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Recently, a number of exotic hadrons have been reported in the experiments, and most of these states lie
slightly below the threshold. Therefore, these states are considered to be hadronic molecules composed of
mesons or baryons. In 2022, the doubly charmed tetraquark Tcc was reported by the LHCb experiment,
which is considered to be composed of two heavy quarks and two light antiquarks, and located slightly
below the DD� threshold. The observation motivates us to study the bound and resonant states of the
doubly heavy tetraquarks as two meson systems. We employ the one boson exchange potential as an
interaction between two mesons, where one free parameter has been determined to reproduce Tcc reported
by the LHCb experiment. In our previous work, bound states of Dð�ÞDð�Þ and Bð�ÞBð�Þ molecules were
studied, where we respected the heavy quark spin symmetry (HQS). Using the same framework, we study
not only bound but also resonant states with J ≤ 2 in this paper. Furthermore, we discuss the HQS partner
structures of Tcc and Tbb obtained in our study by introducing the light cloud basis.

DOI: 10.1103/jx4b-f1by

I. INTRODUCTION

Some experiments, such as Belle, BABAR, BESIII, and
LHCb, have reported many exotic hadrons, which cannot
be explained by the ordinary hadron pictures, three quark
states as baryons and quark-antiquark states as mesons. For
instance, in the heavy quark sector, XYZ, Pc, and Tcc have
been reported, since the discovery of Xð3872Þ by the Belle
experiment in 2003 [1–13]. Structures of exotic hadrons
have attracted a lot of interest. In particular, there have been
many works on multiquark structures. As a hadronic state
including four or five quark systems, compact tetraquarks
and pentaquarks have been studied using the few-body
calculations, effective models, etc. Near thresholds, the
appearance of a hadron composite state, called hadronic
molecules, has been discussed. Hadronic molecules are
analog states to the deuteron as a proton-neutron bound
state with the small binding energy, bound by the colorless

nuclear force. Hadrons with gluons as explicit constituents
have also been studied as hybrid states and glueballs. In
contrast to such hadronic states, peak structures on exper-
imental data, indicating the existence of exotic hadrons,
would also be explained by the kinematical effects such as
thresholds cusp and triangle singularity. Studying the exotic
hadron structures and the origin of the peak structures in the
experimental data would be related to understanding
phenomena of the low-energy quantum chromodynamics
(QCD), such as the color confinement and the hadron
interactions.
The doubly charmed tetraquark Tcc has properties that

differ from other exotic hadrons: it is an open charm state
composed of two charm quarks and two light antiquarks. It
is obvious that this tetraquark state cannot be explained by
the ordinary hadron pictures. Thus, Tcc is a genuine exotic
hadron, which is why it has been extensively studied for a
long time using several models such as the quark
model [14–21], hadronic molecule [22–33], Lattice
QCD [34–36], heavy quark spin symmetry [37–39], string
model [40], and QCD sum rules [41–45].
For experimental studies, the doubly charmed tetraquark

Tccðccū d̄Þþ was reported by the LHCb experiment in
2022 [12,13]. This state is consistent with an isoscalar state
having JP ¼ 1þ. The mass differences (binding energies)
measured from D�þD0 threshold and decay widths have
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been analyzed by two different methods, the Breit-Wigner
fitting with [12]

δmBW ¼ −273� 61� 5þ11
−14 keV; ð1Þ

ΓBW ¼ 410� 165� 43þ18
−38 keV; ð2Þ

and the pole analysis with [13]

δmpole ¼ −360� 40þ4
−0 keV; ð3Þ

Γpole ¼ 48� 2þ0
−14 keV: ð4Þ

Both values of the binding energies measured from the
D�þD0 threshold are small, which leads us to analyze this
state using the hadronic molecular model.
Many exotic hadrons including Tcc are composed of

heavy quarks such as c and b, which motivates us to respect
the heavy quark spin symmetry (HQS) [46–48]. This
symmetry emerges because the spin interaction terms in
the heavy quark Lagrangian are suppressed by Oð1=mQÞ.
For a heavy meson with a heavy quark and a light
antiquark, the mass of a pseudoscalar meson and that of
a vector meson are degenerate in the heavy quark limit due
to the HQS. In fact, in the heavy quark sector, the mass
difference between D and D� is about 140 MeV, and that
between B and B� is about 45 MeV, which is smaller than
that in the light quark sector.
The HQS is considered to help to generate hadronic

molecules. Approximate mass degeneracy of heavy mesons
induces the coupled channel effects. For Dð�ÞDð�Þ systems
considered to be constituents of the doubly charmed
tetraquarks, thresholds of DD, DD� and D�D� are very
close to each other. The level repulsion caused by the
coupled channel effect produces an attraction to the lower
channels. In addition, mixture of D and D� mesons
provides the one pion exchange interaction. The pion
exchange is forbidden in the single DD channel because
the DDπ vertex violates the parity conservation. However,
the coupled channel Dð�ÞDð�Þ systems possess the pion
exchange via the DD�π coupling. The one pion exchange
potential (OPEP) has been known as a driving force to bind
atomic nuclei. In particular, the tensor force of the OPEP
produces a strong attraction. In the Dð�ÞDð�Þ systems, the
OPEP tensor force is considered to be enhanced by the
coupled channel effect. These mechanisms of generating
attractions are more induced in the bottom sector, because
the HQS is realized well.
As mentioned above, the HQS induces mass degener-

acies between the heavy hadrons with different angular
momenta in the heavy quark limit because the heavy quark
spin is a conserved quantity. Thus, the division of the total
spin into the heavy quark spin SQ and the light cloud spin
jl, which is everything but the heavy quark spin, clarifies
where the hadrons belong. For heavy mesons, the masses of

pseudoscalar and vector mesons with ðSQ; jlÞ ¼
ð1=2; 1=2Þ are degenerate, which means that these states
belong to the same HQS doublet. In fact, the charmed
mesons D and D� approximately belong to the HQS
doublet. Similarly, for baryons, the baryons with spin
1=2 and spin 3=2 whose spin structure is ðSQ; jlÞ ¼
ð1=2; 1Þ belongs to the HQS doublet in the heavy quark
limit. In our world, Σc and Σ�

c baryons approximately
belong to the HQS doublet. Indeed the mass difference is
65 MeV, which is smaller than that of light sector baryons.
On the other hand, Λc with spin 1=2 has the spin structure
ðSQ; jlÞ ¼ ð1=2; 0Þ in the heavy quark limit, then approx-
imately belongs to the HQS singlet.
In our study,we apply the above discussion to the hadronic

moleculesDð�ÞDð�Þ and Bð�ÞBð�Þ using the light cloud basis.
Here, the light cloud basis for a hadronic molecule is
characterized by the spin of two heavy quarks and light
cloud spin. The HQS multiplet structures of D̄ð�ÞN, Pc, Tcc,
and Tbb have been studied in Refs. [30,49–51].
In this study, we investigate the bound and resonant

states of the doubly heavy tetraquarks, Tcc and Tbb with
spin J ≤ 2, while we have studied the bound states of Tcc
and Tbb with spin J ¼ 0, 1 in our previous study [30]. We
consider the doubly heavy tetraquarks as Dð�ÞDð�Þ or
Bð�ÞBð�Þ molecules, where we employ the one boson (π,
ρ, ω, σ) exchange potential as an interaction between two
heavy mesons Pð�Þ ¼ Dð�Þ; Bð�Þ. This potential respects the
heavy quark spin and chiral symmetries and includes the
cutoff parameter Λ, which is determined to reproduce
the experimental value of Tcc with 0ð1þÞ in our previous
study [30]. Moreover, we discuss the HQS multiplet
structures of Tcc and Tbb using the light cloud basis.
This paper is organized as follows. In Sec. II, we

construct the one boson exchange potential. In Sec. III,
we show the numerical results of the doubly heavy
tetraquarks with spin J ≤ 2. We investigate the bound
and resonant states of Tcc and Tbb as hadronic molecules
and their HQS multiplet structures. Finally, we summarize
our results in Sec. IV.

II. FORMALISM

In this study, we analyze bound and resonant states of two
heavy mesons as Tcc and Tbb. Interactions between heavy
mesons are given by the one boson exchange potentials with
respect to HQS. In this section, first we derive the one boson
exchange model from the effective Lagrangians. Using the
obtained model, bound and resonant states are studied by
solving the Schrödinger equation. For analyzing resonances,
we apply the complex scaling method (CSM), which is also
reviewed briefly in this section.

