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Equivalence of spin-2 and spin-3 models invariant under transverse
diffeomorphisms and the tensionless limit of string theory
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Here we investigate a general class of massless local theories of spin 2 and spin 3, both invariant under

generalized transverse diffeomorphisms (TDiff). We identify the ghost-free region in their parameter space

and show the relationship of those models with the “doublet” action stemming from the tensionless limit of

the open bosonic string field theory (for symmetric tensors). The connection is implemented via a nonlocal
field redefinition which introduces a Stueckelberg-like field of rank O (rank 1) for the spin-2 (spin-3) case.
An apparent mismatch between most TDiff models and the “doublet” action has led us to prove a nontrivial

equivalence among TDiff models, thereby restoring consistency. Any point in the parameter subspace of

ghost-free TDiff models is equivalent to any other one within that subspace. In particular, they are all

physically equivalent to their simplest versions known as Maxwell-like models. So, the physical TDiff

models seem to differ from each other by a Becchi-Rouet-Stora-Tyutin cohomologically trivial term.

DOI: 10.1103/jvj7-3m11

I. INTRODUCTION

In recent years, there has been growing interest in the
connection between higher spin (HS) particles and string
theory, as seen in the review works [1-4] and the book [5].
An interesting point concerns the formulation of interacting
theories for massless HS particles. On one hand, there are
powerful no-go theorems regarding the interaction of
massless HS particles (see for instance [6,7]); on the other
hand, massive HS particles in string theory can consistently
interact and they become massless in the tensionless limit
of the strings. Moreover, the fact that HS models in their
formulation in terms of symmetric tensors makes use of
constrained fields and constrained gauge symmetries [8,9]
while no such constraints seem to be natural in string theory
is rather intriguing. Those issues will be addressed here
specifically for spin-2 and spin-3 particles as reducible
theories (TDiff models) in order to make contact with the
spectrum of bosonic open-string field theory in the tension-
less limit, which is also reducible.

First, we recall that transverse diffeomorphisms (TDiff),
namely, &h,, = d,Al +0,AL, where #*Al =0 is the
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minimal symmetry for the description of massless spin-2
particles; see [10]. Such symmetry is enough to remove
spin-1 ghosts as explained in detail in [11]. The TDiff
model is reducible, in general'; it describes spin-2 and
spin-0 massless particles—the latter ones may be physical
or not, depending upon the free parameters of the model.

The simplest subcase of the TDiff models is known as
Maxwell-like model [12]. It has been defined for arbitrary
integer spin in [12], in flat and anti—de Sitter backgrounds,
not only for symmetric but also for mixed symmetry
tensors. For rank-s symmetric fields in four-dimensional
flat backgrounds it describes massless particles of spin
s,8—2,5—4,...0 or 1 according to even or odd s,
respectively. This is exactly the same spectrum of the
tensionless limit of the open bosonic string field theory in
the first Regge trajectory [13—15]. Due to the redefinition of
the Virasoro generators and the tensionless limit (& — o),
the redefined Virasoro algebra has no central charge and no
critical dimension is required.

It is known that the tensionless limit of the mentioned
string field theory leads to the so-called triplet action (see
[16] and also [13-15]), which contains, in the first Regge
trajectory, three symmetric fields (¢, C, D) of rank s, s — 1
and s — 2, respectively. In order to connect the triplet action
with the generalized TDiff models one first eliminates the
rank-(s — 1) C field algebraically and derive a doublet

'As explained in [11] the TDiff spin-2 symmetry can be
enlarged to Diff or to WTDiff (Weyl + TDiff); in both cases the
model becomes irreducible. Higher spin (s > 3) models described
by arbitrary rank-s symmetric fields can also be invariant under
WTDiff and become irreducible [9].

Published by the American Physical Society
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action [16] in terms of (¢, D). The connection with the
TDiff Maxwell-like models can proceed further by elimi-
nating the D field via gauge fixing at action level or, on the
singlet TDiff side, by the introduction of a rank-(s — 1)
Stueckelberg field which gives rise to the D field afterward,
as mentioned in [12]. For the specific cases of spin 2 and
spin 3, we work out here such connection explicitly and we
go even beyond the Maxwell-like sub case. In Sec. II we
recover the results of [11,17] for the gauge-invariant
(saturated) two-point amplitude of the generalized spin-2
TDiff model. In Sec. IIl we define a generalized spin-3
TDiff model and obtain its two-point gauge-invariant
amplitude using the rank-3 projection operators given in
the Appendix.

Since the doublet action is invariant under uncon-
strained Diff symmetry, from the perspective of TDiff
models, we develop a method in Sec. IV to lift constra-
ined symmetries into unconstrained ones by introducing
appropriate Stueckelberg-like fields,” thereby connecting
the one-field (singlet) generalized TDiff models with
the string theory doublet action in a direct manner. It
turns out that a perfect match only occurs apparently for
specific points in the parameters space of the TDiff
models.

Finally, in Sec. V, motivated by the apparent mismatch of
Sec. IV, we show that there is a nontrivial equivalence
among the physical spin-2 and spin-3 TDiff models such
that, for each spin, it is always possible to start from one
point in physical subspace of the parameters of the TDiff
model and, after a local field redefinition and sources
redefinitions, to arrive at any other point of this subspace. In
particular, any model is equivalent to its simplest version,
called the Maxwell-like model.

In Sec. VI we draw our conclusions and perspectives for
future work in order to generalize the equivalence we have
found for higher spins, curved spaces and mixed symmetry
tensors.

II. s =2 TDiff MODEL—A REVIEW

Before we go to the spin-3 case we review the spin-2
TDiff model since there are several parallel aspects which
inspire us to run after a generalization of our results for
arbitrary spin s.

The free spin-2 TDiff model is written in terms of a
symmetric rank-2 field h,, = h,,. Following the notation’
of [17] we have in D > 3 dimensions

2See the review work [3,12] for the introduction of Stueck-
elberg fields in HS theories along the same goal.

*We use the Minkowski metric N = diag(=1,1,....1)in D
dimensions and our rank-2 and rank-3 index symmetrization have
no weights, e.g., T(yp = Top + Tpa-

1
S(a, b) = / dPx [Ehaﬁmhaﬁ + (0*hyp)? + ahd*dh,,
b v
=S O+ by, T (1)

The first two terms are required for massless spin-2
propagation without spin-1 ghosts [11]. Neglecting surface
terms, for any a,b €R, the action (1) is invariant under
TDiff gauge transformations:

Srhy, = 0,Al + AL, Al =0, (2)

if the source satisfies

Ty, =0d,J, (3)
where J is an arbitrary function. So the original source is in
general not conserved.

