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The local physics of light scalar fields in de Sitter space is well described by classical random walks, as
expressed through the framework of stochastic inflation. Recent work has clarified how this formalism
arises from quantum field theory and the renormalization group (RG), allowing for corrections to this
formalism to be determined order by order. Yet, this description is incomplete. For example, the quantum
dynamics of these fields are expected to become important when determining the tail of the probability
distribution for the fluctuations. In this paper, we develop the understanding of fields in de Sitter as a
quantum walk in order to bridge the gap between the classical and quantum description. We use the
framework of exact RG to calculate the evolution equation for the reduced density matrix of the long
wavelength fields. This master equation provides the direct map from light fields to models of quantum
walks. We show how to reduce the master equation to stochastic inflation, and provide a new understanding
of how the higher-order corrections arise. In the process, we demonstrate that divergences and secular
growth in de Sitter, for both light and heavy fields, can be absorbed by (dynamical) renormalization.
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I. INTRODUCTION

A complete quantum description of our Universe remains
one of the key ambitions of theoretical physics [1]. It
requires reckoning with some of the most basic conceptual
questions about the origin of the Universe, the predictions
of quantum gravity, and the interpretation of quantum
mechanics in closed systems.

The dynamics of light scalar fields present a controlled
opportunity to address some of these essential questions.
This first challenge is that massless scalar fields do not have
a de Sitter (dS) invariant vacuum state [2]. In addition,
perturbative corrections exhibit secular growth that causes
the perturbative expansion to break down [3.4]. It was
suggested long ago [5,6] that these features of fields in de
Sitter should be interpreted as consequences of local field
values undergoing a classical random walk. In this lan-
guage, known as stochastic inflation, the absence of a de
Sitter invariant state and the secular growth become familiar
aspects of random walks without a potential [7].

Recently, it has been shown that the random walk
description of light scalars can be recovered in quantum
field theory (QFT) on a fixed dS background using renorm-
alization group (RG) techniques [8—18]. In the process, many
of these longstanding issues are resolved at both a technical
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and conceptual level. From the RG point of view, the theory
evolves away from the trivial fixed point to a nontrivial
self-similar description that is equivalent to a random walk.
At the same time, this description must have a limited
regime of validity; a classical random walk generates
entropy which cannot be the case in a closed quantum
system. The stochastic formalism is therefore limited to
subsystems within de Sitter space [19-21], although that
aspect is not always transparent in the derivation. A
complete understanding of light fields in de Sitter should
furnish an explanation for the origin and breakdown of this
description.

A more complete quantum stochastic description of the
long modes in de Sitter is nearly as old [22-26] as the
original, classical description. Rather than calculating a
probability distribution in the field basis, one calculates
the evolution for the reduced density matrix of the long
wavelength fields. Tracing over the short wavelength
modes gives rise to an evolution equation. When expressed
in terms of the Wigner quasiprobability distribution, this
evolution remains in a random walk form in “phase space.”
This approach has been revived more recently in [27-31],
motivated in part by recent progress understanding the
quantum nature of de Sitter space.

Despite this long history, the quantum description of light
fields remains underdeveloped. For one, the stochastic
evolution equation appears even in trivial free field theories,
where the short and long wavelength models are uncorre-
lated. In this regard, it cannot be the case that the random
walk arises only from tracing over short wavelength modes.
Instead, one is performing an additional trace, at least
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implicitly, to arrive at a Fokker-Planck equation. Although
one recovers the expected evolution to leading order, the
quantum mechanical nature of this evolution equation
depends on this procedure. Many of these subtleties arise
even in flat space, and are a consequence of working with
EFT observables within the in-in formalism [32—-35]. These
challenges make it impossible for current techniques to
determine the tail of the local one-point distribution [36,37],
or whether the universe is eternally inflating [38]. These
types of questions require a nonperturbative understanding
of the quantum evolution of the density matrix.

In this paper, we will use the framework of quantum
walks [39] to better understand the quantum nature of the
long wavelength fluctuations in de Sitter. A walker can be
coupled to N-quantum coins (or N-harmonic oscillators) so
that the location of the walker is entangled with the space of
the coins. Tracing over the coins gives rise to different types
of stochastic behavior, including both purely classical and
uniquely quantum walks, depending on how the systems
are coupled. The coins alone may be in a product state so
that no entanglement entropy is generated until they are
coupled to the walker. In fact, we will show that the origin
of stochastic inflation is most easily derived by introducing
a local physical measurement similar to the walker.

We will then use the framework of exact RG [40] to show
that light fields in de Sitter space obey the equations of a
general quantum walk. We will show how integrating out a
shell of momentum gives rise to an evolution equation for
the reduced density matrix, generalizing previous results
from flat space [33,41] (due in part to momentum space
entanglement [42—46]). This master equation for the evo-
lution of the density matrix only gives rise to the physics of
stochastic inflation after we sum over Fourier modes
(tracing over information at separated points). After deriv-
ing an exact equation for the evolution, we will show that
this equation can be approximated by the original equations
of stochastic inflation and its generalization to the density
matrix and Wigner distribution. The resulting evolution
equations are most intuitive in the Wigner representation,
where we find an evolution equation qualitatively similar to
the Caldeira-Leggett model [47] and quantum Brownian
motion [48,49], but that differs in several key respects.

As a byproduct of our exact RG analysis, we demon-
strate that the divergences in cosmology can be absorbed
into the definition of the action and operators in precise
analogy with RG in flat space. Unlike flat space, the
RG transformation involves time evolution giving rise to
dynamical RG flow. This confirms the intuition that large
logs found in perturbation theory can, and should be,
resummed using RG techniques [50,51].

A. Summary of key results

The main result of this paper is the derivation of the exact
evolution of the reduced density matrix of a light scalar

field on a dS background, Eq. (3.45). We further trace over
the Fourier modes of the field to arrive at a master equation
for the evolution of the density matrix for the measurement
of the field at a single point, Eq. (4.14). When expressed in
terms of the Wigner distribution, this takes the form of a
random walk in phase space, Eq. (4.16).

When our results are reduced to the diagonal elements,
we reproduce the results of stochastic inflation at leading
order [5-7]. Moreover, corrections to the Fokker-Planck
equation arise from the self-consistent elimination of the
off-diagonal terms in the Wigner distribution and match the
known corrections at this order [10,14,52]. In this sense,
our results are consistent with known results from stochas-
tic inflation and QFT on a fixed dS background. However,
the formalism is nonperturbative and applies to the entire
density matrix, opening the possibility of calculating
statistical quantities that are not accessible using previous
techniques.

The organization of this paper is as follows: In Sec. II,
we discuss simple models of quantum walks that capture
both conventional classical random walks and uniquely
quantum contributions. In Sec. III, we derive the exact RG
equations for light fields in dS. We then show how they
combine with time evolution to produce Lindbladian
evolution of the density matrix. In Sec. IV, we show
how our exact RG reproduces the equations for quantum
walks. Then, we derive stochastic inflation and its next-to-
leading order (NLO) corrections from our master equation,
and discuss how these techniques can be applied at next-to-
next-to-leading order (NNLO) and beyond. In Sec. V, we
demonstrate that dynamical RG in dS resums all UV logs.
We conclude in Sec. VI.

II. QUANTUM WALKS FOR COSMOLOGY

The evolution of a scalar field in de Sitter has long been
argued to (locally) resemble a random walk [5,6]. The
resulting stochastic approach is classical in nature, leaving
quantum mechanics responsible only for the microscopic
origin of the noise. The universe, of course, remains
quantum mechanical and ultimately the classical random
walk must be replaced with a quantum generalization. In
this section, we will present some simple quantum walks
that will serve as useful intuition for de Sitter space. The
models in this section are closely related to the literature on
quantum Brownian motion [47-49]; however, it is impor-
tant that the quantum walks relevant to cosmology are not
equivalent to these models and we will emphasize the
points of departure.

A. Density matrix of a Gaussian walk

We will imagine our system is split into a massive field
whose wave function in the position basis ¥(X) encodes
the random fluctuations of a N harmonic oscillators in their
ground states,
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w(x) = exp (—x7/(40%)). (2.1)

(2ﬂ02)1/4

In this regard, the location of heavy field X defines a pointer
basis [53] for the measurement of the oscillators. We can
implement a classical Gaussian random walk using this
quantum system as follows: for N = 0, the initial state of
the walker is definitely at the origin, ¥(X) = §(X). We then
act on |'¥) by a shift proportional to x; foreachi = 1, ..., N:

W, N) = 225X = 0) ® [Ivo- 2

The reduced density matrix for the walker after coupling to
N oscillators is given by

Tr, p = pn(X. X')

- (H [ asiwior)

X= in><x’ = n

i i

(2.3)

O

—-X? 02 .
XX/ (20°N))

(2.4)

The second line can be determined by solving Eq. (2.2) in
the momentum basis of the walker. This is mathematically
equivalent to a common derivation of probability distribu-
tion for N steps of a classical random walk using the
Fourier transform. Indeed, this is a classical random walk
for all practical purposes.

To gain intuition for our evolution equations, it is useful
to derive the master equation for the evolution of the
density matrix when increasing the number of harmonic
oscillators from N to N + 1,

Py (X X') = Try, [P 1py ® |w)(wlePv]. (2.5)

We can use this expression to derive an equation for the
time evolution in terms of 7 = Ndt in the continuum limit
N — oo and dt — 0 while holding 7 and 6°N = aT finite.
Taking the trace in the xy.;-position basis and treating
Xn41 = O(dt'/?) we can expand both sides to O(dt) to find

0
—p=

A, A A A A
TP =5 (P*p + pP* —2PpP).

(2.6)

In the X-position basis p(X, X', T) this becomes the differ-
ential equation

P X7 = ¢
o\ T\ ox2 T ox? T “oxox’

> p(X. X', T).
(2.7)

Naively, one might expect the diagonal elements X = X’ to
obey the classical heat equation, but this is not the case.

In fact, the density matrix is actually singular if we take
X = X', which suggests that we need to be more careful
solving for the density matrix, even when we expect it to be
diagonal.

The master equation for our walk is easier to solve in the
momentum representation of the density matrix, X — P
and X' — P’, so that our evolution is given by

d
2 o(P.P.T) = —g(P — P'\?p(P, P, T).

= (2.8)

We can directly solve this first-order ordinary differential
equation (ODE) to find

p(P.P'.T) = p(P.P'.0)exp (—%(P - P’)2T> . (2.9)

We can find the solution in the position basis by Fourier
transform,

dPdP' . ——
p(x, X’,T) :/ (2 )2 elPXE_lPXp(P, P/,O)
T

X exp <—%(P—P’)2T>. (2.10)

If we impose that p(P,P’,0) =1, directly integrating
reproduces Eq. (2.4).

We can gain a lot of useful intuition for these walks
rewriting our results in terms of the Wigner distribution
function,1

. A A
W(x,p) = /dAxe"l’A"p<X = x—l—%,X’ = x—2x>.

