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Here we investigate a general class of massless local theories of spin 2 and spin 3, both invariant under
generalized transverse diffeomorphisms (TDiff). We identify the ghost-free region in their parameter space
and show the relationship of those models with the “doublet” action stemming from the tensionless limit of
the open bosonic string field theory (for symmetric tensors). The connection is implemented via a nonlocal
field redefinition which introduces a Stueckelberg-like field of rank 0 (rank 1) for the spin-2 (spin-3) case.
An apparent mismatch between most TDiff models and the “doublet” action has led us to prove a nontrivial
equivalence among TDiff models, thereby restoring consistency. Any point in the parameter subspace of
ghost-free TDiff models is equivalent to any other one within that subspace. In particular, they are all
physically equivalent to their simplest versions known as Maxwell-like models. So, the physical TDiff
models seem to differ from each other by a Becchi-Rouet-Stora-Tyutin cohomologically trivial term.
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I. INTRODUCTION

In recent years, there has been growing interest in the
connection between higher spin (HS) particles and string
theory, as seen in the review works [1–4] and the book [5].
An interesting point concerns the formulation of interacting
theories for massless HS particles. On one hand, there are
powerful no-go theorems regarding the interaction of
massless HS particles (see for instance [6,7]); on the other
hand, massive HS particles in string theory can consistently
interact and they become massless in the tensionless limit
of the strings. Moreover, the fact that HS models in their
formulation in terms of symmetric tensors makes use of
constrained fields and constrained gauge symmetries [8,9]
while no such constraints seem to be natural in string theory
is rather intriguing. Those issues will be addressed here
specifically for spin-2 and spin-3 particles as reducible
theories (TDiff models) in order to make contact with the
spectrum of bosonic open-string field theory in the tension-
less limit, which is also reducible.
First, we recall that transverse diffeomorphisms (TDiff),

namely, δhμν ¼ ∂μΛT
ν þ ∂νΛT

μ , where ∂
μΛT

μ ¼ 0 is the

minimal symmetry for the description of massless spin-2
particles; see [10]. Such symmetry is enough to remove
spin-1 ghosts as explained in detail in [11]. The TDiff
model is reducible, in general1; it describes spin-2 and
spin-0 massless particles—the latter ones may be physical
or not, depending upon the free parameters of the model.
The simplest subcase of the TDiff models is known as

Maxwell-like model [12]. It has been defined for arbitrary
integer spin in [12], in flat and anti–de Sitter backgrounds,
not only for symmetric but also for mixed symmetry
tensors. For rank-s symmetric fields in four-dimensional
flat backgrounds it describes massless particles of spin
s; s − 2; s − 4;…0 or 1 according to even or odd s,
respectively. This is exactly the same spectrum of the
tensionless limit of the open bosonic string field theory in
the first Regge trajectory [13–15]. Due to the redefinition of
the Virasoro generators and the tensionless limit (α0 → ∞),
the redefined Virasoro algebra has no central charge and no
critical dimension is required.
It is known that the tensionless limit of the mentioned

string field theory leads to the so-called triplet action (see
[16] and also [13–15]), which contains, in the first Regge
trajectory, three symmetric fields ðφ; C;DÞ of rank s, s − 1
and s − 2, respectively. In order to connect the triplet action
with the generalized TDiff models one first eliminates the
rank-(s − 1) C field algebraically and derive a doublet
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1As explained in [11] the TDiff spin-2 symmetry can be
enlarged to Diff or to WTDiff (Weylþ TDiff); in both cases the
model becomes irreducible. Higher spin (s ≥ 3) models described
by arbitrary rank-s symmetric fields can also be invariant under
WTDiff and become irreducible [9].
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action [16] in terms of ðφ; DÞ. The connection with the
TDiff Maxwell-like models can proceed further by elimi-
nating the D field via gauge fixing at action level or, on the
singlet TDiff side, by the introduction of a rank-(s − 1)
Stueckelberg field which gives rise to theD field afterward,
as mentioned in [12]. For the specific cases of spin 2 and
spin 3, we work out here such connection explicitly and we
go even beyond the Maxwell-like sub case. In Sec. II we
recover the results of [11,17] for the gauge-invariant
(saturated) two-point amplitude of the generalized spin-2
TDiff model. In Sec. III we define a generalized spin-3
TDiff model and obtain its two-point gauge-invariant
amplitude using the rank-3 projection operators given in
the Appendix.
Since the doublet action is invariant under uncon-

strained Diff symmetry, from the perspective of TDiff
models, we develop a method in Sec. IV to lift constra-
ined symmetries into unconstrained ones by introducing
appropriate Stueckelberg-like fields,2 thereby connecting
the one-field (singlet) generalized TDiff models with
the string theory doublet action in a direct manner. It
turns out that a perfect match only occurs apparently for
specific points in the parameters space of the TDiff
models.
Finally, in Sec. V, motivated by the apparent mismatch of

Sec. IV, we show that there is a nontrivial equivalence
among the physical spin-2 and spin-3 TDiff models such
that, for each spin, it is always possible to start from one
point in physical subspace of the parameters of the TDiff
model and, after a local field redefinition and sources
redefinitions, to arrive at any other point of this subspace. In
particular, any model is equivalent to its simplest version,
called the Maxwell-like model.
In Sec. VI we draw our conclusions and perspectives for

future work in order to generalize the equivalence we have
found for higher spins, curved spaces and mixed symmetry
tensors.

II. s= 2 TDiff MODEL—A REVIEW

Before we go to the spin-3 case we review the spin-2
TDiff model since there are several parallel aspects which
inspire us to run after a generalization of our results for
arbitrary spin s.
The free spin-2 TDiff model is written in terms of a

symmetric rank-2 field hμν ¼ hνμ. Following the notation3

of [17] we have in D ≥ 3 dimensions

Sða; bÞ ¼
Z

dDx

�
1

2
hαβ□hαβ þ ð∂μhμβÞ2 þ ah∂μ∂νhμν

−
b
2
h□hþ hμνTμν

�
: ð1Þ

The first two terms are required for massless spin-2
propagation without spin-1 ghosts [11]. Neglecting surface
terms, for any a; b∈R, the action (1) is invariant under
TDiff gauge transformations:

δThμν ¼ ∂μΛT
ν þ ∂νΛT

μ ; ∂
μΛT

μ ¼ 0; ð2Þ

if the source satisfies

∂
μTμν ¼ ∂νJ; ð3Þ

where J is an arbitrary function. So the original source is in
general not conserved.
The Lagrangian corresponding to (1) can be written in

the form

Lða; bÞ ¼ 1

2
hμνGμναβð∂Þhαβ þ hμνTμν; ð4Þ

where the second-order differential operator Gð∂Þ is read
off from (1). The gauge-invariant two-point amplitude in
momentum space is given by the propagator saturated with
the sources, in our notation and suppressing indices,

A2ðkÞ ¼ −
i
2
T�ðkÞG−1ð∂ → ikÞTðkÞ: ð5Þ

We can check the particle content of (1) by analyzing the
analytic structure of A2ðkÞ. Following [17] (see also [11]),
in order to obtainG−1ðkÞ, we add a gauge-fixing term in the
form of a square of a transverse vector. Explicitly, in
momentum space we end up with

A2ðkÞ ¼
i
k2

�
T̃�μνT̃μν −

jT̃j2
D − 2

þ 1

ðD − 2ÞfD
jJ̃j2

�
: ð6Þ

where the conserved tensor T̃μν and J̃ are given by

T̃μν ¼Tμν−ημνJ; J̃¼ð1−aÞTþðaD−2ÞJ; ð7Þ

with ∂
μT̃μν ¼ 0 and T ¼ ημνTμν. The constant fD [11] is

given by

fD ≡ fDða; bÞ ¼ ðD − 2Þða2 − bÞ þ ða − 1Þ2: ð8Þ

The first two terms of (6) represent a physical massless
spin-2 particle. They coincide with the amplitude of the
linearized Einstein-Hilbert theory. The last term represents
a physical (unphysical) massless spin-0 particle if fD > 0
(fD < 0). Such content can be confirmed by a purely

2See the review work [3,12] for the introduction of Stueck-
elberg fields in HS theories along the same goal.

