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The mathematical expression for the dark matter nuclear recoil event rate in a detector consists of a six-
dimensional integral over the velocity distribution of dark matter in the detector frame and over the recoil
momentum of the nucleus. While a significant part of this integral can be solved in closed form under
traditional assumptions of the standard halo model and/or isotropic detector response, analysis of alternate
assumptions is conventionally impeded by the inefficiency of multidimensional numerical integration
methods. In this work, we introduce a novel, fast, and efficient algorithm for direct detection event rate
computations. This algorithm takes advantage of a closed-form expression for the Radon transform of
three-dimensional Zernike functions, which are used as basis functions for the velocity distribution. We
demonstrate an implementation of this algorithm ZebraDM, which is typically faster than an optimized
numerical integration approach by a factor between 102 and 104.
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I. INTRODUCTION

According to observations, we live in a Galaxy filled
with dark matter [1]. These observations can be explained
within the paradigm of particle dark matter [2], and direct
detection of dark matter (DM) particle(s) is among the most
essential goals for contemporary particle physics. The
landscape of direct detection experiments is rapidly evolv-
ing, and to make use of the vastly expanding experimental
data, efficient computation of the expected signal in a given
DM model is needed. This calculation is often performed
under a collection of simplifying assumptions, namely, the
standard halo model (SHM) for the DM velocity distribu-
tion and isotropic response of the detector to DM scattering
events.
While the SHM is a useful benchmark model of the local

velocity distribution, alternatives have been presented [3–7]
that likely model the local environment more accurately. At
the very least, the impact of the shape of the velocity
distribution on dark matter event rates warrants more
exploration. The tendency to adopt SHM in analyses of
direct detection is at least in part due to the closed-form

solution of the event rate it enables, whereas more general
distributions typically require numerical integration, which
significantly slows down the analysis, reducing the scope of
what can be done with limited computational resources.
Second, in the study of sub-GeV dark matter, the impact

of potential anisotropies of a detector’s response on the
dark matter event rate has been recognized [8–14]. Because
of the rotation of the Earth, these anisotropies induce a
daily modulation on top of the well-known annual modu-
lation of the direct detection signal. However, the same
causes that generate the annual modulation cause the
features of the daily modulation signal to vary throughout
the year [15,16]. Therefore, proper analysis of the signal
modulation requires sampling the event rate multiple times
a day, throughout the entire year, requiring on the order of
104 time points. Since the anisotropic response always
needs to be integrated numerically, such an analysis easily
becomes prohibitively expensive.
These facts indicate an urgent need for more efficient

methods of evaluating the dark matter event rate for general
velocity distributions beyond the SHM, in combination
with anisotropic models of detector response. Besides the
above concrete examples, in general, it is undeniable that in
the history of physics the invention of better numerical
methods has always enabled a broader scope of study, and
thus led to new and unexpected discoveries. Therefore, in
the study of dark matter direct detection, too, we should
seek and adopt better, more efficient numerical methods.
The bottleneck in the computation of dark matter

scattering rates is the dimensionality of the relevant
integrals. In the case of dark matter scattering on atomic
nuclei, for example, the total event rate at a given time is in
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the simplest case given by a six-dimensional integral. This
integral consists of a three-dimensional integral over the
dark matter velocity, a two-dimensional integral over the
recoil direction of the target nucleus, and a one-dimensional
integral over the recoil energy. Although the integrand
contains a delta function due to kinematic constraints,
which enables reduction of the dimensionality by 1, a five-
dimensional integral remains to be evaluated numerically in
the general case. Direct numerical integration of such a
high-dimensional integral is prohibitively expensive.
Furthermore, in other cases, the dimensionality may be
even higher, for example, if the target particle cannot be
assumed to be initially at rest, as is the case in electron
scattering.
To address these challenges, in this paper, we propose a

novel algorithm based on expansion of the velocity dis-
tribution in a basis of so-called three-dimensional Zernike
functions, which are polynomials of the Cartesian coor-
dinates and are orthogonal on the unit ball [17]. We take
advantage of the fact that, as a consequence of the
kinematic constraints, the velocity integral is equivalent
to a three-dimensional Radon transform, which can be
evaluated in closed form for the Zernike functions. This
leads to a highly efficient algorithm for the evaluation of
angle-integrated Radon transforms—and therefore dark
matter event rates—which is orders of magnitude faster
than plain numerical integration.
The general idea of expansion in a suitable basis of

functions to solve the event rate integrals is not new and has
been discussed in various context in the literature. For
example, an expansion of the velocity distribution in a basis
built from spherical harmonics and spherical Bessel func-
tions was discussed in Ref. [18], whereas more recently in
Refs. [19,20], a spherical analog of Haar wavelets was used
for the radial functions.
The computational advantages of a basis expansion are

evident: if the relevant scattering rate integrals have closed-
form solutions for the basis functions, then the integrals can
be traded for sums, which lend themselves to more efficient
numerical evaluation for a given target accuracy than the
equivalent integrals. However, the choice of basis signifi-
cantly impacts the practicality of this. For the angular part
of the basis functions, spherical harmonics are the natural
choice, but for the radial part, there is no single obvious
choice.
The choice of spherical Bessel functions is natural for a

function defined on R3, and the Radon transform of the
resulting basis functions has closed-form solutions.
However, the radial part is indexed by a continuous
variable, and therefore a finite truncation cannot be taken
without restricting the domain. Furthermore, the resulting
expressions for the Radon transform are complicated and
difficult to manipulate, which poses a challenge for their
practical usefulness for the task at hand.

On the other hand, while the Haar-like wavelets may
appear attractive due to their simplicity, being piecewise
constant functions, their discontinuity results in poor
convergence for the expansion of any smooth function.
Although they may be straightforward to deal with, the
large number of expansion coefficients needed for an
accurate expansion due to the poor convergence behavior
is suboptimal.
In this paper, we propose using the three-diemensional

Zernike functions as a basis, because they possess several
desirable properties:
(1) As polynomials of the Cartesian coordinates, they

naturally approximate smooth functions with good
convergence properties, as we will demonstrate.

(2) They can be computed rapidly to high orders using
recursion formulas.

(3) Their Radon transforms have known polynomial
expressions, which are straightforward to manipu-
late [21,22].

An apparent limitation of Zernike functions is the
restriction of their orthogonality to the unit ball.
However, this is not a real issue for two reasons:
(1) For many common dark matter velocity distribu-

tions, the Milky Way escape velocity vesc presents a
natural cutoff, which means the integral is evaluated
over a ball of some radius.

(2) Even distributions with no explicit cutoff generally
fall off exponentially at high velocities. In such a
situation, one can always find some cutoff velocity
beyond which the contribution to the distribution is
negligible. In fact, in practice, one typically has to
take some cutoff, as in the case of the spherical
Bessel functions mentioned above, in order to have
an expansion with a finite number of coefficients.
Reduction from a ball of arbitrary radius to a unit
ball is then just a matter of rescaling the coordinates.

Although this analysis focuses on the numerical aspects of
event rate computations, it is worth pointing out that a basis
function expansion of thevelocity distribution has other uses.
For instance, it can be used for the reconstruction problem:
given some data on observed event rates, the basis expansion
coefficients can be used to fit the velocity distribution on the
data in a general, model agnostic way. This has been a
motivation in many prior uses of basis expansions [18,23–
25].While it is plausible that theZernike basis suggested here
could also be suitable for such purposes, such an analysis is
beyond the scope of this study.
The structure of this paper is as follows. Section II starts

with a brief review of the relevant formulas for dark matter
event rate computations and describes the problems sur-
rounding their numerical evaluation. In Sec. III, the three-
dimensional Zernike functions and their properties are
introduced and a fast algorithm for transforming an arbitrary
function on the unit ball into a basis of three dimensional
Zernike functions is described. This algorithm is essentially
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an extension of a well-known algorithm for spherical
harmonic transforms. Next, in Sec. IV, the properties of
the Zernike functions established in the previous section are
applied to develop a method for efficient evaluation of the
Radon transform of a shifted distribution inside the unit ball.
Finally, Sec. V contains an analysis of the accuracy, con-
vergence properties and performance of the methods devel-
oped in the previous sections for a number of test cases. Some
of the detailed formulas are provided in the Appendix.
We provide a reference implementation of our method in

two C++ libraries. The library ZebraDM [26] implements the
main Zernike-based Radon transform algorithm presented
in this paper. It also contains an implementation of a
conventional numerical integration algorithm for compari-
son as well as the code for the benchmark results presented
in this paper. The companion library ZEST [27] implements
data structures and algorithms for dealing with Zernike and
spherical harmonic basis expansions, including forward
and backward transforms, as well as rotations of the basis
coefficients.