(2.11)

By direct calculation, our solution in Eq. (2.4) takes a
familiar form,

W(x, p,T) = exp(—x?/(2aT)). (2.12)
We can bring this even closer to the classical description by
transforming the master equation for the density matrix,
Eq. (2.7), to an evolution equation for Wigner distribution.

Specifically, if we change variables to X, X’ = x + Ax and
using the chain rule

3} 0 3}

'We can also define the Wigner distribution starting from
momentum representation of the density matrix, p(P, P’,T), by
taking the inverse Fourier transform of P — P’ — x, while the
“momentum” of the Wigner representation becomes the other
linear combination P + P' — 2p.
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This is the linear combination of derivatives in the
evolution of the density matrix, so that

2

O W(xp.T)
jp— X, l )
p 2 0x2

7).
T W(x,p.T)

(2.14)

In this precise sense, we see that the Wigner distribution
obeys the heat equation for a Gaussian quantum walk in the
position basis. This is a strong hint that the Wigner dis-
tribution provides a more natural starting point for discus-
sing the evolution of these kinds of quantum walks.
None of the conclusions in this section should be
surprising, as we have simply translated a purely classical
random walk into quantum language. However, in antici-
pating the possibility of a more fundamentally quantum
system, it is useful to look at mathematically equivalent
(and still effectively classical walks) in other representa-
tions. For example, suppose our walk was defined in
momentum space so that one step of the walk shifts,

W, N) = X225 P = 0) x [Tv). @13

Following the above logic with P — X, the density matrix
obeys the master equation in the position basis

0
2 p(X.X'\T) = - g (X = X')2p(P.P.T).

= (2.16)

Of course, in terms of the Wigner distribution, using
X — X' = 2Ax, this is just the heat equation,

9 W(x, p.T) ad W(x, p,T)
xa ) - = -x7 ) .
or P 20p2 0P

(2.17)
In terms of Wigner distribution, both types of walks look
purely classical. In contrast, recognizing a classical walk
in terms of the density matrix directly requires picking the
right variables from the outset.

B. Quantum Brownian motion with a potential

Now we would like to introduce additional forces on
our quantum system. We start from the same Gaussian
walk for a quantum particle via N harmonic oscillators in
a bath, but now we will additionally immerse the walker,
X, in a deterministic potential V(X). As a result, we have
the combined Hamiltonian of the walker and the harmonic
oscillators as

2

H=L_4 V(X)+P) x;. (2.18)

2M

We can understand this Hamiltonian using the operator
evolution equations, or the classical equations of motion,

. P
X:—+x,~

i P =-V'(X).

(2.19)
This model is very similar to the Caldeira-Leggett
model [47] but we notice the noise directly in the position
variable, rather than a random force that appears in the
P equation of motion. If X — x and P — p were purely
classical statistical variables, we expect the classical phase
space probability distribution W.(x, p,T) to follow the
Fokker-Planck equation

2

d d p o
Z W (x,p.T) = — W, (x, p.T) = ——W,_(x, p, T
T (X, p.T) W (x,p.T) M ox (x,p.T)

VLW, (x, p T). (2.20)
ap

Of course, X and P are operators and require a quantum
mechanical equivalent of this evolution equation. After
tracing over the harmonic oscillators, x;, the evolution of
the walker will be described by the evolution of the
reduced density matrix, pp. We can write this evolution
using the Lindbladian formalism, so that

. . 1
pr=ilt o]+ 3 (Lol =3 Litpn) ). 221)
u

where L, are the jump operators given by
L, = iP;{u|%]0),. (2.22)
The states |u); and |0); are states of the ith harmonic

oscillator that we are tracing over at time f. The jump
operator is nonzero only for the first excited state,

1

L, =iPa a = (1]%|0) = e =0, (2.23)
and the Lindbladian evolution is therefore
pr=—i[H,p]—a*(p—p')p
2 ”n
— (PP _ — V(i
—=i( B o) = V) = Vo
_ a2(p — p/)Zp (2.24)

To compare to the classical probability distribution, we
transform to the Wigner representation

W_ 22V _, v(x+lo v(x-La,))w
a Lo % 7%
_P W (2.25)
M ox

Expanding around the extremum where 0, is small, we
get that
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V<x—|—%0p> - v<x—%ap>

ERVE RAARVTN SUNCPY)

=i— V() ——=—= X))+ .

op 240p°

and thus we have

w_ FW _pow /(x)ﬂ_V”’(x) a4

o ox* M ox op 24 op? '
(2.27)

Comparing this to the classical phase space distribu-
tion (2.20), we see that we get higher order derivatives
in p purely due to a quantum effect. These terms are
suppressed by powers of 7.

C. A walk for stochastic inflation

Having introduced quantum walks with a potential, the
final ingredient required for building intuition for cosmol-
ogy is introduction of friction for the walker, X. This is
straightforward in the Langevin description of a classical
walk but is much more involved for a quantum walk.
However, we have seen that quantum walks end up looking
like classical walks in phase space when using the Wigner
distribution. We will therefore consider a classical walk
with friction that will reproduce key features of our
quantum walk for the dS density matrix.

In the presence of friction, the general Langevin equation
for a classical walker takes the form

s=taa p=-rp-Vi+a (228)
where y > 0 controls the friction. For most of Newtonian
physics applications, one considers Langevin equations
with & = 0. Such a system of equations describes random
forces due to thermal baths, and the equilibrium probability
distribution is the Maxwell-Boltzmann distribution

Weq(x, p) x exp (—ﬂ (% + V(x)> > (2.29)

This is not the kind of walk that describes fields in de Sitter.
Instead, we should consider a Langevin system where the
noise is only in x rather than in p, & #0 and &, = 0. In
other words, we want to study the following walk:

i= % YV2DE  p=-yp—-V(x), (230)
which represents a particle in an external potential, with
friction in p characterized by y and kicks in x characterized
by D. As we will see, even at # — 0, this equation
reproduces key features that we will encounter in stochastic
inflation. The phase space probability distribution, W, at

leading order, evolves as

aw, W, d p dw.
<= S+ —@pW. +V(X)W,) - —=——=.
dt dx? - dp (rpWe +VIX)We) m dx

(2.31)

In order to solve this system, we will consider the over-
damped limit y > 1/¢, and will derive the solutions as a
series in this limit. We assume that at leading order, the
background value x is fixed while p fluctuates to come to
equilibrium around a given value of x. The expectation
value of p is described by

e M (O N C X »)
The solution is
@»zrwmmx—ﬁbwmﬂwm
= e (p(O), — Y (1 ), (2.33)

4

where we are treating V(x) as time independent at
leading order. We see that in the overdamped limit,
(p), = =V'(x)/y. Now, we can solve for the probability
distribution of x. Integrating over p and substituting (p).,
we get the Fokker-Planck equation for x,

dP(x) _  dP()  d (V’(x)P (x)>7

_ 7

(2.34)

dt dx? dx
and hence the equilibrium distribution for x given by

Pey(x) = Ae=V0/mD, (2.35)

We would also like to construct the equilibrium solution
for the full phase space distribution, i.e., the equilibrium
solution for (2.31). However, unlike the case for the Gibbs
distribution, we do not have an analytic solution for generic
V(x). However, a closed form solution does exist for
quadratic V/(x). Writing the potential as V(x) = 1kx?,
we see that the equilibrium probability distribution is
given by

Weq = a exp(Ax? + Bxp + Cp?), (2.36)
where
2 3
14 14 14 14
A=-L . p=-1 c=-_1 _ .
2D kD 2mkD  2k*D
(2.37)

Explicitly, we have
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2 2
Y o Y v (L7 .
W S - P vy (L e
°Q°‘6Xp< 20" T DkP T 2kD (m+k)p>

(2.38)

On integrating out p, we get

lky
P(X) =A exXp <—ij_—D}/2’nx2>. (239)

Writing this in the form P o exp(—V s (x)/myD), we see
that the effective potential is given by

1 1 k2x2
_kx2___x 4

Ve =
eff 2 D) myz

(2.40)

where the expansion is in k/my> < 1. We see that even in
the case of a Gaussian theory, the momentum will induce a
nontrivial effect on the nonperturbative probability distri-
bution of the position, and in particular on the tails. Finally,
we note that our equilibrium solution is quite different from
the thermal Gibbs distribution, which cleanly factorizes out
as exp(—B(p?/2m + V(x))). We will comment more on
this in the next sections.

1. Corrections to the effective potential

Having provided the leading-order solution for the
evolution equation for P(x), we want to understand the
next-order correction. We can do this in the Langevin
picture,

p=-rp-Vi(x)., &= % FV2IDE(D).  (2.41)
Formally, we can solve this via
Pl == [ dse IV (x(s)
_ / dse )V (x(1))
- / dse 7 =) (s — )V (x()x(f) + ... (2.42)

Using the Langevin equations to substitute X in terms of p,
we get

po V) VIV V) apey g
4 my 4

(2.43)

So, substituting this back into the equations for x, we get

= a1+ V) - (V) Vi)

my my m?y?
(2.44)

Using the Stratonovich convention, we see that this trans-
lates into the Fokker-Planck equation,

JoP d V'\ a v’
—=D— 1 — (1 P
or  ox (( i m72> Ox ( " mﬁ) <x)>
a ! ! "
L0 (VR VY)Y,
ox\ vy my

(2.45)

For the harmonic case, we get that

oP k \20*P 0 [[kx K*x
—=D|14+— ) —+—|[=+==)P|. (246
ot ( +my2> 0x2+6x[<my+m2y3> ] ( )

For a Fokker-Planck equation of the form (2.34), the
equilibrium solution is given by

Vo
Peq x exp (— m;flf))

Thus, for the harmonic case, since we have that our
effective diffusion in the Fokker-Planck equation is
D' =D(1+ 7’;,2)2 we get that Vg is given by

1 k k 1 k
Ve =k (14— ) (1-2-5 ) = 22 (12,
off =3 ( +mr2)< m72> 2 < m72>

(2.48)

(2.47)

which matches the harmonic effective potential in (2.40). In
Sec. IV, we will use a morally equivalent procedure to
derive similar corrections to stochastic inflation.