3We use the Minkowski metric ημν ¼ diagð−1; 1;…; 1Þ in D
dimensions and our rank-2 and rank-3 index symmetrization have
no weights, e.g., TðαβÞ ¼ Tαβ þ Tβα.
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Lagrangian analysis (see [11]) or by the usual Hamiltonian
Dirac-Bergmann algorithm for constrained systems as
carried out in [18]. In [17] one has shown that the spin-
0 term leads to an additive contribution to the deviation
angle in the gravitational lens effect; as such, it could be
used to explain an eventual experimental deviation above
the angle predicted by general relativity but not below it.
The singularity in the amplitude at fD ¼ 0 points to

the appearance of a larger symmetry. In particular, at
ða; bÞ ¼ ð1; 1Þ we have the linearized Einstein-Hilbert
(EH) theory invariant under unconstrained Diff, i.e., δhμν ¼
∂μΛν þ ∂νΛμ while at ða; bÞ ¼ ðaD; bDÞ≡ ð2=D; ðDþ
2Þ=D2Þ we have the spin-2 WTDiff model [11] where
δWThμν ¼ ∂μΛT

ν þ ∂νΛT
μ þ ημνλ. The other cases, as we

explain later, are trivial shifts of the EH case. Whenever
we have fD ¼ 0 we have the propagation of only massless
spin-2 particles.

III. s= 3 TDiff MODEL

In order to be as close as possible to the spin-2 case,
regarding the notation, we start this subsection with the
most general second order spin-3 massless model free of
rank-2 ghosts. In terms of a fully symmetric rank-3 tensor
hμνρ ¼ hðμνρÞ we have

Sða; b; cÞ ¼
Z

dDx

�
1

2
hμνρ□hμνρ þ 3

2
ð∂μhμνρÞ2

þ 3a∂μ∂νhμνρhρ −
3

2
bhμ□hμ þ 3

4
cð∂μhμÞ2

�
:

ð9Þ

The trace is denoted by the vector hμ ¼ ηνρhμνρ, while
ða; b; cÞ are so far arbitrary real constants. The first two
terms in (9) are required for a massless spin-3 particle
without spin-2 ghosts. The action Sða; b; cÞ is invariant
under traceless and transverse higher spin diffeomorphisms
(TrTDiff henceforth) depicted by a bar and a superscript
“T” respectively, i.e.,

δΛ̄hμνρ ¼ ∂ðμΛ̄T
νρÞ; ∂

νΛ̄T
νρ ¼ 0 ¼ ηνρΛ̄T

νρ: ð10Þ

The number of independent gauge parameters of the
TrTDiff symmetry is not enough to get rid of all non-
physical modes—the gauge symmetry must be enlarged.
There are by now in the literature, to the best we know,
three unitary models containing physical massless spin-3
particles which are subcases of (9) with a larger symmetry.
They have first appeared in [8,9,12]. Those models and
their gauge symmetries are given in Table 1.

In Table 1 (see [9]), we have

ðaDþ2;bDþ2;cDþ2Þ¼
�

2

Dþ2
;
Dþ4

ðDþ2Þ2 ;
2ð2−DÞ
ðDþ2Þ2

�
: ð11Þ

In the cases of the Fronsdal (SF) and the Skvortsov-
Vasiliev (SSV) models, the number of independent gauge
parameters is the same,4 DðDþ 1Þ=2 − 1, just like their
spectrum which consists of a physical massless spin-3
particle. However, in the Maxwell-like (SMax) model
the TDiff symmetry has less parameters, DðD − 1Þ=2.
Consequently, besides the physical spin-3 particle, we also
have a physical massless spin-1 particle.
Next we investigate the most general spin-3 case, i.e.,

S ¼ Sða; b; cÞ. First of all we introduce a generalization of
the TDiff transformation5 via a real constant k, i.e.,

δhμνρ ¼ ∂ðμΛT
νρÞ þ kηðνρ∂μÞΛT

¼ ∂ðμ½ΛT
νρÞ þ kημνÞΛT �≡ ∂ðμΛ̃νρÞ; ð12Þ

where ΛT ¼ ημνΛT
μν. Accordingly we have

δSða;b;cÞ¼ 3

Z
dDxΛT

�
∂
μ
∂
ν
∂
ρhμνρ½kð2−aðDþ2ÞÞ−a�

þ□∂
μhμ

��
bþc

2

�
ðkðDþ2Þþ1Þ−3ak

��
:

ð13Þ

Thus, if a ¼ aDþ2 ¼ 2=ðDþ 2Þ, there will be no TDiff
symmetry unless we also require a traceless parameter
ΛT ¼ 0. In the next subsection we assume a ≠ 2=ðDþ 2Þ
which leads to TDiff models closer to the Fronsdal
theory. Later on we will investigate the special case
a ¼ aDþ2 ¼ 2=ðDþ 2Þ, closer to the SV theory.

TABLE I. Gauge transformations, actions, and their corre-
sponding symmetries.

Action Type of symmetry δhμνρ

SF ≡ Sð1; 1; 1Þ ∂ðμΛ̄νρÞ ðTrDiffÞ
SSV ≡ SðaDþ2; bDþ2; cDþ2Þ ∂ðμΛ̄T

νρÞ þ ηðμνλρÞ ðWTrTDiffÞ
SMax ≡ Sð0; 0; 0Þ ∂ðμΛT

νρÞ ðTDiffÞ

4The Skvortsov-Vasiliev (SV) model can be alternatively
formulated in terms of a traceless rank-3 symmetric field where
one is left only with the TrTDiff symmetry. One has used the
vector Weyl symmetry to make hμ ¼ 0. Since we focus in the
connection with the spectrum of the tensionless limit of string
field theory where no such restrictions on the rank-s field show
up, we work only with unrestricted fields.

5Such generalization only exists for s ≥ 3 since for s ¼ 2 we
have ∂μΛT

ν þ ∂νΛT
μ þ kημν∂ρΛT

ρ ¼ ∂μΛT
ν þ ∂νΛT

μ .
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A. Case I: a ≠ 2=ðD+ 2Þ
Requiring invariance of the general action, i.e.,

δSða; b; cÞ ¼ 0, we have from (13)

k ¼ a
2 − aðDþ 2Þ ; c ¼ 3a2 − 2b≡ cS: ð14Þ

Remarkably, the special case c ¼ cs also holds for all
spin-3 models mentioned earlier in Table 1. Regarding the
gauge parameter Λ̃μν defined in (12), if a ≠ 1, it satisfies
the vector constraint

∂
νΛ̃νρ ¼

k
1þ kD

∂ρΛ̃ ¼ a
2ð1 − aÞ ∂ρΛ̃: ð15Þ

If a ¼ 1, the parameter must be traceless
(ηνρΛ̃νρ ¼ Λ̃ ¼ 0) and the transverse part of its divergence
must vanish: ð∂νΛ̃νρÞT ¼ 0. So in total we still have D
constraints as in the a ≠ 1 case. This shows that (12) is
indeed a natural analog for a ≠ 0 of the usual TDiff
symmetry δhμνρ ¼ ∂ðμΛT

νρÞ which only occurs at a ¼ 0.
In order to check the particle content of (9) with c ¼ cS

we introduce a totally symmetric source as in the s ¼ 2
case. Namely, we define

Sða;b;cS;Tμνρ;JμÞ≡Sða;b;cSÞþ
Z

dDxhμνρTμνρ: ð16Þ

The gauge invariance of the source term, after integration
by parts, implies the following constraints:

∂μTμνρ ¼ ∂
νJρ þ ∂

ρJν −
2kηνρ

ð1þ kDÞ ð∂
μJμÞ; a ≠ 1

and ða; bÞ ≠ ðaDþ2; bDþ2Þ; ð17Þ

∂μTμνρ¼ ∂
νJρT þ∂

ρJνT þηνρJ; a¼ 1 and b≠ 1; ð18Þ

where ∂μJTμ ¼ 0 while Jμ and J are arbitrary functions. In
particular, there is no connection between JTμ and Jμ. The
restrictions on the far right of (17) and (18) are necessary to
avoid the SV and Fronsdal cases, respectively, where we
have more symmetry and the constraints are more restric-
tive, namely,

∂μTμνρ ¼ ηνρJ ðFronsdalÞ; ð19Þ

∂μTμνρ ¼ ∂
νJρT þ ∂

ρJνT ; ημνTμνρ ¼ 0 ðSVÞ; ð20Þ

where JTμ and J are arbitrary except for ∂μJTμ ¼ 0. After
adding a gauge-fixing term LGF ¼ λ0ðfTμνÞ2=2 to (16),
where we have defined the symmetric transverse tensor

fTνρ ¼ □∂
μhμνρ − ∂νð∂α∂βhαβρÞ − ∂ρð∂α∂βhαβνÞ

þ ηνρ∂
α
∂
β
∂
γhαβγ; ð21Þ

we are able to obtain the rank-3 tensor propagator.
Saturating with sources according to (5) the dependence
on λ0 disappears and we obtain the two-point amplitude in
momentum space associated with Sða; b; cSÞ. We have
carried out this procedure separately for a ≠ 1 and a ¼ 1.
In the first case, assuming also ða; bÞ ≠ ðaDþ2; bDþ2Þ, we
have

