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Minimal electroweak dark matter models are compelling due to their simplicity, though calculations of
their freeze-out abundance are complicated by nonperturbative effects due to Sommerfeld enhancement
and bound-state formation. It has been shown that all individual multiplet scenarios beyond the doublet lead
to direct-detection signals above the neutrino floor and thus within the reach of next-generation
experiments. If no signals are found, would minimal dark matter be excluded? Yes for the simplest
models, but it has been unknown for the important extension of two multiplets coupled by Higgs
interactions (Higgs-coupled minimal dark matter). We present a generalized framework for calculating
nonperturbative effects for such models that also covers the case of individual multiplets. In this framework,
we calculate nonperturbative effects on freeze-out as well as the prospects for direct detection, correcting
shortcomings and omissions in the literature. Importantly, for the mixed Majorana (odd) and Dirac (even)
multiplet combination 3M2D (and marginally the 5M4D), we find that the predicted direct-detection
signals can extend below the neutrino floor. Fully testing minimal dark matter will thus require more than
direct-detection experiments.
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I. INTRODUCTION

The particle nature of dark matter (DM) is one of the
longest-running questions in physics [1]. The resolution of
this question will have profound implications. For particle
physics, understanding DM will reveal physics beyond the
standard model (BSM); for examples, see Refs. [2–7]. For
cosmology, understanding DM is crucial for understanding
the overall evolution of the Universe and the clustering of
matter, see e.g. Refs. [8–12].
Minimal dark matter (MDM) [4,13,14] is an especially

attractive class of weakly interacting massive particle
(WIMP) models [15–19]. These models take the WIMP

miracle seriously and propose that DM is a component of
an electroweak SUð2ÞL multiplet that can be added to the
standard model (SM) with little fuss. At tree level,
calculation of the DM annihilation cross section to SM
particles and the DM freeze-out abundance is simple [13].
However, because the DM masses are typically quite
large, the weak bosons appear relatively massless, which
makes it important to account for nonperturbative effects
on the cross section due to Sommerfeld enhancement
and bound-state formation. This is analogous to the
enhancement of eþ þ e− annihilation due to the attractive
Coulomb potential and positronium formation [20]. The
Sommerfeld effect for DM has been calculated in, e.g.,
Refs. [21–25], while bound-state effects have been calcu-
lated in, e.g., Refs. [26–29]. A distinctive aspect of
MDM models is that they appear to be fully testable by
next-generation direct-detection experiments [30–33].
Furthermore, current bounds from direct detection
eliminate even multiplets due to their tree-level coupling
to the Z [34,35], though this can be evaded by adding
interactions beyond those of strictly MDM (see,
e.g., Ref. [12]).
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Higgs-coupled minimal dark matter (HC-MDM) is a
modest and important extension to this model. Here, DM is
a combination of two different multiplets that couple
through the Higgs. This is the simplest way of introducing
Higgs-mediated interactions for fermionic DM, thus mak-
ing use of all the players in the electroweak sector. This
model is still minimal in the sense that it contains only
SUð2ÞL couplings. Such models have been studied exten-
sively in the specific cases of the singlet doublet [36–43],
doublet triplet [42,44,45], and the triplet quadruplet [46]. In
Ref. [47], it was shown generally that if one combines two
multiplets with a dimension difference of one and at most a
small mass difference, the resulting mixed state behaves
like an odd multiplet. Under certain constraints, these
particles can have large Higgs couplings while still evading
direct-detection constraints. However, large Higgs cou-
plings have a profound effect on the annihilation cross
section through Sommerfeld effects and bound-state for-
mation. This has not been well explored. For this model,
Ref. [47] calculated the Sommerfeld effect but only roughly
estimated bound-state formation effects. Then, in
Refs. [48,49], these nonperturbative effects were calculated
in detail, but only for the singlet-doublet case.
In this paper, our goal is to systematically explore mixed-

multiplet HC-MDM models for higher multiplets, to
calculate the effects on the freeze-out predictions, and to
assess how well these models can be probed by direct-
detection experiments. This is significantly different from
the exclusively singlet-doublet case considered in
Refs. [48,49] because the singlet has no SUð2ÞL coupling,
which means that the potentials and cross sections lack
some features found in larger multiplet combinations. We
begin by establishing the first complete framework for
HC-MDM calculations, accounting for Sommerfeld and
bound-state effects on DM freeze-out and thus the allowed
DM masses. Our framework, which corrects various short-
comings and omissions in the literature, also applies (in
appropriate limits) to MDM with single multiplets. We
reproduce previous results for the prediction of MDM
masses [29,30,50,51] up to the 13-plet, which is the
limiting representation due to unitarity constraints
[30,51]. With our framework established, we address the
key questions of the paper: what masses are required for
HC-MDM to comprise the entirety of observed DM and
what are the direct-detection prospects for HC-MDM
models?
The remainder of this paper is organized as follows. In

Sec. II, we review the MDM and HC-MDMmodels as well
as establish notation that will be used throughout. In
Sec. III, we present our formalism for determining the
freeze-out abundance and accounting for nonperturbative
effects. In Sec. IV, we calculate the long-range potentials of
the DM particles that generate the nonperturbative correc-
tions as well as the annihilation cross sections. In Sec. V, we
find the Sommerfeld-enhanced annihilation cross section of

scattering states. In Sec. VI, we determine the cross
sections for bound-state formation. In Sec. VII, we apply
these calculations to specific multiplet combinations to
determine the DM masses and discuss the implications for
direct detection. Finally, in Sec. VIII we conclude and
discuss ways forward.
In the Appendixes, we collect a series of results

necessary to rederive the work in the main body of the
paper. Some of these details are already given in other
papers referenced throughout this work; however, we
compile them here to aid the reader by providing a single
source for all of the necessary results. We also briefly
discuss our results for pure Majorana MDM and compare
them to the existing literature.

II. MDM AND HC-MDM MODELS

In this section, we review the MDM and HC-MDM
models and discuss some current experimental constraints.
We also introduce the simplifications that we use in the
remainder of our discussion. Finally, we establish the
notation used in the following sections.
The MDM model proposes adding a single SUð2ÞL

multiplet to the SM Lagrangian, which may be either a
scalar or a fermion. We focus on the fermion case. (In the
scalar case, the Higgs portal does not need the introduction
of a second multiplet [13,52].) The SM Lagrangian is
modified by adding the term

L ¼ L SM þ CX̄ði=D þmXÞX; ð1Þ

where D is the covariant derivative, mX is the mass of the
DM particle X, and C ¼ 1=2 for self-conjugate (Majorana)
X or C ¼ 1 for non-self-conjugate (Dirac) X.
The distinction between the Majorana and Dirac cases

depends on the assignment of the weak hypercharge (YX),
because a particle with YX ≠ 0 clearly cannot be its own
antiparticle. DM with nonzero hypercharge is already ruled
out by direct-detection experiments (or minimality must be
abandoned to appropriately cancel the offending inter-
actions [34,35]). Furthermore, from the Gell-Mann–
Nishijima relation,

