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Probing the state of ultralight dark matter via its density fluctuations
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Dark matter (DM) candidates with very small masses, and correspondingly large number densities, have
gained significant interest in recent years. These DM candidates are typically said to behave “classically.”
More specifically, they are often assumed to reside in an ensemble of coherent states. One notable
exception to this scenario is when isocurvature fluctuations of the DM are produced during inflation (or
more generally by any Bogoliubov transformation). In such contexts, the ultralight DM instead resides in a
squeezed state. In this work, we demonstrate that these two scenarios can be distinguished via the statistics
of the DM density fluctuations, such as the matter power spectrum and bispectrum. This provides a probe of
the DM state which persists in the limit of large particle number and does not rely on any nongravitational
interactions of the DM. Importantly, the statistics of these two states differ when the modes of the squeezed
state are all in-phase, as is the case at the end of inflation. Later cosmological dynamics may affect this
configuration. Our work motivates future numerical studies of how cosmological dynamics may impact the
initial squeezed state and the statistics of its density fluctuations.
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I. INTRODUCTION

Copious evidence indicates the existence of noninteract-
ing dark matter (DM) within our Universe [1-6]. To date,
our only observations of DM have been through its
gravitational effects on visible matter. Its fundamental
properties, such as its mass and spin, remain unknown,
and it is not known whether DM can interact through any
means other than gravity. One class of popular candidates
for DM which have gained significant interest in recent
years are ultralight candidates with masses m <1 eV
[7-1 1].l These candidates have high number densities
and so must be bosonic in nature. Popular ultralight bosonic
DM candidates include the QCD axion [12-14], axionlike
particles [15-18], and dark photons [19-22].

Owing to their high number densities, ultralight DM
candidates are often described as behaving “classically” in
laboratory settings [10,11,23] or when virialized inside the
galaxy [24-27]. By this, one typically means that its statistics
and dynamics can be accurately characterized by a classical
field. As with all fundamental fields, a precise treatment of
ultralight DM requires a quantum field description. In the
case of a free real scalar field, the quantum field operator
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takes the form
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Here E, =+/|p|* +m? and ap, a, represent creation/
annihilation operators for particles of momentum p. In this
way, the quantum field consists of a series of quantum
harmonic oscillators, associated with each p.

More precisely, when one refers to ultralight DM as
“classical,” it is often meant that the state of the DM is
described by an ensemble of coherent states with respect to
these harmonic oscillators [11,28]. A pure coherent state
is labeled by a set of complex amplitudes {y, }, for each
momentum mode k of the field. In the limit of large particle
number, a quantum field in a coherent state |{y) }) can be
primarily characterized by its expectation value

P(x.1) = (p(x.1), = Undx.)l{nd).  (2)

which behaves as a classical field (e.g., it obeys the Klein-
Gordon equation). The DM resides in a mixed state formed
by a classical ensemble of these coherent states. We will
represent such a state by its density matrix ¥. Certain
production mechanisms, such as misalignment production
[12,14,15,21,24,29,30], may already produce the DM in a
coherent state ensemble. Even if the DM does not originate
in this state, it is often argued that galactic virialization will
generically place it in a coherent state ensemble [25,26],
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and so this description is appropriate for studying dark
matter on astrophysical or terrestrial scales.

One notable context in which DM fluctuations are not
produced in a coherent state is inflationary production
[22,31-33]. When the Universe undergoes a period of
accelerated expansion, the vacuum state after the expansion
differs from the vacuum state in the asymptotic past. This is
captured by a Bogoliubov transformation of the creation
and annihilation operators

ay = apby + BpbL,. (3)
ay = aybh + Bib_,. (4)

Here l3p, B; represent the creation/annihilation operators in
the asymptotic past, while a,, &I, represent the operators
after the expansion.” The DM begins in the vacuum state
Q) of by, bj,. After the expansion, |Q2) is not the vacuum of

the new operators ay, &2;, and so this implies that particle
production has occurred. Note that the state |Q) is also not a
coherent state of &p, a;, but rather it is a squeezed state
[34-36]. More specifically, in the context of inflation, the
modes of the scalar field become frozen when they exit
the horizon, so that d,¢ is very small for each mode, i.c.,
the state is squeezed along the orthogonal direction.
Inflationary production (or any mechanism which produces
DM fluctuations via a Bogoliubov transformation) may
therefore result in fluctuations on cosmological scales
which are not described by a coherent state ensemble.

If the DM is described by an ultralight bosonic field,
such fluctuations will necessarily be produced during
inflation. Most notably, in the case of vector DM, inflation
can produce the entirety of DM, without violating iso-
curvature constraints [22]. In the case of a scalar field,
inflationary production leads to isocurvature fluctuations
on large scales [37,38], which are constrained by obser-
vations of the cosmic microwave background (CMB) and
large-scale structure (LSS) [39,40]. Because LSS alone
cannot probe isocurvature, these limits can only directly
constrain scales 210 Mpc, while lower scales require an
assumption on the spectral shape of isocurvature fluctua-
tions [40]. In this work, we will remain agnostic to this
spectral shape.

The primary purpose of this work is to demonstrate that
if isocurvature fluctuations of the DM are produced during
inflation (or more generally, through any Bogoliubov
transformation), they may exist in a different state than
the usual coherent state ensemble which is assumed for

*Note that the roles of ap and l;p in our work are opposite to
the convention often used in the literature for a Bogoliubov
transformation. We also note that, in the quantum optics
literature, the Bogoliubov coefficients are sometimes expressed
in terms of a squeezing parameter r and phases 6,, 0, as
a= e coshr,p = e sinhr.

ultralight DM. Moreover, we show that these two different
scenarios can be distinguished solely by comparing the
statistics of the density perturbations of DM. This dis-
tinction relies on no nongravitational interactions of the
DM, and can probe smaller scales than direct isocurvature
constraints. For these reasons, the matter bispectrum and
higher-point statistics may be powerful probes of the DM’s
current state and of its origin [41].

This work is organized as follows. In Sec. I, we review
the definitions of and distinction between a coherent state
ensemble and squeezed state, in the context of a quantum
harmonic oscillator. We demonstrate that these two states
exhibit different statistics for the number operator, so that
they can be distinguished solely by measuring particle
number. In Sec. III, we define these two states in the context
of a quantum field. In this work, we focus on a real scalar
field, as defined in Eq. (1), but our results can be generalized
to vector fields as well. In Sec. IV, we demonstrate that the
statistics of the DM density perturbations differ between a
coherent state ensemble and a squeezed state (in analogy to
the number operator in the quantum harmonic oscillator).
Importantly, this distinction persists in the limit of large
particle number. Finally, in Sec. V, we conclude.