A2ðkÞ ¼
2i
k2

�
T̃�
μνρT̃μνρ −

3

D
jT̃μj2 þ

3

DfDþ2

jJ̃Tμ j2
�
; ð22Þ

where

T̃μνρ ≡ Tμνρ − ηðμνJρÞ; ð23Þ

J̃Tμ ≡ ð2 − aðDþ 2ÞÞJμ þ ða − 1ÞTμ; ð24Þ

fDþ2ða; bÞ≡Dða2 − bÞ þ ða − 1Þ2: ð25Þ

The first two terms in (22) correspond precisely to
the result one finds in the spin-3 Fronsdal theory. Notice
that from (17) and (14) one can show that ∂μT̃μνρ ¼
ηνρð∂μJμÞ=ða − 1Þ which is a constraint of the Fronsdal
type; see (19). Likewise, (17), (14), and (24) lead to
∂
μJ̃Tμ ¼ 0. Moreover, it turns out that in the second case
(a ¼ 1), using the constraint (18), we end up basically
with the same expression (22) with the replacements

T̃μνρ → Tμνρ − ηðμνJρÞT and ðfDþ2; J̃Tμ Þ → ðDð1 − bÞ; JTμ Þ.
In summary, regarding the particle content, the expression
(22) holds in principle for any a ≠ 2=ðDþ 2Þ and we
have always a physical massless spin-3 particle plus a
physical (nonphysical) massless spin-1 particle if fDþ2 > 0
(fDþ2 < 0). Notice that this is in agreement with the
interpretation of the spin-3 version of the Maxwell-like
models of [12] as describing physical spin-3 and spin-1
massless particles in the case of rank-3 symmetric tensors,
since fDþ2ð0;0Þ¼ 1> 0. As in the spin-2 case, if fDþ2 ¼ 0
there is an enlargement of the symmetry and we only have
massless spin-3 particles.

B. Case II: a= 2=ðD+ 2Þ
As we have mentioned after (13), if a¼ aDþ2 ¼

2=ðDþ2Þ, in order to have a symmetry we have to
assume further that the transverse rank-2 gauge parameter
is traceless (TrTDiff). It turns out, as the reader can
check, that if c ¼ cS ¼ 3ðaDþ2Þ2 − 2b, there will be also
a longitudinal Weyl symmetry δhμνρ ¼ ηðμν∂ρÞλ that is
enlarged to full Weyl δhμνρ ¼ ηðμνλρÞ at the SV point
b ¼ bDþ2. In this subsection we assume ða; b; cÞ ¼
ðaDþ2; b; cSÞ with b ≠ bDþ2. Consequently, the action
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SðaDþ2; b; cSÞ is invariant under the following transforma-
tion for otherwise arbitrary values of b:

δhμνρ ¼ ∂ðμΛ̄T
νρÞ þ ηðμν∂ρÞλ≡ ∂ðμΛ�

νρÞ: ð26Þ

The traceless piece of the new gauge parameter must be
transverse; i.e., similarly to (15), it satisfies a vector
constraint:

∂
νΛ�

νρ ¼
1

D
∂ρΛ�: ð27Þ

Notice that (27) does not fit in the form (15); there would
be no solution for k. Henceforth we call T�Diff the
diffeomorphisms (26) satisfying (27). The invariance of
(16) under (26), using (27) at a ¼ aDþ2 requires the
constraint

∂μTμνρ ¼ ∂
νJρ þ ∂

ρJν −
2

D
ηνρ∂μJμ; ð28Þ

where Jμ is arbitrary. Since the number of independent gauge
parameters of T�Diff is the same one of thegeneralized TDiff
we can still use the same gauge-fixing term based on (21).
After saturating with sources the gauge-fixing constant λ0
disappears again andwe recover (22) ata ¼ aDþ2where now
fDþ2ðaDþ2; bÞ ¼ DðbDþ2 − bÞ and J̃Tμ ¼ Tμ. From the
constraint (28) we have ∂

μJ̃Tμ ¼ ∂
μTμ ¼ 0 and ∂μT̃μνρ ¼

−ðDþ 2Þηνρ∂ · J=D which, as in the a ≠ 2=ðDþ 2Þ case,
allows us to conclude that SðaDþ2; b; cSÞ contains a
physical spin-3 particle plus a physical (nonphysical) mass-
less spin-1 particle forb < bDþ2 (b > bDþ2). The singularity
at b ¼ bDþ2 indicates the appearance of a larger symmetry;
in this case, the longitudinalWeyl symmetry in (26) becomes
the full Weyl symmetry.

IV. DOUBLET ACTION: TDiff → Diff
AND T�Diff → Diff

It is known that consistent propagations of strings
require specific (critical) spacetime dimensions like D ¼
26 (D ¼ 10) for the bosonic (super)string. By choosing a
critical dimensionwe cancel the central charge of the original
Virasoro algebra. It is possible, however (see [13–15]), to
redefine the Virasoro generators in the tensionless limit
(1=α0 → 0) such that their new algebra has no central charge
and no critical dimension is required. Using the correspond-
ing Becchi-Rouet-Stora-Tyutin (BRST) charge one can
construct a string field theory which in the open bosonic
string case, restricted to symmetric fields, leads to a quadratic
second-order action written in terms of a triplet of totally
symmetric fields (φ; C;D) of rank ðs; s − 1; s − 2Þ, respec-
tively; see [16,19]. The corresponding theory describes free
massless particles of spin s; s − 2; s − 4;…; 0 or 1 according
to even or odd integer s, in arbitrary dimensions. After
algebraically eliminating the field C one obtains a doublet

action in terms of (φ; D). Here, we change the notation
Dμ1…μs−2 → χμ1…μs−2 and the doublet action of [16] becomes6

SST ¼
Z

dDx

�
1

2
φ□φþ s

2
ð∂ ·φÞ2

þ sðs−1Þ½χ∂ ·∂ ·φ−χ□χ�þ3

�
s

3

�
ð∂ ·χÞ2

�
: ð29Þ

Unlike the Fronsdal theory, in (29) there is no double
traceless condition on the fields; both are unconstrained.
Moreover there is no constraint in the gauge symmetry
parameter either; the action (29) is invariant under uncon-
strained diffeomorphism:

δφμ1…μs ¼ ∂ðμ1Λμ2…μsÞ; δχμ1…μs−2 ¼ ∂
ρΛρμ1…μs−2 : ð30Þ

In order to compare both s ¼ 2 and s ¼ 3 TDiff models
(1) and (9), respectively, with the corresponding cases in
(29) we must first lift the transverse condition on the gauge
parameter turning TDiff into Diff. We will carry this out in
both cases s ¼ 2 and s ¼ 3. We start with the s ¼ 2 case
but basically the same procedure will be performed
for s ¼ 3.