QX ¼ I3X þ YX; ð2Þ

where QX is the electric charge and I3X is the third
component of isospin, we see that YX is constrained by
the requirement that one component of the multiplet is
electrically neutral and, consequently, that only odd mul-
tiplets can meet the requirement of YX ¼ 0. Additionally,
multiplets of dimension five or greater are stable against
decay to the SM, while smaller multiplets can be stable if
we impose a symmetry under which the DM is odd and the
SM is even [13].
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Reference [13] showed that odd multiplets of dimension
greater than five produce a Landau pole below the Planck
mass. However, this does not rule out these multiplets.
Instead, it points to the necessity for a UV completion
scenario that eliminates the offending operators [30].
Furthermore, Ref. [51] proposes a solution based on
resummation techniques. We can, however, determine an
upper limit on the multiplet size by demanding s-wave
unitarity of the cross section. Under this constraint,
multiplets up to the 13-plet are acceptable DM candidates
[30,51].
The odd multiplets up to the 13-plet lie slightly below

current direct-detection bounds. Conveniently, as shown in
Ref. [30], they also lie above the “neutrino floor,” the
combination of cross section and mass below which
neutrino backgrounds make direct detection extremely
difficult [53]. The proposed next generation of direct-
detection experiments (such as XLZD [32] and
PandaX-xT [33]) will probe down to the neutrino floor.
Indirect-detection bounds also put pressure on MDM
models, as recent analyses of Fermi data (see e.g.
Refs. [54–58]) strongly disfavor the pure triplet scenario,
even considering a large Milky Way core. For larger
multiplets, the exclusion bounds are less stringent as they
depend on the exact DM mass and the core radius [58].
Furthermore, Ref. [59] finds that the upcoming Cherenkov
Telescope Array Observatory (CTAO) can test up to the
11-plet and place strong pressure on the 13-plet.
In the HC-MDM model, we add Majorana and Dirac

fermions to L SM (M and D, respectively) with multi-
plet sizes differing by one. By requiring each multiplet
to generically have a neutral member, we must have

YM ¼ 0 and YD ¼ 1=2. The Lagrangian then acquires
the terms

L ¼ L SM þ D̄ði=D þmDÞDþ 1

2
M̄ði=D þmMÞM

− y1DMH� − y2D̄MH; ð3Þ

which exhausts the possible M, D interactions. As
mentioned, if the representation size of either is less
than five, we must impose an additional discrete
symmetry to prevent decay.
Figure 1 illustrates the transition from MDM to

HC-MDM and highlights some important differences.
Our assertion that the HC-MDM parameter space can
extend below the neutrino floor is demonstrated in Sec. VII.
As shown in Ref. [47], after electoweak symmetry

breaking M and D can mix to a combined state where the
lightest neutral particle behaves as a Majorana fermion
and is therefore a viable DM candidate. For this to
occur, we must have jy1j ≈ jy2j. In the limit of equality
y1 ¼ �y2, the Lagrangian of Eq. (3) possesses a global
symmetry, referred to as custodial symmetry (see, e.g.,
Refs. [46,47]). In this case, it is fairly easy to extract the
mass eigenstates and their mixing as well as the couplings
to the Z and H bosons. In particular, it can be shown that
when y1 ¼ −y2 and mD ¼ mM, the tree-level coupling of
the lightest neutral component (which comprises the
entirety of DM in the present Universe) to the Higgs is
zero (see Ref. [47], Sec. 2.2.1). This avoids Higgs-
induced DM scattering on nucleons at tree level. If this
were nonzero, it would add to the scattering cross section
from gauge boson exchanges that controls the amplitude
of the direct detection cross section of MDM [60] (see,
e.g., early studies of “blind spots” within the singlet-
doublet model [39–41,47]). Loop-induced corrections
involving H exchanges may provide extra contributions
to the scattering cross section. However, as y1 ¼ −y2
corresponds to a custodial symmetry, we still expect the
gauge-induced contributions to dominate the amplitude of
the scattering cross section on nucleons.
To simplify our calculations, we restrict ourselves to the

custodial point where jy1j ¼ jy2j ¼ y, y1 ¼ −y2, and
mM ¼ mD ¼ m. In this case, because the direct detection
cross section is only due to the gauge boson loop-induced
contributions as with MDM, we can use direct detection
cross sections computed for MDM. We do not consider
H-induced loop effects and simply note that this is a
potential direction of future work.
When dealing with negligible Higgs coupling, the

requirement that y1 ¼ −y2 is not strictly required and
allowing both couplings to have the same sign has no
effect on our results or on the direct detection cross section.
However, we will maintain this choice to present our results
in a unified way, noting that our conclusions are valid also
in the y1 ¼ y2 case for small y.

FIG. 1. Schematic diagram illustrating the salient differences
between the MDM and HC-MDM models.
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These simplifications make sense when we consider
mixed multiplets in generality. In Sec. VII, we choose
reference values of y1;2 to demonstrate the magnitude of the
nonperturbative effects on freeze-out abundance. However,
if one has a particularly well-motivated model that includes
specific values of y1;2 and mM;D, then it is straightforward
to generalize our results, albeit with increased complexity
and computational expense.
We also work in unbroken SUð2ÞL symmetry. This is

because of our focus on the annihilation rates in the early
Universe to determine the relic abundance. We justify this
in Sec. VII.
For convenience, we summarize our notation:
(i) X is a generic DM multiplet (M or D).
(ii) RX is the representation size of the X multiplet.
(iii) gX is the degrees of freedom of X (2RX and 4RX for

Majorana and Dirac particles, respectively).
(iv) IX is the isospin of X.
(v) I3XðnÞ is the 3 component of isospin of the nth

element of X in ascending order. For example, for a
triplet X, I3Xð1; 2; 3Þ ¼ −1, 0, 1.

(vi) taX is the ath SUð2Þ generator of size of the
representation of X.

(vii) C2ðRXÞ is the quadratic Casimir of RX.
(viii) V is a nonrelativistic potential (the r dependence is

generally omitted). When necessary, a superscript
indicates the representation size and subscripts
indicate particles involved (e.g., VR

X1X2
).

(ix) For a process that changes the particle content (e.g.,
X1 þ X2 → X3 þ X4), we use X1X2;X3X4.

(x) The coupling strength α is defined by V ¼ −α=r,
with α1;2 the Uð1ÞY and SUð2ÞL gauge couplings
and αH ¼ y2=4π.

(xi) Clebsch-Gordon (CG) coefficients are written
hJ;Mjj1; m1; j2; m2i, where J; ji denote angular
momentum quantum numbers and M;mi the pro-
jections onto the z axis.

(xii) ϵ̂X is the generalization of the Levi-Civita symbol to
the dimension of X used to contract indices (see
Appendix B), e.g.:

ϵ̂3 ¼

0B@ 0 0 1

0 −1 0

1 0 0

1CA:

(xiii) Latin subscripts denote a multiplet component
(e.g., Di).