Throughout this work, we will assume that the current
state of DM is a coherent state ensemble or squeezed state,
without considering how its state might be altered by
cosmological dynamics. In Appendix A, we address this
point, and show that if the DM begins in a squeezed state,
the dynamics of its state may be nontrivial. In Appendix B,
we show that the four-point statistics of the density
perturbations may be useful in the case where the squeezed
state is disrupted. We leave a more detailed treatment of
these dynamics and how it affects the statistics of the
density perturbations to future work.

II. QUANTUM HARMONIC OSCILLATOR

We begin by considering a quantum harmonic oscillator
with frequency w, described by the Hamiltonian

. 1 A
H:w@m+9—wuﬂmﬂ (5)

This Hamiltonian can either be expressed in terms of the
annihilation/creation operators &, a’, which satisfy the

canonical commutation relation [a,a'] =1, or in terms
of the related quadrature operators

a+a’
2

X =

5 ?:_

(which are proportional to the usual position and momen-
tum operators).

It is not difficult to show that the Hamiltonian in Eq. (5)
implies that these operators evolve (in the Heisenberg
picture) as
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a(t) = a(0)e™™, (7)
a'(r) = a'(0)e™", (8)

R a e—iwt &'}' eiwt
f( = 2040 ©
= X(0) cos wt + ¥(0) sin wt, (10)
Y(1) = ¥(0) cos wt — X(0) sin wr. (11)

In Fig. 1, we show various states in the phase space
parametrized by X and Y. (This illustration can be more
precisely formalized in terms of the Wigner function [42].)
Time evolution corresponds to clockwise rotation in this
phase space.

We will consider two different states of this oscillator.
The first is a classical Gaussian ensemble of coherent states.
This is the state which most closely corresponds to
Gaussian noise in a classical harmonic oscillator. As it is
a classical ensemble of states, it will be described by a
density matrix. The second state will be constructed by

beginning with the vacuum state of the oscillator and then
performing a Bogoliubov transformation. As we will see,
this will lead to a squeezed state, i.e., its variance will be
smaller along one quadrature and larger along the other. We
will consider the statistics of the number operator N =ata
in both of these states and find that the squeezed state
exhibits a larger variance than the ensemble of coherent
states (when their expectations are equal).

A. Ensemble of coherent states

A coherent state is defined as an eigenvector of the
annihilation operator, i.e., aly) = y|y). As can be seen in
Fig. 1, this state is localized in phase space around its
expectation values

(X), = (y|Xly) = Re[y], (12)

(Y), = Im[y]. (13)

As such, it mimics the dynamics of a classical harmonic
oscillator (which would correspond to a definite point in
phase space). The number operator in this state has expect-
ation and variance

AY AY
t
22 2
N\ N\
TN > N 5
\} \
/ \J */1 \J
N\ N\
7 \g \ ) 2
/ \\o : : > { ( / \\\o ) } >
N - = 3

FIG. 1.

Schematic diagram of an ensemble of coherent states (left) and a squeezed state (right) in the phase space parametrized by

X and ¥. Each circle/ellipse represents the 26 contour of the probability density of a state. On the left, each colored circle represents a
single coherent state, with the brown state being the vacuum. The center of each circle lies at (X, ¥) = (Re[y], Im[y]). A Gaussian
coherent state ensemble is a classical ensemble of such states, with y distributed as in Eq. (18). On the right, the gray ellipse represents a

state which is squeezed along the X direction. Time evolution in these phase space diagrams corresponds to clockwise rotation. Note that
the coherent state ensemble is time invariant, while the squeezed state is not. In light gray, we show several contours of fixed

N=X>4+7?- % It is apparent that these two states exhibit different statistics for N, that is if both are scaled to have the same
expectation of N, the squeezed state will have a larger variance than the coherent state ensemble. In the case of a quantum field, the roles
of X and ¥ are played by (the momentum modes of) ¢ and 9,4, respectively. Importantly, inflation produces a squeezed state where all
modes are squeezed along the ¢ direction [see discussion following Eq. (56)].
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(), = IrP, (14)

Var, (V) = (V2), — (V)] = |- (15)
A single coherent state satisfies Vary(ﬁ/ )= (N ), This des-
cribes the quantum uncertainty of a coherent state. Its relative
uncertainty vanishes in the large number limit, in the sense

that

M -0 (16)
(N),
as |y| - oo.

A single coherent state corresponds to a fixed classical
realization of a harmonic oscillator. We will be interested in
the statistics of this system, and so we should instead
consider a classical ensemble of these coherent states. Such
an ensemble is defined by a density matrix’

y— / drp ()N . (17)

where p(y) is a probability distribution describing the
classical ensemble. In this work, we will consider a
Gaussian distribution

N}

Irl

1 _
ply) =—=e 7, (18)
o

with some width o, as has been considered in
Refs. [11,23,27]. This probability distribution has unit
norm, so that Tr[¥] = 1. The statistics of the number
operator in this ensemble are

(NV)y = T[PN] = E[ly["] = °. (19)

(N)y = Elly[* + ] = 20* + 0, (20)
|

where E[f(y)] = [ dyp(y)f(y) implies an expectation over
the classical probability distribution. Therefore, a Gaussian
ensemble of coherent states satisfies

Varg(N) = (V)§ + (N)y. (21)

The latter contribution is the same quantum uncertainty we
found for a single coherent state. The former contribution
represents the classical uncertainty from the Gaussian
ensemble. In the large number limit, the classical uncer-
tainty dominates, i.e.,
VVare(N) (22)
(N)y

as o — 0.

B. Squeezed state

Now let us consider the state |Q) which is annihilated by
a different annihilation operator b. Let the operators b, b
be related to @, a" by a Bogoliubov transformation

a=ab+ pb', (23)
at = a'b" + prb. (24)

The coefficients must satisfy |a|*> —|]> = 1, in order for
both & and b to satisfy their canonical commutation relations.
The state |Q2) is the vacuum state of the quantum harmonic
oscillator defined by b. For the harmonic oscillator defined
by a, it is instead a squeezed state. This can be seen by
considering the quadrature operators X and ¥. The expect-
ations of both of these operators are zero in the state |Q).
However, if we consider instead the variance of a linear
combination of the quadrature operators, we find

2

R R 0 AT —i0 A 0 % —i0 BT 0 gx —if E 2
Varg(cosa X + sin @ - Y) — \]arQ <M#> —_ < <(€ a +e ﬁ) + (e ﬁ +e a) ) > (25)
Q

e+ e al*  |al* + |B]* + 2Re[e " ap]

4

We see that the variance is minimized for 0 =

which case it becomes w. On the other hand, the

maximum variance M is achieved for 0 = %. In this
sense, the state has been “squeezed” along the axes
corresponding to these choices of 4. Note that in accordance
with the uncertainty principle, the product of the variances
along any two orthogonal axes is at least 1L6 In Fig. 1, we

7r+ar2g[a[i] in

*Here [dy = [d(Rely]) - d(Imy]) represents a double inte-
gral over the real and imaginary parts of y.