2. Comments on the equilibrium distribution

While we have a stationary (time-independent) solution,
it is crucially different from the Gibbs distribution, which
exhibits detailed balance. Detailed balance tells us that
there are no probability currents, and that forward and
backward transition rates are equally likely

dP; . . .
S WG~ )Py = Y Wi~ )P =0

(2.49)

This is the statement of microscopic time reversibility.
However, for our stationary solution, time reversibility and
hence detailed balance is manifestly broken, and we have
nonzero currents which tell us the preferential probability
flow. Writing

063525-6



QUANTUM WALKS AND EXACT RG IN DE SITTER SPACE

PHYS. REV. D 114, 063525 (2026)

dpP
E = _v . J - _(axjx + apJp)v (2'50)
Weget
p ow
_Py_p¥W — W=V (OW. (251
Jo=W=D==,  J,=—ypW=V(W. (251)

Evaluating the currents for our equilibrium solution in

Eq. (2.38), we get
V'(x)
-ylp+ ” Weq-

(2.52)

2
vyp  p
Sy = <}’X+T+E>Weq’ Jp=

We can rewrite this, in our small parameter limit k£ < my?, as

2 V'(x V'(x
Jx:%<p+ }E))Weq, J,,:—y(p—ir }E)>Weq.

(2.53)

We thus see that whenever we are off the momentum saddle
point axis p = —V’'(x)/y, we get a nonzero current.
However, on integrating out p, we constrain ourselves to
flow along this axis. Thus, the reduced one-dimensional
Fokker-Planck equation

dpP Dd2P(x) d <V’(x)

=Dt P(x)> (2.54)

my

does satisfy detailed balance at equilibrium, as expected.
Thus, stochastic inflation represented in the flat Friedmann-
Robertson-Walker (FRW) slicing has an arrow of time
given by nonzero currents when the observer has access to
the full phase space distribution.

III. EXACT RG AND THE DENSITY MATRIX

We would now like to take our intuition from quantum
walks and apply it to the reduced density matrix of the long
wavelength modes in de Sitter. Specifically, we will be
constructing a density matrix

Py = s+,
(3.1)

where ¢(X, 1) is a local field defined in terms of the Fourier

modes ¢ (k. 1) with k < aH and ®(X, 1) is the local field
composed of the hard modes with k > aH that we want to
trace over.

We have intuition from RG flow and EFT that suggests
that the evolution of the reduced density matrix can be
understood as the exact RG for the density matrix p[¢_., ¢_]
after integrating out a shell of modes with k € [A, A + SA]

PrIP(X), p_(X), 1] = Trople,, $_],

where A > aH. For purely long wavelength observables,
we are going to trace over all the short modes anyway
and py, is independent of A > aH, and plays the same role
as the Euclidean partition function of an exact RG in flat
space [40]. However, because of the expansion of the
Universe, modes that are in pg(7) would not have been in
pr(t) for ¢ < t. Therefore, understanding dynamical RG
(RG plus time evolution) introduces subtleties beyond the
usual exact RG. Nevertheless, we will find that by follow-
ing analogous exact RG treatment for the density matrix in
flat space [33,41] (see also Refs. [54,55]), we can derive the
evolution of the density matrix in dS under time evolution.
Our approach is related to previous work deriving the
stochastic formalism using functional/exact RG [56-59].

A. Setup

We will start from the density matrix associated with
the UV field ¢, p[¢., ¢_]. This field is defined up to some
physical cutoff Ay. Our interest is not the UV density
matrix, but instead the reduced density matrix of the long
distance modes. We can do this at the level of the path
intergal by integrating out shells of momentum down to an
effective cutoff aH < A < Ay. The density matrix of the
IR field, ¢, can be defined as a path integral over
the contour y € (—oo(1 —i€), 5] U [ty, —oo(1 4 ie) with
the boundary condition ¢(X, 7. — 1) = @, (X) where
t, €(—oo(1 —i€),ty] and 7_ € [ty, —oo(1 + i€)]. We then
express the density matrix in terms of the action as

PRl 9-] = / DT exp (iSo + iSin + 1S5),
14

Solo(E, 1), A] = /y dta (1 / %%vﬂcp(/z, K-

(3.2)

where A is the scale where we integrate out the short modes
to define an EFT. The UV density matrix, p[¢,, ¢_] is
defined in the same way, but with A = Aj. Our goal is to
show that in integrating out a shell [A, A + AA], the form
of the density matrix does not change.

We will define V, as the covariant derivative and
V2 =V, V¥ To simplify notation, when acting on Fourier
modes, it is implied that we also Fourier transformed the
derivative, so that (for example)

(3.3)

0% ﬂ K2 -
or? ot

AIE <—+ 3H -+ ) f(k.0).

The additional terms in the action S; and S, are the bulk
interaction and boundary terms respectively. The reduced
density matrix will then be traced over all modes with
k > aH so we will have A > aH(t).
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For the density matrix, a boundary term is always
required in order to have a well-defined action principle.
At the quadratic level, this implies

002 = [ 1003 (0K plto.) = 0K 9l00.).
(3.4)

where 7, means we evaluate the derivative with respect
to 7, and then take t, — 1.

B. Integrating out

Now we will proceed to integrate out a shell of momen-
tum. Because we are performing the path integral over
t < ¢/, any change to the density matrix as we change A
must arise from fields at time 7. We will show that all such
effects can be captured by the boundary action, S, so that

0 0 0 0
$PR[¢+’¢—’ 1= i/y Dq’(aSo +£Sl +$Sa>

x exp (iSo + iSin + 1Sy) =0, (3.5)
where s = log A. As in the case of exact RG, we are looking
to define the change to the interaction and boundary terms
that will make the vanishing of this expression manifest. At
this stage, Eq. (3.5) is a conjecture, as we must demonstrate
that any dependence of the density matrix on A can be
absorbed into Sj.

The key idea is to use our knowledge of the quadratic
(bulk) action to simplify this expression. In order to simplify
the notation, we will suppress the integral over Fourier
modes and isolate the integration over time. Quantities that
are integrated over same time variable we will write in the
compact notation

We will keep track of time integration in this way in order to
isolate the effect of the nontrivial boundary conditions
imposed at t = #; ..

1. Quadratic terms

Now we can use our knowledge of the free theory to
write

3} 1o
— S, =

SO k G/ *—SO +5S02,
as

250 50 (3.7)

where we defined the Green’s function G(¢, ) so that
G' =K'V, V¥, G'G=a>31)s(t-1)s(Xx - X),

G :2(; (aK)G.
s

The boundary term 65, is determined using integration by
parts. Specifically, we can write

(3.8)

3} K’
_SO = (lz(l‘) —(szgo =

o (K~1pV?) x G’ x (K~'V?¢),

(3.9)
using the definition of the Green’s function. The correction
to the quadratic boundary term comes from integrating

Eq. (3.9) by parts until it takes the form of Eq. (3.7).
Defining Sy = Sy + S and using

)

r9= [ difloto. o5 = Kl (V2 (3.10)
f*H*gE/dt/dt’f(t)H(t, g().  (3.6)
we can see that
|
g / 4 - 2 ! 1\ 72 ! AYLCES 5
%SO*G *6—5‘ = K 'V« G « K~'V?¢ — K (VoG — 9V, G|} *%SO. (3.11)

As written yet, this is not a boundary term because it still involves a time integral through the 5(,,3’0 term. Fortunately we can
integrate the second term by parts, and after simplification we find that only a boundary term remains of the form

8850 = [ d*xa®(19) K21 f () where

[=(p- =9 )(V,G'(1,)V,sp(1_)
( e ) t(p(t+))(G/(vt(p(t_)

In writing this expression, we anticipated that

= V.G (1 )Vip(ty)
- V,o(

- VtvtrGl(go_ - (ﬂ+))

1)) = ViG' (1 )p- + V,G'(t_)p,). (3.12)
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iG'(t,1, ﬁ)lz:r’:zo = Ao(p),

iV,V,/G(t, r, ﬁ)t:t’:tU = A2(p) (3'13)
are independent of taking r, — t,. To determine the
remaining terms, we note that G(¢, 7, p) is the path ordered
Green’s function along v,

G'(1.1.5) = i(T,9(P.10)p(~P. 1))’
dK H? .
= iy, (1= pm)(1 + ipra)en=e),

(3.14)

where ;| (2,) is the early (late) time along the contour y and
7; is the conformal time associated with physical time ¢;. As
a result, we have, for the massless field

. . o (3K H?
AO(pv tO) =iG = lG/(tO’IO’ p) aS 2 N3 (1 + TOP )
(3.15)
. N OK H*
Ay (p.ty) = 0,04iG' (ty, 1y, p) = s 27 ToP (3.16)

The single derivatives depend on the order, and the order of
limits that we take as 7,7 — f, matters, and we find

These additional quadratic terms will play a significant role
in stochastic inflation.

The corrections to the boundary action will be given two
different interpretations but are equivalent. The first, in
precise analogy with exact RG, is that we change the
quadratic boundary action to absorb this term

0

aSa D —if. (3.20)
This interpretation is most useful when discussing the
resummation of logs in the sense of RG flow. Although this
is a local boundary term, it is unfortunately not equivalent
to unitary evolution. Specifically, we have mixed ¢, — ¢_
terms that we associate with open quantum systems. The
second, and more typical, interpretation of the boundary
terms is to treat them as a change to the density matrix,

0
55 R D ifpg. (3.21)
Here if is a local superoperator in the ¢, basis. This
interpretation will be most useful for describing the density
matrix during stochastic inflation.

Finally, the running of the required quadratic boundary
terms of the action will also contribute a correction to the

density matrix via

i0,G'(t, 1, P)l =, = 10,G' (19,7, P)|,— 0 K2 (0K
10; ( 0 p)|t—ti L0y (0 p)|t—t aso,a _ a3(t)T N (§0+V,(/)+ —(p_V,qo_). (3_22)
oK H®  , ,
=-——-—(5p?)(1 £ iryp) , ,
ds 2p Using the observation that
= Ap L iA,, 3.17
A 17 CHGoK 0K | 12
where =72 os " 9s2a (323)
H? we can rewrite
Ag = —K12—p3(P27(2)),
d
H3 K’ i—Spo=a’()A K%,V -o_V,p_). 3.24
lAl lK IK, (18173) —1—3 (318) as 0,0 () 1 (§0+ t(p+ @ 1P ) ( )
2p3 2a
) Since [@, V,¢] # 0 we need to prescribe a time ordering. The
The final result is that correct time ordering is the symmetrized one, which gives
if = =M(0- = 9)* = 8o(Vig(12) = V(1)) 0 6 K2 v v
2 Sop = a®(t) A, —— +
+ Bl — 90 (Vpli2) = Vup(2.))) oS00 = AR5 0V E V0
+id[(p- -9 )(Vip-+Vig,) —o-Vip_=Vip_g_). (3.25)
-V =V )(p, + )] (3-19) Now we can combine all the terms to find
J
1. ., 0 1 , 1 2
FUf KT S S09| = —EAz((/’— —¢y) _§A0<vt(p(t—) - Vip(t,))
1 .
o 8rl(@r =) (Vip(12) = Vip(1,))} = id,(Vig (1) = Vigp(11)) (94 + ).
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Overall, we find that the evolution of the density matrix due
to the quadratic terms takes the form

ds
pp+ 2200

P
—pp D ia®K?
as R - ds

(3.26)

where we have suppressed the implicit momentum integral.