A. From TDiff → Diff (s= 2)

We first rewrite the transverse parameter in terms of an
arbitrary one via a nonlocal projection operator:

ΛT
μ ¼ Λμ −

∂μð∂ρΛρÞ
□

; ð31Þ

such that the field in (1) transforms as

δThμν¼ ∂μΛT
ν þ∂νΛT

μ ¼ ∂μΛνþ∂νΛμ−2
∂μ∂νð∂ ·ΛÞ

□
: ð32Þ

The previous formula suggests the introduction of a
compensating scalar field via a nonlocal field redefinition:

hμν ¼ φμν − 2
∂μ∂νχ

□
; ð33Þ

such that the new fields transform locally under uncon-
strained diffs:

δφμν ¼ ∂μΛν þ ∂νΛμ; δχ ¼ ∂
μΛμ; ð34Þ

which makes us to expect the cancellation of the nonlocal
terms in the action (1). Indeed, after (33), its Lagrangian
density is local, including the source term:

6We use the compact notation ð∂·Þkφ ¼ ∂
μ1…∂

μkφμ1…μkμkþ1…μs .
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Ls¼2½a; b;φ; χ� ¼ 1

2
φαβ

□φαβ þ ð∂μφμβÞ2

þ aφ∂μ∂νφμν −
b
2
φ□φ

þ 2ðb − aÞχ□φþ 2ð1 − aÞχ∂ · ∂ · φ
þ 2Cχ□χ þ φμνTμν þ χJ; ð35Þ

where C≡ 2a − b − 1 and we have used the source
constraint (3). The action corresponding to (35) is now
invariant under the unconstrained diffeomorphism in (34).
Regarding the particle content of (35), after the invertible

field redefinition (see [17]),

ðφμν;χÞ→
�
Hμνþ

ð1−aÞ
D−2

ημνΦ;−HþðaD−2Þ
D−2

Φ
�
; ð36Þ

we have a diagonal theory consisting of a linearized
Einstein-Hilbert theory (healthy spin-2) and an additional
spin-0 particle:

Ls¼2½a; b;H;Φ� ¼ LLEHðHÞ þ fDða; bÞ
D − 2

Φ□Φ

þHμνT̃μν þΦJ̃: ð37Þ

The functional integral over ðHμν;ΦÞ will exactly
reproduce (6), showing that the particle content of (1)
has not been changed by the nonlocal introduction of χ
via (33).
For future comparison with the doublet action (29)

coming from strings at s ¼ 2, we rewrite (35) in the
equivalent form7:

Ls¼2½a;b;φ;χ� ¼ 1

2
φ□φþð∂ ·φÞ2þ2χð∂ ·∂ ·φÞ−2χ□χ

þð2a−bÞ
2

ðφ−2χÞ□ðφ−2χÞ
þaðφ−2χÞð∂ ·∂ ·φ−□φÞ: ð38Þ

B. From TDiff → Diff (s= 3)

Now we move to the s ¼ 3 case. First we look at the
a ≠ 2=ðDþ 2Þ case. The Diff transformation δhμνρ ¼
∂ðμΛ̃νρÞ which leaves (9) invariant, at c ¼ cS, is such that
the vector constraint (15) must hold. It is a consequence of
Λ̃νρ ¼ ΛT

νρ þ kηνρΛT . Following the steps of the s ¼ 2 case
we write down ΛT

νρ in terms of an arbitrary rank-2
symmetric field via a projection operator. Consequently,
we have

Λ̃νρ ¼ Λνρ −
∂ðν∂μΛμρÞ

□
þ ηνρ

�
kΛþ g

∂ · ∂ · Λ
□

�
; ð39Þ

where k is given in (14) and g ¼ 1þ kðD − 2Þ. The reader
can check that (39) satisfies (15).
Then it follows that

δhμνρ ¼ ∂ðμΛ̃νρÞ ¼ ∂ðμΛνρÞ − 2
∂ðμ∂νλρÞ

□

þ ηðμν∂ρÞ

�
kΛþ g

∂ · λ
□

�
; ð40Þ

where we have defined λμ ≡ ∂
ρΛρμ. If we introduce a rank-

3 (φ) and a rank-1 (χ) field which transform according to
the spin-3 version of (30), i.e.,

δφμνρ ¼ ∂ðμΛνρÞ; δχμ ¼ λμ ¼ ∂
ρΛρμ; ð41Þ

we can rewrite the right side of (40) in terms of δφμνρ and
δχμ. The resulting expression is in agreement with the
nonlocal field redefinition:

hμνρ ¼ φμνρ þ ηðμνVρÞ þ 2
∂ðμ∂νχρÞ

□
; ð42Þ

where

Vμ ¼ kðφμ þ 2χμÞ − g
∂μð∂ · χÞ

□
: ð43Þ

The substitution of (42) in (9) leads to the following local
theory:

Ls¼3½a; b;φ; χ�

¼ 1

2
φμνρ□φμνρ þ 3

2
ð∂μφμνρÞ2 −

3

2
fφμ□φμ −

3

2
fð∂ · φÞ2

þ 6χð∂ · ∂ · φÞ þ 6fχμ□φμ þ 6fð∂ · χÞð∂ · φÞ
− 6ð1þ fÞχμ□χμ − 3ð2f − 1Þð∂ · χÞ2; ð44Þ

where

f ¼ a2D − 4aþ 4b
½aðDþ 2Þ − 2�2 : ð45Þ

After the invertible field redefinition

ðφμνρ; χμÞ ¼
�
Hμνρ − ηðμνAρÞ; Aμ −

Hμ

2

�
; ð46Þ

the Lagrangian (44) acquires a diagonal form as a linear
combination of the spin-3 Fronsdal theory and the Maxwell
theory:

7Note that φ in the second and third lines of (38) stands for the
trace of the rank-2 field φ ¼ ημνφμν except in ∂ · ∂ · φ.
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Ls¼3½a;b� ¼LFð1;1;1;HÞ− 3DfDþ2

½aðDþ2Þ−2�2F
2
μνðAÞ; ð47Þ

where LFð1; 1; 1; HÞ is the Fronsdal Lagrangian corre-
sponding to (9) with ða; b; cÞ ¼ ð1; 1; 1Þ. So besides the
physical massless spin-3 particle, if fDþ2 > 0 (fDþ2 < 0),
we have a physical (nonphysical) massless spin-1 particle
which disappears at fDþ2 ¼ 0 where TDiff increases to
TrDiff. Notice that this is in full agreement with the two-
point amplitude (22). So once again the nonlocal intro-
duction of Stueckelberg-like field (χμ) did not change the
particle content of the model.
For sake of comparison with the doublet action (29) we

rewrite (44) in the equivalent form:

Ls¼3½a;b;φ;χ� ¼
1

2
φμνρ□φμνρþ3

2
ð∂μφμνρÞ2þ6χð∂ ·∂ ·φÞ

−6χμ□χμþ3ð∂ ·χÞ2þ3f
2
F2
μνðφ−2χÞ:

ð48Þ

C. From T�Diff → Diff (s= 3)

Now we look at the a ¼ aDþ2 ¼ 2=ðDþ 2Þ case. The
T�Diff transformation δhμνρ ¼ ∂ðμΛ�

νρÞ nowmust satisfy the
constraint (27). Similarly to the previous cases the reader
can check that

Λ�
νρ ¼Λνρ−

∂ðν∂μΛμρÞ
□

þ ∂ν∂ρ

ðD−1Þ□
�
ΛþðD−2Þ∂ ·∂ ·Λ

□

�

ð49Þ

indeed satisfies (27). From (49) we can write

∂ðμΛ�
νρÞ ¼ ∂ðμΛνρÞ þ2

∂ðμ∂νUρÞ
□

−
3ðD−2Þ
D−1

∂μ∂ν∂ρð∂ ·UÞ
□2

;

ð50Þ

wherewe have definedUμ≡−ð∂ ·ΛÞμþ∂μΛ=D. Therefore,
if we introduce, as before, a rank-3 (φ) and a rank-1 (χ̃) field
which transform according to unconstrained diffs as

δφμνρ ¼ ∂ðμΛνρÞ; δχ̃μ ¼ −∂ρΛρμ þ
∂μΛ
D

; ð51Þ

the expression (50) suggests the nonlocal field redefinition:

hμνρ ¼ φμνρ þ 2
∂ðμ∂νχ̃ρÞ

□
−
3ðD − 2Þ
ðD − 1Þ

∂μ∂ν∂ρð∂ · χ̃Þ
□

2
: ð52Þ

After substituting (52) in SðaDþ2; b; cSÞ once again the
nonlocal terms are canceled out and we end up with a local
action whose Lagrangian density is

Lðφ; χ̃Þ ¼ 1

2
φμνρ□φμνρ þ 3

2
ð∂μφμνρÞ2 þ 3aDþ2∂

μ
∂
νφμνρφ

ρ −
3

2
bφμ□φμ þ 3

4
cSð∂μφμÞ2

þ 6ðaDþ2 − 1Þð∂ · ∂ · φÞ · χ̃ þ 6ðaDþ2 − bÞχ̃μ□φμ − 6

�
bþ D − 4

ðDþ 2Þ2
�
ð∂ · φÞð∂ · χ̃Þ

þ 6ð2aDþ2 − 1 − bÞχ̃μ□χ̃μ − 3½2b − 1þ ðD − 1ÞaDþ2�ð∂ · χ̃Þ2: ð53Þ

After the invertible field redefinition

ðφμνρ; χ̃μÞ ¼
�
Hμνρ þ ηðμνBρÞ;−

Hμ

2

�
; ð54Þ

we end up with the pure spin-3 Fronsdal model decoupled
from the Maxwell theory:

L½aDþ2;b;cS� ¼LFð1;1;1;HÞþ3ðDþ2Þ2fDþ2ðaDþ2;bÞ
D

×

�
−
1

4
F2
μνðBÞ

�
; ð55Þ

which confirms the particle content displayed in (22)
at a ¼ aDþ2. So once more a nonlocal field redefinition
[see (52)] has not changed the particle content.