A. One boson exchange potential

We construct the effective Lagrangian for the heavy-light
mesons by respecting the HQS [46–48]. First, we define the
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heavy meson field Ha, which is written as

Ha ¼
1þ =v
2

½γμP�μ
a − γ5Pa�; ð5Þ

H̄a ¼ γ0H†
aγ0 ¼ ½γμP�μ†

a þ γ5P
†
a� 1þ =v

2
; ð6Þ

where P and P� are the pseudoscalar and vector meson
fields, a is the isospin index, and vμ is the four velocity of
the heavy meson satisfying v2 ¼ 1, v0 > 0. Using the
heavy meson field, we derive the effective Lagrangian for a
light pseudoscalar meson that is invariant under the HQS
and the flavor symmetry,

Lπ ¼ igπTr½Hbγμγ5A
μ
baH̄a�

¼ −
gπ
fπ

ðP†μ
a Pb þ P†

aμP
�μ
b Þ∂μðτ⃗ · π⃗Þba

− i
gπ
fπ

ϵμναβvμP
�†
aνP�

bα∂βðπ⃗ · τ⃗Þba: ð7Þ

Here, Aμ is the axial current written by

Aμ ¼ 1

2
½ξ†ð∂μξÞ − ξð∂μξ†Þ�; ð8Þ

where

ξ ¼ exp

�
i

π̂ffiffiffi
2

p
fπ

�
¼ exp

�
i
π⃗ · τ⃗
2fπ

�
; ð9Þ

π̂ ¼ 1ffiffiffi
2

p
�

π0
ffiffiffi
2

p
πþffiffiffi

2
p

π− −π0

�
¼ 1ffiffiffi

2
p π⃗ · τ⃗; ð10Þ

with fπ ¼ 93 MeV and τ⃗ being the pion decay constant and
the Pauli matrices, respectively. The interaction effective
Lagrangian is separated into terms for PP�π and P�P�π as
shown in Eq. (7).
We also obtain the interaction Lagrangians for the light

vector mesons (ρ and ω) and σ meson [48]

Lv ¼ −iβTr½HbvμρμH̄a� þ iλTr½Hbσ
μνFμνðρÞbaH̄a�

¼
ffiffiffi
2

p
βgVðP�

b · P
�†
a − PbP

†
aÞv · ðρ̂Þba

− 2
ffiffiffi
2

p
gVλϵμναβvμðP�†

νaPb þ P†
aP�

νbÞ∂αðρ̂βÞba
þ i2

ffiffiffi
2

p
λgVP

�μ†
a P�ν

b ð∂μðρ̂νÞba − ∂νðρ̂μÞbaÞ; ð11Þ

Lσ ¼ gσTr½HσH̄� ¼ 2gσðP�†
μ P�μ − P†PÞσ; ð12Þ

respectively, where

FμνðρÞ ¼ ∂μρν − ∂νρμ þ ½ρμ; ρν�; ð13Þ

gV ¼ mρffiffiffi
2

p
fπ

; ð14Þ

ρμ ¼
igVffiffiffi
2

p ρ̂μ; ð15Þ

and ρ̂μ is the vector meson fields defined by

ρ̂μ ¼
1ffiffiffi
2

p
�
ρ0 þ ω

ffiffiffi
2

p
ρþffiffiffi

2
p

ρ− −ρ0 þ ω

�
μ

¼ 1ffiffiffi
2

p ðτ⃗ · ρ⃗μ þ ωμ1Þ: ð16Þ

We derive the one boson exchange potential by calcu-
lating the scattering amplitude and using the relation of this
amplitude iM and potentials in momentum space Vðq⃗Þ as

Vðq⃗Þ ¼ i
iMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Πi2miΠf2mf
p ; ð17Þ

where mi is the initial state mass and mf is the final state
one. Therefore we obtain the one boson exchange potential
in the coordinate space by the Fourier transformation,

Vðr;mÞ ¼
Z

d3q
ð2πÞ3 Vðq⃗ÞFðq⃗;mÞ2eiq⃗·r⃗; ð18Þ

where we attach the form factor Fðq⃗;mÞ to each vertex in
order to consider the hadronic size,

Fðq⃗;mÞ ¼ Λ2 −m2

Λ2 þ q⃗2
: ð19Þ

Λ is the cutoff parameter, which is the only free parameter
in our study. In addition, we adopt the static approximation,
which indicates the energy transfers are neglected, because
of the small mass differences between a heavy-light
pseudoscalar and vector mesons. Here, we show the one
boson exchange potentials explicitly,

Vπðr;mπÞ ¼ kπ½O⃗1 · O⃗2Cðr;mπÞ þ SO1O2
Tðr;mπÞ�τ⃗1 · τ⃗2;

ð20Þ

Vvðr;mvÞ ¼ kβCðr;mvÞ
þ kλ½O⃗1 · O⃗2Cðr;mvÞ þ SO1O2

Tðr;mvÞ�τ⃗1 · τ⃗2;
ð21Þ

Vσðr;mσÞ ¼ kσCðr;mσÞ; ð22Þ

where kπ , kβ, kλ, kσ are coefficients,
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kπ ¼ � 1

3

�
gπ
2fπ

�
2

; ð23Þ

kβ ¼
�
βgV
2mv

�
2

; ð24Þ

kλ ¼ � 1

3
ðλgVÞ2; ð25Þ

kσ ¼ −
�
gσ
mσ

�
2

; ð26Þ

which signs depend on the channel. Cðr;mÞ and Tðr;mÞ
are the central and tensor potentials, respectively, given in
Ref. [30]. For the ω meson exchange, τ⃗1 · τ⃗2 is removed

because an ωmeson is isoscalar. O⃗ is the spin operator, and
depending on interaction processes, either the polarization
vector or spin-one operator is chosen. SO1O2

ðrÞ is the tensor
operator defined by

SO1O2
ðr̂Þ ¼ 3ðO⃗1 · r̂ÞðO⃗2 · r̂Þ − O⃗1 · O⃗2; ð27Þ

with r̂ being a unit vector of the position vector.
Here, we show the coupling constants in Table I. The

coupling constant of the pion exchange gπ is determined by
the D� → Dπ decay [52]. The coupling constants β, λ are
done by the lattice QCD and B meson decay, respectively
[53,54]. On the other hand, the value of the σ coupling gσ is
uncertain, then we employ gσ ¼ gNNσ=3 ¼ 3.4, which is
one-third of a coupling constant of a nucleon and a σ meson
denoted by gσNN [30].

B. Complex scaling method

In our study, we solve the coupled channel Schrödinger
equation using the Gaussian expansion method and
CSM [55–59]. In this framework, the Schrödinger equation
is given by,

Hθχθ ¼ Eθχ
θ; ð28Þ

where Hθ, χθ are the complex scaled Hamiltonian matrix
and radial wavefunction with an angle θ, respectively.

In Eq. (28), the position vector r⃗ is rotated on the complex
plane to apply the CSM,

r⃗ → r⃗eiθ: ð29Þ

Eθ is a complex energy eigenvalue obtained by solving
Eq. (28). The eigenstates are classified into bound, reso-
nant, and continuum states, where the corresponding
energy eigenvalue is represented as −B with B the binding
energy for bound states and Er − i Γ

2
with Er and Γ the

resonant energy and decay width, respectively, for
resonances [60,61].

III. NUMERICAL RESULT

In this section, we show the numerical results of the
bound and resonant states of Tcc and Tbb with spin J ≤ 2.
As shown in the previous section, we have one free
parameter Λ. In our previous study, we tuned Λ ¼
1069.8 MeV, which reproduces the empirical binding
energy of Tcc with 0ð1þÞ [30]. Therefore, we also employ
this cutoff Λ in this study.
We consider the doubly heavy tetraquarks Tcc and Tbb as

the Dð�ÞDð�Þ and Bð�ÞBð�Þ molecules, respectively, where
we employ the coupled channel analysis because of the
HQS. Let us show the possible channels of Pð�ÞPð�Þ in
Table II. We solve the coupled channel Schrödinger
equation using the complex scaling method [57–59] with
the Gaussian expansion method [55,56] in order to obtain
the energy eigenvalues and decay widths.

A. Tcc and Tbb with spin J ≤ 2

In our previous research [30], we searched only bound
states of Tcc and Tbb as the bottom counterparts of Tcc with
J ¼ 0, 1. In this work, we extend our model analysis to
J ¼ 2 bound states and resonances for J ≤ 2.

TABLE I. Couplingconstantsof the effectiveLagrangians [52–54].

Coupling constants Values

gπ 0.59
gV

mρffiffi
2

p
fπ

β 0.9
λ 0.56 GeV−1

gσ 3.4

TABLE II. Possible channels of Pð�ÞPð�Þ with spin J ≤ 2 [23].
We use the notation ½PP��� ¼ 1ffiffi

2
p ðPP� � P�PÞ and 2Sþ1LJ with

S, L, J being the spin, angular momentum, and total angular
momentum, respectively.

