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The local physics of light scalar fields in de Sitter space is well described by classical random walks, as
expressed through the framework of stochastic inflation. Recent work has clarified how this formalism
arises from quantum field theory and the renormalization group (RG), allowing for corrections to this
formalism to be determined order by order. Yet, this description is incomplete. For example, the quantum
dynamics of these fields are expected to become important when determining the tail of the probability
distribution for the fluctuations. In this paper, we develop the understanding of fields in de Sitter as a
quantum walk in order to bridge the gap between the classical and quantum description. We use the
framework of exact RG to calculate the evolution equation for the reduced density matrix of the long
wavelength fields. This master equation provides the direct map from light fields to models of quantum
walks. We show how to reduce the master equation to stochastic inflation, and provide a new understanding
of how the higher-order corrections arise. In the process, we demonstrate that divergences and secular
growth in de Sitter, for both light and heavy fields, can be absorbed by (dynamical) renormalization.
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I. INTRODUCTION

A complete quantum description of our Universe remains
one of the key ambitions of theoretical physics [1]. It
requires reckoning with some of the most basic conceptual
questions about the origin of the Universe, the predictions
of quantum gravity, and the interpretation of quantum
mechanics in closed systems.
The dynamics of light scalar fields present a controlled

opportunity to address some of these essential questions.
This first challenge is that massless scalar fields do not have
a de Sitter (dS) invariant vacuum state [2]. In addition,
perturbative corrections exhibit secular growth that causes
the perturbative expansion to break down [3,4]. It was
suggested long ago [5,6] that these features of fields in de
Sitter should be interpreted as consequences of local field
values undergoing a classical random walk. In this lan-
guage, known as stochastic inflation, the absence of a de
Sitter invariant state and the secular growth become familiar
aspects of random walks without a potential [7].
Recently, it has been shown that the random walk

description of light scalars can be recovered in quantum
field theory (QFT) on a fixed dS background using renorm-
alization group (RG) techniques [8–18]. In the process, many
of these longstanding issues are resolved at both a technical

and conceptual level. From the RG point of view, the theory
evolves away from the trivial fixed point to a nontrivial
self-similar description that is equivalent to a random walk.
At the same time, this description must have a limited
regime of validity; a classical random walk generates
entropy which cannot be the case in a closed quantum
system. The stochastic formalism is therefore limited to
subsystems within de Sitter space [19–21], although that
aspect is not always transparent in the derivation. A
complete understanding of light fields in de Sitter should
furnish an explanation for the origin and breakdown of this
description.
A more complete quantum stochastic description of the

long modes in de Sitter is nearly as old [22–26] as the
original, classical description. Rather than calculating a
probability distribution in the field basis, one calculates
the evolution for the reduced density matrix of the long
wavelength fields. Tracing over the short wavelength
modes gives rise to an evolution equation. When expressed
in terms of the Wigner quasiprobability distribution, this
evolution remains in a random walk form in “phase space.”
This approach has been revived more recently in [27–31],
motivated in part by recent progress understanding the
quantum nature of de Sitter space.
Despite this long history, the quantum description of light

fields remains underdeveloped. For one, the stochastic
evolution equation appears even in trivial free field theories,
where the short and long wavelength models are uncorre-
lated. In this regard, it cannot be the case that the random
walk arises only from tracing over short wavelength modes.
Instead, one is performing an additional trace, at least
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implicitly, to arrive at a Fokker-Planck equation. Although
one recovers the expected evolution to leading order, the
quantum mechanical nature of this evolution equation
depends on this procedure. Many of these subtleties arise
even in flat space, and are a consequence of working with
EFT observables within the in-in formalism [32–35]. These
challenges make it impossible for current techniques to
determine the tail of the local one-point distribution [36,37],
or whether the universe is eternally inflating [38]. These
types of questions require a nonperturbative understanding
of the quantum evolution of the density matrix.
In this paper, we will use the framework of quantum

walks [39] to better understand the quantum nature of the
long wavelength fluctuations in de Sitter. A walker can be
coupled to N-quantum coins (or N-harmonic oscillators) so
that the location of the walker is entangled with the space of
the coins. Tracing over the coins gives rise to different types
of stochastic behavior, including both purely classical and
uniquely quantum walks, depending on how the systems
are coupled. The coins alone may be in a product state so
that no entanglement entropy is generated until they are
coupled to the walker. In fact, we will show that the origin
of stochastic inflation is most easily derived by introducing
a local physical measurement similar to the walker.
We will then use the framework of exact RG [40] to show

that light fields in de Sitter space obey the equations of a
general quantum walk. We will show how integrating out a
shell of momentum gives rise to an evolution equation for
the reduced density matrix, generalizing previous results
from flat space [33,41] (due in part to momentum space
entanglement [42–46]). This master equation for the evo-
lution of the density matrix only gives rise to the physics of
stochastic inflation after we sum over Fourier modes
(tracing over information at separated points). After deriv-
ing an exact equation for the evolution, we will show that
this equation can be approximated by the original equations
of stochastic inflation and its generalization to the density
matrix and Wigner distribution. The resulting evolution
equations are most intuitive in the Wigner representation,
where we find an evolution equation qualitatively similar to
the Caldeira-Leggett model [47] and quantum Brownian
motion [48,49], but that differs in several key respects.
As a byproduct of our exact RG analysis, we demon-

strate that the divergences in cosmology can be absorbed
into the definition of the action and operators in precise
analogy with RG in flat space. Unlike flat space, the
RG transformation involves time evolution giving rise to
dynamical RG flow. This confirms the intuition that large
logs found in perturbation theory can, and should be,
resummed using RG techniques [50,51].

A. Summary of key results

The main result of this paper is the derivation of the exact
evolution of the reduced density matrix of a light scalar

field on a dS background, Eq. (3.45). We further trace over
the Fourier modes of the field to arrive at a master equation
for the evolution of the density matrix for the measurement
of the field at a single point, Eq. (4.14). When expressed in
terms of the Wigner distribution, this takes the form of a
random walk in phase space, Eq. (4.16).
When our results are reduced to the diagonal elements,

we reproduce the results of stochastic inflation at leading
order [5–7]. Moreover, corrections to the Fokker-Planck
equation arise from the self-consistent elimination of the
off-diagonal terms in the Wigner distribution and match the
known corrections at this order [10,14,52]. In this sense,
our results are consistent with known results from stochas-
tic inflation and QFT on a fixed dS background. However,
the formalism is nonperturbative and applies to the entire
density matrix, opening the possibility of calculating
statistical quantities that are not accessible using previous
techniques.
The organization of this paper is as follows: In Sec. II,

we discuss simple models of quantum walks that capture
both conventional classical random walks and uniquely
quantum contributions. In Sec. III, we derive the exact RG
equations for light fields in dS. We then show how they
combine with time evolution to produce Lindbladian
evolution of the density matrix. In Sec. IV, we show
how our exact RG reproduces the equations for quantum
walks. Then, we derive stochastic inflation and its next-to-
leading order (NLO) corrections from our master equation,
and discuss how these techniques can be applied at next-to-
next-to-leading order (NNLO) and beyond. In Sec. V, we
demonstrate that dynamical RG in dS resums all UV logs.
We conclude in Sec. VI.

II. QUANTUM WALKS FOR COSMOLOGY

The evolution of a scalar field in de Sitter has long been
argued to (locally) resemble a random walk [5,6]. The
resulting stochastic approach is classical in nature, leaving
quantum mechanics responsible only for the microscopic
origin of the noise. The universe, of course, remains
quantum mechanical and ultimately the classical random
walk must be replaced with a quantum generalization. In
this section, we will present some simple quantum walks
that will serve as useful intuition for de Sitter space. The
models in this section are closely related to the literature on
quantum Brownian motion [47–49]; however, it is impor-
tant that the quantum walks relevant to cosmology are not
equivalent to these models and we will emphasize the
points of departure.

A. Density matrix of a Gaussian walk

We will imagine our system is split into a massive field
whose wave function in the position basis ΨðXÞ encodes
the random fluctuations of a N harmonic oscillators in their
ground states,
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ψðx⃗iÞ ¼
1

ð2πσ2Þ1=4 exp ð−x
2
i =ð4σ2ÞÞ: ð2:1Þ

In this regard, the location of heavy field X defines a pointer
basis [53] for the measurement of the oscillators. We can
implement a classical Gaussian random walk using this
quantum system as follows: for N ¼ 0, the initial state of
the walker is definitely at the origin,ΨðXÞ ¼ δðXÞ. We then
act on jΨi by a shift proportional to xi for each i ¼ 1;…; N:

jΨ; Ni ¼ eiP̂
P

i
x̂i jX ¼ 0i ⊗

Y
i

jψ ii: ð2:2Þ

The reduced density matrix for the walker after coupling to
N oscillators is given by

Trψ i
ρ ¼ ρNðX;X0Þ

¼
�Y

i

Z
dxijψðxiÞj2

�����X ¼
X
i

xi

��
X0 ¼

X
i

xi

����
ð2:3Þ

¼ δðX − X0Þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πσ2N

p expð−X2=ð2σ2NÞÞ: ð2:4Þ

The second line can be determined by solving Eq. (2.2) in
the momentum basis of the walker. This is mathematically
equivalent to a common derivation of probability distribu-
tion for N steps of a classical random walk using the
Fourier transform. Indeed, this is a classical random walk
for all practical purposes.
To gain intuition for our evolution equations, it is useful

to derive the master equation for the evolution of the
density matrix when increasing the number of harmonic
oscillators from N to N þ 1,

ρNþ1ðX;X0Þ ¼ TrxNþ1
½eiP̂x̂Nþ1ρN ⊗ jψihψ je−iP̂x̂Nþ1 �: ð2:5Þ

We can use this expression to derive an equation for the
time evolution in terms of T ¼ Ndt in the continuum limit
N → ∞ and dt → 0 while holding T and σ2N ¼ αT finite.
Taking the trace in the xNþ1-position basis and treating
xNþ1 ¼ Oðdt1=2Þwe can expand both sides toOðdtÞ to find

∂

∂T
ρ ¼ −

α

2
ðP̂2ρþ ρP̂2 − 2P̂ρP̂Þ: ð2:6Þ

In the X-position basis ρðX;X0; TÞ this becomes the differ-
ential equation

∂

∂T
ρðX;X0; TÞ ¼ α

2

�
∂
2

∂X2
þ ∂

2

∂X02 þ 2
∂
2

∂X∂X0

�
ρðX;X0; TÞ:

ð2:7Þ
Naively, one might expect the diagonal elements X ¼ X0 to
obey the classical heat equation, but this is not the case.

In fact, the density matrix is actually singular if we take
X ¼ X0, which suggests that we need to be more careful
solving for the density matrix, even when we expect it to be
diagonal.
The master equation for our walk is easier to solve in the

momentum representation of the density matrix, X → P
and X0 → P0, so that our evolution is given by

∂

∂T
ρðP;P0; TÞ ¼ −

α

2
ðP − P0Þ2ρðP;P0; TÞ: ð2:8Þ

We can directly solve this first-order ordinary differential
equation (ODE) to find

ρðP; P0; TÞ ¼ ρðP;P0; 0Þ exp
�
−
α

2
ðP − P0Þ2T

�
: ð2:9Þ

We can find the solution in the position basis by Fourier
transform,

ρðX;X0; TÞ ¼
Z

dPdP0

ð2πÞ2 eiPXe−iP
0X0
ρðP;P0; 0Þ

× exp

�
−
α

2
ðP − P0Þ2T

�
: ð2:10Þ

If we impose that ρðP;P0; 0Þ ¼ 1, directly integrating
reproduces Eq. (2.4).
We can gain a lot of useful intuition for these walks

rewriting our results in terms of the Wigner distribution
function,1

Wðx; pÞ ¼
Z

dΔxe−ipΔxρ
�
X ¼ xþ Δx

2
; X0 ¼ x −

Δx
2

�
:

ð2:11Þ

By direct calculation, our solution in Eq. (2.4) takes a
familiar form,

Wðx; p; TÞ ¼ expð−x2=ð2αTÞÞ: ð2:12Þ

We can bring this even closer to the classical description by
transforming the master equation for the density matrix,
Eq. (2.7), to an evolution equation for Wigner distribution.
Specifically, if we change variables to X;X0 ¼ x� Δx and
using the chain rule

∂

∂x
¼ ∂

∂X
þ ∂

∂X0 : ð2:13Þ

1We can also define the Wigner distribution starting from
momentum representation of the density matrix, ρðP;P0; TÞ, by
taking the inverse Fourier transform of P − P0 → x, while the
“momentum” of the Wigner representation becomes the other
linear combination Pþ P0 → 2p.
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This is the linear combination of derivatives in the
evolution of the density matrix, so that

∂

∂T
Wðx; p; TÞ ¼ α

2

∂
2

∂x2
Wðx; p; TÞ: ð2:14Þ

In this precise sense, we see that the Wigner distribution
obeys the heat equation for a Gaussian quantum walk in the
position basis. This is a strong hint that the Wigner dis-
tribution provides a more natural starting point for discus-
sing the evolution of these kinds of quantum walks.
None of the conclusions in this section should be

surprising, as we have simply translated a purely classical
random walk into quantum language. However, in antici-
pating the possibility of a more fundamentally quantum
system, it is useful to look at mathematically equivalent
(and still effectively classical walks) in other representa-
tions. For example, suppose our walk was defined in
momentum space so that one step of the walk shifts,

jΨ; Ni ¼ eiX̂
P

i
x̂i jP ¼ 0i ×

Y
i

jψ ii: ð2:15Þ

Following the above logic with P̂ → X̂, the density matrix
obeys the master equation in the position basis

∂

∂T
ρðX;X0; TÞ ¼ −

α

2
ðX − X0Þ2ρðP; P0; TÞ: ð2:16Þ

Of course, in terms of the Wigner distribution, using
X − X0 ¼ 2Δx, this is just the heat equation,

∂

∂T
Wðx; p; TÞ ¼ α

2

∂
2

∂p2
Wðx; p; TÞ: ð2:17Þ

In terms of Wigner distribution, both types of walks look
purely classical. In contrast, recognizing a classical walk
in terms of the density matrix directly requires picking the
right variables from the outset.