(xiv) Lower case s generally denotes spin. However, s
will also be used for entropy density in Sec. III.

(xv) Upper case S is the Sommerfeld factor (see Sec. V).
(xvi) Cross sections are specified by s and I: sðσvrelÞI .
(xvii) nf is the number of SM fermions.
(xviii) IS and FS denote initial and final states. BS denotes

a bound state.

(xix) z ¼ m=T is a dimensionless time variable, where T
is the temperature and zf denotes z at the freeze-out
temperature. Note that z is not used for redshift.

III. FREEZE-OUT ABUNDANCE FORMALISM

In this section, we summarize results necessary for
calculating the relic abundance of DM from the annihila-
tion and bound-state formation cross sections. We also
justify the simplifications used to make the calculation of
the relic abundance tenable. For the reader interested in the
final result, note that Eqs. (11)–(13) to are the necessary
equations to reproduce our freeze-out calculations [for
Eq. (11), we discuss the integration limit in Sec. VII].
The relic abundance of electroweak DM is determined

by its chemical decoupling from the SM plasma. We
describe the evolution of the DM abundance using the
comoving abundance YDM ¼ nDM=s, where nDM is the
number density and s ¼ ð2π2=45Þg�sT3 is the entropy
density. In terms of YDM, the Boltzmann equation is

dYDM

dz
¼ −

s
zH

hσvrelieffðY2
DM − Y2

DM;eqÞ; ð4Þ

where H is the Hubble rate during radiation domination,
H ¼ 1.66g1=2� T2=MPl. Here, hσvrelieff is the effective ther-
mally averaged inelastic cross section for annihilation
to the SM (including nonperturbative effects) (see
Refs. [29,51,61–63]):

hσvrelieff ¼ hσvreliann þ
X
BSi

hσvreliBSiformBRðBSi; SMÞ: ð5Þ

The first term corresponds to the Sommerfeld-enhanced
annihilation of free XX pairs, while the second term
accounts for the formation of unstable XX bound states
(BSi) that subsequently decay to the SM with branching
ratio BRðBSi; SMÞ. The branching ratio is given by

BRðBSi; SMÞ ¼ Γann

Γbreak þ Γann

¼
�
1þ hσvreliBSiannm3e−zEBSi

=m

2RBSð2sþ 1Þð4πzÞ3=2ÞΓi

�−1

; ð6Þ

where Γi is the annihilation rate of BSi, RBS is the
representation size of the bound state, and EBSi is the
binding energy [51]. Note the absence of the degrees of
freedom squared factor in the second term of Eq. (6) when
compared to Ref. [51]. This is due to a difference in
conventions. We choose not to average the annihilation
cross sections over the DM degrees of freedom here and
instead do so when we compute the contribution to the
effective annihilation cross section (see Sec. V). However, in
Ref. [51] the cross sections are averaged and this factor
serves to undo this averaging to apply to bound states.
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The branching ratio interpolates smoothly between the
regimes of complete breaking of bound states (at
T ≫ EBSi) and efficient decay of bound states (atT ≪ EBSi).

A. Formation and breaking of bound states

Schematically, the relevant processes are

X þ X⇌
Γbreak

hσvreliBSformðXXÞBS⟶
Γann SM; ð7Þ

where ðXXÞBS denotes a colorless electroweak bound state
with quantum numbers fixed by the gauge representation.
At early times, the thermal bath of SM particles breaks the
newly formed bound states on a timescale Γbreak ≫ H,
leading to detailed balance between formation and
breaking: nBS ≃ nBS;eq, and thus negligible net depletion.
As the temperature drops below the binding energy,
T ≲ EBS, the breaking rate becomes Boltzmann sup-
pressed, Γbreak ∝ e−EBS=T , and bound states annihilate
promptly with Γann ≫ H. In this limit the bound-state
population does not accumulate and its effect can be
incorporated through the effective rate in Eq. (5).

B. Thermal average of the bound-state formation rate

For a potential induced by the exchange of an electro-
weak gauge boson of mass mV , when EBS ≳mV , the
bound-state formation cross section is approximately
(see Sec. VI)

ðσvrelÞBSform≃
29π

3

αeff
m2

Xvrel

e−4ξarccotξ

1−e−2πξ
; ξ¼ αeff

vrel
; ð8Þ

where αeff is the coupling strength of the relevant potential.
The thermally averaged rate hσvreliBSform is then evaluated by
integrating over the Maxwell-Boltzmann distribution of
relative velocities. In the Coulombic regime, hσvreliBSform
scales approximately as

hσvreliBSform ≃ CBS
α3eff

m2
X
ffiffiffi
z

p ; ð9Þ

with CBS a numerical factor of order unity that depends on
the gauge representation and the available emission chan-
nels (γ, W, or Z bosons, or Higgs).

C. Effect on the relic yield

When Eq. (4) is solved with the effective cross section of
Eq. (5), the enhanced depletion through bound-state for-
mation shifts the freeze-out to larger values of z (lower
temperatures) and reduces the final yield YDMð∞Þ relative
to the standard case:

YDMð∞Þ≃Yann
DMð∞Þ
1þΔBS

; ΔBS ≈
P

BSihσvreli
BSi
form

hσvreliann

�����
z¼zf

: ð10Þ

For heavy electroweak multiplets, where αeffmX=mV ≫ 1,
the bound-state contribution is significant and must be
included in determining the relic abundance and the
corresponding unitarity limit on the thermal DM mass.
More quantitatively, Eq. (4) has the approximate asymp-

totic solution (see Ref. [51]),

YDMð∞Þ¼ 1

λ

�Z
∞

zf

hσvrelieffðzÞ
z2

dzþhσvrelieffðzfÞ
z2f

�−1
;

ð11Þ

where λ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gSMπ=45

p
MPlm. zf is given by

zf ¼ ln

�
2ðgM þ gDÞhσvrelieffðzfÞλ

ð2πzfÞ3=2
�
: ð12Þ

The DM density is then

ΩDM ≡ ρDM
ρcrit

¼ sYDMð∞Þm
3H2

0=8πG

¼ 0.110
h2

·
YDMð∞Þm
0.4 eV

; ð13Þ

whereH0 andG are the Hubble and gravitational constants.
In summary, the inclusion of electroweak bound-state

formation and thermal breaking modifies the effective
inelastic rate governing the chemical decoupling of heavy
DM. Equation (4) provides a compact formulation that
self-consistently accounts for the transition from the
regime (T ≫ EBS) to the annihilation-dominated regime
(T ≪ EBS), thereby capturing the dominant impact of
bound-state dynamics on the thermal freeze-out of electro-
weak DM.

IV. POTENTIALS AND ANNIHILATION
CROSS SECTIONS

In this section,wepresent the long-rangepotentials between
DMparticles that generate Sommerfeld corrections and bound
states. We go on to discuss our formalism for handling the
mixed MM=DD̄ states that arise due to Higgs exchange
(analogous to the mixing of the K0 and K̄0 mesons arising
from W� exchange [64]). Finally, we show the annihilation
cross sections to the SM for the various combinations of DM
particles, with additional details in the Appendix C.

