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The measurement of orbital eccentricity in gravitational-wave (GW) signals will provide unique insights
into the astrophysical origin of binary systems, while ignoring eccentricity in waveform models could
introduce significant biases in parameter estimation and tests of general relativity. Upcoming LIGO-Virgo-
KAGRA observing runs are expected to detect a subpopulation of eccentric signals, making it vital to
develop accurate waveform models for eccentric orbits. Here, employing recent analytical results through
the third post-Newtonian order, we develop SEOBNRvSEHM: a new time-domain, effective-one-body,
multipolar waveform model for eccentric binary black holes with spins aligned (or antialigned) with the
orbital angular momentum. Besides the dominant (2, 2) mode, the model includes the (2, 1), (3, 3), (3, 2),
(4, 4), and (4, 3) modes. We validate the model’s accuracy by computing its unfaithfulness against 99 (28
public and 71 private) eccentric numerical-relativity (NR) simulations, produced by the Simulating
eXtreme Spacetimes Collaboration. Importantly, for NR waveforms with initial GW eccentricities below
0.5, the maximum (2, 2)-mode unfaithfulness across the total mass range 20-200M 4, is consistently below
or close to 1%, with a median value of ~0.02%, reflecting an accuracy improvement of approximately
an order of magnitude compared to the previous-generation SEOBNRv4EHM and the state-of-the-art
TEOBResums-Dalf eccentric model. In the quasi-circular-orbit limit, SEOBNRvSEHM is in excellent agreement
with the highly accurate SEOBNRv5SHM model. The accuracy, robustness, and speed of SEOBNRvSEHM make
it suitable for data analysis and astrophysical studies. We demonstrate this by performing a set of recovery
studies of synthetic NR-signal injections, and parameter-estimation analyses of the events GW 150914 and
GW190521, which we find to have no eccentricity signatures.
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I. INTRODUCTION

Since the first detection of gravitational waves
(GWs) passing through the Earth in September 2015 [1],
about a hundred signals have been observed by the
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LIGO-Virgo-KAGRA (LVK) Collaboration [2-6] and in-
dependent searches [7—12] using public data. All these
events have been associated with coalescences of binary
compact objects, such as stellar-origin black holes (BHs)
and neutron stars.

For current [13—15] and future [16-22] GW detectors,
the two main astrophysical formation channels for compact
binaries are isolated-binary evolution and dynamic forma-
tion in star clusters [23—38]. The isolated-binary evolution
channel predicts binaries with negligible eccentricity by the
time they enter the detectors’ frequency band; this is
because those binaries have enough time to circularize,
as they lose energy and angular momentum due to the

Published by the American Physical Society
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emission of GWs [39,40]. However, dense stellar environ-
ments, such as globular clusters or galactic nuclei, are
expected to host systems whose gravitational signal has a
detectable imprint of eccentricity [41-76]. For example,
this is the case for compact binaries that are dynamically
formed close to merger [77-95]. Therefore, the future
detection of eccentric GWs will be key for the characteri-
zation of binary formation channels [96—104].

Several studies have been carried out to infer the
presence of eccentricity in observed GW events.
Analyses by Refs. [105-108] showed evidence for eccen-
tricity in at least three GW signals of the first three
observing runs of the LVK Collaboration [2,4—6], namely,
the events GW190620, GW191109, and GW200208_22.
Furthermore, Ref. [109] analyzed 57 GW events, also from
the first three LVK observing runs, and determined that the
probability of one out of the 57 events being eccentric,
aligned-spin binary BHs (BBHs) is greater than ~99.5%,
depending on the glitch mitigation method. In particular,
the events GW190701, GW200129, and GW200208_22
support the hypothesis of being eccentric. Additionally,
some studies claimed that the event GW190521 also has
evidence for eccentricity [110,111], or that it is the result of
a hyperbolic capture of two nonspinning BHs [112].
However, the analyses in Refs. [109,113-115] have shown
no evidence of eccentricity. This tension in the nature of
GW190521 is probably caused by its short duration [116],
which complicates the identification of eccentricity, as it
could be confused with other effects like spin precession
[117,118]. Overall, accurate waveform models including
both eccentricity and spin-precession are required to
measure with high statistical significance the observation
of an eccentric GW signal.

Quasicircular (QC) waveform models are commonly
employed in GW analyses, such as matched-filtering LVK
searches and parameter estimation studies. However, QC
waveform templates have been shown to be inefficient in
detecting eccentric signals [119-122], such as when the
eccentricity is larger than ~0.2 at 10 Hz [123]. This has
motivated the incorporation of eccentricity into template
banks [124-133], at least for a limited part of the binary
parameter space, though no definitive eccentric signal has
been detected so far. Furthermore, even small eccentricities
(e.g., e~0.1 at 20 Hz [134]) might lead to systematic
biases in the extraction of source properties in inference
studies [109,134—140] and tests of general relativity [141—
147]. Therefore, the effects of eccentricity in GWs cannot
be ignored.

The inclusion of eccentricity in GW analyses requires the
construction of accurate, robust, and fast eccentric wave-
form models. Numerical-relativity (NR) simulations pro-
duce the most accurate waveforms with eccentricity effects
[136,148—-150]. However, producing these simulations is
time consuming. Furthermore, the parameter-space phe-
nomenology of eccentric binaries is richer compared to the

QC case since two eccentricity parameters need to be
specified at a certain reference frequency [151-157].
Therefore, it is crucial to complement NR results with
semianalytical waveform models, which are built by
solving Einstein’s equations approximately.

Over the past years, various eccentric waveform models
have been constructed. Based on post-Newtonian (PN)
results [158—172], References [173—186] developed inspi-
ral-only eccentric models, including spin-precession
effects. Complete inspiral-merger-ringdown (IMR) mod-
els were developed in Refs. [136,187-193], which con-
structed hybrid eccentric waveform models that employ
PN results for the inspiral combined with information
from QC NR simulations for the merger-ringdown phase.
Additionally, a NR surrogate model for eccentric, equal-
mass, nonspinning binaries has been developed by inter-
polating existing NR simulations [194]. Also, IMR
eccentric models constructed upon QC models have been
developed thanks to phenomenological relations observed
in eccentric NR simulations [152,195-197].

A different approach to construct IMR eccentric wave-
form models is based on the effective-one-body (EOB)
formalism [198-201]. In this approach, several analytical
approximation methods (PN, post-Minkowskian, and
gravitational self-force approximations) are combined with
NR results to produce highly accurate waveforms. The
development of EOB models has focused mainly on QC
binaries, resulting in two state-of-the-art families: SEOBNR
[202-211] and TEOBResums [212-216]. However, the pos-
sibility of observing eccentric signals in the near future has
motivated the construction of EOB models for eccentric
orbits. Historically, the inclusion of eccentricity effects in
the EOB formalism started with Ref. [217], which derived
2PN analytical results for the dissipative EOB dynamics of
eccentric binaries. Then, Ref. [218] built the first EOB
waveform model valid for eccentric, nonspinning binaries,
accurate up to 1.5PN order.

The EOB eccentric, aligned-spin waveform models are
now reaching a state of maturity for the two families
SEOBNR and TEOBResumS. In the latter, several prescrip-
tions have been tested to improve the accuracy of
eccentric waveforms [219-232]. The resulting eccentric,
aligned-spin, time-domain, multipolar waveform model is
known as TEOBResumS-Dal.’ This model is valid for
aligned-spins BBHs in generic orbits, and it follows a
hybrid approach to incorporate analytical information
about eccentric orbits. In particular, it employs generic-
orbit Newtonian prefactors for the EOB radiation-reaction
(RR) force and gravitational waveform modes, as well as
the 2PN results from Ref. [217] for the radial component
of the RR force.

'Note that this is a generic name that has been used for various
improved eccentric versions over the last years.
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In the case of the SEOBNR waveform models, Refs. [233—
236] constructed the models SEOBNRE and SEOBNREHM by
including eccentricity corrections to the waveform modes
of the QC models SEOBNRvl [237] and SEOBNRv4HM
[202,203]. Independently, Ref. [238] derived 2PN analyti-
cal results for the EOB RR force and waveform modes
valid for eccentric, aligned-spin BBHs. Later on, Ref. [239]
used these results for the waveform modes to construct the
SEOBNRv4EHM model, which is also a time-domain, multi-
polar waveform model valid for aligned-spins BBHs in
generic orbits. More recently, building on the approach of
Refs. [219-223] and [240] explored the impact of different
choices for the RR force in the test-mass limit.

Here, we present SEOBNRvSEHM” a new waveform model
for eccentric, aligned-spin BBHs that, for the first time,
includes 3PN analytical information in the eccentricity
corrections to the EOB RR force and waveform modes. The
foundations of the model are presented in the companion
paper [241]. In SEOBNRvSEHM, the waveform modes
(¢.m|) ={(2.2).(3.3).(2.1).(4.4).(3.2). (4.3)}  are
built in the time domain, and are applicable to bound
orbits. They are constructed upon the state-of-the-art QC,
aligned-spin model SEOBNRvsHM [207] and employ a QC
prescription for the merger-ringdown phase, as is the case
for all the existing IMR aligned-spin, eccentric waveform
models. In addition, SEOBNRvSEHM is the first IMR eccen-
tric waveform model to complete a review process within
the LVK Collaboration.

As discussed below, the SEOBNRvSEHM model can
achieve unprecedented accuracy against NR waveforms.
In the zero eccentricity limit, SEOBNRvSEHM is in excel-
lent agreement with the QC model SEOBNRvsSHM. For
eccentric waveforms, SEOBNRvSEHM has an overall
improvement of about 1 order of magnitude with respect
to the previous-generation SEOBNRv4EHM model devel-
oped in 2021 and also, with respect to the state-of-the-art
TEOBResumS-Dali model.® We remark that, even if
SEOBNRVSEHM is mostly targeting medium eccentricities,
say up to 0.5 at 20 Hz, it retains an overall better accuracy
with respect to other models even for eccentricities higher

*SEOBNRVSEHM is publicly available through the python pack-
age pySEOBNR [211]. A tutorial notebook is available here: https://
waveforms.docs.ligo.org/software/pyseobnr. Stable versions of
pYSEOBNR are published through the python Package Index (PyPI)
and can be installed via pip install pyseobnr.

‘We employ the TEOBResums-Dali waveform model developed
in Ref. [230]. More specifically, we have used the code on the
Dali branch from the public bitbucket repository https:/
bitbucket.org/teobresums/teobresums/src/Dali, with git hash
ab5f8b84123723b0daa7d122c49940a83d471e2f. Such a version
differs from the original one in Ref. [230] due to an improved
treatment of the initial conditions, which was implemented
during the review of the model in the LVK Collaboration, and
the absence of the (3,2) and (4,3) modes, which are not robust in
the parameter space under investigation here.

than 0.5, thanks to the 3PN eccentricity corrections to the
EOB modes and RR force.

Computational speed and robustness are also key char-
acteristics of SEOBNRvSEHM. Typical applications of wave-
form models require millions of waveform evaluations over
large regions of parameter space. In this work, we dem-
onstrate the applicability of SEOBNRvSEHM by performing
several inference studies with the Bayesian inference Python
package Bilby [242,243] and its highly parallelizable version
PARALLEL Bilby [244], including injections of synthetic NR
signals and analyses of real GW events.

This paper is organized as follows. In Sec. II, we
summarize the EOB BBH eccentric, aligned-spin dynamics
employed in SEOBNRvSEHM. Then, in Sec. III, we show how
the full IMR eccentric waveforms are constructed within
SEOBNRvSEHM. Afterward, in Sec. IV, we validate the model
by showing comparisons against QC and eccentric NR
simulations. Additionally, we provide information about
the robustness and computational speed of SEOBNRvSEHM
across the parameter space of interest for current GW
detectors. In Sec. V, we demonstrate the applicability of
SEOBNRvSEHM by performing NR injection studies and
analyses of real GW events. We conclude in Sec. VI and
give suggestions for future studies. Finally, in Appendix B,
we show comparisons against a set of publicly-available
eccentric NR waveforms (for ease of comparison with
previous studies in the literature), in Appendix C, we show
the accuracy improvement due to the 3PN eccentricity
corrections to the EOB RR force and modes in
SEOBNRvVSEHM, and in Appendix F, we present a summary
of the eccentric NR waveforms employed in this work.

A. Notation

Throughout this work, we use geometrical units in which
Newton’s constant and the speed of light are equal to
one (G=c=1).

We denote the individual component masses as m; and
m, and the mass ratio as ¢ = m, /m, > 1. The total mass,
reduced mass, and symmetric mass ratio are defined
through the relations M = m; + m,, u = m;m,/M, and
v = u/M, respectively.

We restrict our analysis to individual component spins
and S, that are aligned (or antialigned) with the binary’s
orbital-angular-momentum unit vector L and hence,
perpendicular to the orbital plane. (Henceforth, for short,
we refer to them as aligned-spin binaries.) These systems
are characterized by their dimensionless spin components
given by

Si-L _ IS, .
Xi= 5 =:|:|m—2|, 16{1,2}, (1)

m;

which take values in the interval (-1, 1), with positive spins
being in the direction of the orbital angular momentum.
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II. BINARY BLACK HOLE DYNAMICS IN
SEOBNRvVSEHM

In the EOB formalism [198-201], the dynamics of two
gravitationally interacting bodies is mapped onto the
dynamics of an effective test body in a deformed Kerr
background, with the deformation parametrized by the
symmetric mass ratio. The one-body dynamics is charac-
terized by an effective Hamiltonian Hg that is related to
the two-body Hamiltonian Hygg by the energy map,

H
Hgop —M\/1+2y(7‘°'“—1>. (2)

The Hamiltonian H.; employed in the QC waveform
model SEOBNRv5HM [207] reduces exactly to the aligned-
spin Hamiltonian of a test mass in a Kerr background
when v — 0; it resums the full 4PN analytical information
and includes two parameters at higher PN orders that
were calibrated to QC NR simulations (see Ref. [208] for
the explicit expression of the Hamiltonian). Since the
SEOBNRv5HM Hamiltonian is valid for generic orbits and
aligned spins, the extension of SEOBNRv5HM to an eccen-
tric, aligned-spin waveform model only requires the
modification of the RR force acting on the binary and
the generalization of the waveform modes. We achieve
this with an appropriate parametrization of the orbit, as we
see next.

In general, to completely define an elliptic orbit, two
parameters must be specified at a certain point of the binary
evolution. A common choice for these two parameters
is the orbital eccentricity and semilatus rectum,4 with a
radial phase angle (or radial anomaly) to track the
trajectory along the orbit. Nevertheless, eccentricity is
not uniquely defined in general relativity and some defi-
nitions are gauge dependent. Different choices exist for the
eccentricity and radial anomaly parameters, and there are
efforts to relate the different conventions [150,245-247].

In SEOBNRvSEHM, the elliptic orbits are defined using a
Keplerian parametrization of the orbit [248], in which the
radial motion is parametrized as

M

r:up(l—l-ecosg“)’ 3)

where r is the relative separation of the binary (in EOB
coordinates), u, is the inverse semilatus rectum (scaled
by the total mass M), e is the Keplerian eccentricity,
and ¢ is the relativistic anomaly. The initial frequency at
which these parameters are specified in SEOBNRvSEHM

*The same parameters can be used for hyperbolic orbits, but a
more common choice is the initial values of energy and angular
momentum of the binary at a large separation (see, e.g.,
Refs. [224,239]).

TABLE 1. Input parameters of the SEOBNRvSEHM model that
characterize the BBH eccentric, aligned-spin dynamics.

Parameter Description

my, (my > my)
212 (nial < 1)

Mass components
Dimensionless spin components

e Keplerian eccentricity
¢ Relativistic anomaly
(MQ) Dimensionless orbit-averaged orbital frequency

corresponds to the dimensionless orbit-averaged orbital
frequency (MQ),” where Q = ¢ is the instantaneous orbital
frequency.

With this parametrization of the orbit, the eccentricity e
measures the deformation of the orbit with respect to a
circular configuration, and ¢ describes the relative position
of the binary in the orbit at a certain value of (MQ). In
particular, { =0 corresponds to the closest approach
configuration (known as periastron), and { = z corre-
sponds to the farthest configuration (known as apastron).
With the choice of (MQ) as the starting frequency, the
behavior of the system is such that the increase (decrease)
of eccentricity at a fixed frequency corresponds to a
decrease (increase) in the duration of the inspiral (and of
the corresponding waveform) [115].

Thus, in SEOBNRvSEHM the dynamics of eccentric,
aligned-spin BBH systems is determined by seven input
parameters: the BH masses m; and m, (or, equivalently,
mass ratio ¢ and total mass M), the dimensionless spin
components y; and y,, and the eccentricity e and relativistic
anomaly ¢ specified at the dimensionless orbit-averaged
orbital frequency (M€). This information is summarized in
Table I.

In the following subsections, we specify how the BBH
dynamics is computed within the SEOBNRvSEHM model. In
particular, we present the equations of motion (EOM) valid
for eccentric, aligned-spin BBHs, and we outline the
prescription for the initial conditions.

A. Eccentric, aligned-spin effective-one-body dynamics

In SEOBNRvSEHM, the binary dynamics is computed by
numerically solving Hamilton’s EOM supplemented with a
RR force (with radial and azimuthal components F, and
F 4, respectively) and coupled to three additional equations

for the Keplerian parameters e, ¢, and x = (MQ)?/3,

0Hgop
ap,

F=&(r) (r.pr.. Py)- (4a)

%

In SEOBNRVSEHM, the dependence on the inverse semilatus
rectum u, is replaced by a dependence on the dimensionless
orbit-averaged orbital frequency (MQ) via a PN transformation
[see Eq. (B7) in Ref. [241]].
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oH EOB

¢ = oy (r,Pr. Py): (4b)
br. = ~E) B (1, py) 4 EF, ()

e=—

vex* [(121e* +304) .
i [ 15(1 = &) + 3PN expanswn}, (4e)
. [(1 + ecos{)?

= W—l— 3PN expansion}, (4f)
—e

5 (1-e?)
s

+ 3PN expansion} . (49
where the dot denotes differentiation with respect to time ¢,
the variables (r,¢, p, . p,) are phase-space polar coordi-
nates defined in the binary’s center of mass, and we employ
the tortoise radial momentum p, since it improves the
stability of the EOM near the event horizon [249,250]. This
momentum is conjugate to the tortoise coordinate r,
defined by dr/dr, = &(r), and it is related to the canonical
radial momentum p, by the relation p, = p,&(r), where
&(r) is given by Eq. (44) of Ref. [208]. The equations for e,
¢, and x, contain the full 3PN information for the eccentric
dynamics. We refer the reader to the companion paper
[241] for the derivation and details about these equations.

The RR force accounts for the energy and angular-
momentum losses by the system due to the emission of
GWs. In SEOBNRvSEHM, we write the components of the RR
force as a sum over waveform modes [199,201] multiplied
by suitable eccentricity corrections, such that

Fy = FposFec(x, e, (), (5a)

F = & J':'modes JFece 5b

= PR e ), (5b)
M2Q L

Fpole === > mldi, (5¢)
=2 m=1

where 73 and F7° correspond to the 3PN nonspinning
eccentricity corrections to the RR force [241], d; is the
luminosity distance between the binary and the observer,
and A%, are the factorized eccentric waveform modes,
given by

hE,, = WX (X)hss(x, e, 0). (6)

Here, h;;,?c represents the factorization of QC modes
employed in SEOBNRvSHM [207], and hJ are the

nonspinning eccentricity corrections accurate up to the
3PN order [241] [see Sec. IIl A 1 for a description of the
factors entering Eq. (6)]. The complete 3PN expressions for
the eccentricity corrections to the RR force and modes
(Fge, Fi¢, and hg) are provided in the companion
paper [241].

In the QC limit (e — 0), the eccentricity corrections to
the RR force and modes reduce to 1. Furthermore, from
Egs. (4e) and (4g), we get

é|e—>0 = 07 x|e—>0 = (MQ)2/3’ (7)

and no dependence in the EOM on {. This way, we
recover the evolution equations of SEOBNRv5HM, and
inherit the accurate calibration of this model to NR QC
simulations [207].

B. Initial conditions

To initialize an eccentric, aligned-spin BBH system, we
require a prescription to compute the initial values
(70 o> Pr.0- Pyo) that physically correspond to the given
input parameters of the model (m; 5, x1,.¢,¢, (MQ)). By
convention, we set ¢ = 0. The other initial values are
computed using the postadiabatic (PA) approximation
[199,201,251,252], where we assume that the system
evolves through a sequence of conservative orbits, which
slowly inspiral inwards due to the emission of GWs.
The details are given in Ref. [241], and here, we just
outline the main equations employed in such a prescrip-
tion. We note that our method to determine the initial
conditions is a generalization of the procedure employed
in SEOBNRv4EHM [115,238,239].

In the PA approximation, the initial values of the
dynamical variables are split into conservative and dis-
sipative parts,

7o = T0cons T Y0.diss> (83)
Dp0 = Pp0.cons T Dp0.disss (8b)
Pr.0 = Pr,0,cons + Pr.0.diss» (8C)

where (70 cons» Pp0.cons» Pr.0.cons) Satisfy the conservative
EOM, and (7 giss» Ppo.diss» Pr.0diss) are the first-order PA
contributions to the dynamics, which start at 2.5PN order.
The values of 7y ons and pyocons are determined by
numerically finding the roots of the equations,

aHEOB[h pr*(<g>’ e, g)? p(/)]

Q((Q),e,{) = Py (9a)
b (@), e.0) = ~g(r) el Pe 2.0 u2al g
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where Q((Q)..0), p,.((2).e.0), and p, ((Q).e.£) are
3PN formulas without dissipative contributions, derived in
Ref. [241].