B. Quantum Brownian motion with a potential

Now we would like to introduce additional forces on
our quantum system. We start from the same Gaussian
walk for a quantum particle via N harmonic oscillators in
a bath, but now we will additionally immerse the walker,
X, in a deterministic potential VðXÞ. As a result, we have
the combined Hamiltonian of the walker and the harmonic
oscillators as

H ¼ P2

2M
þ VðXÞ þ P

X
i

xi: ð2:18Þ

We can understand this Hamiltonian using the operator
evolution equations, or the classical equations of motion,

Ẋ ¼ P
M

þ xi Ṗ ¼ −V 0ðXÞ: ð2:19Þ

This model is very similar to the Caldeira-Leggett
model [47] but we notice the noise directly in the position
variable, rather than a random force that appears in the
Ṗ equation of motion. If X → x and P → p were purely
classical statistical variables, we expect the classical phase
space probability distribution Wcðx; p; TÞ to follow the
Fokker-Planck equation

d
dT

Wcðx; p; TÞ ¼ α2
∂
2

∂x2
Wcðx; p; TÞ −

p
M

∂

∂x
Wcðx; p; TÞ

þ V 0ðxÞ ∂

∂p
Wcðx; p; TÞ: ð2:20Þ

Of course, X and P are operators and require a quantum
mechanical equivalent of this evolution equation. After
tracing over the harmonic oscillators, xi, the evolution of
the walker will be described by the evolution of the
reduced density matrix, ρR. We can write this evolution
using the Lindbladian formalism, so that

ρ̇R ¼ i½H; ρ� þ
X
μ

�
LμρL

†
μ −

1

2
fL†

μLμ; ρRg
�
; ð2:21Þ

where Lμ are the jump operators given by

Lμ ¼ iPihμjx̂j0ii: ð2:22Þ

The states jμii and j0ii are states of the ith harmonic
oscillator that we are tracing over at time t. The jump
operator is nonzero only for the first excited state,

Lμ¼1 ¼ iPα α ¼ h1jx̂j0i ¼
ffiffiffiffiffiffiffiffiffiffi
1

2mω

r
¼ σ; ð2:23Þ

and the Lindbladian evolution is therefore

ρ̇R ¼ −i½H; ρ� − α2ðp − p0Þ2ρ

¼ −i
�
p2

2M
−
p02

2M

�
ρ − iðVðxÞ − Vðx0ÞÞρR

− α2ðp − p0Þ2ρR: ð2:24Þ

To compare to the classical probability distribution, we
transform to the Wigner representation

∂W
∂t

¼ α2
∂
2W
∂x2

− i

�
V

�
xþ i

2
∂p

�
− V

�
x −

i
2
∂p

��
W

−
p
M

∂W
∂x

: ð2:25Þ

Expanding around the extremum where ∂p is small, we
get that
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V

�
xþ i

2
∂p

�
− V

�
x −

i
2
∂p

�

¼ i
∂

∂p
V 0ðxÞ − i

24

∂
3

∂p3
V 000ðxÞ þ � � � ð2:26Þ

and thus we have

∂W
∂t

¼ α2
∂
2W
∂x2

−
p
M

∂W
∂x

þ V 0ðxÞ ∂W
∂p

−
V 000ðxÞ
24

∂
3W
∂p3

þ � � � :

ð2:27Þ

Comparing this to the classical phase space distribu-
tion (2.20), we see that we get higher order derivatives
in p purely due to a quantum effect. These terms are
suppressed by powers of ℏ.

C. A walk for stochastic inflation

Having introduced quantum walks with a potential, the
final ingredient required for building intuition for cosmol-
ogy is introduction of friction for the walker, X. This is
straightforward in the Langevin description of a classical
walk but is much more involved for a quantum walk.
However, we have seen that quantum walks end up looking
like classical walks in phase space when using the Wigner
distribution. We will therefore consider a classical walk
with friction that will reproduce key features of our
quantum walk for the dS density matrix.
In the presence of friction, the general Langevin equation

for a classical walker takes the form

ẋ ¼ p
m
þ ξ1 ṗ ¼ −γp − V 0ðxÞ þ ξ2; ð2:28Þ

where γ > 0 controls the friction. For most of Newtonian
physics applications, one considers Langevin equations
with ξ1 ¼ 0. Such a system of equations describes random
forces due to thermal baths, and the equilibrium probability
distribution is the Maxwell-Boltzmann distribution

Weqðx; pÞ ∝ exp

�
−β

�
p2

2m
þ VðxÞ

��
: ð2:29Þ

This is not the kind of walk that describes fields in de Sitter.
Instead, we should consider a Langevin system where the
noise is only in x rather than in p, ξ1 ≠ 0 and ξ2 ¼ 0. In
other words, we want to study the following walk:

ẋ ¼ p
m
þ

ffiffiffiffiffiffiffi
2D

p
ξ ṗ ¼ −γp − V 0ðxÞ; ð2:30Þ

which represents a particle in an external potential, with
friction in p characterized by γ and kicks in x characterized
by D. As we will see, even at ℏ → 0, this equation
reproduces key features that we will encounter in stochastic
inflation. The phase space probability distribution, Wc, at

leading order, evolves as

dWc

dt
¼ D

d2Wc

dx2
þ d
dp

ðγpWc þ V 0ðxÞWcÞ −
p
m
dWc

dx
:

ð2:31Þ

In order to solve this system, we will consider the over-
damped limit γ ≫ 1=t, and will derive the solutions as a
series in this limit. We assume that at leading order, the
background value x is fixed while p fluctuates to come to
equilibrium around a given value of x. The expectation
value of p is described by

d
dt

hpix ¼ −γhpix − V 0ðxÞ: ð2:32Þ

The solution is

hpix ¼ e−γthpð0Þix −
Z

t

0

ds eγðs−tÞV 0ðxÞ

¼ e−γthpð0Þix −
V 0ðxÞ
γ

ð1 − e−γtÞ; ð2:33Þ

where we are treating VðxÞ as time independent at
leading order. We see that in the overdamped limit,
hpix → −V 0ðxÞ=γ. Now, we can solve for the probability
distribution of x. Integrating over p and substituting hpix,
we get the Fokker-Planck equation for x,

dPðxÞ
dt

¼ D
d2PðxÞ
dx2

þ d
dx

�
V 0ðxÞ
mγ

PðxÞ
�
; ð2:34Þ

and hence the equilibrium distribution for x given by

PeqðxÞ ¼ Ae−VðxÞ=mγD: ð2:35Þ

We would also like to construct the equilibrium solution
for the full phase space distribution, i.e., the equilibrium
solution for (2.31). However, unlike the case for the Gibbs
distribution, we do not have an analytic solution for generic
VðxÞ. However, a closed form solution does exist for
quadratic VðxÞ. Writing the potential as VðxÞ ¼ 1

2
kx2,

we see that the equilibrium probability distribution is
given by

Weq ¼ α expðAx2 þ Bxpþ Cp2Þ; ð2:36Þ

where

A ¼ −
γ

2D
; B ¼ −

γ2

kD
; C ¼ −

γ

2mkD
−

γ3

2k2D
:

ð2:37Þ

Explicitly, we have
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Weq ∝ exp

�
−

γ

2D
x2 −

γ2

Dk
xp −

γ

2kD

�
1

m
þ γ2

k

�
p2

�
:

ð2:38Þ

On integrating out p, we get

PðxÞ ¼ A exp

�
−

1
2
kγ

kDþDγ2m
x2
�
: ð2:39Þ

Writing this in the form P ∝ expð−VeffðxÞ=mγDÞ, we see
that the effective potential is given by

Veff ¼
1

2
kx2 −

1

2

k2x2

mγ2
þ � � � ð2:40Þ

where the expansion is in k=mγ2 ≪ 1. We see that even in
the case of a Gaussian theory, the momentum will induce a
nontrivial effect on the nonperturbative probability distri-
bution of the position, and in particular on the tails. Finally,
we note that our equilibrium solution is quite different from
the thermal Gibbs distribution, which cleanly factorizes out
as expð−βðp2=2mþ VðxÞÞÞ. We will comment more on
this in the next sections.

1. Corrections to the effective potential

Having provided the leading-order solution for the
evolution equation for PðxÞ, we want to understand the
next-order correction. We can do this in the Langevin
picture,

ṗ ¼ −γp − V 0ðxÞ; ẋ ¼ p
m
þ

ffiffiffiffiffiffiffi
2D

p
ξðtÞ: ð2:41Þ

Formally, we can solve this via

pðtÞ ¼ −
Z

dse−γðt−sÞV 0ðxðsÞÞ

¼ −
Z

dse−γðt−sÞV 0ðxðtÞÞ

−
Z

dse−γðt−sÞðs − tÞV 00ðxðtÞÞẋðtÞ þ…: ð2:42Þ

Using the Langevin equations to substitute ẋ in terms of p,
we get

p ¼ −
V 0ðxÞ
γ

−
V 0ðxÞV 00ðxÞ

mγ3
þ V 00ðxÞ

γ2
ffiffiffiffiffiffiffi
2D

p
ξðtÞ þ…:

ð2:43Þ

So, substituting this back into the equations for x, we get

ẋ ¼
ffiffiffiffiffiffiffi
2D

p
ξðtÞ

�
1þ V 00ðxÞ

mγ2

�
−
�
V 0ðxÞ
mγ

þ V 0ðxÞV 00ðxÞ
m2γ3

�
:

ð2:44Þ

Using the Stratonovich convention, we see that this trans-
lates into the Fokker-Planck equation,

∂P
∂t

¼ D
∂

∂x

��
1þ V 00

mγ2

�
∂

∂x

�
1þ V 00

mγ2

�
PðxÞ

�

þ ∂

∂x

�
V 0ðxÞ
γ

þ V 0ðxÞV 00ðxÞ
mγ3

�
P: ð2:45Þ

For the harmonic case, we get that

∂P
∂t

¼D

�
1þ k

mγ2

�
2 ∂

2P
∂x2

þ ∂

∂x

��
kx
mγ

þ k2x
m2γ3

�
P

	
: ð2:46Þ

For a Fokker-Planck equation of the form (2.34), the
equilibrium solution is given by

Peq ∝ exp

�
−

Veff

mγD

�
: ð2:47Þ

Thus, for the harmonic case, since we have that our
effective diffusion in the Fokker-Planck equation is
D0 ¼ Dð1þ k

mγ2
Þ2, we get that Veff is given by

Veff ¼
1

2
kx2

�
1þ k

mγ2

��
1− 2

k
mγ2

�
¼ 1

2
kx2

�
1−

k
mγ2

�
;

ð2:48Þ

which matches the harmonic effective potential in (2.40). In
Sec. IV, we will use a morally equivalent procedure to
derive similar corrections to stochastic inflation.

2. Comments on the equilibrium distribution

While we have a stationary (time-independent) solution,
it is crucially different from the Gibbs distribution, which
exhibits detailed balance. Detailed balance tells us that
there are no probability currents, and that forward and
backward transition rates are equally likely

dPi

dt
¼

X
Wðj → iÞPj −

X
Wði → jÞPi ¼ 0

Wðj → iÞPj ¼ Wði → jÞPi ∀ i; j: ð2:49Þ

This is the statement of microscopic time reversibility.
However, for our stationary solution, time reversibility and
hence detailed balance is manifestly broken, and we have
nonzero currents which tell us the preferential probability
flow. Writing
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dP
dt

¼ −∇ · J ¼ −ð∂xJx þ ∂pJpÞ; ð2:50Þ

we get

Jx ¼
p
m
W −D

∂W
∂x

; Jp ¼ −γpW − V 0ðxÞW: ð2:51Þ

Evaluating the currents for our equilibrium solution in
Eq. (2.38), we get

Jx ¼
�
γxþ γ2p

k
þ p
m

�
Weq; Jp ¼ −γ

�
pþ V 0ðxÞ

γ

�
Weq:

ð2:52Þ

We can rewrite this, in our small parameter limit k ≪ mγ2, as

Jx ¼
γ2

k

�
pþ V 0ðxÞ

γ

�
Weq; Jp ¼ −γ

�
pþ V 0ðxÞ

γ

�
Weq:

ð2:53Þ

We thus see that whenever we are off the momentum saddle
point axis p ¼ −V 0ðxÞ=γ, we get a nonzero current.
However, on integrating out p, we constrain ourselves to
flow along this axis. Thus, the reduced one-dimensional
Fokker-Planck equation

dP
dt

¼ D
d2PðxÞ
dx2

þ d
dx

�
V 0ðxÞ
mγ

PðxÞ
�

ð2:54Þ

does satisfy detailed balance at equilibrium, as expected.
Thus, stochastic inflation represented in the flat Friedmann-
Robertson-Walker (FRW) slicing has an arrow of time
given by nonzero currents when the observer has access to
the full phase space distribution.

III. EXACT RG AND THE DENSITY MATRIX

We would now like to take our intuition from quantum
walks and apply it to the reduced density matrix of the long
wavelength modes in de Sitter. Specifically, we will be
constructing a density matrix

ρR½φþðx⃗Þ;φ−ðx⃗Þ; t� ¼ TrΦρ½ϕþ;ϕ−�; ϕ� ¼ φ� þΦ;

ð3:1Þ

where φðx⃗; tÞ is a local field defined in terms of the Fourier
modes ϕðk⃗; tÞ with k < aH and Φðx⃗; tÞ is the local field
composed of the hard modes with k ≥ aH that we want to
trace over.
We have intuition from RG flow and EFT that suggests

that the evolution of the reduced density matrix can be
understood as the exact RG for the density matrix ρ½ϕþ;ϕ−�
after integrating out a shell of modes with k∈ ½Λ;Λþ δΛ�

where Λ > aH. For purely long wavelength observables,
we are going to trace over all the short modes anyway
and ρR is independent of Λ ≫ aH, and plays the same role
as the Euclidean partition function of an exact RG in flat
space [40]. However, because of the expansion of the
Universe, modes that are in ρRðtÞ would not have been in
ρRðt0Þ for t0 ≪ t. Therefore, understanding dynamical RG
(RG plus time evolution) introduces subtleties beyond the
usual exact RG. Nevertheless, we will find that by follow-
ing analogous exact RG treatment for the density matrix in
flat space [33,41] (see also Refs. [54,55]), we can derive the
evolution of the density matrix in dS under time evolution.
Our approach is related to previous work deriving the
stochastic formalism using functional/exact RG [56–59].

A. Setup

We will start from the density matrix associated with
the UV field ϕ, ρ½ϕþ;ϕ−�. This field is defined up to some
physical cutoff Λ0. Our interest is not the UV density
matrix, but instead the reduced density matrix of the long
distance modes. We can do this at the level of the path
intergal by integrating out shells of momentum down to an
effective cutoff aH < Λ < Λ0. The density matrix of the
IR field, φ, can be defined as a path integral over
the contour γ ∈ ð−∞ð1 − iϵÞ; t0� ∪ ½t0;−∞ð1þ iϵÞ with
the boundary condition φðx⃗; t� → t0Þ ¼ φ�ðx⃗Þ where
tþ ∈ ð−∞ð1 − iϵÞ; t0� and t− ∈ ½t0;−∞ð1þ iϵÞ�. We then
express the density matrix in terms of the action as

ρR½φþ;φ−� ¼
Z
γ
DφT exp ðiS0 þ iSint þ iS∂Þ;

S0½φðx⃗; tÞ;Λ�≡
Z
γ
dta3ðtÞ

Z
d3k
ð2πÞ3

1

2
∇μφðk⃗; tÞK−1

×

�
k2

Λ2

�
∇μφðx⃗; tÞ; ð3:2Þ

where Λ is the scale where we integrate out the short modes
to define an EFT. The UV density matrix, ρ½ϕþ;ϕ−� is
defined in the same way, but with Λ ¼ Λ0. Our goal is to
show that in integrating out a shell ½Λ;Λþ ΔΛ�, the form
of the density matrix does not change.
We will define ∇μ as the covariant derivative and

∇2 ¼ ∇μ∇μ. To simplify notation, when acting on Fourier
modes, it is implied that we also Fourier transformed the
derivative, so that (for example)

∇μ∇μfðk⃗; tÞ≡
�
∂
2

∂t2
þ 3H

∂

∂t
þ k2

a2

�
fðk⃗; tÞ: ð3:3Þ

The additional terms in the action SI and S∂ are the bulk
interaction and boundary terms respectively. The reduced
density matrix will then be traced over all modes with
k > aH so we will have Λ ≥ aHðtÞ.
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For the density matrix, a boundary term is always
required in order to have a well-defined action principle.
At the quadratic level, this implies

S0;∂ ⊃ −
Z

d3xa3ðtÞ 1
2
ðφþK−1φ̇ðt0;þÞ − φ−K−1φ̇ðt0;−ÞÞ;

ð3:4Þ

where t0;� means we evaluate the derivative with respect
to t� and then take t� → t0.