II. DARK MATTER EVENT RATES

To motivate the methods developed in this paper, we
provide a brief outline of the equations relevant to dark
matter direct detection. The methods presented in the
subsequent sections of this paper are broadly applicable
to any scattering problem where the dark matter has a well-
defined velocity distribution, and energy conservation can
be written in the form

v⃗ · q̂ − wðq⃗;…Þ ¼ 0: ð1Þ

In the above equation, q⃗ is the momentum transfer from
dark matter to the target, and wðq⃗;…Þ may depend on the
momentum transfer q⃗ and other parameters denoted by the
dots but, crucially, does not depend on v⃗. For example, as
described in Ref. [10], spin-independent dark matter
scattering producing nuclear recoils, electron transitions,
and single-phonon excitations can be described in a unified
framework which has the desired properties.
In this work, we assume that w does not depend on the

direction of the momentum transfer. Note that this does not
imply any loss of generality, because it is always possible to
write

δðv⃗ · q̂ − wðq⃗;…ÞÞ ¼
Z

δðv⃗ · q̂ −WÞδðW − wðq⃗;…ÞÞdW:

ð2Þ

An equivalent transformation is employed in Ref. [28] in
the context of electron scattering. Note that, although this
introduces an extra integration parameter, it is via the
introduction of a delta function and therefore does not
contribute to the numerical load. It effectively factors the

complex q⃗ dependence of w into evaluation of the detector
response.
For simplicity, we will focus on the case of dark matter

scattering on nuclear targets. The differential scattering rate
in a general dark matter nuclear scattering process is [29]

d2RS

dEq⃗dΩ
¼ 1

64π2
ρ0

m3
DMm

2
N

Z
hjMj2iδðv⃗ · q̂ − vminÞfðv⃗Þd3v:

ð3Þ

Here, Eq⃗ is the nuclear recoil energy, ρ0 is the local dark
matter density, mDM is the mass of the dark matter particle,
andmN is the mass of the target nucleus. The factorM is the
scattering amplitude, and fðv⃗Þ is the dark matter velocity
distribution. The parameter vmin ¼ wðq⃗Þ is given by

vmin ¼
q

2μDM;N
; ð4Þ

where μDM;N is the reduced mass of the DM-nucleus system.
The form of the scattering amplitude depends on the

details of the interaction of dark matter with the target
nucleus. However, the scattering of dark matter on nuclei
can be described in the framework of a nonrelativistic
effective theory [30,31]. We will not describe details of the
theory here but will only point out a result relevant for this
work, which is that for nearly all possible interactions we
may write

hjMj2i ¼ Fðq2Þ þ F⊥ðq2Þjv⃗⊥j2; ð5Þ

where v⃗⊥ is the component of the dark matter velocity
perpendicular to the recoil direction q̂ and Fðq2Þ and
F⊥ðq2Þ capture the details of the interactions. An analo-
gous framework for electron scattering is described in
Refs. [28,32]. The definition of v⃗⊥ in this framework is
slightly different and is not perpendicular to q⃗ anymore.
Therefore, the ionization amplitude also gains terms
proportional to ðv⃗⊥ · q⃗Þ2. We do not address the issue of
such terms in the present work but note that they can likely
be dealt with in a similar manner as jv⃗⊥j2 terms.
Given the parametrization in Eq. (5), we define the

Radon transform integrals

R½f�ðq̂; vminÞ ¼
Z

δðv⃗ · q̂ − vminÞfðv⃗Þd3v; ð6Þ

R⊥½f�ðq̂; vminÞ ¼
Z

ðv⃗⊥Þ2δðv⃗ · q̂ − vminÞfðv⃗Þd3v: ð7Þ

We refer to these as the (standard) Radon transform and the
transverse Radon transform, respectively. Then, the integral
in Eq. (3) reduces to
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d2RS

dEq⃗dΩ
¼ 1

64π2
ρ0

m3
DMm

2
N
ðFðq2ÞR½f�ðq̂; vminÞ

þ F⊥ðq2ÞR⊥½f�ðq̂; vminÞÞ: ð8Þ

The scattering rate itself is generally not observable in an
experiment, because not all scattering events lead to
observable signals. We can write the rate of events as a
function of the observed energy E generally as

d2RE

dEdΩ
¼

Z
SðE;Eq⃗; q̂Þ

d2RS

dEq⃗dΩ
dEq⃗; ð9Þ

where the response function SðE; Eq⃗; q̂Þ is the probability
density for a nuclear recoil with recoil direction q̂ and recoil
energy Eq⃗ to be observed with measured energy E. This
function captures the material properties of the target, the
smearing due to finite energy resolution, etc. The exact
definition of the response function is not relevant here and
depends on the context. This method works equally for any
response function which can be written as a function of the
momentum transfer q⃗ or, equally, as a function of the
energy transfer Eq⃗ and the direction q̂.
Typically, the velocity distribution fðv⃗Þ is taken to be

that of the SHM, which is given by a simple isotropic
Gaussian function

fIðv⃗Þ ¼
1

N
e−v

2=v2
0Θðvesc − vÞ: ð10Þ

Here, N is a normalization constant, and the velocity
dispersion is given by σv ¼ v0=

ffiffiffi
2

p
, where v0 is the local

circular speed of the Milky Way at the location of the solar
system, and the escape velocity of the Milky Way vesc acts
as an upper limit for dark matter velocities.
For the SHM distribution, the integrals in Eqs. (6) and (7)

are straightforward to evaluate analytically. However, the
SHM is likely to be a simplification of the true velocity
distribution. For example, recent studies suggest at least the
presence of an anisotropic component in addition to the
isotropic one, motivated by observations from the Gaia
satellite, which gives rise to the SHMþþ model presented in
Ref. [3]. The form of this velocity distribution is

fSHMþþðv⃗Þ ¼ ð1 − ηÞfIðv⃗Þ þ ηfAðv⃗Þ; ð11Þ

where fI is the isotropic component (10), fA is the
anisotropic component, and 0 ≤ η ≤ 1 is the anisotropy
fraction. The velocity distribution for the anisotropic
component is

fAðv⃗Þ ¼
1

N
e−

1
2
v⃗TΣ−1v⃗Θðvesc − vÞ; ð12Þ

where Σ ¼ diagðσ2r ; σ2θ; σ2ϕÞ in the galactic frame, with

σ2r ¼
3v20

2ð3 − 2βÞ ; σ2θ ¼ σ2ϕ ¼ 3v20ð1 − βÞ
2ð3 − 2βÞ : ð13Þ

From Ref. [3], the value of the circular rotation speed
in SHMþþ is v0 ¼ 233 km s−1, the escape velocity is
vesc ¼ 528 km s−1, and the anisotropy parameter β is
0.9. Another description of the velocity distribution moti-
vated by the Gaia observations is the self-consistent
anisotropic halo model given in Ref. [7]. This model does
not have a simple analytical form in terms of the local dark
matter velocity.
Therefore, there exists a clear motivation to examine

non-SHM velocity distributions in the context of direct
detection of dark matter. However, these alternative dis-
tributions typically do not have analytic solutions for the
velocity integrals and are therefore significantly more
expensive to compute event rates with. Studies and adop-
tion of such alternative velocity distributions in the context
of direct detection experiments would therefore benefit
greatly from more efficient computational methods for
evaluation of the event rate integrals.
The scattering of dark matter particles is not observed in

the rest frame of the velocity distribution, which is the
galactic frame, but usually in an Earth-based laboratory.
Therefore, in Eqs. (6)–(8), the velocity v⃗ is replaced with
v⃗þ v⃗lab, where v⃗lab is the velocity of the laboratory in the
galactic frame. It can be expressed in terms of its various
contributions as v⃗lab ¼ v⃗circ þ v⃗pec þ v⃗earth þ v⃗rot [33]. Here,
v⃗circ is the circular velocity of the solar system in the galactic
plane, v⃗pec is the peculiar velocity, v⃗earth is the velocity of the
Earth around the sun, and v⃗rot is the rotational velocity of the
point on Earth’s surface. The variation in the magnitude of
v⃗lab due to the changing direction of v⃗earth results in the well-
known annual modulation of the dark matter event rate.
Because of the motion of the laboratory frame relative to

the dark matter, the directional scattering rate has an
anisotropy, which commonly appears as a maximum in
the direction of v⃗lab. If the response in Eq. (9) is anisotropic,
this can induce a daily modulation in the angle-integrated
event rate, due to the rotation of the Earth. However,
because v⃗lab changes direction throughout the year, the
phase and amplitude of the daily modulation can vary in a
complex manner throughout the year [15,16]. As a result,
accurate analysis including both annual and daily modu-
lation requires evaluation of the event rate at around 104

time points. Such analyses present an urgent need for faster
means of evaluating the event rate integrals.
In a typical direct detection analysis, one is interested in

particular in the angle-integrated event rate

dRE

dE
¼

Z
SðE;Eq⃗; q̂Þ

d2RS

dEq⃗dΩ
dΩdEq⃗: ð14Þ

In the case of a general anisotropic response, and an
anisotropic velocity distribution such as that in Eq. (11),
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this amounts to evaluation of a six-dimensional integral.
The delta function in the Radon transforms [see Eqs. (6)
and (7)] allows trivial closed-form evaluation of one of
these integrals, leaving a five-dimensional integral to be
evaluated numerically. In this work, we develop an algo-
rithm which enables fast evaluation of four-dimensional
integrals of the form

d2RE

dEdEq⃗
¼

Z
SðE; Eq⃗; q̂Þ

d2RS

dEq⃗dΩ
dΩ: ð15Þ

Although an extension of our method to evaluating the
energy integral is straightforward, we do not consider such
an extension here. There are circumstances where a
separate evaluation of (15) is advantageous, for example,
because the integrand can be made independent of the exact
form of dark matter interactions. We therefore deem it more
general to present a solution of (15), since the ideal way of
dealing with the energy integral depends on the specifics of
the problem at hand.

III. ZERNIKE FUNCTIONS

The three-dimensional Zernike functions Zα
nlmðρ; θ;φÞ

are a family of functions on R3 and orthogonal within
the unit ball B ¼ fx⃗∈R3∶ jx⃗j ≤ 1g. They are three-
dimensional generalization of the better known two-
dimensonal Zernike functions, which find applications in
various fields [34]. Although in the literature “Zernike
polynomials” and “Zernike functions” commonly refer to
the two-dimensional case, in this paper, we use these terms
to refer to the three-dimensional functions for brevity.
Explicitly, they can be defined as

Zα
nlmðρ; θ;φÞ ¼ Rl;α

n ðρÞYlmðθ;φÞ; ð16Þ

where the unnormalized radial Zernike functions are

Rl;α
n ðρÞ ¼ ρlð1 − ρ2ÞαPðα;lþ1=2Þ

ðn−lÞ=2 ð2ρ2 − 1Þ; ð17Þ

with Pðα;βÞ
k ðxÞ Jacobi polynomials and Ylmðθ;φÞ real

spherical harmonics [17,22,35]. The parameter α ≥ 0 is
a free parameter. The indices here have the hierarchy 0 ≤
jmj ≤ l ≤ n with the added restriction that ðn − lÞ=2 must
be an integer, and hence n − l must be even, which in turn
implies that n and l must have the same parity. The
unnormalized radial Zernike functions for given α and l
are orthogonal with