A. Potentials

Figure 2 shows the diagrams arising from the Lagrangian
in Eq. (3) that generate long-range potentials. Because we
are considering heavy DM annihilation after T ≪ m, we are
interested in the nonrelativistic limit of these processes.
We specify the kinematics with P⃗ as the total momentum

of the system and p⃗, k⃗ as the momenta p⃗1; k⃗1 in the center-
of-momentum frame. Then
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p⃗1¼
P⃗
2
þp⃗; p⃗2¼

P⃗
2
−p⃗; k⃗1¼

P⃗
2
þ k⃗; k⃗2¼

P⃗
2
− k⃗: ð14Þ

When considering long-range interactions, in the
nonrelativistic and SUð2ÞL symmetric (mH ¼ mW ¼
mB ¼ 0) limits, the amplitudes are

MDD̄;MM ¼ 4m2

jp⃗ − k⃗j2
y1y2;

MDD̄ ¼ 4m2

jp⃗ − k⃗j2
ðg21Y2

D − g22t
a
Dt

a
D̄Þ;

MDD ¼ −
4m2

jp⃗ − k⃗j2
ðg21Y2

D þ g22t
a
Dt

a
DÞ;

MMD ¼ −
4m2

jp⃗ − k⃗j2
ðg22taDtaM − y1y2Þ;

MMD̄ ¼ −
4m2

jp⃗ − k⃗j2
ðg22taD̄taM − y2Þ;

MMM ¼ −
4m2

jp⃗ − k⃗j2
g22t

a
Mt

a
M; ð15Þ

where we have omitted the u-channel diagrams where they
appear (see below).
Relating the scattering amplitude to the Born approxi-

mation, we find that the nonrelativistic potential is

V ¼ −
1

4m2

Z
d3q⃗
ð2πÞ3 Mðq⃗Þeiq⃗·r⃗: ð16Þ

Note that for identical particles, we should in principle
include u-channel diagrams. However, to obtain the correct
nonrelativistic, long-range potentials, we consider only the
t-channel diagrams. This is because the u-channel
(exchange) interaction does not generate a contribution
to the nonrelativistic potential, but is instead encoded in the
symmetry properties of the wave function [65,66]. As a first
check on the validity of this approach, we note that this
choice ensures that the nonrelativistic, long-range Coulomb
potential is the same for e−e− (t- and u-channel diagrams)
and e−μ− (t-channel diagram only), in accordance with the
requirement that we recover Coulomb’s law in the classical
limit. In short, the reasoning behind this is that the
t-channel diagram generates the correct long-range 1=r
potential in the Coulomb limit, while the u-channel dia-
gram generates only short-range contact interactions as we
show below.
We present two complementary perspectives on the role

of exchange diagrams. First, a localized wave-packet
argument from nonrelativistic quantum mechanics shows
that the exchange matrix elements are suppressed at large
separations. Then, beginning with the relativistic quantum
field theory amplitudes for gauge boson exchange and
matching onto a local long-range potential, we show that
only the direct t-channel produces the soft singularity
responsible for the Coulomb/Yukawa tail and we recover
the same suppression of the u-channel contribution as in the
nonrelativistic case.
For the wave-packet argument, we begin with two

identical, spatially localized fermions at large spatial
separation in states jai; jbi. By this, we mean two particles
whose spatial wave functions do not significantly overlap
and are known to be separated in two regions of space.
Alternatively, we can think of two particles sufficiently
separated that one can conceivably construct an experiment
that is sensitive to only one particle. We can then write the
appropriately antisymmetrized state of the system as

ja; bi− ¼ 1ffiffiffi
2

p ðjaijbi − jbijaiÞ: ð17Þ

We decompose the Hamiltonian into

Ĥ ¼ Ĥ0 þ V̂; ð18Þ

where Ĥ0 contains the kinetic terms and V̂ the potential due
to the interaction. Because Ĥ0 is symmetric under particle

FIG. 2. Diagrams for the interactions generating long-range
potentials among M and D. The spin indices are omitted because
particle spins are individually conserved in the nonrelativistic
limit. TheMD̄ diagrams are omitted but follow straightforwardly
from the MD cases.

GRIFFITH, SMIRNOV, LOPEZ-HONOREZ, and BEACOM PHYS. REV. D 114, 035016 (2026)

035016-6



exchange, the interesting behavior arises from the V̂ term.
The expectation value of this operator is

EV̂ ¼ EV̂;dir þ EV̂;ex;

EV̂;dir ¼
1

2

�
hbjhajV̂jaihbj þ hajhbjV̂jbijai

�
;

EV̂;ex ¼ −
1

2

�
hbjhajV̂jbijai þ hajhbjV̂jaijbi

�
: ð19Þ

EV̂;dir corresponds to the t-channel process. When we
transition to position space [using ϕa=bðx⃗Þ ¼ hx⃗ja=bi] and
employ the Born approximation, EV̂;dir contains terms likeZ Z

d3x⃗1d3x⃗2Vðx⃗1; x⃗2Þjϕaðx⃗1Þj2jϕbðx⃗2Þj2:

Meanwhile, EV̂;ex corresponds to the u-channel process.
When we transition to position space and employ the Born
approximation, EV̂;ex contains terms likeZ Z

d3x⃗1d3x⃗2Vðx⃗1; x⃗2Þϕ�
aðx⃗1Þϕbðx⃗1Þϕ�

aðx⃗2Þϕbðx⃗2Þ:

These terms contain two factors of the spatial overlap
between jai and jbi. Because the particles are widely
separated, EV̂;ex → 0 and the u-channel process is irrelevant
to the long-range potential, as expected.
We will now show the correspondence between the

nonrelativistic quantum mechanics formalism and the
approach taken when we derive the potentials in a relativ-
istic quantum field theory. Here, we start with the ampli-
tudes for gauge boson exchange between identical fermions
and take their Fourier transform. Working in the center-of-
momentum frame, we define the momentum transfers for
the t- and u-channel processes

q⃗t ¼ p⃗ − k⃗;

q⃗u ¼ p⃗þ k⃗: ð20Þ

For exchange of a mediator of mass mV , the nonrelativistic
t, and u-channel kernels have the form

Ktðq⃗tÞ ∝
1

q⃗2t þm2
V
;

Kuðq⃗uÞ ∝
A

q⃗2u þm2
V
; ð21Þ

where A is the appropriate antisymmetrization factor for the
u-channel diagram.
We then use Eq. (16) to obtain the local potential