2. Interaction terms

After determining the quadratic boundary terms, we then
proceed to use the Schwinger-Dyson (SD) equations to
eliminate S,. Specifically, at the operator level, the SD
equations reflect our ability to integrate by parts so that

i/D(p((’)iS())ei(S"*S')

v 0
/D(p<z(9—S,+ O) i(So+51),
14

where S; = Sj, + S4. This equation holds for ¢(t # t)
because we are integrating over all fields up to the boundary
conditions at f,. One should worry about the potential
contributions at t = t;; fortunately these are manifestly
pure boundary terms and can be determined directly.

At this stage, there is no practical difference between
the dS and the flat space in-in or density matrix calcula-
tions [33,41], other than the precise form of G. Therefore,
we apply the SD equations repeatedly, to write

(3.27)

158y TG x 68
2 o o¢
1 &S, 16, 88,
—— [ dt G'(t ——*G'*
2/ (6(/)5 (x )> + 2 o¢ 5(p

1 58 168 N
:—/dt —LG (1)) — =L xG L
2/, Spop 26 oQ
1 Sy
—— [ dt G'(1,t
2/ <5 507" )>

The term on the last line is a constant and just contributes to
the overall normalization of p (which is fixed, in principle,
by the trace condition, Tr p = 1). What remains are the two
(well-known) contributions to the effective action from
integrating out a shell of momentum, namely

0 1 &
—§ == / ar( 25
as 2/, SpoQ

The first term is purely a local function of ¢ because there is
a single integral and therefore contributes only to S;,.. The
second term includes both local and boundary terms.
Specifically, because G’(t,t) is exponentially suppressed

(3.28)

158, 88,
G'(t 26l
(8 ))+25 Sp

(3.29)

/
— S =
dlogA~' ~ ( )
0 g S
—Sr =
dep dp g 5 552"
FIG. 1. The equation for the evolution of the effective action

under dynamical RG. The key difference between this diagram-
matic representation and conventional exact RG is that the times ¢
and " are not necessarily on the same branch of the Schwinger-
Keldysh contour, giving rise to additional boundary terms.

int— ¢ (or, as we will see, t — , or ¢ — t,), we can Taylor
expand and integrate to generate local operators.

However, since the local action can only involve oper-
ators in one of the y, =1, € (—oo(l —ie€), 7] or y_ =
t_€[ty,—oo(1 + ie)] regions, we may still have terms
mixing 7, and 7_ that do not arise in the bulk action,
see Fig. 1 for illustration. Therefore, defining

Sint+ = / di.L, (3.30)
7+

the correction to the bulk (local) action is

O = 1/dt & Sio+ G (ty. 1)

Os int,+ — 2 5§05§0 +s b+

1 5Smt + 5Sint +

- *G', | * =, 3.31
+ 2 5 +.,+ 5(!) ( )

Allowing for a boundary action S,(¢_, ¢_), we then find
boundary terms

0 OSint.+
a d,int — 5(P

/
*G', _x

OSint —
: 3.32
- (332)

It will generally be the case that G, _ is exponentially
suppressed in 7. — f, and therefore

0

an,int:/d3lej:O+,iO—,ja

where O, are local operators of ¢(z.) defined at 7, — ¢,
respectively that can be derived from the Taylor expansion
of Eq. (3.32) at t,. = t_ = ;. We see this term necessarily
mixes ¢(7.) and therefore is not associated with conven-
tional Hamiltonian evolution. However, because this is a
pure boundary term, it can be interpreted as a redefinition of
the operators at t.

Like the quadratic boundary terms another way to
interpret mixed boundary terms is through the evolution
of the density matrix. Specifically, S, acts as a superoperator
on density matrix and therefore can be incorporated through
the master equation

(3.33)
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= (3.34)

3/7R o) Z / d3x0+,iPRO—.j = $inPr
i.j

where $;,, is the superoperator in the Kraus representation.
In this representation, all corrections to the effective action
in S;, can be derived from any observable as they do not
depend on ¢, or the fact that this is an in-in correlator. All
terms specific to the in-in correlator at f, contribute to the
evolution of the density matrix.

While the presence of the additional boundary terms
will be important for cosmological applications, such as

|
ap_R_/ dp b
0s (2r)3

3
— [ Sk wr= |- Sl 0.,

()i~ [ Fo)on + 22 d]

as

3 8nl(0s — 90), (Viple) -

~ 3 80(Vio(r)

Vip(t,))} —id (Vip(t-)

stochastic inflation, it is important to note that they are
needed in flat space when matching correlators [33]. The
fact that they do not appear in matching S-matrix elements
is a consequence of the fact that they can represent field
redefinitions between the UV and IR descriptions.

3. Full density matrix RG

To summarize the exact RG calculation, integrating out a
shell of momenta introduces a differential change to the
reduced density matrix of the long wavelength modes,

- vt¢([+))2

=Vt )@y +o-) | pr + Sipr.  (3.35)

where $;,, are higher order local terms defined in Eq. (3.34). We can further simplify the quadratic terms in this equation by

recognizing that

)
i
540(t+)

(K 'Vp(r )pg = - PR

leading to

w1 [ &
aos  2) (2n)

o o
2 A — ; .
+ 1 (5(P+ + 5(/)_) (§0+ + (/)—):|,0R + $mtpR

0

'Vip(t_)pr = im

a*(H)K- PR (3.36)

[Ao (i + i) T K7Dy (- — @)
op,  Op_

a’ o o
@ B 55
T'x R{((p+ v-). <5¢++5¢>}

@ (3.37)

Here it will be important that this is a functional equation as we have suppressed the momentum, ¢ = ¢(p).

At this point, it is instructive to compare this to the random walks that we have built intuition for in Sec. II. Schematically,
the quadratic terms (i.e. dropping $;,,) in our evolution equation are of the form

dpr 0 0\?2 ) 0 0
i Ay (a + @) PR+ Ag(x = X)p — iAg (a + @) (x = x")pr

e +a(+)
2 \ox on ) TYPR:

As we commented on earlier, it is easier to gain intuition for random walks in the Wigner phase space formalism.
Transforming the above equation to the Wigner representation, we get

(3.38)

ow_ P P P
Wt Ay— W+ Ap———

0
i W+ A
a a2 op? 0xdp A,

P (xW).

(3.39)

Looking at this equation, we can quickly identify what the different A represent. The A, A, terms represent the diffusion in
x, p, while the A, term tells us about the degree of correlation between the two sources of diffusion. The A; term, represents
a quantum drift and arises from the fact the conjugate momentum to ¢ depends on K, and hence A. All in all, we see clearly
how on integrating out a shell of momenta, we recreate the key structure of random walks. However, it is essential for our
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discussion that Eq. (3.37) is a functional equation and not

an ODE [i.e. it is a differential equation for (p(l?)]. There
remains much work to translate the RG equation into the
partial differential equations that describe stochastic
inflation.

C. Combining time evolution and RG

The actual problem of interest is to integrate in a shell of
comoving momentum p € [A, A + AA] and evolve forward
intime a(t) — a(t + t) ~ a(t)(1 + Hét) so that the physi-
cal UV cutoff is unchanged,

A A+BA

oA
Apoe =—— =——— > St H ' .
S0 T a(t + 81) - A

(3.40)

The nature of this transformation is illustrated in Fig. 2.
Under time evolution the reduced density matrix evolves
according to

d 0 0
— . PR +a—ﬂR,
s

= 41
Hdi"® ~ Hor (3:41)

where s =log A as before. The first term is just the
Hamiltonian evolution. Assuming our scalar field is a
canonical field evolving on a potential, the Hamiltonian
for the action (3.2) with a potential is

—
+IA +dt

FIG. 2. The combination of RG and time evolution. The
combined transformation holds the scale of the comoving cutoff,
aH, fixed.

= ()

LK (p—2> [a—3 (v¢)2] + a3V((p)} t Ay, (3.42)

A2 |2 a?

where Hpgpr includes any higher derivative terms. The
Hamiltonian is responsible for time evolution in the usual
way,

0 A

=, PR = _i[H7 PR]

= (3.43)

Writing this in the ¢, basis, and dropping Hggr for now,
we find

Now, we can combine one step of RG and one step of time evolution to get one step of dynamical RG,

d _E/EE_A_iﬁ_iz_i
a”* =2 ) 227 [P\6e, "0 ) TK

) 0

e
N o (i
Tig R{((P+ »-) <5¢++5¢_

&p [iK (& &
T 503 135 \502 " 502 )PR "2k
(27)° [2a° \6¢7 b¢p=

—ia*(V(p,) — V((P—))PR] — i[Hgrr, pr| + Sinpr-

(3.44)
580 (p- =, )?
) } + 2%3A,<%+&%—> (g + (ﬂ—)]ﬂR
o (BT,
(3.45)

For completeness, we reintroduced Hygr arising from the higher derivative contributions to S.¢, and $,, is the interaction
superoperator defined in Eq. (3.34). In practice, these terms will not play a meaningful role in stochastic inflation at leading or
subleading order. Therefore, we will drop Hggr and $;,, from our analysis. The remaining terms play the dominant role in the
exact RG equation for the density matrix that we will analyze in the majority of the paper.

D. From modes to local observables

One of the key issues in understanding the evolution of the density matrix is determining the operators that represent the
long distance observations. To illustrate this issue and how it relates to the density matrix, let us first assume that we are in a
free theory so that S;,; = 0. Due to the boundary terms, the density matrix still evolves according to

0 a3
_WD/_LA
os

0 0
@y 2oP) <a¢+<ﬁ> 0 )

) <a¢+(()_ 5 a(,,_?_ ﬁ)>PR [#+ 0-]. (3.46)
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where ¢, and ¢_ are the complete set of Fourier modes
with p, g < A(t). However, since A(p) only has support
over a range of momenta p € [A, A + AA], the right-hand
side is a diffusion term only for modes near the cutoff.
Concretely, dropping the other terms, we would get a
diffusion equation of the form

0

0 0
T15:Pr = 8(p = A1) (a(m(,g) N arp_(ﬁ))

(anemwm)

= — | P&
I, (=p)  op_(=p))""
Assuming the initial density matrix is a product between

the UV and the IR modes, py = po(@, ¢_) ® po(D,, D_),
then after time ¢ > f,, we will have

=Trop(¢py =@ + P.p_=¢p_+ @)
= po(@4, 9-).

(3.47)

Pr(@4s )
(3.48)

In other words, our diffusion equation does not couple
modes and therefore cannot change the state of the long
wavelength modes, including generating a mixed state from
a pure state. This is true of all of the quadratic boundary
terms. Of course, this is a trivial statement in terms of the
wave function for a free theory,

i~z (o [ G (st

(3.49)

Here we are making the well-known observation that in a
free translationally invariant theory, the Fourier modes are
all independent and the wave function is a product state
over these modes. As a result, tracing over any set of UV
Fourier modes cannot create a mixed state for the remaining
IR modes.