B. Integrating out

Now we will proceed to integrate out a shell of momen-
tum. Because we are performing the path integral over
t < t0, any change to the density matrix as we change Λ
must arise from fields at time t. We will show that all such
effects can be captured by the boundary action, S∂ so that

∂

∂s
ρR½φþ;φ−; t� ¼ i

Z
γ
Dφ

�
∂

∂s
S0 þ

∂

∂s
SI þ

∂

∂s
S∂

�

× exp ðiS0 þ iSint þ iS∂Þ ¼ 0; ð3:5Þ

where s≡ logΛ. As in the case of exact RG, we are looking
to define the change to the interaction and boundary terms
that will make the vanishing of this expression manifest. At
this stage, Eq. (3.5) is a conjecture, as we must demonstrate
that any dependence of the density matrix on Λ can be
absorbed into S∂.
The key idea is to use our knowledge of the quadratic

(bulk) action to simplify this expression. In order to simplify
the notation, we will suppress the integral over Fourier
modes and isolate the integration over time. Quantities that
are integrated over same time variable we will write in the
compact notation

f � g≡
Z

dtfðtÞgðtÞ;

f �H � g≡
Z

dt
Z

dt0 fðtÞHðt; t0Þgðt0Þ: ð3:6Þ

Wewill keep track of time integration in this way in order to
isolate the effect of the nontrivial boundary conditions
imposed at t ¼ t0;�.

1. Quadratic terms

Now we can use our knowledge of the free theory to
write

∂

∂s
S0 ¼

1

2

δ

δφ
S0 �G0 � δ

δφ
S0 þ δS∂;2; ð3:7Þ

where we defined the Green’s function Gðt; t0Þ so that

G−1 ¼ K−1∇μ∇μ; G−1G ¼ a−3ðtÞδðt − t0Þδðx⃗ − x⃗0Þ;

G0 ¼ ∂

∂s
G ¼

�
∂

∂s
K

�
G: ð3:8Þ

The boundary term δS∂;2 is determined using integration by
parts. Specifically, we can write

∂

∂s
S0 ¼ a3ðtÞ K

0

K2
φ∇2φ ¼ ðK−1φ∇2Þ � G0 � ðK−1∇2φÞ;

ð3:9Þ

using the definition of the Green’s function. The correction
to the quadratic boundary term comes from integrating
Eq. (3.9) by parts until it takes the form of Eq. (3.7).
Defining S̄0 ¼ S0 þ S0;∂ and using

δ

δφ
S̄0 ¼ K−1a3ðtÞ∇2φ; ð3:10Þ

we can see that

δ

δφ
S̄0 � G0 � δ

δφ
S̄0 ¼ K−1φ∇2 � G0 � K−1∇2φ − K−1ð∇0φG0 − φ∇0G0Þjt0;þt0;− � δ

δφ
S̄0: ð3:11Þ

As written yet, this is not a boundary term because it still involves a time integral through the δφS̄0 term. Fortunately we can
integrate the second term by parts, and after simplification we find that only a boundary term remains of the form
δS∂;0 ¼

R
d3xa6ðt0ÞK−2 1

2
fðφÞ where

f ¼ ðφ− − φþÞð∇tG0ðtþÞ∇t0φðt−Þ −∇tG0ðt−Þ∇t0φðtþÞ −∇t∇t0G0ðφ− − φþÞÞ
−ð∇tφðt−Þ −∇tφðtþÞÞðG0ð∇tφðt−Þ −∇tφðtþÞÞ −∇t0G0ðtþÞφ− þ∇t0G0ðt−ÞφþÞ: ð3:12Þ

In writing this expression, we anticipated that
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iG0ðt; t0; p⃗Þjt¼t0¼t0 ≡ Δ0ðpÞ;
i∇t∇t0Gðt; t0; p⃗Þt¼t0¼t0 ≡ Δ2ðpÞ ð3:13Þ

are independent of taking t� → t0. To determine the
remaining terms, we note that Gðt; t0; p⃗Þ is the path ordered
Green’s function along γ,

G0ðt; t0; p⃗Þ ¼ ihTγφðp⃗; t1Þφð−p⃗; t2Þi0

¼ i
dK
ds

H2

2p3
ð1 − ipτ1Þð1þ ipτ2Þeipðτ1−τ2Þ;

ð3:14Þ
where t1 (t2) is the early (late) time along the contour γ and
τi is the conformal time associated with physical time ti. As
a result, we have, for the massless field

Δ0ðp; t0Þ ¼ iG0 ¼ iG0ðt0; t0; p⃗Þ ¼ −
∂K
∂s

H2

2p3
ð1þ τ20p

2Þ;

ð3:15Þ

Δ2ðp; t0Þ ¼ ∂t∂t0 iG0ðt0; t0; p⃗Þ ¼ −
∂K
∂s

H4

2p3
τ40p

4: ð3:16Þ

The single derivatives depend on the order, and the order of
limits that we take as t; t0 → t0 matters, and we find

i∂tG0ðt; t0; p⃗Þjt¼t� ¼ i∂0tG0ðt0; t0; p⃗Þjt0¼t∓

¼ −
∂K
∂s

H3

2p3
ðτ20p2Þð1� iτ0pÞ

≡ ΔR � iΔI; ð3:17Þ
where

ΔR ¼ −K0 H
3

2p3
ðp2τ20Þ;

iΔI ¼ iK−1K0 H
3

2p3
ðτ30p3Þ ¼ −i

K0

2a3
: ð3:18Þ

The final result is that

if ¼ −Δ2ðφ− − φþÞ2 − Δ0ð∇tφðt−Þ −∇tφðtþÞÞ2
þ ΔRfðφþ − φ−Þ; ð∇tφðt−Þ −∇tφðtþÞÞg
þ iΔI½ðφ− − φþÞð∇tφ− þ∇tφþÞ
− ð∇tφ− −∇tφþÞðφþ þ φ−Þ�: ð3:19Þ

These additional quadratic terms will play a significant role
in stochastic inflation.
The corrections to the boundary action will be given two

different interpretations but are equivalent. The first, in
precise analogy with exact RG, is that we change the
quadratic boundary action to absorb this term

∂

∂s
S∂ ⊃ −if: ð3:20Þ

This interpretation is most useful when discussing the
resummation of logs in the sense of RG flow. Although this
is a local boundary term, it is unfortunately not equivalent
to unitary evolution. Specifically, we have mixed φþ − φ−
terms that we associate with open quantum systems. The
second, and more typical, interpretation of the boundary
terms is to treat them as a change to the density matrix,

∂

∂s
ρR ⊃ ifρR: ð3:21Þ

Here if is a local superoperator in the φ� basis. This
interpretation will be most useful for describing the density
matrix during stochastic inflation.
Finally, the running of the required quadratic boundary

terms of the action will also contribute a correction to the
density matrix via

∂

∂s
S0;∂ ¼ a3ðtÞK

−2

2

�
∂K
∂s

�
ðφþ∇tφþ − φ−∇tφ−Þ: ð3:22Þ

Using the observation that

ΔI ¼
H3τ30
2

∂K
∂s

¼ −
∂K
∂s

1

2a3
; ð3:23Þ

we can rewrite

i
∂

∂s
S0;∂ ¼ a6ðtÞΔIK−2ðφþ∇tφþ − φ−∇tφ−Þ: ð3:24Þ

Since ½φ;∇tφ� ≠ 0we need to prescribe a time ordering. The
correct time ordering is the symmetrized one, which gives

i
∂

∂s
S0;∂ ¼ a6ðtÞΔI

K−2

2
ðφþ∇tφþ þ∇tφþφþ

− φ−∇tφ− −∇tφ−φ−Þ: ð3:25Þ

Now we can combine all the terms to find

�
1

2
if þ iK2

∂

∂s
S0;∂

	
¼ −

1

2
Δ2ðφ− − φþÞ2 −

1

2
Δ0ð∇tφðt−Þ −∇tφðtþÞÞ2

þ 1

2
ΔRfðφþ − φ−Þ; ð∇tφðt−Þ −∇tφðtþÞÞg − iΔIð∇tφðt−Þ −∇tφðtþÞÞðφþ þ φ−Þ:
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Overall, we find that the evolution of the density matrix due
to the quadratic terms takes the form

∂

∂s
ρR ⊃ ia6K−2 f

2
ρR þ ∂S0;∂

∂s
; ð3:26Þ

where we have suppressed the implicit momentum integral.

2. Interaction terms

After determining the quadratic boundary terms, we then
proceed to use the Schwinger-Dyson (SD) equations to
eliminate S0. Specifically, at the operator level, the SD
equations reflect our ability to integrate by parts so that

i
Z
γ
Dφ

�
O

δ

δφ
S0

�
eiðS0þSIÞ

¼ −
Z
γ
Dφ

�
iO

δ

δφ
SI þ

δ

δφ
O
�
eiðS0þSIÞ; ð3:27Þ

where SI ¼ Sint þ S∂. This equation holds for φðt ≠ t0Þ
because we are integrating over all fields up to the boundary
conditions at t0. One should worry about the potential
contributions at t ¼ t0; fortunately these are manifestly
pure boundary terms and can be determined directly.
At this stage, there is no practical difference between

the dS and the flat space in-in or density matrix calcula-
tions [33,41], other than the precise form of G. Therefore,
we apply the SD equations repeatedly, to write

1

2

δS0
δφ

⋆G0⋆
δS0
δφ

¼ −
1

2

Z
γ
dt

�
δ2S0
δφδφ

G0ðt; tÞ
�
þ 1

2

δS0
δφ

⋆G0⋆
δSI
δφ

¼ 1

2

Z
γ
dt

�
δ2SI
δφδφ

G0ðt; tÞ
�
−
1

2

δSI
δφ

⋆G0⋆
δSI
δφ

−
1

2

Z
γ
dt

�
δ2S0
δφδφ

G0ðt; tÞ
�
: ð3:28Þ

The term on the last line is a constant and just contributes to
the overall normalization of ρ (which is fixed, in principle,
by the trace condition, Tr ρ ¼ 1). What remains are the two
(well-known) contributions to the effective action from
integrating out a shell of momentum, namely

∂

∂s
SI ¼ −

1

2

Z
γ
dt

�
δ2SI
δφδφ

G0ðt; tÞ
�
þ 1

2

δSI
δφ

⋆G0⋆
δSI
δφ

:

ð3:29Þ

The first term is purely a local function of t because there is
a single integral and therefore contributes only to Sint. The
second term includes both local and boundary terms.
Specifically, because G0ðt; tÞ is exponentially suppressed

in t − t0 (or, as we will see, t − t0 or t0 − t0), we can Taylor
expand and integrate to generate local operators.
However, since the local action can only involve oper-

ators in one of the γþ ¼ tþ ∈ ð−∞ð1 − iϵÞ; t0� or γ− ¼
t− ∈ ½t0;−∞ð1þ iϵÞ� regions, we may still have terms
mixing tþ and t− that do not arise in the bulk action,
see Fig. 1 for illustration. Therefore, defining

Sint;� ¼
Z
γþ
dt�L; ð3:30Þ

the correction to the bulk (local) action is

∂

∂s
Sint;� ¼ −

1

2

Z
γ
dt

�
δ2Sint;�
δφδφ

G0ðt�; t�Þ
�

þ 1

2

δSint;�
δφ

⋆G0
�;�⋆

δSint;�
δφ

: ð3:31Þ

Allowing for a boundary action S∂ðφþ;φ−Þ, we then find
boundary terms

∂

∂s
S∂;int ¼

δSint;þ
δφ

⋆G0þ;−⋆
δSint;−
δφ

: ð3:32Þ

It will generally be the case that Gþ;− is exponentially
suppressed in t� − t0 and therefore

∂

∂s
S∂;int ¼

Z
d3x

X
i;j

Oþ;iO−;j; ð3:33Þ

where O� are local operators of φðt�Þ defined at t� → t0
respectively that can be derived from the Taylor expansion
of Eq. (3.32) at tþ ¼ t− ¼ t0. We see this term necessarily
mixes φðt�Þ and therefore is not associated with conven-
tional Hamiltonian evolution. However, because this is a
pure boundary term, it can be interpreted as a redefinition of
the operators at t0.
Like the quadratic boundary terms another way to

interpret mixed boundary terms is through the evolution
of the density matrix. Specifically, S∂ acts as a superoperator
on density matrix and therefore can be incorporated through
the master equation

FIG. 1. The equation for the evolution of the effective action
under dynamical RG. The key difference between this diagram-
matic representation and conventional exact RG is that the times t
and t0 are not necessarily on the same branch of the Schwinger-
Keldysh contour, giving rise to additional boundary terms.
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∂

∂s
ρR ⊃

X
i;j

Z
d3xOþ;iρRO−;j ≡ $intρR; ð3:34Þ

where $int is the superoperator in the Kraus representation.
In this representation, all corrections to the effective action
in Sint can be derived from any observable as they do not
depend on t0 or the fact that this is an in-in correlator. All
terms specific to the in-in correlator at t0 contribute to the
evolution of the density matrix.
While the presence of the additional boundary terms

will be important for cosmological applications, such as

stochastic inflation, it is important to note that they are
needed in flat space when matching correlators [33]. The
fact that they do not appear in matching S-matrix elements
is a consequence of the fact that they can represent field
redefinitions between the UV and IR descriptions.