V ∝ −
Z

d3q⃗t
ð2πÞ3

�
1

q⃗2t þm2
V
þ A
q⃗2u þm2

V

�
eiq⃗t·r⃗: ð22Þ

The first term yields the familiar Yukawa potential

V1 ¼ −
Z

d3q⃗t
ð2πÞ3

eiq⃗t·r⃗

q⃗2t þm2
V
¼ −

1

4πr
e−mVr; ð23Þ

which reduces to the Coulomb form, V1 ∝ −1=r, in the
SUð2ÞL-symmetric (mV ¼ 0) limit.
Unlike the first term, the second term is not a function of

q⃗t alone. For the purpose of identifying the long-range
behavior, one may expand in the soft-transfer regime
jq⃗tj ≪ jp⃗j

1

q⃗2u þm2
V
¼ 1

ð2p⃗ − q⃗tÞ2 þm2
V

¼ 1

4p⃗2 þm2
V
þ 4p⃗ · q⃗t − q⃗2t
ð4p⃗2 þm2

VÞ2
þ � � � : ð24Þ

In the mV ¼ 0 limit, this expansion is analytic in q⃗t around
q⃗t ¼ 0. Therefore, the u-channel kernel contains no soft
singularity of the form 1=q⃗2t and hence does not generate a
long-range 1=r tail. After transformation to coordinate
space, such analytic terms correspond to short-range
exchange contributions, represented by contact operators
and their derivatives in an effective long-distance
description.
To see this, we can bring the second term into a form

similar to the first using q⃗t ¼ q⃗u − 2k⃗,

V2 ¼ −Ae−2ik⃗·r⃗
Z

d3q⃗u
ð2πÞ3

eiq⃗u·r⃗

q⃗2u þm2
V

¼ Ae−2ik⃗·r⃗V1: ð25Þ

We can then interpret the factor e−2ik⃗·r⃗ in terms of the free-
particle wave functions. Using r⃗ ¼ x⃗1 − x⃗2, where x⃗1;2 are
the positions of the two particles

V2 ¼ Aðe−ik⃗·x⃗1eik⃗·x⃗2Þ2V1

¼ Ajhk⃗jψ̄ðx⃗1Þj0ih0jψðx⃗2Þjk⃗ij2V1; ð26Þ

where ψðx⃗Þ; ψ̄ðx⃗Þ are the fermion field operators and we
have omitted the spinor indices. Because the two terms
inside the absolute value are the position-space represen-
tations of the two particles (see Ref. [67]), we have
recovered the same dependence on the square of the overlap
between the spatial wave functions for the u-channel
process that we found using nonrelativistic quantum
mechanics. Consequently, our conclusion about the irrel-
evance of the exchange interaction in the long-range
potential is upheld.
The neglect of u-channel diagrams in the derivation of

the long-range potential is therefore not the statement that
exchange effects are absent. Rather, it reflects that these
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terms do not generate an additional long-range Coulomb/
Yukawa potential.
We note that operationally, the effect of ignoring the

u-channel diagrams is to consider that the particles are
distinguishable. Arguments along these lines are given in
Refs. [68,69], which consider the particles distinguishable
based on the wave functions not overlapping significantly
at long range, and Ref. [70], which works in the context of
the helium atom and finds that as the spatial separation
between the two identical electrons grows, the exchange
interaction becomes increasingly infrequent. The effects of
particle identity are instead imposed through the symmetry
properties of the two-body states and the corresponding
selection rules in the annihilation and bound-state forma-
tion rates.
In Eq. (15), the generator combinations can be simplified

through the identity

taX1
taX2

→ −
1

2
ðC2ðRX1

Þ þ C2ðRX2
Þ − C2ðRÞÞ

¼ CX1X2

R ; ð27Þ

where we have used R for the representation size of the
combined state.
Therefore, the nonrelativistic potentials are

VDD̄;MM ¼ −
y1y2
4πr

;

VDD̄ ¼ −
1

r

�
α1
4
− α2CDD̄

R

�
;

VDD ¼ 1

r

�
α1
4
þ α2CDD

R

�
;

VMD ¼ 1

r

�
α2CMD

R −
y1y2
4π

�
;

VMD̄ ¼ 1

r

�
α2CMD̄

R −
y2

4π

�
;

VMM ¼ α2CMM
R

r
: ð28Þ

In particular, VDD̄;MM and the contribution to VMD from
scalar exchange is effectively ∝ y1y2 and is attractive if y1,
y2 have the same sign as expected (see e.g., Ref. [67]).
When y1, y2 have opposite signs, as is the case in the
remainder of this work, these potentials become repulsive.
We define αH ¼ y2=4π (because in our analysis
jy1j ¼ jy2j ¼ y) and rewrite

VDD̄;MM ¼ αH
r
;

VMD ¼ 1

r

�
α2CMD

R þ αH
	
: ð29Þ

However, VMD̄ is insensitive to this change and does not
acquire a sign change when written in terms of αH.
Furthermore, the VDD and VDD̄;MM long-range potentials

due to gauge boson exchange are always nonzero, inde-
pendent of spin and angular momentum quantum numbers.
Reference [48] obtained different results by considering the
u-channel diagrams in their calculation of the potentials,
which should only be valid in the short-range limit. This is
irrelevant to the formation of bound states which still
obey Pauli exclusion from the selection rules in the bound-
state formation cross sections (Sec. VI). However, the
Sommerfeld corrections are affected.

B. Mixed states

Much of the methodology in this subsection is borrowed
from Ref. [48], which considered the specific case of a
Majorana singlet and Dirac doublet.
The first diagram in Fig. 2 allows for mixing between the

MM andDD̄ states. Because the representation must match
on both sides, and

M ⊗ M ¼ 1 ⊕ … ⊕ ð2RM − 1Þ;
D ⊗ D̄ ¼ 1 ⊕ … ⊕ ð2RD − 1Þ; ð30Þ

mixing can occur in the representations

R ≤ minf2RM − 1; 2RD − 1g: ð31Þ

We form the vector

ΦðRÞ ¼
 
ϕMMðRÞ
ϕDD̄ðRÞ

!
; ð32Þ

where ϕX1X2 are the two particle wave functions and we
have omitted the r⃗ dependence. This obeys the coupled
Schrodinger equation�

−
∇2

m
þ V̂R

�
ΦðRÞ ¼ E ðRÞΦðRÞ; ð33Þ

where V̂R is the potential matrix

V̂R ¼ −
1

r

 
αRMM αRDD̄;MM

αRDD̄;MM αRDD̄

!
: ð34Þ

When αH ≪ α2; α1,

V̂R → −
1

r

 
αRMM 0

0 αRDD̄

!
; ð35Þ

so there is no MM⇌DD̄ mixing, as expected.
When αH is non-negligible (αH ∼ α2), this matrix has

eigenvalues
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αRmix1;2

¼ 1

2

�
αRDD̄ þ αRMM ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðαRDD̄ − αRMMÞ2 þ 4ðαRDD̄;MMÞ2

q �
ð36Þ

and eigenvectors

E⃗R
mix1;2 ¼ Cmix1;2

0B@ αRMM−α
R
DD̄

∓ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðαR

DD̄
−αRMMÞ2þ4ðαR

DD̄;MM
Þ2

p
2αR

DD̄;MM

1

1CA;