Subsequently, the values of ry giss and p 4 giss are directly
determined with PN formulas given in Ref. [241], while the
initial value p, ( (including its conservative and dissipative
parts) is obtained by numerically finding the root of

0Hgog(70s Pr.» Pgo)
op,,

(icons + fdiss)|0 = §(r) ’ (10)

where 7., and iy are formulas given in Ref. [241] that
combine PN expansions with Hgop and the RR force.
This new prescription is convenient since it is con-
structed in such a way as to recover the QC initial
conditions of SEOBNRvsHM [201,207] when e =0.
Another advantage of this new prescription is the possibil-
ity of extending the parameter space of the model. For some
eccentric systems, certain combinations of the input
parameters ((MQ),, e, {y) are associated with a very
small binary separation; that is the case for high eccentricity
and/or high frequency systems initialized close to perias-
tron. This is a problematic situation as many approxima-
tions become less accurate due to the high velocities
involved. To avoid this issue, in SEOBNRvSEHM we imple-

ment a set of three secular evolution equations for (x =

(M Q)g/ 3 ey, o) that are evolved backward in time when-
ever the input parameters are such that the starting
separation of the binary satisfies ry, < 10M. More specifi-
cally, we evolve backward Egs. (4e), (4f), and

 2ux® [96 + 29262 + 37¢*
- 3M 5(1—¢%)7?

+ 3PNexpansion|,  (11)

until the starting separation of the binary satisfies
ro = 10M. The full 3PN expressions of these evolution
equations, as well as the PN equation employed to estimate
the starting separation, are provided in the companion
paper [241]. This way, we get new initial values for
((MQ), e, (), which are then employed with the PA
prescription for EOB initial conditions given above.
Thus, we obtain a system whose evolution eventually
passes through the original input values ((MQ),, eq,{o)
to a good approximation depending on how high the values
for eccentricity and frequency are. For completeness, in
Appendix A, we assess the impact of using or not using this
set of secular evolution equations in determining the initial
conditions for eccentric binaries.

We leave for future work the assessment of different
prescriptions for the initial conditions of eccentric binaries.
Here, we focus on the parametrization in terms of
((MQ), e, () as this reduces directly to the one employed
in QC models, and facilitates the integration of the model
into the codes employed by the GW community.

III. THE SEOBNRvSEHM WAVEFORM MODEL

Gravitational waves have two degrees of freedom
encoded in the polarizations h, and h,, which can be
decomposed as

Ypm(t @) ey (1), (12)

where ,Y, , are the —2 spin-weighted spherical harmon-
ics that depend on the inclination 1 and azimuthal ¢ angles
of the line of sight measured in the source frame, and
he,(IL t) are the gravitational-waveform modes, which
depend on the binary’s intrinsic parameters IlI. Therefore,
given a prescription for the modes h,,, and the intrinsic
parameters of the source, we can completely characterize
the associated waveform.

In SEOBNRvsEHM, we model the full IMR eccentric,
aligned-spin waveform modes for (¢,|m|) ={(2,2),(3,3),
(2,1),(4,4),(3,2),(4,3)}. As in previous EOB waveform
models, we split them into an inspiral-plunge and a merger-
ringdown part, according to

h o = h?fizp_plunge(n; t)’ I < Tnatch 13
fm( ’ t) - merger-RD . ’ ( )
hfm (H’ [)’ I' > Thnatch

where the matching time t,,,,., is related to the peak of the
(2, 2) mode for QC binaries (see Sec. HIB).6

Furthermore, we follow the convention (see Appendix C
of Ref. [253]) in which the merger time (t = 0) is defined as
the time of the last peak of the frame-invariant amplitude
Ay, given a threshold value of 10% with respect to the
largest peak of A;,,, where

Ay = Z |hzfm|2 (14)
¢, |\m|<#

This choice reduces to the one employed in SEOBNRvSHM
[207], while including the possibility that the last peak of
A;,y 1s not the largest one, which can occur for some high-
eccentricity binaries, as noted in Refs. [154,253,254]. The
threshold value of 10% is chosen to avoid selecting
amplitude peaks caused by mode-mixing during the ring-
down phase. Overall, the waveform behavior during the
coalescence of highly eccentric binaries requires further
investigation once more NR simulations are available.

In the following subsections, we specify how the
inspiral-plunge part of the modes k% PP""¢ is computed
using the BBH eccentric dynamlcs and improved with

®Note that we do not employ the notation tem . for the
matching time as in Ref. [207] since we do not include the
(5, 5) mode in SEOBNRvSEHM, and this is the only mode whose

matching time is calculated differently.
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information from QC NR simulations. Then, we present the
phenomenological ansatz that is employed for the merger-
ringdown part of the signal A%< * which assumes that
the binary has sufficiently circularized by the end of the

inspiral.

A. Inspiral-plunge modes

Following previous EOB models, the inspiral-plunge
part of the modes is computed as

hi;’;P'plunge —N,, h[;m ’ (1 5)

where Ny, are the so-called nonquasicircular (NQC)
corrections that guarantee that the modes’ amplitude and
frequency agree with values coming from QC NR simu-
lations (known as NR input values), and h;m are the
factorized EOB waveform modes with eccentricity contri-
butions. We now discuss how these elements are constructed.

1. EOB factorized eccentric modes

In SEOBNRvSEHM, we employ the following factorization
of the waveform modes:

KE,, = WL (x)hee (x, e, 0). (16)

The first term hl;’,gc represents the factorization employed in
the QC model SEOBNRv5HM [207],

Fqe _ 7 N.qgcg qc cqe Lis®
hfm _hfm Seffom fme oy (17)

where h;’;'fc is the leading PN order for QC orbits, which is
given for every (¢, m) by [255,256]

Ngc vM

tepp T
hfm - d—L nf’ncf+€fm (1/) UQJr - Yf—em,—m <§ s ¢> P (18)

where Y., is the scalar spherical harmonic, e, is the
parity of the mode (such that ¢,,, = 0 if £ 4+ m is even, and
€sm = 1 if £+ m is odd), the factors n,,, and c;(v) are
given by Egs. (5)—(7) of Ref. [255], while vq depends on
the orbit-averaged angular velocity, and it is given by’

In SEOBNRv5HM, Eq. (18) is written in terms of vy = MQrq,
with rq = (M0Hgog/0py)~3|, _o. instead of vg. Historically,
the purpose of v, was to improve the modes’ accuracy when there
was no calibration to NR simulations. However, the generaliza-
tion of v, to eccentric orbits becomes complicated due to the
definition of rg. Hence, in SEOBNRvSEHM we directly employ the
factor vg instead of v,. The impact of this choice is assessed in
Sec. IV B (see Fig. 1), where we show that it has a minimal effect
on the agreement with QC NR waveforms.

vo = (MQ)'/3. (19)

The second factor Ain Eq. (17) is the dimensionless
effective source term S, which is given by

¢ + m even

X Hege/p,
eff = { g (20)

(MQ)'\Bp,/(Mu), £+ modd
The remaining factors T%,,, /3., and 5} are specified
in Ref. [207], and they depend directly on the orbit-
averaged angular frequency (MQ) and on the EOB
Hamiltonian Hggp.

The second term in Eq. (16), A%, contains nonspinning
eccentricity corrections up to the 3PN order and depends on
the Keplerian parameters (x = (MQ)%3,e,{). It is con-
structed such that the PN expansion of Eq. (16) gives the
original PN-expanded EOB modes and satisfies A%, — 1in
the e — 0 limit. The complete expressions of these eccen-
tricity corrections are given in the companion paper [241].

2. Nonquasicircular corrections

In the QC model SEOBNRv5HM, the functional form of the
NQC corrections is given by

2 hem hem
_ Dr. hew | @2 as
me— |:1+(]"Q)2 <al + . +r3/2):|

3
X eXp [i (b’{fm ’:—Q + plon f—g)] , (21)

h hem  hem phem phe
where (a;™", ay™, ay™, b\, by™) are constants deter-

mined by requiring that the amplitude, its first and second
derivatives, as well as the frequency of the modes and its
first derivative, agree for every (£, m) mode with the NR
input values at the matching time 7., [202,203,207,257].
The objective of the NQC corrections is to improve the
behavior of the modes near merger. Hence, for QC binaries,
the combination of the dynamical variables (r, p, ,Q) in
Eq. (21) is such that N, — 1 in the early inspiral
since |p, | < rQ.

However, in an eccentric binary system, the functional
form in Eq. (21) is not applicable since the values of p, and
rQ oscillate due to the orbital eccentricity. Therefore, one
needs to give an alternative prescription for computing the
NQC corrections to avoid the introduction of unphysical
features in the waveform modes due to the eccentricity
oscillations. For example, in SEOBNRv4EHM the NQC
corrections were computed using the orbit-averaged
dynamical variables (7, p, ,Q) with the same functional
form as in Eq. (21) [239]. Nevertheless, the orbit-averaging
procedure introduces its own complications: it becomes
difficult to compute the orbit average of very low eccen-
tricity systems, it iS not possible to compute the orbit
average of systems with very few cycles, and the

044038-7



ALDO GAMBOA et al.

PHYS. REV. D 112, 044038 (2025)

orbit-averaging procedure could make the model nonrobust
under small perturbations of the input parameters.

For these reasons, in SEOBNRvSEHM, we compute
the NQC corrections by employing a background QC
dynamics. More specifically, after obtaining the eccentric
dynamics, we calculate the inspiral evolution of a BBH
QC system with the same values of masses and spins as in
the eccentric system. Then, we employ the dynamical
variables (rqc, P, qc. Qqc) of this QC system to compute
the NQC corrections (21) using the QC NR input values
from the SEOBNRvsHM model [207]. We note that the
background QC dynamics is such that it has a duration
larger or equal to the duration of the eccentric dynamics.
The starting frequency of such QC system is estimated
using the first terms from the PN relation for x(z) given by
Eq. (6) of Ref. [258], where the time difference 7 is
replaced by the duration of the eccentric dynamics. In
addition, to reduce the computational cost, the back-
ground QC dynamics is calculated through the use of a
postadiabatic approximation [252,259,260] for the inspi-
ral, as in SEOBNRv5HM.

The eccentric and background QC dynamics are aligned
at a given value of the separation for both systems. We
assume that, by the end of the inspiral, the eccentric
dynamics has circularized sufficiently, so that the final
behavior is the same for both the eccentric and QC
systems. In other words, we assume that there exists a
time ¢, such that, for all the subsequent times ¢ > 7., we
have r =~ rqc, where r is the relative separation in the
eccentric dynamics and rq is the relative separation in the
background QC dynamics. Given this assumption, we
align both dynamics at the times fief ec >, and fiep g at
which

r(tref.ecc) = rQC(tref.qc) = Tref> (223)

(22b)

Fref = MaX (Fipa, I final,qc)7

where ™! and 7@ are the final values of the separation

in the eccentric and QC dynamics, respectively. Note that
these final values by themselves are not robust under
perturbations of the input parameters due to the stopping
conditions of the EOM not being robust under perturba-
tions. Hence, one may think that the reference point (22)
will be a significant source of nonrobustness in the model.
However, this is not the case for systems that sufficiently
circularize because these systems satisfy r = roc at the
end of the inspiral. These are precisely the systems
targeted by SEOBNRvSEHM (for reference, in Sec. IV E,
we study the robustness of the model across the eccentric
binary parameter space). Naturally, future models valid
for higher eccentricities at merger will probably require a
different prescription for the NQC corrections.

B. Matching time

In SEOBNRv5HM, the time at which the inspiral-plunge
modes are matched to the merger-ringdown modes accord-
ing to Eq. (13) is computed as (see footnote 6) [207]

— 22
tmatch,qc = Iisco + AtlSCO’ (23)

where A2 is a calibration parameter determined with QC
NR simulations, and #;gcq is the time at which the relative
separation of the binary is equal to the Kerr geodesic
innermost stable circular orbit (ISCO) radius [261],

r(tisco) = risco- (24)

Here, rigco is calculated with the values of final mass and
spin y of the remnant BH, which are computed with fitting
formulas obtained from QC NR simulations [262,263].

The reason for selecting the ISCO radius as a reference
point in Eq. (23) is because it is independent of features in
the late dynamics, like the stopping conditions of the
EOM, or the existence of a peak in the orbital frequency.
In this way, the prescription for 7;,cn g becomes robust.
Furthermore, this reference time is uniquely defined since
the relative separation decreases monotonically for a QC
system.

For eccentric binaries, two difficulties arise with Eq. (23).
First, the value of Afi3., is calibrated using QC NR
simulations, so formally we would need to calibrate it against
eccentric NR simulations to obtain the correct time at which
the (2, 2)-mode eccentric amplitude has its final peak. The
second difficulty appears because the relative separation does
not monotonically decrease for eccentric orbits. Thus, in
general, we could have more than one solution to Eq. (24).
This poses a problem for the model’s robustness because
slight variations of the input parameters could cause multiple
roots to appear or disappear, which is translated into sudden
non-negligible changes in the attachment time.

To address the first difficulty, we use the calibration
parameter A#33- determined from QC NR simulations as a
first approximation. Naturally, this choice is a source of
systematic errors for high-eccentricity and high-spin sys-
tems, since these cases are expected to have the most
significant differences when compared against QC binaries
[157]. As more eccentric NR simulations become available,
we will improve the model by properly calibrating the value
of the last peak of the (2, 2)-mode amplitude.

To overcome the second difficulty, we employ the
background QC dynamics used in the computation of
the NQC corrections (see Sec. III A 2). Specifically, we
use the reference times fye o and f.f o defined in Eq. (22)
to infer the matching time of the eccentric modes #,,,¢ch eces
according to
(25a)

Atmatch.qc = trnatch,qc - tref.qcv

(25b)

tmatch.ecc = lref.ecc + Al‘match,qc‘
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Hence, Eq. (25) determines the time at which the
inspiral-plunge modes are matched to the merger-ringdown
modes. This prescription for the matching time inherits the
robustness of the computation of the reference times 7.
and ¢ ..c, and by construction satisfies Eq. (23) in the QC
limit. Naturally, this prescription will be less accurate and
less robust for systems with high eccentricities near merger.

C. Merger-ringdown modes

Having assumed that the eccentric binary has
circularized sufficiently by the end of the inspiral, in
SEOBNRvSEHM, we employ a QC prescription for the
merger-ringdown part of the waveform. This assumption
is shared among all the existing eccentric waveform models,
and it is a source of error for high eccentricity systems. In
particular, we use the same phenomenological ansatz for the
merger-ringdown modes as in the SEOBNRvSHM model
[207]. This ansatz is informed by QC NR simulations and
QC test-mass limit (TML) waveforms.

Physically, the employed ansatz for the merger-ring-
down represents a Kerr BH that vibrates down to a state of
equilibrium emitting quasinormal modes (QNMs) (or
damped oscillations). Therefore, in this waveform model,
the merger-ringdown (2, 2), (3, 3), (2, 1), and (4, 4) modes
have a monotonic amplitude and frequency evolution. In
contrast, the (3, 2) and (4, 3) modes have postmerger
oscillations (a phenomenon known as mode mixing).
These oscillations are mostly related to the mismatch
between the spherical harmonic basis and the spheroidal
harmonics employed in computing QNMs in BH pertur-
bation theory [264,265].

The merger-ringdown ansatz is [202,203,207,266]

h?’;rger RD(H l‘) — yAfm (l‘)ei(?)/m([) e_iafmo(t_tmalch) s (26)

where o,,,9 is the complex frequency of the least-damped
QNM of the remnant BH. This frequency is obtained for
each (7, m) mode as a function of the BH’s final mass and
spin using the gnm Python package of Ref. [267]. The
functions A,,, and ¢,,, are determined by [202,203,207]
Afm( ) - Clm tanh[ (t -

tmatch) + €3] f] + Cz ¢ (27a)

dg’}’le_dfzi ([_tmmch)

‘m 1
d " log 1+d§’}’.

g)fm(t) = match ’ (27b)

where ¢/ (i€{1,2}) and df" are constants that ensure
that the modes are contmuously differentiable at t = #,,4ch»
while c{’;’ and df}" (i€{1,2}) are coefficients obtained
from polynomial fits in v and y informed by QC NR and
QC TML waveforms, and quatch is the phase of the inspiral-
plunge (£, m) mode at ¢ = t,,,, (see Ref. [207] for more
details).

Finally, we note that the merger-ringdown modes (26)
are completely independent of the NQC corrections (21)
and the inspiral-plunge modes. This will be advantageous
for future improvements of the model with respect to the
merger-ringdown of eccentric binaries.

IV. MODEL VALIDATION

In this section, we validate the eccentric, aligned-spin
SEOBNRvSEHM waveform model by studying its accuracy,
speed, and robustness across different regions of the
parameter space of eccentric binaries. First, following
Refs. [203,207], we introduce a set of faithfulness functions,
which are employed as metrics that quantify the agreement
between two waveforms as measured by a GW detector.
With these metrics, we assess the accuracy of SEOBNRvSEHM
by comparing its waveforms against a set of QC and
eccentric NR waveforms at our disposal. Accordingly, we
show comparisons between SEOBNRvSEHM and the QC
waveform model SEOBNRv5HM [207], and between two other
eccentric waveform models: SEOBNRv4EHM [238,239]
and TEOBResumS-Dali [230]. Afterward, we perform wave-
form evaluation benchmarks and compare the results for
SEOBNRvSEHM against other approximants within the
SEOBNRv5 family. Finally, we quantify the robustness of
SEOBNRvSEHM by determining the confident region of
parameter space where the model successfully generates
physically sensible eccentric waveforms and where it is
stable under variations of the input parameters.

A. Faithfulness functions

The gravitational signal from an eccentric, aligned-spin
BBH system observed by a GW detector depends on six
intrinsic parameters (introduced in Sec. II) and seven
extrinsic parameters. The intrinsic parameters are related
to physical properties of the binary: the BH masses m; and
m, (or, equivalently, mass ratio ¢ and total mass M), the
dimensionless spin components y; and y,, the eccentricity
e of the orbit, and the radial phase parameter . The
extrinsic parameters characterize the source with respect to
a GW detector: the angular position of the line of sight
measured in the source frame (i, ¢), the sky location of the
source in the detector frame (®, @), the polarization angle
W, the luminosity distance of the source d;, and the time of
coalescence 7.. In this subsection, e and ¢ will denote
generic eccentric parameters, not necessarily equal to the
Keplerian parameters that we employ in SEOBNRvSEHM.

In general, we can express the observed GW signal as

(Lg.d Lt 1)
><<la gOa dL’H7 tC; t)’ (28)

h(1) = F.(0,®,%)h
F.(0,D,¥)h

where F, and F, are the antenna-pattern functions of the
detector [268,269], h, and h, are the GW polarizations
defined in Eq. (12), and Il = {m,, y15.€.{}.
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The waveform in Eq. (28) can be rewritten in terms of an
effective polarization angle x(©, ®,¥) as

h(t) = A(®,®)(h, cosk + h, sink), (29)

where the definition of A4(®,®) is displayed in
Refs. [203,204], and we have removed the dependences
of h ., hy, and « to ease the notation.

1. Waveform inner product

Given two waveforms &, and h,, we introduce their inner
product within the frequency band [f nin, fimax] @s [268,269]

(i) =am [ MO 4 (30

*

where the tilde ~ denotes the Fourier transform, the star
denotes the complex conjugate, and S, is the one-sided
power-spectral density (PSD) of the detector’s noise.
Additionally, we define the normalized waveform / as

h

h= .
(h|h)

(31)

In this work, we employ the A+ PSD of the LIGO
detectors, which is expected to be the one at design
sensitivity of the fifth observing run (O5) [270], and we
set fmin = 10 Hz and f,,x = 2048 Hz. For NR waveforms
whose orbit-averaged minimum frequency content is
above 10 Hz, we set f;, = 1.35f g, Where fg 1s the
starting orbit-averaged frequency of the NR (2, 2) mode.
This choice for f,;, coincides with the one employed in
Refs. [207,209] for QC waveforms. This prescription
ensures that only meaningful frequency content is consid-
ered for eccentric waveforms that naturally have an
oscillatory (nonmonotonic) frequency. In contrast, if one
employs the starting instantaneous frequency of an eccen-
tric NR waveform, this could lead to a configuration in
which the waveforms are being compared over a frequency
band that is incomplete, or that is strongly contaminated by
Fourier transform artifacts.® Similarly, in calculating the
inner product (30), we ensure that the eccentric waveforms

$We note that the problem of selecting an appropriate lower
bound to the inner product (30) has been discussed in Ref. [245].
There, it is proposed to use the pericenter frequencies to
determine f,;, (in their notation, f),, corresponds to our
fmin)- This choice ensures that all the physical frequency content
of the eccentric waveform is above f;,. However, depending on
the eccentricity value, with this choice one would discard a
significant portion of the early inspiral frequency content, as seen
in their Fig. 3. In this work, we employ the starting orbit-averaged
frequency of the NR (2, 2) mode to determine f,,;, since we are
interested in including as much as possible the information from
the early inspiral in the comparisons between NR and template
waveforms. Further work is required to completely understand
the impact of these choices for f,.

h; and h, have the same time to merger. Otherwise,
spurious frequencies could contaminate the comparison
between the two waveforms. For all our results, we employ
a sampling rate such that all waveforms have a time spacing
of 0.1M with M = 10M . Additionally, we taper the time-
domain waveforms using a Planck window function [271]
before transforming them into the frequency domain, as in
Ref. [207].