Z
1

0

Rl;α
n ðρÞRl;α

n0 ðρÞ
ρ2dρ

ð1 − ρ2Þα ¼ Nα
nlδnn0 ; ð18Þ

where the normalization factor is

Nα
nl ¼

1

2ðnþ αþ 3=2Þ
ððn − lÞ=2þ 1Þα

ððn − lÞ=2þ lþ 3=2Þα
; ð19Þ

where ðxÞα denotes the rising factorial, ðxÞα ¼ xðxþ 1Þ � � �
ðxþ α − 1Þ. It follows from this and the orthogonality of
the spherical harmonics that, for a given value of α, the
Zernike functions are orthogonal over the unit ball with

Z
B
Zα
nlmðx⃗ÞZα

n0l0m0 ðx⃗Þ d3x
ð1 − jx⃗j2Þα ¼ Nα

nlmδnn0δll0δmm0 ; ð20Þ

where B denotes the unit ball and Nα
nlm is a normalization

factor depending on the normalization convention of both
the radial Zernike functions and of the spherical harmonics.
It is worth noting that one can alternatively construct a

collection of complex Zernike functions Zm
nl using the

complex spherical harmonics Ym
l . However, since we are

dealing with real functions in this analysis, the choice of
real basis functions is a more natural one. Because the real
spherical harmonics are given by a simple linear combi-
nation of the complex spherical harmonics and vice versa,
the results shown here for the real functions should
generally be applicable to the complex functions up to a
linear transform.
The properties of the radial Zernike functions are

straightforward to derive using properties of the Jacobi
polynomials. For example, the following recursion relation
can be proven for the radial Zernike functions [36],

Rl
nðρÞ ¼ ðKnl

1 ρ
2 þ Knl

2 ÞRl
n−2ðρÞ þ Knl

3 R
l
n−4ðρÞ; ð21Þ

with the coefficients

Knl
1 ¼ ð2n − 1Þð2nþ 1Þ

ðn − lÞðnþ lþ 1Þ ; ð22Þ

Knl
2 ¼ −

ð2n − 1Þðð2lþ 1Þ2 þ ð2nþ 1Þð2n − 3ÞÞ
2ðn − lÞðnþ lþ 1Þð2n − 3Þ ; ð23Þ

Knl
3 ¼ −

ðn − l − 2Þðnþ l − 1Þð2nþ 1Þ
ðn − lÞðnþ lþ 1Þð2n − 3Þ : ð24Þ

This recursion relation is valid for l ≤ n − 4. For the
remaining indices, we can see from the definition that

Rn
nðρÞ ¼ ρn; ð25Þ

Rn−2
n ¼ 2nþ 1

2
ρn −

2n − 1

2
ρn−2: ð26Þ

The main attractive property of the Zernike functions for
our purposes is that, given a Radon transform defined as

R½f�ðw; n̂Þ ¼
Z
B
δðw − x⃗ · n̂Þfðx⃗Þd3x; ð27Þ
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the Radon transform of the functions Zα
nlm is given by

[21,22]

R½Zα
nlm�ðw; n̂Þ ¼

1

cαnl
ð1 − w2Þαþ1Cαþ3=2

n ðwÞYlmðn̂Þ; ð28Þ

where

cαnl ¼
2−2ð1þαÞffiffiffi

π
p ððn − lþ 2Þ=2Þα

Γðnþ 2αþ 3Þ
Γðnþ 1ÞΓðαþ 3=2Þ ; ð29Þ

and Cαþ3=2
n ðxÞ are Gegenbauer polynomials. This result is

notable, because if we have a function defined as a linear
combination of Zernike functions,

fðx⃗Þ ¼
XL
n¼0

Xn
l¼0

X
jmj≤l

fnlmZα
nlmðx⃗Þ; ð30Þ

by linearity the Radon transform of fðx⃗Þ is

R½f�ðw; n̂Þ ¼
XL
n¼0

Xn
l¼0

X
jmj≤l

fnlmR½Zα
nlm�ðw; n̂Þ: ð31Þ

The preceding results hold for general α, but due to the
presence of the term ð1 − w2Þαþ1 in Eq. (28), the choice of
α ¼ 0 turns out to be simplest case to deal with. From this
point on, we will restrict to that case, denoting Znlm ≡ Z0

nlm.
A quantity of practical importance for the numerical

evaluation of the Zernike expansion of a function is the
number of coefficients needed for an expansion. If we
consider an expansion to order L, such that we have a pair
of coefficients (for þm and −m) for each 0 ≤ jmj ≤
l ≤ n ≤ L, the number of pairs in the expansion is given
by the sequence 1; 3; 7; 13; 22; 34; 50;…Therefore, the total
number of coefficients up to order L is1

NðLÞ ¼ 2

�ðLþ 2ÞðLþ 4Þð2Lþ 3Þ
24

�
; ð32Þ

where b·c denotes the floor function. Note that, since for
m ¼ 0 there is only one coefficient, this overcounts the total
number of coefficients by a small margin. However, pairwise
storage of the coefficients turns out to be computationally
advantageous. In any case, we see from here that the number
of coefficients grows as NðLÞ ≈ L3=6 for large L.
The Zernike functions and their linear combinations

benefit from sharing the usual properties of spherical
harmonics. For example, under reflection, Znlmð−x⃗Þ ¼
ð−1ÞlZnlmðx⃗Þ, and the Zernike functions can be rotated
using Wigner D-matrices,

ZnlmðRx⃗Þ ¼
X
jm0j≤l

Rl
mm0 ðRÞZnlm0 ðx⃗Þ; ð33Þ

where Rl
mm0 ðRÞ denotes the real spherical harmonic equiv-

alent of the complex Wigner D-matrix for a rotation R.
Existing methods for transformation of functions defined

on the sphere to the spherical harmonic basis can be
extended to transformations of functions in the unit ball
to the Zernike basis. One such relatively straightforward
and efficient method, used in various spherical harmonic
codes (see, e.g., Refs. [38,39]), is based on evaluating the
function fðx⃗Þ on a spherical grid with equispaced longi-
tudes and Gauss-Legendre quadrature nodes for the lat-
itudes. This method has a straightforward extension to the
unit ball if the radii are also chosen by mapping the Gauss-
Legendre nodes to the interval [0, 1]. This method allows us
to replace the integrals

fnlm ¼
Z

1

0

Z
1

−1

Z
2π

0

fðρ; θ;φÞRl
nðρÞPm

l ðcos θÞ

×

�
cosðmφÞ
sinðjmjφÞ

�
dφd cos θρ2dρ ð34Þ

with the sums

fnlm ≈
X
ijk

wiρ
2
i R

l
nðρiÞwjPm

l ðcos θjÞ

×

�
cosðmφÞ
sinðjmjφÞ

�
fðρi; θj;φkÞ; ð35Þ

where wi are Gauss-Legendre quadrature nodes. An appeal-
ing property of this method is that, if fðx⃗Þ is a linear
combination of Zernike functions up to order L, then the
sum is exact for a grid of size2 ðLþ 2ÞðLþ 1Þð2Lþ 1Þ. In
fact, the truncated expansion of fðx⃗Þ computed this way is an
interpolating polynomial on these nodes and as such benefits
from the good convergence properties of polynomial inter-
polation. This property is a result of the fact that N Gauss-
Legendre nodes are sufficient to integrate a polynomial of
order 2N − 1 exactly.
Naively, the summation in (35) looks like it would

involve OðL6Þ operations—OðL3Þ operations for each
triple ðn; l; mÞ. However, more careful observation reveals
it can be split into three steps with at mostOðL4Þ operations
each. First, the sums

fmðρi; θjÞ ¼
X
k

�
cosðmφÞ
sinðjmjφÞ

�
fðρi; θj;φkÞ ð36Þ

1The sequence is identified as A002623 in The On-Line
Encyclopedia of Integer Sequences (OEIS) [37].

2The radial direction requires an additional node compared to
the latitudinal direction due to the ρ2 factor coming from the
integration measure.
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can be performed using a fast Fourier transform with a total
of OðL3 logLÞ operations. Next, the sums

flmðρiÞ ¼
X
k

wjPm
l ðcos θjÞfmðρi; θjÞ ð37Þ

are performed with OðL4Þ operations, and finally the sums

fnlm ¼
X
ijk

wiρ
2
i R

l
nðρiÞflmðρiÞ ð38Þ

take anotherOðL4Þ operations. Steps (36) and (37) together
essentially constitute a collection of spherical harmonic
transforms for each radial grid point ρi.

IV. RADON TRANSFORM OF A SHIFTED
DISTRIBUTION

In the theoretical description of dark matter scattering on
Earth-based targets, kinematic constraints on the scattering
momenta result in the double differential scattering rate
being proportional to a Radon transform, which can be
expressed in a form

R½f�ðw; n̂Þ ¼
Z

δðw − x⃗ · n̂Þfðx⃗þ x⃗0Þd3x: ð39Þ

Here, fðx⃗Þ would be the local velocity distribution of dark
matter in a frame moving at velocity x⃗0 relative to the
average motion of the dark matter. The factor w is that of
Eq. (1). In general, w could also be a function of n̂;

however, using Eq. (2), more general integrals can be
reduced to working with a constant w.
In many models of the dark matter halo, the distribution

is cut off at the local escape velocity. In appropriately scaled
units this means that jx⃗þ x⃗0j ≤ 1 (namely, by defining
x⃗ ¼ v⃗=vesc). This fact renders the Zernike basis an ideal
choice of basis for velocity distributions. However, this is
not a limitation on the usefulness of the Zernike expansion
in the case when there is no natural cutoff. Practically, all
physically meaningful distributions decay exponentially at
high velocities, so even for distributions that extend beyond
vesc, some finite cutoff can always be found beyond which
the contributions to the distribution can be neglected. For
example, a narrow stream with velocities of the order of vesc
and dispersion around 0.1vesc can be cut off at 1.5vesc
without meaningful loss of accuracy.
In any case, for evaluation of the integral (39), it is not

desirable to perform the Zernike expansion in these
coordinates, because the ball in which the distribution
has support is centered on x⃗0. Therefore, we transform to
new integration coordinates via x⃗þ x⃗0 → x⃗ such that the
integral becomes