3. Full density matrix RG

To summarize the exact RG calculation, integrating out a
shell of momenta introduces a differential change to the
reduced density matrix of the long wavelength modes,

∂ρR
∂s

¼
Z

d3p
ð2πÞ3 a

6ðtÞiK−2
�
1

2
fðφÞρR þ ∂S0;∂

∂s

	

¼
Z

d3p
ð2πÞ3 a

6ðtÞK−2
�
−
1

2
Δ2ðφ− − φþÞ2 −

1

2
Δ0ð∇tφðt−Þ −∇tφðtþÞÞ2

þ 1

2
ΔRfðφþ − φ−Þ; ð∇tφðt−Þ −∇tφðtþÞÞg − iΔIð∇tφðt−Þ −∇tφðtþÞÞðφþ þ φ−Þ

	
ρR þ $intρR; ð3:35Þ

where $int are higher order local terms defined in Eq. (3.34). We can further simplify the quadratic terms in this equation by
recognizing that

a3ðtÞK−1∇tφðtþÞρR ¼ −i
δ

δφðtþÞ
ρR a3ðtÞK−1∇tφðt−ÞρR ¼ i

δ

δφðt−Þ
ρR; ð3:36Þ

leading to

∂ρR
∂s

¼ 1

2

Z
d3p
ð2πÞ3

�
Δ0

�
δ

δφþ
þ δ

δφ−

�
2

− a6K−2Δ2ðφ− − φþÞ2

þ i
a3

K
ΔR



ðφþ − φ−Þ;

�
δ

δφþ
þ δ

δφ−

��
þ 2

a3

K
ΔI

�
δ

δφþ
þ δ

δφ−

�
ðφþ þ φ−Þ

	
ρR þ $intρR: ð3:37Þ

Here it will be important that this is a functional equation as we have suppressed the momentum, φ ¼ φðp⃗Þ.
At this point, it is instructive to compare this to the random walks that we have built intuition for in Sec. II. Schematically,

the quadratic terms (i.e. dropping $int) in our evolution equation are of the form

∂ρR
∂s

¼ Δ0

�
∂

∂x
þ ∂

∂x0

�
2

ρR þ Δ2ðx − x0Þ2ρ − iΔR

�
∂

∂x
þ ∂

∂x0

�
ðx − x0ÞρR

þ ΔI

2

�
∂

∂x
þ ∂

∂x0

�
ðxþ x0ÞρR: ð3:38Þ

As we commented on earlier, it is easier to gain intuition for random walks in the Wigner phase space formalism.
Transforming the above equation to the Wigner representation, we get

∂W
∂t

¼ Δ0

∂
2

∂x2
W þ Δ2

∂
2

∂p2
W þ ΔR

∂
2

∂x∂p
W þ ΔI

∂

∂x
ðxWÞ: ð3:39Þ

Looking at this equation, we can quickly identify what the differentΔ represent. TheΔ0,Δ2 terms represent the diffusion in
x, p, while theΔR term tells us about the degree of correlation between the two sources of diffusion. TheΔI term, represents
a quantum drift and arises from the fact the conjugate momentum to φ depends on K, and hence Λ. All in all, we see clearly
how on integrating out a shell of momenta, we recreate the key structure of random walks. However, it is essential for our
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discussion that Eq. (3.37) is a functional equation and not
an ODE [i.e. it is a differential equation for φðk⃗Þ]. There
remains much work to translate the RG equation into the
partial differential equations that describe stochastic
inflation.

C. Combining time evolution and RG

The actual problem of interest is to integrate in a shell of
comoving momentum p∈ ½Λ;Λþ ΔΛ� and evolve forward
in time aðtÞ → aðtþ δtÞ ≈ aðtÞð1þHδtÞ so that the physi-
cal UV cutoff is unchanged,

Λphys ¼
Λ
aðtÞ ¼

Λþ δΛ
aðtþ δtÞ → δt ≈H−1 δΛ

Λ
: ð3:40Þ

The nature of this transformation is illustrated in Fig. 2.
Under time evolution the reduced density matrix evolves
according to

d
Hdt

ρR ¼ ∂

H∂t
ρR þ ∂

∂s
ρR; ð3:41Þ

where s ¼ logΛ as before. The first term is just the
Hamiltonian evolution. Assuming our scalar field is a
canonical field evolving on a potential, the Hamiltonian
for the action (3.2) with a potential is

Ĥ ¼
Z

d3p
ð2πÞ3

�
K

�
p2

Λ2

��
1

2a3
Π̂2

	

þK−1
�
p2

Λ2

��
a3

2

ð∇φÞ2
a2

	
þ a3VðφÞ

	
þ ĤEFT; ð3:42Þ

where ĤEFT includes any higher derivative terms. The
Hamiltonian is responsible for time evolution in the usual
way,

∂

∂t
ρR ¼ −i½Ĥ; ρR�: ð3:43Þ

Writing this in the φ� basis, and dropping HEFT for now,
we find

ρ̇R ¼
Z

d3p
ð2πÞ3

�
iK
2a3

�
δ2

δφ2þ
−

δ2

δφ2
−

�
−
ia3

2K

�ð∇φþÞ2
a2

−
ð∇φ−Þ2

a2

�
− ia3ðVðφþÞ − Vðφ−ÞÞ

	
ρR: ð3:44Þ

Now, we can combine one step of RG and one step of time evolution to get one step of dynamical RG,

d
dt

ρR ¼ H
2

Z
d3p
ð2πÞ3

�
Δ0

�
δ

δφþ
þ δ

δφ−

�
2

−
a6

K2
Δ2ðφ− − φþÞ2

þ i
a3

K
ΔR



ðφþ − φ−Þ;

�
δ

δφþ
þ δ

δφ−

��
þ 2

a3

K
ΔI

�
δ

δφþ
þ δ

δφ−

�
ðφþ þ φ−Þ

	
ρR

þ
Z

d3p
ð2πÞ3

�
iK
2a3

�
δ2

δφ2þ
−

δ2

δφ2
−

�
ρR −

ia3

2K

�ð∇φþÞ2
a2

−
ð∇φ−Þ2

a2

�
ρR

− ia3ðVðφþÞ − Vðφ−ÞÞρR
	
− i½HEFT; ρR� þ $intρR: ð3:45Þ

For completeness, we reintroduced ĤEFT arising from the higher derivative contributions to Seff , and $int is the interaction
superoperator defined in Eq. (3.34). In practice, these terms will not play a meaningful role in stochastic inflation at leading or
subleading order. Therefore, we will drop ĤEFT and $int from our analysis. The remaining terms play the dominant role in the
exact RG equation for the density matrix that we will analyze in the majority of the paper.

D. From modes to local observables

One of the key issues in understanding the evolution of the density matrix is determining the operators that represent the
long distance observations. To illustrate this issue and how it relates to the density matrix, let us first assume that we are in a
free theory so that Sint ¼ 0. Due to the boundary terms, the density matrix still evolves according to

∂

∂s
ρR ⊃

Z
d3p
ð2πÞ3Δ0ðpÞ

�
∂

∂φþðp⃗Þ
þ ∂

∂φ−ðp⃗Þ
��

∂

∂φþð−p⃗Þ
þ ∂

∂φ−ð−p⃗Þ
�
ρR½φþ;φ−�; ð3:46Þ

FIG. 2. The combination of RG and time evolution. The
combined transformation holds the scale of the comoving cutoff,
aH, fixed.
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where φþ and φ− are the complete set of Fourier modes
with p; q < ΛðtÞ. However, since Δ0ðpÞ only has support
over a range of momenta p∈ ½Λ;Λþ ΔΛ�, the right-hand
side is a diffusion term only for modes near the cutoff.
Concretely, dropping the other terms, we would get a
diffusion equation of the form

∂

H∂t
ρR ¼ δðp − ΛðtÞÞ

�
∂

∂φþðp⃗Þ
þ ∂

∂φ−ðp⃗Þ
�

×

�
∂

∂φþð−p⃗Þ
þ ∂

∂φ−ð−p⃗Þ
�
ρR: ð3:47Þ

Assuming the initial density matrix is a product between
the UVand the IR modes, ρ0 ¼ ρ0ðφþ;φ−Þ ⊗ ρ0ðΦþ;Φ−Þ,
then after time t > t0, we will have

ρRðφþ;φ−Þ ¼ TrΦρðϕþ ¼ φþ þΦ;ϕ− ¼ φ− þΦÞ
¼ ρ0ðφþ;φ−Þ: ð3:48Þ

In other words, our diffusion equation does not couple
modes and therefore cannot change the state of the long
wavelength modes, including generating a mixed state from
a pure state. This is true of all of the quadratic boundary
terms. Of course, this is a trivial statement in terms of the
wave function for a free theory,

Ψ½ϕ; t� ¼ Z exp

�
i
Z

d3k
ðaHÞ3
2H2

�
k2

ðaHÞ2 þ i
k3

ðaHÞ3
�

× ϕð−k⃗Þϕðk⃗Þ
�

¼
Y
k

ψ ½ϕðk⃗Þ�: ð3:49Þ

Here we are making the well-known observation that in a
free translationally invariant theory, the Fourier modes are
all independent and the wave function is a product state
over these modes. As a result, tracing over any set of UV
Fourier modes cannot create a mixed state for the remaining
IR modes.
The description in terms of stochastic inflation and the

resulting mixed state for the universe is therefore not just
the result of integrating out short distance physics but also
limiting our measurements to a local region. A common
approach is to trace over the region outside of a sphere [60],
giving rise to nontrivial density matrix due to entanglement
in space.

In contrast, we will focus on local measurements of the
long-wavelength field φðx⃗Þ and its conjugate momentum
πðx⃗Þ and trace over information that leaves φðx⃗Þ [or πðx⃗Þ]
fixed. Using translation invariance, we can choose this
point to be x⃗ ¼ 0 and

φðx⃗ ¼ 0Þ ¼ φ̄ ¼
Z

d3k
ð2πÞ3 φðk⃗Þ; ð3:50Þ

πðx⃗ ¼ 0Þ ¼ π̄ ¼ 1

Nk

Z
d3k
ð2πÞ3 K

�
k2

Λ2

�
πðk⃗Þ; ð3:51Þ

where Nk ¼
R

d3k
ð2πÞ3 K is the number of modes, that we

introduced so that ½φ̄; π̄� ¼ i. We note that these are two
local operators we can measure with a local detector. We
should think of this in exact analogy with our quantum
walk in Eq. (2.3); here

Q
k⃗ ψ ½ϕðk⃗Þ� is a product state of

harmonic oscillators. It is only when we coupled
P

φðk⃗Þ to
an observer (X in the case of the quantum walk) and trace
over the harmonic oscillators that we see the mixed state
emerge.
Rather than explicitly calculating the trace over φðp⃗Þ that

leaves φð0Þ fixed, we can calculate the generating func-
tional for φ,

Z½J�; t� ¼ Tr½eJþφ̄eJ−π̄ρRðφþðx⃗Þ;φ−ðx⃗ÞÞ�: ð3:52Þ

Here it is important that we are working in the Schrödinger
picture, so that all the time evolution is in the density
matrix. The time evolution of this partition function is
therefore given by

d
dt

Z½J�; t� ¼ Tr½eJþφ̄eJ−π̄ d
dt

ρRðφþðx⃗Þ;φ−ðx⃗ÞÞ�: ð3:53Þ

This representation is useful because it immediately con-
nects many of the previous perspectives on this system. In
short, by allowing J� ¼ ik�, we can write Z½J�; t� as the
density matrix, Wigner distribution, or other quantities
associated with the variables φ̄ and π̄. See Appendix A for
derivations.
We can now plug in the evolution equation for the

density matrix (3.45), and simplify to get the evolution
equation for Z. The details of the calculation can be found
in Appendix B. For the massless field, we end up with

dZ½J��
dt

¼ 1

2

Z
d3p
ð2πÞ3

��
H3

2p3
J2þ − a2ðt0ÞH

p
2

ðJ−Þ2
N2

k

−
aH2

p
J−Jþ
Nk

�
∂K
∂s

	
Z½J�� þ

Nk

a3
Jþ

�
−
iJþ
2

þ ∂

∂J−

�
Z½J��

−
J−
Nk

a3Ṽ 0ð−iJþÞZ½J�� þ
Z

d3p
ð2πÞ3

�
K
aH2

2p
JþJ−
Nk

−
a2Hp
2

K
J2−
N2

k

�
Z½J��: ð3:54Þ
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While this equation still looks like a mess, it is a nice basis
independent way of writing down the evolution of observ-
ables we measure in stochastic inflation. We will convert this
equation to more well-known formulas in the next section.

IV. LIGHT FIELDS AND STOCASTIC INFLATION

The description of long modes in cosmology has long
been understood to mirror a random walk. In particular, as
modes cross the horizon, they become classical in the sense
that for a given Fourier mode, the commutator vanishes
as a → ∞,

½φ̇ðk⃗Þ;φðk⃗0Þ� ¼ iH2ðaHÞ−3δðk⃗þ k⃗0Þ: ð4:1Þ
Therefore, in an approximate sense, we must be able to treat
φðk⃗Þ as a classical statistical variable when k ≪ aH. This
intuition can be made precise using soft de Sitter effective
theory [13], where quantum mechanical effects are irrel-
evant by power counting.
If we start from a free theory, where each Fourier mode is

independent, then φðk⃗Þ is like a i.i.d. random variable.
Naturally, we would expect that the variable,

φ̄ ¼ φðx⃗ ¼ 0Þ ¼
Z

d3k
ð2πÞ3 φðk⃗Þ; ð4:2Þ

will behave like the location of a random walker. The goal
of this section is to show precisely how this intuition arises
within a fully quantum mechanical description, in analogy
with the quantum walks from Sec. II.
Physically, we should interpret φ̄ as the local measure-

ment of the background value of the field at the point
x⃗ ¼ 0. For example, we could introduce a local observer
with a detector whose value is measured by X̂ in a pointer
state [53],

jX;φ; ti ¼ eiP̂ φ̄j0i × jΨ½ϕ�i: ð4:3Þ

Tracing over the short distance modes then gives our
random walk

ρðX;X0Þ ¼ Tr½eiP̂ φ̄j0ih0je−iP̂ φ̄ ⊗ ρRðφþ;φ−Þ�: ð4:4Þ

Of course, local measurements are also sensitive to short
wavelength. However, we can isolate only the constant long
wavelength modes using a local detector model [44] that
can discriminate between time dependence or wavelength.
The need for the local measurement is in line with recent
work that shows the need for including the observer in
order to make sense of physics in dS [19–21,61–64]. This
connection between the density matrix and a local observer
is illustrated in Fig. 3.