As in previous cases, for sake of comparison with the
doublet action (29), it is convenient to make an invertible
change of variables. Notice that the gauge transformation of
χ̃ in (51) is slightly different from (30). However,

χ̃ ¼ 1

D
½φμ − ðDþ 2Þχμ� → δχμ ¼ ∂

νΛμν: ð56Þ

After implementing (56) in (53) we obtain

L½aDþ2; b; cS� ¼
1

2
φμνρ□φμνρ þ 3

2
ð∂μφμνρÞ2 þ 6χð∂ · ∂ · φÞ

− 6χμ□χμ þ 3ð∂ · χÞ2

−
3½4 − bðDþ 2Þ2�

4D2
F2
μνðφ − 2χÞ: ð57Þ

If we look at the first line of both (38) and (48) we
recognize the spin-2 and spin-3 versions of (29),
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respectively. Since the rest of those actions vanish at
a ¼ 0 ¼ b, we see that is possible to connect the local
one-field Maxwell-like models of [12] with the local
doublet action stemming from the tensionless limit of
string field theory in one step by means of nonlocal field
redefinitions which introduce a rank-(s − 2) symmetric
field. It is mentioned in [12] that this could be done in
two steps via a rank-(s − 1) symmetric field whose diver-
gence would be identified with the rank-(s − 2) field χ.
The question arises: what about the general case

ða; bÞ ≠ ð0; 0Þ? It turns out that the extra terms beyond
(29) in (38) and (48) are gauge invariant on their own. In the
spin-2 case this follows from δðφ − 2χÞ ¼ 0 and the
invariance of the linearized scalar curvature: δð∂μ∂νφμν −
□φÞ ¼ 0 under (34). For s ¼ 3 the diff symmetry coincides
with the usual Uð1Þ symmetry of Maxwell theory since
under (41) we have δðφμ − 2χμÞ ¼ ∂μΛ. Therefore, in both
s ¼ 2 and s ¼ 3 cases the ða; bÞ-dependent difference with
respect to (29) is trivial from the point of view of gauge
symmetry. However, we should not identify such difference
immediately with a cohomologically trivial term regarding
the BRST charge since, as we have seen, according to the
value of ða; bÞ the spin-0 particle may be a ghost instead of
the a ¼ 0 ¼ b case where it is a physical particle; this
applies also to the s ¼ 3 case regarding the spin-1 particle.
Even if we are constrained to a subspace of the two-
dimensional parameter space ða; bÞ where the spin-(s − 2)
particle remains physical it is not possible in general to
connect all models with different values of ða; bÞ via local
field redefinitions to ða; bÞ ¼ ð0; 0Þ. The turning point for
the understanding of the mismatch between (29) and (38)
for s ¼ 2 and between (29) and (48) for s ¼ 3 for ða; bÞ ≠
ð0; 0Þ came up from the special s ¼ 3 case a ¼ aDþ2.
We see in (57) that the extra term (Maxwell term) is once

again gauge invariant by itself. However, if b ¼ a2Dþ2,
which implies cS ¼ ðaDþ2Þ2 ¼ b, we can also go in
one (nonlocal) step from the one field T�Diff model S� ≡
S½aDþ2; a2Dþ2; a

2
Dþ2� directly to the doublet model coming

from string theory (29). Therefore, S� must be equivalent to
the spin-3 Maxwell-like model ða; b; cÞ ¼ ð0; 0; 0Þ. Indeed
we have been able to prove that there is a nontrivial
equivalence between those models which we have later
generalized, proving that any ða; b; cSÞ spin-3 model within
the physical subspace fDþ2 > 0 is equivalent to the
Maxwell-like model ða; b; cÞ ¼ ð0; 0; 0Þ. A similar equiv-
alence holds also for the s ¼ 2 case. It can be shown from
the two-point amplitude via a simultaneous redefinition of
the sources and of the constants of the model or alter-
natively from the local action via a local followed by a
nonlocal field redefinition as we explain in the next section.

V. EQUIVALENCE BETWEEN TDIFF MODELS

In this subsection we prove that the spin-2Sða; bÞ
and spin-3Sða; b; cSÞ TDiff models [see (1) and (16),

respectively] are equivalent to the corresponding Maxwell-
like models Sð0; 0Þ and Sð0; 0; 0Þ.

A. Sources redefinition (s= 2)

First, we notice that after performing the invertible local
field redefinition: hμν→ hμνþ rhημν in (1), with r ≠ −1=D,
called r shifts henceforth, the form of the TDiff action is
preserved with the map ða; bÞ → ðaðrÞ; bðrÞÞ, where
aðrÞ ¼ aþ rðDa − 2Þ; ð58Þ
bðrÞ¼ bð1þ rDÞ2−2ðaþ1Þrð1þ rDÞþ r2ðDþ2Þ; ð59Þ
fD½aðrÞ; bðrÞ� ¼ ð1þ rDÞ2fDða; bÞ: ð60Þ
Since the r shifts are trivial field redefinitions they

should not lead to any physical consequence. Due to the
source term in (1), in practice we must compare the model
ða; b; Tμν; JÞ to ðaðrÞ; bðrÞ; TμνðrÞ; JðrÞÞ, where TμνðrÞ ¼
Tμν þ rημνT and JðrÞ ¼ J þ rT. The conserved source T̃μν

of the pure spin-2 sector is r-shift invariant:

T̃μνðrÞ ¼ TμνðrÞ − ημνJðrÞ ¼ T̃μν; ð61Þ

while J̃ðrÞ ¼ ð1þ rDÞJ̃. Thus, from the two-point ampli-
tude (6) and the definitions (7), recalling (60), we show that

A2½a; b; Tμν; J� ¼ A2½aðrÞ; bðrÞ; TμνðrÞ; JðrÞ�; ð62Þ
which confirms the triviality of the r shifts as far as the
sources, or equivalently the couplings to the sources, are
redefined accordingly.
Starting from an arbitrary pair ða; bÞ we cannot bring it

to (0, 0) by performing only the one-parameter r shifts.
However, we can do it by two steps by also redefining the
sources through an independent real parameter8 (s shift):

ðTμνðsÞ; JðsÞÞ≡ ðTμν þ sημνJ; ð1þ sÞJÞ: ð63Þ
Now let us require equivalence of the amplitude of the

Maxwell-like model with s-shifted sources on one hand
with an ðA;BÞ TDiff model on the other hand; using (6)
we have

T̃�
μνðsÞT̃μνðsÞ − jT̃ðsÞj2

D − 2
þ jJ̃ðsÞj2
ðD − 2ÞfDð0; 0Þ

¼ T̃�
μνT̃μν −

jT̃j2
D − 2

þ jJ̃j2
ðD − 2ÞfDðA; BÞ

: ð64Þ

Similarly to the r shifts, the s shifts do not change the
conserved source of the pure spin-2 sector T̃μνðsÞ ¼
TμνðsÞ − ημνJðsÞ ¼ T̃μν, so we are left only with the jJ̃j2
terms on both sides of (64). Therefore, recalling that the

8The real parameter s should not be confused with the spin.
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definition of J̃ itself [see (7)] depends on the corresponding
constant a, and using fDð0; 0Þ ¼ 1, Eq. (64) becomes

jTþ½sðD−2Þ−2�Jj2¼ ð1−AÞ2
fDðA;BÞ

����TþðAD−2Þ
1−A

J

����
2

; ð65Þ

where we have assumed A ≠ 1 (we comment on that point
later). Consequently [see (8)], the equivalence (65) requires

sðD − 2Þ − 2 ¼ AD − 2

1 − A
→ s ¼ A

1 − A
; ð66Þ

ð1 − AÞ2 ¼ fDðA; BÞ → B ¼ A2: ð67Þ

Our final step amounts to showing that any pair ða; bÞ
can be brought to ðA; A2Þ with A ≠ 1 via the local r shifts.
Indeed, defining ðA;BÞ ¼ ðaðrÞ; bðrÞÞ, from (58) and (59)
it can be shown that B ¼ A2 is equivalent to