IðJPÞ Channels

0ð0−Þ ½PP��þð3P0Þ
0ð1þÞ ½PP��−ð3S1; 3D1Þ, P�P�ð3S1; 3D1Þ
0ð1−Þ PPð1P1Þ, ½PP��þð3P1Þ, P�P�ð1P1; 5P1; 5F1Þ
0ð2þÞ ½PP��−ð3D2Þ, P�P�ð3D2Þ
0ð2−Þ ½PP��þð3P2; 3F2Þ, P�P�ð5P2; 5F2Þ
1ð0þÞ PPð1S0Þ, P�P�ð1S0; 5D0Þ
1ð0−Þ ½PP��−ð3P0Þ, P�P�ð3P0Þ
1ð1þÞ ½PP��þð3S1; 3D1Þ, P�P�ð5D1Þ
1ð1−Þ ½PP��−ð3P1Þ, P�P�ð3P1Þ
1ð2þÞ PPð1D2Þ, ½PP��þð3D2ÞP�P�ð1D2; 5S2; 5D2; 5G2Þ
1ð2−Þ ½PP��−ð3P2; 3F2Þ, P�P�ð3P2; 3F2Þ
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For Tcc states, we found the bound state of Tccð0ð1þÞÞ,
which corresponds to the state reported by LHCb in our
previous study [28]. In additon, we find new resonance
of Tccð1ð0þÞÞ with an energy eigenvalue being E ¼
282 − i 0.0280

2
MeV. The Reimann sheet in the energy plane

is shown in Fig. 1. The Riemann sheet shows the bound,
resonant, and continuous states in the framework of CSM.
In the Riemann sheet, dots on the horizontal axis below the
lowest threshold show bound states, while isolated dots
with an imaginary part of energy show resonances. Dots
standing in the lines rotated by 2θ are discretized continu-
ous states. In Fig. 1, the red circled dot shows the resonance
of Tccð1ð0þÞÞ. Moreover, this resonance is the Feshbach
resonance because a bound state ofD�D� appears when the
lowest channel DD is cut. Finally, let us discuss why only
Tcc with 0ð1þÞ and 1ð0þÞ are found. The 0ð1þÞ state has
the S-wave component and is isoscalar. Thus, the centrifu-
gal barrier is absent in the dominant channel, and the
magnitude of the π, ρ exchange forces of an isoscalar state
is three times larger than that of an isovector state due to the
isospin factor. In particular, the tensor force of the π
exchange in the S −D mixing produces an attraction as
discussed in Ref. [30]. Therefore, this state earns the most
attractive force. As for the 1ð0þÞ state, D�D� with 1ð0þÞ
has also the S −D mixing induced by the tensor forces, so
that this quantum number earns a strong attractive force.
Moreover, the kinetic energy of D�D� is smaller than that
of DDð�Þ. That is why the bound state of Tccð0ð1þÞÞ
corresponding to the state reported by LHCb and the
resonance of Tccð1ð0þÞÞ, which is a quasibound state of
D�D�, are found.
In the bottom sector, however, we obtain the bound and

resonant states of Tbb with some quantum numbers. The
energy eigenvalues and decay widths are summarized in
Table III and plotted as shown in Fig. 2. We also show the
Riemann sheet in the energy plane in Fig. 3. In this work, we

find new bound states with IðJPÞ ¼ 0ð2−Þ that were not
studied in our previous work [28]. In addition, by solving the
complex-scaled Schrödinger equations, resonant states are
obtained for IðJPÞ ¼ 0ð1þÞ; 0ð1−Þ; 0ð2−Þ; 1ð0þÞ; 1ð2þÞ.
Since the kinetic energy of Tbb is smaller than that of Tcc,
it is considered that Tbb is more likely to be bound than Tcc
discussed in our previous study [30]. For resonances of Tbb
except for the 0ð1−Þ state, it turns out that these states are
realized as the Feshbach resonances because they become
bound states of upper channel,B�B�, when the lower ones are

FIG. 1. Riemann sheets for the resonance of Tccð1ð0þÞÞ. The left panel shows the overall Riemann sheet and the right one shows the
Riemann sheet in the neighborhood of the D�D� threshold. The red circled dot shows the resonance of Tccð1ð0þÞÞ.

TABLE III. Energy eigenvalues of bound and resonant states of
Tbb. The energies EB of bound states are real and measured from
the lowest thresholds. On the other hand, those of resonant states
are complex. Their real parts Er are resonance energies measured
from the lowest threshold and their imaginary parts are half of the
decay widths Γ. The last column shows to which HQS multiplet
the state belongs, as discussed in Ref. [30] and in the present
work (III B 2).The values are given in the units of MeV.

IðJPÞ
Lowest
threshold EB Er − i Γ

2

HQS multiplet
structure

0ð0−Þ BB� −24.4 Triplet-1
0ð1þÞ BB� −46.0 Singlet-1

35.9 − i 8.02
2

Singlet-2
0ð1−Þ BB 1.52 − i 1.13

2
Triplet-1

0ð2þÞ BB� � � � � � �
0ð2−Þ BB� −6.11 Triplet-1

33.1 − i 8.74
2

Triplet-2
1ð0þÞ BB −7.23 Singlet-3

76.4 − i 4.99
2

Singlet-4
1ð0−Þ BB� � � � � � �
1ð1þÞ BB� −2.46 Triplet-3
1ð1−Þ BB� � � � � � �
1ð2þÞ BB 89.2 − i 3.09

2
Triplet-3

1ð2−Þ BB� � � � � � �
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switched off.However, the0ð1−Þ resonance disappearswhen
theBB channel is omitted. Thus, this state is generated by the
centrifugal barrier.
We consider that although the DDπ and BBπ thresholds

are close to Dð�ÞDð�Þ and Bð�ÞBð�Þ thresholds, respectively,
contributions from the DDπ and BBπ effects are not large.
In the charm sector, the DDπ channel can be included
effectively by not using the static approximation, i.e., by
considering the energy transition between D and D� at the
DD�π vertex in the OPEP, because D� can decay into Dπ
and thus the exchanged pion can be on shell, as done in
Refs. [29,32,33]. The DDπ threshold is located slightly
below the DD� threshold, and thus the DDπ effect is
expected to play an important role. However, the result in
Ref. [29] including the DDπ channel effectively is the
almost same as our result, and hence the impact of theDDπ
channel on the DD� molecule is not so large. In the bottom
sector, the same approach done in the Dð�ÞDð�Þ cannot be

FIG. 2. Tbb obtained in our analysis. The red lines show the
mass of the bound state of TbbðIðJPÞÞ measured from the lowest
threshold. The blue lines in the box shows the mass of resonance
of TbbðIðJPÞÞ and the widths of the blue box are the decay width.
The black dotted lines show the thresholds of each IðJPÞ state.

FIG. 3. Riemann sheets in the energy plane. (a)–(e) Show the Riemann sheets of 0ð1þÞ, 0ð1−Þ, 0ð2−Þ, 1ð0þÞ, and 1ð2þÞ states. As for
(b), the overall Riemann sheet (left panel) and Riemann sheet in the neighborhood of E ¼ 0 (right panel) are shown. The horizontal and
vertical axes are real and imaginary parts of energies, respectively. The imaginary part of energies corresponds to a half-decay width
Γ=2. The magenta solid, red dotted, and orange dashed lines represent the BB, BB�, B�B� thresholds rotated by 2θ (θ ¼ 20°),
respectively, where scattering states lie on the lines.
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used because the B� → Bπ decay is forbidden kinemati-
cally. However, we consider that the BBπ channel is also
not important because the mass difference between BBπ
and B�B� is larger than that between DD� and DDπ. If the
BBπ channel can be included, the energy eigenvalue of the
resonances, which are quasibound states of B�B�, are just
pushed down because of the level repulsion. Thus, the BBπ
channel provides an attractive interaction, and its inclusion
does not eliminate the bound and resonant states predicted
in this study.

B. HQS partners

In this section, we investigate the heavy quark spin
structures and HQS partners of bound and resonant states of
Tcc and Tbb found in this study. In order to achieve this
purpose, we introduce the light-cloud basis (LCB) as
discussed in Refs. [30,49–51]. First, we give formulation
of the LCB for the two meson system, and show that the
HQS multiplet structures appear. After that, we apply the
LCB to the Tcc and Tbb states obtained in this study.

1. Heavy quark spin multiplet structure

In this subsection, the formulation of the LCB for two
meson molecules, introduced in Ref. [30], is reviewed. In
this basis, we can describe a hadronic molecule with spin-
parity JP in terms of a heavy diquark with spin SQ and a
light-cloud component with spin jl in the spin space as

j½½QQ�SQ ½L½q̄q̄�Sq �jl �Ji: ð30Þ

In the spinwave function,Q (q̄) denotes the heavy quark spin
(the light antiquark spin). Sq is the total spin of two light
antiquarks of heavy pseudo- or vector mesons. This basis
enables us to classifyTcc andTbb obtained in our studies [30]
by the heavy quark spin and light-cloud spin. For the bound
states of Tcc and Tbb with spin J ¼ 0, 1, we classified these
states using the heavy quark spin structures [30].