A. Leading order

The general strategy we will use in this section is to write
the evolution equation in terms of the Wigner functional.
As usual in the case of quantum random walks, the Wigner
description most naturally makes contact with classical
dynamical systems.
The advantage of defining the generating functional Z½J�

in Eq. (3.52) is that it is equivalent to many representations,
including the Wigner functional. Specifically, as shown in
Appendix A, we can write

W½φ̄; p̄� ¼
Z

dΔφe−ip̄Δφ

×
Z

dk
ð2πÞ e

ikΔφ
2 e−ikφ̄Z½Jþ ¼ ik; J− ¼ iΔφ�:

ð4:5Þ

FIG. 3. Visualization of a local observer measuring φ̄ with a detector along a worldline.
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Integration by parts will allow us to convert the evolution equation for Z½J�� into an evolution equation for the Wigner
distribution,

dZ½J��
dt

¼ 1

2

Z
d3p
ð2πÞ3

��
H3

2p3
J2þ − a2ðt0ÞH

p
2

ðJ−Þ2
N2

k

−
aH2

p
J−Jþ
Nk

�
∂K
∂s

	
Z½J�� þ

Nk

a3
Jþ

�
−
iJþ
2

þ ∂

∂J−

�
Z½J��

−
J−
Nk

a3Ṽ 0ð−iJþÞZ½J�� þ
Z

d3p
ð2πÞ3

�
K
aH2

2p
JþJ−
Nk

−
a2Hp
2

K
J2−
N2

k

�
Z½J��: ð4:6Þ

Since the Wigner distribution is closely related to the Fourier transform of Z½J��, the evolution equation from
Z½J�� → W½φ̄; p̄� can be determined using

Jþ ¼ ik → −
∂

∂φ̄
; J− ¼ iΔφ → −

∂

∂p̄
;

∂

∂J−
− i

Jþ
2

→ p̄: ð4:7Þ

From here, we can immediately recognize some of the familiar from describing a quantum walk (where we are
rescaling p̄ → p̄=Nk),

J2þ →
∂
2

∂φ̄2
; J−Ṽ 0ð−iJþÞ → −

1

Nk

∂

∂p̄
V 0ðφ̄Þ; Jþ

�
−
iJþ
2

þ ∂

∂J−

�
→ −Nk

∂

∂φ̄
p̄: ð4:8Þ

In contrast, the appearance of gradient terms, such as
a−2ð∇φÞ2, have typically not arisen in studies of stochastic
inflation and corrections thereof. Intuitively, although one
might imagine that gradients are small corrections, for the
modes at the horizon (p ∼ aH), this is not necessarily the
case.2 Instead, as explained using SdSET, we should under-
stand these terms as being purely scheme dependent and
removable by a field redefinition. Concretely, in dimensional
regularization, power-law divergences vanish, and therefore
we would expect these terms to be absent as well.
The resolution here follows the same pattern as irrelevant

operators in any RG. In the presence of a hard cutoff, one
might generate mixing under RG between irrelevant and
marginal operators, but these are removable by a change of
basis. For illustration, suppose we have a scalar field theory
in flat space with

S ¼
Z

d4x

�
1

2
∂μϕ∂

μϕ −
λ4
4!
ϕ4 −

λ6
6!

1

Λ2
ϕ6

�
: ð4:9Þ

With a hard cutoff ϵΛ, the one-loop contribution to λ4
β-function is

∂

∂ logΛ
λ4 ⊃

λ6
4π2

ϵ2: ð4:10Þ

Here we have introduced ϵ to show how it depends on the
value of the hard cutoff, but ultimately we should take
ϵ → 1 as Λ is defined to be our RG scale. The key to
eliminating this term is to realize that λ6 has a classical
β-function so that

∂

∂ logΛ
λ6 ¼ 2λ6 →

∂

∂ logΛ

�
λ4 −

λ6
8π2

ϵ2
�
≡ ∂

∂ logΛ
λ̃4

¼ 0: ð4:11Þ

We see that by redefining the coupling as λ̃4, we can
eliminate the apparent contribution to RG from λ6. Of
course, when we regulate with dimensional regularization,
the power-law divergence vanishes, and there is no need to
redefine the coupling.
The evolution of the density matrix under dynamical

RG is in precise analogy with the scalar field example.
Using Nk ≈ ðaHÞ3 so that Ṅk ¼ 3HNk, we notice that

1

H
∂

∂t

��
−a2ðt0ÞH

p
2

ðJ−Þ2
N2

k

−
aH2

p
J−Jþ
Nk

�
þ
�
K
aH2

2p
JþJ−
Nk

−
a2Hp
2

K
J2−
N2

k

�	

¼
��

4a2ðt0ÞH
p
2

ðJ−Þ2
N2

k

þ 2
aH2

p
J−Jþ
Nk

�
þ
�
−2K

aH2

2p
JþJ−
Nk

þ 4
a2Hp
2

K
J2−
N2

k

�	
: ð4:12Þ

2Our analysis is most similar to the treatment of [10], which similarly found additional gradient terms. However, they imposed the UV
cutoff Λ ¼ ϵaH such that these terms were suppressed by powers of ϵ. This is sufficient to postpone the issue, but at the cost of
eliminating superhorizon modes with ϵaH < p < aH.
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In contrast, the additional terms in Eq. (4.6) do not explicitly depend on time. We can therefore remove the terms in
Eq. (4.12) entirely by a polynomial redefinition of Z½J��.
Removing the irrelevant3 terms in the equation by this redefinition, we are left with the evolution equation for the Wigner

distribution

d
dt

W½φ̄; p̄� ¼ H3

8π2
∂
2

∂φ̄2
W½φ̄; p̄� − p̄

a3
∂

∂φ̄
W þ a3

∂

∂p̄
V 0ðφ̄ÞW: ð4:13Þ

It is instructive to compare the final Wigner evolution equation to the density matrix evolution that we derived from QFT,
and see which terms survived. We started with density matrix evolution in (3.45), and see that the ultimate fate is that for
local measurements, the following terms drop out due to being irrelevant:

d
dt

ρR ¼ H
2

Z
d3p
ð2πÞ3

�
Δ0

�
δ

δφþ
þ δ

δφ−

�
2

−
a6

K2
Δ2ðφ− − φþÞ2

þ i
a3

K
ΔR



ðφþ − φ−Þ;

�
δ

δφþ
þ δ

δφ−

��
þ 2

a3

K
ΔI

�
δ

δφþ
þ δ

δφ−

�
ðφþ þ φ−Þ

	
ρR

þ
Z

d3p
ð2πÞ3

�
iK
2a3

�
δ2

δφ2þ
−

δ2

δφ2
−

�
ρR −

ia3

2K

�ð∇φþÞ2
a2

−
ð∇φ−Þ2

a2

�
ρR − ia3ðVðφþÞ − Vðφ−ÞÞρR

	
: ð4:14Þ

Out of the remaining terms, we see

Z
d3p
ð2πÞ3

�
Δ0

�
δ

δφþ
þ δ

δφ−

�
2

þ 2
a3

K
ΔI

�
δ

δφþ
þ δ

δφ−

�
ðφþ þ φ−Þ

	
ρR

→
H3

8π2
∂
2W
∂φ̄2

Z
d3p
ð2πÞ3

�
iK
2a3

�
δ2

δφ2þ
−

δ2

δφ2
−

�
ρR

	

→ −q
∂W
∂φ̄

−
Z

d3p
ð2πÞ3 ia

3ðVðφþÞ − Vðφ−ÞÞρR → a3
∂

∂p̄
V 0ðφ̄ÞW: ð4:15Þ

It is useful to remember that ΔI contains the boundary term
that determines the real part of the wave function, as shown
around Eq. (3.23). As a result, it is directly related to the
Gaussian fluctuations of each mode and thus will be crucial
in the derivation of the Fokker-Planck equation. See
Appendix B for details of this derivation.
Now, we can transform variables to p̄ ¼ a3ðtÞq to get

d
dt

W½φ̄; q� ¼ H3

8π2
∂
2W
∂φ̄2

þ 3H
∂

∂q
ðqWÞ

− q
∂

∂φ̄
W þ ∂

∂q
V 0ðφ̄ÞW: ð4:16Þ

Having set up the full phase space evolution equation, we
can now compare this to the walk introduced in Sec. II.
We see that this reproduces the same exact differential

equation with D ¼ H3=8π2, γ ¼ 3H;m ¼ 1.4 As ex-
plained, at leading order, we can integrate out q by setting
q ¼ −V 0ðxÞ=3H. We then get the well-known stochastic
inflation result

dP
dt

¼ H3

8π2
∂
2P
∂φ̄2

þ ∂

∂φ̄

�
V 0ðφ̄Þ
3H

Pðφ̄Þ
�
: ð4:17Þ

There are, of course, easier ways to arrive at this result.
What is meaningful here is that the determination of this
partial differential equation from the exact RG as a
functional over all the Fourier modes is more nuanced

3Here we mean irrelevant in the technical RG sense, as follows
from SdSET.

4We see that stochastic inflation is represented as a noisy x and
deterministic p evolution. This agrees with previous results for
the evolution of the density matrix [24,30], but contradicts some
generalizations of stochastic inflation [65–67]. Generalizations
exist, where even p can be noisy due to coupling to additional
degrees of freedom. These are studied in the open EFT of
inflation. See for instance [34] and references therein.
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than one might have expected from just comparing
Eqs. (3.38) and (3.39).

B. Next-to-leading order

Our goal in this section is to determine the leading
corrections to the stochastic formalism. However, unlike
perturbation theory around the vacuum, the fluctuations
around a random walk have a nontrivial definition of
leading order, next-to-leading order and so on, that requires
explanation.
Stochastic inflation is conventionally defined in terms of

Pðφ̄; tÞ, the probability distribution for the long wavelength
field. In terms of the Wigner distribution, we get this
probability by “marginalizing” over q:

Pðφ̄; tÞ ¼
Z

dqWðφ̄; q; tÞ: ð4:18Þ

If we start with our LO description of stochastic inflation,
equilibrium probability distribution can be determined by
demanding Ṗ ¼ 0 and yields

Peqðφ̄Þ ¼
Z

dqWeqðφ̄; qÞ ¼ Ã exp

�
−
8π2Vðφ̄Þ
3H4

�
: ð4:19Þ

Let us take the specific case where Vðφ̄Þ ¼ λ
4!
φ̄4. The

equilibrium probability distribution allows for order one
probabilities for any jφ̄j < λ−1=4H. One might be concerned
that there is no reliable expansion in λ ≪ 1 given that
φ̄ → ∞ as λ → 0. Fortunately, the corrections come with
positive powers of λ that a meaningful expansion exists. At
leading order, the time evolution of the probability dis-
tribution, Eq. (4.17), scales as d

dt P ¼ Oðλ1=2Þ when
φ ∼ λ−1. At next-to-leading order, the correction to the
time evolution gives contributions to Ṗ that are OðλÞ, and
are therefore suppressed by

ffiffiffi
λ

p
≪ 1 as desired.

Previous work has calculated the NLO corrections to the
stochastic formalism and to the evolution of the density
matrix. At this order, corrections to the Fokker-Planck
equation can be defined as a nontrivial5 correction to the
effective potential [10,14,52]

Veff;NLOðφ̄Þ ¼
λ

4!
φ̄4 þ 1

6

1

3!

λ2

18H2
φ̄6 þOðλ3φ̄8Þ: ð4:20Þ

Notice that the effective potential becomes a series expan-
sion in ϕ2λ and therefore breaks down when ϕ ∼ 1=

ffiffiffi
λ

p
.

The effective potential corrections at NLO and beyond turn
out to be determined by a field redefinition in SdSET.
Concretely, eliminating the decaying mode, which is the
conjugate momentum, introduces these terms. It was
argued in [36] that the breakdown of series expansion of
Veff arises because the conjugate momentum to ϕ cannot be
ignored at large field values.
The role of the momentum in generating the effective

potential is seen most directly if we interpret the evolution
of the Wigner distribution as a Langevin system. This is in
exact analogy to the walk we analyzed in Sec. II C. In that
case, ˙̄φ ¼ qþ ξ where ξ is our noise and

q̇ ¼ 3Hqþ V 0ðφ̄Þ → qðtÞ ¼
Z

t
dt0V 0ðφ̄ðt0ÞÞe3Hðt−t0Þ:

ð4:21Þ

Now expanding φðt0Þ ¼ φðtÞ þ ðt0 − tÞφ̇ðtÞ þ � � � we have

qðtÞ ¼ −
V 0ðφ̄Þ
3H

þ ϕ̇V 00ðφ̄Þ
Z

dtðt0 − tÞe3Hðt−t0Þ

¼ −
V 0ðφ̄Þ
3H

−
1

27H3
V 0ðφ̄ÞV 00ðφ̄Þ: ð4:22Þ

For Vðφ̄Þ ¼ λφ̄4

4!
, if we interpret 3Hq ¼ −V 0

eff , then we can
see that

Veff ¼
λ

4!
φ̄4 þ 1

6

1

3!

λ2

18H2
φ̄6 þ…; ð4:23Þ

in exact agreement with the direct calculations in QFT.
Of course, we should be able to derive a correction to the

Fokker-Planck equation from q without the need for a
Langevin description,

d
dt

W½φ̄; q� ¼ H3

8π2
∂
2W
∂φ̄2

þ 3H
∂

∂q
ðqWÞ

− q
∂

∂φ̄
W þ ∂

∂q
V 0ðφ̄ÞW: ð4:24Þ

However, since the evolution of q is purely deterministic at
this order, we can use the intuition from the Langevin
description to define a change of variables

Q ¼ a3ðtÞ
�
qþ 1

3H
V 0
effðφ̄Þ

�
ð4:25Þ

so that

∂

∂t
→

∂Q
∂t

∂

∂Q
þ ∂

∂t
¼ 3HQ

∂

∂Q
þ ∂

∂t
; ð4:26Þ

∂

∂φ̄
→

∂Q
∂φ̄

∂

∂Q
þ ∂

∂φ̄
¼ a3

3H
V 00
effðφ̄Þ

∂

∂Q
þ ∂

∂φ̄
; ð4:27Þ

5Here we are avoiding calling these corrections universal
because they are sensitive to the split between the time-
independent and time-dependent components of φ. Specifically,
the correction below is correct for the definition used in [14,52]
but appears to contradict [10]. The difference arises from a
redefinition of the decaying mode and can be accounted for by
matching [52].
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∂

∂q
→

∂Q
∂q

∂

∂Q
¼ a3

∂

∂Q
: ð4:28Þ

Making this substitution, we find

d
dt

W½φ̄; q� ¼ 3HW þ H3

8π2
∂
2W
∂φ̄2

þ a3V 00
eff

H2

12π2
∂
2W

∂Q∂φ̄
þ a6

H
72π2

ðV 00
effÞ2

∂
2W
∂Q2

þ a3
∂

∂Q

�
−V0

eff þ
1

9H2
V 0
effV

00
eff þ

H2

24π2
V 000
eff þ V 0

�
W

− V 00
eff

∂

∂Q

�
Q
3H

W

�
−
Q
a3

∂W
∂φ̄

þ 1

3H
∂

∂φ̄
ðV 0

effWÞ: ð4:29Þ

In order to have a normalized distribution in these new
variables, we now rescale the Wigner distribution

W̃½φ̄; Q� ¼ ∂q
∂Q

W½φ̄; q� ¼ a3ðtÞW½φ̄; q�: ð4:30Þ

We can remove the mean for Q by choosing Veff (neglect-
ing V 000

eff at the order we want to consider) so that

V 0
eff

�
1 −

1

9H2
V 00
eff

�
¼ V 0 → V0

effðφ̄Þ

≈ V 0ðφ̄Þ þ 1

9H2
V 0ðφ̄ÞV 00ðφ̄Þ: ð4:31Þ

The final step to determining the evolution of the proba-
bility of φ̄ is to expand in moments [30], defined by

WNðφ̄Þ ¼
Z

dQ

�
Q
a3

�
N
W̃ðφ̄; QÞ; Pðφ̄Þ≡W0ðφ̄Þ:

ð4:32Þ

This is effectively the same procedure used to convert the
Boltzmann equations to the fluid equation, as is commonly
done for describing the CMB.6 After performing our
change of variables, this procedure is straightforward
and gives rise to the NLO evolution equation

dP
dt

¼ H3

8π2
∂
2P
∂φ̄2

þ ∂

∂φ̄

�
V 0
effðφ̄Þ
3H

Pðφ̄Þ
�

þ 1

3H
∂

∂φ̄

�
V 00
eff

H2

12π2
∂

∂φ̄
Pðφ̄Þ

�
: ð4:33Þ

The final term arises from solving for the evolution ofW1 at
NLO and plugging it into the equation for W0. As a check,
the equation agrees with the equivalent equations derived
in Sec. II C. The details of this calculation are shown in

Appendix C. In the λφ̄4 theory, the final term is removable
by a field redefinition [52] of φ̄ and thus is not universal.
The essential takeaway from this calculation is that all of

the information relevant to both the LO and NLO calcu-
lation of stochastic inflation is present in the master
equation for the Wigner distribution without including
higher-order corrections of Seff in our exact Wilsonian
scheme.