The Lagrangian corresponding to (1) can be written in
the form

1
L(a,b) = 3 hm,G””“/’(a)h,,ﬂ + h,, T, 4)

where the second-order differential operator G(d) is read
off from (1). The gauge-invariant two-point amplitude in
momentum space is given by the propagator saturated with
the sources, in our notation and suppressing indices,

As(k) = —%T*(k)G‘l(a — k)T (k). (5)

We can check the particle content of (1) by analyzing the

analytic structure of A, (k). Following [17] (see also [11]),

in order to obtain G~! (k), we add a gauge-fixing term in the

form of a square of a transverse vector. Explicitly, in
momentum space we end up with

T 1 .
p—2tw=as, ] ©

I (s o
AZ(k) - P T*ﬂDT;w -

where the conserved tensor T/w and J are given by

T.=Tu-n,J; J=(1-a)T+(aD-2)J; (7)

with &’Tﬂb =0 and T = #*T,,. The constant fp [11] is
given by

fo=fpla.b)=(D=2)(a®>=b)+(a-17> (8)

The first two terms of (6) represent a physical massless
spin-2 particle. They coincide with the amplitude of the
linearized Einstein-Hilbert theory. The last term represents
a physical (unphysical) massless spin-0 particle if f, > 0
(fp <0). Such content can be confirmed by a purely
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Lagrangian analysis (see [11]) or by the usual Hamiltonian
Dirac-Bergmann algorithm for constrained systems as
carried out in [18]. In [17] one has shown that the spin-
0 term leads to an additive contribution to the deviation
angle in the gravitational lens effect; as such, it could be
used to explain an eventual experimental deviation above
the angle predicted by general relativity but not below it.

The singularity in the amplitude at f, = 0 points to
the appearance of a larger symmetry. In particular, at
(a,b) = (1,1) we have the linearized Einstein-Hilbert
(EH) theory invariant under unconstrained Diff, i.e., 6k, =
d, A, +0,A, while at (a,b) = (ap.bp)=(2/D,(D +
2)/D?) we have the spin-2 WTDiff model [11] where
Swrhy, = 0,Al +0,Al +n,A The other cases, as we
explain later, are trivial shifts of the EH case. Whenever
we have f, = 0 we have the propagation of only massless
spin-2 particles.

III. s =3 TDiff MODEL

In order to be as close as possible to the spin-2 case,
regarding the notation, we start this subsection with the
most general second order spin-3 massless model free of
rank-2 ghosts. In terms of a fully symmetric rank-3 tensor

h,, = h( we have

Hvp Hup)

1 3
S(a.b,c) = / dPx {5 By I 42 (0B, )
3 3 ,
+ 30000 by b = S bl O+ 7 (")

©)

The trace is denoted by the vector h, = n*’h,,,, while
(a,b,c) are so far arbitrary real constants. The first two
terms in (9) are required for a massless spin-3 particle
without spin-2 ghosts. The action S(a,b,¢) is invariant
under traceless and transverse higher spin diffeomorphisms
(TrTDiff henceforth) depicted by a bar and a superscript
“T” respectively, i.e.,

Oxhyw, = 6(,,/_\3/)); ()"/_\UT/, =0= r/””/_\[p. (10)

The number of independent gauge parameters of the
TrTDiff symmetry is not enough to get rid of all non-
physical modes—the gauge symmetry must be enlarged.
There are by now in the literature, to the best we know,
three unitary models containing physical massless spin-3
particles which are subcases of (9) with a larger symmetry.
They have first appeared in [8,9,12]. Those models and
their gauge symmetries are given in Table 1.

TABLE 1. Gauge transformations, actions, and their corre-
sponding symmetries.

Action
SF=8(1,1,1)

SSV = S(aD+2,bD+29 CD+2)
Shax = S(O, 0, 0)

Type of symmetry 6h,,,
_ 0uh,) (TrDiff)
9y AL + 1Ay (WTCTDIff)

dyAT (TDiff)

In Table 1 (see [9]), we have

2 D+4 2(2-D
(api2.bpsa.cpia) = <D+2’(D:2)2’(é+2)2)' (11)
In the cases of the Fronsdal (Sy) and the Skvortsov-
Vasiliev (Sgy) models, the number of independent gauge
parameters is the same," D(D 4 1)/2 — 1, just like their
spectrum which consists of a physical massless spin-3
particle. However, in the Maxwell-like (Sy,x) model
the TDiff symmetry has less parameters, D(D —1)/2.
Consequently, besides the physical spin-3 particle, we also
have a physical massless spin-1 particle.
Next we investigate the most general spin-3 case, i.e.,
S = S(a, b, c). First of all we introduce a generalization of
the TDiff transformation’ via a real constant k, i.e.,

My = a(ﬂAZp) + kn (w0, AT
= 9l + k) AT] = 0y A, (12)

where AT = 7*AJ,. Accordingly we have
55(a.b,c) =3 / deAT{mava'hpyp[k(z—a(0+2)) 4

+00h, Kb+§) (k(D+2)+1) —3ak] }
(13)

Thus, if a = ap,, =2/(D + 2), there will be no TDiff
symmetry unless we also require a traceless parameter
AT = 0. In the next subsection we assume a # 2/(D + 2)
which leads to TDiff models closer to the Fronsdal
theory. Later on we will investigate the special case
a=ap,, =2/(D+2), closer to the SV theory.

*The Skvortsov-Vasiliev (SV) model can be alternatively
formulated in terms of a traceless rank-3 symmetric field where
one is left only with the TrTDiff symmetry. One has used the
vector Weyl symmetry to make i, = 0. Since we focus in the
connection with the spectrum of the tensionless limit of string
field theory where no such restrictions on the rank-s field show
up, we work only with unrestricted fields.

>Such generalization only exists for s > 3 since for s = 2 we
have 0,Al + 0,Al + kn,, Al = 0,Al +0,A].
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A.CaseI: a #2/(D+2)

Requiring invariance of the general action, i.e.,
6S(a, b, c) =0, we have from (13)

a
k=—— 1 ¢=3a®-2b=cs. (14
3 ( 2) s C 3a Cg ( )

Remarkably, the special case ¢ = ¢, also holds for all
spin-3 models mentioned earlier in Table 1. Regarding the
gauge parameter ;\/w defined in (12), if a # 1, it satisfies
the vector constraint

~ k ~ a ~
0N, =———0,A = 0,A. 15
Y 1+kD” 2(1=a)” (15)
If a=1, the parameter must be traceless

(11”/’7\,4) = A = 0) and the transverse part of its divergence
must vanish: (?A,,)" = 0. So in total we still have D
constraints as in the a # 1 case. This shows that (12) is
indeed a natural analog for a # 0 of the usual TDiff
symmetry 6h,,, = (ﬂA ») which only occurs at a = 0.