R½f�ðw; n̂Þ ¼
Z
B
δðwþ x⃗0 · n̂ − x⃗ · n̂Þfðx⃗Þd3x; ð40Þ

where we have also accounted for the cutoff so that we are
in the situation of Eq. (27). If we now substitute fðv⃗Þ with
its truncated Zernike expansion, choosing the Zernike
functions with α ¼ 0, we obtain

R½f�ðw; n̂Þ ¼ 2π
XL
n¼0

Xn
l¼0

X
jmj≤l

fnlm
ðnþ 1Þðnþ 2Þ ð1 − ðwþ x⃗0 · n̂Þ2ÞC3=2

n ðwþ x⃗0 · n̂ÞYlmðn̂Þ: ð41Þ

If we only wish to evaluate the Radon transform for some triple ðw; x⃗0; n̂Þ, this formula is in principle sufficient. However, in
analysis of dark matter scattering, we often need to integrate over the scattering directions n̂, and therefore it would be
beneficial to be able to directly compute the angle integrated Radon transforms. Equation (41) can be simplified by using a
recursion relation of the Gegenbauer polynomials,

2λð1 − x2ÞCλþ1
n ðxÞ ¼ ðnþ 2λÞðnþ 2λþ 1ÞCλ

nðxÞ − ðnþ 1Þðnþ 2ÞCλ
nþ2

2ðnþ λþ 1Þ : ð42Þ

This can be derived from the two conventional recursion
relations

ðnþ 1ÞCλ
nþ1ðxÞ ¼ 2ðnþ λÞxCλ

nðxÞ − ðnþ 2λ − 1ÞCλ
n−1ðxÞ;
ð43Þ

2λð1 − x2ÞCλþ1
n−1ðxÞ ¼ ð2λþ n − 1ÞCλ

n−1ðxÞ − nxCλ
nðxÞ:

ð44Þ

For the special case of λ ¼ 3=2, the relation (42) reduces to

ð1 − x2ÞC3=2
n ðxÞ ¼ ðnþ 1Þðnþ 2ÞC

1=2
n ðxÞ − C1=2

nþ2ðxÞ
2nþ 3

:

ð45Þ
We may further note that the Gegenbauer polynomials at
λ ¼ 1=2 are just the Legendre polynomials, C1=2

n ðxÞ ¼
PnðxÞ. Therefore, Eq. (45) allows us to write Eq. (41) as
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R½f�ðw; n̂Þ ¼ 2π
XLþ2

n¼0

Xn
l¼0

X
jmj≤l

f0nlmPnðwþ x⃗0 · n̂ÞYlmðn̂Þ;

ð46Þ

where

f0nlm ¼ 1

2nþ 3
fnlm −

1

2n − 1
fn−2;lm: ð47Þ

Here, the second term is neglected for n ¼ 0, 1 and fnlm ¼ 0
for n > L and l > n.
We can see that the integration of (46) over the directions

n̂ reduces to evaluation of the integralsZ
jwþx⃗0·n̂j≤1

Pnðwþ x⃗0 · n̂ÞYlmðn̂ÞdΩ: ð48Þ

Note that the integration limits follow from the definition
(39), as the delta function implies that jwþ x⃗0 · n̂j ¼ jx⃗ ·
n̂j ≤ 1 for jx⃗j ≤ 1. These limits define an integral over a
spherical zone between the planes given bywþ x⃗0 · n̂ ¼ �1,
which are perpendicular to the vector x⃗0. The limits are
simple to describe in the spherical coordinates if we choose
the integration coordinates such that x⃗0 is along the z axis,
since then they reduce to limits on the z coordinate, such that
the integrals can be written asZ

zmax

zmin

Z
2π

0

Pnðwþ x0zÞYlmðz;φÞdφdz; ð49Þ

where

zmin ¼ max

�
−1;−

1þ w
x0

�
; ð50Þ

zmax ¼ min

�
1;
1 − w
x0

�
: ð51Þ

The fact that the azimuthal integral is over ½0; 2π�means that
all integrals for m ≠ 0 vanish. What remains is

Anlðw; x0Þ ¼ 2πNl

Z
zmax

zmin

Pnðwþ x0zÞPlðzÞdz; ð52Þ

where Nl is a normalization factor which depends on the
spherical harmonic convention used.
Because the coefficients f0nlm were given in an arbitrary

coordinate system, use of the expression (52) requires them
to be rotated to the appropriate integration coordinate
system. As discussed in the previous section, the rotation
of Zernike functions is effectively just rotation of the
spherical harmonic functions and so can be accomplished
via Wigner D-matrices. Denoting the rotated coefficients

with fðRÞnlm, we then have

Z
S2
R½f�ðw; n̂ÞdΩ ¼ 2π

XLþ2

n¼0

Xn
l¼0

fðRÞnl0Anlðw; x0Þ: ð53Þ

The main challenge in Eq. (53) is efficient evaluation of
the coefficients Anlðw; x0Þ. The coefficients An0 and A0l
reduce to integrals of Legendre polynomials and may be
computed in terms of

QnðxÞ ¼
Z

x

0

PnðzÞdz; ð54Þ

for which a recursion relation can be derived from the
recursion relation of the Legendre polynomials. Using the
recursion of Legendre polynomials, it is straightforward to
find the five-term recursion

Anl ¼
2n− 1

n
wAn−1;l −

n− 1

n
An−2;l

þ 2n− 1

n
lþ 1

2lþ 1
x0An−1;lþ1 þ

2n− 1

n
l

2lþ 1
x0An−1;l−1:

ð55Þ

This recursion works well for the region wþ x0 < 1, where
zmin ¼ −1 and zmax ¼ 1. However, for wþ x0 > 1, it is
highly unstable with an error that grows exponentially with
increasing n. Consequently, in double precision floating
point arithmetic, the error exceeds the magnitude of the
coefficient after 20 to 80 terms, depending on the param-
eters ðw; x0Þ. This makes it difficult to apply for even
moderately large values of n.
Alternative recursive expressions to (55) exist, but we

have been unable to find a stable one for every region of the
parameter space. Instead, for regions where the recursion is
unstable, a hybrid method may be employed. Because the
integrand of Anl is a polynomial expression of order nþ l,
Gauss-Legendre quadrature with ðN þ 1Þ=2 nodes gives an
exact expression for the integral

Z
zmax

zmin

Pnðwþ x0zÞPlðzÞdz ¼
XNþ1

2

i¼1

wiPnðwþ x0ziÞPlðziÞ

ð56Þ

up to nþ l ≤ N. The values Pnðwþ x0ziÞ and PlðziÞ can
be computed recursively for the collections of nodes.
However, because direct integration is somewhat expensive
for large numbers of nodes, the integrals may be computed
for some rows n and nþ 1, and then the recursion (55) may
be used for K steps in the forward and backward directions
from these rows, with K chosen such that the error from
using the recursion remains small.
In the context of dark matter event rate integrals, it is

common for ðRfÞðw; n̂Þ to be multiplied by some response
function Sðw; n̂Þ, characterizing the detector’s response to
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the scattering events. The response can originate from a
number of material effects. For the purposes of this
discussion, it is simply a function of the recoil direction
and energy. Multiplying the Radon transform with a
response function, the integrand in (53) is replaced with

Sðw; n̂ÞR½f�ðw; n̂Þ

¼ 2πSðw; n̂Þ
XLþ2

n¼0

Xn
l¼0

X
jmj≤l

f0nlmPnðwþ x⃗0 · n̂ÞYlmðn̂Þ:

ð57Þ
The angular integration of this expression proceeds sim-
ilarly as before, with the added complication that Sðw; n̂Þ
also needs to be rotated to the integration coordinates and
then multiplied to the integrand. To accomplish that, we
may write Sðw; n̂Þ in terms of its spherical harmonic
coefficients Sl0m0 ðwÞ. These coefficients may then be
rotated to the integration coordinates, resulting in new

coefficients SðR
0Þ

l0m0 ðwÞ. The next step is to transform the

coefficients SðR
0Þ

l0m0 ðwÞ and fðRÞnlm back to the grid on the

surface of the sphere, giving the values SðR0Þðw; n̂ijÞ and

fðRÞn ðn̂ijÞ on the grid points. The grids can then be

multiplied together as fSnðw; n̂ijÞ ¼ SðR0Þðw; n̂ijÞfðRÞn ðn̂ijÞ.
Note that if the spherical expansion of Sðw; n̂Þ has been
taken up to L0, then in order to avoid aliasing, the
multiplication requires a grid which allows exact spherical
harmonic expansions up to degree M ¼ Lþ L0 þ 2.
In the next step, it would seem intuitive to transform

fSnðw; n̂ijÞ back into spherical harmonic coefficients.
However, at this point, the integrand has the form

Sðw; n̂ÞR½f�ðw; n̂Þ ¼ 2π
XLþ2

n¼0

fSnðw; n̂ÞPnðwþ x0zÞ; ð58Þ

where only fSnðw; n̂Þ has dependence on the azimuthal
coordinate. Therefore, the azimuthal integration reduces to
taking the average over the grid points in the azimuthal
direction (zeroth Fourier component),

fSnðw; ziÞ ¼
1

2M þ 1

X2Mþ1

j¼1

fSnðw; n̂ijÞ: ð59Þ

The grid fSnðw; ziÞ can then be used to compute a Legendre
polynomial expansion

fSnðw; zÞ ¼
XnþL0

l¼0

fSnlðwÞPlðzÞ: ð60Þ

Note that the expansion only needs to be taken up to

nþ L0. The reason is that fðRÞn ðn̂ijÞ has spherical harmonic
components only up to degree n, and therefore fSnðw; n̂ijÞ
only has them up to degree nþ L0. It then follows that