The description in terms of stochastic inflation and the
resulting mixed state for the universe is therefore not just
the result of integrating out short distance physics but also
limiting our measurements to a local region. A common
approach is to trace over the region outside of a sphere [60],
giving rise to nontrivial density matrix due to entanglement
in space.

|

In contrast, we will focus on local measurements of the
long-wavelength field ¢(X) and its conjugate momentum
7(X) and trace over information that leaves ¢(X) [or z(X)]
fixed. Using translation invariance, we can choose this
point to be X = 0 and

pE=0)=p= / (d ’; o).  (350)

_le/%g<[’i) ®. (351

where Ny = [ (" ’)(;K is the number of modes, that we
introduced so that [, 7] = i. We note that these are two
local operators we can measure with a local detector. We

should think of this in exact analogy with our quantum
walk in Eq. (2.3); here H];w[qﬁ(lz)] is a product state of

a(X=0)=x

harmonic oscillators. It is only when we coupled ) (p(l?) to
an observer (X in the case of the quantum walk) and trace
over the harmonic oscillators that we see the mixed state
emerge.

Rather than explicitly calculating the trace over ¢(p) that
leaves ¢(0) fixed, we can calculate the generating func-
tional for ¢,

ZJ s 1] = Tr[e?e"Tpp(g, (X).@-(¥))].  (3.52)
Here it is important that we are working in the Schrédinger
picture, so that all the time evolution is in the density
matrix. The time evolution of this partition function is
therefore given by

d
_Z[‘]ia t]

= v ()

o d _
= Tr[ef+‘/’eff”apR((p+(x), (3.53)

This representation is useful because it immediately con-
nects many of the previous perspectives on this system. In
short, by allowing J.. = iky, we can write Z[J, t] as the
density matrix, Wigner distribution, or other quantities
associated with the variables ¢ and 7. See Appendix A for
derivations.

We can now plug in the evolution equation for the
density matrix (3.45), and simplify to get the evolution
equation for Z. The details of the calculation can be found
in Appendix B. For the massless field, we end up with

O 55 (e - et 3 5r -
J

H2J_J,\ 0K N J. 0
a +> }Z[Ji] +oky, (—l—++—>z[1i]
p N

aH*J J_

o0 -zl + [ 52 (x

2p Ny

ds a’ 2 aJ_
2Hp JZ
i KN2> ). (3.54)
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While this equation still looks like a mess, it is a nice basis
independent way of writing down the evolution of observ-
ables we measure in stochastic inflation. We will convert this
equation to more well-known formulas in the next section.

IV. LIGHT FIELDS AND STOCASTIC INFLATION

The description of long modes in cosmology has long
been understood to mirror a random walk. In particular, as
modes cross the horizon, they become classical in the sense
that for a given Fourier mode, the commutator vanishes
as a — oo,

[p(k). p(K)] = iH?(aH)35(k + ). (4.1)

Therefore, in an approximate sense, we must be able to treat

-

@(k) as a classical statistical variable when k < aH. This
intuition can be made precise using soft de Sitter effective
theory [13], where quantum mechanical effects are irrel-
evant by power counting.

If we start from a fre§ theory, where each Fourier mode is

independent, then ¢(k) is like a i.i.d. random variable.
Naturally, we would expect that the variable,

-

3
@zwzzmzjliﬁmm,

22)? (4.2)

will behave like the location of a random walker. The goal
of this section is to show precisely how this intuition arises
within a fully quantum mechanical description, in analogy
with the quantum walks from Sec. II.

Physically, we should interpret ¢ as the local measure-
ment of the background value of the field at the point
X = 0. For example, we could introduce a local observer
with a detector whose value is measured by Xina pointer
state [53],

Time

FIG. 3.

X, 31) = e ?|0) x [P[g]). (4.3)
Tracing over the short distance modes then gives our
random walk

P(X.X') = Te[e7]0) (01?7 @ pr(p-. ). (44)
Of course, local measurements are also sensitive to short
wavelength. However, we can isolate only the constant long
wavelength modes using a local detector model [44] that
can discriminate between time dependence or wavelength.
The need for the local measurement is in line with recent
work that shows the need for including the observer in
order to make sense of physics in dS [19-21,61-64]. This

connection between the density matrix and a local observer
is illustrated in Fig. 3.

A. Leading order

The general strategy we will use in this section is to write
the evolution equation in terms of the Wigner functional.
As usual in the case of quantum random walks, the Wigner
description most naturally makes contact with classical
dynamical systems.

The advantage of defining the generating functional Z[J]
in Eq. (3.52) is that it is equivalent to many representations,
including the Wigner functional. Specifically, as shown in
Appendix A, we can write

W@, p] = /dA(pe""—’A‘p
dk kAgp a7 = . .
X /@e’kTe_’k‘/’Z[Lr =ik, J_ = iAg].
(4.5)

) |0) = iPeE=0)|x = g}

Horizon,
Radius H!

de Sitter
static patch
horizon

IX=0)

Visualization of a local observer measuring ¢ with a detector along a worldline.
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Integration by parts will allow us to convert the evolution equation for Z[J.] into an evolution equation for the Wigner

distribution,
azlJj.) 1 [ &p [[(H? p(J)? aH?J_J,\ oK Ny iJ 0
o (25 = a2 (t)H + o] =T (- J
dt 2 / ) |[\2p? (t0)H 3 N2 p N )os 2Vl + 27\ Tar 2]
J_ .- &dp aH*J,J_ a*Hp  J2
— = a3V (=iJ ) Z[J / K - K= )z[J 4.6
N, (=iJ)Z[J L] + (21)? 2 N, 2 K ZlJ.]. (4.6)

Since the Wigner distribution is closely related to the Fourier transform of Z[J.], the evolution equation from

Z[J.] —» W[p, p] can be determined using

J, =ik - ——,

J_=iAp - —

P o U,
2. 2 il 4.7
op’  al. ‘2 7F (47)

From here, we can immediately recognize some of the familiar from describing a quantum walk (where we are

rescaling p — p/Ny),

02 - 1 0 iJ 0 ]
J? —, J_V'(=iJ ———V' (), Jo | -—4+— —N;,—p 4.8
+_)6(712 (=iJy) = N, 0p (@) +( ) +6J_> ka¢P (4.8)
In contrast, the appearance of gradient terms, such as 0 As 2 (4.10)

a=2(Vg)?, have typically not arisen in studies of stochastic
inflation and corrections thereof. Intuitively, although one
might imagine that gradients are small corrections, for the
modes at the horizon (p ~ aH), this is not necessarily the
case.” Instead, as explained using SASET, we should under-
stand these terms as being purely scheme dependent and
removable by a field redefinition. Concretely, in dimensional
regularization, power-law divergences vanish, and therefore
we would expect these terms to be absent as well.

The resolution here follows the same pattern as irrelevant
operators in any RG. In the presence of a hard cutoff, one
might generate mixing under RG between irrelevant and
marginal operators, but these are removable by a change of
basis. For illustration, suppose we have a scalar field theory
in flat space with

s= [ ax(zo000- 0 -6 00).

With a hard cutoff €A, the one-loop contribution to A4
p-function is

(4.9)

) (x

1 J_)? aH?*J_J
. |:<—a2(t0)H£( 2) _Cl +
02‘ 2 Nk P Nk
J_)? H*J_J
— | (4a)r Y=L 8 =
2 Nk p Nk

H*J J_ Hp J*
T ) S sl
2p Nk 2 Nk

— 1 o —
dlog A" > 42€

Here we have introduced ¢ to show how it depends on the
value of the hard cutoff, but ultimately we should take
€ — 1 as A is defined to be our RG scale. The key to
eliminating this term is to realize that A has a classical
p-function so that

0 0 A o -
=20 = (A =2 = 7
dlog A’ 6_’alogA< : 87;26) dlog A"

— 0. (4.11)

We see that by redefining the coupling as 1,, we can
eliminate the apparent contribution to RG from 44. Of
course, when we regulate with dimensional regularization,
the power-law divergence vanishes, and there is no need to
redefine the coupling.

The evolution of the density matrix under dynamical
RG is in precise analogy with the scalar field example.
Using Ny ~ (aH)? so that N, = 3HN, we notice that

aH?>J . J_ aZHpKJ%
2p Ny 2 N?

(4.12)

*Our analysis is most similar to the treatment of [10], which similarly found additional gradient terms. However, they imposed the UV
cutoff A = eaH such that these terms were suppressed by powers of €. This is sufficient to postpone the issue, but at the cost of

eliminating superhorizon modes with eaH < p < aH.
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In contrast, the additional terms in Eq. (4.6) do not explicitly depend on time. We can therefore remove the terms in
Eq. (4.12) entirely by a polynomlal redefinition of Z[J.].

Removing the irrelevant’ terms in the equation by this redefinition, we are left with the evolution equation for the Wigner
distribution

Ly
dt

_ 0 -
[@.p] = —Vi(@)W. (4.13)
It is instructive to compare the final Wigner evolution equation to the density matrix evolution that we derived from QFT,
and see which terms survived. We started with density matrix evolution in (3.45), and see that the ultimate fate is that for
local measurements, the following terms drop out due to being irrelevant:

H 5 \2 af
) 2 A _ 2
pR / [ <5¢+ + 5¢_) K2 - —9.)
) ) a’ ) )
A - —— 2—A — .
+l R{((p e-) (5¢++540 >}+ 1<5(/’++5(ﬂ—>((p++(p )]pR
dp [iK (5 & i@ ((Vo.? (Vo) ;
2x) |2d3 \ 692~ T2K - —ia’(V(py) =V . (414
+/(27t)3 {2a3 <5(pi 5(P2)pR 2K< a? a2 >pR ia’(V(p,) (@—))PR} (4.14)
Out of the remaining terms, we see
dp o 5\ _.da ) 5
— Ay —+— | +2A—+— +o_
/(27[)3 |: 0<5(p+ 5¢_> K 1<5§0+ 5(,0—) ((p-‘r (72 ):|pR
H> W [ &p [iK [ & &
Iyl S 3\s 32 " <2 PR
872 0p* | (27)° |2a° \6¢% OS¢
ow dp . 0
_qg - (277,')3 ld3(V((p+) - V((ﬂ ))/)R - a a__V/( )W (415)
|
It is useful to remember that A; contains the boundary term  equation with D = H3/8z%, y =3H,m =1 As ex-

that determines the real part of the wave function, as shown
around Eq. (3.23). As a result, it is directly related to the
Gaussian fluctuations of each mode and thus will be crucial
in the derivation of the Fokker-Planck equation. See
Appendix B for details of this derivation.

Now, we can transform variables to p = a’(t)q to get

d H? PW 0
Zwia 3H— (qgW
=% [@.q) = 87 907 =+ 37 (gW)
P wi L viaw. (4.16)
190 og '

Having set up the full phase space evolution equation, we
can now compare this to the walk introduced in Sec. II.
We see that this reproduces the same exact differential

3Here we mean irrelevant in the technical RG sense, as follows
from SASET.

plained, at leading order, we can integrate out g by setting
g =-V'(x)/3H. We then get the well-known stochastic
inflation result

P@)).