In order to check the particle content of (9) with ¢ = ¢y
we introduce a totally symmetric source as in the s =2
case. Namely, we define

S(a.b,cs, T,y J,) =S(a,b.cg)+ / dPxh,,,T"".  (16)

The gauge invariance of the source term, after integration
by parts, implies the following constraints:

2knvP
(1+ kD)
and (a,b) # (apir,bpsa), (17)

90, TP = J + 0 J¥ — (04,); a#1

0,TH? =" J;+ 0T +n*J; a=1 and b#1, (18)
where 0"]; = 0 while J,, and J are arbitrary functions. In
particular, there is no connection between J,f and J - The
restrictions on the far right of (17) and (18) are necessary to
avoid the SV and Fronsdal cases, respectively, where we
have more symmetry and the constraints are more restric-
tive, namely,

0,T"# =n*J  (Fronsdal), (19)

9,T" = J0 + PJh; 0, T =0 (SV), (20)
where J and J are arbitrary except for 0*J} = 0. After
adding a gauge-fixing term Lgp = A(f7,)?/2 to (16),
where we have defined the symmetric transverse tensor

f1 =00y, — 0,(0°P hap,) — 0,(0°0P hyp,)
+ nypaaaﬁa Ragy (21)

we are able to obtain the rank-3 tensor propagator.
Saturating with sources according to (5) the dependence
on /A, disappears and we obtain the two-point amplitude in
momentum space associated with S(a, b, cg). We have
carried out this procedure separately for a # 1 and a = 1.
In the first case, assuming also (a,b) # (ap,2,bp.,), We
have

2i 3

As(k) = 13 | Ty T = 5 |T Fpp Vil @2
where
T”Dp = THwP _ ”(ﬂDJ/’)’ (23)
IT=2-aD+2))J,+(@=-1T,.  (24)
fpiaa.b) =D(a* = b) + (a— 1) (25)

The first two terms in (22) correspond precisely to
the result one finds in the spin-3 Fronsdal theory. Notice
that from (17) and (14) one can show that 0”7"’”“/’ =
n*(0"J,)/(a — 1) which is a constraint of the Fronsdal
type; see (19). Likewise, (17), (14), and (24) lead to
d”JT 0. Moreover, it turns out that in the second case
(a = 1), using the constraint (18), we end up basically
with the same expression (22) with the replacements
Tue — Twe — gl j?) and (fps2.J0) = (D(1 = b),JT).
In summary, regarding the particle content, the expression
(22) holds in principle for any a #2/(D +2) and we
have always a physical massless spin-3 particle plus a
physical (nonphysical) massless spin-1 particle if f, ., > 0
(fp42 <0). Notice that this is in agreement with the
interpretation of the spin-3 version of the Maxwell-like
models of [12] as describing physical spin-3 and spin-1
massless particles in the case of rank-3 symmetric tensors,
since fp,2(0,0) =1> 0. As in the spin-2 case, if fp,, =0
there is an enlargement of the symmetry and we only have
massless spin-3 particles.

B. Case II: a=2/(D+2)

As we have mentioned after (13), if a=ap,,=
2/(D+2), in order to have a symmetry we have to
assume further that the transverse rank-2 gauge parameter
is traceless (TrTDiff). It turns out, as the reader can
check, that if ¢ = cg = 3(apy,)> — 2b, there will be also
a longitudinal Weyl symmetry 6&h,,, = 1,04 that is
enlarged to full Weyl 6h,,, = n(,4, at the SV point
b =bp,,. In this subsection we assume (a,b,c)=
(apia.b,cg) with b # bp,,. Consequently, the action
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S(apis, b, cg) is invariant under the following transforma-
tion for otherwise arbitrary values of b:

Ipd =0, A (26)

My, = 0 AT) + N (uyp)

K up

The traceless piece of the new gauge parameter must be

transverse; i.e., similarly to (15), it satisfies a vector
constraint:

AN}, = ! d,\* 27

vp T B P . ( )

Notice that (27) does not fit in the form (15); there would

be no solution for k. Henceforth we call T*Diff the

diffeomorphisms (26) satisfying (27). The invariance of

(16) under (26), using (27) at a = ap,, requires the
constraint

0,T"? = #JF + J" — %17””0,,1”, (28)
where J , is arbitrary. Since the number of independent gauge
parameters of T*Diff is the same one of the generalized TDiff
we can still use the same gauge-fixing term based on (21).
After saturating with sources the gauge-fixing constant A,
disappears again and we recover (22) ata = ap,, where now
fD+2 (aD+2, b) (bD+2 b) and .7T T From the
constraint (28) we have 0"/, Jr =0T, =0 and o, Tmr =

—(D +2)*?0 - J/D which, as in the a # 2/(D + 2) case,
allows us to conclude that S(ap.,,b,cg) contains a
physical spin-3 particle plus a physical (nonphysical) mass-
less spin-1 particle for b < bp,, (b > bp.,). The singularity
at b = bp ., indicates the appearance of a larger symmetry;
in this case, the longitudinal Weyl symmetry in (26) becomes
the full Weyl symmetry.

IV. DOUBLET ACTION: TDiff — Diff
AND T*Diff — Diff

It is known that consistent propagations of strings
require specific (critical) spacetime dimensions like D =
26 (D = 10) for the bosonic (super)string. By choosing a
critical dimension we cancel the central charge of the original
Virasoro algebra. It is possible, however (see [13—15]), to
redefine the Virasoro generators in the tensionless limit
(1/a’ — 0) such that their new algebra has no central charge
and no critical dimension is required. Using the correspond-
ing Becchi-Rouet-Stora-Tyutin (BRST) charge one can
construct a string field theory which in the open bosonic
string case, restricted to symmetric fields, leads to a quadratic
second-order action written in terms of a triplet of totally
symmetric fields (¢, C, D) of rank (s, s — 1, s — 2), respec-
tively; see [16,19]. The corresponding theory describes free
massless particles of spin s, s — 2,5 — 4, ...,0or | according
to even or odd integer s, in arbitrary dimensions. After
algebraically eliminating the field C one obtains a doublet

action in terms of (¢, D). Here, we change the notation

D and the doublet action of [16] becomes®

Hi---Hs—2 - )(/41 P2

o= [ {00045 007
#s(s=Do-00-0 43} )02} (9

Unlike the Fronsdal theory, in (29) there is no double
traceless condition on the fields; both are unconstrained.
Moreover there is no constraint in the gauge symmetry
parameter either; the action (29) is invariant under uncon-
strained diffeomorphism:

6(pﬂl-~llx = a(#lA 5)(/41""41—2 = A

PHY - P2

fr ) (30)

In order to compare both s = 2 and s = 3 TDiff models
(1) and (9), respectively, with the corresponding cases in
(29) we must first lift the transverse condition on the gauge
parameter turning TDiff into Diff. We will carry this out in
both cases s = 2 and s = 3. We start with the s = 2 case
but basically the same procedure will be performed
for s = 3.