C. NNLO and beyond

When calculating the corrections to stochastic inflation
from QFT, the first nontrivial correction arises at NNLO,
which is Oðλ3=2Þ in the Fokker-Planck equation.
Specifically, at this order we generate a non-Gaussian
noise term

dP
dt

¼ H3

8π2
∂
2P
∂φ̄2

þ ∂

∂φ̄

�
V 0
effðφ̄Þ
3H

Pðφ̄Þ
�
þ d0

3!

∂
3

∂φ̄3
ðφ̄Pðφ̄ÞÞ;

ð4:34Þ

where d0 ¼ λ
192π2

was calculated in [52]. However, this
result has not been obtained in a fully consistent scheme
that removes all the subdivergences. See Ref. [69] for
progress in this direction.
An essential difference between the approach in this

paper and [52] is that we are working in a Wilsonian EFT,
rather than a continuum EFT [70]. In the Wilsonian
description, we integrated out the short modes explicitly,
giving rise to higher dimension interactions, including
higher derivative terms, in Seff . These terms do not arise
in a continuum theory, as they would vanish in dimensional
regularization. Nevertheless, the corrections to these terms
in the Wilsonian description are needed to reproduce higher
order contributions to the RG flow [40]. In this regard, the
challenge of calculating NNLO corrections in our exact RG
scheme is not unique to de Sitter, but a common aspect of
Wilsonian versus continuum descriptions.
In addition to these higher order terms from Seff , we

expect additional terms from eliminating Q systematically.
These terms are also generally scheme dependent and will

6See Ref. [68], for example, for a systematic expansion of the
corrections to the tight coupling approximation similar to our
approach.
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bring higher powers of λ. There is a unique contribution at
NNLO that is both straightforward to calculate and could
contribute to d0, that arises from

d
dt

W̃ðφ̄; QÞ ⊃ −
1

24
V 000ðφ̄Þ ∂

3

∂Q3
W̃: ð4:35Þ

Solving for the higher moments of W̃ and reducing the
equation to the solution of P ¼ W0, one finds the NNLO
term

d
dt

P ⊃
1

648H3

∂
3

∂φ̄3
ðV 000ðφ̄ÞPÞ: ð4:36Þ

See Appendix C for the derivation. Notice that using
V ¼ λφ̄4=4!, this is a contribution to d0 defined above
but is not consistent with the two-loop calculation in [52].
Moreover, at NNNLO, we expect a contribution from a
three-loop diagram that would give a four derivative
correction proportional to λ. There is no such term that
can arise from eliminating Q.
The fact that the higher order corrections appear to require

a more detailed analysis of the RG evolution is consistent
with the physical expectation that higher-derivatives terms
arise from non-Gaussian noise. Specifically, in a Markovian
random walk, these terms arise from non-Gaussian cumu-
lants in the Kramers-Moyal expansion of the transition
amplitudes [71]. It would therefore be surprising to fully
capture this effect, which we associate with the behavior of
modes at horizon crossing, purely from the elimination of
the fast variables in the superhorizon description.
Technically speaking, SdSET offers a much more

straightforward path to calculating the coefficients at
NNLO and beyond. However the long-term goal of this
program is to calculate the tail of the distribution of φ̄
beyond the limits of SdSET, when λφ̄2 > 1. This will
likely7 require a hybrid approach of SdSET and exact RG.
The tails are sensitive to UV physics and therefore cannot
be calculated purely within an effective description [36,38]
(see also Refs. [73,74] for specific models). Yet, for a
theory like λϕ4, where the theory is renormalizable, one
might expect to be able to describe the tail up to the
Landau pole. This is reminiscent of the effective potential
in flat space, which can be improved using RG to resum
the log corrections. There is reason to suspect a similar
approach could apply for large deviations in de Sitter, but
we will leave this to future work.

V. RENORMALIZATION IN dS

Although light fields are where the need for normaliza-
tion is most acute, our understanding of QFT in dS requires
RG for all masses and spins, just like flat space. Direct
calculations of the spectral densities are naturally inter-
preted in the usual language of conformal invariance and
anomalous dimensions [75–78]. Much like the case of
physics in AdS, it is natural to expect the language of RG is
useful for interpreting these results.
One strong piece of evidence that RG flow can be used

directly in dS comes from conformal field theory: if a given
theory is conformal in flat space, then the same theory in dS
will exhibit the same list operators and scaling dimensions.
This can be seen easily using Weyl transformation.
However, at nontrivial fixed point, these dimensions arise
from mixing between operators and/or anomalous dimen-
sions generated by interactions and therefore the same RG
resummation needed to describe the CFT in flat space must
apply in dS as well [51].
In flat slicing of dS, the Weyl transformation that takes

flat space correlators to cosmological correlators involves
scaling by the scale factor aðτÞ. For a CFT, this requires that
any anomalous dimensions are associated with time-de-
pendent logs. The required matching between dS and flat
space therefore strongly suggests that the RG resummation
involves time-dependent logs in dS. In this sense, it is
dynamical RG that should be on the same footing as
conventional RG in flat space.8

In this section, we will demonstrate that dynamical RG
in dS obeys these properties. We will show that the exact
RG argument of Sec. III can be applied to massive fields
without any meaningful changes to the evolution equa-
tion. Repeating the argument of Polchinski [40] then
demonstrates that all the RG corrections can be absorbed
into the definitions of couplings and local operators of
the theory.

A. Scalar fields of any mass

Our starting point will be an interacting scalar field φðx⃗Þ
with a mass m such that the action and density matrix are
defined by Eq. (3.2), now with

S0½φðx⃗; tÞ;Λ�

¼
Z
γ
dta3ðtÞ

Z
d3k
ð2πÞ3

1

2
K−1

�
k2

Λ2

�
ð∇μφðk⃗; tÞ∇μφðx⃗; tÞ

−m2jφðk⃗; tÞj2Þ: ð5:1Þ

7An alternate proposal for calculating the tail of the distribu-
tion was made in [72] directly in terms of the wave function. As
the statistics of local operators are described by a density matrix,
an effective description in terms of a pure state can miss essential
contributions to these observables [33].

8For principle series fields, some anomalous dimensions can
be calculated by resumming bubble diagrams, more like a decay
width [79,80]. These examples are compatible with the RG
description, as shown in [81,82]. Yet, the conformal example [51]
demonstrates that not all anomalous dimensions can be calculated
by summing geometric series.
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Wemay be concerned only with local operators constructed
from φðx⃗Þ and derivatives, Onðx⃗Þ. Since we are interested
in local correlation function in the in-in formalism (rather
than the density matrix, following [33]), we will define a
partition function

Z½fJng; t� ¼ Trϕ

�
exp

�X
n

Z
d3xJnOnðx⃗Þ

�
ρðϕ;ϕ0Þ

	
;

ð5:2Þ

where Onðx⃗Þ are local operators composed from the UV
field ϕ in the Schrödinger representation. Because of the
trace, we know the result must be independent of Λ, in
contrast to the density matrix itself. Our goal is to show that
the process of integrating out the short distance physics and
evolving in time combine to give a local theory where the
local action and operators are modified.
At this stage, we can repeat the argument from Sec. III

with only minor modifications. Nothing about the pro-
cedure assumed the fields were massless, other than the
specific form of the action and Green’s function. However,
we note that if we make the substitutions

∇2 → ∇2 −m2; G−1 ¼ K−1ð∇2 −m2Þ;
G−1G ¼ a−3δðt − t0Þδðx⃗ − x⃗0Þ; ð5:3Þ

then an exact RG result is unchanged. The essential reason
is that the mass term, or any potential VðϕÞ, does not
introduce any boundary terms when integrating by parts.
The boundary terms are again defined by Δ0, Δ2, and ΔI;R

with the Green’s functions replaced by the massive ones,
for example

Δ0ðp; t0Þ ¼ iG0 ¼ iG0ðt0; t0; p⃗Þ

¼ −
∂K
∂s

π

4
ð−τ0Þ3Hð1Þ

ν ð−pτ0ÞHð2Þ
ν ð−pτ0Þ; ð5:4Þ

where τ0 is the conformal time at physical time t0.

B. Diagrammatic understanding of exact RG

Given the setup, we can now apply exact RG to the
dS generating functional directly. Our goal is to demon-
strate that the change to Z½fJng; t� from integrating out
p∈ ½Λ;Λþ δΛ� and shifting in time by δt ¼ H−1δΛ=Λ can
be completely absorbed into the definition of (a) the
effective action Seff and (b) the definition of the local
operators Onðx⃗Þ. This will ensure that our RG equations
are differential equations with no explicit dependence on
the UV physics and therefore can be integrated to deter-
mine correlation functions, just like the Callan-Symanzik
equation for RG in flat space.
The first step is straightforward: we have already shown

that integrating out a shell of momenta gives rise to the
following change to the effective action, illustrated in Fig. 1,

∂

∂s
Sint ¼

Z
d3p
ð2πÞ3

Z
γ
dtdt0

�
1

2

δSint
δφðtÞGðt; t

0Þ δSint
δφðt0Þ

−
1

2

�
δ2Sint

δφðtÞδφðt0ÞGðt; t
0Þ
��

: ð5:5Þ

The second term is manifestly local because

δ2Sint
δφðtÞδφðt0Þ ¼ δðt − t0Þ ∂

2

∂
2φ

Lintðφ; tÞ: ð5:6Þ

The first term, on the other hand, is bilocal in time and
therefore technically nonlocal. However, with the iϵ pre-
scription, we know that

Gðt; t0Þ ∝ e−ϵpjt−t0j; ð5:7Þ

for t, t0 on the same side of the Schwinger-Keldysh contour
(i.e. t; t0 ∈ ½−∞ð1 − iϵÞ; t0� or t; t∈ ½−∞ð1þ iϵÞ; t0�). This
ensures we can Taylor expand in t − t0 and integrate each
term to find a finite result to all orders. In this sense, as far as
the effective action is concerned, there is nothing about
integrating out a shell of momentum in dS that is distinct
from flat space.
The situation is similar from the contributions to the

action from t∈ ½−∞ð1 − iϵÞ; t0� and t0 ∈ ½−∞ð1þ iϵÞ; t0�
(or vise versa). In these cases, the Green’s functions are
again exponentially suppressed but now by

Gðt ¼ tþ; t0 ¼ t−Þ ∝ e−ϵpjtþ−t0j−ϵpjt−−t0j: ð5:8Þ

These terms should therefore be expanded around t� ¼ t0,
giving rise to a local expansion in operators at the boundary.
These terms are responsible for renormalizing the definition
of local operators, or equivalently, the sources Jn.
The nontrivial changes that arise for in-in correlators in de

Sitter space are the boundary terms at t0 and the fact thatΛðtÞ
is combined with time evolution in the full RG trans-
formation. Yet, it is straightforward to understand the impact
of these terms. We writing our generating functional as

d
dt

Z½fJng; t�

¼ Trφ

�
exp

�X
n

Z
d3xJnOnðx⃗Þ

�
d
dt

ρRðφ;φ0Þ
	
: ð5:9Þ

Of course, this is identical to the derivation of the evolution in
Eq. (3.54), so that schematically we have

d
dt
Z½J�; t� ¼ Tr

�
exp

�X
n

Z
d3xJnOnðx⃗Þ

�

×

�
−i½Heff ;ρ� þ

X
i

LiρL
†
i −

1

2
fL†

i Li;ρÞg
�	

:

ð5:10Þ
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Using the trace, we can exchange operators acting on ρ to
acting on the local operator insertions. However, because
these act locally onOnðx⃗Þ we can express time evolution as a
local change to the operator (which would be the Heisenberg
picture, in the absence of the Li). Therefore, we can treat this
apparent time evolution as the operator equation for

d
dt

V½fJng; t� ¼ i½Heff ; V½fJng; t�� þ
X
i

L†
i V½fJng; t�Li

−
1

2
fL†

i Li; V½fJng; t�g; ð5:11Þ

V½fJng; t� ¼ exp

�X
n

Z
d3xJnOnðx⃗Þ

�
: ð5:12Þ

If On forms a complete basis of local operators, then the
change to V½fJng; t� is just a redefinition of Jn. This
expression is purely local in time and therefore we can simply
redefine Jn → J0n to capture the time evolution of the system.
One might worry that the fact that Jnðx⃗Þ is a source that

depends directly on position could introduce nonlocality in
space. This does not occur because the nontrivial evolution
of the operators arises from equal time commutators, and
therefore are local in space by causality. This is manifest in
the UV Hamiltonian description. In terms of the Wilsonian
RG, the evolution of the operators arises from contribution
that couple the two branches of the Schwinger-Kelgysh
contour (tþ and t−) and are not equivalent to a local term in
the action because of the path ordering of the exponential.
Of course, the time ordering is only relevant for the terms
that do not commute, which are again local in space at
equal time. The same features appear in flat space where
several examples have been worked out in detail [33].
The essential result here again follows from Eq. (3.5).

The sources can be added to the boundary action

S∂;tot ¼ S∂ þ
Z

d3x
X
n

JnOnðx⃗Þ: ð5:13Þ

In these variables, our partition function is simply

Z½fJng; t� ¼
Z
γ
DφT exp ðiS0 þ iSint þ iS∂Þ; ð5:14Þ

and therefore obeys that same renormalization properties
as the effective action. At this stage, the properties of the
renormalization of de Sitter correlators and the flat space
in-in correlators are identical, up to the definition of
Green’s functions and the fact that the de Sitter RG
transformation includes a step of time evolution.
It is, perhaps, worth noting that the analogous proof of

“renormalizability” in AdS remains incomplete [83]. In that
case, we have the benefit of AdS/CFT which implies that
the dual description is a conventional QFTand therefore the
bulk of AdS should inherit what is known renormalization.
Yet, some of the peculiar aspects of dynamical RG in

dS [82] have nearly identical avatars in AdS [84,85].
A proof in AdS would likely be instructive both for
understanding holographic RG in AdS [86], and as another
connection between physics in AdS and dS.