Z
S2
Sðw;n̂ÞR½f�ðw;n̂Þ¼2π

XLþ2

n¼0

XnþL0

l¼0

fSnlðwÞAnlðw;x0Þ: ð61Þ

In the nonrelativistic effective theory of DM-nucleus
scattering, one also needs to be able to compute the
transverse Radon transform (7) for the shifted distribution,
that is the Radon transform of ½ðx⃗ − x⃗0Þ2 − w2�fðx⃗Þ. The
transverse Radon transform can be expressed as a linear
combination of the Radon transforms R½f�, R½xif� for
x ¼ 1; 2; 3, and R½x2f�. The Zernike functions, again, are
advantageous here, because, due to their polynomial nature,
xiZnlmðx⃗Þ and x2Znlmðx⃗Þ can be expressed as finite linear
combinations of Zernike functions. Let fnlm be the Zernike

coefficients of fðx⃗Þ, and let fðiÞnlm and fðx
2Þ

nlm be the Zernike
coefficients of xifðx⃗Þ and x2fðx⃗Þ, respectively. It follows
that

fðiÞnl;�m ¼ AðiÞ
−−−ðn; l;�mÞfn−1;l−1;�ðm−1Þ þ AðiÞ

−−þðn; l;�mÞfn−1;l−1;�ðmþ1Þ

þ AðiÞ
−þ−ðn; l;�mÞfn−1;lþ1;�ðm−1Þ þ AðiÞ

−þþðn; l;�mÞfn−1;lþ1;�ðmþ1Þ

þ AðiÞ
þ−−ðn; l;�mÞfnþ1;l−1;�ðm−1Þ þ AðiÞ

þ−þðn; l;�mÞfnþ1;l−1;�ðmþ1Þ

þ AðiÞ
þþ−ðn; l;�mÞfnþ1;lþ1;�ðm−1Þ þ AðiÞ

þþþðn; l;�mÞfnþ1;lþ1;�ðmþ1Þ ð62Þ

for i ¼ 1; 2, where m ≥ 0,

fð3Þnlm ¼ Að3Þ
−−ðn; l; mÞfn−1;l−1;m þ Að3Þ

−þðn; l; mÞfn−1;lþ1;m þ Að3Þ
þ−ðn; l; mÞfnþ1;l−1;m þ Að3Þ

þþðn; l; mÞfnþ1;lþ1;m; ð63Þ

and

fðx
2Þ

nl;�m ¼ Aðx2Þ
− ðn; l; mÞfn−2;lm þ Aðx2Þ

0 ðn; l; mÞfnlm þ Aðx2Þ
þ ðn; l; mÞfnþ2;lm: ð64Þ
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The coefficients of these relations can be derived from
recursion relations of building blocks of the Zernike
functions. Their expressions and derivation are found in
the Appendix.
In summary, the algorithm for evaluating the angle

integrated Radon transform—given a distribution fðx⃗Þ, a
response Sðw; n̂Þ, a vector x⃗0 (corresponding to v⃗lab), and a
scalar w (corresponding to vmin)—is as follows:
(1) Evaluate the distribution fðx⃗Þ on the quadrature grid

described in Sec. III, and the response Sðw; n̂Þ on a
corresponding spherical grid.

(2) Compute the Zernike expansion coefficients fnlm
from the grid points using Eqs. (36)–(38) and the
response coefficients SlmðwÞ using equations corre-
sponding to (36) and (37).

(3) Use Eq. (47) to obtain the Radon transform coef-
ficients f0nlm from fnlm.

(4) Rotate the coefficients f0nlm and SlmðwÞ to a coor-
dinate system whose z axis is in the direction of x⃗0 to

obtain the rotated coefficients fðRÞnlm and SðR
0Þ

lm ðwÞ.
(5) Transform fðRÞnlm and SðR

0Þ
lm ðwÞ back onto the spherical

quadrature grid to obtain the values fðRÞn ðn̂ijÞ and

SðR
0Þ

lm ðw; n̂ijÞ.
(6) Multiply fðRÞn ðn̂ijÞ and SðR

0Þ
lm ðw; n̂ijÞ to obtain the

products fSnðw; n̂ijÞ.
(7) Use Eq. (59) to integrate fSnðw; n̂ijÞ over the azimu-

thal direction to obtain fSnðw; ziÞ.
(8) Use the equivalent of Eq. (37) to obtain the Legendre

polynomial expansion coefficientsfSnlðwÞ offSnðw; ziÞ.
(9) Use a combination of the recursion relation (55) and

Gauss-Legendre quadrature to evaluate the integrals
(52) to obtain the coefficients Anlðw; x0Þ.

(10) Sum the products fSnlðwÞAnlðw; x0Þ over n and l and
multiply by 2π.

For the transverse Radon transform, Eqs. (62)–(64) need to
be used between steps 2 and 3. These coefficients are then
combined at appropriate stages. On the other hand, if the
response is isotropic, steps related to the response functions
can naturally be skipped.

V. CONVERGENCE AND PERFORMANCE

The primary advantage of an expansion of a distribution
in a basis of smooth functions is the rapid convergence of
the expansion for smooth distributions. With the Zernike
basis in particular, the basis function Znlmðx; y; zÞ is a
polynomial of order n in the Cartesian components.
Therefore, a Zernike expansion up to order L is guaranteed
to fit a polynomial of the same order exactly. It follows that
the expansion truncated to order L for a distribution is as
good an approximation as an interpolating polynomial
constructed on the grid outlined in Sec. III. These proper-
ties of the fast convergence of the Zernike expansion for
smooth functions also lead to rapid convergence of the

Zernike based Radon transform, which is the foundation of
the efficiency of this method.
In this section, we demonstrate the convergence proper-

ties of the approach as well as the performance of our
implementation of the algorithm. All performance bench-
marks were executed on an AMD Ryzen 9 7950x CPU and
64 GB of main memory. The code for the benchmarks is
available in the repositories of the C++ libraries ZebraDM

[26], which implements the Radon transform algorithm,
and the companion library ZEST [27], which implements the
Zernike and spherical harmonic transforms as well as the
rotation operations needed for implementation of the main
algorithm. Significant effort has gone into optimizing the
implementations in these libraries, but it is plausible that
substantial optimization opportunities remain.
We note that while the 7950x has 16 physical cores, the

implementation of the algorithm used for these benchmarks
is strictly single threaded. The problem of computing dark
matter rates for parameter scans is, of course, in principle,
trivially parallelizable. However, for large truncation
orders, the algorithm is constrained by memory throughput
and size, so in practice, there are cases where naive
parallelization on a single node may not be viable due
to lack of available memory or may not be useful due to
limited memory bandwidth. There are ways of applying a
more sophisticated parallelism for the algorithm, which can
avoid some of these issues, but we do not pursue paral-
lelization in this work.
To demonstrate these convergence properties and effi-

ciency of the algorithm in practice, we have analyzed the
convergence and performance of the algorithm for a
collection of test distributions, for which we compute
the scattering rate on a two-dimensional grid in time and
recoil energy. These test distributions have been chosen to
be representative of typical and plausible dark matter
velocity distributions, while posing different levels of
challenge to numerical integrators. Thus, for distribu-
tion 1, we choose a generic anisotropic Gaussian,

f1ðx⃗Þ ¼ e−
1
2
x⃗TΣ−1x⃗; ð65Þ

where the coefficients of the inverse covariance matrix have
been set arbitrarily to

Σ−1 ¼

0
B@

3.0 1.4 0.5

1.4 0.3 2.1

0.5 2.1 1.7

1
CA: ð66Þ

This distribution represents a base case of a distribution
with some anisotropic structure.
Distribution 2 is the collection of four, progressively

sharper Gaussians,

f2ðx⃗Þ ¼ 0.4g1ðx⃗Þ þ 0.3g2ðx⃗Þ þ 0.2g3ðx⃗Þ þ 0.1g4ðx⃗Þ; ð67Þ
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giðx⃗Þ ¼
1

π3=2x̄3i
exp

�jx⃗ − x⃗ij2
x̄2i

�
; ð68Þ

with parameters

x⃗1 ¼
1

537
ð0;0;−230Þ; x⃗2 ¼

1

537
ð80;0;−80Þ;

x⃗3 ¼
1

537
ð−120;−250;−150Þ; x⃗4 ¼

1

537
ð50;30;−400Þ;

ð69Þ

and

x̄1 ¼
220

537
; x̄2 ¼

70

537
; x̄3 ¼

50

537
; x̄4 ¼

25

537
:

ð70Þ

This distribution is used to test the Haar wavelet method in
Ref. [19].We include it here to provide a point of comparison
and because it gives somewhat of a worst-case scenario for
the algorithm with its progressively sharpening Gaussians.
Note that, compared to Ref. [19], the parameters have been
scaled such that x ¼ 1 corresponds to v ¼ vesc ¼ 537 km=s.
Distribution 3 is the anisotropic part of the SHMþþ

model [3] as introduced in Eq. (12),

f3ðx⃗Þ ¼ fAðvescx⃗Þ: ð71Þ

This represents a distribution that appears in actual models
of dark matter. It is worth noting that in the real SHMþþ
distribution the anisotropy is weakened by the majority
contribution from the isotropic Gaussian term. Therefore,
the Zernike expansion of the SHMþþ converges more
rapidly.
In addition, for testing the Zernike-based Radon trans-

form method with anisotropic response functions, we use
two artificial test response functions. Because of the lack of
availability of simple real models of anisotropic responses,
these functions have been chosen to demonstrate two
boundary cases of a very easy, and very difficult to
integrate, response.
The first response is a slowly varying function with a

large dipole component,

S1ðw; n̂Þ ¼
w4

1þ w4
e2n̂·n̂0 ; ð72Þ

where n̂0 ¼ n⃗0=jn⃗0j is a unit vector with n⃗0 ¼ ð1; 1; 1Þ. The
second test response is given by

S2ðw; n̂Þ ¼ Θ10

�
2

3
w −Wðn̂Þ

�
; ð73Þ

where

Wðn̂Þ ¼ 1 − e2ðY6;4ðn̂Þ−1Þ; ð74Þ

and the function

ΘaðxÞ ¼
1

2
½1þ tanhðaxÞ� ð75Þ

is a smoothed step function, and Y6;4ðn̂Þ is a spherical
harmonic. This function has been designed to be difficult to
integrate numerically. The smoothed step function in
particular ensures there are areas where the function varies
rapidly, which numerical integrators struggle with and
which have slowly converging spherical harmonic expan-
sions. The shape of the test responses is shown in Fig. 1 for
fixed w ¼ 1.
Of the test distributions presented above, the four-