A. From TDiff — Diff (s=2)

We first rewrite the transverse parameter in terms of an
arbitrary one via a nonlocal projection operator:

9, ()
A=Ay -5 (31)

such that the field in (1) transforms as

3,0,(3-A)

Srhyy = 0,AT +0,AT =9, A, +0,A, -2+~ (32)

The previous formula suggests the introduction of a
compensating scalar field via a nonlocal field redefinition:

6”0D)(

O

By = @y =2 (33)

such that the new fields transform locally under uncon-
strained diffs:

0@, = 0, A, +0,N,; O = A, (34)
which makes us to expect the cancellation of the nonlocal
terms in the action (1). Indeed, after (33), its Lagrangian
density is local, including the source term:

®We use the compact notation (d-)*p = N
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_ 1
‘c.\72[a’ b’ (PJ(] = Eq)aﬂm(paﬂ + (5”60,4/})2

b
+ apd' o, — EfPD(P
+2(b—ayOp+2(1—a)yo-0-¢
+2Cx Oy + @, T + 1J, (35)

where C=2a—-b—1 and we have used the source
constraint (3). The action corresponding to (35) is now
invariant under the unconstrained diffeomorphism in (34).

Regarding the particle content of (35), after the invertible
field redefinition (see [17]),

l—a
(f/’;w;l) - (H,Lu/ +%’7/wq);_H+

(aD-2)
ﬁ‘I’) » (36)

we have a diagonal theory consisting of a linearized
Einstein-Hilbert theory (healthy spin-2) and an additional
spin-0 particle:

fD(a» b)
D-2
+ H,,T" + @J. (37)

L72a,b,H,®] = Lgy(H) + oOd

The functional integral over (H,,®) will exactly
reproduce (6), showing that the particle content of (1)
has not been changed by the nonlocal introduction of y
via (33).

For future comparison with the doublet action (29)
coming from strings at s =2, we rewrite (35) in the

equivalent form’:

- 1
L52a.b.g.x] =5#0o+ (0-9)*+2x(0-0-9) —2¢y

+ Qa; b) (p—20)0(@—2x)

+alp—2¢)(0-9-9—Up). (38)

B. From TDiff — Diff (s=3)

Now we move to the s = 3 case. First we look at the
a#2/(D+2) case. The Diff transformation 6&h,,, =
6(ﬂ/~\w) which leaves (9) invariant, at ¢ = cg, is such that
the vector constraint (15) must hold. It is a consequence of
/~\w = AZ/, + knl,pAT. Following the steps of the s = 2 case
we write down A,fp in terms of an arbitrary rank-2
symmetric field via a projection operator. Consequently,
we have

"Note that @ in the second and third lines of (38) stands for the
trace of the rank-2 field ¢ = "¢, exceptin d-0- ¢.

_ 0,0 A, d-0-A
ADP—AUP—T”+nDP<kA+g 5 ) (39)

where k is given in (14) and g = 1 + k(D — 2). The reader
can check that (39) satisfies (15).
Then it follows that

X 99y )
Nypy = 0y =2 0

0-4
+ 17(/,,,0/,) <kA + gﬁ) s (40)

where we have defined 4, = 0’A . If we introduce a rank-

3 (@) and a rank-1 (y) field which transform according to
the spin-3 version of (30), i.e.,

=N\,

Pup = OulNup)s Oy = Ay (41)

we can rewrite the right side of (40) in terms of 6¢,,,, and
Oy, The resulting expression is in agreement with the
nonlocal field redefinition:

0,0,
Mo = Pup + M Vp) + 2%’ (42)
where
0,(0-x)
V,=klg,+2,)—9g ~ g (43)

The substitution of (42) in (9) leads to the following local
theory:

L_3la,b,, x|
fl 0 pp+§(au )z_éf “ _éf(a. )2
=5 Pup 7 5 Pup)” = 5S¢ Lo, =5 @

+6x(0-0- @) +6fx"Up, +6f(0-x)(0- )

—6(1+ f)r* Oy, —3(2f = 1)(0- )2, (44)
where

a’D —4a + 4b
/o227 )

After the invertible field redefinition

H
((p;pr(y) = (H/wp - n(;wAp)’ Aﬂ - Tﬂ) ’ (46)

the Lagrangian (44) acquires a diagonal form as a linear
combination of the spin-3 Fronsdal theory and the Maxwell
theory:

025008-6
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m(?ﬁ%%(ﬂ (47)

Lo sla,b)=Lp(1,1,1,H)—
where Lr(1,1,1,H) is the Fronsdal Lagrangian corre-
sponding to (9) with (a,b,c) = (1,1,1). So besides the
physical massless spin-3 particle, if fp,, > 0 (fp o <0),
we have a physical (nonphysical) massless spin-1 particle
which disappears at fp,, =0 where TDiff increases to
TrDiff. Notice that this is in full agreement with the two-
point amplitude (22). So once again the nonlocal intro-
duction of Stueckelberg-like field (y,) did not change the
particle content of the model.

For sake of comparison with the doublet action (29) we
rewrite (44) in the equivalent form:

1 3
ﬁ.\':?a [Cl, b, (P,)(] = Efpﬂy/)qu)ﬂbp +§(aﬂ¢ﬂljﬂ)2 + 6){(0 -0 (,0)
3f
=60 D +3(0-2)° + 5 Flu (0= 2%)-
(48)

C. From T*Diff — Diff (s=3)

Now we look at the a =ap,, =2/(D + 2) case. The
T*Diff transformation 64, = 0(”1\;‘/)) now must satisfy the

constraint (27). Similarly to the previous cases the reader
can check that

09" Ny 9,0,
»~ 70 " (D-1nO

9-0-A
A+(D-2)= ==

A, =A 5

(49)
indeed satisfies (27). From (49) we can write

0,9,U,y 3(D-2)9,0,0,(0-U)
_ W% p) vY
— i+ 22020 SOERIAADG DD,

W

H )
(50)
where we have defined U, = —(9- A),, + 9, A/ D. Therefore,

if we introduce, as before, a rank-3 (¢) and a rank-1 (¥) field
which transform according to unconstrained diffs as

) d,A
6(p;w/) = a(;tAv/)); 5)(/,! = _aﬂA/)ﬂ + ﬂ?’ (51)

the expression (50) suggests the nonlocal field redefinition:

0,07, 3(D—2)0,0,0,(0-7
Ry = Puup + 2 w9y 3( ) Oy p<2 )()
O (D-1) O

(52)

After substituting (52) in S(ap,,, b, cg) once again the
nonlocal terms are canceled out and we end up with a local
action whose Lagrangian density is

. 1 3 3 3
‘C((pJ() = _(p/wplj(pﬂyp + 5 (aﬂgolwp)z + 3aD+26May(p/wp§0p - EbQOMDQO” + - CS(auwu)z

2

- 6(apsa—1)(2-9-9) -7+ 6(aps2 — b7, — 6[b ;

4

Dar| @00

+6(2ap;, —1=b)g, 0" =3[2b = 1+ (D = 1)ap5](9- 7)*. (53)

After the invertible field redefinition

B H
((p/ll//)’)(ﬂ) = (H/lb/) + 77(/4be)? _2ﬂ> ’ (54)

we end up with the pure spin-3 Fronsdal model decoupled
from the Maxwell theory:

3(D + 2)2fD+2(aD+27 b)
D

Llapir,b,cs]|=Lp(1,1,1,H)+
x <—iFiu(B)), (55)

which confirms the particle content displayed in (22)
at a = ap,,. So once more a nonlocal field redefinition
[see (52)] has not changed the particle content.