2. QC systems

For QC, aligned-spin waveforms containing higher-order
(7, m) modes (HMs), the agreement between a signal h, and
atemplate h, with respect to a GW detector can be quantified
by computing the faithfulness function [203,204],

P k) = x|l

Lo 1Pk

qlcsilﬁqc :| ? (32)

s0 10

[T

where the subindices “s” and “t” denote that the correspond-
ing quantity is associated with the signal or the template,
respectively. In Eq. (32), the inclination angles are set to be
the same, 1, = 1, while the coalescence time, azimuthal
angle, and effective polarization angle of the template
(t. 1, @, k) are adjusted to maximize the faithfulness of
the template with respect to the signal; this is a common
choice for comparing waveforms with HMs [203,204,272].
The intrinsic parameters characterizing the signal and the
template are assumed to be the same at the start of the
waveforms, hence ITY| = II (1, = 1) = I (1, = 1) =
I, where II% = {m 5. 7,,} [204,209]. The optimiza-
tions over the template’s coalescence time ¢, ; and azimuthal
angle ¢, are performed numerically, while the optimization
over the template’s effective polarization angle x; is done
analytically as described in Refs. [273,274]. Note that the
total mass dependence in Eq. (32) appears since it deter-
mines the physical frequency of the waveform: by increasing
(decreasing) the total mass, less (more) content of the
waveform will be inside the detector’s frequency band.
Additionally, there is no dependence on the parameters
(@, ®, d; ) or the function A(®, @) because the waveforms
in Eq. (32) are normalized.

When the waveforms only contain the (2,42) modes,
the faithfulness function in Eq. (32) can be simplified. This
simplification is possible due to the angular dependence of
the _,Y,,, harmonics, and the fact that i, ¢, and « are
degenerate [274]. The resulting faithfulness function for
QC waveforms with only (2,+2) mode content can be
expressed as

FEM) = x| Gl | (9

Loty 10

where we numerically optimize over the coalescence time
of the template, and we analytically optimize over the
azimuthal angle of the template [273,274].
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3. Eccentric systems

For eccentric waveforms, the previous faithfulness
functions need to be generalized to account for the
gauge-dependent nature of eccentricity in GR. In general,
the signal /g and the template i, will be characterized by
different eccentricity parameters. This raises a problem
with the condition I (7, = ty) = I (7, = 1¢), where
II= {ml,z’)h,za e,{}, since, in general, there is no unique
way of mapping the definitions of eccentricity e and radial
anomaly ¢ between the two waveforms. Therefore, when
comparing two eccentric waveforms, optimizations over
the initial eccentricity, radial anomaly, and starting fre-
quency have to be performed to account for the different
definitions employed [239,275]. A disadvantage of this
process is that these optimizations also take into account
the waveforms’ systematic errors, not just the different
definitions of eccentric parameters. To avoid this issue,
Ref. [150] developed a pipeline for mapping the different
definitions employed in eccentric waveform models to a
given eccentric waveform. However, this pipeline cannot be
robustly applied to eccentric NR waveforms with a sig-
nificant amount of noise at the early stages of the wave-
form; in these cases, some waveform cycles need to be
removed from the comparison. Since one of our objectives
is to compare models against NR waveforms as completely
as possible (to assess the accuracy of the models at different
eccentricities), we decided to use an optimization method
to find the best-fitting waveforms corresponding to a given
eccentric NR waveform.

More precisely, we follow a procedure for the optimi-
zation over eccentric parameters similar to the one pre-
sented in Ref. [239], which was employed for the
SEOBNRv4EHM model. In this way, to compute the agree-
ment between an eccentric waveform template 4, (e.g., a
SEOBNRvSEHM waveform) and a signal A, (e.g., a NR
waveform), we perform additional maximizations over
the template’s initial eccentricity ¢, and starting frequency
(MQ), with fixed radial anomaly ¢, = z.”

For eccentric waveforms whose only content is the
(2,£2) modes, we define the faithfulness function as

ecc _ bl
s = max Nl gy | 69

The optimizations in Eq. (34) are done as follows [239]:

? Another alternative would be to fix the starting frequency of
the template (MQ), to that of the signal (MQ), and optimize over
the template’s initial eccentricity e, and radial anomaly ¢,. We do
not follow this method to avoid the generation of systems whose
reference values are specified at anomalies close to periastron
(¢; = 0) since these are strong-field, high-velocity configurations
for highly eccentric systems. The waveform models employed in
this work provide different treatments for these challenging
configurations, so generating waveforms at apastron is more
convenient across all the models.

(1) Define a total mass interval [M;,, M .| for the
analysis, and fix M to the lower bound M ;,. This
way, more of the inspiral part of the signal 4 is in the
frequency band of the faithfulness calculation.

(2) Estimate a starting value of eccentricity e, of the
signal and create an array with N, values in the
interval [e) — Je, ey + e] for a given Se. In the case
of ey — de < 0, the lower bound is set to zero. To
estimate the starting eccentricity, we employ the
formula proposed by Mora and Will [276],

V Qgrb V. "%rb 'V "Torb Qgrb (35)

D
Qorb + orb

€Quy, —
where Qgrb and €2}, are interpolants of the signal’s
orbital angular frequency at consecutive periastron
and apastron passages, i.e., interpolants of the
maxima and minima of Q.4 (¢) from the signal
dynamics (namely, from the NR simulation). Equa-
tion (35) is evaluated at the start of the signal, such
that ey = egmb(t = 0).10

(3) Forevery e € ey — e, eq + Je], determine the start-
ing frequency (M), at which A has the same time
to merger as hg. Then, for all the N, eccentricities,
create an array with Nq values of starting frequen-
cies in the interval [(MQ), —8Q, (MQ),| for a
given 6Q2.

(4) Compute the faithfulness for each point in the
resulting grid of eccentricities and starting frequen-
cies by optimizing analytically over the template’s
azimuthal angle.

(5) Store the values (eqp, (MQ),,) that provide the
maximum faithfulness for M = M ;..

(6) Employ the values (e, (MQ),,) to calculate the
faithfulness for the rest of the total masses. This is
calculated by numerically optimizing over the coa-
lescence time of the template, and analytically
optimizing over the azimuthal angle of the template
as in Eq. (33).

In Sec. IV C, we apply this procedure to compare the
eccentric waveform models SEOBNRv4EHM, SEOBNRvSEHM,
and TEOBResumS-Dali to eccentric NR waveforms. In par-
ticular, we set M, =20M g, M, =200M, de = 0.1,
5Q =0.1(MQ),, N, =100, and Ng = 400. Naturally,
increasing the grid points N, and No would improve the
faithfulness of the best-fitting template s, with respect to
the given signal hg, at the expense of a higher

'"The definition in Eq. (35) depends on the binary dynamics,
so it would not be applicable for signals (waveform approxim-
ants), which have no associated binary dynamics. In such cases, it
would be straightforward to use any other definition of eccen-
tricity from the waveform, as the only purpose of this step is to
give an estimation of the initial eccentricity around which a grid is
created of starting eccentricities and frequencies.
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computational cost. We verified that the chosen values of
N, and Ng produce a robust faithfulness value for the NR
waveforms and the waveform approximants employed in
this work.

Generalizing Eq. (32) to be applicable for eccentric
waveforms with HMs as in Eq. (34) would be computa-
tionally prohibitive. Thus, we follow Ref. [239], and we
optimize over the template parameters (Z., @, k)
employing the values (eqy, (MQ),,) coming from
the (2, 2)-mode optimization done in Eq. (34) for
M = M,,;,. Hence, the faithfulness function that we
use to compute the agreement of eccentric waveforms
with HMs is given by

Fe(M, 15, g, k) = max | (hg|he)|s-wcre—eo |- (36)
Lep Ky <Mn>l:<M9>opl
¢ —n1¢
5,0 0

4. Averaged faithfulness and the mismatch function

To reduce the dimensionality of faithfulness functions,
we introduce the sky-and-polarization-averaged, signal-to-
noise (SNR)-weighted faithfulness [203,204],

- 2% dopg [ dic, FSNR?
Foar(M,1) =4 Ji" do. J5" dx; . (37
SNR( l) \/ 02,, d€0s 02,1 dKSSNR3 ( )

where F = F (M, 1, @5, k) is the faithfulness function
given either by Eq. (32) for QC waveforms, or by Eq. (36)
for eccentric waveforms, and the SNR is defined as

SNR (15, @5, k5, O, @, d) = /(B |h). (38)

In practice, the integrals in Eq. (37) are computed
numerically. Specifically, for a given inclination z;, we
evaluate the integrands in a uniform grid of 8 x 8 values
for g, ks € [0, 27].

Finally, we introduce the unfaithfulness (or mismatch)
for any of the previous faithfulness functions as

M=1-7F. (39)

The lower the value of mismatch between two wave-
forms, the better they agree with respect to a given GW
detector.

B. Comparison against quasicircular
numerical-relativity waveforms

We validate the eccentric, aligned-spin SEOBNRvSEHM
model in the zero eccentricity limit by computing wave-
form mismatches against a set of 441 BBH QC NR
waveforms produced with the pseudo-Spectral Einstein
code (SpeC) by the Simulating eXtreme Spacetimes

(SXS) Collaboration [277—292],]l and by comparing
these results against the ones from the QC model
SEOBNRvSHM [207]. The parameter space distribution
of these QC NR waveforms is depicted in Fig. 2 of
Ref. [207]. For comparison, we also compute the
mismatches associated to the eccentric, aligned-spin
model TEOBResumS-Dali [230]. The (2, 2)-mode mis-
matches are computed with Eq. (33) over a range
of total masses M €[10,300]My, and the results
for the three waveform approximants SEOBNRvSHM,
SEOBNRvV5SEHM, and TEOBResumS-Dali are shown in the
top panels of Fig. 1.

From Fig. 1, we see an excellent agreement between the
QC SEOBNRv5HM and eccentric SEOBNRvSEHM models in
the zero eccentricity limit. This is due to the parametriza-
tion employed in SEOBNRvSEHM, which directly uses the
eccentricity e in the eccentric corrections to the EOB RR
force and waveform modes. Additionally, SEOBNRvSEHM
manifests an overall accuracy improvement with respect to
TEOBResumS-Dali in the QC limit. As with QC models, the
most challenging cases correspond to systems with high
mass ratios and high spins. However, all these cases
have mismatches below 3 x 1073 for both SEOBNRvs
models. In contrast, the TEOBResumS-Dali model has various
cases with mismatches above 3 x 107 and even reaching
the 1% level. Overall, the bulk of TEOBResumS-Dali
(2, 2)-mode mismatches is above the one for the
SEOBNRv5 models.

The accuracy of the GW polarizations (including HMs)
is quantified with the sky-and-polarization-averaged,
SNR-weighted faithfulness given by Eqgs. (32) and (37),
calculated for an inclination ¢, = 7/3, over the same range
of total masses M €[10,300]M,. The associated mis-
matches are shown in the bottom panels of Fig. 1. For
SEOBNRV5HM and SEOBNRv5EHM, we include the modes
(Z.|m[) ={(2.2).(3.3).(2.1).(4.4). (3.2). (4.3)}. For
TEOBResumS-Dali, we include the modes (7,|m|) =
{(2,2),(3,3),(2,1),(4,4)}, which are the modes sup-
ported by this model (see footnote 3). For the NR
waveforms, we include all modes up to =4
with |m| > 0.

When including HMs, SEOBNRvSEHM also demonstrates
identical results to SEOBNRv5HM and shows an overall
improvement with respect to TEOBResumS-Dali. In particular,
the latter model has a significant amount of cases with
mismatches above 1072 (even reaching the ~30% level),
whereas SEOBNRvSEHM is always below the 3% level.
Apart from this, for both eccentric models, the observed
behavior of mismatches when including HMs is completely

""This set of 441 QC NR waveforms was employed in the
calibration and validation of the QC model SEOBNRv5SHM. The
properties of all the 441 waveforms are listed in the ancillary file
https://arxiv.org/src/2303.18039v1/anc/NR _simulations.json  of
Ref. [207].
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Waveform mismatches between different aligned-spin approximants and the 441 SXS QC NR simulations used in this work,

calculated over a range of total masses between 10 and 300M . The first column corresponds to the QC SEOBNRv5SHM model, the second
column to the eccentric SEOBNRvSEHM model, and the third column to the eccentric TEOBResums-Dali model. The top panels show the (2,
2)-mode mismatch M,, for each NR waveform, and the bottom panels show the sky-and-polarization averaged, SNR-weighted
mismatch Mgyg (Which takes into consideration higher-order modes) for inclination 7, = z/3. The colored lines highlight cases with
the worst maximum mismatch for each model (solid lines for My, and dashed lines for Mgyg) with the legends indicating the
parameters of the worst-case mismatch for the corresponding model.

analogous to the one observed for QC models (e.g., see
Fig. 7 of Ref. [207], which was produced with Advanced
LIGO PSD [293], and all NR modes up to £ =5). In
particular, the increase in mismatch with respect to the total
mass indicates that the modeling of higher-order modes
needs to be improved.

All of our results demonstrate a remarkable agreement
between the waveform models SEOBNRvSHM and
SEOBNRvSEHM in the QC limit, and an overall improve-
ment of SEOBNRvSEHM with respect to the TEOBResumS-Dali
model for zero eccentricities. This is particularly relevant
in the context of inference studies because having an
eccentric waveform model with an accurate QC limit is
important to avoid biases in the estimation of binary
parameters [114,115].

C. Comparison against eccentric numerical-relativity
waveforms

We assess the accuracy of the eccentric, aligned-spin
SEOBNRvSEHM model by computing waveform mismatches
against a catalog of 99 BBH eccentric NR waveforms

produced with the spEC code from the SXS Collaboration
[277]. Of these waveforms, 18 correspond to aligned-spin
binaries, and the rest correspond to nonspinning ones. To
perform a more structured analysis, we split this catalog
into two subsets, depending on the initial value of the GW
eccentricity ey, as defined in Refs. [149,245]."* Namely,
(1) 84 waveforms with initial GW eccentricities
gy < 0.5 and mass ratios up to ¢ = 18. This subset
includes 28 publicly available waveforms [189,278]
plus 56 private waveforms [149]—16 of these
waveforms correspond to aligned-spin binaries, with
different mass ratios.
(2) 15 private waveforms with initial GW eccentricities
0.5 < e,,, £0.88 and mass ratios up to g = 10 [149].

12Throughout this paper, we use version 1.0.2 of the
gw_eccentricity package from the public repository
https://github.com/vijayvarma392/gw_eccentricity to calculate
the GW eccentricity ey, and GW mean anomaly /g, from the
waveforms.
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FIG. 2. Parameter-space distribution of the 99 eccentric SXS
NR waveforms employed in this work, in terms of the mass ratio
q = m,/m,, dimensionless effective spin y.; = (y1m; + yom,)/
M, and initial GW eccentricity e,,,. We represent the 28 publicly
available NR waveforms with stars and the private NR wave-
forms with circles. The dashed horizontal line indicates the value
egw = 0.5, which was employed to separate the 99 waveforms
into two subsets, depending on the initial value of eg,,.

Two of these waveforms correspond to aligned-spin
binaries, but with equal masses.

In Fig. 2, we show the parameter-space distribution of
these waveforms in terms of mass ratio g, dimensionless
effective spin parameter y.y, and initial GW eccentricity
€,y Additionally, we provide a summary of the properties of
each NR waveform in Table V of Appendix E"

The mismatches against the 99 eccentric NR simulations
are computed with the method and metrics described in
Secs. IVA3 and IVA 4, for three different eccentric,
aligned-spin waveform models: SEOBNRV4EHM,
SEOBNRVSEHM, and TEOBResumS-Dali. This way, we show
the improvement of SEOBNRvSEHM with respect to its
predecessor SEOBNRv4EHM, and we show the comparison
between the two state-of-the-art eccentric waveform mod-
els SEOBNRvSEHM and TEOBResumS-Dali. For the

YThe full list of NR eccentric waveforms is also provided in
the Supplemental Material [294]. For each waveform, we list the
mass ratio ¢, dimensionless spin components y; and y,, the GW
eccentricity ez, at a reference (2, 2)-mode orbit-averaged
dimensionless frequency (M,,) (both associated to their start-
ing values calculated with gw _eccentricity), number of
periastron passages N, and time to mMerger fyereer/ M. We also
provide the optimum values of initial eccentricity e, initial
dimensionless orbit-averaged orbital frequency (M), and
maximum (2, 2)-mode mismatch max,; M, (calculated over a
range of total masses M € [20,200]M), corresponding to the
best-fitting waveform for each eccentric waveform model em-
ployed in this work.

computation of mismatches, we apply exactly the same
code and settings for each of these models to ensure a fair
comparison. The corresponding optimum parameters that
produce the best-fitting waveform for each model and for
each eccentric NR simulation are provided in the
Supplemental Material [294]."

1. Accuracy of the eccentric (2, 2) mode

We start by providing in Fig. 3, a proof of concept for our
method to compute the best-fitting template waveform
given an eccentric signal, demonstrating its effectiveness
even for highly eccentric systems. In the left column of
this figure, we show the real part of the (2, 2) mode for
four nonspinning NR waveforms with increasing eccen-
tricity (one for each panel, from top to bottom), and the
corresponding best-fitting waveforms for the state-of-the-
art eccentric, aligned-spin models SEOBNRvSEHM and
TEOBResumS-Dali, in geometric units. For each NR wave-
form, we indicate the initial value of the GW eccentricity
oy, the time to merger fyeroer (measured from the
beginning of the waveform), and the (2, 2)-mode mis-
match M,, for the best-fitting waveforms of
SEOBNRv5SEHM and TEOBResumS-Dali computed for a binary
with total mass M = 20M,. In the left panels of the left
column, we display the inspiral part of the waveforms
from —7500 M to —1000 M, and in the right panels, we
show the merger-ringdown part. Additionally, in the right
column of Fig. 3, we show the (2, 2)-mode phase differ-
ence between the same eccentric, nonspinning NR wave-
forms and the corresponding best-fitting waveforms of
each model. In this comparison, we add integer multiples
of 2z to the phase of the best-fitting templates to account
for the extra cycles that the template waveforms have with
respect to the NR waveforms, as explained in footnote 14.
The nonspinning NR waveforms employed for these
plots are SXS:BBH:2529 (g =2, Cow = 0.038,
Imerger = 8781M), SXS :BBH:2549 (q = 4, eq, = 0.442,
Imerger = 16287TM),  SXS:BBH:2534 (¢ =2, eg, =
0.645, tyerger = 18647M), and SXS:BBH:2535 (¢ = 2,
eow = 0.717, tierger = 7565M). The rest of parameters are
specified in Table V of Appendix F (see also footnote 13).

The plots in Fig. 3 provide insight into the source of
accuracy in the SEOBNRvSEHM model: the GW phasing is
precise, even for high eccentricity waveforms. This is
particularly noticeable in the second and third rows: for
these cases, the waveform length extends up to 16287 M

“We note that the inferred best-fitting waveforms typically
have more cycles than the corresponding NR waveforms. This
originates from the method employed to find the best-fitting input
parameters, which optimizes over eccentricity and starting
frequency while keeping the time to merger larger or equal to
that of the NR waveform. As commented in Sec. IVA 1, before
computing the mismatch, we trim the model waveform so that it
has the same time to merger as the given NR waveform.
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Left column: Real part of the (2, 2) mode for different eccentric, nonspinning NR waveforms (black) with increasing

eccentricity (one for each panel) along with the best-fitting waveforms for the state-of-the-art eccentric, aligned-spin models
SEOBNRVSEHM (blue, dashed) and TEOBResums-Dali (olive, dashed), in geometric units. For each NR waveform, we display the initial
value of the GW eccentricity ey, the time t0 merger #yeryer (measured from the start of the waveform), and the (2, 2)-mode mismatch
M, for the best-fitting waveforms of each model calculated for a binary with total mass M = 20M . Right column: (2, 2)-mode phase
difference between the eccentric NR waveforms on the left panels and the best-fitting waveforms for each model.

and 18647 M, respectively. Thanks to the improved
and extended analytical content in SEOBNRvSEHM [241],
we obtain smaller GW dephasings compared to the
TEOBResumS-Dali model. This is the case notwithstanding
higher values of eccentricities, as testified in the last rows of
Fig. 3. We remark that the waveforms shown in these plots
have the least mismatch among all the waveforms gen-
erated across the grid of eccentricities and starting frequen-
cies for each model.