½D2fD − ðaD − 2Þ2�r2 þ 2½DfD þ ð1 − aÞðaD − 2Þ�r
þ fD − ða − 1Þ2 ¼ 0; ð68Þ

where in (68) it is understood that fD ¼ fDða; bÞ.
Moreover, from (58), the condition A ≠ 1 is equivalent to

r ≠
ð1 − aÞ
ðaD − 2Þ ; if a ≠

2

D
; ð69Þ

while it is automatically satisfied at a ¼ 2=D, since
throughout this work D ≥ 3.
The two roots of (68) are given by

r�D ¼ � ffiffiffiffiffiffi
fD

p þ a − 1

ð2 − aDÞ ∓ D
ffiffiffiffiffiffi
fD

p : ð70Þ

Since a TDiff model requires fD ≠ 0, the condition (69)
is always satisfied. Furthermore, if the denominator of one
of the roots r�D vanishes, we can always use the other one in
order to bring B → A2, thus avoiding any singularity. Last,
we should not worry either about the noninvertible r shift
r�D ¼ −1=D, since it can only happen at D ¼ 2.
Thus, we can always bring an arbitrary ða; bÞ physical

(fD > 0) TDiff model to another one ðaðrÞ; a2ðrÞÞ with
aðrÞ ≠ 1 via an r shift given in (70). Since the r shift does
not change the amplitude as we have seen in (62), we end
up with the following equivalence of amplitudes:

A2½0; 0; Tμνðr; sÞ; Jðr; sÞ� ¼ A2½aðrÞ; a2ðrÞ; TμνðrÞ; JðrÞ�
¼ A2½a; b; Tμν; J�; ð71Þ

where

ðTμνðrÞ; JðrÞÞ ¼ ðTμν þ rημνT; J þ rTÞ; ð72Þ

ðTμνðs;rÞ; Jðs;rÞÞ¼ðTμνðrÞþsημνJðrÞ;ð1þsÞJðrÞÞ: ð73Þ

In summary, the equality (71) establishes that the physics
of the spin-2 TDiff model Sða; b; Tμν; JÞ given in (1) with
ða; bÞ such that fD > 0 is equivalent to the physics of the
Maxwell-like model Sð0; 0; Tμνðs; rÞ; Jðs; rÞÞ. The new
sources are linear combinations of old ones as defined
in (72) and (73) with r ¼ r�D and s ¼ sðr�DÞ as given in (70)
and (66), respectively, and recalling that A ¼ aðr�DÞ accord-
ing to (58). Alternatively, in terms of the original sources
ðTμν; JÞ used in the ða; bÞ model one can say that the
coupling of theMaxwell-like model (0, 0) must be modified
in order to furnish the same amplitude of the ða; bÞ model.
Since the relationship between ðTμνðs; rÞ; Jðs; rÞÞ and
ðTμν; JÞ is always invertible we can equivalently consider
the Maxwell-like model as simply coupled to sources via
hμνTμν and show its equivalence to an ða; bÞ physical TDiff
model with a reverse modified coupling to those sources.
Moreover, since each ða; bÞ model with fDða; bÞ > 0 is

equivalent to the Maxwell-like model, it follows that
any ða; bÞ physical model must be equivalent to any
other ðã; b̃Þ with fDðã; b̃Þ > 0, as far as we modify the
couplings to the sources conveniently. Completely similar
conclusions will be drawn in the next subsection about the
spin-3 case.

B. Sources redefinition (s= 3)

Since the spin-3 equivalence is quite close to the spin-2
one, we can already start at the spin-3 generalization of
(64). Namely, let us require equivalence of the amplitude
of the Maxwell-like model Sð0; 0; 0Þ with s-shifted
sources ðTμνρðsÞ; JμðsÞÞ on one hand with a TDiff model
SðA;B; cSðA; BÞÞ with usual sources ðTμνρ; JμÞ on the other
hand, where cSðA;BÞ ¼ 3A2 − 2B. We require [see (22)]

�
T̃�
μνρðsÞT̃μνρðsÞ − 3

D
jT̃μðsÞj2 þ

3jJ̃Tμ ðsÞj2
DfDþ2ð0; 0Þ

�

¼
�
T̃�
μνρT̃μνρ −

3

D
jT̃μj2 þ

3jJ̃Tμ j2
DfDþ2ðA;BÞ

�
: ð74Þ

The quantities on the left side of (74) are given [see (24)
with a ¼ 0] by

T̃μνρðsÞ ¼ TμνρðsÞ − ηðμνJρÞðsÞ; ð75Þ

TμνρðsÞ ¼ Tμνρ þ sηðμνJρÞ; ð76Þ

J̃Tμ ðsÞ≡ 2JμðsÞ − TμðsÞ; ð77Þ

fDþ2ð0; 0Þ ¼ 1; ð78Þ
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where JρðsÞ is obtained as follows. Using (17) we have

∂
μTμνρðsÞ¼ ∂

μTμνρþ sηνρ∂ ·Jþ sð∂νJρþ∂ρJνÞ
¼ ð1þ sÞð∂νJρþ∂ρJνÞþðsþ κÞηνρ∂ ·J ð79Þ

with

κ ¼ −2k
ð1þ kDÞ ¼

A
ðA − 1Þ : ð80Þ

Since a ¼ 0 implies k ¼ 0 [see (14)], there should be no
term proportional to ημν on the right side of (79). Therefore,

s ¼ −κ ¼ A
1 − A

; ð81Þ

which leads to

∂
μTμνρðsÞ ¼ ∂νJρðsÞ þ ∂ρJνðsÞ; ð82Þ

JμðsÞ≡ ð1þ sÞJμ ¼ ð1 − κÞJμ: ð83Þ

From the trace of (82) we check that ∂
μJ̃Tμ ðsÞ ¼ 0.

Moreover, similarly to the spin-2 case, since the conserved
source of the pure spin-3 sector is s-shift invariant
T̃μνρðsÞ ¼ T̃μνρ, the equivalence (74), supposing A ≠ 1,
amounts to

jTμðsÞ − 2JμðsÞj2 ¼ jTμ − ð2þ κDÞJμj2

¼ ðA − 1Þ2
fDþ2ðA; BÞ

����Tμ −
½AðDþ 2Þ − 2�

A − 1
Jμ

����
2

:

ð84Þ

It turns out from (81) that 2þ κD ¼ ½AðDþ 2Þ − 2�=
ðA − 1Þ; thus, we only need

fDþ2ðA;BÞ¼DðA2−BÞþðA−1Þ2¼ðA−1Þ2 →B¼A2:

ð85Þ

It is the same restriction of the spin-2 case [see (67)], so
we proceed similarly. Under spin-3 invertible r shifts in (9),
hμνρ → hμνρ þ rηðμνhρÞ, with r ≠ −1=ðDþ 2Þ, we have
ða; b; cÞ → ðaðrÞ; bðrÞ; cðrÞÞ such that

aðrÞ ¼ aþ rðaDþ 2a − 2Þ; ð86Þ

bðrÞ ¼ b½1þ rðDþ 2Þ�2 − 2ðaþ 1Þr½1þ rðDþ 2Þ�
þ r2ðDþ 4Þ; ð87Þ

cðrÞ ¼ c½1þ rðDþ 2Þ�2 − 8ar2ðDþ 2Þ þ 4rð1 − 2aÞ
þ 2r2ðDþ 6Þ; ð88Þ

which leads to9 fDþ2½aðrÞ; bðrÞ� ¼ ½1 þ rðD þ 2Þ�2
fDþ2ða; bÞ.
If, as in the spin-2 case, we identify ðA; BÞ ¼

ðaðrÞ; bðrÞÞ, since (86) and (87) correspond to the expres-
sions (58) and (59) of the spin-2 case with the replacement
D → Dþ 2, the condition B ¼ A2 leads to the r shifts:

r�Dþ2 ¼
� ffiffiffiffiffiffiffiffiffiffi

fDþ2

p þ a − 1

½2 − aðDþ 2Þ� ∓ ðDþ 2Þ ffiffiffiffiffiffiffiffiffiffi
fDþ2

p : ð89Þ

Notice from (86) and (89) that A ¼ aðrÞ ≠ 1 is assured
by fDþ2 ≠ 0 and we never have noninvertible r shifts, i.e.,
r�Dþ2 ≠ −1=ðDþ 2Þ, so the equivalence is established also
for s ¼ 3.
In conclusion, we have shown that the amplitude obtained

from Sða; b; cS; Tμνρ; JμÞ given in (16) is equivalent to the
amplitude obtained from Sð0; 0; 0; Tμνρðr; sÞ; Jμðr; sÞÞ,
which is the spin-3 Maxwell-like TDiff model with rede-
fined sources, where