As in previous cases, for sake of comparison with the
doublet action (29), it is convenient to make an invertible
change of variables. Notice that the gauge transformation of
y in (51) is slightly different from (30). However,

.1
X = B [(/);4 - (D + 2))(;4] - 5)(” = avAW_ (56)
After implementing (56) in (53) we obtain

1 3
ﬁ[aD+2’ b’ CS} = E(pﬂpr(pﬂyﬂ + E (a”(p;wp)z + 6)((6 -0~ (p)
- 6)(”[')(;1 + 3(0 'Z)z
3[4 — b(D +2)?]
- 4D2 F/%v((p_z)() (57)

If we look at the first line of both (38) and (48) we
recognize the spin-2 and spin-3 versions of (29),
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respectively. Since the rest of those actions vanish at
a =0 = b, we see that is possible to connect the local
one-field Maxwell-like models of [12] with the local
doublet action stemming from the tensionless limit of
string field theory in one step by means of nonlocal field
redefinitions which introduce a rank-(s —2) symmetric
field. It is mentioned in [12] that this could be done in
two steps via a rank-(s — 1) symmetric field whose diver-
gence would be identified with the rank-(s — 2) field y.
The question arises: what about the general case
(a,b) # (0,0)? It turns out that the extra terms beyond
(29) in (38) and (48) are gauge invariant on their own. In the
spin-2 case this follows from &(¢ —2y) =0 and the
invariance of the linearized scalar curvature: §(0"0"¢,, —
Oe) = 0 under (34). For s = 3 the diff symmetry coincides
with the usual U(1) symmetry of Maxwell theory since
under (41) we have 6(¢, — 2y,) = d,A. Therefore, in both
s =2 and s = 3 cases the (a, b)-dependent difference with
respect to (29) is trivial from the point of view of gauge
symmetry. However, we should not identify such difference
immediately with a cohomologically trivial term regarding
the BRST charge since, as we have seen, according to the
value of (a, b) the spin-0 particle may be a ghost instead of
the a = 0 = b case where it is a physical particle; this
applies also to the s = 3 case regarding the spin-1 particle.
Even if we are constrained to a subspace of the two-
dimensional parameter space (a, b) where the spin-(s — 2)
particle remains physical it is not possible in general to
connect all models with different values of (a, b) via local
field redefinitions to (a,b) = (0, 0). The turning point for
the understanding of the mismatch between (29) and (38)
for s = 2 and between (29) and (48) for s = 3 for (a, b) #
(0,0) came up from the special s = 3 case a = ap,,.
We see in (57) that the extra term (Maxwell term) is once
again gauge invariant by itself. However, if b = a3, 425
which implies cg = (ap,,)> = b, we can also go in
one (nonlocal) step from the one field T*Diff model §* =
Slapi2. a3, a},,] directly to the doublet model coming
from string theory (29). Therefore, $* must be equivalent to
the spin-3 Maxwell-like model (a, b, ¢) = (0,0, 0). Indeed
we have been able to prove that there is a nontrivial
equivalence between those models which we have later
generalized, proving that any (a, b, cg) spin-3 model within
the physical subspace fp., >0 is equivalent to the
Maxwell-like model (a, b, ¢) = (0,0,0). A similar equiv-
alence holds also for the s = 2 case. It can be shown from
the two-point amplitude via a simultaneous redefinition of
the sources and of the constants of the model or alter-
natively from the local action via a local followed by a
nonlocal field redefinition as we explain in the next section.

V. EQUIVALENCE BETWEEN TDIFF MODELS

In this subsection we prove that the spin-2S(a,b)
and spin-3S(a, b, cg) TDiff models [see (1) and (16),

respectively] are equivalent to the corresponding Maxwell-
like models S(0,0) and S(0,0,0).

A. Sources redefinition (s =2)

First, we notice that after performing the invertible local
field redefinition: &, — h,, +rhn,, in (1), with r # —1/D,
called r shifts henceforth, the form of the TDiff action is
preserved with the map (a, b) — (a(r), b(r)), where

a(r)=a+r(Da-2), (58)
b(r)=b(1+rD)*=2(a+1)r(1+rD)+r*(D+2), (59)
fola(r).b(r)] = (1 +rD)*fp(a.b). (60)

Since the r shifts are trivial field redefinitions they
should not lead to any physical consequence. Due to the
source term in (1), in practice we must compare the model
(a,b, T;,,,,J) to (a(r), b(r), Tﬂ,,(r),.l(r)), where T,w(r) =
T,, + rn, T and J(r) = J + rT. The conserved source T,

of the pure spin-2 sector is r-shift invariant:
T;w(r) = pr(r) _nyuj(r) = Tuw (61)

while J(r) = (1 + rD)J. Thus, from the two-point ampli-
tude (6) and the definitions (7), recalling (60), we show that

Aola, b, Ty, J] = Ayla(r), b(r), Ty (r), J(r)],  (62)

which confirms the triviality of the r shifts as far as the
sources, or equivalently the couplings to the sources, are
redefined accordingly.