Having confirmed the reliability of our method for
determining the best-fitting eccentric waveforms, we
now present our results for the accuracy of different
eccentric waveform models. In particular, in the first row
of the top panel of Fig. 4, we show the (2, 2)-mode

mismatches for the subset of 84 eccentric NR waveforms
with initial GW eccentricities ey, < 0.5, for the three
eccentric, aligned-spin approx1mants SEOBNRV4EHM,
SEOBNRVSEHM, and TEOBResumS-Dali. Analogous plots for
the subset of 15 highly eccentric NR waveforms with initial
GW eccentricities e,,, > 0.5 are shown in the first row of
the bottom panel of Fig. 4. The mismatches are computed
over a range of total masses between 20 and 200M,, with
the faithfulness function given in Eq. (34). In these plots,
each curve quantifies the mismatch between a certain NR
waveform and the corresponding best-fitting waveform
produced by each of the models. To facilitate compar-
isons with previous and future works, we show analogous
plots for the 28 public SXS NR eccentric waveforms
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FIG. 4. Top panel: Mismatches of a subset of 84 eccentric NR waveforms with initial GW eccentricities e,,, < 0.5 against different
eccentric, aligned-spin waveform models: SEOBNRv4EHM (first column), SEOBNRvSEHM (second column), and TEOBResumS-Dali (third
column), calculated over a range of total masses M € [20, 200]M . The color of each curve indicates the initial value of the GW eccentricity
e, for each NR waveform. The different line styles highlight the cases with the worst maximum mismatch. For each panel, the firstrow shows
the (2, 2)-mode mismatches M.,,, and the second row the sky-and-polarization averaged, SNR-weighted mismatches Mgyg for inclination
1, = m/3. Botttom panel: The same as in the top panel, but for 15 highly eccentric NR waveforms with initial GW eccentricities ey, > 0.5.
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Top panels: Distributions of the maximum (purple), median (green), and minimum (yellow) (2, 2)-mode mismatches M,

(left) and sky-and-polarization-averaged, SNR-weighted mismatches Mgy (right) over a range of total masses from 20 and 200M , for
different eccentric, aligned-spin waveform models against the 99 eccentric NR waveforms employed in this work. The horizontal lines
represent the medians of the maximum (purple), median (green), and minimum (yellow) distributions. Bottom panels: Histograms of the
maximum (2, 2)-mode mismatches (left) and maximum sky-and-polarization-averaged, SNR-weighted mismatches (right) for all the 99
eccentric NR waveforms against the considered models. The NR error histograms are obtained from the waveform mismatches between
NR simulations with the highest and second-highest resolutions. The vertical dashed lines show the median of the corresponding

distributions.

alone in Appendix B. Additionally, in Table V of
Appendix F, we list the optimum parameters for each
model that produce the best-fitting waveform to each NR
simulation.

In the left panels of Fig. 5, we present plots that
summarize the statistical information about the (2, 2)-mode
mismatches for all the 99 eccentric NR simulations. In the
top-left panel, we show a plot with the distributions of the
maximum, median, and minimum (2, 2)-mode mismatches
over the same range of total masses M € [20,200|M, and
for the three eccentric, aligned-spin models SEOBNRv4EHM,
SEOBNRv5EHM, and TEOBResumS-Dali. In the bottom-left
panel, we show the histograms of maximum (2, 2)-mode
mismatches, and also an estimate of the NR error computed

as the (2, 2)-mode mismatch between the waveforms of NR
simulations with the highest and second-highest
resolutions."

An additional characterization of the parameter space of
the 99 eccentric NR waveforms, including information

“Comparing the waveforms of the NR simulations with the
highest and second-highest resolutions gives a crude estimate of
the NR error. During this procedure, we find that the late inspiral
can differ significantly between the two resolutions; this explains
the high mismatches (>1072) for the NR errors observed in
Fig. 5. We leave for the future a study of the NR errors and their
impact on the quality of the waveforms. Additionally, we note
that only the simulation SXS:BBH:0089 is omitted from the
calculation of NR errors, as it has only a single resolution.

044038-17



ALDO GAMBOA et al.

PHYS. REV. D 112, 044038 (2025)

SF : : : : s
107!
E 102
s
S
1074

FIG. 6. Evolution of the mass-scaled, orbit-averaged (2, 2)-
mode frequency (M f5,) as a function of the GW eccentricity e,
for the 99 eccentric NR waveforms employed in this work. The
color of each line is associated with the maximum (2, 2)-mode
mismatch M, over an interval of total masses between 20 and
200M . The dashed horizontal line indicates the value
(Mf4) = 2650M Hz, which is common to all the waveforms,
and such that (f,,) 20 Hz for a binary with total mass
M = 132M,.

about the (2, 2)-mode accuracy of SEOBNRvSEHM, iS pre-
sented in Fig. 6. Specifically, for each waveform, we show
the evolution of its mass-scaled, orbit-averaged (2, 2)-mode
frequency (M f»,) as a function of its GW eccentricity egw,l6
and colored according to the value of the maximum
(2, 2)-mode mismatch over the considered range of total
masses, max,; M,,, corresponding to the best-fitting
SEOBNRvSEHM waveform. In this way, one can estimate
the physical frequencies associated with these waveforms
just by rescaling with the binary’s total mass. As a reference,
we place a dashed horizontal line that indicates the value
(Mfy) =2650M Hz, which is common to all the 99
eccentric NR waveforms; for a total mass M = 132M , this
line would correspond to {f,,) ~ 20 Hz.

Our results indicate that the overall (2, 2)-mode accuracy
of SEOBNRvSEHM is about one order of magnitude better
than the accuracies of SEOBNRv4EHM and TEOBResumS-Dali
(e.g., see the left panels in Fig. 5). In general, systems with
high initial eccentricities represent the most challenging
cases. This makes sense since all the considered models
employ approximations valid only for low eccentricities.
Furthermore, as with QC models, high mass ratios and high

'We note the presence of small oscillations in the curves of
Fig. 6. These oscillations are related to noise in the NR wave-
forms, which affects the interpolants used in the computation of
the GW eccentricity.

spin magnitudes also represent challenging
to model.
We summarize our findings as follows:
(i) For SEOBNRv5EHM, the bulk of (2, 2)-mode mis-
matches for initial eccentricities e,,, < 0.3 lies ap-
proximately between 107> and 1073. For initial
eccentricities 0.3 < e,y, < 0.5, SEOBNRVSEHM retains
a good accuracy, with mismatches always below or
very close to 1072, For initial eccentricities
€gy 2 0.5, the mismatches lie approximately be-
tween 1073 and 107!, with the highest mismatches
(three cases) near the 20% level for initial ey, 2 0.7.
Considering all the 99 eccentric NR waveforms,
SEOBNRv5EHM achieves an overall (2, 2)-mode
accuracy of ~2 x 107 = 0.02%, as seen in the
distribution for the maximum mismatches
max,; M, in the bottom left panel of Fig. 5.

(ii) For the previous-generation SEOBNRv4EHM model,
the bulk of (2, 2)-mode mismatches for initial
eccentricities eg,, < 0.3 lies approximately between
10~* and 10~2. However, for initial eccentricities
e, > 0.3, we observe a degradation in accuracy,
with mismatches going above 2 X 1072, and even
reaching the ~60% level for the most challenging
systems. This indicates a limitation of SEOBNRv4EHM
for systems with moderate eccentricities, which is
consistent with the fact that this model only employs
eccentricity corrections in the waveform modes and
not in the binary dynamics [239]. Considering all the
99 eccentric NR waveforms, SEOBNRv4EHM achieves
an overall (2, 2)-mode accuracy of ~107%2 = 1%, as
seen in the distribution for maximum mismatches
max,; M, in the bottom left panel of Fig. 5.

(iii) For the state-of-the-art TEOBResumS-Dali model [230],
the bulk of (2, 2)-mode mismatches for initial
eccentricities ey, < 0.3 lies approximately between
10~* and 1072. For initial eccentricities 0.3<
oy < 0.5, the model has mismatches between

systems

10~ and 107". For initial eccentricities ey, = 0.5,
the bulk of mismatches is concentrated between 1072
and 107!, but there are several cases with highest
mismatch around or above the 20% level for initial
gy 2 0.6. Considering the 99 eccentric NR wave-
forms, TEOBResumS-Dali achieves an overall
(2, 2)-mode accuracy of ~2x 1073 =0.2%, as
seen in the distribution for maximum mismatches
max,; M, in the bottom left panel of Fig. 5, which is
a factor of 10 higher than for SEOBNRvSEHM.

We also note that there are some cases with low initial
eccentricity but relatively high mismatch for the three
models. These high mismatches are associated with the
quality of the eccentric NR waveforms or with an ineffi-
cient modeling of the merger-ringdown phase. We refer the
reader to Appendix B for a discussion about these cases.
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FIG. 7. Summary of mismatches for the 99 eccentric NR

waveforms employed in this work, calculated for the default
SEOBNRVSEHM model (blue) with 3PN eccentricity corrections in
the RR force and gravitational waveform modes, and also for
SEOBNRVSEHM but with only 2PN eccentricity corrections
(green). Top panel: Histograms of the maximum (2, 2)-mode
mismatches over a range of total masses M € [20,200]M.
Bottom panel: Histograms of the maximum sky-and-polariza-
tion-averaged, SNR-weighted mismatches over the same range of
total masses. The vertical dashed lines show the median of the
corresponding distributions.

Furthermore, as a complementary study, we assess the
impact of the 3PN eccentricity corrections to the modes and
RR force on the model’s accuracy. In the top panel of
Fig. 7, we show histograms of maximum (2, 2)-mode
mismatches for the set of 99 eccentric NR simulations
employed in this work against the default SEOBNRvSEHM
model (with 3PN corrections) and a version of
SEOBNRvSEHM with only 2PN eccentricity corrections.
The prominent tails observed in the 2PN-version are
associated with systems with high initial eccentricities
(€gw 2 0.4). The (2, 2)-mode mismatches as functions of
the total mass are shown in Appendix C.

Our results indicate that the 3PN eccentricity corrections
are crucial to avoid high mismatches for high eccentricity
waveforms (e,,, 2 0.4). This is expected since these con-
figurations are associated with higher velocities close to
periastron. However, the 3PN eccentricity corrections do
not significantly change the model’s accuracy for low
eccentricities, compared to the 2PN eccentricity correc-
tions. As a complementary study, in Appendix D, we
analyze the impact on the model’s accuracy of using the
same QC expressions for the RR force and/or waveform
modes as in SEOBNRv5HM. Overall, our results suggest that
a significant source of improvement of SEOBNRvSEHM with
respect to SEOBNRv4EHM and TEOBResumS-Dali could be the
accurate calibration to QC NR simulations inherited from
the SEOBNRvSHM model, as well as the 3PN eccentricity
corrections to the RR force. Further work is needed to
understand the impact on the model’s performance of
other ingredients (e.g., parametrization and factorization
of the eccentricity corrections, or the initial conditions
prescription).

Finally, even though SEOBNRvSEHM has the best accuracy
also for high eccentricity waveforms (as seen, e.g., in
Figs. 3 and 4), the mismatches are around the 20% value for
the most extreme configurations (ey, 2 0.7). Therefore,
our results indicate that eccentric waveform models still
require further development to accurately treat these
extreme systems. Statements about highly eccentric wave-
forms produced with these models should be taken with
caution.

2. Accuracy of the eccentric higher-order modes

We quantify the accuracy of eccentric waveforms with
HMs in terms of the sky-and-polarization-averaged, SNR-
weighted faithfulness functions given in Egs. (36) and (37).
The corresponding mismatches, for an inclination angle
1, = /3, are shown in the second row of the top panel of
Fig. 4 (for the subset of 84 eccentric NR waveforms with
initial e,,, < 0.5) and in the second row of the bottom panel
of Fig. 4 (for the subset of 15 eccentric NR waveforms with
initial e,,, > 0.5). The waveforms are constructed with all
modes available for each model up to 7 =4: for
SEOBNRvSEHM, we include the modes (¢,|m|)={(2,2),
(3,3),(2,1),(4,4),(3,2),(4,3)}, and for SEOBNRvV4EHM
and  TEOBResumS-Dali, we include the modes
(¢, Im]) ={(2,2),(3,3),(2,1),(4,4)}. The NR wave-
forms include all modes up to # = 4 with |m| > 0.

As in the case of the (2, 2)-mode analysis, in the
right panels of Fig. 5, we present a summary of the
statistical information about the sky-and-polarization-
averaged, SNR-weighted mismatches Mgyg for all the
99 eccentric NR simulations. In the top-right panel, we
show a plot with the distributions of the maximum, median,
and minimum Mgk mismatches over the total masses
range M €[20,200)]M, and for the three models,
SEOBNRv4EHM, SEOBNRVSEHM, and TEOBResumS-Dali. In
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the bottom right panel, we focus on the histogram of
maximum Mgyg mismatches, where we also show an
estimate of the NR error computed as the mismatch
between the waveforms (with HMs) of NR simulations
with the highest and second-highest resolutions (see
footnote 15).

The results for the mismatches of eccentric waveforms
with HMs follow the same trend as for the (2, 2)-mode
mismatches. Namely, we see an overall improvement of
about 1 order of magnitude for SEOBNRvSEHM with respect
to SEOBNRv4EHM and TEOBResumS-Dali, and we find again
that the 3PN eccentricity corrections to the HMs and RR
force are crucial to obtain better accuracy for high eccen-
tricity systems (eg,, 2 0.4). This can be seen in the bottom
panel of Fig. 7, where we show histograms of maximum
sky-and-polarization-averaged, SNR-weighted mismatches
for the set of 99 eccentric NR simulations against the
default SEOBNRv5SEHM model (with 3PN corrections) and its
2PN version.

We additionally observe an increase in the mismatch
with respect to the total mass for all models, as in the QC
case (see, e.g., Fig. 1 above, Fig. 7 of Ref. [207], or Fig. 6
of Ref. [239]; the latter two figures were produced with
Advanced LIGO PSD [293] and all NR modes up to
¢ = 5). This behavior reflects the fact that HMs are less
well-modeled compared to the (2, 2) mode. We note that
this degradation in accuracy is more marked in the
TEOBResumS-Dali model, as can be seen in the top-right
panel of Fig. 5, indicating that the HMs for some con-
figurations are more challenging to model within the
TEOBResumS-Dali approximant.

As an illustrative example, in Fig. 8 we show the
waveform modes for one NR simulation (SXS:
BBH:1374) together with the corresponding best-fitting
SEOBNRvSEHM waveform modes. The rounded optimum
values that produce the SEOBNRvSEHM waveform are e =
0.299 and { = & at (MQ) = 0.0157 (these values are given
with full digits in the Supplemental Material [294]; see
footnote 13). In this figure, we observe a very good
agreement between NR and SEOBNRvSEHM modes for a
big portion of the waveform. Only during the merger-
ringdown phase do some HMs, such as the (3,2) mode,
show a noticeable difference from the NR waveform. This
makes sense since SEOBNRvSEHM does not include eccen-
tricity effects in the merger-ringdown phase, as is the case
for all currently available eccentric models.

Combining the above results for eccentric systems with
the very good performance of the model in the QC limit, we
conclude that SEOBNRvSEHM is the most accurate eccentric
waveform model currently available.

D. Computational performance

Typical applications of waveform models require the
generation of millions of samples over different regions of
parameter space. Therefore, computational -efficiency
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FIG. 8. Real part of different waveform modes for the non-
spinning NR simulation SXS:BBH: 1374 with mass ratio ¢ = 3
(black) and the best-fitting SEOBNRvSEHM waveform (blue), in
geometric units. The optimum values of the SEOBNRV5SEHM
waveform are ¢ = 0.299 and ¢ = 7 at (MQ) = 0.0157. The left
panels show the inspiral part of the waveform, while the right
panels focus on the merger-ringdown.

becomes an important and necessary property for any
waveform model.

The new eccentric, aligned-spin SEOBNRvSEHM wave-
form model is implemented in Python within the high-
performance and flexible pySEOBNR package [211]. This
flexibility allows us to develop an efficient parser code
that we employ to translate the new mathematical expres-
sions in Eqs. (4)—(6) into pure Cython code. In this way, we
obtain optimized, easier-to-evaluate versions of the long,
3PN accurate, expressions containing the eccentricity
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FIG. 9. Walltimes for the models SEOBNRvSHM (dashed),
SEOBNRvS5PHM (dash-dotted), and SEOBNRv5SEHM (solid), as func-
tions of the total mass M €[10,100]My. The systems are
characterized by a starting orbit-averaged frequency (fan) =
10 Hz, dimensionless spin components y; = 0.8 and y, = 0.3,
and three different mass ratios ¢ € {1, 3, 10}. For SEOBNRV5EHM,
the systems are initialized at apastron ({, = z) with different
starting eccentricities eq € {0,0.01,0.1,0.3,0.5}, each repre-
sented by a different color.

contributions to the RR force and modes, as well as
efficient expressions for the new evolution equations for
the Keplerian parameters.

To assess the computational speed of SEOBNRvSEHM, we
calculate the wall times required for waveform generation
(time-domain polarizations) for various binary configu-
rations typically expected for current LVK detectors,
and we compare the results against the other models of
the SEOBNRvs family. Specifically, in Fig. 9, we show
the waveform evaluation wall time as a function of the
binary’s total mass M € [10, 100]M, for three mass ratios
g €{1,3,10}, and for three waveform approximants: the
QC aligned-spin SEOBNRv5HM model, the QC precessing-
spin SEOBNRv5PHM model, and the eccentric aligned-spin
SEOBNRv5EHM model. The considered systems correspond

to aligned-spin BBHs with dimensionless spin compo-
nents y; = 0.8 and y, = 0.3, starting at an orbit-averaged
frequency (fgur) = 10 Hz. For SEOBNRvSEHM, the bina-
ries are initialized with different eccentricities
¢p€{0,0.01,0.1,0.3,0.5} at apastron, {, = z. For all
the models, we include all the modes up to £ =4 and
choose a sampling rate such that the Nyquist criterion is
satisfied for the £ = 4 multipoles; the rest of the settings
are kept as default. The benchmarks were performed with
the Hypatia computer cluster at the Max Planck Institute for
Gravitational Physics in Potsdam, on a compute node
equipped with a dual-socket 64-core AMD EPYC (Rome)
7742 CPU.

In the zero eccentricity limit, we see from Fig. 9 that
SEOBNRVSEHM is half as fast as SEOBNRvsHM for total
masses close to 10M. The reason for this is that
SEOBNRvVSEHM evolves a background QC dynamics, which,
as explained in Sec. III, is employed (i) to compute the
NQC corrections needed to improve the agreement with
NR waveforms toward merger, and (ii) to infer the attach-
ment time of the merger-ringdown phase. Hence, it makes
sense that the speed of SEOBNRvSEHM in the QC limit is at
least 2 times the speed of SEOBNRv5HM for binaries with the
same intrinsic parameters.

However, the difference in speed between SEOBNRvSHM
and SEOBNRvSEHM increases considerably as the total mass
increases due to the Nyquist criterion. Selecting the
sampling rate in accordance with this criterion explains
the discontinuities in the curves shown in Fig. 9, since
smaller sampling rates are associated with faster waveform
generations (there are fewer points in the waveforms to
resolve). However, for SEOBNRvSEHM, the change in the
sampling rate does not have a significant impact since the
major cost, in the zero eccentricity limit, comes from
the background QC evolution. In fact, repeating the bench-
marks shown in Fig. 9 but without the application of the
Nyquist criterion (thus, using a fixed sampling rate for all
cases) leads to the result that SEOBNRv5EHM is about half as
fast as SEOBNRv5HM for all the total masses. Nevertheless,
the results obtained using the Nyquist criterion are more
representative of inference applications.

We also observe in Fig. 9 an increase of evaluation times
in SEOBNRvVSEHM as the eccentricity is augmented, until a
certain point at which a further increase of eccentricity
decreases the evaluation time. To explain this behavior, we
remember that, at a fixed starting orbit-averaged frequency,
an increment of eccentricity is associated with a decrease in
waveform length. This is because high eccentricity systems
lose more energy and angular momentum at each periastron
passage. From this reasoning alone, we would expect a
decrease in waveform evaluation time as the eccentricity
increases. However, evaluating Eqs. (4)—(6) at each time
during the numerical integration of the EOM for a nonzero
eccentricity is an expensive process since the integrator
needs to resolve the orbital time scales associated to
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eccentric modulations. Therefore, there is a competition
between the numerical integrator resolving the eccentricity
timescales and the waveforms becoming shorter as the
eccentricity increases. This explains the increased evalu-
ation times of SEOBNRvSEHM for systems with fixed starting
frequency and e > 0, compared to systems with e = 0 for
which the eccentricity contributions completely disappear
from the binary’s EOM by construction.

We also note that systems with e > 0 have smooth
curves in Fig. 9, without large discontinuities. This means
that changing the sampling rate in accordance with the
Nyquist criterion does not significantly affect systems with
e > 0, since the numerical integration of the eccentric
EOM (and the numerical integration of the background QC
dynamics) dominates the computational time of the wave-
form generation.

Another observation from Fig. 9 is that the eccentric,
aligned-spin SEOBNRvSEHM model has a computational
speed ~2-10 times the one from the QC, precessing-spin
SEOBNRv5PHM model [209], depending on the mass ratio
and the value of eccentricity. This indicates that
SEOBNRVSEHM can be integrated into commonly used
software for GW analysis under relatively similar settings
as SEOBNRv5PHM. As a particular case, we provide details
about the application of SEOBNRvSEHM to Bayesian param-
eter-estimation studies in Sec. V. There, in Table III, we
show the settings and evaluation times of parameter-
estimation runs for two LVK GW events for different
waveform approximants, including SEOBNRvSEHM and
SEOBNRV5PHM.

Finally, we note that we are not including in Fig. 9 the
wall times for other eccentric models. An appropriate
comparison would require calculating evaluation times
for the same physical system, which is complicated due
to the different definitions of eccentricity. In practice,
however, one is interested in the time scales required for
computationally expensive analyses, such as parameter
inference. Thus, in Table III, we also show the run-times
of the SEOBNRv4EHM opt model [115] (which is an opti-
mized version of SEOBNRv4EHM [239]), and we observe that
SEOBNRVSEHM is faster than its predecessor.