ðTμνρðrÞ; JμðrÞÞ ¼ ðTμνρ þ rηðμνTρÞ; Jμ þ rTμÞ; ð90Þ

ðTμνρðs; rÞ; Jμðs; rÞÞ ¼ ðTμνρðrÞ þ sηðμνJρÞ; ð1þ sÞJμðrÞÞ;
ð91Þ

with r ¼ r�Dþ2 and s ¼ sðr�Dþ2Þ given by (89) and (81),
respectively, while A ¼ aðr�Dþ2Þ is given by (86).
As in the spin-2 case, since ðTμνρðr; sÞ; Jμðr; sÞÞ are

linear combinations of the original sources ðTμνρ; JμÞ, we
may say that the model Sða; b; cÞ with fDþ2ða; bÞ > 0
usually coupled to the sources via hμνρTμνρ is equivalent to
the Maxwell-like model Sð0; 0; 0Þ with redefined couplings
via hμνρTμνρðs; rÞ.
In the next subsection we present an alternative deriva-

tion of equivalence based on nonlocal field redefinitions for
both spin-2 and spin-3 cases.

C. Equivalence via nonlocal field redefinitions

Let us start with the simpler spin-2 case. Let us suppose
that we begin with an arbitrary Sða; bÞ TDiff model in (1),
so far without sources, which is moved into SðA; BÞ ¼
SðaðrÞ; bðrÞÞ after an r shift. Next, performing the nonlocal
field redefinition

hμν → hμν þ s
∂μ∂νh

□
; ð92Þ

the local form of the TDiff action is preserved such that
SðA;BÞ → Sðaðs; rÞ; bðs; rÞÞ. In order to arrive at the

9One can also show that the condition c ¼ cS is invariant under
r shifts since ½cðrÞ − 3aðrÞ2 þ 2bðrÞ� ¼ ½1þ rðDþ 2Þ�2ðc −
3a2 þ 2bÞ.
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Maxwell-like theory we require

aðs; rÞ≡ 1þ ðA − 1Þð1þ sÞ ¼ 0; ð93Þ

bðs;rÞ≡1−2ðA−1Þð1þ sÞsþðB−1Þð1þ sÞ2¼ 0: ð94Þ

The solution of (93) and (94) only exists if A ≠ 1 and
leads, in full agreement with Sec. IVA, to

s ¼ A
1 − A

; B ¼ A2: ð95Þ

Since we already know that bðrÞ ¼ a2ðrÞ can be imple-
mented via (70), we conclude that such r shift followed by
the nonlocal redefinition (92) leads us to the Maxwell-like
model:

Sða; bÞ ⇒ SðaðrÞ; bðrÞÞ ⇒ Sð0; 0Þ: ð96Þ

Several comments are necessary. First, notice that the
solution (95) is such that we never have s ¼ −1 which
would make (92) non invertible even if we neglected the
kernel of□. More severe is the fact that we are dealing with
a massless theory, so we cannot rigorously justify the
nonlocal redefinition anyway. It is, however, remarkable
that if we take into account the source term, the redefinition
(92) is in full agreement with the local source redefinition
of the last section. Namely, disregarding total derivatives
and recalling ∂

μTμν ¼ ∂νJ,

hμνTμν →

�
hμν þ s

∂
μ
∂
νh

□

�
Tμν

¼ hμνðTμν þ sημνJÞ ¼ hμνTμνðsÞ: ð97Þ

As in Sec. VA, we do not need to worry about the
restriction A ≠ 1 since fD ≠ 0 assures r�D ≠ ð1 − aÞ=
ðaD − 2Þ if a ≠ 2=D while at a ¼ 2=D the condition
aðrÞ ≠ 1 holds automatically; see (58).
Regarding the spin-3 case, we use the generalization of

(97) as a shortcut, but now we have more freedom to choose
the nonlocal field redefinition, namely,

hμνρ→ hμνρþ s1
ηðμν∂ρÞ∂ ·h

□
þ s2

∂ðμ∂νhρÞ
□

þ s3
∂μ∂ν∂ρ∂ ·h

□
2

:

ð98Þ

Using (98) and (17), after integrations by parts, we
require [see (82)]

hμνρTμνρ → hμνρ½Tμνρ þ s2ηðμνJρÞ� − ½3ð2þ κDÞs1
þ 3s2ð1þ κÞ þ s3ð2þ κÞ� ð∂ · hÞð∂ · JÞ

□

¼ hμνρ½Tμνρ − κηðμνJρÞ�: ð99Þ

Assuming A ≠ 1 without loss of generality and further
supposing A ≠ 2=ðDþ 2Þ (we come to that case later), the
requirement (99) leads to

s2 ¼ −κ ¼ A
1 − A

; ð100Þ

s1¼
Að2A−1Þ

ðA−1Þ½AðDþ2Þ−2�−
s3ðA−2=3Þ

ðA−1Þ½AðDþ2Þ−2�: ð101Þ

We have explicitly checked by means of the software
Mathematica with help of the package xAct [20] that (98)
with (100) and (101) in (9) with ða; b; cÞ ¼ ðA;B; cSÞ
indeed leads to the Maxwell-like model (0, 0, 0) if B ¼ A2

and cS ¼ 3A2 − 2B ⇔ cS ¼ A2 for arbitrary values of s3. If
A ¼ 2=ðDþ 2Þ, the condition (99) leads to the same value
of s2 in (100) but now s1 becomes a free parameter while
s3 ¼ −3ðD − 2Þ=½DðD − 1Þ�. There is one exception in the
parameter space which must be mentioned. From (98) we
have ∂ · h → U∂ · h, where U ¼ s1ðDþ 2Þ − 3κ þ s3 þ 2.
An invertible field redefinition requires U ≠ 0, which leads
to s3 ≠ 3ðAD − 1Þ=ðA − 1Þ if A ≠ 2=ðDþ 2Þ and s1 ≠
−1=ðD − 1Þ if A ¼ 2=ðDþ 2Þ. The new trace hμ can also
be obtained from the old one if κ ≠ 1 which is always
the case.
In summary, in both spin-2 and spin-3 cases the

Maxwell-like model can be quickly obtained from an
arbitrary TDiff model via an r shift followed by a nonlocal
field redefinition, though we have not been able to
rigorously justify the latter ones. In the spin-3 case the
nonlocal redefinition is not unique.
At this point a comment is in order. According to [21,22]

where nonlocal higher spin irreducible and reducible free
models, respectively, are obtained after integration over
Stueckelberg-like fields, it is natural to think of turning our
nonlocal transformations into local ones with the help of
the Stueckelberg-like field χ of rank (s − 2). Indeed, the
authors of [23] have been able to give an alternative
derivation of a self-interacting vertex for spin-2 fields in
the Maxwell-like TDiff model ða; bÞ ¼ ð0; 0Þ by turning a
previously nonlocal nonlinear field redefinition involving
the field hμν into a local one with the help of the
Stueckelberg-like scalar field. In the spin-2 case we have
tried the following local redefinition:

hμν ¼ Hμν þ ημνðpχ̃ þ qHÞ; ð102Þ

χ ¼ χ̃ þ tH ð103Þ
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in order to get rid of the second and third lines of (38) and
turn it into the doublet string action (29). It turns out that it
only works if b ¼ bSða;DÞ≡ a½4 − aðD − 2Þ�=4; in this
case ðp; tÞ ¼ ð−2q; 0Þ and q ¼ a=ð2 − aDÞ. However, the
spin-2 TDiff model ða; bSða;DÞÞ is nothing but an r-shifted
version, with r ¼ −a=2, of the Maxwell-like model
a ¼ b ¼ 0. If we perform a similar field redefinition in
the spin-3 case in order to get rid of theMaxwell term in (48),
it is required that b ¼ bSða;Dþ 2Þ≡ að4 − aDÞ=4 which
is such that f ¼ 0; see (45). This corresponds again to an r
shift of the spin-3 Maxwell-like TDiff model. Since r shifts
are local field redefinitions we make no progress, regarding
the nonlocal s shifts, by using the Stueckelberg-like field.