Starting from an arbitrary pair (a, b) we cannot bring it
to (0, 0) by performing only the one-parameter r shifts.
However, we can do it by two steps by also redefining the
sources through an independent real parameter8 (s shift):

(T,,(5),J(5)) = (T + snd, (14 5)J). (63)

Now let us require equivalence of the amplitude of the
Maxwell-like model with s-shifted sources on one hand
with an (A, B) TDiff model on the other hand; using (6)
we have

TSP I (s)P
L)) = 5 =5+ 5= 2)7,(0.0)

e TP 7[>

= S ooy Y

Similarly to the r shifts, the s shifts do not change the
conserved source of the pure spin-2 sector T}w(s) =
T, (s) =, J(s) = T,,. so we are left only with the |J|?
terms on both sides of (64). Therefore, recalling that the

¥The real parameter s should not be confused with the spin.
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definition of J itself [see (7)] depends on the corresponding
constant a, and using f(0,0) = 1, Eq. (64) becomes

2

(1-A)? (65)

fp(A.B)

(AD-2)

T+ [s(D=2)=2]J]>= T-A

T+ J

where we have assumed A # 1 (we comment on that point
later). Consequently [see (8)], the equivalence (65) requires

AD -2 A
= —>5=—", (66)

s(D-2)-2 T T

(1-A)? = fp(A,B) - B = A% (67)

Our final step amounts to showing that any pair (a, b)
can be brought to (A, A%) with A # 1 via the local r shifts.
Indeed, defining (A, B) = (a(r), b(r)), from (58) and (59)
it can be shown that B = A? is equivalent to

[D*fp — (aD —2)*]r* +2[Dfp + (1 — a)(aD - 2)]r
+fp—(a=1)?2=0, (68)

where in (68) it is understood that f, = fp(a,b).
Moreover, from (58), the condition A # 1 is equivalent to

(1 —a) . 2
m, 1fag£5, (69)

r#
while it is automatically satisfied at a =2/D, since
throughout this work D > 3.

The two roots of (68) are given by

+Vfp+a-1
(2—aD) ¥ DVfp'

Since a TDiff model requires fp # 0, the condition (69)
is always satisfied. Furthermore, if the denominator of one
of the roots r7; vanishes, we can always use the other one in
order to bring B — AZ, thus avoiding any singularity. Last,
we should not worry either about the noninvertible 7 shift
r5 = —1/D, since it can only happen at D = 2.

Thus, we can always bring an arbitrary (a, b) physical
(fp > 0) TDiff model to another one (a(r),a*(r)) with
a(r) # 1 via an r shift given in (70). Since the r shift does
not change the amplitude as we have seen in (62), we end
up with the following equivalence of amplitudes:

+
r'p =

(70)

Ap00,0,T,,(r, ), (r,5)] = Apla(r), a*(r), T, (r), J ()]
= AyJa.b,T,,. J]. (71)

s v

where

(Ty(r).J(r)) = (T +rn, T.J+7rT), (72

(T (7). I (5.7)) = (T (r) + 51 d (r), (145)J (r)). (73)

In summary, the equality (71) establishes that the physics
of the spin-2 TDiff model S(a, b,T,,.J) given in (1) with
(a, b) such that f, > 0 is equivalent to the physics of the
Maxwell-like model S(0,0,7,,(s,r),J(s,r)). The new
sources are linear combinations of old ones as defined
in (72) and (73) with r = r} and s = s(r3;) as given in (70)
and (66), respectively, and recalling that A = a(r3;) accord-
ing to (58). Alternatively, in terms of the original sources
(T,,.J) used in the (a,b) model one can say that the
coupling of the Maxwell-like model (0, 0) must be modified
in order to furnish the same amplitude of the (a, b) model.
Since the relationship between (7,,(s,r),J(s,r)) and
(T, J) is always invertible we can equivalently consider
the Maxwell-like model as simply coupled to sources via
h,, T* and show its equivalence to an (a, b) physical TDiff
model with a reverse modified coupling to those sources.

Moreover, since each (a, b) model with f(a,b) > 0 is
equivalent to the Maxwell-like model, it follows that
any (a,b) physical model must be equivalent to any
other (a,b) with fp(@,b) > 0, as far as we modify the
couplings to the sources conveniently. Completely similar
conclusions will be drawn in the next subsection about the

spin-3 case.

B. Sources redefinition (s =3)

Since the spin-3 equivalence is quite close to the spin-2
one, we can already start at the spin-3 generalization of
(64). Namely, let us require equivalence of the amplitude
of the Maxwell-like model S(0,0,0) with s-shifted
sources (7,,,(s).J,(s)) on one hand with a TDiff model
S(A, B, cs(A, B)) with usual sources (7, J,,) on the other

hand, where cg4(A, B) = 3A? — 2B. We require [see (22)]

VAR ]

Dfpa(A.B) 74)

T*  uvp 3 5
= {TﬂypT””f —5|T,,|2 +

The quantities on the left side of (74) are given [see (24)
with a = 0] by

Ty () = Tyup(5) = 1t ) (5). (75)
Tuup(8) = Ty + SMud ). (76)
Ti(s) =27,(s) = T,(s), (77)
[p+2(0,0) =1, (78)
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where J,(s) is obtained as follows. Using (17) we have

Ty, (s) =0T, +sn,,0-J+5(0,J,+0,J,)

=(1+s)(0,J,+0,J,) + (s +K)n,,0-T (79)
with
—2k A
“Tharp) T Aa-1) (80)

Since a = 0 implies k = 0 [see (14)], there should be no
term proportional to 77, on the right side of (79). Therefore,

S= K= (81)

which leads to
O”T”W,(s) = 0,,Jp(s) + dp.ll,(s), (82)
Ju(s) =1 +s)J,=(1=x)J,. (83)

From the trace of (82) we check that dJ(s) = 0.
Moreover, similarly to the spin-2 case, since the conserved
source of the pure spin-3 sector is s-shift invariant
T,,(s) =T,,. the equivalence (74), supposing A # 1,
amounts to

T, (s) —2J,(s)|* =T, — (2+«D)J,?
B (A-1)? T [A(D+2)—2]J 2
CfonAB)T A g
(84)
It turns out from (81) that 24+ «xD = [A(D +2) — 2]/
(A —1); thus, we only need
fpi2(A,B)=D(A>=B)+(A—1)>=(A—-1)> > B=A2
(85)

It is the same restriction of the spin-2 case [see (67)], so
we proceed similarly. Under spin-3 invertible r shifts in (9),
Pysp = My + 1y, with r# —1/(D +2), we have
(a,b,c) — (a(r),b(r),c(r)) such that

a(r) =

b(r) = b[1 + r(D +2)]* =2(a + 1)r[l + r(D +2)]
+r2(D+4), (87)

a+r(aD + 2a - 2), (86)

c(r) =c[l + r(D +2)]* = 8ar’(D +2) + 4r(1 - 2a)
+22(D +6), (88)

which leads to’ 1+ r(D + 2))?

fpi2la(r). b(r)] =
fpia(a, b).

If, as in the spin-2 case, we identify (A,B) =
(a(r),b(r)), since (86) and (87) correspond to the expres-
sions (58) and (59) of the spin-2 case with the replacement
D — D + 2, the condition B = A? leads to the r shifts:

A~ fpppt+a—1 (89)
b2 [2—a(D—|—2 T (D+2)/Fpra

Notice from (86) and (89) that A = a(r) # 1 is assured
by fpio # 0 and we never have noninvertible r shifts, i.e.,
.o # —1/(D 4+ 2), so the equivalence is established also
for s = 3.