. (26)

[
show a state | Q) which is squeezed along the & = 0 direction
(ie., along the X axis).

Now let us compute the statistics of the number operator
(corresponding to @) in this squeezed state.

(N)g = ((a*b" +pb)(ab + pbT))q = AP, (27)
(V%)q = lal? 1P (bbb b ) g + |BI*(bbDE")q
= 2lal?|p]* + |BI* = 31B* +2|BP. (28)

A squeezed state therefore satisfies
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Varg(N) = 2(N)2, 4+ 2(N)q. (29)

We see that the number operator has twice the variance in a
squeezed state as it does in an ensemble of coherent states
(if its expectation is held fixed). Importantly, this is an
effect which persists in the large number limit, i.e.,

VVarg(N) | V2 (30)

(Na

as |f| — co. Examining the statistics of N therefore offers a
way to distinguish a coherent state ensemble from a
squeezed state, even in the limit of many particles. We
will apply this same logic to a quantum field, and identify a
corresponding observable that can distinguish ultralight
DM in a coherent state ensemble, as is typically presumed,
from DM in a squeezed state, which could be the case if it
were produced via a Bogoliubov transformation.

Before proceeding, we comment on the implications of
these results on the classicality of these states. A coherent
state is typically associated with “classical” behavior of a
quantum harmonic oscillator, and so one may be tempted to
infer that a squeezed state is therefore not classical.
Comparing Eqgs. (22) to (30) would then offer a way to
discern the classical or “quantum” nature of the state, even
in the large number limit. We stress that both coherent
states and squeezed states may be interpreted as classical, in
the large number limit, and so we do not claim that the
comparison made here relates to the quantum nature of the
state. A coherent state ensemble acts classically because its
dynamics mimic an ensemble of classical trajectories with
initial state drawn from Eq. (18) (in the limit 6 — oo, where
the finite size of each state in phase space can be ignored).
Likewise, in the limit || — oo, the dynamics of a state
which is squeezed along the X direction can be fully
described by an ensemble of classical trajectories with
initial X drawn from a Gaussian distribution of width |f|
and initial ¥ = 0. In this sense, a squeezed state corre-
sponds to a classical state with one degree of freedom,
while a coherent state ensemble corresponds to a classical
state with rwo degrees of freedom. Nevertheless, they can

be distinguished solely through the statistics of N.

III. QUANTUM FIELD

In this section, we define the notions of coherent and
squeezed states in the context of a quantum scalar field.* A
free scalar field can be decomposed into momentum modes,

4Many of the results in this section can be generalized to massive
vector fields. Each polarization of the vector field can be separately
quantized, as we do for scalar fields. In general, care must be taken
when treating the longitudinal vs transverse modes of the field. Since
we consider DM in this work, we ultimately take the nonrelativistic
limit [see Eq. (53)], in which case the distinction between the
longitudinal and transverse modes becomes negligible. The final
results will then only differ from the scalar case by O(1) factors.

each of which behaves as an independent quantum harmonic
oscillator, as in Eq. (1). The creation and annihilation oper-
ators in this expression satisfy the commutation relation

lay. af] = (27)°6%) (p — q). (31)

We will define coherent and squeezed states similarly to how
we did in Sec. II, only now we will need to specify the state
of each oscillator. We can see from comparing Egs. (1) to (9)
that (the momentum modes of) ¢ play an analogous role
to X, while its derivative 0,&5 is analogous to Y. We can
therefore understand these states in terms of the phase space
in Fig. 1, just as we did for the quantum harmonic oscillator.

We will also derive the statistics of the creation and
annihilation operators in a coherent state ensemble vs a
squeezed state. We will see that while in the coherent state
ensemble, only contractions of a, with &Tl are nonzero, in
the squeezed state a,, and &, will have nonzero contractions

(and likewise for a;, and ag). This key finding will allow us
to evaluate more complicated correlators in Sec. IV.

A. Ensemble of coherent states

A coherent state of g?ﬁ is defined in a similar way to a
coherent state in a quantum harmonic oscillator. In this
case, we describe a coherent state by a set of complex
numbers {yy} for each momentum mode Kk, so that the
associated coherent state is defined as

apl{rct) = rol{ric}). (32)

The expectation of the scalar field in this state is then

($(x,0)) ) = UnH(x.0){ri})

(2r)3 2E,

- / (62177[))3 ppe™™. (33)

Similarly, the conjugate field has expectation
i dgp . EP * ip-x
(0:9(%,0)) () = /W <—l 7(}’1) - V-p)> e'®

& .
- / (27:1))3 mpe'P™. (34)

We then see that a coherent state may be equivalently
described by the sets of complex numbers {¢y, 7y } (which
must satisfy ¢_x = ¢y and z_y = my) instead of the
numbers {yy }.

Again we wish to consider a Gaussian ensemble of
coherent states. As the ensemble is Gaussian, it is completely
defined by its two-point statistics. The most useful quantity

043534-5
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to define these statistics is the power spectrum P(p), which
determines the two-point statistics of ¢, and 7,

Elgpdy] = (27)*P(p)s® (p — q). (35)
Elmprg] = (27)° EgP(p)s©®) (p — q). (36)
Elgpprs] = 0. (37)

Note that Eq. (35) and ¢_, = ¢}, implies P(—p) = P(p).
The two-points statistics of y,, are then

Elypra] = (22)*E,P(p)5® (p — q). (38)

Elyprql = Elrprg) = 0. (39)

If ¥ is the density matrix for the Gaussian ensemble, then
Egs. (38) and (39) imply the operator traces

Te[¥apay) = (27)E,P(p)5) (p —q).  (40)
<&p&jl>‘l’ = (2”)3(Epp

<ap&q>‘P = <a1§&2>‘1’ =0. (42)

(p) + N3P (p—q). (41)