E. Robustness across parameter space

Assessing the robustness of any waveform model across
parameter space is an important process required to get
confidence in its predictions. Here, we demonstrate the
robustness of SEOBNRvSEHM by (i) identifying the region in
parameter space where the model generates physically
sensible eccentric waveforms, and (ii) by testing the
waveforms’ behavior under variations of the eccentric
input parameters.

For QC models, the determination of a valid region of
parameter space is simplified by the fact that QC binaries
evolve from weak-field to strong-field configurations. In
contrast, eccentric binaries could continuously switch

between weak-field and strong-field configurations,
depending on the values of the eccentricity, frequency,
and radial anomaly. This poses a challenge to eccentric
models since various underlying approximations become
inaccurate for strong-field, high-velocity regimes, such as
those encountered near each periastron passage of highly
eccentric binaries.

Determining EOB initial conditions for binaries in
strong-field, high-velocity configurations can be particu-
larly challenging. To relate the input values of eccentricity
e, radial anomaly ¢, and starting frequency x = (MQ)%3 to
the initial values of the EOB variables, we use PN
expressions valid under the postadiabatic approximation
(see Sec. II B). Thus, trying to initialize a binary in a strong-
field, high-velocity state could lead to a different solution
that does not physically correspond to the given input
values. To overcome this issue, in SEOBNRvSEHM Wwe
employ a set of secular-evolution equations for (e, ¢, x),
given by Eqgs. (4e), (4f), and (11), which is evolved
backward in time whenever the starting EOB separation
of the binary is less than 10M, as described in Sec. II B.
This way, we obtain past values of (e, {, x) that correspond
to the same physical system but in an earlier configuration,
which allows an accurate determination of EOB initial
conditions. Therefore, the inclusion of the set of secular
evolution equations (4e), (4f), and (11) allows us to extend
the parameter space of SEOBNRvSEHM toward higher eccen-
tricities and total masses for all values of the relativistic
anomaly ¢ €0, 2x].

After testing the robustness of waveform generation
and visually inspecting sample waveforms across different
regions of parameter space, we recommend that the
eccentric, aligned-spin waveform model SEOBNRvSEHM
is used in the parameter space determined by mass
ratios ¢ €[1,20], dimensionless spin components
12 €1-0.999,0.999], eccentricities e € [0, 0.45], and rela-
tivistic anomalies ¢ € [0, 2], for total masses > 10M, at
(foart) = 20 Hz. This represents a safe (conservative)
region of parameter space where the generated waveforms
are physically sensible.

We note that going outside this conservative region of
parameter space could cause the appearance of unphysical
features in the waveforms. In particular, the coupled set of
EOB plus the Keplerian evolution equations (4) employed
in SEOBNRVSEHM is overdetermined (seven equations for
4 degrees of freedom), and it can be desynchronized if the
binary sustains its dynamics under conditions of high
velocities, decreasing the accuracy of the PN approxima-
tion. This is the case for some binaries with very high
eccentricities (e = 0.7), or with moderate eccentricities
(e 2 0.5) that evolve during many cycles (e.g., systems
with total mass ~5M, systems with mass ratios g > 20,
etc.). Unfortunately, characterizing the problematic region
of parameter space is not an easy task due to the complexity
of eccentric systems. Hence, the safest option is to employ
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the model in the conservative part of the parameter space
where there are no detected issues. We refer the reader to
Appendix E, where we discuss in detail this desynchroni-
zation issue; in particular, we show some examples and
explain the origin of the problem.

However, note that SEOBNRvSEHM can be applied outside
this conservative region—for example, at high eccen-
tricities, SEOBNRvSEHM still keeps the best accuracy among
the models considered in this work (see the bottom panel of
Fig. 4). In general, going outside the conservative region of
parameter space should be fine, but the model must be used
with caution, e.g., by visually inspecting some sample
waveforms.

As an example, we show in Fig. 10, the smooth behavior
of the amplitude of all the SEOBNRvSEHM waveform modes,
(¢,|m|)={(2,2),(3,3),(2,1),(4,4),(3,2),(4,3)}, under
uniform variations of the eccentric parameters e € [0, 0.5]
(left panels) and ¢ € [0, 27] (right panels) at a fixed starting
frequency (fgan) = 20 Hz, for a system with total mass
M = 50M and dimensionless spin components y; = 0.5
and y, = —0.5. We note that all systems have the same
behavior at merger for each of the waveform modes. This is
a consequence of the QC merger-ringdown assumption
employed in SEOBNRvSEHM, which should be valid as long
as the binaries have enough time to circularize their orbit.
Additionally, one can observe in the right panels (although
very slightly) the mode-mixing in the merger-ringdown of
the (3,2) and (4,3) modes.

The results discussed in this section form part of the
many tests and consistency checks performed during the
successful review of the eccentric SEOBNRvSEHM waveform
model by the LVK Collaboration.

V. APPLICATIONS TO BAYESIAN INFERENCE

One of the main applications of waveform models is the
Bayesian inference of source parameters from the observed
GWs. In this section, we demonstrate the applicability of the
eccentric, aligned-spin SEOBNRvSEHM waveform model by
performing a set of parameter-estimation studies. First, we
introduce the methods and codes used for parameter esti-
mation. Then, we investigate the model’s accuracy by
performing a series of synthetic NR signal injections into
zeronoise.'” Finally, we analyze two real GW events detected
by the LVK Collaboration (GW150914 and GW190521),
and we compare our results with those from the literature.

A. Methodology for parameter estimation

For the Bayesian inference studies presented here, we
employ a very similar setup as in Ref. [115]. The runs are
performed using the Bayesian inference Python packages

1 . . . . . .

"This represents an idealized scenario in which the
background data is entirely free from noise or environmental
disturbances.

PARALLEL Bilby [244], and Bilby [242,243] called henceforth
SERIAL Bilby'® Both codes incorporate the nested sampler
DYNESTY [295]. Based on previous experience with
PARALLEL/SERIAL Bilby [115,209], we use a number of
autocorrelation times nact = 30 and a number of live points
nlive = 2048 for PARALLEL Bilby, while we use a number of
accepted steps naccept = 60 and a number of live points
nlive = 1000 for Bilby; the remaining sampling parameters
are set to their default values, unless otherwise specified.
Additionally, we employ distance marginalization as imple-
mented in Bilby. If the model is restricted to the (¢, |m|) =
(2,2) mode, we activate the phase marginalization option
to further reduce the computational cost.

For the choice of priors, we follow broadly
Refs. [2,115,209,296]. We choose priors on inverse mass
ratio 1/¢ and chirp mass M such that we have a uniform
prior on component masses. The priors on initial eccentricity
ey and relativistic anomaly {, € [0, 27| are chosen to be
uniform. To facilitate the comparison with QC, precessing-
spin results, the priors on the dimensionless spin components
x1 and y, are chosen such that they correspond to the
projections of a uniform and isotropic spin distribution along
a perpendicular direction to the binary’s orbital plane [296].
The prior on the luminosity distance d; is chosen to be
proportional to d7 , unless otherwise specified. The rest of the
priors are set according to Appendix C of Ref. [2]. The
specific values of the prior boundaries for the different
parameters vary depending on the application, and we
specify them in subsequent sections.

In general, comparing the eccentric parameters from any
two waveforms requires additional postprocessing due to
the gauge dependence and nonuniqueness of these param-
eters in general relativity. In the next sections, we present
our results using a common definition of eccentric param-
eters to facilitate direct comparisons against results from
other eccentric waveform models. Particularly, we employ
the definitions of GW eccentricity ey, and GW mean
anomaly /y,,, as introduced in Ref. [149], and we use the
highly efficient implementation of such definitions in the
gw_eccentricity Python package [245] (see foot-
note 12). To present our results in terms of these eccentric
parameters, we follow the same strategy as in Sec. III D of
Ref. [115], which consists in evaluating the waveform for
each sample of the posterior distributions and applying the
gw_eccentricity package to measure e, and [, ata
desired point in the evolution of the system. To ease the
gw_eccentricity postprocessing, we implement an
optional setting in the SEOBNRvSEHM model to evolve

Bwe employ the PARALLEL Bilby code from the public
repository https://git.ligo.org/lscsoft/parallel_bilby with git hash
b56d25b87b3b33b33a9la8410ae3abc2a5c92a2e, which
corresponds to the version 2.0 .2, while for Bilby we use the
code from the repository https://git.ligo.org/Iscsoft/parallel_bilby
with git hash bad30b7cfd732d16b62322e45db5bb5-
foebc4fic.
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FIG. 10. Uniform variation of eccentricity (left panels) and relativistic anomaly (right panels) for the different SEOBNRvSEHM waveform
modes, in geometric units. Each of these systems is characterized by mass ratio ¢ = 3, dimensionless spin components y; = 0.5 and
x> = —0.5, and starting frequency (f.) = 20 Hz for a total mass M = 50M . The systems in the left panels are initialized at apastron
(o = m), and the eccentricity is varied uniformly from e, = 0 (dark blue) to e = 0.5 (yellow). The systems in the right panels are
initialized with eccentricity e, = 0.3, and the relativistic anomaly is varied uniformly from ¢, = 0 (dark blue) to {, = 2z (yellow). In the
right panels, we show the end of the inspirals to make more visible the predicted behavior with respect to the relativistic anomaly variation.

backward in time the equations of motion (4) of the binary,
and we integrate 2000M backward for each parameter-
estimation run.

B. Numerical-relativity injections

In Sec. IVC, we studied the accuracy of the
SEOBNRvVSEHM model by computing waveform mismatches

against a dataset of eccentric NR waveforms
[149,189,278]. Here, we further investigate the model’s
accuracy by performing zero-noise injections of eccentric
NR waveforms and using the model to recover the param-
eters of the injected waveforms. For these analyses, we
include all the modes up to ¢ <8 for the injected
NR signals, and for the recovery, we use only the
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FIG. 11. Marginalized 1D and 2D posterior distributions obtained with the SEOBNRvSE model for some relevant parameters for three

equal-mass, nonspinning NR synthetic BBH signals with total mass 70M . The signal NR waveforms SXS:BBH:1355, SXS:
BBH:1359, and SXS:BBH:1363 belong to the public SXS catalog and have GW eccentricities e, € {0.07,0.13,0.25} and GW
mean anomalies [, € {1.96,0.81,4.27} defined at 20 Hz, respectively. The rest of the parameters are specified in Table II. In the 2D
posteriors, the solid contours represent the 90% credible intervals, and the black dots indicate the true parameters of the injected signal.
In the 1D posteriors, the 90% credible intervals are represented by dashed lines, and the true parameters of the injected signal are
indicated by black solid lines. Left panel: Posteriors of the chirp mass M and effective spin parameter y.g. Middle panel: Posteriors of
the initial eccentricity e and initial relativistic anomaly ¢, at 20 Hz. Right panel: Posteriors of the GW eccentricity ey, and GW mean

anomaly [,,, measured at 20 Hz.

(Z,|m|) = (2,2) modes of SEOBNRvSEHM to reduce com-
putational time. We label this restricted model as
SEOBNRVSE.

We consider a set of three public eccentric NR simu-
lations SXS:BBH:1355, SXS:BBH:1359, and SXS:
BBH: 1363, which correspond to equal-mass, nonspinning
BH binaries with initial eccentricities of 0.07, 0.13, and
0.25, respectively (these eccentricities are measured from
the orbital frequency at first periastron passage; see Table I
of Ref. [239] for details). For these injections, we choose a
total mass M = 70M, an inclination between the system’s
orbital angular momentum and the line of sight 1 = 0 rad,
coalescence phase ¢ = 0 rad, and luminosity distance
d; = 2307 Mpc. This configuration produces a three-
detector network matched-filtered SNR of pﬁf =20 for
LIGO Hanford/Livingston and Virgo, when using the zero-
detuned Advanced LIGO PSD and the Virgo PSD at design
sensitivity. We note that the choice of equal-mass, non-
spinning NR signals with zero inclination (1 =0 rad)
justifies the use of SEOBNRvSE (no higher-order modes)
to increase computational efficiency.

We choose priors on inverse mass ratio 1/g € [0.05, 1]
and chirp mass M €([5,100]M such that the induced
priors on component masses are uniform. The priors on the
magnitudes of the dimensionless spin components have
ranges |y ,| €[0,0.99]. The prior on the initial eccentricity
e is taken to be uniform with range ¢, € [0, 0.3], except for
the run corresponding to the SXS:BBH:1363 waveform
for which the range is set to be ¢, € [0, 0.5] to avoid railing
of the posterior against the upper bound of the prior. The
prior on the relativistic anomaly ¢ is chosen to be uniform,

with range ¢ € [0, 2z]. These parameters are defined at a
reference frequency for starting the waveform genera-
tion fs =20 Hz.

We summarize in Fig. 11, the results of the injection
studies. For each NR injection, we report the marginalized
1D and 2D posteriors for the chirp mass M and the
effective spin parameter y.g, the initial eccentricity e, and
initial relativistic anomaly {, at 20 Hz, and the GW
eccentricity e,,, and GW mean anomaly /., measured at
20 Hz. The injected parameters and the median of the
inferred posterior distributions with the 90% credible
intervals are shown in Table II.

Our results demonstrate that SEOBNRvSE recovers accu-
rately the binary’s intrinsic parameters {M, M, 1/q, y.sr,
egw,lgw} for all the injections within the 90% credible
intervals. The small biases in the luminosity distance d;
and 1 parameter can be explained by the different multipolar
content in NR (up to # < 8) and SEOBNR5E [only the
(¢,|m]) = (2,2) modes] waveforms. These biases were
also observed with the SEOBNRv4E model in Ref. [115].

For all the NR injections, the eccentricity posterior
obtained with the SEOBNRvSE model is Gaussian and
unimodal, even for the highest eccentricity injection
(SXS:BBH:1363). This was not the case for the previous
generation SEOBNRvV4E model (see Fig. 8 of Ref. [115]).
This is a consequence of the better description of the initial
EOB conditions implemented in the SEOBNRvSEHM model,
as well as the more accurate description of the eccentric
dynamics.

The posterior distributions for the GW eccentricity ey,
and GW mean anomaly /,,, measured at 20 Hz are shown in
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TABLE II.

Injected, median values, and 90% credible intervals of the posterior distributions for three synthetic NR injections

corresponding to equal-mass, nonspinning BBHs with different initial eccentricities, and recovered with SEOBNRvSE. The binary
parameters correspond to the total mass M, chirp mass M, inverse mass ratio 1/¢, effective spin parameter y., initial eccentricity e,
initial relativistic anomaly {, angle between the total angular momentum and the line of sight z, luminosity distance d;, coalescence
phase ¢, and the network matched-filtered SNR for LIGO-Hanford/Livingston and Virgo detectors pﬁf. We also report the injected and
measured GW eccentricity e,,, and mean anomaly [, at a reference frequency of 20 Hz.

Parameter Injected value SXS:1355 SXS:1359 SXS:1363
M/M, 70.0 71,0526 70.77423) 7113155
M/Myg 30.47 3052710 30.4311% 30.6171 %
1/q 1.0 0.8+0.16 0.8+91¢ 0.811513
Yetr 0.0 0.02:9% 0.02591, 0.03:03
¢ . 0.05+004 0.13903 0.24109
Z . 227414 127483 4015983
. 0.0 0.621048 0.62+048 0.62103%
d, 2307 18354379 1827381 1910753
" 0.0 314122 3147332 3131533
N 20.0 19.07409 19.0540%8 18.9970%
Cow Injected 0.07 0.13 0.25
Measured 0.061’8_’81 0.1 31’8“82 0-24f8j8§
Loy Injected 1.96 0.81 4.27
Measured 2.101/20 1137537 411088

the right panel of Fig. 11. We find that the SEOBNRvSE
model recovers accurately the NR injected values within
the 90% credible intervals. Furthermore, we observe that
the (egy.low) posteriors are very similar to the (eg.¢y)
posteriors. This indicates that the eccentric input parame-
ters of the SEOBNRvSEHM model are a well-behaved
representation of the eccentric modulations in the wave-
form for the considered cases.

These studies demonstrate that the SEOBNRvSE model
recovers very accurately the intrinsic parameters of the
injected NR waveforms. This is consistent with the low
unfaithfulness values of SEOBNRvSEHM against NR wave-
forms, as reported in Sec. IV C. Further studies of the
model’s accuracy will require a larger coverage of param-
eter space including also different SNRs. We leave for
future work investigating the waveform systematic errors of
the SEOBNRvSEHM model and its biases against NR
waveforms.

C. Analysis of GW events

In this section, we employ the SEOBNRvSEHM model to
analyze two GW events observed by the LIGO and Virgo
detectors during the first and third observing runs [2,5,6]:
GW150914 [1] and GW190521 [116]. We employ strain
data from the Gravitational Wave Open Source Catalog
(GWOSC) [3], and the released PSD and calibration
envelopes included in the Gravitational Wave Transient
Catalog GWTC-2.1 [5]. For the analysis, we employ the

parameter estimation settings described in Sec. VA.
Additionally, we compare the results for the eccentric,
aligned-spin SEOBNRvSEHM model with samples from the
eccentric, aligned-spin SEOBNRv4EHM_opt model presented
in Ref. [115] (this model is an optimized version of
SEOBNRv4EHM [239]), and the QC, precessing-spin
SEOBNRv5PHM model from Ref. [209].

1. GW150914

GW150914 was the first observation of GWs from a
BBH coalescence with one of the highest SNRs (~23.7)
observed during the first three observing runs [1,5] of the
LVK Collaboration. Its intrinsic parameters are consistent
with a QC, nonspinning binary with comparable masses
[106,113,114,297].

For our analysis, we choose priors on inverse mass ratio
1/q€[0.05,1] and chirp mass M € [20,50]M such that
the induced priors on component masses are uniform. We
use uniform priors on the initial eccentricity e and initial
relativistic anomaly ¢, with ranges e,€0,0.3] and
(o €[0,27z]. These parameters are defined at a starting
frequency for the waveform generation of f,.; = 10 Hz.
The other priors are chosen as in Sec. V B, and the sampler
settings are summarized in Table III. These choices
coincide with the settings employed in Ref. [115] for the
SEOBNRvV4EHM_opt model.

In the top row of Fig. 12, we display the marginalized 1D
and 2D posterior distributions for the chirp mass M,
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TABLE III.  Settings and evaluation times for the different runs on two real GW events (GW 150914 and GW190521) corresponding to
the eccentric, aligned-spin SEOBNRvSEHM model. We also include the run times for the eccentric, aligned-spin SEOBNRv4EHM_opt model
from Ref. [115], and the run-times for the QC, precessing-spin SEOBNRv5PHM model from Ref. [209]. We indicate the sampler for each
run, either PARALLEL Bilby (pBilby) [244] or SERIAL Bilby Bi1lby (sBilby) [242,243]. Sampling rate (srate) and reference frequency for
starting the waveform generation (f.;) are specified in the data settings, while the number of live points (nlive), the number of
autocorrelation times (nact, for pBilby), and the number of accepted steps (naccept, for sBilby) are specified in the sampler settings. We
use a segment length of 8s for all the runs in this table. The time reported is wall time, while the total computational cost in CPU hours
can be obtained by multiplying this time by the reported number of CPU cores employed.

Event Model (sampler) Data settings Sampler settings Computing resources  Run-time
Srate (Hz)  f.s (Hz)  Naccept/nact  Nlive cores X nodes

GW150914 SEOBNRVSEHM (pBilby) 4096 10 30 2048 32 x 10 2d 9h
SEOBNRVSEHM (sBilby) 4096 10 60 1000 64 x 1 3d 20h
SEOBNRV4EHM _opt (pBilby) 4096 10 30 2048 32 x 10 2d 21h
SEOBNRVSPHM (sBilby) 2048 20 60 1000 64 x 1 1d 17h
GW190521 SEOBNRVSEHM (pBilby) 4096 5.5 30 2048 32x 16 1d 2h
SEOBNRVSEHM (sBilby) 4096 5.5 60 1000 64 x 1 1d 13h
SEOBNRV4EHM_opt (pBilby) 4096 5.5 30 2048 32x 16 1d 6h
SEOBNRV5PHM (pBilby) 2048 5.5 30 8192 64 x 8 3d 4h

‘)f‘ I‘. T
0.2f 'r
GW150914 =
/ L
0.0p ]
==}
|5
= i ]
—0.2F
1 SEOBNRvSEHM (pBilby) £
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04l [ SEOBNRv4EHM opt b
SEOBNRv5PHM i
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JA& |
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0.0F
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—0.5 .
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_10l [ SEOBNRVIEHM.opt 1 ] GW190521
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FIG. 12. Marginalized 1D and 2D posterior distributions corresponding to the real events GW150914 and GW 190521 obtained with
the eccentric, aligned-spin SEOBNRvSEHM model, for the effective spin parameter ., chirp mass M, GW eccentricity e, and GW
mean anomaly Iy, We also show the results for the eccentric, aligned-spin SEOBNRv4EHM_opt model and the QC, precessing-spin
SEOBNRv5PHM model from Refs. [115,209]. For SEOBNRvSEHM, we indicate whether the run is performed with PARALLEL Bilby (pBilby)
or SERIAL Bilby (sBilby). The reference frequency for starting the waveform generation for GW150914 is chosen to be f.; = 10 Hz,
while for GW190521 is f. = 5.5 Hz, so that all the waveform modes are in band at the likelihood minimum frequency (f;, = 11 Hz).
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TABLE IV. Median and 90% credible intervals corresponding to GW150914 and GW190521 measured with the eccentric, aligned-
spin SEOBNRvSEHM model for the total mass M, chirp mass M, inverse mass ratio 1/¢, effective spin parameter y.;;, GW eccentricity
oy, and GW mean anomaly [, measured at the reference frequency f¢ for starting the waveform generation (fyf = 10 Hz for
GWI150914, and f, = 5.5 Hz for GW190521, so that all the waveform modes are in band at the likelihood minimum frequency
Sfmin = 11 Hz), luminosity distance d;, and log-10 Bayes factor between the eccentric, aligned-spin and the QC, aligned-spin
hypothesis, log,o Bgas/qcas (for each event, we performed a run using the QC, aligned-spin SEOBNRvSHM model [207] to calculate
logyo Beas/qcas)- Additionally, we include the results corresponding to the eccentric, aligned-spin SEOBNRv4EHM_opt model and the
QC, precessing-spin SEOBNRv5PHM model from Refs. [115,209]. We indicate the sampler for each run, either PARALLEL Bilby (pBilby)

[244] or SERIAL Bilby (sBilby) [242,243].