Gaussian distribution f2 is the most challenging numerically
due to the presence of the sharpGaussian g4ðx⃗Þ. It is therefore
a good test case to examine the convergence properties of the
Zernike expansion. For visualization purposes, Fig. 2 shows

the Zernike approximations FðLÞ
2 ðxÞ ¼ PL=2

k¼0 f
ð2Þ
2k;0;0R

0
2kðxÞ

for the angle integrated distribution F2ðxÞ ¼
R
f2ðx⃗Þdx, for

various truncation values of L, as well as the absolute and
relative errors of these approximations.Onecan see that, after
about degree L ≈ 40, the expansion starts converging expo-
nentially, with roughly an order of magnitude reduction in
error for every increase of L by 10, all the way down to a
relative error of about 10−14 at L ¼ 180.
The rapid convergence of the Zernike expansion can be

seen more clearly in Fig. 3, which shows the evolution of
the median relative error of the Zernike expansions of the
test distributions in terms of the truncation degree L. Here, it
can be seen that the error remains relatively constant until it
starts decreasing exponentially and reaches a minimum due
to finite floating point precision. This precision is a couple

FIG. 1. Test responses (normalized to maximum value) as a
function of the direction n̂ at w ¼ 1.
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orders of magnitude above the floating point precision of
around 10−16 due to accumulation of the floating point error
in the algorithm.We see that f2 has the most high-frequency
information, with the error saturating around L ¼ 200, with
f1 and f3 being significantly smoother, reaching saturation
around L ¼ 30 and L ¼ 90, respectively.

We compare the performance of the Zernike-based
Radon transform method to the performance of plain
numerical integration. To provide a fair comparison
between the two approaches, we have also sought to
optimize the numerical integration using a custom opti-
mized implementation of adaptive multidimensional
quadrature using the Genz-Malik integration nodes
[40]. This algorithm uses hyperrectangular integration
domains, and therefore none of the integration bounds can
depend on the integration variables. Because of this, the
integral with an anisotropic response has been imple-
mented as two nested two-dimensional integrals. The
isotropic response case, however, can be implemented
as a single three-dimensional integral.
The analysis of perfomance is slightly complicated by

the fact that the two algorithms work in fundamentally
different ways. The basic numerical integration algorithm
is very straightforward, as it just sequentially performs
the velocity-angle integral for every time-energy pair.
Therefore, if we have Nt time points and NE energy points,
and the time to compute a single integral is TI , the total time
is simply T ¼ NtNETI.
In contrast, the Zernike-based Radon transform method

may be divided into three steps. First, the distribution is
evaluated on the quadrature grid needed for the fast Zernike
transform. Second is the Zernike transform itself, and last is
the evaluation of the Radon transform at a collection of time
and energy points. We can therefore express the total
computation time as T ¼ TG þ TZ þ TR, where TG is
the grid evaluation time, TZ is the Zernike transform time,
and TR is the angle integrated Radon transform time. In the
event that the parameters of the velocity distribution do not
change, only the time TR has practical relevance. In a
general comparison to the basic integration method, how-
ever, all need to be accounted for. Furthermore, only TG
depends on the evaluation time of the velocity distribution
itself.
Most importantly, however, only TR depends on NE and

Nt. Therefore, asymptotically, for an increasing number of
time-energy points, the contribution from TR is going to
dominate. However, this scaling is not simply proportional
to the total number of pointsNtNE, because some computa-
tionally expensive parts of the angle integrated Radon
transform—such as the coordinate rotation to match the
integration coordinates with direction of x⃗0—only need to
be performed once for every time point. As a consequence,
the algorithm gets more efficient the more energy points
there are.
The contributions TG, TZ, and TR to the total time are

shown in Fig. 4 in terms of the truncation degree L.
The times TR are for an isotropic response with the
values Nt ¼ 10 and NE ¼ 100. For an anisotropic
response, the time TR also depends on the expansion order
of the response but is always going to be greater than with
the isotropic response. The values of Nt and NE were

FIG. 2. Error in the truncated Zernike expansion on the angle
integrated test function F2ðxÞ ¼

R
f2ðx⃗ÞdΩ for truncation de-

grees L ¼ 20, 40, 80, 100, 140, 180. From bottom to top: the

values FðLÞ
2 ðxÞ ¼ PL=2

k¼0 f
ð2Þ
2k;0;0R

0
2kðxÞ, the absolute errors jF2ðxÞ−

FðLÞ
2 ðxÞj, and relative errors jF2ðxÞ − FðLÞ

2 ðxÞj=jF2ðxÞj.

FIG. 3. Median relative errors of Zernike expansion of the test
distributions as a function of the truncation degrees L, demon-
strating exponential convergence of the Zernike expansion.
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chosen as representative of a typical order of magnitude one
might have to capture the annual modulation of the dark
matter event rate. Note, however, that in an analysis
studying the daily modulation of dark matter Nt may be
larger by couple orders of magnitude. As can be seen in the
figure, TR typically dominates the total evaluation time, but
for large values of L, the times TZ and TG can make a
substantial contribution to the total time. However, as noted
above, this is with Nt ¼ 10 and NE ¼ 100. If both of these
numbers were doubled, then TR would constitute about
80% of the total computation time for all values of L
shown here.
In case of an anisotropic response function, we have, for

completeness, also included time to evaluate the spherical
harmonic coefficients SlmðwÞ in this analysis. However, we
note that, because the material response typically does not
change throughout a direct detection analysis, the spherical
harmonic coefficients could typically be precomputed once
for the energy grid and then reused. In a realistic scenario
they can therefore be regarded as constant input data.
Furthermore, in reality, an anisotropic material response
function would likely be in the form of discrete numerical
data, which would need to be interpolated or fitted some-
how to obtain a smooth function. Therefore, the time it
takes to evaluate the coefficients SlmðwÞ for the test
responses is not indicative of the time it would take to
do the same for a real response. However, for purposes of
comparison, we try to present a scenario that does not
unduly disadvantage the conventional numerical integra-
tion approach. Therefore, we include all the relevant times
for the Zernike-based approach.
Because the basic numerical integration approach for

evaluating the Radon integrals is so slow, we could not

always perform the benchmarks for it with as many time-
energy points as we could for the Zernike-based method.
For this reason, in order to compare the results, we present
the effective integration time defined as

Teff
I ¼ T

NtNE
: ð76Þ

The effective integration time is a meaningful metric even if
different values of Nt and NE are used for the two methods,
because for the basic numerical integration it is approxi-
mately independent of the choice of Nt and NE.
To quantify the performance of the algorithm, we

compare the accuracy of the angle integrated Radon
transform to the effective integration time.
We define the relative error by comparing the results to

reference values obtained as follows:
(1) The velocity distribution is evaluated by the Zernike

expansion with L ¼ 200. As seen in Fig. 3, at this
value, the convergence has saturated for each of our
test distributions.

(2) For the spherical harmonic expansion of the re-
sponse functions [see the discussion below Eq. (57)],
we choose L0 ¼ 800.

Figure 5 compares the evolution of the median relative
error with the effective integration time Teff

I between the
Zernike-based method and direct numerical integration. In
all cases, for any relative error, the Zernike-based approach
is at least an order of magnitude faster than numerical
integration. However, due to the rapid, exponential con-
vergence of the approach, it is typically faster by a factor
between 102 and 104.
If we consider some notable special cases, for the very

smooth anisotropic distribution f1 with an isotropic
response, Teff

I of around 2 μs is sufficient to obtain the
minimum error achievable in 64-bit floating point arith-
metic with the Zernike-based approach. Generally good
enough error of around 10−5 is reachable within 300 ns. If
we assume NtNE ≈ 1000, at this speed, a full year
evaluation of the dark matter energy differential rate
dR=dE could be done for 3000 points in the parameter
space in about 1 s on a single thread. Using conventional
numerical integration the same would take around 20 min.
Alternatively, if we assume a smooth anisotropic

response like S1, a full year daily modulation analysis
with Nt ≈ 104 and NE ≈ 20 for a single mass would take
around 1.2 s on a single thread with the Zernike-based
approach. Doing the same via numerical integration would
take around 1 h and 40 min.
When a more difficult response such as S2 is assumed,

the Zernike-based approach is naturally slower than in the
ideal case of S1, but the relative advantage to basic
numerical integration is still retained. It is therefore clear
that this method performs much better than conventional
numerical integration in all tested cases.

FIG. 4. Evaluation times of different steps of the Zernike-based
Radon transform as a function of the truncation degrees L. The
time TR is for an isotropic response with Nt ¼ 10 and NE ¼ 100.
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As discussed at the start of this section, the tests above
were all performed on a single thread, but it is clear that the
problem of evaluating the angle-integrated Radon trans-
form for multiple values is embarrassingly parallel, in
principle. In practice, however, memory limitations can
come into play. In conventional numerical integration, this
is almost never a problem; the amount of memory con-
sumed in an adaptive integration algorithm is proportional
to the number of subregions of the integration domain, and
since each subregion corresponds to Oð10–100Þ evalua-
tions of the integrand, and evaluation of the integrand takes
some amount of time, the integration is almost always
limited by the available time rather than by available
memory. Furthermore, evaluating the integrand typically
takes a large number of operations compared to the amount
of data input and output, cache and memory speed are
generally not limiting factors.
In contrast, in the Zernike-based algorithm, a relatively

large amount of memory is needed for storing the different
expansions and quadrature grids. For example, our

implementation of the algorithm necessitates the storage
of a spherical quadrature grid with ðM þ 1Þð2M þ 1Þ for
each n ≤ L, where M ¼ Lþ L0 þ 2, with L and L0 the
truncation degrees of the Zernike expansion of the dis-
tribution and spherical harmonic expansion of the response,
respectively. For large, though still somewhat realistic,
values L ¼ 200 and L0 ¼ 800, this corresponds to around
4 × 108 values, or around 3.2 GB of memory. In naive
parallelization, this would be duplicated for each thread.
A more significant constraint for the present discussion,

arising from this memory usage, however, is that, due to the
high computational efficiency of the algorithm, a substan-
tial portion of time is spent on moving data around. As a
consequence, when the total amount of required memory
exceeds the amount of available cache such that most of the
data sit in main memory, the algorithm can eventually
become constrained by memory throughput. In this case,
naive parallelization would be of limited use, since all
threads compete for the same memory bandwidth. In fact,
this is a factor that can slow down the single-threaded