In conclusion, we have shown that the amplitude obtained
from S(a, b, c5,T,,,.J,) given in (16) is equivalent to the
amplitude obtained from S(0,0,0,7,,(r,s).J,(r.s)),
which is the spin-3 Maxwell-like TDiff model with rede-
fined sources, where

(Tup(r), Ju(r)) =

(Tp(557)5 Ty (s,7)) =

(T;wp + Vi’](lep), Jﬂ + FTM), (90)

( /w/)( )+S77(;w']p) (1 +S)Ju(r))’
(91)

with r = r,, and s = s(rj.,) given by (89) and (81),
respectively, while A = a(r},,) is given by (86).

As in the spin-2 case, since (T,,(r.s),J,(r,s)) are
linear combinations of the original sources (T,,.J,), we
may say that the model S(a,b,c) with fp,,(a,b) >0
usually coupled to the sources via h,,,,T#** is equivalent to
the Maxwell-like model S(0, 0, 0) with redefined couplings
via hy,,,T"? (s, r).

In the next subsection we present an alternative deriva-
tion of equivalence based on nonlocal field redefinitions for
both spin-2 and spin-3 cases.

C. Equivalence via nonlocal field redefinitions

Let us start with the simpler spin-2 case. Let us suppose
that we begin with an arbitrary S(a, b) TDiff model in (1),
so far without sources, which is moved into S(A,B) =
S(a(r), b(r)) after an r shift. Next, performing the nonlocal
field redefinition

hyy = by, + 900 (92)
—
o

the local form of the TDiff action is preserved such that
S(A,B) — S(a(s,r),b(s,r)). In order to arrive at the

°One can also show that the condition ¢ = ¢ ¢ is invariant under
r shifts since [c(r) —3a(r)? +2b(r)] = [1 + r(D 4+ 2)]*(c -
3a* +2b).

025008-10



EQUIVALENCE OF SPIN-2 AND SPIN-3 MODELS INVARIANT ...

PHYS. REV. D 112, 025008 (2025)

Maxwell-like theory we require

a(s,r)=1+(A=1)(1+s) =0, (93)

b(s,r)=1-2(A=1)(1+s)s+(B—1)(1+5)>=0. (94)

The solution of (93) and (94) only exists if A # 1 and
leads, in full agreement with Sec. IV A, to

B =A% (95)

Since we already know that b(r) = a*(r) can be imple-
mented via (70), we conclude that such r shift followed by
the nonlocal redefinition (92) leads us to the Maxwell-like
model:

S(a.b) = S(a(r). b(r)) = (0,0). (96)

Several comments are necessary. First, notice that the
solution (95) is such that we never have s = —1 which
would make (92) non invertible even if we neglected the
kernel of []. More severe is the fact that we are dealing with
a massless theory, so we cannot rigorously justify the
nonlocal redefinition anyway. It is, however, remarkable
that if we take into account the source term, the redefinition
(92) is in full agreement with the local source redefinition
of the last section. Namely, disregarding total derivatives
and recalling 0#T,, = d,J,

0"d’h
T, — <h/w + s = )Tﬂy

= (T, + sn,J) = BT, (s). (97)

As in Sec. VA, we do not need to worry about the
restriction A # 1 since fp #0 assures 75 # (1 —a)/
(aD—=2) if a#2/D while at a =2/D the condition
a(r) # 1 holds automatically; see (58).

Regarding the spin-3 case, we use the generalization of
(97) as a shortcut, but now we have more freedom to choose
the nonlocal field redefinition, namely,

0, 0,hy)  0,0,0,0-h

N(uw0p)0-h s
O o2

O

h/wp - hﬂyp+s1 +S2

(98)

Using (98) and (17), after integrations by parts, we
require [see (82)]

PT = WP [Ty + $201ud )] = [3(2 + kD)sy
(0-h)(a-J)

]
= W*P(T , = K ). (99)

+3s55(1 + k) + 53(2 4 «)]

Assuming A # 1 without loss of generality and further
supposing A # 2/(D + 2) (we come to that case later), the
requirement (99) leads to

(100)

 AQA-))
T A-DAD2) -2

53(A=2/3)
(A-1)[A(D+2)-2]

(101)

We have explicitly checked by means of the software
Mathematica with help of the package xAct [20] that (98)
with (100) and (101) in (9) with (a,b,c) = (A, B, cg)
indeed leads to the Maxwell-like model (0, 0, 0) if B = A?
and cg = 3A% — 2B & cg = A? for arbitrary values of s5. If
A =2/(D + 2), the condition (99) leads to the same value
of s, in (100) but now s; becomes a free parameter while
s3 = =3(D —2)/[D(D — 1)]. There is one exception in the
parameter space which must be mentioned. From (98) we
have 0-h — Ud - h, where U = s{(D + 2) — 3k + 53 + 2.
An invertible field redefinition requires U # 0, which leads
to s3#3(AD—-1)/(A-1) if A#2/(D+2) and s; #
—-1/(D—=1)if A=2/(D +2). The new trace h, can also
be obtained from the old one if x # 1 which is always
the case.

In summary, in both spin-2 and spin-3 cases the
Maxwell-like model can be quickly obtained from an
arbitrary TDiff model via an r shift followed by a nonlocal
field redefinition, though we have not been able to
rigorously justify the latter ones. In the spin-3 case the
nonlocal redefinition is not unique.

At this point a comment is in order. According to [21,22]
where nonlocal higher spin irreducible and reducible free
models, respectively, are obtained after integration over
Stueckelberg-like fields, it is natural to think of turning our
nonlocal transformations into local ones with the help of
the Stueckelberg-like field y of rank (s —2). Indeed, the
authors of [23] have been able to give an alternative
derivation of a self-interacting vertex for spin-2 fields in
the Maxwell-like TDiff model (a, b) = (0,0) by turning a
previously nonlocal nonlinear field redefinition involving
the field 4, into a local one with the help of the
Stueckelberg-like scalar field. In the spin-2 case we have
tried the following local redefinition:

h/w :Hﬂv+’7ﬂu(p)?+qH)7 (102)

x=7+tH (103)
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in order to get rid of the second and third lines of (38) and
turn it into the doublet string action (29). It turns out that it
only works if b = bg(a,D) = a[4 — a(D —2)]/4; in this
case (p,t) = (—2¢,0) and ¢ = a/(2 — aD). However, the
spin-2 TDiff model (a, bg(a, D)) is nothing but an r-shifted
version, with r = —a/2, of the Maxwell-like model
a=>b=0. If we perform a similar field redefinition in
the spin-3 case in order to getrid of the Maxwell term in (48),
it is required that b = bg(a, D 4+ 2) = a(4 — aD) /4 which
is such that f = 0; see (45). This corresponds again to an r
shift of the spin-3 Maxwell-like TDiff model. Since r shifts
are local field redefinitions we make no progress, regarding
the nonlocal s shifts, by using the Stueckelberg-like field.