Here, taking the states with 1ðJþÞ (J ¼ 0, 1, 2) as
examples, we explain the LCB in detail. As shown in
Table II, the possible channels of 1ðJþÞ states ψHM

1ðJPÞ are

ψHM
1ð0þÞ ¼

0
B@

jPPð1S0Þi
jP�P�ð1S0Þi
jP�P�ð5D0Þi

1
CA; ð31Þ

ψHM
1ð1þÞ ¼

0
B@

j½PP��þð3S1Þi
j½PP��þð3D1Þi
jP�P�ð5D1Þi

1
CA; ð32Þ

ψHM
1ð2þÞ ¼

0
BBBBBBBBB@

jPPð1D2Þi
j½PP��þð3D2Þi
jP�P�ð1D2Þi
jP�P�ð5S2Þi
jP�P�ð5D2Þi
jP�P�ð5G2Þi

1
CCCCCCCCCA
; ð33Þ

where HM means the hadronic molecule basis (HMB). The
one pion exchange potential in HMB is

VHM
π;1ð0þÞ ¼

0
B@

0 −
ffiffiffi
3

p
Cπ

ffiffiffi
6

p
Tπ

−
ffiffiffi
3

p
Cπ −2Cπ −

ffiffiffi
2

p
Tπffiffiffi

6
p

Tπ −
ffiffiffi
2

p
Tπ Cπ − 2Tπ

1
CA; ð34Þ

VHM
π;1ð1þÞ ¼

0
B@

Cπ −
ffiffiffi
2

p
Tπ −

ffiffiffi
6

p
Tπ

−
ffiffiffi
2

p
Tπ Cπ þ Tπ −

ffiffiffi
3

p
Tπ

−
ffiffiffi
6

p
Tπ −

ffiffiffi
3

p
Tπ Cπ − Tπ

1
CA; ð35Þ

VHM
π;1ð2þÞ ¼

0
BBBBBBBBBBBBBBBB@

0 0 −
ffiffiffi
3

p
Cπ

ffiffi
6
5

q
Tπ −2

ffiffi
3
7

q
Tπ 6

ffiffiffiffi
3
35

q
Tπ

0 Cπ − Tπ 0 3
ffiffi
2
5

q
Tπ − 3ffiffi

7
p Tπ − 12ffiffiffiffi

35
p Tπ

−
ffiffiffi
3

p
Cπ 0 2Cπ −

ffiffi
2
5

q
Tπ

2ffiffi
7

p Tπ − 6ffiffiffiffi
35

p Tπffiffi
6
5

q
Tπ 3

ffiffi
2
5

q
Tπ −

ffiffi
2
5

q
Tπ Cπ

ffiffiffiffi
14
5

q
Tπ 0

−2
ffiffi
3
7

q
Tπ − 3ffiffi

7
p Tπ

2ffiffi
7

p Tπ

ffiffiffiffi
14
5

q
Tπ Cπ þ 3

7
Tπ

12

7
ffiffi
5

p Tπ

6
ffiffiffiffi
3
35

q
Tπ − 12ffiffiffiffi

35
p Tπ − 6ffiffiffiffi

35
p Tπ 0 12

7
ffiffi
5

p Tπ Cπ − 10
7
Tπ

1
CCCCCCCCCCCCCCCCA

; ð36Þ
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where Cπ and Tπ are written by

Cπ ¼
1

3

�
gπ
2fπ

�
2

Cðr;mπÞ; ð37Þ

Tπ ¼
1

3

�
gπ
2fπ

�
2

Tðr;mπÞ: ð38Þ

Next, we implement a basis transformation from the HMB
to the LCB. This is an unitary transformation and the
potential matrices are transformed into the block-diagonal
matrices,

ψLC
1ð0þÞ ¼ U−1

1ð0þÞψ
HM
1ð0þÞ

¼

0
B@

j½½QQ�0 ½S½q̄q̄�0�0�0i
j½½QQ�1 ½S½q̄q̄�1�1�0i
j½½QQ�1 ½D½q̄q̄�1�1�0i

1
CA; ð39Þ

U1ð0þÞ ¼

0
B@

1
2

ffiffi
3

p
2

0ffiffi
3

p
2

− 1
2

0

0 0 1

1
CA; ð40Þ

VLC
π;1ð0þÞ ¼

0
B@

−3Cπ 0 0

0 Cπ 2
ffiffiffi
2

p
Tπ

0 2
ffiffiffi
2

p
Tπ Cπ − 2Tπ

1
CA; ð41Þ

ψLC
1ð1þÞ ¼ U−1

1ð1þÞψ
HM
1ð0þÞ

¼

0
B@

j½½QQ�1 ½S½q̄q̄�1�1�1i
j½½QQ�1 ½D½q̄q̄�1�1�1i
j½½QQ�1 ½D½q̄q̄�1�2�1i

1
CA; ð42Þ

U1ð1þÞ ¼

0
B@

1 0 0

0 − 1
2

−
ffiffi
3

p
2

0 −
ffiffi
3

p
2

1
2

1
CA; ð43Þ

VLC
π;1ð1þÞ ¼

0
B@

Cπ 2
ffiffiffi
2

p
Tπ 0

2
ffiffiffi
2

p
Tπ Cπ − 2Tπ 0

0 0 Cπ þ 2Tπ

1
CA; ð44Þ

ψLC
1ð2þÞ ¼ U−1

1ð2þÞψ
HM
1ð2þÞ ð45Þ

¼

0
BBBBBBBBB@

j½½QQ�0 ½D½q̄q̄�0�2�2i
j½½QQ�1 ½S½q̄q̄�1�1�2i
j½½QQ�1 ½D½q̄q̄�1�1�2i
j½½QQ�1 ½D½q̄q̄�1�2�2i
j½½QQ�1 ½D½q̄q̄�1�3�2i
j½½QQ�1½G½q̄q̄�1�3�2i

1
CCCCCCCCCA
; ð46Þ

U1ð2þÞ ¼

0
BBBBBBBBBB@

1
2

0
ffiffiffiffi
15

p
10

1
2

ffiffiffiffi
35

p
10

0

0 0 3
ffiffi
5

p
10

ffiffi
3

p
6

−
ffiffiffiffi
7
15

q
0ffiffi

3
p
2

0 −
ffiffi
5

p
10

−
ffiffi
3

p
6

−
ffiffiffiffiffiffi
105

p
30

0

0 1 0 0 0 0

0 0
ffiffiffiffi
35

p
10

−
ffiffiffiffi
21

p
6

1ffiffiffiffi
15

p 0

0 0 0 0 0 1

1
CCCCCCCCCCA
; ð47Þ

VLC
π;1ð2þÞ ¼

0
BBBBBBBBBB@

−3Cπ 0 0 0 0 0

0 Cπ 2
ffiffiffi
2

p
Tπ 0 0 0

0 2
ffiffiffi
2

p
Tπ Cπ − 2Tπ 0 0 0

0 0 0 Cπ þ 2Tπ 0 0

0 0 0 0 Cπ − 4
7
Tπ

12
ffiffi
3

p
7

Tπ

0 0 0 0 12
ffiffi
3

p
7

Tπ Cπ − 10
7
Tπ

1
CCCCCCCCCCA
: ð48Þ

We note the reason why the potential matrices in the LCB is
block diagonal. In the heavy quark limit (HQL), the mixing
of states with different spin structures is suppressed by
Oð1=mQÞ. Thus, the off-diagonal components mixing the
states with the different SQ or jl must vanish.
As one can see in Eqs. (39), (42), and (46),

ψLC
1ð0þÞ;1ð1þÞ;1ð2þÞ have the same component

� j½½QQ�1 ½S½q̄q̄�1�1�Ji
j½½QQ�1 ½D½q̄q̄�1�1�Ji

�
; ð49Þ

with SQ ¼ 1 and jl ¼ 1, and the potential matrices of
1ð0þÞ; 1ð1þÞ; 1ð2þÞ also have the same component
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�
Cπ 2

ffiffiffi
2

p
Tπ

2
ffiffiffi
2

p
Tπ Cπ − 2Tπ

�
: ð50Þ

Thus, in the HQL, the energy eigenstates with Eq. (50) are
degenerate and the corresponding components of 1ð0þÞ,
1ð1þÞ, and 1ð2þÞ belong to the same HQS triplet. The spin
combination SQ ⊗ jl ¼ 0 ⊕ 1 ⊕ 2 also indicates the
appearance of the HQS triplet.
In addition, another component of the 1ð1þÞ state in the

LCB

j½½QQ�1 ½D½q̄q̄�1�2�2i ð51Þ

coincides with that of the 1ð2þÞ state, and the correspond-
ing potentials in the LCB are also the same,

ðCπ þ 2
ffiffiffi
2

p
TπÞ: ð52Þ

Therefore, the energy eigenvalues of 1ð1þÞ and 1ð2þÞ
states are degenerate. Since SQ ⊗ jl ¼ 1 ⊕ 2 ⊕ 3 with

SQ ¼ 1 and jl ¼ 2, the 1ð3þÞ state is also expected to exist,
and the 1ð1þÞ, 1ð2þÞ and 1ð3þÞ states belong the HQS
triplet. In this work, however, we do not analyze the spin
J ¼ 3 states.