Cmix1;2 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
�

αRMM−αR
DD̄

∓ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðαR

DD̄
−αRMMÞ2þ4ðαDD̄;MM

p RÞ2
2αR

DD̄;MM

�
2

s
ð37Þ

where upper (lower) signs correspond to the mix1 (mix2)
eigenstates.
We can use the matrix

P̂R ¼
�
E⃗R
mix1; E⃗

R
mix2

�
ð38Þ

to diagonalize V̂R

ṼR ¼ ðP̂RÞ−1V̂RP̂R

¼ −
1

r

 
αRmix1 0

0 αmix2

!
: ð39Þ

Then the vector

Φ̃ðRÞ ¼
 
ϕ̃1ðRÞ
ϕ̃2ðRÞ

!
¼
 
wmix1MMϕ

MM þ wmix1DD̄ϕ
DD̄

wmix2MMϕ
MM þ wmix2DD̄ϕ

DD̄

!
¼ ðP̂RÞ−1 ΦðRÞP̂R ð40Þ

obeys the uncoupled Schrodinger equation�
−
∇2

m
þ ṼR

�
Φ̃ðRÞ ¼ E ðRÞΦ̃ðRÞ: ð41Þ

The two states ϕ̃1;2 evolve in the potentials of magnitude
−αmix1;2=r, respectively.
When we compute the Sommerfeld corrections and

bound-state formation rates, we need to work in terms
of definite potentials. Therefore, we use the ϕ̃ states. We
then project back onto the ϕMM;DD̄ states to calculate
annihilation rates.

C. Annihilation cross sections

Here we compile the tree-level annihilation cross sec-
tions forM andD in the SUð2ÞL symmetric limit, which we
apply later to the annihilation of scattering and bound
states. We do not average over the initial degrees of

freedom here because these are different between scattering
and bound states.
For a single multiplet X, the tree-level annihilation is

given in Ref. [12]:

ðσvrelÞXX ¼ 1

16m2
XgX

ðπα22ð2R4
X þ 17R2

X − 19Þ

þ 4Y2
Xα

2
1ð41þ 8Y2

XÞ þ 16α1α2Y2
XðR2

X − 1ÞÞ:
ð42Þ

The contributions due to the hypercharge gauge boson,
B, emission and mediation have factors of YX. For a Dirac
fermion with YX ¼ 1=2, we can compute the relative
contribution of B processes to the total cross section.
For a doublet,

ðσvrelÞBXX
ðσvrelÞtotXX

≈ 0.08: ð43Þ

The relative contribution is small for the doublet and
decreases with increasing multiplet size, so we neglect
this contribution. This is straightforward to add back in if
one wants increased accuracy for a specific model.
Additionally, we only consider processes with zero

angular momentum (l ¼ 0). Annihilation for l > 0 is
suppressed by higher powers of α relative to l ¼ 0, so
their contribution is subdominant [29]. This is a
conservative choice which underpredicts the overall anni-
hilation cross section and therefore the mass.
For M, D in the nonrelativistic limit, we have

0ðσvrelÞ0;2DD̄;WW ¼ πα22
m2

ðGab
DD̄;WW þ Gba

DD̄;WWÞ2;

1ðσvrelÞ0;1DD̄;HH� ¼ 4πα2H
m2

;

1ðσvrelÞ1DD̄;ff̄
¼ 2πα22

m2
nfG2

DD̄;ff̄
;

0ðσvrelÞ0;2MM;WW ¼ πα22
2m2

ðGab
MM;WW þ Gba

MM;WWÞ2;

1ðσvrelÞ0;1MM;HH� ¼ 8πα2H
m2

;

1ðσvrelÞ1MM;ff̄
¼ πα22

m2
nfG2

MM;ff̄
;

1ðσvrelÞ0;1DD;HH ¼ 4πα2H
m2

;

1ðσvrelÞ0;1D̄ D̄;H�H� ¼ 4πα2H
m2

1ðσvrelÞ1=2;3=2MD;WH ¼ 2παHα2
m2

ð�1 GMD;WH þ�
2 GMD;WHÞ2;

1ðσvrelÞ1=2;3=2MD̄;WH� ¼ 2παHα2
m2

ð�1 GMD̄;WH� þ�
2 GMD̄;WH�Þ2;

ð44Þ
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where the G terms are gauge factors that depend on
Clebsch-Gordon coefficients. For example,

Gab
DD̄;WW ¼hIIS;MISjID;I3DðiÞ;ID;I3DðjÞiðϵ̂DtaDtbDÞij: ð45Þ

The remaining gauge factors and derivations of the ampli-
tudes are given in the Appendix C. The cross sections
for MM=DD̄;HH� specifically refer to the t-channel
process. To account for MM=DD̄ → W → HH�, we use
the MM=DD̄ → W → f̄f cross sections, replacing
nf ¼ 12 → np ¼ 25=2, where np is the number of SM
fermions plus an additional 1=2 that arises from this
process.

V. ANNIHILATION OF SCATTERING STATES

In this section, we discuss the direct annihilation process
of two DM particles to SM particles (direct in that the
annihilation proceeds without the formation of an inter-
mediate bound state). We then detail how this will be
applied to the effective cross section introduced in Sec. III.
For a two-particle process (X1 þ X2 → X3 þ X4), the

cross section is modified by the Sommerfeld factor:

σv → Sσv: ð46Þ

This factor accounts for the long-range interactions driven
by the potentials listed in Eq. (28). In the SUð2ÞL
symmetric limit with massless Higgs and vector bosons,

S ¼ 2παeff=vrel
1 − e−2παeff=vrel

: ð47Þ

We now apply the Sommerfeld corrections to the
annihilation of scattering states. Because the Sommerfeld
factor depends on αeff , which itself depends on the particle
combination and representation, we need to use the isospin
decomposition of cross sections in Eq. (44). These cross
sections also need to be averaged over the initial degrees of
freedom. For scattering states, this gives a ðgM þ gDÞ2
factor in the denominator. Therefore,

ðσvrelÞann ¼
2

ðgM þ gDÞ2
X
j≥i

X
i

X
I

Xs
s¼0;1

ðSσvrelÞIij; ð48Þ

where i, j ¼ 1, 2, 3 correspond to M;D; D̄ and
I ¼ 0; 1=2; 1; 3=2, 2 to account for all possible SM final
states. The factor of 2 arises in different ways for i ≠ j and
i ¼ j. When i ≠ j, this accounts for the two possible ways
to form a combination of distinguishable particles (see
Ref. [71]). When i ¼ j, this factor accounts for the two
identical particles lost in the annihilation and effectively
cancels a symmetry factor of 1=2 in the cross section (see
Ref. [12] Sec. IV.1.3). In the latter case, this factor would be
more logically included in the Boltzmann equation.