There are, of course, easier ways to arrive at this result.
What is meaningful here is that the determination of this
partial differential equation from the exact RG as a
functional over all the Fourier modes is more nuanced

dp  H? o*

P+ 0
dt 872 09>  0p

V(@)
3H

(4.17)

*We see that stochastic inflation is represented as a noisy x and
deterministic p evolution. This agrees with previous results for
the evolution of the density matrix [24,30], but contradicts some
generalizations of stochastic inflation [65-67]. Generalizations
exist, where even p can be noisy due to coupling to additional
degrees of freedom. These are studied in the open EFT of
inflation. See for instance [34] and references therein.
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than one might have expected from just comparing
Eqgs. (3.38) and (3.39).

B. Next-to-leading order

Our goal in this section is to determine the leading
corrections to the stochastic formalism. However, unlike
perturbation theory around the vacuum, the fluctuations
around a random walk have a nontrivial definition of
leading order, next-to-leading order and so on, that requires
explanation.

Stochastic inflation is conventionally defined in terms of
P(®, t), the probability distribution for the long wavelength
field. In terms of the Wigner distribution, we get this
probability by “marginalizing” over g:

P@.1) = / dqW (. .1) (4.18)
If we start with our LO description of stochastic inflation,
equilibrium probability distribution can be determined by
demanding P = 0 and yields

_ _ ~ 872V (¢
Peq(qo) :/dqWeq(§0vQ) :Aexp <_ 3H* )> (419)
Let us take the specific case where V(p) =4 *. The

equilibrium probability distribution allows for order one
probabilities for any |@| < A~'/4H. One might be concerned
that there is no reliable expansion in 4 <« 1 given that
@ — o as A — 0. Fortunately, the corrections come with
positive powers of A that a meaningful expansion exists. At
leading order, the time evolution of the probability dis-
tribution, Eq. (4.17), scales as 4P =((2?) when
@ ~A~1. At next-to-leading order, the correction to the
time evolution gives contributions to P that are O(4), and
are therefore suppressed by /4 < 1 as desired.

Previous work has calculated the NLO corrections to the
stochastic formalism and to the evolution of the density
matrix. At this order, corrections to the Fokker-Planck
equation can be defined as a nontrivial’ correction to the
effective potential [10,14,52]

11 A2
63! 18H?

A
4

=t -

VetenLo(@) = P+ O0(p®).  (4.20)

Notice that the effective potential becomes a series expan-
sion in 2 and therefore breaks down when ¢ ~ 1/v/1.

*Here we are avoiding calling these corrections universal
because they are sensitive to the split between the time-
independent and time-dependent components of ¢. Specifically,
the correction below is correct for the definition used in [14,52]
but appears to contradict [10]. The difference arises from a
redefinition of the decaying mode and can be accounted for by
matching [52].

The effective potential corrections at NLO and beyond turn
out to be determined by a field redefinition in SASET.
Concretely, eliminating the decaying mode, which is the
conjugate momentum, introduces these terms. It was
argued in [36] that the breakdown of series expansion of
V.t arises because the conjugate momentum to ¢ cannot be
ignored at large field values.

The role of the momentum in generating the effective
potential is seen most directly if we interpret the evolution
of the Wigner distribution as a Langevin system. This is in
exact analogy to the walk we analyzed in Sec. II C. In that
case, p = g + & where ¢ is our noise and

t
q=3Hq+V'(p) - q(t) = / de'V'(p(r'))e3H =),

(4.21)

Now expanding ¢(t') = ¢(t) + (' — 1)¢(t) + - - - we have
q(t) = - V;g) + V() / di(f — 1)e3H ")

- VS/(I(-IP) 27;13 VI(@)V"(p). (4.22)

For V(p) = 4, | if we interpret 3Hg =
see that

—V. ., then we can

v /1 - 11 2
o =% Te318m2?

P+ ..., (4.23)

in exact agreement with the direct calculations in QFT.

Of course, we should be able to derive a correction to the
Fokker-Planck equation from ¢ without the need for a
Langevin description,

d H? W P

L wia, 3HZ (qW

7 [@.q] = 8za¢+ aq(q )
2w vigw. (4.24)
9% " Taq’ \? ‘

However, since the evolution of ¢ is purely deterministic at
this order, we can use the intuition from the Langevin
description to define a change of variables

1
0-c0)(at g Vul@) @29
so that

0 6Q d d 0

— H 4.2

ot 0t0Q+at 3 Q0Q+6 (4.26)
o 00 0 a3 0,
Ol S V0) 55 (4.27)

0p  0p 00 arp 3H 20 "5
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0 0 0 0
9,900 59 (4.28)
061 0q 00 00
Making this substitution, we find
d H? 62W H?> *W H PwW
—W — 3HW 3y 6 V”~~ 2
dt .q] = 8 0t 1222 000p ta 2;;2( e 002

a ! 1 " Hz " !/
+ad—(=V eff +9H2 Ve Vete +24 Ver + VW

90
" J Q _
- Veff aQ <3H W)

In order to have a normalized distribution in these new
variables, we now rescale the Wigner distribution

~ 0
Wip. 0 =37

We can remove the mean for Q by choosing Vg (neglect-

ing V at the order we want to consider) so that

W@, q] = (4.30)

a*()W[p. q].

1 _
Vi:ff<1 - 91_12V/e/ff> =V' = V(o)

1
VI (p)+=—=VI(p)V'(p). (431
@) + 5V @V' (@), (431)
The final step to determining the evolution of the proba-
bility of ¢ is to expand in moments [30], defined by

Wy(@) = /wGﬁNWQL P(#) = Wol@).

(4.32)

This is effectively the same procedure used to convert the
Boltzmann equations to the fluid equation, as is commonly
done for describing the CMB.® After performing our
change of variables, this procedure is straightforward
and gives rise to the NLO evolution equation

dP  H0’P 0 (Vi(¢
= : eff((/))P(q—O)
dt 8« ()go op \ 3H
1 0 H?> 9
—— (V. ———=P(®) ).
+3Ha¢< 1222 0 ((”)>

The final term arises from solving for the evolution of W at
NLO and plugging it into the equation for W. As a check,
the equation agrees with the equivalent equations derived
in Sec. I C. The details of this calculation are shown in

(4.33)

%See Ref. [68], for example, for a systematic expansion of the
corrections to the tight coupling approximation similar to our
approach.

oW 10
a’ op

+ 3557 VerW).

oo (4.29)

|
Appendix C. In the 1p* theory, the final term is removable
by a field redefinition [52] of ¢ and thus is not universal.

The essential takeaway from this calculation is that all of
the information relevant to both the LO and NLO calcu-
lation of stochastic inflation is present in the master
equation for the Wigner distribution without including
higher-order corrections of S.; in our exact Wilsonian
scheme.

C. NNLO and beyond

When calculating the corrections to stochastic inflation
from QFT, the first nontrivial correction arises at NNLO,
which is O(2%?) in the Fokker-Planck equation.
Specifically, at this order we generate a non-Gaussian
noise term

dy &

ga—qﬁ(fﬁp(fﬁ)),

(4.34)

dP  H?*P 0 (Vi(p)
2 T T (et pz
dt ~ 82200  0p ( 3H ([p)> +

where d, = 19’177[2 was calculated in [52]. However, this

result has not been obtained in a fully consistent scheme
that removes all the subdivergences. See Ref. [69] for
progress in this direction.

An essential difference between the approach in this
paper and [52] is that we are working in a Wilsonian EFT,
rather than a continuum EFT [70]. In the Wilsonian
description, we integrated out the short modes explicitly,
giving rise to higher dimension interactions, including
higher derivative terms, in Sg;. These terms do not arise
in a continuum theory, as they would vanish in dimensional
regularization. Nevertheless, the corrections to these terms
in the Wilsonian description are needed to reproduce higher
order contributions to the RG flow [40]. In this regard, the
challenge of calculating NNLO corrections in our exact RG
scheme is not unique to de Sitter, but a common aspect of
Wilsonian versus continuum descriptions.

In addition to these higher order terms from Sz, we
expect additional terms from eliminating Q systematically.
These terms are also generally scheme dependent and will
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bring higher powers of 1. There is a unique contribution at
NNLO that is both straightforward to calculate and could
contribute to d,, that arises from

N (7 1 1" (= 03 o3

| &

(4.35)

U

Solving for the higher moments of W and reducing the
equation to the solution of P = W, one finds the NNLO
term

d 1
—P

T ym@a)p. 4.
a’ P smmag !V @F) (4.36)

See Appendix C for the derivation. Notice that using
V = Ap*/4!, this is a contribution to d, defined above
but is not consistent with the two-loop calculation in [52].
Moreover, at NNNLO, we expect a contribution from a
three-loop diagram that would give a four derivative
correction proportional to A. There is no such term that
can arise from eliminating Q.

The fact that the higher order corrections appear to require
a more detailed analysis of the RG evolution is consistent
with the physical expectation that higher-derivatives terms
arise from non-Gaussian noise. Specifically, in a Markovian
random walk, these terms arise from non-Gaussian cumu-
lants in the Kramers-Moyal expansion of the transition
amplitudes [71]. It would therefore be surprising to fully
capture this effect, which we associate with the behavior of
modes at horizon crossing, purely from the elimination of
the fast variables in the superhorizon description.

Technically speaking, SASET offers a much more
straightforward path to calculating the coefficients at
NNLO and beyond. However the long-term goal of this
program is to calculate the tail of the distribution of @
beyond the limits of SASET, when A@> > 1. This will
likely’ require a hybrid approach of SASET and exact RG.
The tails are sensitive to UV physics and therefore cannot
be calculated purely within an effective description [36,38]
(see also Refs. [73,74] for specific models). Yet, for a
theory like /1(,154, where the theory is renormalizable, one
might expect to be able to describe the tail up to the
Landau pole. This is reminiscent of the effective potential
in flat space, which can be improved using RG to resum
the log corrections. There is reason to suspect a similar
approach could apply for large deviations in de Sitter, but
we will leave this to future work.

’An alternate proposal for calculating the tail of the distribu-
tion was made in [72] directly in terms of the wave function. As
the statistics of local operators are described by a density matrix,
an effective description in terms of a pure state can miss essential
contributions to these observables [33].

V. RENORMALIZATION IN dS

Although light fields are where the need for normaliza-
tion is most acute, our understanding of QFT in dS requires
RG for all masses and spins, just like flat space. Direct
calculations of the spectral densities are naturally inter-
preted in the usual language of conformal invariance and
anomalous dimensions [75-78]. Much like the case of
physics in AdS, it is natural to expect the language of RG is
useful for interpreting these results.

One strong piece of evidence that RG flow can be used
directly in dS comes from conformal field theory: if a given
theory is conformal in flat space, then the same theory in dS
will exhibit the same list operators and scaling dimensions.
This can be seen easily using Weyl transformation.
However, at nontrivial fixed point, these dimensions arise
from mixing between operators and/or anomalous dimen-
sions generated by interactions and therefore the same RG
resummation needed to describe the CFT in flat space must
apply in dS as well [S51].