2. HQS partners of Tcc and Tbb obtained in our study

In this section, the spin structure of the obtained bound
and resonant states of Tcc and Tbb is studied. In order to do
it, we increase masses of constituent heavy mesons of the
hadronic molecular states, and obtain properties of the
states in the HQL, which are connected with the Tbb states
in the charm and bottom sectors. Therefore, a state in the
HQL, connected with Tcc and Tbb, is regarded as an origin
of the resonance of Tcc and Tbb.
First, we study the spin structure of the resonant state of

Tbb with 0ð1þÞ.
The mass dependence of the energy eigenvalue with

0ð1þÞ is shown in Fig. 4(a). As can been seen from
Fig. 4(a), the larger the mass of a vector meson P� is,
the smaller the energy and decay width are, and the

FIG. 4. Mass dependence of the energy eigenvalues of the resonances of Tcc and Tbb. (a)–(e) show the change of the energy
eigenvalues as increasing the mass of the heavy meson composing a hadronic molecule. The arrows show the direction of change of the
energy eigenvalues. We note that, as the masses of the heavy mesons of a hadronic molecule increase, the differences between PP, PP�,
and P�P� become smaller, but we show the DD, DD�, and D�D� thresholds for (d) and BB, BB�, and B�B� thresholds for (a)–(c) and
(e) in these figures.
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resonant state continuously transitions to the bound state
below the threshold. This is due to the centrifugal force of
the D-wave states. Otherwise, the resonant state should
transition through the virtual state [62]. In the heavy quark
limit, however, the mixing ratio of the bound state is
obtained as

fð½PP��−ð3S1ÞÞ ¼ fð½P�P��ð3S1ÞÞ ¼ 50%; ð53Þ

fð½PP��−ð3D1ÞÞ ¼ fð½P�P��ð3D1ÞÞ ¼ 0%; ð54Þ

where fðchannelÞ is the mixing ratio of a channel. This
result shows that the obtained bound state has only S-wave
components, while D-wave ones are suppressed.
Furthermore, this mixing ratio indicates that the bound
state in the heavy quark limit corresponds to

ðj½½QQ�1 ½S½q̄q̄�0�0�1iÞ ð55Þ

with SQ ¼ 1 and jl ¼ 0 in the light cloud basis, as seen in
the unitary matrixU−1

0ð1þÞ in Eq. (B9). Thus, the origin of the
resonance of Tbb with 0ð1þÞ belongs to the HQS singlet
(singlet-2 in Table III).
Second, let us discuss the HQS multiplet structures of

IðJPÞ ¼ 0ðJ−Þ states. As mentioned below, the bound
states of Tbb with 0ð0−Þ and 0ð2−Þ and resonant state of
Tbb with 0ð1−Þ in Table III belong to the same HQS triplet
(triplet-1 in Table III), which means these states are HQS
partners with each other. On the other hand, the resonance
of Tbbð0ð2−ÞÞ belongs to the other HQS triplet (triplet-2 in
Table III).
In our previous study, we examine the heavy quark spin

structure of Tbb with 0ð0−Þ [30]. This state corresponds to
the one composed of

ðj½½QQ�1 ½P½q̄ q̄�1�1�0iÞ ð56Þ

with SQ ¼ 1 and jl ¼ 1 in the LCB in the HQL. Thus, this
state is a member of the HQS triplet because
SQ ⊗ jl ¼ 0 ⊕ 1 ⊕ 2. Here, we also consider the spin
structures of the resonant state of Tbb with 0ð1−Þ and bound
state of Tbb with 0ð2−Þ. By increasing the masses, it is
found that these Tbb states are smoothly connected with the
bound states of TQQð0ðJ−ÞÞ (J ¼ 1, 2) in the HQL whose
mixing ratios are

fðPPð1P1ÞÞ ¼ fð½PP��þð3P1ÞÞ ¼ 25% ð57Þ

fðP�P�ð1P1ÞÞ ¼ 8.33% ð58Þ

fðP�P�ð5P1ÞÞ ¼ 41.7% ð59Þ

fðP�P�ð5F1ÞÞ ¼ 0% ð60Þ

for the 0ð1−Þ state and

fð½PP��þð3P2ÞÞ∶fðP�P�ð5P2ÞÞ ¼ 1∶3 ð61Þ

fð½PP��þð3F2ÞÞ ¼ fðP�P�ð5F2ÞÞ ¼ 0% ð62Þ

for the 0ð2−Þ state, respectively. These mixing ratios show
that the components of the resonance with 0ð1−Þ and bound
state with 0ð2−Þ in the LCB in HQL are

ðj½½QQ�1 ½P½q̄q̄�1�1�J¼1;2iÞ ð63Þ

with SQ ¼ 1; jl ¼ 1 as seen in the unitary matrix U−1
0ð1−Þ in

Eq. (B16) and U−1
0ð2−Þ in Eq. (B29). Thus, the bound states

of the 0ð0−Þ and 0ð2−Þ states and resonance of the 0ð1−Þ
state belong to the same HQS triplet.
As for the 0ð1−Þ state, we note that the Tbb resonance

connects with the TQQ bound state directly shown in
Fig. 4(b) because of the centrifugal force of the P wave
in the lowest channel.
In addition to the bound state, Tbbð0ð2−ÞÞ also has a

resonance. The mass dependence of the complex energy is
shown in Fig. 4(c). In this case, the real part of the energy
eigenvalue becomes smaller as the mass of the vector
meson increases. On the other hand, the decay width
initially becomes larger, then decreases. The decrease in
the decay width is understood due to the transition from
the resonance to the bound state, similar to the case of the
resonance of Tbbð0ð1þÞÞ in Fig. 4(a). On the other hand, the
initial increase in the decay width occurs as mP� increases
because the real part of the energy becomes lower and the
wave function narrows. This increases the overlap with the
wave function of the final state in the lower channel, and
hence a larger decay width is obtained.
Moreover, we discuss the HQS structure of the

Tbbð0ð2−ÞÞ resonance (triplet-2 in Table III). As mP�

increases to the HQL, this state goes to a bound state
whose mixing ratio is

fð½PP��−ð3P2ÞÞ∶fð½PP��−ð3F2ÞÞ ¼ 3∶1; ð64Þ

fðP�P�ð3P2ÞÞ∶fðP�P�ð3F2ÞÞ ¼ 1∶2: ð65Þ

It indicates that the bound state in the HQL corresponds to
the one composed of

� j½½QQ�1 ½P½q̄q̄�1�2�2i
j½½QQ�1 ½F½q̄q̄�1�2�2i

�
: ð66Þ

Thus, this spin structure is SQ ¼ 1 and jl ¼ 2, which
generates the HQS triplet with 0ð1−Þ, 0ð2−Þ, and 0ð3−Þ
states. Hence, we expect that Tbbð0ð1−ÞÞ and Tbbð0ð3−ÞÞ
states are also found as a HQS partner of the Tbbð0ð2−ÞÞ
resonance in the bottom sector. However, a Tbbð0ð1−ÞÞ
state belonging to this HQS triplet is not found due to the
lack of an attraction in the present model.
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Finally, we discuss the HQS multiplet strucrures of the
isovector state with P ¼ þ. First, we study the 1ð0þÞ state.
The mass dependence of the Tccð1ð0þÞÞ and Tbbð1ð0þÞÞ
spectra is shown in Fig. 4(d). The solid line in this figure is
the energy eigenvalueswhere themass of thevectormeson is
varied frommD� to 2mB� . In this mass region, we find that as
the vector meson mass becomes larger, the real part of the
energy eigenvalue becomes smaller, while the decay width
becomes larger. This trajectory structure is different from the
ones of the others in Fig. 4. We consider that the 1ð0þÞ
resonance becomes a virtual state though a state whose pole
is located in the third quadrant of the complex energy plane
for mP� ≳ 2mB� [63]. However, the available region of the
angle θ of the complex scalingmethod is between 0° and 45°,
and hence a virtual state is not accessible in this study [57–
59]. FormP� ≥ 3mB�, the 1ð0þÞ state transitions into a bound
state that is corresponding to the second excited state in
HQL [30] whose component in LCB is

ðj½½QQ�0 ½P½q̄ q̄�0�0�0iÞ: ð67Þ

This statewithSQ ¼ 0 and jl ¼ 0 belongs to theHQS singlet
(singlet-4 in Table III). We note that for mP� > 1.9mB�,
another bound state appears below the lowest threshold,
which becomes the first excited state of TQQ in theHQL [30].
Second, we discuss the HQS multiplet structures of

1ð1þÞ and 1ð2þÞ states. Based on the following discussion,
the bound state of Tbb with 1ð1þÞ and bound state of Tbb
with 1ð2þÞ belong to the HQS triplet (triplet-3 in Table III).
Here, we review the HQS multiplet structures of Tbb with
1ð1þÞ discussed in our previous study [30]. As the mass of
the heavy meson increases, the bound state of Tbb with
1ð1þÞ connects to the state whose component in the LCB is

� j½½QQ�1 ½S½q̄q̄�1�1�1i
j½½QQ�1 ½D½q̄q̄�1�1�1i

�
; ð68Þ

with SQ ¼ 1 and jl ¼ 1, smoothly. Thus, it turns out that
Tbbð1ð1þÞÞ is the member of the HQS triplet structure, i.e.,
SQ ⊗ jl ¼ 0 ⊕ 1 ⊕ 2. Hence, we expected an existence of

a Tbbð1ð2þÞÞ state as an HQS partner of the Tbbð1ð1þÞÞ
bound state.1

Next, we discuss the heavy quark spin structure of the
Tbbð1ð2þÞÞ resonance obtained in Table III. Increasing the
mass of the heavy meson, the energy eigenvalue transitions
from a resonant state to a bound state as shown in Fig. 4(e).
Basically, the decay width initially increases, while at some
point, it begins to decrease. This behavior is similar to that
of the 0ð2−Þ state discussed above. There is also a bump
structure of the trajectory in Fig. 4(e). As the mass
increases, the resonance energy decreases and simultane-
ously, an energy difference between first and second
thresholds also decreases. Initially, the resonance energy
is higher than the second threshold. However, at the point,
the resonance comes below the threshold.
The bound state corresponding to the origin of the

Tbbð1ð2þÞÞ resonance in the HQL has the following mixing
ratio:

fðP�P�ð5S2ÞÞ ¼ 77.9%; ð69Þ

fðPPð1D2ÞÞ ¼ 3.31%; ð70Þ

fð½PP��þð3D2ÞÞ ¼ 9.93%; ð71Þ

fðP�P�ð1D2ÞÞ ¼ 1.10%; ð72Þ
fðP�P�ð5D2ÞÞ ¼ 7.72%; ð73Þ
fðP�P�ð5G2ÞÞ ¼ 0%; ð74Þ

and fðPPð1D2ÞÞ∶fð½PP��þð3D2Þ∶fðP�P�ð1D2ÞÞ∶
fðP�P�ð5D2ÞÞ ¼ 3∶9∶1∶7. This mixing ratio indicates that
the bound state is composed of

TABLE IV. HQS multiplet structures of the obtained Tbb. The first column shows the singlet or triplet using the
same notation in Table III, the second and third columns show the spin structure ðSQ; jlÞ and direct product
SQ ⊗ jl. The last column shows Tbb belonging to the HQS multiplet written on the first column. The symbols B, R
mean the bound states and resonant states of Tbb, respectively, while the symbols NF, NA mean the Tbb state that is
not found and not analyzed, respectively.