VI. CONCLUSIONS

Understanding the dynamics of light scalar fields on a
fixed de Sitter background presents a surprising challenge.
Perturbative calculations fail due to large time-dependent
logs [4,87]. These logs have been understood and resummed
using the ideas from classical random walks but leave the
quantum nature of the fields obscure. Moreover, while
understanding light scalars should be a stepping stone to
quantum cosmology, the stochastic formalism bears little
resemblance to the Euclidean path integral or wave function
of the Universe [88]. Yet, both approaches yield the same
equilibrium probability distribution [89], which demands a
deeper explanation. A comparison of the density matrices of
the no-boundary proposal [90–93] with the stochastic
formalism offers the opportunity to make a deeper con-
nection between these descriptions.
Understanding the de Sitter entropy [94], entanglement

of inflationary modes, [60,95,96], and cosmology as an
open quantum system [8,34] motivates the need to describe
the evolution of the density matrix from a stochastic
perspective. In this paper, we developed the tools of exact
RG to provide a nonperturbative evolution equation for the
long-wavelength density matrix. While elements of the
stochastic description arise from tracing out subhorizon
fluctuations, we also find that the description as a quantum
walk only emerges when additionally tracing over infor-
mation at separated points. This formalism clarifies and
generalizes various aspects of stochastic inflation and
should serve a powerful tool for exploring nonperturbative
aspects of QFT in dS.
The density matrix in dS also played a significant role

in prior work [22–26], but has largely been used for
exploring the decoherence of fluctuations in cosmological
backgrounds [97–103]. It is a practical fact that cosmo-
logical correlators are effectively classical, but the manner
in which classicality emerges remains an area of active
research. A potentially audacious theoretical and obser-
vational goal is to determine empirically that structure in
the Universe arises from quantum fluctuations [104–108].
Such a determination would necessitate techniques beyond
the Bell inequalities [105,109] and instead would have to
isolate the quantum evolution during the inflationary
epoch. A more precise understanding of the evolution
of the density matrix in cosmology may serve as a setting
stone to these ambitions as well.
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APPENDIX A: RELATIONSHIP BETWEEN
GENERATING FUNCTIONALS

AND PROBABILITIES

In the main text, we chose to derive the density matrix of
the local long distance field φ by defining the generating
functional

Z½J�; t� ¼ Tr½eJþφ̄eJ−π̄ρredðφþðx⃗Þ;φ−ðx⃗ÞÞ�: ðA1Þ
While working with the generating function is a common
framework, it does make the connection to previous work
less transparent. The purpose of this section is to show this
representation is identical to the previous approaches. To
make the discussion easy to follow, we will work with a
collection of harmonic oscillator wave functions ψ iðxÞ but
we want to calculate a generating functional for x̄ ¼ P

k x̂k
and p̄ ¼ N−1 P

k p̂k, namely

Z½J�� ¼ Trk

�
eJþx̄eJ−p̄

Y
k

jψkihψkj
	
¼ Tr½eJþx̄eJ−p̄ρ�;

ðA2Þ
where ρ ¼ Q

k ρk is the total density matrix for all
k-harmonic oscillators.
First, we would like to compare this with our random

walks discussed in Sec. II, where we defined a density
matrix for a degree of freedom X̂ via the interaction

ρðX;X0Þ ¼ Trk½eiP̂Xx̄jX ¼ 0ihX0 ¼ 0je−iP̂X0 x̄ ⊗ ρ�; ðA3Þ
where we took the trace in the x̂k basis. Now we notice that
if we work in the momentum basis X → PX, jX ¼ 0i →
constant and therefore

ρðPþ; P−Þ ¼ Trk½eiPþx̄ρe−iP−x̄�
¼ Z½Jþ ¼ iðPþ − P−Þ; J− ¼ 0�; ðA4Þ

where P� are just the momentum eigenvalues. We see that
in the momentum basis, the density matrix is just the
generating function with imaginary values of J. In fact, this
also represents the measurements of a local observer along
a worldline as in [19].
Another approach is to calculate the density matrix

while imposing the constraint
P

xi ¼ x̄ in the form of a
δ-function,

ρðx̄þ Δx; x̄ − ΔxÞ

¼ Trk

�
δ

�
x̄þ Δx −

X
k

xk

�
δ

�
x̄ − Δx −

X
k

x0k

�

× ρðfxig; fx0igÞ
	
: ðA5Þ

This was employed in [10] for Δx ¼ 0 in order to
determine the probability distribution in stochastic infla-
tion for φ̄ → x̄. In order to derive such a result from
the generating function, we first note that if we take
J− ¼ i2Δx, then

Z½Jþ; iΔx� ¼ Tr½eJþx̄ρðfxþ Δx=Ng; fx0 − Δx=NgÞ�:
ðA6Þ

Now defining Jþ ¼ ik and taking the Fourier transform
we get

Z
dk
ð2πÞ e

−ikx̄Z½Jþ ¼ ik; J− ¼ iΔx:� ðA7Þ

¼ Trk

�
δ

�
x̄ −

X
k

xk

�
ρðfxi þ Δx=Ng; fxi − Δx=NgÞ

	
:

ðA8Þ

Applying this formula back to the de Sitter context, if we
take Δx ¼ 0, x̄ → φ̄, and xk → φðk⃗Þ we get

Pðφ̄Þ ¼
Z

Dφδ

�
φ̄ −

Z
d3k
ð2πÞ3 φðk⃗Þ

�
P½φðk⃗Þ� ðA9Þ

in agreement with [10]. Finally, from this expression, we
can derive the Wigner quasiprobability distribution for x̄
and x̄0, starting from

W½x̄; p̄� ¼
Z

dΔxe−ipΔxρ
�
x̄þ Δx

2
; x̄ −

Δx
2

�
: ðA10Þ

We can transform Z½J�� as

Trk½eJþx̄eJ−p̄ρ� ¼ Trk½e
iJxJp

2 eJxx̄e
J−p̄
2 ρe

J− p̄
2 �

¼ Trk

�
e
iJxJp

2 eJxx̄ρ

�
x −

iJ−
2N

; x0 þ iJ−
2N

�	
:

ðA11Þ

Then, taking Jþ ¼ ik, J− ¼ iy, we get W½x̄; p̄� via

W½x̄; p̄� ¼
Z

dye−ip̄y
Z

dk
ð2πÞe

iky
2 e−ikx̄Z½Jþ ¼ ik; J− ¼ iy�:

ðA12Þ
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This, of course, is not limited to the Wigner distribution
alone; any Fourier transform of the Wigner distribution
can be derived in the same way.

APPENDIX B: EVOLUTION EQUATION FOR
THE GENERATING FUNCTIONAL

In this section, we want to simplify the evolution equation
for the generating functional. We start with the definition

Z½J�; t� ¼ Tr½eJþφ̄eJ−π̄ρredðφþðx⃗Þ;φ−ðx⃗ÞÞ�; ðB1Þ

and hence we have

d
dt

Z½J�; t� ¼ Tr½eJþφ̄eJ−π̄ d
dt

ρredðφþðx⃗Þ;φ−ðx⃗ÞÞ�: ðB2Þ

At this stage, we can substitute the evolution equation for
ρred using (3.45). Defining O ¼ eJþφ̄eJ−π̄ , we have that

Oðφ−ðpÞ;φþðpÞÞ ¼ hφ−jeJþφ̄eJ−π̄jφþi ¼ eJþφ̄−δ

�
φþðpÞ − φ−ðpÞ þ

iJ−Kðp2=Λ2Þ
Nk

	
: ðB3Þ

Then, we equivalently have

Z½J�; t� ¼
Z

DφþDφ−Oðφ−;φþÞρðφþ;φ−Þ

¼
Z

DφþDφ−eJþφ̄−δ

�
φþðpÞ − φ−ðpÞ þ

iJ−Kðp2=Λ2Þ
Nk

	
ρðφþ;φ−Þ: ðB4Þ

Now, we can plug in our time derivative of ρ to get

dZ
dt

¼
Z

DφþDφ−O
Z

d3p
ð2πÞ3

�
HΔ0

2

�
δ

δφþ
þ δ

δφ−

�
2

− a6ðt0ÞK−2 HΔ2

2
ðφ− − φþÞ2

þ ia3ðt0ÞK−1HΔR

2



ðφþ − φ−Þ;

�
δ

δφþ
þ δ

δφ−

��
þ 2a3K−1HΔI

�
δ

δφþ
þ δ

δφ−

�
ðφþ þ φ−Þ

	

þ iK
2a3

�
δ2

δφ2þ
−

δ2

δφ2
−

�
ρ −

iK−1a3

2

�ð∇φþÞ2
a2

−
ð∇φ−Þ2

a2

�
ρ − ia3ðVðφþÞ − Vðφ−ÞÞρ: ðB5Þ

We can integrate by parts until we simplify each term. All the derivatives will ultimately be put ontoO. The rules simplify to

O
�

δ

δφþ
þ δ

δφ−

�
ρ → −JþOρ Oðφþ − φ−Þρ → −

iJ−K
Nk

Oρ O
�

δ

δφþ
−

δ

δφ−

�
ρ →

�
2
Nk

iK
∂

∂J−

�
Oρ: ðB6Þ

We will also need to make a further simplification. In order to deal with the φþ þ φ− terms, we will resort to perturbation
theory and use the following leading order identity (for the massless case) as explained in Appendix B 1,

ðφþ þ φ−Þρ ¼ −K
H2

k3

�
δ

δφþ
þ δ

δφ−

�
ρþ i

kη
ðφþ − φ−Þρ

Oðφþ þ φ−Þρ → K
H2

k3
JþOρ − aH

J−K
Nkk

Oρ: ðB7Þ

Using these identities, we can completely simplify the above equation. We get

dZ
dt

¼ 1

2

Z
d3p
ð2πÞ3

�
HΔ0J2þ þ a6HΔ2

�
J−
Nk

�
2

− 2a3HΔR

�
J−
Nk

Jþ

�

− 2a3ΔI
H3

p3
J2þ þ 2a4

H2

p
ΔI

�
JþJ−
Nk

�	
K0Z þ Nk

a3
Jþ

�
−
iJþ
2

þ ∂

∂J−

�
Z

− ia3
�
Ṽ

�
−iJþ − i

J−
2Nk

�
− Ṽ

�
−iJþ þ i

J−
2Nk

��
Z þ

Z
d3p
ð2πÞ3

�
K
aH2

2p
JþJ−
Nk

−
a2Hp
2

K
J2−
N2

k

�
Z: ðB8Þ

The terms with the p integral correspond to the shell of momentum just integrated in, while the local terms correspond to
Hamiltonian time evolution. After using the form of the Δ for the massless theory, we get
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dZ½J��
dt

¼ 1

2

Z
d3p
ð2πÞ3

��
H3

2p3
J2þ − a2ðt0ÞH

p
2

ðJ−Þ2
N2

k

−
aH2

p
J−Jþ
Nk

�
∂K
∂s

	
Z½J��

þ Nk

a3
Jþ

�
−
iJþ
2

þ ∂

∂J−

�
Z½J�� −

J−
Nk

a3Ṽ 0ð−iJþÞZ½J��

þ
Z

d3p
ð2πÞ3

�
K
aH2

2p
JþJ−
Nk

−
a2Hp
2

K
J2−
N2

k

�
Z½J��: ðB9Þ

1. Identity useful for homogenization

The homogenization of terms of the form
Z

d3p
ð2πÞ3Oðφ−;φþÞðφþ þ φ−ÞðpÞρR ðB10Þ

need to be dealt with perturbatively. The basic idea is that for harmonic oscillators, this represents a term of the form xψ ∝ pψ
when ψ is a ground state. We can use a similar idea here, starting with the UV mode ϕ, that is defined for the free theory as

ϕðkÞ ¼ Hffiffiffiffiffiffiffi
2k3

p ½ð1 − ikηÞeikηak þ ð1þ ikηÞe−ikηa†k�; ΠðkÞ ¼ K−1

ffiffiffi
k

p
ffiffiffi
2

p
Hη

½eikηak þ e−ikηa†k�:

Solving for ak in the limit kη ≪ 1, we get

ak ¼ i½ϕðk; ηÞv⋆k − KΠðk; ηÞu⋆k �; vk ¼ a2u0k; uk ¼
Hffiffiffiffiffiffiffi
2k3

p ð1þ ikηÞe−ikη;

¼ i

�
k2

H
ffiffiffiffiffiffiffi
2k3

p
η
ð1þ ikηÞϕðk; ηÞ − Hffiffiffiffiffiffiffi

2k3
p KΠðk; ηÞ

	

¼ iffiffiffiffiffiffiffi
2k3

p
��

k2

Hη
þ ik3

H

�
ϕ −HKΠ

	
: ðB11Þ

The lowering operator annihilates the vacuum, giving

akΨBD ¼ 0 ⇒

�
k2

Hη
þ ik3

H

�
ϕðkÞΨBD ¼ −iHK

δ

δϕðkÞΨBD;

as can be checked directly using

ΨBD½ϕ; η� ¼
Y
k⃗

�
2k3

π

�
1=4

exp

�
iK−1

2H2

k2

ηð1 − ikηÞϕðk⃗Þϕð−k⃗Þ
	

e−ikη=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ikη

p :

Thus, the density matrix satisfies

H2K

�
δ

δϕþ
þ δ

δϕ−

�
ρ ¼

�
ik2

η
ðϕþ − ϕ−Þ − k3ðϕþ þ ϕ−Þ

�
ρ: ðB12Þ

This is a useful simplification. We will write this as

ðϕþ þ ϕ−Þρ ¼ −
H2

k3
K

�
δ

δϕþ
þ δ

δϕ−

�
ρþ i

kη
ðϕþ − ϕ−Þρ: ðB13Þ

This is, of course, only true at the Gaussian level, which is sufficient for our purposes right now. Now, we can evaluate terms of
the form

Z
d3p
ð2πÞ3Oðφ−;φþÞðφþ þ φ−ÞðpÞρR →

Z
d3p
ð2πÞ3O

�
−
H2

p3
K

�
δ

δφþ
þ δ

δφ−

�
ρþ i

pη
ðφþ − φ−ÞρR

�
ðB14Þ

using the rules in (B6).
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APPENDIX C: ELIMINATING MOMENTUM
WITH MOMENTS

The type of randomwalk under consideration is generally
referred to as a “fast-slow” system in the random walk
literature. The fast variables have evolution with a time
scale γ−1 where the slow system evolves on a timescale
set by the potential V 0 and the amplitude of the noise, A.
One then aims to systematically eliminate the fast variables,
leaving a Markovian evolution equation for the slow
variables as an expansion in γ−1. There is a formal
procedure [71] where the solutions are projected onto
the solutions of the fast equations, giving a systematic

expansion in γ−1. However, as we are only interested in
calculating the NLO (and potentially NNLO) terms, this
procedure is both overkill and somewhat ill-suited for the
problem at hand.
The most straightforward approach to eliminating Q

from the evolution of Wðφ̄; QÞ, following [30], is to define
the moments of the distribution