FIG. 5. Comparison of the performance of the Zernike-based method (this work, solid lines) and direct numerical integration (dashed
lines) for the distributions f1, f2, and f3. From top to bottom: isotropic response, response function S1, and response function S2. The
left column corresponds to the conventional Radon transform, while the right column corresponds to the transverse Radon transform.
The y axis corresponds to the median relative error, while the x axis corresponds to the effective integration time Teff

I defined in Eq. (76).
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performance of the algorithm for large truncation degrees
due to saturation of the memory bus.
This can be regarded as a classic case of memory-

computation tradeoff; working with transformations on
large datasets allows for a drastic reduction in the complex-
ity of the computations. This tradeoff evidently pays off as
demonstrated by the multiple orders of magnitude improve-
ments over plain numerical integration, but it necessarily
leads to a scenario where the limiting factor is data flow.
However, the above limitations only hold for large

truncation degrees. In practice, accuracy is typically only
needed to a couple of decimal places, and the distributions
and responses should generally be fairly smooth. Therefore,
it is more typical that L; L0 < 100, or even significantly
lower, in which case the required data fit much better into
cache, and the speed is not restricted as much by commu-
nication with main memory.

VI. CONCLUSIONS

To perform parameter scans or likelihood-based infer-
ence for dark matter direct detection experiments, the event
rate needs to be evaluated in a large number of parameter
space points. Therefore, a fast and efficient evaluation of
the event rate is highly desirable.
We have described a novel algorithm for evaluating

angle integrated Radon transforms, which can be used in
evaluation of dark matter event rates. In particular, we
described the algorithm not only for the standard Radon
transform but also for an extension to the so-called trans-
verse Radon transform, which arises in nonrelativistic
effective theories of dark matter interactions, such that
the algorithm is broadly applicable for general effective
theory descriptions of dark matter interactions. We dem-
onstrated that, under typical circumstances, this algorithm
is faster by a factor between 102 and 104 than the
conventional approach using adaptive numerical integra-
tion, even if a well-optimized implementation of an
advanced numerical integration algorithm is used.
Although the explicit formulas in Sec. II described dark

matter scattering primarily in a framework of scattering off
nuclear targets, it is worth stressing that the principles of the
algorithm we have presented are more generally applicable
to any problem, which can be expressed in terms of a three-
dimensional Radon transform, namely, any physical prob-
lem where a velocity distribution fðv⃗Þ is integrated with a
kinematic constraint of the form δðv⃗ · q̂ − wÞ, where w is
some term independent of v⃗. We therefore expect this
algorithm to be useful in a broader context than the case of
nuclear targets we have used to motivate the algorithm
presented in this paper. We expect it to be possible to
generalize the algorithm to computation of event rates for
the Migdal effect, DM-electron scattering, and DM-phonon
scattering. Therefore, the general methods presented in
this work can provide a basis of a potential future

high-performance framework for general dark matter event
rate computations.
We provide an optimized implementation of our algo-

rithm in the C++ library ZebraDM as well as a separate library
ZEST for working with Zernike and spherical harmonic
expansions. Although effort has gone into optimizing these
libraries to showcase the potential of this approach, it is
plausible that further optimization opportunities remain. In
particular, our implementation is single-threaded, while
parallelization of some parts of the implementation could
be useful when operating on large basis expansions.
Another possibility which we did not explore in this work
is a GPU implementation of the algorithm. It is well known
that algorithm with a high degree of data-parallelism can be
up to 10–100 times faster on a good GPU implementation
compared to the CPU. Whether or not the approach
presented here could significantly benefit from a GPU
implementation is a potential avenue of future research.
Another avenue of future research is the choice of basis

functions used for the algorithm. Although we strongly
argued in favor of the radial Zernike functions in this work,
it is plausible that other radial function sets could show
other unique benefits, and warrant further study.
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APPENDIX: TRANSVERSE RADON TRANSFORM

In the general setting of the nonrelativistic framework of
dark matter scattering, the squared scattering amplitude
contains terms proportional to jv⃗⊥j2n, where v⃗⊥ ¼
v⃗ − ðv⃗ · q̂Þq̂. For this reason, the general computation of
dark matter event rates requires computation of Radon
transforms of the form

R⊥½f�ðw; n̂Þ ¼
Z
B
δðwþ x⃗0 · n̂ − x⃗ · n̂Þ½ðx⃗ − x⃗0Þ2

− ððx⃗ − x⃗0Þ · n̂Þ2�fðx⃗Þd3x: ðA1Þ

The delta function forces ðx⃗ − x⃗0Þ · n̂ ¼ w, such that the
relevant Radon integral is

R⊥½f�ðw; n̂Þ ¼
Z
B
δðwþ x⃗0 · n̂ − x⃗ · n̂Þ

× ½ðx⃗ − x⃗0Þ2 − w2�fðx⃗Þd3x: ðA2Þ
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Therefore, given the expansion in terms of the Zernike
functions,

fðx⃗Þ ¼
X
nlm

fnlmZnlmðx⃗Þ; ðA3Þ

we need the expansion of ½ðx⃗ − x⃗0Þ2 − w2�fðx⃗Þ. Expansion
of the prefactor ðx⃗ − x⃗0Þ2 − w2 shows that this term can be
expressed as a linear combination of the functions fðx⃗Þ,
xifðx⃗Þ, and jx⃗j2fðx⃗Þ, where xi are the components of x⃗.
Therefore, the problem reduces to the computation of the
Zernike expansions of these terms.
The Zernike functions are written in terms of their radial,

azimuthal, and polar components as

Znlmðx⃗Þ ¼ Rl
nðρÞP̄jmj

l ðcos θÞ
�
cosmφ; m ≥ 0

sin jmjφ; m < 0;
ðA4Þ

where P̄jmj
l ðtÞ are the associated Legendre polynomials,

normalized such that

P̄jmj
l ðtÞ ¼

8>><
>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2lþ 1Þ ðl−mÞ!

ðlþmÞ!
q

Pm
l ðtÞ; jmj > 0;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2lþ 1Þ ðl−mÞ!
ðlþmÞ!

q
Pm
l ðtÞ; m ¼ 0;

ðA5Þ

where Pm
l ðtÞ are the unnormalized associated Legendre

polynomials.
The Cartesian coordinates xi can be expanded in

spherical coordinates. In doing so, besides the radial
argument ρ ¼ jx⃗j, it is useful to write them in terms of
the variables t ¼ cos θ and u ¼ sin θ ¼ ð1 − t2Þ1=2, such
that

x ¼ ρu cosφ; y ¼ ρu sinφ; z ¼ ρt: ðA6Þ

The problem is then reduced to finding expressions as
linear combinations of Zernike functions for

ρ2Znlmðρ; tφÞ; ρu cosφZnlmðρ; tφÞ;
ρu sinφZnlmðρ; tφÞ; ρtZnlmðρ; tφÞ: ðA7Þ

This can be done using relevant recursion relations for the
functions Rl

nðρÞ, P̄m
l ðtÞ, cosmφ, and sinmφ.

For the first one, ρ2Znlmðρ; tφÞ, we can rearrange
Eq. (21) to write

ρ2Rl
nðρÞ ¼ Jnl1 R

l
nþ2ðρÞ þ Jnl2 R

l
nðρÞ þ Jnl3 R

l
n−2ðρÞ; ðA8Þ

where

Jnl1 ¼ ðn − lþ 2Þðnþ lþ 3Þ
ð2nþ 3Þð2nþ 5Þ ; ðA9Þ

Jnl2 ¼ ð2lþ 1Þ2 þ ð2nþ 1Þð2nþ 5Þ
2ð2nþ 1Þð2nþ 5Þ ; ðA10Þ

Jnl3 ¼ ðn − lÞðnþ lþ 1Þ
ð2nþ 1Þð2nþ 3Þ : ðA11Þ

This relation, however, is only valid for l ≥ n − 4. For the
remaining two cases, we have

Rn
nðρÞ ¼ r2Rn−2

n−2ðρÞ; ðA12Þ

Rn−2
n ðρÞ ¼

��
nþ 1

2

�
ρ2 −

�
n −

1

2

��
Rn−2
n−2ðρÞ: ðA13Þ

The terms which are linear in the Cartesian coordinates
require recursion relations for all sets of functions. For the
trigonometric functions, it is straightforward to use the
well-known relations

cosφ cosðmφÞ ¼ þ 1

2
½cosððmþ 1ÞφÞ þ cosððm − 1ÞφÞ�;

ðA14Þ

cosφ sinðmφÞ ¼ þ 1

2
½sinððmþ 1ÞφÞ þ sinððm − 1ÞφÞ�;

ðA15Þ

sinφ cosðmφÞ ¼ þ 1

2
½sinððmþ 1ÞφÞ − sinððm − 1ÞφÞ�;

ðA16Þ

sinφ sinðmφÞ ¼ −
1

2
½cosððmþ 1ÞφÞ − cosððm − 1ÞφÞ�:

ðA17Þ

For the associated Legendre polynomials, it is possible to
manipulate their recursion relations to write

uP̄m
l ðtÞ ¼ kþðmÞ

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −m − 1Þðl −mÞ
ð2l − 1Þð2lþ 1Þ

s
P̄mþ1
l−1 ðtÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþmþ 1Þðlþmþ 2Þ