Higher-point statistics in a Gaussian ensemble can be
computed via Wick’s theorem, that is, any expectation of a
product of y,’s and y,’s can be computed by considering all
possible contractions of the product and applying the two-
point statistics in Egs. (38) and (39). Likewise, any trace of a
product of creation and annihilation operators can be
computed by applying Eqs. (40)—(42) to all possible con-
tractions (paying careful attention to the relative ordering of
any contracted pair). Note that in this context, we need only
sum over bipartite contractions, that is, contractions which
pair each creation operator with an annihilation operator.
Equation (42) implies that any contraction which pairs two
creation or two annihilation operators will vanish. As an
example, we compute the operator trace

<a;f)] PzaPzAP4>‘P - <a11;1 pz>‘}’< I’ p >‘i‘
+ (ap, ap, )y (ap,ap, )y (43)

= (2”>6E P(P1>Ep3P(P3)5 (Pl P2)5(3>(P3 - Py4)
+ (27)°Ep, P(p1) (Ep, P(p3) + 1)51)
x (p; — P4)5(3) (P2 — P3)- (44)

B. Squeezed state

Now we move on to consider a squeezed state for the
field ¢p. Again we define the state |Q) as the vacuum with

respect to a different set of annihilation operators lep. These

operators are related to the a, from which we construct
g?ﬁ via a Bogoliubov transformation, as in Egs. (3) and (4),
with Bogoliubov coefficients a;,f, for each momentum
mode. In order for both &, and Ep to satisfy Eq. (31), again
these must satisfy |a,|* — [B,]* = 1, but now in addition we
also require apf_, = a_,fp. Note that in order to satisfy

momentum conservation, @ is a linear combination of b,

P
and lAf_p (and likewise for ap). With these definitions, we

find the two-point expectation values

(apag)o = (Qapay|Q) = (27)°|,67) (p —q).  (45)
(apagha = (27)°|ay 26 (p ~ q). (40)
(apag)q = (27

(apal)q = (27)a ,B56%) (p + q). (48)

VB (p + ). (47)

We see that Egs. (45) and (46) take a very similar form to
Egs. (40) and (41). In general, let us define the power
spectrum P(p) for any state by Eq. (40). The squeezed state
then satisfies |,Bp|2 E,P(p). Equations (47) and (48),
however, demonstrate one notable difference between a
squeezed state and a coherent state ensemble: the product
of two creation or two annihilation operators has a nonzero
expectation value in a squeezed state. This is a crucial
observation for computing higher-point expectation values.
Whereas for the coherent state ensemble, we applied
Wick’s theorem over all bipartite contractions, for the
squeezed state, we must sum over all contractions (includ-
ing ones between two creation operators or between two
annihilation operators). As an example, we can compute the
expectation value of the operator in Eq. (43) in a squeezed
state

<a1§12’p2a1§35’p4>g = <&;1&p2>9<a1§3&p4>9
+ (ap, ap,)a{ap, a4, )a
(@, ap, )o@y, dp, )0 (49)
:(2”)6E P(p))E, (P3)5 J(p1 - P2)5 '(p3 = pa)

+ (27)°E, P(p1)( P(p3) +1)5°

x (p1 = p4)8% (P2 — p3)

+ (27)°aLy, ay, By, fop,d 519

x (p1 + p3)5%) (P2 + pa). (50)

While the first two terms in Eq. (50) match Eq. (44), the
squeezed state expectation value receives an additional
contribution from the contraction of like operators. This is
analogous to the factor of three in Eq. (28) compared to the
corresponding factor of two in Eq. (20). Note that this final
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term cannot be naively interpreted in terms of the power
spectrum, without some additional assumption on the
phases of a;, and f,. We will return to this point later.

IV. DENSITY PERTURBATIONS

In Sec. II, we saw that we could distinguish an ensemble
of coherent states from a squeezed state by examining the
statistics of the number operator N. In this section, we will

operator, and explicitly show that they differ between these
two states. In this sense, we can learn about the state of
ultralight DM without relying on any nongravitational
interactions.

The energy density operator is defined in terms of the
scalar field ¢ and can be decomposed into perturbation
modes as

1 ~ 1 . 1 N
px.1) =5 (0 (%, ) + 5 V(. P 4+ 5 m(x, 1)

attempt to find an analogous quantity in the context of a
quantum scalar field. The primary observables that we can
infer from noninteracting DM are its density perturbations.
Here we will show that these are sufficient to distinguish a
coherent state ensemble from a squeezed state. Namely, we
will compute various statistics of the density perturbation

|
o [ bt

2ﬂ')3 4 EkEk—p
- (ExEup + K- (K = ) + 1) (@ pe B Buce) 4 6]t il BB (52)

3 ~ .
= /(6217’;35p(p,t)elp"‘. (51)

From Eq. (1), we can write the density perturbation
operator in terms of the creation and annihilation operators

[(ExEx—p + k- (k-p)+ mz)(akﬁi_p + &L_p&k)e‘i(Ek—Ek—p)f

In this work, we will primarily be interested in go(p, t) for p # 0. This is because we only have one realization
of the total energy over all space E = 5})(0, 1), and so correlators involving this quantity can not be observationally

measured. Correlators involving (SAp(p, t) for p # 0, on the other hand, can be measured by observing momentum modes

with the same magnitude but different direction (as long as we assume isotropy). Throughout, we will assume p # 0, and so

in particular, this implies that &kait—p = &i‘;_p&k in the first line of Eq. (52). As we are primarily interested in DM, we will

also consider the nonrelativistic limit, where this integral is dominated by |k| < m (and we consider |p| < m). In this case,
Eq. (52) simplifies to

< LK

op(p,1) =m a (53)

W ak—p ayg.

Note that in this limit, the time dependence of (SAp(p t) vanishes (see Appendix A for further discussion of time dependence),
and so we will suppress the explicit time dependence in our notation henceforth. Finally, to remove explicit UV divergences,

we will consider normally ordered correlators in this section. We will evaluate the two- and three-point statistics of 6Ap(p) in
a coherent versus a squeezed state, just as we did for the number operator in Sec. II.