WNðφ̄Þ ¼
Z

dQða−3QÞNWðφ̄; QÞ; PðÞ≡W0ðÞ: ðC1Þ

We have changed variables such that the evolution equation
is schematically of the form

d
dt

W½φ̄; Q� ¼ H3

8π2
∂
2W
∂φ2

þ a3V 00
effðφ̄Þ

H2

12π2
∂
2W

∂Q∂φ̄
þ a6

H
72π2

ðV 00
effðφ̄ÞÞ2

∂
2W
∂Q2

− V 00
effðφ̄Þ

∂

∂Q

�
Q
3H

W

�

−
Q
a3

∂W
∂φ̄

þ 1

3H
∂

∂φ̄
ðV 0

effðφ̄ÞWÞ; ðC2Þ

In terms of the moments, this equation becomes
�
d
dt

þ 3HN

�
WN ½φ̄� ¼ L̂1WN −

∂WNþ1

∂φ̄
þ V 00

eff

�
−N

H2

12π2
∂

∂φ̄
WN−1 þ

H
72π2

V 00
effNðN − 1Þ∂WN−2

�
; ðC3Þ

where L̂1W ¼ ∂

∂φ̄ ð 1
3H V 0

effðφ̄ÞÞW þ H3

8π2
∂
2W
∂φ̄2 þ N V 00

eff
3H W. There-

fore, we have

d
dt

W0 ¼ L̂1W0 −
∂

∂φ̄
W1 ðC4Þ

d
dt

W1 þ 3HW1 ¼ L1W1 − V 00
eff

H2

12π2
∂

∂φ̄
W0 þ…: ðC5Þ

Here the … are higher order in λ and can be dropped for the
NLO terms. At this order, it is easy to solve for W1 treating
3H ¼ γ as the large parameter, so that

d
dt

W0 ¼ L̂1W0 þ
1

3H
∂

∂φ̄
V 00
eff

H2

12π2
∂

∂φ̄
W0: ðC6Þ

We see therefore both the correction to the effective potential
and the noise at NLO.
At higher orders, such as NNLO, the natural question

is whether it is eliminating the higher orders in WN or
nonlinear contributions to Seff that will play the dominant
role in determining the evolution equations. We will be
specifically interested in whether the following NNLO term
can explain the results of [52],

d
dt

W̃ðφ̄; QÞ ⊃ −
1

24
V 000ðφÞa9 ∂

3

∂Q3
W: ðC7Þ

This gives rise to a new contribution to W3,

�
d
dt

þ 9H

�
W3ðφ̄Þ ⊃

1

4
V 000ðφ̄ÞW0ðφ̄Þ: ðC8Þ

Using Eq. (C3), we can solve for leading order in H−1

terms to solve for the contributions to W2 and then W1,
to find

W2 ≈ −
1

6H
∂

∂φ̄
W3 ¼ −

1

216H2

∂

∂φ̄
V 000ðφ̄ÞW0ðφ̄Þ; ðC9Þ

W1 ⊃ −
1

3H
∂

∂φ̄
W2 ¼

1

648H3

∂
2

∂φ̄2
V 000ðφ̄ÞW0ðφ̄Þ; ðC10Þ

and therefore our correction to the evolution of W0 ≡ P
becomes

d
dt

P ⊃ −
1

648H3

∂
3

∂φ̄3
ðV000ðφ̄ÞPÞ: ðC11Þ

This is of the correct form to describe our non-Gaussian
noise term at NNLO but the coefficient does not appear to
match the result from SdSET [52]. Here we have neglected
many other NNLO terms, which are generally not univer-
sal, along with any corrections to Seff in the interacting
theory. This is therefore an incomplete calculation and
shows the need for more efficient techniques for calculating
at NNLO and beyond.
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[59] S. Céspedes, A.-C. Davis, and D.-G. Wang, On the IR
divergences in de Sitter space: Loops, resummation and the
semi-classical wavefunction, J. High Energy Phys. 04
(2024) 004.

[60] J. Maldacena and G. L. Pimentel, Entanglement entropy in
de Sitter space, J. High Energy Phys. 02 (2013) 038.

[61] E. Witten, A background-independent algebra in quantum
gravity, J. High Energy Phys. 03 (2024) 077.

[62] J. Maldacena, Real observers solving imaginary problems,
arXiv:2412.14014.

[63] Y. Chen, D. Stanford, H. Tang, and Z. Yang, On the phase
of the de Sitter density of states, J. High Energy Phys. 05
(2026) 068.

[64] A. Blommaert, J. Kudler-Flam, and E. Y. Urbach, Absolute
entropy and the observer’s no-boundary state, J. High
Energy Phys. 11 (2025) 113.

[65] R. P. Woodard, A leading logarithm approximation for
inflationary quantum field theory, Nucl. Phys. B, Proc.
Suppl. 148, 108 (2005).

[66] A. J. Tolley and M. Wyman, Stochastic inflation revisited:
Non-slow roll statistics and DBI inflation, J. Cosmol.
Astropart. Phys. 04 (2008) 028.

[67] I. Moss and G. Rigopoulos, Effective long wavelength
scalar dynamics in de Sitter, J. Cosmol. Astropart. Phys. 05
(2017) 009.

[68] Z. Pan, L. Knox, B. Mulroe, and A. Narimani, Cosmic
microwave background acoustic peak locations, Mon. Not.
R. Astron. Soc. 459, 2513 (2016).

[69] M. Beneke, P. Hager, and A. F. Sanfilippo, Cosmological
correlators in massless ϕ4-theory and the method of
regions, J. High Energy Phys. 04 (2024) 006.

[70] H. Georgi, Effective field theory, Annu. Rev. Nucl. Part.
Sci. 43, 209 (1993).

[71] C. W. Gardiner et al., Handbook of Stochastic Methods
(Springer, Berlin, 2004), Vol. 3.

[72] M. Celoria, P. Creminelli, G. Tambalo, and V.
Yingcharoenrat, Beyond perturbation theory in inflation,
J. Cosmol. Astropart. Phys. 06 (2021) 051.

[73] G. Panagopoulos and E. Silverstein, Multipoint correlators
in multifield cosmology, arXiv:2003.05883.

[74] A. Achucarro, S. Cespedes, A.-C. Davis, and G. A. Palma,
The hand-made tail: Non-perturbative tails from multifield
inflation, J. High Energy Phys. 05 (2022) 052.

[75] M. Hogervorst, J. Penedones, and K. S. Vaziri, Towards the
nonperturbative cosmological bootstrap, J. High Energy
Phys. 02 (2023) 162.

[76] L. Di Pietro, V. Gorbenko, and S. Komatsu, Analyticity
and unitarity for cosmological correlators, J. High Energy
Phys. 03 (2022) 023.

[77] P. Chakraborty and J. Stout, Light scalars at the cosmo-
logical collider, J. High Energy Phys. 02 (2024) 021.

[78] M. Loparco, J. Penedones, K. Salehi Vaziri, and Z. Sun,
The Källén-Lehmann representation in de Sitter spacetime,
J. High Energy Phys. 12 (2023) 159.

[79] D. Marolf and I. A. Morrison, The IR stability of de Sitter:
Loop corrections to scalar propagators, Phys. Rev. D 82,
105032 (2010).

[80] P. Chakraborty and J. Stout, Compact scalars at the
cosmological collider, J. High Energy Phys. 03 (2024) 149.

[81] T. Cohen, D. Green, and Y. Huang, Operator origin of
anomalous dimensions in de Sitter space, Phys. Rev. D
111, 103513 (2025).

[82] P. Chakraborty, T. Cohen, D. Green, and Y. Huang, A
compact story of positivity in de Sitter, J. High Energy
Phys. 06 (2026) 272.

[83] I. Heemskerk and J. Polchinski, Holographic and Wilso-
nian renormalization groups, J. High Energy Phys. 06
(2011) 031.

[84] A. L. Fitzpatrick and J. Kaplan, AdS field theory from
conformal field theory, J. High Energy Phys. 02 (2013)
054.

[85] D. Baumann, D. Green, and T. Hartman, Dynamical
constraints on RG flows and cosmology, J. High Energy
Phys. 12 (2019) 134.

[86] K. Skenderis, Lecture notes on holographic renormaliza-
tion, Classical Quantum Gravity 19, 5849 (2002).

[87] D. Green, EFT for de Sitter space, arXiv:2210.05820.
[88] J. B. Hartle and S. W. Hawking, Wave function of the

universe, Phys. Rev. D 28, 2960 (1983).

QUANTUM WALKS AND EXACT RG IN DE SITTER SPACE PHYS. REV. D 114, 063525 (2026)

063525-27

https://doi.org/10.1103/PhysRevD.106.065024
https://doi.org/10.1103/PhysRevD.106.065024
https://doi.org/10.1103/PhysRevLett.46.211
https://doi.org/10.1103/PhysRevLett.46.211
https://doi.org/10.1016/0370-1573(88)90023-3
https://doi.org/10.1016/0370-1573(88)90023-3
https://doi.org/10.1103/PhysRevD.45.2843
https://doi.org/10.1103/PhysRevD.45.2843
https://doi.org/10.1088/1475-7516/2010/03/033
https://doi.org/10.1007/JHEP04(2020)064
https://doi.org/10.1007/JHEP04(2020)064
https://doi.org/10.1007/JHEP09(2021)159
https://doi.org/10.1007/JHEP09(2021)159
https://doi.org/10.1103/PhysRevD.24.1516
https://doi.org/10.1103/PhysRevD.24.1516
https://doi.org/10.1007/JHEP05(2015)104
https://doi.org/10.1103/PhysRevD.108.025003
https://doi.org/10.1103/PhysRevD.108.025003
https://doi.org/10.1016/j.physletb.2013.10.072
https://doi.org/10.1016/j.physletb.2013.10.072
https://doi.org/10.1103/PhysRevD.92.084010
https://doi.org/10.1088/1475-7516/2018/08/013
https://doi.org/10.1088/1475-7516/2018/08/013
https://doi.org/10.1007/JHEP04(2024)004
https://doi.org/10.1007/JHEP04(2024)004
https://doi.org/10.1007/JHEP02(2013)038
https://doi.org/10.1007/JHEP03(2024)077
https://arXiv.org/abs/2412.14014
https://doi.org/10.1007/JHEP05(2026)068
https://doi.org/10.1007/JHEP05(2026)068
https://doi.org/10.1007/JHEP11(2025)113
https://doi.org/10.1007/JHEP11(2025)113
https://doi.org/10.1016/j.nuclphysbps.2005.04.056
https://doi.org/10.1016/j.nuclphysbps.2005.04.056
https://doi.org/10.1088/1475-7516/2008/04/028
https://doi.org/10.1088/1475-7516/2008/04/028
https://doi.org/10.1088/1475-7516/2017/05/009
https://doi.org/10.1088/1475-7516/2017/05/009
https://doi.org/10.1093/mnras/stw833
https://doi.org/10.1093/mnras/stw833
https://doi.org/10.1007/JHEP04(2024)006
https://doi.org/10.1146/annurev.ns.43.120193.001233
https://doi.org/10.1146/annurev.ns.43.120193.001233
https://doi.org/10.1088/1475-7516/2021/06/051
https://arXiv.org/abs/2003.05883
https://doi.org/10.1007/JHEP05(2022)052
https://doi.org/10.1007/JHEP02(2023)162
https://doi.org/10.1007/JHEP02(2023)162
https://doi.org/10.1007/JHEP03(2022)023
https://doi.org/10.1007/JHEP03(2022)023
https://doi.org/10.1007/JHEP02(2024)021
https://doi.org/10.1007/JHEP12(2023)159
https://doi.org/10.1103/PhysRevD.82.105032
https://doi.org/10.1103/PhysRevD.82.105032
https://doi.org/10.1007/JHEP03(2024)149
https://doi.org/10.1103/PhysRevD.111.103513
https://doi.org/10.1103/PhysRevD.111.103513
https://doi.org/10.1007/JHEP06(2026)272
https://doi.org/10.1007/JHEP06(2026)272
https://doi.org/10.1007/JHEP06(2011)031
https://doi.org/10.1007/JHEP06(2011)031
https://doi.org/10.1007/JHEP02(2013)054
https://doi.org/10.1007/JHEP02(2013)054
https://doi.org/10.1007/JHEP12(2019)134
https://doi.org/10.1007/JHEP12(2019)134
https://doi.org/10.1088/0264-9381/19/22/306
https://arXiv.org/abs/2210.05820
https://doi.org/10.1103/PhysRevD.28.2960


[89] J. Maldacena, Comments on the no boundary wavefunc-
tion and slow roll inflation, arXiv:2403.10510.

[90] D. N. Page, Density matrix of the universe, Phys. Rev. D
34, 2267 (1986).

[91] S. W. Hawking, The density matrix of the universe, Phys.
Scr. T15, 151 (1987).

[92] A. Fumagalli, V. Gorbenko, and J. Kames-King, De
Sitter bra-ket wormholes, J. High Energy Phys. 05
(2025) 074.

[93] V. Ivo, Y.-Z. Li, and J. Maldacena, The no boundary
density matrix, J. High Energy Phys. 02 (2025) 124.

[94] G.W. Gibbons and S. W. Hawking, Cosmological event
horizons, thermodynamics, and particle creation, Phys.
Rev. D 15, 2738 (1977).

[95] N. Abate and G. Torroba, Quantum information and the
C-theorem in de Sitter, SciPost Phys. 18, 029 (2025).

[96] K. Boutivas, D. Katsinis, G. Pastras, and N. Tetradis,
Numerical calculation of entanglement entropy in de Sitter
space, Phys. Rev. D 111, 065010 (2025).

[97] L. P. Grishchuk and Y. V. Sidorov, Squeezed quantum
states of relic gravitons and primordial density fluctua-
tions, Phys. Rev. D 42, 3413 (1990).

[98] C. P. Burgess, R. Holman, and D. Hoover, Decoherence of
inflationary primordial fluctuations, Phys. Rev. D 77,
063534 (2008).

[99] C. Kiefer and D. Polarski, Why do cosmological pertur-
bations look classical to us?, Adv. Sci. Lett. 2, 164
(2009).

[100] C. P. Burgess, R. Holman, G. Tasinato, and M. Williams,
EFT beyond the horizon: Stochastic inflation and how

primordial quantum fluctuations go classical, J. High
Energy Phys. 03 (2015) 090.

[101] D. Boyanovsky, Effective field theory during inflation:
Reduced density matrix and its quantum master equation,
Phys. Rev. D 92, 023527 (2015).

[102] C. P. Burgess, R. Holman, G. Kaplanek, J. Martin, and V.
Vennin, Minimal decoherence from inflation, J. Cosmol.
Astropart. Phys. 07 (2023) 022.

[103] C. P. Burgess, T. Colas, R. Holman, G. Kaplanek, and V.
Vennin, Cosmic purity lost: Perturbative and resummed
late-time inflationary decoherence, J. Cosmol. Astropart.
Phys. 08 (2024) 042.

[104] J. Maldacena, A model with cosmological Bell inequal-
ities, Fortschr. Phys. 64, 10 (2016).

[105] J. Martin and V. Vennin, Quantum discord of cosmic
inflation: Can we show that CMB anisotropies are of
quantum-mechanical origin?, Phys. Rev. D 93, 023505
(2016).

[106] D. Green and R. A. Porto, Signals of a quantum universe,
Phys. Rev. Lett. 124, 251302 (2020).

[107] L. Espinosa-Portalés and V. Vennin, Real-space Bell
inequalities in de Sitter, J. Cosmol. Astropart. Phys. 07
(2022) 037.

[108] M. Piotrak, T. Colas, A. Alonso-Serrano, and A. Serafini,
Quantum estimation of cosmological parameters, J. High
Energy Phys. 02 (2026) 199.
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