Event Model M/Mg M/Mg 1/q Xeff Cow Low dr log o Beas/qcas
GWI150914  SEOBNRVSEHM(pBilby) ~ 70.9913:33  30.761|-) 0.8910D) —0.04701% 0.0670:0¢ 3.177528 475+1F  —0.342010
SEOBNRVSEHM (sBilby) 709138  30.721[)7 0.887077 —0.055077 0.067007 3.17534) 48071 —0.57%03
SEOBNRV4EHM_opt (pBilby)  70.873¢  30.687[7 0.89101) —0.04100% 0.07500¢ 3.12723% 4451113 —0.3510%
SEOBNRVSHM (pBilby) ~ 71.37:3%  30.9211% 0.88707 —0.037008 497419
SEOBNRVSPHM (sBilby) 71.6472¢  31.057]1% 0.8970% —0.0310%8 .. 4931103
GW190521  SEOBNRVSEHM (pBilby)  260.4517072 111.3717%, 0.73703) 0.04703]  0.37028 3.12723 477311200 —0.4210¢8

SEOBNRVSEHM (sBilby) 260.717292) 111.4277%8 0737931 0.05103

-19.52 11.66

SEOBNRV4EHM_opt (pBilby) 253.9751¢% 108.471230 0.724077 —0.01107¢ 0.155013 3.097337 417211552

—24.94
SEOBNRvV5HM (pBilby)

259.97+2952 111.154)573, 0.737921 0.03792]
SEOBNRVSPHM (pBilby)  279.0613%3, 116.731]3:73 0.67103% 0.110%

0291079 3.14733 47861135 —0.36271
—0.61708
4840139

1539
4194193

effective-spin parameter y.;, GW eccentricity e,,, and
GW mean anomaly [,, corresponding to GW150914,
measured by SEOBNRvSEHM and other approximants. For
SEOBNRv5EHM, we show results with two different sam-
plers, PARALLEL Bilby (pBilby) and SERIAL Bilby (sBilby). In
Table IV, we show the median values and the 90% credible
intervals of the posterior distributions for the different
binary parameters. For comparisons, we include in our
analysis the samples of the eccentric, aligned-spin
SEOBNRV4EHM _opt model from Ref. [115], and the samples
of the QC, precessing-spin SEOBNRv5PHM model from
Ref. [209].

We find that the noneccentric binary parameters like
chirp mass, effective spin, and mass ratio, measured by
SEOBNRVSEHM are consistent with the ones measured by
SEOBNRV4EHM _opt [115]. We also observe broad agreement
between the QC, precessing-spin SEOBNRv5SPHM model and
the eccentric models, as GW150914 is consistent with a
nonspinning binary [297]. The slight shift in chirp mass
observed in the eccentric models with respect to the QC
model is consistent with the different physical effects
included in the waveform approximants. Regarding sam-
pler systematics, we observe consistent results for
SEOBNRvSEHM runs produced with PARALLEL Bilby and
SERIAL Bilby.

Although both SEOBNRvVSEHM pBilby (SEOBNRVSEHM
sBilby) and SEOBNRv4EHM_opt have median values of eccen-
tricity distinct from zero, el%M? = 0.061008 (eloH =
0.062007) and e}, 12 = 0.0710%, respectively, the posterior

distributions have strong support in the zero eccentricity
region, which is in agreement with other analyses of
GW150914 with eccentric waveforms [106,113,114,297].
Furthermore, with SEOBNRvSEHM we obtain a tighter pos-
terior constraint in the eccentricity towards the zero value.
This demonstrates that the increased accuracy of the
SEOBNRVSEHM model translates into more accurate mea-
surements of the eccentric parameters.

Finally, we also compute the log-10 Bayes factor between the
eccentric, aligned-spin (EAS) and the QC, aligned-spin (QCAS)
hypothesis, 1og o Beas/qcas» by producing a run using the QC,
aligned-spin SEOBNRvSHM model [207]. The main parameters
obtained with this run, including log,y Bgas/qcas for the

SEOBNRv5SEHM and SEOBNRv4EHM_opt models, are shown

in Table IV. The log;o Bgas/qcas Values are —O.34f8_’118

and —0.3570% for SEOBNRvSEHM and SEOBNRV4EHM._opt,
respectively.” This indicates a slight preference for the
QC hypothesis and is in agreement with the results reported
in Table [T of Ref. [109], where the log g Beas/qcas between
the SEOBNRv4EHM and SEOBNRv4HM models is found to
be —0.44.

We note that the nominal values of the Bayes factors
obtained with serial and PARALLEL Bilby for SEOBNRvSEHM differ
slightly, although they are consistent within the error bars, and
differences might be explained due to different implementations
of the DYNESTY nested sampler [295].
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2. GW190521

GW190521 is a merger-ringdown-dominated signal,
with only four cycles in the frequency band of the detectors
[116]. If this signal corresponds to a QC BBH coalescence,
then the associated total mass of the binary would be
~151M , thus becoming one of the most massive BBHs
detected. However, subsequent studies have attributed to
this event different origins, such as a head-on collision of
exotic compact objects [298], a nonspinning hyperbolic
capture [112], and an eccentric binary merger [110,111],
although other recent studies do not find clear evidence for
eccentricity [109,113-115].

We analyze GW190521 with SEOBNRvSEHM with
PARALLEL Bilby (pBilby) and SERIAL Bilby (sBilby) using
uniform priors on initial eccentricity e, and initial relativ-
istic anomaly (,, with ranges ¢, € [0, 0.5] and ¢, €0, 27].
We employ priors on inverse mass ratio 1/¢ € [0.05, 1] and
chirp mass M € [60, 200]M, such that the induced priors
on component masses are uniform. The rest of the priors are
chosen as in the analysis of GW 150914, except for the prior
on the luminosity distance, which is chosen to be uniform
in comoving volume instead of « d?, to match the settings
of Ref. [115]. The reference frequency for starting the
waveform generation is f..; = 5.5 Hz. The sampler set-
tings are specified as in Ref. [115], and they are summa-
rized in Table III.

In the bottom row of Fig. 12, we show the marginalized
1D and 2D posterior distributions for chirp mass M,
effective spin parameter y.;, GW eccentricity e,,, and
GW mean anomaly Iy, corresponding to GW190521,
measured by SEOBNRvSEHM and other waveform approx-
imants. The median values and the 90% credible intervals
are reported in Table IV. For comparisons, we include in
our analysis the samples of the eccentric, aligned-spin
SEOBNRV4EHM _opt model from Ref. [115], and the samples
of the QC, precessing-spin SEOBNRvSPHM model from
Ref. [209].

For this event, we observe larger differences in some
noneccentric parameters measured by SEOBNRvSEHM with
respect to the QC, precessing-spin SEOBNRv5PHM model.
For example, this is the case for the chirp mass and the total
mass. Other parameters, such as the effective spin and the
mass ratio, have consistent median values. Additionally, we
see a remarkable agreement in the noneccentric parameters
measured by the eccentric, aligned-spin SEOBNRvSEHM
and SEOBNRv4EHM_opt models. This indicates that the
differences in the posteriors between the eccentric and
QC models are due to the absence of spin precession effects
in both eccentric models. Furthermore, between both
SEOBNRvSEHM runs performed with different samplers,
we observe good agreement, indicating that sampler
systematics is a subdominant effect.

For the eccentric parameters, we find median values of

the GW eccentricity of e 12 = 0.30(1$ for SEOBNRvSEHM
(pBilby), e 17 =0.29701% for SEOBNRvSEHM (sBilby),
g 0.23

and e H* = 0.1510|7 for SEOBNRv4EHM_opt, which seems
to indicate that SEOBNRvSEHM has a larger preference for
the eccentric hypothesis than SEOBNRv4EHM_opt. However,
this is an artifact of the different priors used for the analysis.
Due to its limited accuracy, the upper limit in the eccen-
tricity prior for SEOBNRv4EHM_opt goes up to 0.3, while for
SEOBNRVSEHM it goes up to 0.5. A visual inspection of the
eccentricity posteriors in the bottom row of Fig. 12 reveals
that the eccentricity posterior for SEOBNRvSEHM is mostly
uninformative and prior dominated. Consistently with
Ref. [115], we find large uncertainty in the 90% credible
intervals of the eccentricity posterior which, combined with
an uninformative posterior distribution of the GW mean
anomaly, indicates that for GW190521 the eccentricity
parameter is poorly constrained.

Furthermore, we also compute the log-10 Bayes factor
between the eccentric, aligned-spin and the QC, aligned-
spin hypothesis, logjo Bgas/qcas, by producing a run
using the QC, aligned-spin SEOBNRvSHM model [207].
The main parameters obtained with this run for the
SEOBNRVSEHM and SEOBNRv4EHM_opt models are shown
in Table IV. The corresponding logo Beas/qcas values are
0427008 and  —0.61700% for SEOBNRvSEHM and
SEOBNRV4EHM _opt, respectively. These values indicate a
slight preference for the QC hypothesis. Comparing to
Table III of Ref. [109], where the log;o Bgas/qcas value
between the SEOBNRv4EHM and SEOBNRv4HM models is
found to be —0.04, we find slightly more negative values
which can be explained because we are computing the log-
10 Bayes factor between different models SEOBNRvSEHM/
SEOBNRv5HM and SEOBNRv4EHM_opt/SEOBNRvSHM Wwith
respect to Ref. [109], and also because Ref. [109] is
using a different stochastic sampler, namely DINGO [299—
301]. Apart from these small quantitative differences, the
comparison of the Bayes factors indicates a preference for
the noneccentric hypothesis, which is in agreement with
the results of Refs. [109,115].

The poor constraint on the eccentricity posteriors
can be explained by the extremely short duration of the
signal and the lack of spin-precession effects (which
can lead to a complicated signal morphology) in
SEOBNRvSEHM. Additionally, the assumption of quasicir-
cularity at merger-ringdown employed by SEOBNRvSEHM
(and other eccentric waveforms) could also lead to some
unexpected biases due to unmodeled eccentricity effects.
Hence, to accurately measure eccentricity in high-mass
systems, such as GW190521, eccentric waveform models
must be extended to include spin-precession effects and
eccentricity effects in the merger-ringdown part of the
waveform. We leave such extensions of the model for
future work.

Finally, we focus on the efficiency of the SEOBNRvSEHM
model reported in Table III. We observe a reduction in run-
times with respect to the previous generation model
SEOBNRV4EHM opt due to an efficient implementation of
SEOBNRvV5SEHM in the Python infrastructure pySEOBNR [211].
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For instance, the analysis of GW150914 with PARALLEL
Bilby and SEOBNRvSEHM was performed in 2 days, while it
took 3 days for SEOBNRv4EHM _opt. For SERIAL Bilby and a
single node with 64 cores, we see an increase in wall time
(~3 days and 20 hours), but still being competitive for
parameter estimation with similar wall times as the QC,
precessing-spin model SEOBNRv5PHM (see Table III in
Ref. [209]).

For GW190521, we see that the run-times of the
PARALLEL Bilby and SERIAL Bilby runs of SEOBNRvSEHM
become comparable, and are about 2 times faster than the
QC, precessing-spin SEOBNRvSPHM model (this is likely
related to the fact that the nlive value employed with
SEOBNRvSPHM is larger than the one employed with
SEOBNRv5EHM). This shows that one can obtain results
on the order of hours/days using PARALLEL/SERIAL Bilby,
which would make SEOBNRvSEHM a standard tool for
parameter estimation for current and future GW events.
Taking advantage of this efficiency, we are systematically
analyzing other GW events with SEOBNRvSEHM, and we
plan to present the results in future work.

VI. CONCLUSIONS

The observation of GWs emitted by BBHs with non-
negligible orbital eccentricity is well in sight, given the
large number of events that existing GW detectors will
observe in the next years. Such a detection will serve as a
smoking gun for the BBH dynamical formation channel,
and ignoring eccentricity effects on GW analyses could
lead to biases in parameter estimation and false violations
of general relativity.

In this work, we developed SEOBNRvSEHM: a new, time-
domain, multipolar waveform model for eccentric BBHs
with aligned spins. It models the gravitational waveform
modes (7, |m|)={(2,2),(3,3),(2,1),(4,4),(3,2),(4,3)}
and is applicable to bound orbits. The model is constructed
upon the state-of-the-art, QC  waveform model
SEOBNRv5HM [207]. SEOBNRv5EHM is the first EOB wave-
form model to include third PN order information in the
nonspinning eccentricity corrections to the EOB radiation-
reaction force and to the waveform modes, as derived in the
companion paper [241].

Here, we (i) outlined the main theoretical and technical
ingredients of SEOBNRvSEHM, (ii) validated its accuracy by
comparing its waveforms against 441 QC and 99 eccentric
NR waveforms from the SXS Collaboration, (iii) quantified
its robustness and speed, and (iv) showed its applicability in
different inference studies, namely, injection-recovery
studies and analysis of two real GW events: GW150914
and GW190521.

Our results show that SEOBNRvSEHM is the most accurate
eccentric model available. In the zero eccentricity limit, it
has a very good agreement with the accurate QC
SEOBNRv5HM model; a faithful QC limit is an essential
property for any eccentric model to avoid biases in

parameter estimation due to a residual eccentricity in the
waveforms [114,115]. For eccentric waveforms,
SEOBNRv5EHM has a median unfaithfulness, for the (2, 2)
mode, of ~0.02% when compared against the set of NR
eccentric waveforms employed in this work. This is an
accuracy improvement of about one order of magnitude
with respect to the previous-generation SEOBNRv4EHM
model [239], and the state-of-the-art eccentric, aligned-
spin TEOBResumS-Dali model [230].

SEOBNRVSEHM is also robust across a substantial region
of the parameter space, which for eccentric binaries is
larger and more complex than that of QC binaries. We
determined a safe (conservative) region of parameter space,
where the generated waveforms are physically sensible.
This region is characterized by mass ratios g € [1,20],
dimensionless spin components y, € [-0.999,0.999],
eccentricities e €10,0.45], and relativistic anomalies
¢ e€l0,2x], for total masses > 10My at (f.y) = 20 Hz.
Exploring outside this region of parameter space is gen-
erally acceptable, but care must be taken to ensure that the
generated waveforms look physically sane, especially in
challenging regions of parameter space: high eccentricities,
high mass ratios, and high total masses.

Another key characteristic of the SEOBNRvSEHM model
is its computational speed. Typical applications of wave-
form models require millions of evaluations; hence,
computational efficiency becomes a necessity for any
waveform model. SEOBNRvSEHM is efficiently imple-
mented into the optimized Python infrastructure
pySEOBNR [211]. This enables a competitive speed for
common applications of waveform models, as demon-
strated by a set of waveform evaluation benchmarks
conducted in this work. SEOBNRvSEHM is also the first
IMR eccentric waveform model to complete a review
process in the LVK Collaboration.

The accuracy, robustness, and speed of SEOBNRvSEHM
are ideal for a wide range of applications, such as Bayesian
inference of source parameters, GW searches, population
studies, waveform systematic analyses, improvement of
other waveform models, etc. Here, we demonstrated the
applicability of SEOBNRvSEHM to inference studies. In
particular, we performed a series of synthetic NR signal
injections into zero noise to assess the model’s ability to
recover the parameters of the injected signals. In all cases,
SEOBNRVSEHM is able to recover the injected signals, in
consistency with the very low unfaithfulness of
SEOBNRvSEHM when compared against NR waveforms.
Additionally, we analyzed public strain data from the
LVK Collaboration corresponding to the real GW events
GW150914 and GW190521. We obtained consistency with
previous results in the literature, but we showed the
extended ability of SEOBNRvSEHM to provide tighter con-
straints on the inferred posterior distributions of the BHs’
parameters. Furthermore, we plan a systematic analysis of
previous GW events reported by the LVK Collaboration
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and also the use of SEOBNRv5EHM into the machine-learning
inference code DINGO [109,299-301].

We note that there are several potential improvements for
SEOBNRvSEHM. For example, the agreement with eccentric
NR waveforms could be increased by the inclusion of
eccentricity effects in the merger-ringdown phase, the
calibration to eccentric NR simulations, and the enhance-
ment of the EOB Hamiltonian with post-Minkowskian
results (e.g., Ref. [302]). Another important option is to
revisit the parametrization of the EOM employed in
SEOBNRvSEHM. Such parametrization was crucial in recov-
ering the same accuracy as SEOBNRvSHM in the zero
eccentricity limit and in achieving a very good unfaithful-
ness against NR waveforms. However, it could lead to
unphysical effects in the waveforms if the model is applied
in challenging regions of the binary parameter space.

This research is an intermediate but fundamental step
toward the development of an accurate eccentric waveform
model valid for generic spin orientations. Such a model will
be important in assessing systematic errors (or biases) in
parameter estimation. However, due to the complexity of
eccentric, spin-precessing binaries, only a few waveform
models have been developed, so far. Specifically,
Refs. [184,185,303] have constructed inspiral-only models
and, just very recently, Refs. [304,305] started the develop-
ment of complete IMR eccentric, spin-precessing wave-
form models. In this regard, the extension of SEOBNRv5EHM
to generic spin orientations will be one of our main tasks for
the near future.
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APPENDIX A: ASSESSING THE APPLICABILITY
OF A SET OF SECULAR EVOLUTION
EQUATIONS IN SETTING INITIAL CONDITIONS
FOR ECCENTRIC ORBITS

In this appendix, we discuss the use of a set of secular
evolution equations for the Keplerian eccentric parameters
to determine the initial conditions of eccentric binaries in
challenging configurations.

To compute the initial conditions of eccentric binaries,
we make use of the postadiabatic approximation
[199,201,251,252], where it is assumed that the binary
evolves through a sequence of elliptic conservative orbits
which slowly inspiral inwards due to GW emission. This
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approximation will be less accurate for configurations in
which the binary has a small relative separation and large
relative velocity, as is the case for periastron passages of
highly eccentric binaries, or for binaries which are close to
merger. For these challenging configurations, the mapping
between the model input parameters ((MQ),, eq,¢o)
and the corresponding EOB initial values (ry. p, 0. P40)
may become increasingly inaccurate, depending on
how extreme is the configuration associated with
((MQ),, ey, o). More specifically and as mentioned pre-
viously, these configurations would correspond to systems
initialized close to merger (high values of the starting orbit-
averaged frequency (MQ),) or close to a periastron passage
(o =~ 0) for high values of the initial eccentricity e.

To overcome this problem, if the starting separation of
the binary satisfies ry, < 10M, then in SEOBNRvSEHM we
evolve backward in time a set of secular evolution
equations until ry = 10M. Thus, we get new values for
((MQ), e, ), which are then safely employed with the
postadiabatic prescription for 1initial conditions, as
described in Sec. IIB. The set of secular evolution
equations is given by Egs. (4e), (4f), and (11), which we
repeat here for completeness,

4 (121e* + 304
vex {( et )+3PNexpansion], (Ala)

e=""y 15(1 — €2)5/2
L X3/ (1 + ecos C)2 .
M [W +3PN eXpanswn} : (Alb)
_2ux° [96 + 292¢% + 37¢* .
YT 3m [ 5(1—e2)72 + 3PN€XPaHSIOH} (Alc)

These are three ordinary differential equations for the
Keplerian variables (e,,x = (MQ)?/3). The variables e
and x evolve secularly according to the energy and angular
momentum losses due to GW emission, while { evolves on
the orbital time scale and contains postadiabatic contribu-
tions consistent with the emission of GWs.** We refer the
reader to the companion paper [241] for the derivation of
these equations.

To quantify the impact of using this method, we perform
random waveform evaluations in a given region of param-
eter space using and not using the set of secular evolution
equations. More specifically, we perform two tests:

(1) We set g=3, y; =05 y,=-05 Me

[10,200/M,, e€[0,0.6], and (€[0,2z] at
(fsar) = 10 Hz, with 10> waveform evaluations.

“Strictly speaking, Eq. (Alb) is not a secular evolution
equation, since ¢ evolves on the orbital timescale. For ease of
notation, we will refer to the set of equations (A1) as “secular
evolution equations”.