HQS multiplet structure Spin structure ðSQ; jlÞ SQ ⊗ jl Tbb belonging to the HQS multiplet

Singlet-1 [30] (0, 1) 1 0ð1þÞ½B�
Singlet-2 (1, 0) 1 0ð1þÞ½R�
Singlet-3 (0, 0) 0 1ð0þÞ½B�
Singlet-4 [30] (0, 0) 0 1ð0þÞ½R�
Triplet-1 [30] (1, 1) 0 ⊕ 1 ⊕ 2 0ð0−Þ½B�, 0ð1−Þ½R�, 0ð2−Þ½B�
Triplet-2 (1, 2) 1 ⊕ 2 ⊕ 3 0ð1−Þ½NF�, 0ð2−Þ½R�, 0ð3−Þ½NA�
Triplet-3 [30] (1, 1) 0 ⊕ 1 ⊕ 2 1ð0þÞ½NF�, 1ð1þÞ½B�, 1ð2þÞ½R�

1We note that the 1ð0þÞ state is also a member of the same
HQS triplet and in fact it was found as the first excited state in the
HQL in Ref. [30]. However, in the bottom sector, we do not
obtain a Tbb state corresponding to the member, while the
obtained Tbbð1ð0þÞÞ bound and resonant states in Table III
belong to other HQS multiplets as discussed above.
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� j½½QQ�1 ½S½q̄q̄�1�1�2i
j½½QQ�1 ½D½q̄q̄�1�1�2i

�
ð75Þ

with SQ ¼ 1 and jl ¼ 1 in the LCB in the HQL, so that this
state is a member of the same HQS triplet with the 1ð1þÞ
state having the component (68). Thus, the Tbbð1ð2þÞÞ
resonance is the partner with the Tbbð1ð1þÞÞ bound state,
where the same origin is shared in the HQL.
Let us briefly summarize the discussion in this sub-

subsection. As Table IV shows, we have found the HQS
multiplet structures of Tbb obtained in our analysis. The
bound and resonant states of Tbb with 0ð1þÞ and 1ð0þÞ
belong to each HQS singlet (singlet-1-4), respectively.
Meanwhile, the bound states of Tbbð0ð0−ÞÞ and
Tbbð0ð2−ÞÞ and resonant states of Tbbð0ð1−ÞÞ belong to
the HQS triplet (triplet-1). The resonant state of Tbbð0ð2−ÞÞ
belongs to the HQS triplet (triplet-2), but the 0ð1−Þ and
0ð3−Þ states are not found and analyzed in our analysis.
Finally, the bound state of Tbbð1ð1þÞÞ and resonant state of
Tbbð1ð2þÞÞ belong to the same HQS triplet (triplet-3),
while a Tbbð1ð0þÞÞ that is partner with these is not found.

IV. SUMMARY

In this paper, we have studied the bound and resonant
states of Tcc and Tbb with spin J ≤ 2, while we have
analyzed the bound state with spin J ¼ 0, 1 in our previous
study [30]. The observation of Tcc with 0ð1þÞ reported by
the LHCb experiment located just below theDD� threshold
has motivated us to analyze this state as a molecular state.
Thus, in our previous study [30], we considered Tcc as a
Dð�ÞDð�Þ bound state, where we respected the chiral and
heavy quark spin symmeties. We applied our model to
studying bound and resonant states of Tcc and Tbb for
J ≤ 2. We solved the coupled Schrödinger equation using
the Gaussian expansion method and complex scaling
method to handle bound and resonant states of Tcc and Tbb.
As for Tcc, only the bound state of Tccð0ð1þÞÞ and

resonance of Tccð1ð0þÞÞ have been found. However, the
bound state of Tbb with 0ð2−Þ and the resonant states of Tbb
with 0ð1þÞ, 0ð1−Þ, 0ð2−Þ, 1ð0þÞ, and 1ð2þÞ have been
found along with the bound states of Tbb obtained in our
previous study [30]. With respect to resonances, we found
that many Tcc and Tbb states appear as Feshbach reso-
nances, which are the quasibound states of the upper
channels D�D� and B�B�, respectively. For the resonance
of Tbbð0ð1−ÞÞ, however, it is generated by the centrifugal
barrier.
Finally, we have investigated the HQS multiplet struc-

tures of Tcc and Tbb obtained in our studies by introducing
the light cloud basis. This basis is characterized by the
heavy quark spin SQ and light cloud spin jl, which is
everything but the heavy quark spin, because the transition
between the states with the different spins vanishes in the

heavy quark limit. The suppression of the transition
indicates that the Hamiltonian in the light cloud basis is
the block-diagonalized matrix. Therefore, we investigated
the heavy quark spin structure of a hadronic molecule,
which enables us to clarify the HQS multiplet structure. In
order to classify Tcc and Tbb by the HQS multiplet
structure, we calculated the mass dependence of the energy
eigenvalue. As discussed in Ref. [30], the bound states of
Tccð0ð1þÞÞ, corresponding to the one reported by LHCb,
and Tbbð0ð1þÞÞ belong to the HQS singlet (called singlet-
1). It turned out that the resonant state of Tbb with 0ð1þÞ is
a member of another HQS singlet (singlet-2), which is
different from the singlet-1. For the other isoscalar states,
we found that the bound states of Tbb with 0ð0−Þ and 0ð2−Þ
and the resonant state of Tbb with 0ð1−Þ belong to the same
HQS triplet (triplet-1). The Tbbð0ð2−ÞÞ resonance belongs
to the HQS triplet (triplet-2), together with 0ð1−Þ and
0ð3−Þ. However, in the bottom sector, the Tbbð0ð1−ÞÞ state
is not bound due to the lack of an attraction. For the
isovector states, the bound and resonant states of
Tbbð1ð0þÞÞ belong to the different HQS singlets, singlet-
3 and singlet-4, respectively. The bound state of Tbb with
1ð1þÞ obtained in our previous study [30] and the reso-
nance of Tbb with 1ð2þÞ belong to the same HQS triplet
(triplet-3), together with the 1ð0þÞ state. However, the
Tbbð1ð0þÞÞ state as their partner was not found in our
analysis.
We consider that these predictions of the Tbb state and

the classification of them help to search these states in
future experiments. Finally, we mention the isospin-break-
ing effect. In this study, we did not include isospin-breaking
effects in our analysis, because we focus on the HQS
multiplet structures in the heavy quark limit. However, the
masses of the bound state of Tccð0ð1þÞÞ and resonance of
Tccð1ð0þÞÞ located just below the thresholds are expected
to be changed by the isospin-breaking effect. Then, we
should consider the isospin effect as a future plan.
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APPENDIX A: KINETIC
AND POTENTIAL MATRICES

In this section, we show the kinetic and potential
matrices in the hadronic molecule basis as KIðJPÞ and
VHM
m;IðJPÞ (m ¼ π, v, σ):
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(i) 0ð0−Þ