A. Two-point function

We begin by computing the normally ordered equal-time two-point function of the density perturbation operator in both
of the states of interest. Let us begin with the coherent state ensemble. As discussed in Sec. III, we can compute the two-
point function by applying Wick’s theorem over all bipartite contractions of creation and annihilation operators. For two
density perturbation operators 5p(p), 5p(q), as in Eq. (53), there are naively two such contractions. However because we are
interested in p, q # 0, only one of these is nonzero. This yields the normally ordered two-point function’

N N 3 31,/ .
(:5p(D)p(Q) )y = m® / %% (@] (@]l = 30 (p + q) - / PRPK)P(k—p).  (54)

Let us now consider the two-point function in a squeezed state. As in the coherent state ensemble, we will normal order
the two-point density perturbation operator (with respect to the &, a, operators, not the by, b:, operators) before taking its

’Depending on the large-|k | behavior of P(k), the integral in Eq. (54) may naively be ultraviolet (UV) dominated, so that relativistic
modes should contribute. We note that in order for the mean energy density [see Eq. (58)] to be dominated by nonrelativistic modes,
P(k) must already fall off faster than |k|~3. This scaling also makes Eq. (54) UV finite, and so justifies the nonrelativistic assumption.
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expectation in the |Q) state. As discussed in Sec. III, the
crucial difference between the coherent state ensemble and
the squeezed state is that nonbipartite contractions con-
tribute to the latter. This gives one additional contribution to
the squeezed state which did not appear in the coherent
state ensemble

(:8p(p)3p(q):)q — (:6p(P)3p(q) )y

. &’k K Ay gt at
- /(2 ) (27[) < ag k>Q< k-p k’ q>§2 (55)

=60+ @) [ Pkeporcy by (56)

At this point, we must make some assumptions about the
phases of the Bogoliubov coefficients «a,f,, which
generically may depend on how the squeezed state is
produced. If the phases of the Bogoliubov coefficients
vary as a function of momentum, the integral in Eq. (56)
may be highly oscillatory, so that the two-point function for
the squeezed state reduces to the case of the coherent state
ensemble. However, if the squeezed state is produced
during inflation, the phases of the Bogoliubov coefficients
will (at least initially) be independent of p [36]. This is
because, during inflation, momentum modes become fro-
zen once they exit the horizon, i.e., d,¢ is very small for all
(sufficiently small) p at the end of inflation. In the language
of squeezing, this implies that arg[a,f_,| = 0 for all such
p, so that all modes are squeezed along the ¢ direction (in
analogy to the squeezing in the X direction shown in
Fig. 1). These modes reenter the horizon when the Hubble
constant equals the mass of the field.® From then on, the
phases of all modes evolve with frequency E, ~ m (rep-
resented by clockwise evolution in Fig. 1). Importantly
because all modes begin this evolution at roughly the same
time, they will remain in-phase until dispersion causes their
relative phases to drift. For the remainder of this section, we

will compute the two- and three-point functions of (SAp(p)
under the assumption that the Bogoliubov coefficients
remain in-phase. In Appendix A, we estimate the impact
of dynamical effects, such as dispersion, on the Bogoliubov
phases, and in Appendix B, we demonstrate how the four-

point statistics of 5Ap(p) can be used to distinguish a
coherent state ensemble from a squeezed state if the
coefficients are not in-phase. This distinction relies on
measuring a subdominant contribution to the four-point
function, and so may be difficult in practice.

“This is only true for modes which reenter while nonrelativ-
istic. Modes which reenter while relativistic will do so earlier, and
thus will accumulate some additional phase relative to non-
relativistic modes. This phase is subdominant to later dispersion
which occurs after all modes have reentered [see Eq. (A9)].

Without loss of generality, we may take ap, f;, to be real
for all p. If we make the additional assumption that the
modes which are relevant in Eq. (56) have large particle
number, then we may simply take a, = f, = \/E,P(p).
Eq. (56) then implies

(:5p(p.1)dp(q. 1)) = 2(:8p(p. )dp(q. ) )y (57)

Note that this factor of two is only observable if we have
fixed the amplitude of the power spectrum through another
measurement, such as the observed mean energy density. It
is therefore useful to distinguish between two cases. For a
generic state, the mean energy density is given by

(:6p(0.0)1) _
513(0)

where P (k) is the total power spectrum of the scalar field,
defined as in Eq. (40) for all modes k, regardless of whether
they are in a coherent state ensemble, squeezed state, or
other state. If the modes which dominate the integral in
Eq. (58) reside in a coherent state ensemble or squeezed
state (as might be the case for vector DM produced during
inflation [22]), then P (k) may be identified with the
power spectrum P(k) we have dealt with so far. In this
case, the amplitude of the power spectrum is fixed by
observation of p, and so the two-point statistics alone are
enough to distinguish a coherent state ensemble from a
squeezed state, via Eq. (57).

On the other hand, if the modes of (}5 which reside in a
coherent state ensemble or squeezed state are subdominant
contributions to Eq. (58), then the amplitude of P(p) is not
fixed. This may be the case if DM is dominantly produced
via another mechanism and inflation imprints subdominant
1socurvature fluctuations on the DM. In this case, another
observable is required. Below we show that, so long as the
Bogoliubov coefficients are in-phase, the three-point func-

p= m? / PRPG(K).  (58)

tion of Sp(p) is sufficient. In Appendix B, we show that if
this is not the case, the four-point function may be able to
distinguish a coherent state ensemble from a squeezed state.

B. Three-point function

We now move on to calculate the three-point function of
the density perturbations, in both an ensemble of coherent
states and in a squeezed state. The three-point density
perturbation operator consists of three pairs of creation/
annihilation operators. As before, we consider all possible
contractions of these six operators, which are shown in
Fig. 2. In the case of the coherent state ensemble, we are
again only interested in bipartite contractions. As we are
interested in py, p,, p3 # 0, we cannot contract a creation
operator with the annihilation operator from the same

(SAp(p ;) operator. This leaves only two possible contractions
for the coherent state ensemble,
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ki —p: ki 3
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.

ks — p3
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FIG. 2. Contractions which contribute to the three-point function of the density perturbations [see Egs. (60) and (61)]. Each diagram
consists of six nodes representing the three creation and three annihilation operators in Eq. (59) (with their corresponding momenta
labeled in the top-left diagram), while lines indicate operator contractions. As pi, p», p3 # 0, horizontal contractions are forbidden.
There are two valid bipartite contractions, shown in black, which contribute to the result for the coherent state ensemble in Eq. (60).
Meanwhile, there are six other contractions, shown in blue, which contribute to the squeezed state result in Eq. (61). All diagrams in the
top row yield the first term in Eq. (60), while the diagrams in the bottom row yield the second term.

<3‘§’(P1 )57)(1’2)570(133) Dy

— 3 d3k1 d3k2 d3k3 <AT ~F AT A A >
- (277:)3 (271')3 (271')3 Ay —p, Yy —p, Dy —p; Y, 91, 95 ) 9

(59)
=389 (pi +p2+ps3)
i / PRP(K)P(K - p,)[P(k + py) + P(k + ps)].