However, because we obtain a common factor in both
cases, we include it in the effective cross section for
convenience. We use ðσvrelÞij to mean the cross section
for annihilation of i, j to any SM final state.
When αH is large, the MM and DD̄ states do not have

defined potentials due to mixing. Consequently, we exclude
MM and DD̄ states from Eq. (48) and instead include the
terms sðSσvrelÞImix1;2. From Eq. (40), we see that

sðSσvrelÞImix1;2

¼2s
�
Smix1;2½w2

mix1;2MMðσvrelÞMMþw2
mix1;2DD̄ðσvrelÞDD̄�

�
I
:

ð49Þ

VI. FORMATION AND ANNIHILATION OF
BOUND STATES

In this section, we calculate the cross sections for
formation of DM bound states as well as their annihilation
rate to the SM. We conclude with the implementation for
the mixed MM=DD̄ states.
As with the scattering state annihilation cross sections,

we only consider bound states with l ¼ 0. States with
higher angular momentum annihilate inefficiently and
generally break before annihilating. These states can
transition to l ¼ 0 and then annihilate, but we ignore this
because it is subdominant. This is a conservative choice
whose overall effect is to underestimate the DM mass
necessary to reproduce the observed density.

A. Formation

The amplitudes and overlap integrals used in this section,
are derived in detail in the Appendix D. We denote bound-
state formation cross sections with a left subscript indicat-
ing the boson emitted (e.g., sWðσvrelÞIX1X2

). The bound state
also depends on the quantum numbers nlm; however, these
are suppressed in our notation.
We consider formation through emission ofW, B, and H

bosons in Secs. VI A 1–A 3, respectively.

1. W emission

Figure 3 shows the processes X1X2 → BSðX1X2Þ þW.
Because W has spin one and the individual particle spins
are conserved in the process, we must have jΔlj ¼ 1 from
the initial to bound state. In the center-of-momentum
frame, we have

σvrel ¼
jq⃗j

128π2m3

Z
dΩjϵa�μ ðqÞMμj2; ð50Þ

where q is the Wa 4-momentum, while q⃗ denotes its
3-momentum, ϵaμðqÞ is the polarization vector, and we
have implicitly summed over the W boson polarizations.
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We temporarily omit all indices on the cross sections and
restore them at the end.
In the massless W limit considered here, the sum over

polarizations is
P

pol ϵ
a
νϵ

a�
μ ¼ −ημν. As in Ref. [29], we use

the Ward identity, qμMμ ¼ 0, to put the resulting expres-
sion entirely in terms of the spatial part of Mμ, denoted

with M⃗,

σvrel ¼
jq⃗j

128π2m3

Z
dΩ
�
jM⃗j2 − jq⃗ · M⃗j2

jq⃗j2
�
: ð51Þ

Using A⃗ ¼ M⃗=ð8 ffiffiffiffi
m

p
g2Þ, we perform the angular integral

to get

σvrel ¼
8jq⃗jα2
m2

2

3
jA⃗j2: ð52Þ

Because the gauge boson carries the binding energy,

jq⃗j ≈mv2rel
2

�
1þ α2BS

n2v2rel

�
: ð53Þ

The diagrams in Fig. 3 produce amplitudes with spatial
parts of the form:

iA⃗

¼ 1

2

�
ðtaX1

Þi0kðϵ̂X1
Þkiðϵ̂X2

Þj0j − ðtaX2
Þj0kðϵ̂X2

Þkjðϵ̂X1
Þi0i
�
J⃗ij;i

0j0

− iðtbX1
Þi0kðϵ̂X1

ÞkiðtcX2
Þj0lðϵ̂X2

ÞljfabcT⃗ij;i0j0 ; ð54Þ

where J⃗, T⃗ are overlap integrals that depend on p; nlm (see
Appendix D). We can decompose this into isospin channels
and extract the ij; i0j0 dependence from the overlap inte-
grals. Let

W
J C

IS;BS
X1X2

¼ 1

2

�
ðtaX1

ϵ̂X1
Þi0iðϵ̂X2

Þj0j − ðϵ̂X1
Þi0iðtaX2

ϵ̂X2
Þj0j
�

×hIIS;MISjIX1
; I3X1

ðiÞ; IX2
; I3X2

ðjÞi
×hIBS;MBSjIX1

; I3X1
ði0Þ; IX2

; I3X2
ðj0Þi ð55Þ

and

W
TC

IS;BS
X1X2

¼ ifabcðtbX1
ϵ̂X1

Þ
i0iðtcX2

ϵ̂X2
Þ
j0j

×hIIS;MISjIX1
; I3X1

ðiÞ; IX2
; I3X2

ðjÞi
×hIBS;MBSjIX1

; I3X1
ði0Þ; IX2

; I3X2
ðj0Þi: ð56Þ

Then

iA⃗ ¼ W
J C

IS;BS
X1X2

J⃗ − W
T C

IS;BS
X1X2

T⃗; ð57Þ

and the overlap integrals have no dependence on the
SUð2ÞL indices. We have omitted the MIS;BS arguments
of W

J;TC
IS;BS
X1X2

, because these coefficients are contracted and

summed over when A⃗ is squared.
If X1 ¼ X2 ¼ X, we also have u-channel diagrams.

These get a factor of −1 from fermion exchange as a well
as a factor

ð−1Þlþsþ1þ2IX−I; ð58Þ

where I refers to the isospin of the combined state, from the
symmetries of the wave function. Note in particular that we
have used the identity for CG coefficients

hJ;Mjj1; m1; j2; m2i ¼ ð−1ÞJ−j1−j2hJ;Mjj2; m2; j1; m2i;
ð59Þ

which gives rise to the power 2IX − I in Eq. (58). Because
IBS ¼ IIS � 1;lBS ¼ lIS � 1, and sIS ¼ sBS, it does not
matter whether we use the initial-state or bound-state
quantum numbers, as long as we choose one state con-
sistently for all factors.
We also divide by a symmetry factor for the identical

particles in the initial and final states. Therefore, we
multiply the cross section by

ρX1X2
¼


1 X1 ≠ X2

ð1 − ð−1Þlþsþ1þ2IX−IÞ2=4 X1 ¼ X2:
ð60Þ

Averaging over initial states and summing over spins, we
obtain

s
WðσvrelÞIISIBSX1X2

¼ 2sþ 1

ðgM þ gDÞ2
8α2
m2

mv2rel
2

�
1þ α2BS

n2v2rel

�
×
2

3
ρX1X2

���WJ CIS;BS
X1X2

J⃗ − W
T C

IS;BS
X1X2

T⃗
���2: ð61Þ

FIG. 3. Diagrams for bound-state formation through vector-
boson emission. Mediators of the potential are not shown.
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If we explicitly evaluate the overlap integrals, we obtain the
results of Ref. [29], as expected.