In flat slicing of dS, the Weyl transformation that takes
flat space correlators to cosmological correlators involves
scaling by the scale factor a(z). For a CFT, this requires that
any anomalous dimensions are associated with time-de-
pendent logs. The required matching between dS and flat
space therefore strongly suggests that the RG resummation
involves time-dependent logs in dS. In this sense, it is
dynamical RG that should be on the same footing as
conventional RG in flat space.8

In this section, we will demonstrate that dynamical RG
in dS obeys these properties. We will show that the exact
RG argument of Sec. III can be applied to massive fields
without any meaningful changes to the evolution equa-
tion. Repeating the argument of Polchinski [40] then
demonstrates that all the RG corrections can be absorbed
into the definitions of couplings and local operators of
the theory.

A. Scalar fields of any mass

Our starting point will be an interacting scalar field ¢(X)
with a mass m such that the action and density matrix are
defined by Eq. (3.2), now with

&Pk 1 K2 - -
_/dta3(t) EK_I (F)(V#(p(k, I)V”(p(X, l)
14

¥For principle series fields, some anomalous dimensions can
be calculated by resumming bubble diagrams, more like a decay
width [79,80]. These examples are compatible with the RG
description, as shown in [81,82]. Yet, the conformal example [51]
demonstrates that not all anomalous dimensions can be calculated
by summing geometric series.
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We may be concerned only with local operators constructed
from ¢(X) and derivatives, O,(X). Since we are interested
in local correlation function in the in-in formalism (rather
than the density matrix, following [33]), we will define a
partition function

231l = oy exp (3 [ @2,0,5) oo ).
n (5.2)

where O, (X) are local operators composed from the UV
field ¢ in the Schrodinger representation. Because of the
trace, we know the result must be independent of A, in
contrast to the density matrix itself. Our goal is to show that
the process of integrating out the short distance physics and
evolving in time combine to give a local theory where the
local action and operators are modified.

At this stage, we can repeat the argument from Sec. III
with only minor modifications. Nothing about the pro-
cedure assumed the fields were massless, other than the
specific form of the action and Green’s function. However,
we note that if we make the substitutions

Vi Vi-m?,  G'=KY(V2-m?),

G 'G=a>35(t-1)5(x-X), (5.3)
then an exact RG result is unchanged. The essential reason
is that the mass term, or any potential V(¢), does not
introduce any boundary terms when integrating by parts.
The boundary terms are again defined by A, A,, and Ajg
with the Green’s functions replaced by the massive ones,
for example

Ay(p.ty) = iG" = iG'(ty. 1. p)

oK

— 2 (3 HY (~pro) HP (- pry),  (5.4)

where 7, is the conformal time at physical time #,.

B. Diagrammatic understanding of exact RG

Given the setup, we can now apply exact RG to the
dS generating functional directly. Our goal is to demon-
strate that the change to Z[{J,};7] from integrating out
p €[A, A+ 5A] and shifting in time by 5t = H~'5A/A can
be completely absorbed into the definition of (a) the
effective action S.; and (b) the definition of the local
operators O, (X). This will ensure that our RG equations
are differential equations with no explicit dependence on
the UV physics and therefore can be integrated to deter-
mine correlation functions, just like the Callan-Symanzik
equation for RG in flat space.

The first step is straightforward: we have already shown
that integrating out a shell of momenta gives rise to the
following change to the effective action, illustrated in Fig. 1,

d &p 1 68, 58,
—8. = | —= [ dtdt' | =—2G(¢, 1 L
= [ <zn>3/y (2&1)0) )

1 5 Sint
-~ [—=G(t 1 . 55
2 (o)) )
The second term is manifestly local because
& Sint ?
— M =5(t—1t)—— L (. 1). 5.6
5§0([)5g0(t/) ( ) 62g0 mt((p ) ( )

The first term, on the other hand, is bilocal in time and
therefore technically nonlocal. However, with the ie¢ pre-
scription, we know that

G(t,1) x eerl=rl, (5.7)
for ¢, ¢ on the same side of the Schwinger-Keldysh contour
(ie. 1,7 €[—oo(1 —i€), ty] or 1,1 € [—oo(1 + i€), tp)). This
ensures we can Taylor expand in 7 — ¢ and integrate each
term to find a finite result to all orders. In this sense, as far as
the effective action is concerned, there is nothing about
integrating out a shell of momentum in dS that is distinct
from flat space.

The situation is similar from the contributions to the
action from 7€ [—oo(1 — i€), 1y] and ¢ € [-oo(1 + i€), 1]
(or vise versa). In these cases, the Green’s functions are
again exponentially suppressed but now by

G(t=t,,1' =t_) x ePlt—hol=epl=nl —(58)
These terms should therefore be expanded around 7, = ¢,
giving rise to a local expansion in operators at the boundary.
These terms are responsible for renormalizing the definition
of local operators, or equivalently, the sources J,,.

The nontrivial changes that arise for in-in correlators in de
Sitter space are the boundary terms at #, and the fact that A(z)
is combined with time evolution in the full RG trans-
formation. Yet, it is straightforward to understand the impact
of these terms. We writing our generating functional as

d
STITAR

T, [exp (Z / d3xJn(’),1(5c')> %pR(go, (p/)]. (5.9)

Of course, this is identical to the derivation of the evolution in
Eq. (3.54), so that schematically we have

%Z[]i,t] =Tr [exp <Z / d3xJ,lO,1(5c')>
X <_i[Heffvp] + ZLI'PLJ- _%{Lj-Li’P)})] .

(5.10)
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Using the trace, we can exchange operators acting on p to
acting on the local operator insertions. However, because
these act locally on O, (X) we can express time evolution as a
local change to the operator (which would be the Heisenberg
picture, in the absence of the L;). Therefore, we can treat this
apparent time evolution as the operator equation for

%V[{Jn}’ f] = ilHe. V{Ju}. 1] + ZL}TV[{JJ fL;

- LI VI ), .11

VI, 1] = exp <Z / d3xJn(’)n()?)>. (5.12)

If O, forms a complete basis of local operators, then the
change to V[{J,},t] is just a redefinition of J,. This
expression is purely local in time and therefore we can simply
redefine J,, — J/, to capture the time evolution of the system.

One might worry that the fact that J,,(X) is a source that
depends directly on position could introduce nonlocality in
space. This does not occur because the nontrivial evolution
of the operators arises from equal time commutators, and
therefore are local in space by causality. This is manifest in
the UV Hamiltonian description. In terms of the Wilsonian
RG, the evolution of the operators arises from contribution
that couple the two branches of the Schwinger-Kelgysh
contour (¢, and 7_) and are not equivalent to a local term in
the action because of the path ordering of the exponential.
Of course, the time ordering is only relevant for the terms
that do not commute, which are again local in space at
equal time. The same features appear in flat space where
several examples have been worked out in detail [33].

The essential result here again follows from Eq. (3.5).
The sources can be added to the boundary action

Sd.tot = Sd + / dSXZJnOn(z) (513)

In these variables, our partition function is simply

Z{J, )t = / DT exp (iSy + iSin + iS),  (5.14)
v

and therefore obeys that same renormalization properties
as the effective action. At this stage, the properties of the
renormalization of de Sitter correlators and the flat space
in-in correlators are identical, up to the definition of
Green’s functions and the fact that the de Sitter RG
transformation includes a step of time evolution.

It is, perhaps, worth noting that the analogous proof of
“renormalizability” in AdS remains incomplete [83]. In that
case, we have the benefit of AdS/CFT which implies that
the dual description is a conventional QFT and therefore the
bulk of AdS should inherit what is known renormalization.
Yet, some of the peculiar aspects of dynamical RG in

dS [82] have nearly identical avatars in AdS [84,85].
A proof in AdS would likely be instructive both for
understanding holographic RG in AdS [86], and as another
connection between physics in AdS and dS.

VI. CONCLUSIONS

Understanding the dynamics of light scalar fields on a
fixed de Sitter background presents a surprising challenge.
Perturbative calculations fail due to large time-dependent
logs [4,87]. These logs have been understood and resummed
using the ideas from classical random walks but leave the
quantum nature of the fields obscure. Moreover, while
understanding light scalars should be a stepping stone to
quantum cosmology, the stochastic formalism bears little
resemblance to the Euclidean path integral or wave function
of the Universe [88]. Yet, both approaches yield the same
equilibrium probability distribution [89], which demands a
deeper explanation. A comparison of the density matrices of
the no-boundary proposal [90-93] with the stochastic
formalism offers the opportunity to make a deeper con-
nection between these descriptions.

Understanding the de Sitter entropy [94], entanglement
of inflationary modes, [60,95,96], and cosmology as an
open quantum system [8,34] motivates the need to describe
the evolution of the density matrix from a stochastic
perspective. In this paper, we developed the tools of exact
RG to provide a nonperturbative evolution equation for the
long-wavelength density matrix. While elements of the
stochastic description arise from tracing out subhorizon
fluctuations, we also find that the description as a quantum
walk only emerges when additionally tracing over infor-
mation at separated points. This formalism clarifies and
generalizes various aspects of stochastic inflation and
should serve a powerful tool for exploring nonperturbative
aspects of QFT in dS.

The density matrix in dS also played a significant role
in prior work [22-26], but has largely been used for
exploring the decoherence of fluctuations in cosmological
backgrounds [97-103]. It is a practical fact that cosmo-
logical correlators are effectively classical, but the manner
in which classicality emerges remains an area of active
research. A potentially audacious theoretical and obser-
vational goal is to determine empirically that structure in
the Universe arises from quantum fluctuations [104—108].
Such a determination would necessitate techniques beyond
the Bell inequalities [105,109] and instead would have to
isolate the quantum evolution during the inflationary
epoch. A more precise understanding of the evolution
of the density matrix in cosmology may serve as a setting
stone to these ambitions as well.
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APPENDIX A: RELATIONSHIP BETWEEN
GENERATING FUNCTIONALS
AND PROBABILITIES

In the main text, we chose to derive the density matrix of
the local long distance field ¢ by defining the generating
functional

ZJ . 1] = Trle! 7eTpieg (4. (3). @_(X))].

While working with the generating function is a common
framework, it does make the connection to previous work
less transparent. The purpose of this section is to show this
representation is identical to the previous approaches. To
make the discussion easy to follow, we will work with a
collection of harmonic oscillator wave functions y;(x) but
we want to calculate a generating functional forx = >, £,
and p = N~'>", py, namely

(A1)

Z[Ji] = Tr, |:eJ+)?eJﬁH|wk><wk|:| — Tr[eh)_“ejff’p},
k

(A2)

where p =[], px is the total density matrix for all
k-harmonic oscillators.