VI. CONCLUSION

We have introduced a general spin-3 model S(a, b, ¢) in D
dimensions (D > 3) in (9), defined in terms of a rank-3
symmetric tensor and three real parameters. Requiring
invariance under a generalized version of transverse diffeo-
morphisms (TDiff) suggested in (12) and (14) for a #
2/(D+2) and in (26) and (27) for a =2/(D + 2), we
have found the condition ¢ = cg = 342 — 2b, which seems
to be rather universal and holds also for the pure spin-3
(irreducible) Fronsdal [8] and Skvortsov-Vasiliev [9] models.

The generalized TDiff model S(a, b, cg) is reducible and
describes a massless spin-3 plus a massless spin-1 particle.
The latter may be physical or not according to the values of
(a,b). In order to investigate the particle content of the
spin-3 TDiff model we have used a basis of nonlocal
differential operators acting on symmetric rank-3 tensors
(see [24] and the Appendix), allowing us to obtain the
gauge-invariant two-point amplitude (22).

In Sec. IV we have compared the spin-2 and spin-3 TDiff
models with the “doublet” action (29) coming from the
tensionless limit of the open bosonic string field theory in
the free case (see [16]) after algebraically integrating over
one of the fields of the triplet action (see [19] and the earlier
literature [13-15]). The doublet model (29) describes
massless particles of spin 5,5 — 2,5 —4,...,0 or 1 accord-
ing to even or odd s, respectively, and it is invariant under
unconstrained diffeomorphisms (Diff).

In order to compare unconstrained theories like (29) with
constrained ones it is natural to use Stueckelberg fields; see,
e.g., [3,12]. We have developed a specific method of
introducing Stueckelberg fields and compared (29) with
our singlet (one-field) TDiff models. The method introdu-
ces a rank-(s — 2) Stueckelberg-like field (y) via nonlocal
field redefinitions; see (33), (42) and (52). Although
nonlocal, we have shown, after a simple diagonalization,lo

"For Maxwell-like models (a, b) = (0,0) there is a nonlocal
diagonalization in [12] for arbitrary integer spins. However, in
[12] the original (traceful) rank-s field is decomposed in traceless
(irreducible) lower-rank components and the TDiff symmetry is
not enlarged to Diff.

that the redefinitions do not change the spectrum of the
original singlets. Moreover they extend the TDiff symmetry
to unconstrained Diff which are more natural in string
theory. For the sake of comparison we have written our
models in a convenient way in (38) for spin 2 and in (48) and
(57) for spin 3 with a #2/(D+2) and a =2/(D +2),
respectively. For the actions displayed in (38) and (48) we
only have apparently full agreement with the doublet model
(29) at vanishing values of our free parameters (a = 0 = b).
That point corresponds to the Maxwell-like models intro-
duced in [12] for arbitrary integer spins.

Regarding the point a = ap» = 2/(D +2) with ¢ =
cs = 3(ap.,)? — 2b, the parameter b is the only free one
[see (57)]; the model explicitly coincides with the doublet
theory only at b = (ap,,)* which is not of the Maxwell-
like type. So we conclude that the spin-3 Maxwell-
like model S(0,0,0) must be equivalent to the model
S(apa, a%) 2. C5). However, there is no local field redefi-
nition which might bring one model to the other one, since
a=2/(D+?2) is a fixed point of the local redefinitions
that we have called r shifts; see (86). This point and the
apparent discrepancies between the TDiff models and the
doublet action has led us to prove in Sec. V a nontrivial
equivalence among ghost-free TDiff models of spin 2 and
spin 3.

We have shown that any spin-2 TDiff model
S(a,b,T,,.J) such that fp(a,b) >0 [see (1) and (8)]
leads to the same amplitudes of the Maxwell-like model
8(0,0,T,,(s,r),J(s,r)) where the modified sources are
linear combinations of the original ones; see (72) and (73)
with the real constants (r,s) = (3, s(r5)) given in (70)
and (66)—see Sec. VA. For the spin-3 case we have
similarly proven the physical equivalence of TDiff models
S(a,b,cg, Ty, J,) such that ffp,5(a, b) > 0 with the spin-
3 Maxwell-like model S(0,0,0, Tm,,,(r,s),Jﬂ(r, s)) with
modified sources given in (90) and (91); see Sec. V B.
Alternatively, we have shown that the equivalence follows
from a local (r-shift) and a nonlocal (s-shift) field redefi-
nition; see Sec. V C for both spin 2 and spin 3. So we end
up with no physical discrepancies between ghost-free spin-
2 and spin-3 TDiff models and the doublet action coming
from string theory.

In order to get a better understanding of the issues
investigated here we clearly need to go to even higher spins
(s > 3) especially because of the double traceless condition
which appears in Fronsdal models for s > 4. Indeed, we are
currently investigating the spin-4 case and the generaliza-
tion of our results for (A)dS backgrounds as well as for
mixed symmetry tensors as in [12]. Notice that the non-
commutativity of the covariant derivatives in the curved
space generalization of the nonlocal field redefinition (98)
may be an obstacle to a curved space equivalence.
Moreover, the search for self-interacting vertices for
generalized TDiff models (see [23] for the Maxwell-like
case) is a fundamental issue to be investigated in order to
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confirm whether the equivalence found here persists at
interacting level.

Finally, it is worth mentioning that our method of
undoing constraints on gauge parameters via the introduc-
tion of Stueckelberg-like fields through field redefinitions
may find interesting applications in other gauge field
theories.
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APPENDIX: PROJECTION OPERATORS

We can define projection operators acting on vector
fields according to their longitudinal and transverse
components:

09,9,

@y = 0 5 9}41/ =N — Dy

(A1)
They satisfy the algebra and the closure relation below:

0; + o).
(A2)

0" =

ar . U .
00" =05 @yq >

@,,0"=0; & =

From the vector projection operators we can construct a
basis for operators acting on rank-3 tensors; following [24],
we have

3)\uvp % 1)\uvp
(PRt = o00s0)) — (P

(A3)

(P = 3000500) — (Pt (A4)
P = ™ Owtt). (49
(P = 30 et (A6)
PV = O wel). (7
(PY)t = wopor . (A8)

Notice that here the parenthesis means normalized
symmetrization; taking for example the first term in
(A3) we have

(v v )_1 2 0 N o 14
02856, = g (Oablfy + 0ub6r + 62040, + Oub)f);
+ 040,04 + 04001, (A9)

The totally symmetric identity operator is represented by 1
and is given by

e — 5(/4 57} 5/))‘

apy = “a 7) (AIO)

()

Finally, the transition operators P;;" are given by

PR = e A
e e
(P = ﬁe(aﬁw(“ ”a’%) (A13)
(Pt = — e yaf).  (AL4)
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