[ Sampling with fixed (¢, x1, x2)
0.16 Sampling over all parameters
>
=t
0w
g 012}
<o L
>,
=
.—g 0.08}
a)
o
—
ol
0.04}
10 1007 10°¢ 107% 107* 107* 102 107! 10°
FIG. 13. Normalized histograms of the (2, 2)-mode mismatches

between systems with and without backward secular evolution,
for binary configurations, which have a starting separation
ro < 10M. The blue histogram corresponds to a test involving
10° waveform evaluations over the parameter space g =3,
71 =05, y,=-05 Me][l0,200lM,, e€]0,0.6], and
{€0,2x] at (fgay) = 10 Hz. The yellow histogram corresponds
to a broader test with 10° evaluations spanning g €[l,20],
x12€[—0.999,0.999], M e[10,200]M,, e€[0,0.6], and
(e€0,2x] at (fguq) = 10 Hz.

(2) We set ge([l,20], y;,€[-0.999,0.999], Me
[10,200]M,, €e€][0,0.6], and (€[0,27] at
(fsar) = 10 Hz, with 10® waveform evaluations.

For both tests, around 13% of the cases have ry < 10M

and hence, undergo a backward evolution. To quantify the
waveform differences, we regenerate the same cases with
the backward evolution deactivated and compute the
corresponding mismatches. Figure 13 shows the distribu-
tion of (2, 2)-mode mismatches for the two tests; both
histograms peak around or above the 10% level, which
indicates significant waveform differences. To understand
these differences, we show in Fig. 14, the cases with the
highest mismatch between the system undergoing a back-
ward evolution (blue) and the one that does not (green),
both having the same input parameters (in particular, same
reference values of eccentricity e, relativistic anomaly
Crop, and starting frequency (MQ) ).>' The left panels
show the maximum mismatch case (M,, = 50.3%) for the
first test, while the right panels show the maximum
mismatch case (M,, = 80.7%) for the second test; the
top panels show the (2, 2) mode amplitude and frequency,

I'The fact that we are not evolving backward and forward the
same set of equations explains why the duration of the systems
undergoing a backward evolution in Fig. 14 is shorter than the
duration of the other systems. Intuitively, one would expect the
opposite behavior, but this depends on how similar the dynamics
predicted by both sets of equations are.
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FIG. 14. Amplitude and frequency of the (2, 2) mode, as well as the eccentricity evolution of systems which have the highest mismatch
when comparing the waveforms affected and not affected by the backward secular evolution (see Fig. 13). Color blue indicates systems
that undergo a backward evolution, while green represents those that do not. The vertical lines indicate the time at which the reference
values (ef, Crofs (f)ref = 10 Hz) are specified. The binary parameters and the (2, 2)-mode mismatch between the blue and green
waveforms are specified at the top of the panels. The bottom panels display the eccentricity evolution predicted by Eq. (4e) (solid
curves), and the GW eccentricity computed with the gw_eccentricity Python package (dashed curves).

along with the corresponding orbit-averaged frequencies
(dashed curves); additionally, the bottom panel shows the
evolution of the Keplerian eccentricity from Eq. (4e) (solid
curves), and the GW eccentricity egw (dashed curves)
computed from the gw _eccentricity package (see
footnote 12). In these plots, the vertical lines indicate the
reference time at which the input values are specified. Note
that the reference time coincides with the starting time only
for systems that do not undergo backward integration
(green curves).

Focusing on the left panels of Fig. 14, we observe that
this is a system with a high eccentricity at few orbits before
merger. Thus, we expect an inaccurate mapping between
the reference values and the initial EOB variables. This is
precisely observed in the middle panel, where the starting
orbit-averaged frequency of the system not undergoing a

backward evolution (beginning of the green dashed curve)
is not equal to the given reference frequency (dotted
horizontal line); in other words, the green dashed curve
does not intersect the dotted horizontal line at the start of
the evolution, meaning that this system starts with a
notoriously different frequency than the reference value.
In contrast, for the system that undergoes a backward
evolution, we observe that the orbit-averaged frequency
(blue dashed curve) at the reference time is very close to the
desired reference frequency. Therefore, using the secular
evolution equations allows us to generate a system that is
more faithful to the given input values. As for the
eccentricity evolution, we note that both systems have
the appropriate value at the reference time. The discrep-
ancies between e and e,,, arise since these correspond to
different definitions of eccentricity; hence, there is no
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reason for them to match. Regarding the right panels of
Fig. 14, we note that there is no discernible problem with
any of the systems, and both have the expected reference
values. In this case, the high mismatch observed is due to
the length of the waveforms, which allows for a significant
dephasing between both systems. The rest of the cases with
high mismatch in Fig. 13 have an analogous behavior to the
examples of Fig. 14.

These results indicate that evolving backward in time the
set of secular evolution equations (A1) allows us to obtain a
system which has the expected reference values, over-
coming the issues that arise when the reference values
correspond to a challenging binary configuration. Future
work could focus on finding a more robust method to
determine EOB initial conditions that accurately match the
given reference values.

APPENDIX B: MISMATCHES AGAINST
PUBLICLY AVAILABLE ECCENTRIC NR
WAVEFORMS

In this appendix, we obtain results for the waveform
mismatches against the 28 publicly available eccentric NR
waveforms from the SXS Collaboration [189,277,278]
of the three eccentric, aligned-spin waveform models:

SEOBNRV4EHM [239], SEOBNRv5SEHM (presented in this work),
and TEOBResumS-Dali [230] (see footnote 3 for the details
about the specific version employed). Thus, this appendix
serves as a point of reference for past and future works that
employ this set of public eccentric NR waveforms. Addi-
tionally, we present a simple analysis of four particular
cases with large mismatches for the three models.

In Fig. 15, we show the results for the (2, 2)-mode
mismatch Mo, (first row) and for the sky-and-polarization
averaged, SNR-weighted mismatch Mgng (second row)
of the 28 publicly available eccentric NR waveforms
against SEOBNRv4EHM (first column), SEOBNRvSEHM
(second column), and TEOBResumS-Dali (third column).
The mismatches are computed over a range of total masses
between 20 and 200M, with the faithfulness functions
given in Eq. (34) (for My,), and in Egs. (36) and (37) (for
Mg with 1 = 7/3). When including HMs, we employ
all modes available for each model up to ¢ =4: for
SEOBNRvSEHM, we include the modes (Z,|m|) = {(2,2),
(3,3),(2,1),(4,4),(3,2),(4,3)}, and for SEOBNRv4EHM
and TEOBResumS-Dali, we include the modes (#,|m|) =
{(2,2),(3,3),(2,1),(4,4)}. The NR waveforms include
all modes up to £ = 4 with |m| > 0. We color each curve
depending on the initial value of the GW eccentricity e,,, as

SEOBNRv4EHM SEOBNRv5EHM TEOBResumS-Dali Cow
o ; ; ; ; ; ; ; ; ; ; ; 7032
10
1073
a NS — 0.26
S 10~ Te—
—-=- SXS:BBH:0089
-=-=-- SXS:BBH:1149
105 pome SXS:BBH:1169 0.21
SXS:BBH:1363
L 102 0.16
=
I
Qm 10—3
o
Z 0.10
w0
|§ 107
5I0 1(I)0 150 2(I)0 5I0 l(l)O L;)O Q(I)O 5IO 1(I)0 150 2(IJO 0-05
M M)
FIG. 15. Waveform mismatches of the 28 publicly-available SXS eccentric NR waveforms against different eccentric, aligned-spin

waveform models: SEOBNRv4EHM (first column), SEOBNRvSEHM (second column), and TEOBResumS-Dali (third column), calculated over a
range of total masses M € [20,200]M,. The color of each curve indicates the initial value of the GW eccentricity e,,, for each NR
waveform. We highlight the curves associated with four particular NR waveforms with high mismatches (SXS:BBH: 0089, SXS:
BBH:1149, SXS:BBH:1169, and SXS:BBH:1363), and we discuss them in the main text. The first row shows the (2, 2)-mode
mismatches M, and the second row the sky-and-polarization averaged, SNR-weighted mismatches Mgy for inclination 1, = /3.
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FIG. 16. Amplitude of different waveform modes corresponding to two, publicly available SXS eccentric NR waveforms
(SXS:BBH:0089 and SXS:BBH:1363, represented by black curves), together with the best-fitting waveforms from the state-of-
the-art, eccentric, aligned-spin waveform models SEOBNRvSEHM (blue, dashed) and TEOBResums-Dali (olive, dashed), in geometric units.
In each plot, we indicate the binary parameters: mass ratio g, dimensionless spin components y; and y,, initial value of the
GW eccentricity e,y, and time t0 mMerger Iy [n addition, we display the value of the maximum sky-and-polarization averaged,
SNR-weighted mismatch Mgyg calculated over a range of total masses between 20 and 200, o for SEOBNRvSEHM and TEOBResumS-Dali.
Note that there are no curves for the (3,2) and (4,3) modes for the TEOBResumS-Dali model, as the reviewed version of this approximant
does not produce these modes (see footnote 3). For SXS:BBH: 1363, we only show the even-m modes, as this is an equal-mass,

nonspinning simulation for which odd-m modes are zero.

defined in Refs. [149,245] (see footnote 12 for the details
about the specific version employed).

Similar to our main results for a set of 99 eccentric
NR simulations (see Fig. 4), SEOBNRvSEHM demonstrates
an overall improvement of 1 order of magnitude with
respect to the previous-generation SEOBNRv4EHM model,
and the state-of-the-art TEOBResumS-Dali model (see
Sec. IV C for a discussion about the origin of this improved
accuracy). In addition, we note that we obtain a better
accuracy for the (2, 2) mode of TEOBResumS-Dali, compared
to the one reported in Ref. [230]. This is mainly because our

method to find the waveform’s parameters that correspond
to an eccentric signal employs an optimization over the
parameters of the model, as described in Sec. IVA 3 (see
also Sec. IVA1 for more details about the mismatch
calculation).

For SEOBNRvSEHM, we note that there are four NR
waveforms for which the mismatch Mgy is relatively
high (see the middle panel in the second row of Fig. 15).
These waveforms correspond to the simulations SXS:
BBH:0089, SXS:BBH:1149, SXS:BBH:1169, and
SXS:BBH:1363. In Figs. 16 and 17, we plot the
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Same as in Fig. 16 but for the publicly available, SXS eccentric NR waveforms SXS:BBH:1149 and SXS:BBH:1169

(black), together with the best-fitting waveforms from the state-of-the-art, eccentric, aligned-spin waveform models SEOBNRvVSEHM
(blue, dashed) and TEOBResums-Dali (olive, dashed), in geometric units. Note that there are no curves for the (3,2) and (4,3) modes for the
TEOBResums-Dali model, as the reviewed version of this approximant does not produce these modes (see footnote 3).

amplitude of the different modes corresponding to these
simulations, and we show the binary parameters of the
corresponding NR waveform: mass ratio g, dimensionless
spin components y; and y,, initial value of the GW
eccentricity e,,,, and time t0 MErger fyereer- Additionally,
we include the amplitudes of the best-fitting waveforms for
the two state-of-the-art models SEOBNRvSEHM and
TEOBResumS-Dali, along with the associated value of the
sky-and-polarization averaged, SNR-weighted mismatch
Mg maximized over the considered range of total
masses.

The high mismatches for these four eccentric NR wave-
forms are associated with inaccuracies in the modeling of
the merger-ringdown phase and the quality of the NR
waveforms. In Fig. 16, we observe that the waveform
corresponding to the simulation SXS:BBH:0089 has

prominent numerical noise in the merger-ringdown.
Similarly, the waveform associated with the simulation
SXS:BBH:1363 contains plenty of numerical noise
throughout the entire, relatively short simulation
(fmerger = 2516M). In contrast, the waveforms correspond-
ing to SXS:BBH:1149 and SXS:BBH:1169 in Fig. 17
have no noticeable numerical noise, but their merger-
ringdown is considerably different from the one predicted
by the SEOBNRvSEHM and TEOBResumS-Dali models.

From this inspection, we should expect (i) an increasing
mismatch with respect to the total mass for the NR
waveforms SXS:BBH:0089, SXS:BBH:1149, and
SXS:BBH:1169, since the problems are restricted to
the merger-ringdown phase, and (ii) a decreasing mismatch
with respect to the total mass for SXS:BBH:1363, since
the numerical noise is affecting the inspiral part of the
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waveform. This is precisely what we observe, and it is more
noticeable for SEOBNRvSEHM thanks to its high faithfulness
against the other NR waveforms.

APPENDIX C: IMPROVEMENT DUE TO THE
3PN ECCENTRICITY CORRECTIONS TO THE
EOB RR FORCE AND WAVEFORM MODES

In this appendix, we show that the 3PN eccentricity
corrections to the EOB RR force and waveform modes
are important for achieving good accuracy for higher
eccentricities.

Specifically, in Fig. 18, we show the results for the
(2, 2)-mode mismatch M,, between the 99 eccentric NR
waveforms employed in this work and a version of

SEOBNRvSEHM which only has 2PN eccentricity corrections
(first column), the default version of the SEOBNRvSEHM
model, which has 3PN eccentricity corrections (second
column), and the TEOBResumS-Dali model [230] (third
column; see footnote 3 for the details about the specific
version employed) which employs generic-orbit Newtonian
prefactors for the RR force and waveform modes, as well as
2PN eccentricity corrections for the radial component of
the RR force. The 99 waveforms are split into a subset of 75
waveforms with initial GW eccentricity below 0.4 (top
panel) and a subset of 24 waveforms with initial GW
eccentricity above 0.4 (bottom panel). The mismatches are
computed over a range of total masses between 20 and
200M  with the faithfulness function given in Eq. (34). We
color each curve depending on the initial value of the GW

Initial GW eccentricities gy < 0.4

SEOBNRv5EHM (2PN)

SEOBNRv5S5EHM (3PN, default)

TEOBResumS-Dal{ Cow

1071 T 0.40

1072 p— 0.32

N 1073 0.24

2 104 0.17

=== ¢=17.7, x1 = 0.0, x2 = —0.001
_5 q=11,x1 =-04, xo=—-0.7
7 e e—— e q=2.0,x1 =09, x2=09 0.09
-6 . . . . . . . . . . . .
10 50 100 150 200 50 100 150 200 50 100 150 200 0-01
M [Mo)]
Initial GW eccentricities ey > 0.4
. SEOBNRv5SEHM (2PN)  SEOBNRvSEHM (3PN, default) TEOBResumS-Dali Cow

10 T T T T T T T T T T T 0.88

0.78

. 0.69
[a\]

E: 0.59

-—= ¢=10.0, xa =0.0, x2 =0.0 0.50

q=1.0, x1 =0.0, x2 =0.0
107 50 100 150 200 50 100 150 200 50 100 150 200 A0
M [Mo)]
FIG. 18.  Top panel: (2, 2)-mode mismatches between a subset of 75 eccentric NR waveforms with initial GW eccentricities e,,, < 0.4

and different eccentric, aligned-spin approximants, calculated over a range of total masses M €[20,200]M . The first column
corresponds to a version of the SEOBNRvSEHM model with only 2PN eccentricity corrections in the EOB RR force and gravitational
waveform modes, the second column corresponds to the default SEOBNRvSEHM model, which has 3PN eccentricity corrections, and the
third column corresponds to the TEOBResums-Dali model, which has 2PN eccentricity corrections. The color of each curve indicates the
initial value of the GW eccentricity e, for each NR waveform. The different line styles highlight the cases with the worst maximum
mismatch. Botttom panel: The same as in the top panel, but for 24 eccentric NR waveforms with initial GW eccentricities e,,, > 0.4.
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eccentricity ey, as defined in Refs. [149,245] (see foot-
note 12 for the details about the specific version employed).
Note that the information in Fig. 18 regarding the models
SEOBNRvSEHM (default) and TEOBResumS-Dali is also pre-
sented in Fig. 4, but in Fig. 18, we employ the initial value
of GW eccentricity eg, = 0.4, instead of e, = 0.5, to
separate the set of NR waveforms. Histograms of maximum
mismatches across the considered total mass interval are
presented in Fig. 7 of Sec. IV C, where we also include
information about the sky-and-polarization-averaged,
SNR-weighted mismatches.

From Fig. 18, we observe that the largest differences
between the 2PN-version and the default SEOBNRvSEHM
model appear for NR waveforms that have moderate-to-
large values of initial GW eccentricities; in particular, the
3PN eccentricity corrections become important for initial

oy 2 0.4. The accuracy improvement for large eccen-
tricities is expected since a higher PN order would reduce
the waveform dephasing at each (high-velocity) periastron
passage. In fact, without the 3PN eccentricity corrections,
the accuracies of SEOBNRvSEHM and TEOBResumS-Dali
become comparable for systems with initial e, 2 0.4,
which makes sense since the TEOBResumS-Dali model
employs 2PN eccentricity corrections to the EOB RR
force. (For low eccentricities, the accuracy of
SEOBNRV5SEHM
is better due to the calibration to QC NR waveforms
inherited from the SEOBNRvSHM model [207], as discussed
in Sec. IV C.)

APPENDIX D: ALTERNATIVES TO THE RR
FORCE AND WAVEFORM MODES

This appendix considers different prescriptions for the
EOB RR force and waveform modes in the SEOBNRvSEHM
model.

The SEOBNRVSE RR force and waveform modes are
given by Eqgs. (5) and (6), which we repeat here for
completeness,

Fyp= fg“’desfzfc(x, e, ), (Dla)

F, = l’;—;fgod“f‘;m(x, e.0), (D1b)
MZQ

Friodes — Z Z m?|d hE, |2, (Dlc)

M = hp, (O (x. e.0). (D2)

where % represents the factorization of QC modes
employed in SEOBNRvsHM [207], and ]:flfc, JFe¢, and

h%s are the eccentricity corrections to the RR force and
modes, respectively, given as functions of the Keplerian
eccentricity e, the relativistic anomaly £, and the dimen-
sionless orbit-averaged orbital frequency x = (MQ)?/3,
These eccentricity corrections contain nonspinning contri-
butions up to the 3PN order and are calculated in the
companion paper [241]. We note that in SEOBNRvSEHM we
employ the eccentric modes (D2) in the RR force, though
this is not the only possible choice. For example, one could
employ the QC expressions for the modes in the factor
F 4‘?‘)‘1@5, as long as the eccentricity corrections f ¢ and

F5€ are modified accordingly.

In this appendix, we consider four alternatives to the
default SEOBNRvVS5E RR force and waveform modes:

(1) SeEOBNRv5HM RR force and modes.

We take the expressions employed in the QC
model SEOBNRvSHM [207] (modulo the change
commented in footnote 7), and we supplement them
with the prescription for eccentric initial conditions
employed in SEOBNRvSEHM. There is no dependence
of the equations of motion on the Keplerian param-
eters (x,e,().

(2) OC RR force and QC modes.

Similarly, we take the SEOBNRvSHM expressions
for the RR force and modes [207], but the depend-
ence of the modes on the instantaneous angular
velocity Q is replaced by a dependence on the orbit-
averaged angular velocity (Q). This is achieved by
setting ]:ch =Fy¥¢ =hg, =1 in Egs. (D1) and
(D2). The value of x entering in /5% is obtained
from the coupled Keplerian equations (4e)—(4g).

(3) Eccentric RR force and QC modes.

We use the complete expressions for F&°, Foe,
and A%, in the RR force, but we set A¢,; = 1 for the
modes given to the user.

(4) QC RR force and eccentric modes.

We set F' ch = F7* = hg,; =1 in the RR force,
but we use the complete expressions for 4§, in the
modes given to the user. This choice is analogous to
the SEOBNRv4EHM model [239], in which eccentric-
ity corrections are included only in the modes given
to the user and not in the RR force.

To quantify the accuracy of these alternative models, we
show, in Fig. 19, the corresponding (2, 2)-mode mis-
matches against the set of 99 eccentric NR simulations
employed in this work. One observation from this figure is
that the eccentricity corrections in the RR force allow for a
good performance for moderate eccentricities; without
eccentricity corrections in the RR force, the bulk of
mismatches for simulations with moderate eccentricities
lies around or above the 1% level. Another observation is
that there is a similar accuracy for high-eccentricity
simulations between the default SEOBNRvSEHM model
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FIG. 19.

50 100 150 200 0.01

(2, 2)-mode mismatches between 99 eccentric NR waveforms and different versions of the SEOBNRvSE RR force and

waveform modes, calculated over a range of total masses M € [20,200]M . The first panel corresponds to the default SEOBNRvSEHM
model, the second panel corresponds to the SEOBNRvSHM model with eccentric initial conditions, and the third to fifth panels correspond
to different model variations where the expressions for the EOB RR force and/or waveform modes either include or omit eccentricity
corrections. The color of each curve indicates the initial value of the GW eccentricity e,,, for each NR waveform.

and the model with eccentric RR force but QC modes. This
fact suggests that the current model is significantly limited
by the RR force and not by the waveform modes. For
example, the factorization of the eccentric RR force and/or
the coupling to the Keplerian evolution equations are
choices that could be limiting the model’s accuracy.

Overall, accurate expressions for the RR force and
waveform modes are required for a good performance.
A good accuracy in the QC limit is also an essential aspect
of any eccentric waveform model, as the eccentric wave-
forms will have, at most, comparable accuracies to the
underlying QC model. Future eccentric models would
benefit from methods that improve the accuracy for QC
waveforms, as well as better treatments to the eccentric RR
force and waveform modes.

APPENDIX E: DESYNCHRONIZATION OF THE
BINARY DYNAMICS IN THE
SEOBNRvSEHMMODEL

In this appendix, we discuss a problem appearing in the
SEOBNRvSEHM model when it is applied in challenging
regions of the parameter space of eccentric binaries.