First, we would like to compare this with our random
walks discussed in Sec. II, where we defined a density
matrix for a degree of freedom X via the interaction
P(X.X') = T [eP7X = 0)(X' = 0" @ p|.  (A3)
where we took the trace in the &; basis. Now we notice that
if we work in the momentum basis X — Py, |X =0) —
constant and therefore

p(P,.P_) = Tr,[eP5pe=iP-7]

—Z[J, =i(P. —P_).J_=0], (A4)

where P, are just the momentum eigenvalues. We see that
in the momentum basis, the density matrix is just the
generating function with imaginary values of J. In fact, this
also represents the measurements of a local observer along
a worldline as in [19].

Another approach is to calculate the density matrix
while imposing the constraint » | x; = X in the form of a
S-function,

p(x 4+ Ax, X — Ax)
= Try {5()‘( + Ax — Zxk>5<5c - Ax — Zx§(>
k k

Xp<{xi},{x;}>]. (A3)

This was employed in [10] for Ax =0 in order to
determine the probability distribution in stochastic infla-
tion for ¢ — X. In order to derive such a result from
the generating function, we first note that if we take
J_ = i2Ax, then

Z[J,,iAx] = Tr[e’“*p({x + Ax/N},{x' — Ax/N})].
(A6)

Now defining J, = ik and taking the Fourier transform
we get

dk .-
/ ——e 7], =ik, J_ = iAx.] (A7)

(27)

=Tr, {5 <x - zk:xk> p({x; + Ax/N}, {x; - Ax/N})} .
(A8)

Applying this formula back to the de Sitter context, if we
take Ax =0, X — @, and x; — (p(lz) we get

r@) - [pos(o- [ g%’;go(%))w(%n (49)

in agreement with [10]. Finally, from this expression, we
can derive the Wigner quasiprobability distribution for X
and ¥/, starting from

. A A
WX, p] = /dAxe"”Axp()_C+2x,5f—2x>- (A10)

We can transform Z[J.] as

iJxJp J_p J_p

Tri[e!+*e!-Pp] = Tri[e = e/Fe2 pe |

ilxJp - iJ_ iJ_
=T Jox -—— X+=—=|.
rk[e T e p(x > X +2N>]

(Al1)

Then, taking J, = ik, J_ = iy, we get W[X, p] via

o dk -
W[x, p] = / dy e~iPy / (2—ﬂ>e’% e 71, =ik, J_ =iy].

(A12)
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This, of course, is not limited to the Wigner distribution
alone; any Fourier transform of the Wigner distribution
can be derived in the same way.

APPENDIX B: EVOLUTION EQUATION FOR
THE GENERATING FUNCTIONAL

In this section, we want to simplify the evolution equation

Z[J o 1] = Tr[e??e! T prea(9 (%), @-(X))].  (BI)

and hence we have

d
—Z[J.,1]

- »-@). (B

o _d o
= Tr[eh‘/’ej—”apmd((ﬁ(x),

At this stage, we can substitute the evolution equation for

for the generating functional. We start with the definition Prea Using (3.45). Defining O = e/+%¢/-, we have that

iJ—K(pz/Az)] ‘ (B3)

O(p_(p). 1 (p)) = (p_le+?e" g, ) = e’+¢-5[¢+(p) —¢_(p)+ N,

Then, we equivalently have

Z[J s 1] = /D€0+D90—O<€0—J/’+)ﬂ(f/’+7fﬂ—)

iJ_K(p*/A°)

i (B4)

:/D¢+D(p_ej+‘7’5[¢+(p)—(p_(p)+ }p(w,fp_)-

Now, we can plug in our time derivative of p to get

dZ p HAO 5 2 HA2
Do.Dp_0O — ) —a(t)K 22— (p_— )
= [po.000 [ SR (ot 2 ) - kT o - 0)

(HA o o o o
3(tg) K =K - —t— 263K HA, | —
+ia () 08 {m 00 (5t o) bt 2t (o 2, 0]

N iK (8 & iK7'a® (Vop.)? (Vo_)?
243 \6¢%  5p* P 2 a’ a’

)o =i (Vip.) = Vi . (85)

We can integrate by parts until we simplify each term. All the derivatives will ultimately be put onto O. The rules simplify to

_¢_)p_,_ZJA;K(9p O(i_i>p <2&i)@p. (B6)

k o, Op_ iKoJ

5 5
o —+—> ~-J.0p O
(5% 50 )” +Op (o4

We will also need to make a further simplification. In order to deal with the ¢, + ¢_ terms, we will resort to perturbation
theory and use the following leading order identity (for the massless case) as explained in Appendix B 1,

H> [ & 5 i
(@r +o)p =Kz |5 —+5 )P+, @ -

H? J_K
Olp. +qo_)p — KFJ+OP aHW(’)p (B7)
Using these identities, we can completely simplify the above equation. We get
dz 1 [ d&p J_\? J
— == HAGJZ + a®HA (=) —2a°HAR( =T
dr 2/(2n>3[ pi 2<Nk> ‘ R<N *)
H? JJ_ i 0
—2a*A;—J3 +2a 4—A + K'Z —J —F 44—z
s a2 T\ T Tar
. J J_ dp aH*J.J_ a*Hp _J*
—'3V—'J———V—J Z/ K = ~)z. (B8
’a< M+ TION, it )f e B e T2 K (B8)

The terms with the p integral correspond to the shell of momentum just integrated in, while the local terms correspond to
Hamiltonian time evolution. After using the form of the A for the massless theory, we get
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dz(j.] 1 [ &p [(H p(J)? aH*J_J,\ 0K
s/ m[(ﬁf N~ m)ﬂz“ﬂ

Nk l]+ a J_ 37 .
‘|‘a3.]+< 2+0J>Z[Ji]_]\7ka V/(—lJ+)Z{Ji]

d*p aH*J J_ _a*Hp  J2
K K== \z[J B9
+/ <2n>3( 2 N 2 N2> Vel (B9)

1. Identity useful for homogenization

The homogenization of terms of the form

/ (;53 Olo_, 0. )@y +o-)(P)rr (B10)

need to be dealt with perturbatively. The basic idea is that for harmonic oscillators, this represents a term of the form xy « py
when y is a ground state. We can use a similar idea here, starting with the UV mode ¢, that is defined for the free theory as

H . NI .
k) = 1 — ikn)e™ay, + (1 + ikn)e *1al], (k) = K~! eMay, + emhgl].
Solving for a; in the limit kn < 1, we get
2.,/ H : —iki
a, = i[¢p(k,n)vy — KII(k,n)uf], vy = a‘uj, up = T (1 + ikn)e™™™n,
K H
=1 1 + ikn)p(k,n) — KHk,n]
vy 1 ) = K
i k> ik?
= =] o
The lowering operator annihilates the vacuum, giving
kK> ik? 1)
Yep =0 — |¢p(k)¥pp = —iIHK ——— ¥3p,
ax¥'pp = <H’7+ H>¢( )¥8D l 5p(k) B

as can be checked directly using

2k3\ 1/4 iK1 k2 o R e—1k17/2
Wepld.n) = 1;[<7> exXp {ﬁiﬂ(l —ikn) ¢(k)¢(—k)} N i

Thus, the density matrix satisfies

0 1) ik?
S e G IR S I B} (B12)
This is a useful simplification. We will write this as
H2 1) 1) i
b+ ==k (ot S L0, -0 (B13)

This is, of course, only true at the Gaussian level, which is sufficient for our purposes right now. Now, we can evaluate terms of
the form

/%O(fp_,w)(cuﬂo_)(p)me - /(d;TI;O< HzK<5Z+ %)wrp%(rm—cv_)pk) (B14)

using the rules in (B6).
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APPENDIX C: ELIMINATING MOMENTUM
WITH MOMENTS

The type of random walk under consideration is generally
referred to as a “fast-slow” system in the random walk
literature. The fast variables have evolution with a time
scale y~! where the slow system evolves on a timescale
set by the potential V' and the amplitude of the noise, A.
One then aims to systematically eliminate the fast variables,
leaving a Markovian evolution equation for the slow
variables as an expansion in y~'. There is a formal
procedure [71] where the solutions are projected onto
the solutions of the fast equations, giving a systematic

|

expansion in y~!. However, as we are only interested in
calculating the NLO (and potentially NNLO) terms, this
procedure is both overkill and somewhat ill-suited for the
problem at hand.

The most straightforward approach to eliminating Q
from the evolution of W({p, Q), following [30], is to define
the moments of the distribution

W(@) = / d0(aQ)"W(@.0).  P()=W,(. (Cl)

We have changed variables such that the evolution equation
is schematically of the form

d . _ H*W L, H* W o H LW 0 [0
7 @, 0] = 822 097 + @’ Vi (p) 1222 0097 ta' s (Verr (@) 00 eff(90)@ (3—H W)
QoW 1 0 _
St —— (V. (@)W). C2
a3 0p 3H0(7)( et (@)W) (C2)
In terms of the moments, this equation becomes
d _ . oWyt H?> 0 H
(E + 3HN> Wy(p] = LiWy — # + Vi (‘Nﬁﬁ N-1 T WVZHN(N - 1)0WN—2>’ (C3)

H Pw
87 0p°

where L, W = a5 G Ve (@)W + - N% W. There-

fore, we have

d 0

—W ——[A, Wo——W C4
It 0 1Yo Y 1 ( )
h”l ”1 1”1 Lefflz 200 ”O

Here the ... are higher order in 4 and can be dropped for the
NLO terms. At this order, it is easy to solve for W, treating
3H =y as the large parameter, so that

1o, H* 0

d R
77‘/ _
1o +3Ha¢ 1272 0p

—Wy=L;W,
dr

Wy.  (C6)
We see therefore both the correction to the effective potential
and the noise at NLO.

At higher orders, such as NNLO, the natural question
is whether it is eliminating the higher orders in Wy or
nonlinear contributions to S that will play the dominant
role in determining the evolution equations. We will be
specifically interested in whether the following NNLO term
can explain the results of [52],

63
S W.
90

d -~ 1
_W —’ :)__V///
V(.0

24 (€7)

(p)a

This gives rise to a new contribution to W3,

d
—+9H
(5+9

_ 1 _ _
)W) >3V @W(@).  (c)
Using Eq. (C3), we can solve for leading order in H~!
terms to solve for the contributions to W, and then W,
to find
1

1 0 0

2~ ~ehog " " "aterag) | PWo@: (©)
l a 1 az e 7
W1 > _ﬁ% = Wa—@zv (¢)W0(¢)’ (CIO)

and therefore our correction to the evolution of Wy =P
becomes

S 1 2
648H" 09’

d

- vi@p). (i)

This is of the correct form to describe our non-Gaussian
noise term at NNLO but the coefficient does not appear to
match the result from SASET [52]. Here we have neglected
many other NNLO terms, which are generally not univer-
sal, along with any corrections to S. in the interacting
theory. This is therefore an incomplete calculation and
shows the need for more efficient techniques for calculating
at NNLO and beyond.
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