ð2lþ 1Þð2lþ 3Þ

s
P̄mþ1
lþ1 ðtÞ

#
; ðA18Þ
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uP̄m
l ðtÞ ¼ k−ðmÞ

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mþ 1Þðl −mþ 2Þ

ð2lþ 1Þð2lþ 3Þ

s
P̄m−1
lþ1 ðtÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþm − 1ÞðlþmÞ
ð2l − 1Þð2lþ 1Þ

s
P̄m−1
l−1 ðtÞ

#
; ðA19Þ

tP̄m
l ðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mþ 1Þðlþmþ 1Þ

ð2lþ 1Þð2lþ 3Þ

s
P̄m
lþ1ðtÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mÞðlþmÞ
ð2l − 1Þð2lþ 1Þ

s
P̄m
l−1ðtÞ; ðA20Þ

where kþð0Þ ¼ 1=
ffiffiffi
2

p
and kþðm > 0Þ ¼ 1 otherwise and k−ð1Þ ¼

ffiffiffi
2

p
and k−ðm > 1Þ ¼ 1. Finally, for the Zernike

functions, which are defined in terms of the Jacobi polynomials in Eq. (21), we can use the two recursion relations

ð2kþ αþ β þ 1ÞPðα;βÞ
k ðxÞ ¼ ðkþ αþ β þ 1ÞPðα;βþ1Þ

k ðxÞ þ ðkþ αÞPðα;βþ1Þ
k−1 ðxÞ; ðA21Þ

ð2kþ αþ β þ 1Þ 1
2
ð1þ xÞPðα;βÞ

k ðxÞ ¼ ðkþ 1ÞPðα;β−1Þ
kþ1 ðxÞ þ ðkþ βÞPðα;β−1Þ

k ðxÞ: ðA22Þ

The Zernike functions correspond to α ¼ 0, β ¼ lþ 1=2, k ¼ ðn − lÞ=2, and x ¼ 2ρ2 − 1. Plugging these in and
multiplying by the appropriate power of ρ gives

ρRl
nðρÞ ¼

nþ lþ 3

2nþ 3
Rlþ1
nþ1ðρÞ þ

n − l
2nþ 3

Rlþ1
n−1ðρÞ; ðA23Þ

ρRl
nðρÞ ¼

n − lþ 2

2nþ 3
Rl−1
nþ1ðρÞ þ

nþ lþ 1

2nþ 3
Rl−1
n−1ðρÞ: ðA24Þ

Combining the above recursion relations, it is possible to find recursion relations which allow us to write ρ2Znlmðρ; tφÞ
and xiZnlmðρ; tφÞ as linear combinations of Zernike functions. To conserve space, we do not write down these recursion

relations explicitly here. Instead, we will give the coefficients Að1;2Þ
���, A

ð3Þ
��, A

ðx2Þ
�;0 of Eqs. (62)–(64), which express

coefficients of the expansions

ρ2fðx⃗Þ ¼
X
nlm

fðρ
2Þ

nlmZnlmðx⃗Þ; ðA25Þ

xifðx⃗Þ ¼
X
nlm

fðiÞnlmZnlmðx⃗Þ; ðA26Þ

in terms of fnlm. Thus, for the linear components of Að1Þ, we have

Að1Þ
−−−ðn; l;�mÞ ¼ −gþðm − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþm − 1ÞðlþmÞðnþ lþ 1Þ2
ð2nþ 1Þð2nþ 3Þð2l − 1Þð2lþ 1Þ

s
; ðA27Þ

Að1Þ
−−þðn; l;�mÞ ¼ þg−ðmþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −m − 1Þðl −mÞðnþ lþ 1Þ2

ð2nþ 1Þð2nþ 3Þð2l − 1Þð2lþ 1Þ

s
; ðA28Þ

Að1Þ
−þ−ðn; l;�mÞ ¼ þgþðm − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mþ 1Þðl −mþ 2Þðn − lÞ2

ð2nþ 1Þð2nþ 3Þð2lþ 1Þð2lþ 3Þ

s
; ðA29Þ

Að1Þ
−þþðn; l;�mÞ ¼ −g−ðmþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþmþ 1Þðlþmþ 2Þðn − lÞ2
ð2nþ 1Þð2nþ 3Þð2lþ 1Þð2lþ 3Þ

s
; ðA30Þ

Að1Þ
þ−−ðn; l;�mÞ ¼ −gþðm − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþm − 1ÞðlþmÞðn − lþ 2Þ2
ð2nþ 3Þð2nþ 5Þð2l − 1Þð2lþ 1Þ

s
; ðA31Þ
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Að1Þ
þ−þðn; l;�mÞ ¼ þg−ðmþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −m − 1Þðl −mÞðn − lþ 2Þ2

ð2nþ 3Þð2nþ 5Þð2l − 1Þð2lþ 1Þ

s
; ðA32Þ

Að1Þ
þþ−ðn; l;�mÞ ¼ þgþðm − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mþ 1Þðl −mþ 2Þðnþ lþ 3Þ2
ð2nþ 3Þð2nþ 5Þð2lþ 1Þð2lþ 3Þ

s
; ðA33Þ

Að1Þ
þþþðn; l;�mÞ ¼ −g−ðmþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþmþ 1Þðlþmþ 2Þðnþ lþ 3Þ2
ð2nþ 3Þð2nþ 5Þð2lþ 1Þð2lþ 3Þ

s
: ðA34Þ

Similarly, for the components of Að2Þ,

Að2Þ
−−−ðn; l;�mÞ ¼ �gþðm − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþm − 1ÞðlþmÞðnþ lþ 1Þ2
ð2nþ 1Þð2nþ 3Þð2l − 1Þð2lþ 1Þ

s
; ðA35Þ

Að2Þ
−−þðn; l;�mÞ ¼ �g−ðmþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −m − 1Þðl −mÞðnþ lþ 1Þ2

ð2nþ 1Þð2nþ 3Þð2l − 1Þð2lþ 1Þ

s
; ðA36Þ

Að2Þ
−þ−ðn; l;�mÞ ¼∓ gþðm − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mþ 1Þðl −mþ 2Þðn − lÞ2

ð2nþ 1Þð2nþ 3Þð2lþ 1Þð2lþ 3Þ

s
; ðA37Þ

Að2Þ
−þþðn; l;�mÞ ¼∓ g−ðmþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþmþ 1Þðlþmþ 2Þðn − lÞ2
ð2nþ 1Þð2nþ 3Þð2lþ 1Þð2lþ 3Þ

s
; ðA38Þ

Að2Þ
þ−−ðn; l;�mÞ ¼ �gþðm − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþm − 1ÞðlþmÞðn − lþ 2Þ2
ð2nþ 3Þð2nþ 5Þð2l − 1Þð2lþ 1Þ

s
; ðA39Þ

Að2Þ
þ−þðn; l;�mÞ ¼ �g−ðmþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −m − 1Þðl −mÞðn − lþ 2Þ2

ð2nþ 3Þð2nþ 5Þð2l − 1Þð2lþ 1Þ

s
; ðA40Þ

Að2Þ
þþ−ðn; l;�mÞ ¼∓ gþðm − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mþ 1Þðl −mþ 2Þðnþ lþ 3Þ2
ð2nþ 3Þð2nþ 5Þð2lþ 1Þð2lþ 3Þ

s
; ðA41Þ

Að2Þ
þþþðn; l;�mÞ ¼∓ g−ðmþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþmþ 1Þðlþmþ 2Þðnþ lþ 3Þ2
ð2nþ 3Þð2nþ 5Þð2lþ 1Þð2lþ 3Þ

s
: ðA42Þ

Finally, the components of Að3Þ are

Að3Þ
−−ðn; l;�mÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mÞðlþmÞðnþ lþ 1Þ2

ð2nþ 1Þð2nþ 3Þð2l − 1Þð2lþ 1Þ

s
; ðA43Þ

Að3Þ
þ−ðn; l;�mÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mÞðlþmÞðn − lþ 2Þ2

ð2nþ 3Þð2nþ 5Þð2l − 1Þð2lþ 1Þ

s
; ðA44Þ

Að3Þ
−þðn; l;�mÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mþ 1Þðlþmþ 1Þðn − lÞ2

ð2nþ 1Þð2nþ 3Þð2lþ 1Þð2lþ 3Þ

s
; ðA45Þ
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Að3Þ
þþðn; l;�mÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mþ 1Þðlþmþ 1Þðnþ lþ 3Þ2
ð2nþ 3Þð2nþ 5Þð2lþ 1Þð2lþ 3Þ

s
:

ðA46Þ

Here,m ≥ 0, and gþð0Þ¼ g−ð1Þ¼ 1=
ffiffiffi
2

p
and gþðm > 0Þ ¼

g−ðm > 1Þ ¼ 1=2.
For the quadratic component, we have

Aðρ2Þ
− ðn; l; mÞ ¼ ðn − lÞðnþ lþ 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2n − 1Þð2nþ 1Þ2ð2nþ 3Þ
p ; ðA47Þ

Aðρ2Þ
0 ðn; l; mÞ ¼ ð2lþ 1Þ2 þ ð2nþ 1Þð2nþ 5Þ

2ð2nþ 1Þð2nþ 5Þ ; ðA48Þ

Aðρ2Þ
þ ðn; l; mÞ ¼ ðn − lþ 2Þðnþ lþ 3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2nþ 3Þð2nþ 5Þ2ð2nþ 7Þ
p ; ðA49Þ

valid for l ≤ n − 4, with

Aðρ2Þ
− ðn; n − 2; mÞ ¼ 2

2nþ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n − 1

2nþ 3

r
; ðA50Þ

Aðρ2Þ
0 ðn; n − 2; mÞ ¼ ð2l þ 1Þ2 þ ð2n þ 1Þð2n þ 5Þ

2ð2n þ 1Þð2n þ 5Þ ;

ðA51Þ

Aðρ2Þ
þ ðn; n − 2; mÞ ¼ ðn − lþ 2Þðnþ lþ 3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2nþ 3Þð2nþ 5Þ2ð2nþ 7Þ
p ;

ðA52Þ

and

Aðρ2Þ
− ðn; n;mÞ ¼ 0; ðA53Þ

Aðρ2Þ
0 ðn; n;mÞ ¼ 2nþ 3

2nþ 5
; ðA54Þ

Aðρ2Þ
þ ðn; n;mÞ ¼ ðn − lþ 2Þðnþ lþ 3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2nþ 3Þð2nþ 5Þ2ð2nþ 7Þ
p : ðA55Þ
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