The equations of motion employed in SEOBNRvSEHM are
given by Eqgs. (4a)—(4g). This is a set of six ordinary
differential equations plus an algebraic equation for the
EOB variables (r, ¢, p, ., p,) and the Keplerian parameters
(x = (MQ)?/3, e, {); thus, we employ the usual four EOB
equations (Hamilton’s equations), along with three equa-
tions in PN-expanded form. This set of equations is
formally consistent up to 3PN order, and it allows us to
generate accurate eccentric waveforms, as demonstrated in
Sec. IV C. However, this set is overdetermined since
eccentric, aligned-spin binaries only have 4 degrees of
freedom. This poses a problem in certain regions of the
parameter space (mostly large spins and eccentricity) in
which the PN and EOB two-body dynamics are too
different from each other. In these cases, coupling those

equations introduces inaccuracies that
desynchronize the equations of motion.

In Fig. 20, we show examples of normal (synchronized)
and desynchronized binaries. The top panels show the
amplitude and frequency of the (2, 2) mode, while the
bottom panels show the trajectory of the corresponding
binary in the (r, () plane; the two systems under consid-
eration have the same binary parameters, except for the spin
values. In a synchronized system, the value of the relativ-
istic anomaly ¢ tracks the periastron precession of the orbit,
as required by Eq. (3); hence, in the (7, {) plane, one should
observe a nonprecessing ellipse which slowly shrinks due
to the emission of GWs.? Moreover, the waveform
amplitude should exhibit a monotonically increasing
envelope during the inspiral phase, since the orbit-averaged
frequency increases as the binary components approach
each other. In contrast, in a problematic system, the
evolution of ¢ is not consistent with the periastron pre-
cession predicted by Hamilton’s equations. This causes a
desynchronization of the dynamics, as seen in the bottom
right panel of Fig. 20, and an unphysical modification of
the waveform, as represented in the top right panel.

Overall, the desynchronization of the equations of
motion appears when there are significant differences
between the two-body dynamics predicted by EOB and
PN equations, and it causes an unphysical modification to
the amplitude and frequency of the waveform. Any
challenging configuration is a potential trigger of this
problem; this is the case for very high eccentricities, high
values of spins, large mass ratios, and/or very long
evolutions. All these configurations accumulate errors
which could trigger a desynchronization, as seen in the
right panels of Fig. 20.

ultimately

*The plots of the trajectories in Fig. 20 have a nonsmooth
behavior due to the discrete time steps taken by the numerical
integrator.
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FIG. 20. Amplitude and frequency of the (2, 2) mode (top panels), and the trajectory in the (r,¢) polar plane (bottom panels) are
shown for a standard eccentric binary (left panels) and for a system affected by a desynchronization between the Keplerian and
Hamiltonian evolution equations (right panels). In the standard case, the envelopes of the amplitude and frequency exhibit a monotonic
increase during the inspiral. In contrast, the desynchronized system displays unphysical modifications of such envelopes, which arise
due to inaccuracies in the prediction of the periastron precession, characterized by the value of the relativistic anomaly .

By inspecting the monotonicity of the waveform’s
envelope, we determined a conservative region of the
parameter space in which we detected no desynchroniza-
tion issue. This region is specified in Sec. IV E, and we
repeat it here for completeness: mass ratios g € [1,20],

dimensionless spin components y;, € [-0.999,0.999],
eccentricities e €[0,0.45], and relativistic anomalies
¢ e€0,2x], for total masses > 10My at (f.q) = 20 Hz.
When using the model outside this region, we recommend
visually inspecting some sample waveforms.
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APPENDIX F: SUMMARY OF THE ECCENTRIC NR WAVEFORMS EMPLOYED IN THIS WORK

TABLE V. Summary of the 99 eccentric, aligned-spin SXS NR simulations employed in this work, along with the optimum
parameters that produce the best-fitting waveforms for each of the eccentric, aligned-spin approximants considered in this work. We
include 28 publicly available waveforms (with SXS IDs: SXS:BBH:0089-SXS:BBH:1374) [189,278] plus 71 private waveforms
[149]. For each simulation, we list the mass ratio ¢ = m; /m, > 1, the dimensionless spin components y; and y,, the GW eccentricity
eqy at a reference orbit-averaged (2, 2)-mode dimensionless frequency (Ma;,) (both corresponding to their starting values calculated
with the gw_eccentricity Python package; see footnote 12), and the number of periastron passages N,. Additionally, for each
waveform model, we list the initial (input) eccentricity e, dimensionless orbit-averaged orbital frequency (MQ),, and the maximum
(2, 2)-mode mismatch, M5™ = max,, M,,, calculated over the range of total masses between 20 and 200M ;. The procedure to find the
optimum values for each model and for calculating the mismatches is detailed in Sec. IV A. The information in this table is also provided
in the Supplemental Material [294] (see footnote 13).

SEOBNRV4EHM SEOBNRVSEHM TEOBResums-Dali
Physical properties optimum values optimum values optimum values
SXS ID a9 X e (Mop) Ny e (MQ)y MBM%] eq  (MQ)y M%) eg  (MQ)y M53[%]

SXS:BBH:0089 1.0 -05 0.0 0.064 0.023 21 0.071 0.01 0.1 0.069 0.01 0.017 0.069 0.01 0.16

SXS:BBH:0321 1.22 033 -0.44 0.064 0.037 8 0.101 0.014 0.117  0.069 0.017 0.007 0.072 0.014 0.134
SXS:BBH:0322 1.22 033 -0.44 0.081 0.038 7 0.113 0.015 0.119  0.093 0.017 0.007 0.084 0.018 0.128
SXS:BBH:0323 1.22 0.33 -0.44 0.135 0.036 8 0.18 0.015 0.201  0.147 0.017 0.011 0.15 0.015 0.097
SXS:BBH:0324 1.22 033 -0.44 0.285 0.036 7 0392 0.011 0.968 0.332 0.013 0.017 0.291 0.015 0.275
SXS:BBH:1136 1.0 -0.75 -=0.75 0.099 0.041 4 0.144 0.017 0.203 0.106 0.018 0.028 0.103 0.017 0.162
SXS:BBH:1149 3.0 0.7 06 005 0036 15 0.1 0.014 0.194 0.06  0.015 0.044 0.053 0.018 0.413
SXS:BBH:1169 3.0 -0.7 -0.6 0.048 0.029 13 0.062 0.013 0.173  0.05 0.014 0.018 0.057 0.012 0.109
SXS:BBH:1355 1.0 0.0 0.0 0.077 0.038 8 0.097 0.016 0.088 0.081 0.018 0.003  0.069 0.018 0.106
SXS:BBH:1356 1.0 0.0 00 0.133 0.028 14 0.173 0.012 0.153 0.16  0.012 0.007 0.15 0.012 0.127
SXS:BBH:1357 1.0 0.0 0.0 0.149 0.036 8 0.181 0.016 0.176  0.181 0.014 0.004 0.163 0.016 0.096

SXS:BBH:1358 1.0 0.0 0.0 0.147 0.037 8 0221 0.014 0.049 0.166 0.016 0.008 0.166 0.015 0.157
SXS:BBH:1359 1.0 0.0 0.0 0.145 0.037 8 0.18 0.016 0.081 0.159 0.017 0.016 0.162 0.016 0.145
SXS:BBH:1360 1.0 0.0 00 0.21 0.037 7 0296 0.015 0.111  0.236 0.016 0.012  0.227 0.016 0.126
SXS:BBH:1361 1.0 0.0 0.0 0.216 0.039 7 0281 0.016 0.127  0.241 0.016 0.013  0.249 0.014 0.189
SXS:BBH:1362 1.0 0.0 0.0 0.295 0.037 7 0393 0.011 0.334 03 0.016 0.03 0.296 0.016 0.146
SXS:BBH:1363 1.0 0.0 0.0 0317 0.037 7 0396 0.011 0.343 0319 0.015 0.018 0311 0.015 0.124
SXS:BBH:1364 2.0 0.0 0.0 0.064 0.038 8 0.1 0.015 0.193  0.074 0.017 0.002  0.071 0.017 0.077
SXS:BBH:1365 2.0 0.0 0.0 0.089 0.036 9 0.109 0.016 0.178 0.112 0.015 0.002 0.106 0.014 0.076
SXS:BBH:1366 2.0 0.0 0.0 0.143 0.036 9 0.188 0.015 0.157 0.161 0.016 0.002 0.175 0.014 0.151
SXS:BBH:1367 2.0 0.0 0.0 0.136 0.039 8 0.154 0.018 0.058 0.161 0.016 0.007 0.144 0.018 0.13

SXS:BBH:1368 2.0 0.0 0.0 0.138 0.037 8 0.177 0.016 0.203  0.153 0.017 0.005 0.177 0.014 0.081
SXS:BBH:1369 2.0 0.0 00 0.276 0.037 8 0.355 0.019 0.219 0.282 0.017 0.015 0.282 0.017 0.161
SXS:BBH:1370 2.0 0.0 0.0 0.294 0.039 7 0355 0.02 0.267 0.323 0.015 0.014 0.271 0.017 0.27

SXS:BBH:1371 3.0 0.0 0.0 0.084 0.036 10 0.113 0.015 0.076  0.11  0.014 0.005 0.088 0.017 0.083
SXS:BBH:1372 3.0 0.0 0.0 0.137 0.037 10 0.151 0.018 0.093 0.172 0.015 0.006 0.158 0.015 0.059
SXS:BBH:1373 3.0 0.0 00 0.137 0.038 10 0.168 0.017 0.149  0.154 0.017 0.004 0.144 0.016 0.103
SXS:BBH:1374 3.0 0.0 0.0 0.279 0.039 9 0352 0.018 0.73 0.3 0.016 0.015 0.296 0.015 0.144
SXS:BBH:2517 1.0 0.0 0.0 0.031 0.033 11 0.049 0.013 0.166  0.037 0.013 0.005 0.035 0.013 0.123
SXS:BBH:2518 1.0 0.0 0.0 0.057 0.02 28 0.054 0.009 0.316 0.07  0.008 0.004 0.064 0.009 0.124
SXS:BBH:2519 1.0 0.0 0.0 0.051 0.023 21 0.058 0.01 0.303  0.053 0.011 0.003 0.05 0.011 0.121
SXS:BBH:2520 1.0 0.0 0.0 0.141 0.031 12 0.18 0.013 0.158 0.166 0.013 0.007 0.156 0.013 0.132
SXS:BBH:2521 1.0 0.0 0.0 0302 0.023 18 0.421 0.008 2.873  0.372  0.009 0.024 0.332 0.01 0.588
SXS:BBH:2522 1.0 0.0 0.0 0347 0.022 17 0.429 0.008 4.773  0.429 0.008 0.077 038  0.009 0.53

SXS:BBH:2523 1.0 0.0 00 0433 0.019 19 0361 0.01 10.742  0.45  0.009 0.078 0.47  0.008 1.655
SXS:BBH:2524 1.0 0.0 0.0 0.645 0.01 22 0765 0.003  31.822 0.696 0.004 1.083 0.716 0.003  16.254
SXS:BBH:2525 1.0 0.0 00 0574 0016 16 0.696 0.005 24.156 0.676 0.005 0212 0.68  0.004 5.901
SXS:BBH:2526 1.0 0.0 0.0 0.701 0.009 19 0.834 0.002 32.584 0.745 0.004 2494 0.781 0.002  19.004
SXS:BBH:2527 1.0 0.0 00 0.877 0.007 14 095 0.0 37.939 0917 0.001 19.65 0.865 0.001  30.593
SXS:BBH:2528 1.0 0.0 0.0 0.716 0.012 10 0861 0.002 26.173 0.801 0.004 4728 0.772 0.004  17.691
SXS:BBH:2529 2.0 0.0 0.0 0.038 0.026 18 0.041 0.011 0.223  0.043 0.012 0.002 0.038 0.012 0.101
SXS:BBH:2530 2.0 0.0 0.0 0.151 0.027 18 0.175 0.013 0.127 0.168 0.012 0.007 0.171 0.011 0.196
SXS:BBH:2531 2.0 0.0 0.0 0304 0.023 19 0.406 0.008 4.014 0329 0.01 0.012 0.366 0.008 0.723

(Table continued)
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TABLE V. (Continued)

SEOBNRV4EHM SEOBNRVSEHM TEOBResums-Dali

Physical properties optimum values optimum values optimum values
SXS ID 9 xn X ey (Moy) Nyooeg  (MQ), MM eg  (MQ)y ME[%] eo  (MQ)y M%)
SXS:BBH:2532 2.0 0.0 0.0 0353 0.022 20 0.446 0.008 7.315 0361 0.01 0.082 0.369 0.01 0.603

SXS:BBH:2533 2.0 0.0 0.0 0439 0.018 22 035 0.01 12.329  0.507 0.007 0.038 0.459 0.008 1.972
SXS:BBH:2534 2.0 0.0 0.0 0.645 0.01 25 0.794 0.003 32788 0.665 0.005 2.075 0.726 0.003  20.994
SXS:BBH:2535 2.0 0.0 00 0717 0.012 11 0.879 0.002 29.46 0.762  0.005 8.587 0.823 0.002  21.742
SXS:BBH:2536 3.0 0.0 00 0.05 0.02 39 0.053 0.009 0.242  0.055 0.009 0.004  0.055 0.009 0.091
SXS:BBH:2537 3.0 0.0 0.0 0.154 0.023 26 0.211 0.01 0.175  0.159 0.011 0.003 0.176 0.01 0.141
SXS:BBH:2538 3.0 0.0 0.0 0262 0.019 36 0335 0.009 5.92 0.311  0.008 0.014 0.283 0.008 0.28

SXS:BBH:2539 3.0 0.0 0.0 0202 0.026 21 0264 0.011 0.519  0.216 0.012 0.019 0.248 0.01 0.107
SXS:BBH:2540 3.0 0.0 00 0.159 0.034 11 0.195 0.015 0.156  0.166 0.016 0.007 0.173 0.015 0.058
SXS:BBH:2541 3.0 0.0 0.0 0.31 0.02 29 0386 0.008 10.277 0.325 0.009 0.026 0.382 0.007 0.747
SXS:BBH:2542 3.0 0.0 0.0 0309 0.023 23 0.405 0.008 6.296 0.38  0.008 0.024 0.364 0.008 0.54

SXS:BBH:2543 3.0 0.0 00 0349 0.022 22 0382 0.009 11.32 0.362  0.01 0.017  0.427 0.008 1.025
SXS:BBH:2544 3.0 0.0 00 0.647 0.012 21 0775 0.003 32.722 0.731 0.004 1.991 0.707 0.004  15.352
SXS:BBH:2545 4.0 0.0 0.0 0.035 0.026 25 0.033 0.013 0.088 0.04 0.013 0.007 0.043 0.01 0.063
SXS:BBH:2546 4.0 0.0 0.0 0.151 0.026 24 0.206 0.011 0.187 0.178 0.011 0.009 0.164 0.012 0.064
SXS:BBH:2547 4.0 0.0 0.0 0299 0.024 27 0.389 0.008 8.671 0.373 0.009 0.027 032 0.01 0.568
SXS:BBH:2548 4.0 0.0 00 0354 0.022 27 0391 0.009 14.398 0.407 0.009 0.046  0.435 0.007 0.987
SXS:BBH:2549 4.0 0.0 0.0 0442 0.018 29 0363 0.01 19.904 0.508 0.007 0.101  0.456 0.008 4.64

SXS:BBH:2550 4.0 0.0 0.0 0.651 0.012 24 0.845 0.002 35.601 0.736 0.004 2.036  0.748 0.003  17.126
SXS:BBH:2551 4.0 0.0 00 073 0012 14 0.847 0.003 3533 0.79  0.004 14.613 0.806 0.003 26.012
SXS:BBH:2552 6.0 0.0 0.0 0.036 0.026 32 0.038 0.012 0.042  0.043 0.012 0.006 0.045 0.011 0.081
SXS:BBH:2553 6.0 0.0 0.0 0.151 0.027 30 0.184 0.012 0.507 0.177 0.011 0.013 0.163 0.012 0.169
SXS:BBH:2554 6.0 0.0 0.0 0311 0.022 33 0372 0.009 13.991 0315 0.011 0.25 0.376  0.008 1.049
SXS:BBH:2555 6.0 0.0 00 0353 0.022 33 0441 0.008 16.906 0.413 0.009 0.022  0.405 0.008 0.905
SXS:BBH:2556 6.0 0.0 0.0 0443 0.018 36 0358 0.01 25419 0.487 0.008 0.078 0.54  0.006 4.747
SXS:BBH:2557 6.0 0.0 0.0 0593 0015 29 0.714 0.005 36.014 0.674 0.005 0.76 0.65 0.005 10.93

SXS:BBH:2558 6.0 0.0 0.0 0735 0.011 17 0903 0.001 40.169 0.827 0.003 15.636 0.802 0.003  24.848
SXS:BBH:2559 8.0 0.0 0.0 0.012 0.035 18 0.015 0.014 0.017 0.015 0.015 0.004 0.011 0.016 0.065
SXS:BBH:2560 8.0 0.0 00 0.154 0.026 38 021 0.011 0.823 0.186 0.011 0.009 0.193 0.01 0.145
SXS:BBH:2561 8.0 0.0 0.0 0309 0.022 42 0431 0.008 15.176 0.358 0.009 0.134  0.362 0.009 0.755
SXS:BBH:2562 8.0 0.0 0.0 0361 0.021 41 0372 0.01 21.433  0.429 0.008 0.032  0.425 0.008 1.416
SXS:BBH:2563 8.0 0.0 00 0414 0.023 30 0366 0.011 21.646 0.475 0.009 0.226  0.483 0.008 3.023
SXS:BBH:2564 10.0 0.0 0.0 0.015 0.036 23 0.019 0.015 0.036  0.017 0.016 0.005 0.017 0.014 0.063
SXS:BBH:2565 10.0 0.0 0.0 0.019 0.034 26 0.022 0.015 0.037 0.022 0.015 0.005 0.022 0.014 0.062
SXS:BBH:2566 10.0 0.0 0.0 0449 0.022 33 0367 0.012 2935 0.488 0.01 0.356 0.456 0.01 8.952
SXS:BBH:2567 10.0 0.0 00 0448 0.025 26 0487 0.011 2582 0.483 0.011 0.18 0.548  0.007 2.682
SXS:BBH:2568 10.0 0.0 00 0593 0014 40 0772 0.003 55771 0.643 0.006 3235 0.703 0.004 42414
SXS:BBH:3822 1505 0.0 0.01 0.057 0.035 34 0.079 0.015 0.057 0.064 0.016 0.008 0.061 0.017 0.045
SXS:BBH:3823 14.9 0.0 0.0 0.142 0.03 46 0.168 0.014 1.023  0.151 0.014 0.057 0.175 0.012 0.133
SXS:BBH:3824 14.84 0.0 00 0262 0.031 36 0357 0.016 6.813 0.321 0.012 0.059 0.296 0.013 0.328
SXS:BBH:3825 1527 0.0 0.0 0353 0.031 30 0476 0.01 19.816  0.367 0.015 0.237 0.423 0.011 1.346
SXS:BBH:3826 15.78 0.0 0.0 0414 0.026 38 0567 0.008 53.722 043 0.012 1.131 0434 0.011 8.134
SXS:BBH:3827 18.07 0.0 0.0 0.153 0.031 51 0.184 0.014 2376 0.163 0.014 0.286 0.177 0.013 0.11

SXS:BBH:3828 17.71 0.0 00 027 0031 40 032 0.016 21499 032 0.013 0.454 0.275 0.015 1.065
SXS:BBH:3829 17.98 0.0 0.0 0347 0.03 36 043 0011 20275 0374 0.014 0.16 0.386 0.012 0.739
SXS:BBH:3961 1.1 -04 -0.7 0.17 0.025 15 0.242 0.01 0.699 0.187 0.011 0.064 0.18 0.012 0.146
SXS:BBH:3962 1.1 -04 -0.7 0.117 0.023 19 0.184 0.009 0.678 0.143  0.009 0.027 0.133 0.01 0.172
SXS:BBH:3963 1.1 -04 -0.7 0.227 0.019 26 0.294 0.009 2.449 0.282 0.007 0.134  0.237 0.009 0.192
SXS:BBH:3964 1.1 -04 -0.7 0366 0.022 15 0.454 0.007 4586 0.398 0.008 0.212  0.406 0.007 0.378
SXS:BBH:3965 1.1 -04 -0.7 0.397 0.028 7 0.442 0.01 6.418 0.442 0.012 0.763  0.506 0.008 1.378
SXS:BBH:3966 10.0 —0.75 0.0 0.465 0.032 9 0493 0.01 15211  0.643 0.007 0.901 0.505 0.011 0.516
SXS:BBH:3967 1.0 -0.75 -0.75 0.55 0.016 14 0.683 0.004 25.644 0.63  0.006 1.0 0.659 0.004 2.697
SXS:BBH:3968 1.0 0.75 0.75 0.555 0.013 31 0.693 0.004 28.025 0.568 0.006 1.832  0.564 0.006  14.239
SXS:BBH:3969 1.0 0.9 09 0335 0.021 26 0361 0.011 10.794  0.377 0.009 0407 034  0.01 1.212
SXS:BBH:3970 2.0 0.9 09 0314 0.022 29 0457 0.008 14.605 0.344 0.01 0.572  0.393 0.008 1.983
SXS:BBH:4385 18.05 0.0 0.0 0.096 0.037 34 0.111 0.018 0.271 0.105 0.017 0.049 0.102 0.017 0.109
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