(60)

For the squeezed state case, we consider all contractions
which do not pair &L_pl_ with @y . Figure 2 shows that this
gives six additional contractions. All of these contractions
involve Bogoliubov coefficients which are not paired with
their conjugates. If the phase of the Bogoliubov coefficients
vary with momentum, these contributions will be highly
oscillatory and wash out. In this case, we recover Eq. (60).
If, however, the Bogoliubov coefficients have constant
phase, then these other six contractions contribute, and give
a three-point function

(:6p(P1)3p(P2)3p(P3) ) = 4(:8p(P1)3p(P2)3p(P3) ! )y
(61)

Note the factor of four in Eq. (61), in contrast to the factor
of two in Eq. (57). This cannot be simply accounted for by
rescaling the power spectrum, and so this constitutes an
observable difference between a coherent state ensemble
and a squeezed state (in the case where the Bogoliubov
coefficients have constant phase). This is a leading-order
effect and persists even in the limit of large particle number.

Let us connect the quantities we have derived to some
standard cosmological observables. In cosmology, it is typical

to deal with the density contrast 5(p) = %"), where the

mean energy density p is defined as in Eq. (58). The matter
power spectrum Ps(p) and matter bispectrum B (p;, p», P3)

are then defined in terms of the statistics of &
(:5(p)d(q):) = (27)°Ps(p)s® (p +q).  (62)

(:8(p1)8(p2)d(p3) )
= (27)°B5(p1.p2.3)0% (py + P2+ p3).  (63)

As discussed below Eq. (58), when the dominant fluctuations
of DM are in a coherent state ensemble or squeezed state,
p can be related to P(p). In particular, suppose that the
integral in Eq. (58) is dominated by some scale k.. Then for
|p| > k., the matter power spectrum can be written as

m2
Ps(p) zZ(Tf)’(/‘j)

in the case of a coherent state ensemble. Likewise, for
Ip1 p3| > k., the bispectrum becomes

(64)

P2,

s

Bs(p1.p2.P3)

%2m4[P(P1)P(P2) + P(p;)P(p3) + P(p2)P(p3)]
(27)°p?

(65)

= 47°[Ps(p1)P5(p2) + Ps(p1)Ps(P3) + Ps(p2) P5(P3)]
(66)

for the coherent state ensemble. In the typical language of
non-Gaussianities [43], this implies that the matter bispec-
trum exhibits a local shape for large |p,|, |p|, [p3], with
fanu = 27°, when the dominant DM fluctuations are
described by an ensemble of coherent states. It is not difficult
to show that the squeezed state predicts the same fy;. (in the
case of large |py[,|p2|,|p3|)- Note that if subdominant
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fluctuations are described by one of these states, their fy;, can
generically be much larger.

V. DISCUSSION

In this work, we computed the statistics of the density
perturbations of a scalar field in two states. The first is an
ensemble of coherent states, which is often presumed for
DM in laboratory or astrophysical contexts. The second is a
squeezed state, which is typically produced by inflation, or
any other process which is described by a Bogoliubov
transformation. We showed that these two states can be
distinguished solely based on observations of the matter
power spectrum and bispectrum that they predict.
Importantly, these observations rely on no nongravitational
interactions of the DM. This implies that cosmological
observations of non-Gaussianity can act as probes of the
current DM state, as well as its origin.

It is worth reiterating that both of the states considered in
this work represent isocurvature perturbations of DM.
Adiabatic perturbations exhibit Gaussian statistics for
5 (in the linear regime of structure formation), and so
the matter bispectrum predicted in Eq. (66) implies that
these perturbations cannot be adiabatic. The conclusion of
this work can thus be phrased as follows: if large-scale
isocurvature fluctuations of DM exist, they should exhibit
observable non-Gaussianities, which may be able to elu-
cidate their nature. If DM is described by a scalar field,
inflation would generically imprint isocurvature fluctua-
tions onto it. Moreover, observations of non-Gaussianities
in the DM can probe smaller scales than direct observations
of isocurvature. Therefore, searching for non-Gaussianities
may offer a promising method to diagnose isocurvature at
certain scales.

Notably, our analysis has ignored dynamics of the DM,
such as clustering. We have assumed the current state of the
DM to be a coherent state ensemble or squeezed state, and
in the latter case, our results in Egs. (57) and (61) assumed
phase coherence of the Bogoliubov coefficients. Although
inflation produces a squeezed state with phase coherence, it
is far from clear that this state is not disrupted by clustering.
In Appendix A, we estimate the impact of the DM’s
dynamics on the state and show that they may be signifi-
cant. In Appendix B, we show that if the phase coherence is
disrupted (but the squeezed state is preserved), a subdomi-
nant contribution to the four-point function of the density
perturbations may be useful instead. A more detailed
treatment is required to understand how the statistics of
the pertubations evolve through clustering. Our work
serves as a motivation for such future studies.
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APPENDIX A: DYNAMICS

In this appendix, we estimate the impact of dynamics on
the squeezed state considered in this work. Our calculations
in Sec. IV assumed not only that the current state of the DM
is a squeezed state, but also that its Bogoliubov coefficients
were in-phase. As discussed below Eq. (56), this will be the
case initially for fluctuations which are produced by
inflation, but clustering may affect either of these assump-
tions. Here we estimate when either the phase coherence or
the squeezed state itself is affected by dynamics.

We begin with the equation of motion for the scalar field
in the presence of a gravitational potential ®(x,¢). The
perturbed FRW metric with this potential (in Newtonian
gauge) is given by

ds? = (1 +2®(x,1))dt* — a(t)*(1 = 2®(x, t))|dx|?,

(A1)
where the scale factor a(r) scales as
£, t<t
a(t) < { “ (A2)
B, 1> 1y

in radiation and matter domination, respectively, with current
value a(fyesent) = 1. In this metric, the Klein-Gordon

equation for a scalar field ¢ takes the form’

029 + (3H — 40,0)0,¢) — a2(1 + 4D) V2

+m*(1 +2®)¢ = 0, (A3)
where H = %. When (2) is uniform in space, @ is negligible,
and H < m, this reduces to

i +m’¢ =0, (A4)
so that each mode of ¢ behaves as an independent harmonic
oscillator with the same frequency m. In this case, it is not

In this appendix, for simplicity, we treat ® as a classical
background field. During matter domination, @ will be sourced
by the DM. Therefore, in reality, it should be treated as a
dynamical quantum operator. As the purpose of this appendix is
to determine the regime in which the effects of @ are negligible,
we find it sufficient to ignore its dynamical and quantum nature.
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difficult to see that if g?ﬁ begins in a squeezed state, it will
remain in a squeezed state with Bogoliubov coefficients
(0)e=", (A5)

ap (1) = ap

Po(t) = Bp(0)e™™. (A6)
This implies that if the coefficients begin in-phase, they will
remain in-phase. This squeezed state can be disrupted by
either nonzero gradients of ¢ or a nonzero potential o
Specifically, the a=2V2¢ term in Eq. (A3) will lead to finite
dispersion, which can cause the various momentum modes
to drift out of phase. Likewise, the m2<I><27 term can lead
to mixing of different modes which can disrupt the
squeezed state.