VI. CONCLUSION

Wehave introduced a general spin-3modelSða; b; cÞ inD
dimensions (D ≥ 3) in (9), defined in terms of a rank-3
symmetric tensor and three real parameters. Requiring
invariance under a generalized version of transverse diffeo-
morphisms (TDiff) suggested in (12) and (14) for a ≠
2=ðDþ 2Þ and in (26) and (27) for a ¼ 2=ðDþ 2Þ, we
have found the condition c ¼ cS ≡ 3a2 − 2b, which seems
to be rather universal and holds also for the pure spin-3
(irreducible) Fronsdal [8] andSkvortsov-Vasiliev [9]models.
The generalized TDiff model Sða; b; cSÞ is reducible and

describes a massless spin-3 plus a massless spin-1 particle.
The latter may be physical or not according to the values of
ða; bÞ. In order to investigate the particle content of the
spin-3 TDiff model we have used a basis of nonlocal
differential operators acting on symmetric rank-3 tensors
(see [24] and the Appendix), allowing us to obtain the
gauge-invariant two-point amplitude (22).
In Sec. IV we have compared the spin-2 and spin-3 TDiff

models with the “doublet” action (29) coming from the
tensionless limit of the open bosonic string field theory in
the free case (see [16]) after algebraically integrating over
one of the fields of the triplet action (see [19] and the earlier
literature [13–15]). The doublet model (29) describes
massless particles of spin s; s − 2; s − 4;…; 0 or 1 accord-
ing to even or odd s, respectively, and it is invariant under
unconstrained diffeomorphisms (Diff).
In order to compare unconstrained theories like (29) with

constrained ones it is natural to use Stueckelberg fields; see,
e.g., [3,12]. We have developed a specific method of
introducing Stueckelberg fields and compared (29) with
our singlet (one-field) TDiff models. The method introdu-
ces a rank-(s − 2) Stueckelberg-like field (χ) via nonlocal
field redefinitions; see (33), (42) and (52). Although
nonlocal, we have shown, after a simple diagonalization,10

that the redefinitions do not change the spectrum of the
original singlets. Moreover they extend the TDiff symmetry
to unconstrained Diff which are more natural in string
theory. For the sake of comparison we have written our
models in a convenient way in (38) for spin 2 and in (48) and
(57) for spin 3 with a ≠ 2=ðDþ 2Þ and a ¼ 2=ðDþ 2Þ,
respectively. For the actions displayed in (38) and (48) we
only have apparently full agreement with the doublet model
(29) at vanishing values of our free parameters (a ¼ 0 ¼ b).
That point corresponds to the Maxwell-like models intro-
duced in [12] for arbitrary integer spins.
Regarding the point a ¼ aDþ2 ¼ 2=ðDþ 2Þ with c ¼

cS ¼ 3ðaDþ2Þ2 − 2b, the parameter b is the only free one
[see (57)]; the model explicitly coincides with the doublet
theory only at b ¼ ðaDþ2Þ2 which is not of the Maxwell-
like type. So we conclude that the spin-3 Maxwell-
like model Sð0; 0; 0Þ must be equivalent to the model
SðaDþ2; a2Dþ2; csÞ. However, there is no local field redefi-
nition which might bring one model to the other one, since
a ¼ 2=ðDþ 2Þ is a fixed point of the local redefinitions
that we have called r shifts; see (86). This point and the
apparent discrepancies between the TDiff models and the
doublet action has led us to prove in Sec. V a nontrivial
equivalence among ghost-free TDiff models of spin 2 and
spin 3.
We have shown that any spin-2 TDiff model

Sða; b; Tμν; JÞ such that fDða; bÞ > 0 [see (1) and (8)]
leads to the same amplitudes of the Maxwell-like model
Sð0; 0; Tμνðs; rÞ; Jðs; rÞÞ where the modified sources are
linear combinations of the original ones; see (72) and (73)
with the real constants ðr; sÞ ¼ ðr�D; sðr�DÞÞ given in (70)
and (66)—see Sec. VA. For the spin-3 case we have
similarly proven the physical equivalence of TDiff models
Sða; b; cS; Tμνρ; JμÞ such that fDþ2ða; bÞ > 0with the spin-
3 Maxwell-like model Sð0; 0; 0; Tμνρðr; sÞ; Jμðr; sÞÞ with
modified sources given in (90) and (91); see Sec. V B.
Alternatively, we have shown that the equivalence follows
from a local (r-shift) and a nonlocal (s-shift) field redefi-
nition; see Sec. V C for both spin 2 and spin 3. So we end
up with no physical discrepancies between ghost-free spin-
2 and spin-3 TDiff models and the doublet action coming
from string theory.
In order to get a better understanding of the issues

investigated here we clearly need to go to even higher spins
(s > 3) especially because of the double traceless condition
which appears in Fronsdal models for s ≥ 4. Indeed, we are
currently investigating the spin-4 case and the generaliza-
tion of our results for (A)dS backgrounds as well as for
mixed symmetry tensors as in [12]. Notice that the non-
commutativity of the covariant derivatives in the curved
space generalization of the nonlocal field redefinition (98)
may be an obstacle to a curved space equivalence.
Moreover, the search for self-interacting vertices for
generalized TDiff models (see [23] for the Maxwell-like
case) is a fundamental issue to be investigated in order to

10For Maxwell-like models ða; bÞ ¼ ð0; 0Þ there is a nonlocal
diagonalization in [12] for arbitrary integer spins. However, in
[12] the original (traceful) rank-s field is decomposed in traceless
(irreducible) lower-rank components and the TDiff symmetry is
not enlarged to Diff.
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confirm whether the equivalence found here persists at
interacting level.
Finally, it is worth mentioning that our method of

undoing constraints on gauge parameters via the introduc-
tion of Stueckelberg-like fields through field redefinitions
may find interesting applications in other gauge field
theories.
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APPENDIX: PROJECTION OPERATORS

We can define projection operators acting on vector
fields according to their longitudinal and transverse
components:

ωμν ¼
∂μ∂ν

□
; θμν ¼ ημν − ωμν: ðA1Þ

They satisfy the algebra and the closure relation below:

θμαθ
αν¼ θνμ; ωμαω

αν ¼ων
μ; ωμνθ

να ¼ 0; δμν ¼ θμν þωμ
ν :

ðA2Þ

From the vector projection operators we can construct a
basis for operators acting on rank-3 tensors; following [24],
we have

ðPð3Þ
11 Þμνραβγ ¼ θðμðαθ

ν
βθ

ρÞ
γÞ − ðPð1Þ

11 Þμνραβγ; ðA3Þ

ðPð2Þ
11 Þμνραβγ ¼ 3θðμðαθ

ν
βω

ρÞ
γÞ − ðPð0Þ

11 Þμνραβγ; ðA4Þ

ðPð1Þ
11 Þμνραβγ ¼

3

ðDþ 1Þ θ
ðμνθðαβθ

ρÞ
γÞ ; ðA5Þ

ðPð1Þ
22 Þμνραβγ ¼ 3θðμðαω

ν
βω

ρÞ
γÞ ; ðA6Þ

ðPð0Þ
11 Þμνραβγ ¼

3

ðD − 1Þ θ
ðμνθðαβω

ρÞ
γÞ ; ðA7Þ

ðPð0Þ
22 Þμνραβγ ¼ ωαβω

μνωρ
γ : ðA8Þ

Notice that here the parenthesis means normalized
symmetrization; taking for example the first term in
(A3) we have

θðμðαθ
ν
βθ

ρÞ
γÞ ¼

1

6
ðθμαθνβθργ þ θραθνβθ

μ
γ þ θναθ

μ
βθ

ρ
γ þ θραθ

μ
βθ

ν
γ

þ θναθ
ρ
βθ

μ
γ þ θμαθ

ρ
βθ

ν
γÞ: ðA9Þ

The totally symmetric identity operator is represented by 1
and is given by

1μνραβγ ¼ δðμðαδ
ν
βδ

ρÞ
γÞ : ðA10Þ

Finally, the transition operators PðsÞ
ij are given by

ðPð1Þ
12 Þμνραβγ ¼

3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðDþ 1Þp θðαβθ
ðμ
γÞω

νρÞ; ðA11Þ

ðPð1Þ
21 Þμνραβγ ¼

3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðDþ 1Þp θðμνθρÞðαωβγÞ; ðA12Þ

ðPð0Þ
12 Þμνραβγ ¼

3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðD − 1Þp θðαβωðμνωρÞ

γÞ ; ðA13Þ

ðPð0Þ
21 Þμνραβγ ¼

3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðD − 1Þp θðμνωðαβω

ρÞ
γÞ : ðA14Þ
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