K0ð0−Þ ¼ diag

�
−

1

2μPP�
△1

�
; ðA1Þ

VHM
π;0ð0−Þ ¼ ðCπ þ 2TπÞ; ðA2Þ

VHM
v;0ð0−Þ ¼ ðC0

v þ 2Cv − 2TvÞ; ðA3Þ

VHM
σ;0ð0−Þ ¼ ðCσÞ; ðA4Þ

(ii) 0ð1þÞ

K0ð1þÞ ¼ diag

�
−

1

2μPP�
△0;−

1

2μPP�
△2;−

1

2μP�P�
△0 þ ΔmPP� ;−

1

2μP�P�
△2 þ ΔmPP�

�
; ðA5Þ

VHM
π;0ð1þÞ ¼

0
BBBBB@

−Cπ

ffiffiffi
2

p
Tπ 2Cπ

ffiffiffi
2

p
Tπffiffiffi

2
p

Tπ −Cπ − Tπ

ffiffiffi
2

p
Tπ 2Cπ − Tπ

2Cπ

ffiffiffi
2

p
Tπ −Cπ

ffiffiffi
2

p
Tπffiffiffi

2
p

Tπ 2Cπ − Tπ

ffiffiffi
2

p
Tπ −Cπ − Tπ

1
CCCCCA; ðA6Þ

VHM
v;0ð1þÞ ¼

0
BBB@

C0
v − 2Cv −

ffiffiffi
2

p
Tv 4Cv −

ffiffiffi
2

p
Tv

−
ffiffiffi
2

p
Tv C0

v − 2Cv þ Tv −
ffiffiffi
2

p
Tv 4Cv þ Tv

4Cv −
ffiffiffi
2

p
Tv C0

v − 2Cv −
ffiffiffi
2

p
Tv

−
ffiffiffi
2

p
Tv 4Cv þ Tv −

ffiffiffi
2

p
Tv C0

v − 2Cv þ Tv

1
CCCA; ðA7Þ

VHM
σ;0ð1þÞ ¼

0
BBB@

Cσ 0 0 0

0 Cσ 0 0

0 0 Cσ 0

0 0 0 Cσ

1
CCCA; ðA8Þ

(iii) 0ð1−Þ

K0ð1−Þ ¼
�
−

1

2μPP
△1;−

1

2μPP�
△1 þ ΔmPP� ;−

1

2μP�P�
△1 þ 2ΔmPP� ;

−
1

2μP�P�
△1 þ 2ΔmPP� ;−

1

2μP�P�
△3 þ 2ΔmPP�

�
; ðA9Þ

VHM
π;0ð1−Þ ¼

0
BBBBBBBBBBBBB@

0 0 −
ffiffiffi
3

p
Cπ −2

ffiffi
3
5

q
Tπ 3

ffiffi
2
5

q
Tπ

0 Cπ − Tπ 0 −3
ffiffi
3
5

q
Tπ −3

ffiffi
2
5

q
Tπ

−
ffiffiffi
3

p
Cπ 0 −2Cπ

2ffiffi
5

p Tπ −
ffiffi
6
5

q
Tπ

−2
ffiffi
3
5

q
Tπ −3

ffiffi
3
5

q
Tπ

2ffiffi
5

p Tπ Cπ − 7
5
Tπ

ffiffi
6

p
5
Tπ

3
ffiffi
2
5

q
Tπ −3

ffiffi
2
5

q
Tπ −

ffiffi
6
5

q
Tπ

ffiffi
6

p
5
Tπ Cπ − 8

5
Tπ

1
CCCCCCCCCCCCCA
; ðA10Þ
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VHM
v;0ð1−Þ ¼

0
BBBBBBBBBBBBB@

C0
v 0 −2

ffiffiffi
3

p
Cv 2

ffiffi
3
5

q
Tv −3

ffiffi
2
5

q
Tv

0 C0
v þ 2Cv þ Tv 0 3

ffiffi
3
5

q
Tv 3

ffiffi
2
5

q
Tv

−2
ffiffiffi
3

p
Cv 0 C0

v − 4Cv − 2ffiffi
5

p Tv

ffiffi
6
5

q
Tv

2
ffiffi
3
5

q
Tv 3

ffiffi
3
5

q
Tv − 2ffiffi

5
p Tv C0

v þ 2Cv þ 7
5
Tv −

ffiffi
6

p
5
Tv

−3
ffiffi
2
5

q
Tv 3

ffiffi
2
5

q
Tv

ffiffi
6
5

q
Tv −

ffiffi
6

p
5
Tv C0

v þ 2Cv þ 8
5
Tv

1
CCCCCCCCCCCCCA
; ðA11Þ

VHM
σ;0ð1−Þ ¼

0
BBBBBB@

Cσ 0 0 0 0

0 Cσ 0 0 0

0 0 Cσ 0 0

0 0 0 Cσ 0

0 0 0 0 Cσ

1
CCCCCCA
; ðA12Þ

(iv) 0ð2þÞ

K0ð2þÞ ¼
�
−

1

2μPP�
△2;−

1

2μP�P�
△2 þ ΔmPP�

�
; ðA13Þ

VHM
π;0ð2þÞ ¼

�−Cπ þ Tπ 2Cπ þ Tπ

2Cπ þ Tπ −Cπ þ Tπ

�
; ðA14Þ

VHM
v;0ð2þÞ ¼

�
C0
v − 2Cv − Tv 4Cv − Tv

4Cv − Tv C0
v − 2Cv − Tv

�
; ðA15Þ

VHM
σ;0ð2þÞ ¼

�
Cσ 0

0 Cσ

�
; ðA16Þ

(v) 0ð2−Þ

K0ð2−Þ ¼
�
−

1

2μPP�
△1;−

1

2μPP�
△3;−

1

2μP�P�
△1 þ ΔmPP� ;−

1

2μP�P�
△3 þ ΔmPP� ;