First let us analyze the impact of dispersion. We can
reexpress z?) in terms of its Fourier components

3
(/]\5 _ / d |y &pe[p.X.

(2x)3 (A7)

In terms of these Fourier modes, including the gradient
term into Eq. (A4) yields

2
A p ~
0, + ('(l—l + m2> ¢p = 0. (A8)

In this case, the Bogoliubov coefficients evolve with

frequency Ep = \/lg—f + m?. The total phase accumulated
by the coefficients of the mode with momentum p is’

t resent ~ tnr(p> te 2
/p thpz/ dtM—l—/ ! dt<m+ |p2| )
tcnl(p> [cnl(p) a Inr(l’) Za m
tl’ESEH( 2
+/" dt(m—l— ‘pzl )
teg 2a°m

where 7., (p) is the time at which the mode enters the
horizon, given by |p| = a(fen)H (fen;); and 2,.(p) is the
time at which the mode becomes nonrelativistic, given by
|p| = a(t,)m. Note that the m terms in the second two
contributions to Eq. (A9) can be neglected, as they induce

(A9)

$The Hubble friction term 3H. ath, on its own, does not disrupt
the squeezed state. This is because one can define i = a?/ zg?),
which satisfies Eq. (A4) to leading order. Properly defining the
state in terms of this operator makes it clear that the state remains
squeezed.

*Here we assume foy(p) < fur(p) < feq- As DM must be
nonrelativistic by matter-radiation equality, the second equality is
necessary. For sufficiently large masses, Eq. (A11) allows for scales
which have #.,(p) > #,.(p). In this case, the lower bound of the
integral in Eq. (A10) should really be 7., (p). Even for masses as
large as m ~ 1 eV, this makes at most a ~10% difference to the
estimate in Eq. (A11).

no dispersion. Then, the first contribution is dominated by
early times, while the last contribution is dominated by late
times. We therefore expect the dispersion to dominantly
arise from the second term in Eq. (A9). This gives an
accumulated relative phase

le 2 2¢ a(ty)m
/ q dt |p2| ~ |p| ;q 1o (eq)
’nr(p) Za m a(teq) m |p|

(A10)

Requiring this phase to be less than one gives the constraint

1

2

Ip| < 30 Mpc™! < (A11)

om
10720 eV

(with an additional mild logarithmic dependence on m).

Now we estimate the impact of mode mixing induced by
the gravitational potential on the squeezed state. In terms of
the Fourier modes of (2), including the dominant gravita-
tional potential term into Eq. (A4) yields

- A &k o
a%(,{)p + m2¢p + 2m? / Wq)p_k% =0, (A12)
where @, are defined as
d’p -
®— / G O™ (A13)

As ® <« 1, Eq. (A12) implies

A N &’k A
0,¢p =4im <¢p + /W(I)p_kgl’?k) s (A14)

which gives two solutions for g?ﬁp of (approximately)
opposite frequencies.

Motivated by Eq. (1), let us decompose ‘2’1) into these two
solutions as

(A15)
with a,(t) ~ e the negative frequency solution and

al, (1) ~ e™ the positive frequency one. Then Eq. (A14)
can be written as a differential equation for a,(z) as

N ., d’k N
0,4y = —im| a, + W(Dp_kak . (Al6)

The general solution to this differential equation is

A Pk .
ap(t) _— im(r—tg) U(p,k,t, to)ak(l‘o), (A17)

(27)*
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t
Ulp.k.t.0) = (2059 (p = k) = im [ diy@y (1) = m

Ty

The solution for aj is given by the complex conjugate of
Eq. (A17). Note that U(p, k, ¢, 1y)* = U(K, p, ty, t). We see
that time evolution begins to mix the creation/annihilation
operators of different modes. The most noticeable effect of
this mixing is that different modes will no longer be
independent; more specifically, the correlators of crea-
tion/annihilation operators will no longer be proportional
to delta functions, e.g.,

3 31,/
(@y(ah(0)a= [ %(‘;7“) Up k. 1.10)U(q. K. 1.10)"
x (@ (0)a), (0))q (A19)
-/ (‘57")3|ak|2v<p,k,z, UK. 10.1)  (A20)
— (22)]ty |26 (p - q)
—im(lay? = g ) [dtlcpp_q(tl) b (A2D)

Note that the leading order mixing term is proportional to
|lay|* — |ag|?, that is, modes with similar amplitude do not
mix. If we assume that the power spectrum P(p) is
dominated by some scale k., then in order for a dominant
mode |p| ~ k, to mix, it must do so with a much larger or
much smaller scale |q| < k, or |q| > k.. In other words,
mixing requires nonzero @, for |k|~k,. We can then
estimate that mixing becomes relevant when

Ank3 Ipresent
me /" dd, (1) ~ 1.
1,

: A22
327) Jink) (422)

In order to estimate the size of @, we will apply
standard linear cosmological perturbation theory [44]. We
note that the relevant modes which we consider in this
appendix are small enough that nonlinear dynamics
become important. Therefore, this exercise only serves
to give a rough idea of how large the mixing effects may be.
A full nonlinear computation is required to properly assess
the impact of the gravitational potential. In linear pertur-
bation theory, ®, begins outside the horizon with a scale-
invariant spectrum10

27>
-

P

(A23)

""Note that if the DM isocurvature perturbations are large
enough, the gravitational potential at the scale k, may be larger
than the usual estimate from cosmological pertubation theory.
Equation (A23) should therefore be viewed as a lower bound on @,,.

