework introduced in Ref. [91].
i. Vacuum kinetic energy. The first term in Eq. (32) is the

kinetic energy of a fermion propagating in vacuum, and it
can be written in a second-quantized form by substituting
the free field expansion given in Eq. (33). Here, we keep the
quark part and drop off the antiquark component

Tq ¼
Z

dx−d2x⃗⊥
1

2
Ψ̄γþ

m2 −∇2⊥
i∂þ

Ψ

¼
X
λ;c

Z
dpþd2x⊥

Z
d2p⊥d2q⊥
ð2πÞ2 eix⃗⊥·ðp⃗⊥−q⃗⊥Þ

× b†λ;cðpþ; q⃗⊥Þ
m2 þ p2⊥

pþ bλ;cðpþ; p⃗⊥Þ; ðB1Þ

where we have used the spinor matrix element

ūλ0 ðpÞγþuλðp0Þ ¼ 2pþδλλ0 : ðB2Þ

One can now integrate out x⃗⊥, fixing Tq to be diagonal in
momentum space. Alternatively, we can write the kinetic
energy in the transverse position space. For this, we
introduce the transverse-position-space representation by
defining

Bλ;cðpþ; x⃗⊥Þ≡ 1

2π

Z
d2p⊥eip⃗⊥·x⃗⊥bλ;cðpÞ;

bλ;cðpÞ ¼
1

2π

Z
d2x⊥e−ip⃗⊥·x⃗⊥Bλ;cðpþ; x⃗⊥Þ; ðB3Þ

and likewise for B†. It follows that

Tq ¼
X
λ;c

Z
d2x⊥dpþ

× B†
λ;cðpþ; x⃗⊥Þ

m2 þ ði∇⊥Þ2
pþ Bλ;cðpþ; x⃗⊥Þ ðB4Þ

Note that the canonical momentum operator in coordinate

space is p⃗⊥ ¼ i∇!⊥.
ii. Interaction potential. The term in the Hamiltonian

containing Aþ represents the time-dependent interaction
potential in our calculation. Using the same spinor relation
as for the vacuum kinetic energy term, it follows that

VAþ ¼
Z

dx−d2x⃗⊥gΨ̄γþAþΨ

¼
X
λ

X
c;c0

Z
dpþd2x⃗⊥B†

λc0 ðpþ; x⃗⊥Þ

× 2gAþ;c0cðxþ; x⃗⊥ÞBλ;cðpþ; x⃗⊥Þ: ðB5Þ
iii. Interaction with A⃗ i. Let us now consider the

interaction with the field components transverse to the
jet direction,

VA⃗⊥
¼

Z
dx−d2x⃗⊥gΨ̄γiAiΨ

¼
X
λ;λ0

X
c;c0

Z
dpþd2x⃗⊥B†

λ0;c0 ðxþ; x⃗⊥Þ

× g

�
−
ði∇!⊥Þ · A⃗⊥;cc0 þ A⃗⊥;cc0 · ði∇!⊥Þ

pþ δλλ0

þ ð∇!⊥ × A⃗⊥;c0cÞ · σ⃗λλ0
pþ

�
Bλ;cðxþ; x⃗⊥Þ; ðB6Þ

where we have used the spinor relation

ūs0 ðqÞγiusðpÞAi ¼ −ðp⃗⊥ þ q⃗⊥Þ · A⃗⊥δλ;λ0

− i½ðq⃗⊥ − p⃗⊥Þ × A⃗⊥� · σ⃗λ0λ; ðB7Þ
and σ⃗ ¼ fσ1; σ2; σ3g are the Pauli matrices corresponding
to the y-, z-, and x-components in the defined coordinate
system, respectively.
iv. Instantaneous interaction. By last, let us consider the

last term in Eq. (32),

Wq ¼
Z

dx−d2x⃗⊥
g2

2
Ψ̄γiAi

γþ

i∂þ
γjAjΨ

¼ g2
X
λ;λ0

X
c;c0

Z
dpþd2x⃗⊥B†

λ0;c0 ðpþ; x⃗⊥Þ

×
ðA2⊥δλλ0 þ iσ3λ;λ0 ½Ay;Az�Þc0c

pþ Bλ;cðpþ; x⃗⊥Þ; ðB8Þ
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where we have used the spinor relation

ūλ0 ðqÞγiγþγjuλðpÞAiAj ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffi
pþqþ

p
ðδλ;λ0A2⊥ þ iσ3λ0;λ½Ay;Az�Þ: ðB9Þ

The first term in VA⃗⊥
and that in the instantaneous interactionWq combine together with the kinetic term to give the kinetic

energy of the particle propagating inside the medium ðp⃗⊥ − gA⃗⊥Þ2=pþ. The second term in VA⃗⊥
and that in Wq combine

together to yield −Bx ¼ F yz ¼ ∂yAz − ∂zAy þ ig½Ay;Az�. The full light-front Hamiltonian can then be expressed as

P− ¼ Tq þ VAþ þ VA⃗⊥
þWq ¼

X
λ;λ0

X
c;c0

Z
dpþdx⃗⊥B†

λ0;c0 ðpþ; x⃗⊥Þ

×

�
m2δc;c0 þ ðp⃗⊥δc;c0 − gA⃗⊥;c0cÞ2

pþ δλ;λ0 þ 2gAþ;c0cδλ;λ0 − g
Bx;c0cσ

3
λ0;λ

pþ

�
Bλ;cðpþ; x⃗⊥Þ: ðB10Þ

which can be written in the more compact form of Eq. (35) in the main text.

APPENDIX C: THE LORENTZ FORCE
QUANTUM OPERATOR

We present here the derivation of the Lorentz force
operator in Eq. (67) from quantum first principles. The
Heisenberg equation of motion for the kinetic momentum

operator p⃗kin⊥ ¼ p⃗⊥ − gA⃗⊥ is

dpkin
i;H

dxþ
¼ i

�
1

2
P−
H; p

kin
i;H

�
þ ∂pkin

i;H

∂xþ
: ðC1Þ

Since the canonical momentum operator pi has no explicit
light-front time dependence, the partial derivative term
receives contributions only from the background field

∂pkin
i;H

∂xþ
¼ −gU†ðxþ; 0Þ∂þAiUðxþ; 0Þ: ðC2Þ

The commutator of the canonical momentum with the
eikonal Hamiltonian in Eq. (38) gives

i

�
1

2
P−
H; pi;H

�
¼ gU†ðxþ; 0Þ∂iAþUðxþ; 0Þ; ðC3Þ

where we used the identity ½pi; f� ¼ i∂if for any func-
tion f. Finally, the commutator involving the background
field yields

i

�
1

2
P−
H;Ai;H

�
¼ ig2U†ðxþ; 0Þ½Aþ;Ai�Uðxþ; 0Þ: ðC4Þ

Collecting all three contributions, the Heisenberg picture
Lorentz force operator fi;H takes the form

fi;HðxþÞ ¼ 2U†ðxþ; 0ÞF iþUðxþ; 0Þ; ðC5Þ

where F iþ ¼ ∂iAþ − ∂þAi − ig½Aþ;Ai� is the field
strength tensor of the background field. Transforming back
to the Schrödinger picture recovers the result in Eq. (67).
Note that this is a first- principle quantum calculation,
and fi must therefore be understood as an operator acting
over a quantum state.
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