�
; ðA17Þ

VHM
π;0ð2−Þ ¼

0
BBBBBB@

Cπ þ 1
5
Tπ − 3

ffiffi
6

p
5
Tπ

3
ffiffi
3

p
5
Tπ − 6

ffiffi
3

p
5
Tπ

− 3
ffiffi
6

p
5
Tπ Cπ þ 4

5
Tπ

3
ffiffi
2

p
5
Tπ − 6

ffiffi
2

p
5
Tπ

3
ffiffi
3

p
5
Tπ

3
ffiffi
2

p
5
Tπ Cπ þ 7

5
Tπ

6
5
Tπ

− 6
ffiffi
3

p
5
Tπ − 6

ffiffi
2

p
5
Tπ

6
5
Tπ Cπ − 2

5
Tπ

1
CCCCCCA
; ðA18Þ

VHM
v;0ð2−Þ ¼

0
BBBBBB@

C0
v þ 2Cv − 1

5
Tv

3
ffiffi
6

p
5
Tv − 3

ffiffi
3

p
5
Tv

6
ffiffi
3

p
5
Tv

3
ffiffi
6

p
5
Tv C0

v þ 2Cv − 4
5
Tv − 3

ffiffi
2

p
5
Tv

6
ffiffi
2

p
5
Tv

− 3
ffiffi
3

p
5
Tv − 3

ffiffi
2

p
5
Tv C0

v þ 2Cv − 7
5
Tv − 6

5
TV

6
ffiffi
3

p
5
Tv

6
ffiffi
2

p
5
Tv − 6

5
Tv C0

v þ 2Cv þ 2
5
Tv

1
CCCCCCA
; ðA19Þ
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VHM
σ;0ð2−Þ ¼

0
BBB@

Cσ 0 0 0

0 Cσ 0 0

0 0 Cσ 0

0 0 0 Cσ

1
CCCA; ðA20Þ

(vi) 1ð0þÞ

K1ð0þÞ ¼
�
−

1

2μPP
△0;−

1

2μP�P�
△0 þ 2ΔmPP� ;−

1

2μP�P�
△2 þ 2ΔmPP�

�
; ðA21Þ

VHM
π;1ð0þÞ ¼

0
BBB@

0 −
ffiffiffi
3

p
Cπ

ffiffiffi
6

p
Tπ

−
ffiffiffi
3

p
Cπ −2Cπ −

ffiffiffi
2

p
Tπffiffiffi

6
p

Tπ −
ffiffiffi
2

p
Tπ Cπ − 2Tπ

1
CCCA; ðA22Þ

VHM
v;1ð0þÞ ¼

0
BBB@

C0
v −2

ffiffiffi
3

p
Cv −

ffiffiffi
6

p
Tv

−2
ffiffiffi
3

p
Cv C0

v − 4Cv

ffiffiffi
2

p
Tv

−
ffiffiffi
6

p
Tv

ffiffiffi
2

p
Tv C0

v þ 2Cv þ 2Tv

1
CCCA; ðA23Þ

VHM
σ;1ð0þÞ ¼

0
BB@

Cσ 0 0

0 Cσ 0

0 0 Cσ

1
CCA; ðA24Þ

(vii) 1ð0−Þ

K1ð0−Þ ¼
�
−

1

2μPP�
△1;−

1

2μP�P�
△1 þ ΔmPP�

�
; ðA25Þ

VHM
π;1ð0−Þ ¼

�−Cπ − 2Tπ 2Cπ − 2Tπ

2Cπ − 2Tπ −Cπ − 2Tπ

�
; ðA26Þ

VHM
π;1ð0−Þ ¼

�
C0
v − 2Cv þ 2Tv 4Cv þ 2Tv

4Cv þ 2Tv C0
v − 2Cv þ 2Tv

�
; ðA27Þ

VHM
σ;1ð0−Þ ¼

�
Cσ 0

0 Cσ

�
; ðA28Þ

(viii) 1ð1þÞ

K1ð1þÞ ¼
�
−

1

2μPP�
△0;−

1

2μPP�
△2;−

1

2μP�P�
△2 þ ΔmPP�

�
; ðA29Þ

VHM
π;1ð1þÞ ¼

0
BB@

Cπ −
ffiffiffi
2

p
Tπ −

ffiffiffi
6

p
Tπ

−
ffiffiffi
2

p
Tπ Cπ þ Tπ −

ffiffiffi
3

p
Tπ

−
ffiffiffi
6

p
Tπ −

ffiffiffi
3

p
Tπ Cπ − Tπ

1
CCA; ðA30Þ
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VHM
v;1ð1þÞ ¼

0
BB@

C0
v þ 2Cv

ffiffiffi
2

p
Tv

ffiffiffi
6

p
Tvffiffiffi

2
p

Tv C0
v þ 2Cv − Tv

ffiffiffi
3

p
Tvffiffiffi

6
p

Tv

ffiffiffi
3

p
Tv C0

v þ 2Cv þ Tv

1
CCA; ðA31Þ

VHM
σ;1ð1þÞ ¼

0
BB@

Cσ 0 0

0 Cσ 0

0 0 Cσ

1
CCA; ðA32Þ

(ix) 1ð1−Þ

K1ð1−Þ ¼
�
−

1

2μPP�
△1;−

1

2μP�P�
△1 þ ΔmPP�

�
; ðA33Þ

VHM
π;1ð1−Þ ¼

�−Cπ þ Tπ 2Cπ þ Tπ

2Cπ þ Tπ −Cπ þ Tπ

�
; ðA34Þ

VHM
π;1ð1−Þ ¼

�
C0
v − 2Cv − Tv 4Cv − Tv

4Cv − Tv C0
v − 2Cv − Tv

�
; ðA35Þ

VHM
σ;1ð1−Þ ¼

�
Cσ 0

0 Cσ

�
; ðA36Þ

(x) 1ð2þÞ

K1ð2þÞ ¼
�
−

1

2μPP
△2;−

1

2μPP�
△2 þ ΔmPP� ;−

1

2μP�P�
△2 þ 2ΔmPP� ;

−
1

2μP�P�
△0 þ 2ΔmPP� ;−

1

2μP�P�
△2 þ 2ΔmPP� ;−

1

2μP�P�
△4 þ 2ΔmPP�

�
; ðA37Þ
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π;1ð2þÞ ¼

0
BBBBBBBBBBBBBBBBBB@

0 0 −
ffiffiffi
3

p
Cπ

ffiffi
6
5

q
Tπ −2

ffiffi
3
7

q
Tπ 6

ffiffiffiffi
3
35

q
Tπ

0 Cπ − Tπ 0 3
ffiffi
2
5

q
Tπ − 3ffiffi

7
p Tπ − 12ffiffiffiffi

35
p Tπ

−
ffiffiffi
3

p
Cπ 0 2Cπ −

ffiffi
2
5

q
Tπ

2ffiffi
7

p Tπ − 6ffiffiffiffi
35

p Tπffiffi
6
5

q
Tπ 3

ffiffi
2
5

q
Tπ −

ffiffi
2
5

q
Tπ Cπ

ffiffiffiffi
14
5

q
Tπ 0

−2
ffiffi
3
7

q
Tπ − 3ffiffi

7
p Tπ

2ffiffi
7

p Tπ

ffiffiffiffi
14
5

q
Tπ Cπ þ 3

7
Tπ
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7
ffiffi
5

p Tπ
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ffiffiffiffi
3
35

q
Tπ − 12ffiffiffiffi
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p Tπ − 6ffiffiffiffi
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p Tπ 0 12

7
ffiffi
5

p Tπ Cπ − 10
7
Tπ

1
CCCCCCCCCCCCCCCCCCA

; ðA38Þ
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VHM
v;1ð2þÞ ¼

0
BBBBBBBBBBBBBBBB@

C0
v 0 −2

ffiffiffi
3

p
Cv −

ffiffi
6
5

q
Tv 2

ffiffi
3
7

q
Tv −6

ffiffiffiffi
3
35

q
Tv

0 C0
v þ 2Cv þ Tv 0 −3

ffiffi
2
5

q
Tv

3ffiffi
7

p Tv
12ffiffiffiffi
35

p Tv

−2
ffiffiffi
3

p
Cv 0 C0

v þ 4Cv

ffiffi
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5

q
Tv − 2ffiffi

7
p Tv

6ffiffiffiffi
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p Tv

−
ffiffi
6
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q
Tv −3

ffiffi
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q
Tv

ffiffi
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5
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Tv C0

v þ 2Cv −
ffiffiffiffi
14
5

q
Tv 0

2
ffiffi
3
7

q
Tv

3ffiffi
7

p Tv
2ffiffi
7

p Tv −
ffiffiffiffi
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5

q
Tv C0

v þ 2Cv − 3
7
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ffiffi
5

p Tv
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ffiffiffiffi
3
35

q
Tv

12ffiffiffiffi
35

p Tv
6ffiffiffiffi
35
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ffiffi
5

p Tv C0
v þ 2Cv þ 10

7
Tv

1
CCCCCCCCCCCCCCCCA

VHM
σ;1ð2þÞ ¼

0
BBBBBBBBB@

Cσ 0 0 0 0 0

0 Cσ 0 0 0 0

0 0 Cσ 0 0 0

0 0 0 Cσ 0 0

0 0 0 0 Cσ 0

0 0 0 0 0 Cσ

1
CCCCCCCCCA
; ðA39Þ

(xi) 1ð2−Þ

K1ð2−Þ ¼
�
−

1

2μPP�
△1;−

1

2μPP�
△3;−

1

2μP�P�
△1 þ ΔmPP� ;−

1

2μP�P�
△3 þ ΔmPP�

�
; ðA40Þ

VHM
π;1ð2−Þ ¼

0
BBBBBB@

−Cπ − 1
5
Tπ

3
ffiffi
6

p
5
Tπ 2Cπ − 1

5
Tπ

3
ffiffi
6

p
5
Tπ

3
ffiffi
6

p
5
Tπ −Cπ − 4

5
Tπ

3
ffiffi
6

p
5
Tπ 2Cπ − 4

5
Tπ

2Cπ − 1
5
Tπ

3
ffiffi
6

p
5
Tπ −Cπ − 1

5
Tπ

3
ffiffi
6

p
5
Tπ

3
ffiffi
6

p
5
Tπ 2Cπ − 4

5
Tπ

3
ffiffi
6

p
5
Tπ −Cπ − 4

5
Tπ

1
CCCCCCA
; ðA41Þ

VHM
v;1ð2−Þ ¼

0
BBBBBB@

C0
v − 2Cv þ 1

5
Tπ − 3

ffiffi
6

p
5
Tv 4Cπ þ 1

5
Tv − 3

ffiffi
6

p
5
Tv

− 3
ffiffi
6

p
5
Tv C0

v − 2Cv þ 4
5
Tv − 3

ffiffi
6

p
5
Tv 4Cv þ 4

5
Tv

4Cv þ 1
5
Tv − 3

ffiffi
6

p
5
Tv C0

v − 2Cv þ 1
5
Tv − 3

ffiffi
6

p
5
Tv

− 3
ffiffi
6

p
5
Tv 4Cv þ 4

5
Tv − 3

ffiffi
6

p
5
Tv C0

v − 2Cv þ 4
5
Tv

1
CCCCCCA
; ðA42Þ

VHM
σ;1ð2−Þ ¼

0
BBB@

Cσ 0 0 0

0 Cσ 0 0

0 0 Cσ 0

0 0 0 Cσ

1
CCCA; ðA43Þ

μPð�ÞPð�Þ ¼ mPð�ÞmPð�Þ

mPð�Þ þmPð�Þ
; ðA44Þ

△l ¼
d2

dr2
−
lðlþ 1Þ

r2
; ðA45Þ
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Cπ ¼
1

3

�
gπ
2fπ

�
2

Cðr;mπÞτ⃗1 · τ⃗2; ðA46Þ

Tπ ¼
1

3

�
gπ
2fπ

�
2

Tðr;mπÞτ⃗1 · τ⃗2; ðA47Þ

C0
v ¼

�
βgV
2mv

�
2

Cðr;mvÞτ⃗1 · τ⃗2; ðA48Þ

Cv ¼
1

3
ðλgVÞ2Cðr;mvÞτ⃗1 · τ⃗2; ðA49Þ

Tv ¼
1

3
ðλgVÞ2Tðr;mvÞτ⃗1 · τ⃗2; ðA50Þ

Cσ ¼ −
�
gσ
mσ

�
2

Cðr;mσÞ: ðA51Þ

APPENDIX B: LIGHT-CLOUD BASIS

We show the light-cloud basis denoted by

½½QQ�SQ ½L½q̄ q̄�Sq �jl �J: ðB1Þ

(i) 0ð0−Þ

ψHM
0ð0−Þ ¼ ðj½PP��þ ð3P0ÞiÞ; ðB2Þ

ψLC
0ð0−Þ ¼ ð−j½½QQ�1 ½P½q̄ q̄�1�1�0iÞ; ðB3Þ

VLC
π;0ð0−Þ ¼ ðCπ þ 2TπÞ; ðB4Þ

VLC
v;0ð0−Þ ¼ ðC0

v þ 2Cv − 2TvÞ; ðB5Þ

VLC
σ;0ð0−Þ ¼ ðCσÞ; ðB6Þ

(ii) 0ð1þÞ

ψHM
0ð1þÞ ¼

0
BBB@

j½PP��−ð3S1Þi
j½PP��−ð3D1Þi
jP�P�ð3S1Þi
jP�P�ð3D1Þi

1
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