) d3q t I
(277:)3 dl] dth)p—q(tl)q)q—k(tZ) ‘|‘ ttt . (AIS)
1o to

|
Once each mode enters the horizon, it begins to oscillate
and decay in amplitude as |®,|~a™? during radiation
domination, and then remains constant during matter
domination. The resulting amplitude during matter domi-
nation is therefore

1, Ip| <k
27° eq
D (t > teg) ~4x 107 - —-< /.02
pl > leq e (‘;‘f;a) . 1Pl > kg
(A24)

where keq = a(feq)H(feq) ~0.01 Mpc™ is the scale that
enters the horizon at matter-radiation equality. We see that
the integral in Eq. (A22) is dominated by the period of
matter (and dark-energy) domination. In particular, it gives
the constraint

1

m 2
k. > 150 Mpc™' ()",
pe (10—20 eV)

Comparing Eq. (All) with Eq. (A25), we find that any
dominant scale k, will be impacted by either dispersion or
mode mixing from the gravitational potential. However, the
fact that these constraints are not too far apart suggests that
parameter space may exist where both effects are nonzero,
but do not completely destroy the squeezed state. Curiously,
we note that the inflationary production mechanism for
vector DM proposed in Ref. [22] predicts a dominant scale

m
k, ~3 mpe! (2
mpe <10—5 eV)

for DM masses m = 10~ eV, which lies between the
bounds in Eqs. (Al1) and (A25). [These scales, however,
lie deep in the nonlinear regime of structure formation, so
that Eq. (A25) can not be directly applied.] Finally, we
comment that if Eq. (A11) is satisfied but Eq. (A25) is not,
the state will remain squeezed, but only lose its phase
coherence. In the next appendix, we show that the four-
point statistics of the density perturbations may be useful in
this case. Either way, the estimates in this appendix motivate
future work to precisely compute the dynamics of the
squeezed state and its resulting perturbation statistics.

(A25)

1
2

(A26)

APPENDIX B: FOUR-POINT FUNCTION

In the quantities we have computed so far, the case of a
squeezed state with momentum-dependent phases for its
Bogoliubov coefficients has been indistinguishable from a
coherent state ensemble. This is because contractions of
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two creation operators or two annihilation operators result
in unpaired Bogoliubov coefficients, such as in Eq. (56).
Generically, this will always be the case. However, if we
make an additional assumption about the relationship of the
momenta entering the n-point correlator, the coefficients
may incidentally become paired. For instance, if we were to
assume p = 0 in Eq. (56), we would find that the integral
only depends on the absolute values of the Bogoliubov
coefficients and so will not be highly oscillatory. As
mentioned in Sec. IV, we do not wish to set any momenta
to zero, and so the two-point function cannot give us a
nontrivial result while imposing this restriction. For the

three-point function, it also turns out that a nontrivial result
would require setting one of the momenta to zero.

Therefore, we turn instead to the four-point function. As
we will see, if we set p; = —p, and p; = —pg4, then we will
find a nonvanishing contribution to the squeezed state
correlator, which does not appear for the coherent state
ensemble. As we have now assumed a relationship between
the momenta, there will now be “disconnected” contributions
to the four-point function, i.e., contributions which come
from the product of two two-point correlators. We wish to
isolate the connected contributions, that is, we will be
interested in the quantity

~ ~ ~ ~ ~ ~

Ky(p.q) = (5p(p)3p(—p)3p(q)5p(—q))y — (5p(P)op(—P))w(5p(q)5p(—q) ). (B1)

for p,q # 0 and p # £q, in the case of a coherent state ensemble. We can similarly define K (p, q) for the squeezed state.
In total, there are nine bipartite contractions of the four-point density operator that do not pair creation and annihilation

operators from the same 5;) operator. These are shown in red and black in Fig. 3. The three red diagrams constitute
disconnected contributions. (Only the leftmost is nonzero when p # 4q.) The other six contributions in black give

Ky(p.q) = 6%(0) - m® / &’k P(k)P(k — p)[P(k)P(k — q) + P(k)P(k + q) + P(k —p)P(k —p — q)
+P(k —p)P(k—p+q)+2P(k +q)P(k —p +q)], (B2)

for p,q # 0 and p # *q.
Now let us consider the squeezed state case. Due to our choice of momenta, there are now nonbipartite contractions,
which yield phase-independent contributions. For instance, the leftmost blue diagram in Fig. 3 yields

Pk, &Pk, dky &k,

Ka(p.4) > m4/ (27)* (27)’ (27)° (27)° (g, s pln, )l o g, _pli, )o@k, | qk)a (B3)
=5%)(0) - m* / d3k1a’ik]ﬁi§] “a o, Pry—pl” - 1Bk, 4ql® (B4)
~53(0) - m® / d*kP(k)*P(k —p)P(k — q), (B3)

where we have taken the limit of large particle number, so that |ay|? ~ |fi |> & Ex P(k). Note that the phases of oy and Sy
are irrelevant to this result, as only their absolute values appear. In total, there are four of these nonbipartite phase-
independent contractions, which are shown in blue in Fig. 3. In addition to the six black contractions, these yield a four-
point function

Ko(p.q) = 25%(0) - m® / #’kP(k)P(k —p)[P(k)P(k — q) + P(k)P(k +q) + P(k —p)P(k —p — q)

+P(k-p)P(k—p+4q)+Pk+q)P(k—-p+q) (B6)
for the squeezed state. Note that Eq. (B6) is not proportional to Eq. (B2). This implies that the connected four-point function
for a squeezed state with momentum-dependent phases will have a different shape as well as normalization from a coherent
state ensemble [as opposed to the three-point function in Eq. (61) which only differs from Eq. (60) in normalization]. As
before, the power spectrum P(K) can be inferred by observing the average energy density or two-point density correlator,
and then the observed four-point function can be compared to Egs. (B2) and (B6) to determine the state of ¢. As a final
comment, we note that the quantity K(p, q) is subleading in the sense that the disconnected contributions which have been

subtracted in Eq. (B1) scale as 6 (0), so observing K(p, q) requires precise cancellation of these contributions.
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FIG. 3. Contractions which contribute to the four-point function of the density perturbations. As in Fig. 2, each diagram consists of
nodes corresponding to creation/annihilation operators, with contractions shown by solid lines. In this figure, we set p = p; = —p, and
q = p3 = —P4. In red and black, we show all bipartite contractions, which contribute to the four-point function of the coherent state

ensemble. The red contractions are disconnected, and so do not contribute to Ky(p, q), as in Eq. (B1). (Only the leftmost is nonzero
when p # £q.) The blue diagrams show nonbipartite contractions which are phase independent, and so contribute to K (p, q) for the
squeezed state. The dashed lines represent pairs of nodes which have not been contracted, but whose momenta are equal because we
have fixed p; = —p, or p3 = —p4. As a result, the nonbipartite contractions in the blue diagrams depend on the same momenta. This
leads to a cancellation of the Bogoliubov phases, as in Eq. (B4). The bottom two rows of diagrams are arranged so that diagrams in the

same column yield the same term in Eq. (B6).
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