2. B emission

For B emission, we only have the first two diagrams from
Fig. 3. We can read off the cross section from the
W-emission case. In Eq. (54) we replace

ðtaX1
Þi0kðϵ̂X1

Þkiðϵ̂X2
Þj0j → YX1

ðϵ̂X1
Þi0iðϵ̂X2

Þj0j
ðtaX2

Þj0kðϵ̂X2
Þkjðϵ̂X1

Þi0i → YX2
ðϵ̂X1

Þi0iðϵ̂X2
Þj0j

iðtbX1
Þi0iðtcX2

Þj0jfabcT⃗ij;i0j0 → 0: ð62Þ

We define

B
JC

IS;BS
X1X2

¼ 1

2
ðYX1

− YX2
Þðϵ̂X1

Þi0iðϵ̂X2
Þj0j

× hIIS;MISjIX1
; I3X1

ðiÞ; IX2
; I3X2

ðjÞi
× hIBS;MBSjIX1

; I3X1
ði0Þ; IX2

; I3X2
ðj0Þi: ð63Þ

When X1 ¼ X2 this is zero, so we do not need to consider
u-channel factors. After averaging over initial states and
summing over spins, we get

s
BðσvrelÞIX1X2

¼ 2sþ 1

ðgM þ gDÞ2
8α1
m2

mv2rel
2

�
1þ α2BS

n2v2rel

�
×
2

3

���BJCIS;BS
X1X2

J⃗
���2: ð64Þ

3. H emission

Figures 4 and 5 show two examples in detail from which
we can extract all of the H-emission bound-state formation
cross sections.
MM bound states. MM bound-state formation with

Higgs emission occurs through the two diagrams in
Fig. 4. These diagrams do not interfere so we can compute
the cross sections separately and add them together.
The t-channel contribution to the first diagram for a

given initial state produces the cross section (again sup-
pressing indices on the cross section)

σvrel ¼
4αH
m2

mv2rel
2

�
1þ α2BS

n2v2rel

�
×
���ðϵ̂DÞkiδI3Mði0ÞI3DðkÞ�1=2

ðϵ̂MÞj0jFij;i0j0
���2; ð65Þ

where F is an overlap integral and we have divided by two
for the identical final state particles. We define

H
FC

IS;BS
DM;MM ¼ ðϵ̂DÞi0iðϵ̂MÞj0jhIIS;MISjID; I3DðiÞ; IM; I3MðjÞi

× hIBS;MBSjIM; I3Dði0Þ � 1=2; IM; I3Mðj0Þi
ð66Þ

which accounts for the contribution to the transition ampli-
tude from each isospin channel. We also have a u-channel
version of this diagram that receives the same factor as in the
W-emission case. Putting these pieces together,

σvrel ¼
4αH
m2

mv2rel
2

�
1þ α2BS

n2v2rel

�
ð1 − ð−1Þlþsþ1þ2IM−IBSÞ2

× jHFCIS;BS
DM;MMj2jFj2: ð67Þ

The swap D → D̄ in the initial state only affects the
calculation by changing the initial state potential in the
large αH case. So the second diagram cross section is given
by Eq. (67) as well.
Adding the diagrams, averaging over initial states, and

summing spins, we get the totalH-emission cross section to
form an MM bound state,

FIG. 4. Diagrams for MM bound-state formation through H
emission. We follow the convention of Fig. 3 and omit the
mediators of the potential.

FIG. 5. Diagrams for MD̄ bound-state formation through H
emission. We follow the convention of Fig. 3 and omit the
mediators of the potential.
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s
HðσvrelÞIMM ¼ 2sþ 1

ðgM þ gDÞ2
4αH
m2

mv2rel
2

�
1þ α2BS

n2v2rel

�
× ð1 − ð−1Þlþsþ1þ2IM−IBSÞ2

×
�
jHFCIS;BS

DM;MMj2jFj2 þ jHFCIS;BS
D̄M;MMj2jFj2

�
:

ð68Þ

WehavewrittenF separately for each termbecause it depends
on the initial state, which is different between the terms.
MD̄ bound states. The diagrams in Fig. 5 show the

processes for MD̄ bound-state formation with H emission.
We note that the diagrams in the second row do interfere
and have u-channels, as do the diagrams in the third row.
The diagram in the first row can be read off directly from

theMM case. We obtain Eq. (68) with the u-channel factor
removed and H

FC
IS;BS
DM;MM → H

FC
IS;BS
DD̄;MD̄.

For the diagrams in the second row, temporarily sup-
pressing indices on σvrel, we get

σvrel ¼
4αH
m2

mvrel
2

�
1þ α2BS

v2reln
2

�
×

����ðδI3Mði0Þ
I3DðkÞ�1=2

ðϵ̂DÞikðϵ̂DÞjj0

þ δ
I3Mðj0Þ
I3DðkÞ�1=2

ðϵ̂DÞjkðϵ̂DÞii0 ÞFij;i0j0
����2: ð69Þ

Here we need to be careful with indices. We accomplish
this by making the ordering of subscripts significant. By
that we mean that we write the process D̄iD̄j;Mi0D̄j0 as
D̄ D̄;MD̄ and D̄iD̄j; D̄i0Mj0 as D̄ D̄; D̄M, where the place-
ment of each particle on each side of the semicolon
corresponds to its identity.

We again decompose the cross section into isospin
channels by defining

H
FC

IS;BS
D̄ D̄;MD̄ ¼ ðϵ̂DÞii0 ðϵ̂DÞjj0 hIIS;MISjID; I3DðiÞ; ID; I3DðjÞi

× hIBS;MBSjIM; I3Dði0Þ � 1=2; ID; I3Dðj0Þi:
ð70Þ

We see that

H
FC

IS;BS
D̄ D̄;D̄M ¼ H

FC
IS;BS
D̄ D̄;MD̄ð−1Þ1þIDþIM−ðIISþIBSÞ: ð71Þ

where we have used the identity in Eq. (59). We can now
write the cross section as

s
HðσvrelÞIS;BSD̄ D̄;MD̄ ¼ 4αH

m2

mv2rel
2

�
1þ α2BS

v2reln
2

����HFCIS;BS
D̄ D̄;MD̄

���2
× jFj2ð1 − ð−1Þlþsþ1þ2ID−IISÞ2
× ð1 − ð−1ÞIDþIM−ðIISþIBSÞÞ2; ð72Þ

which includes the u-channel factor. We note that l; s do
not change in the process so we do not need to specify
whether they are taken in the initial state or bound state.
For the third row, a similar calculation gives

s
HðσvrelÞIS;BSMM;MD̄ ¼ 4αH

m2

mv2rel
2

�
1þ α2BS

v2reln
2

����HFCIS;BS
MM;MD̄

���2
× jFj2ð1 − ð−1Þlþsþ1þ2IM−IISÞ2
× ð1þ ð−1ÞIDþIM−ðIISþIBSÞÞ2: ð73Þ

Therefore, the total cross section to form a MD̄ bound
state through H emission is

s
HðσvrelÞIS;BSMD̄ ¼ 2sþ 1

ðgM þ gDÞ2
8αH
m2

mv2rel
2

�
1þ α2BS

v2reln
2

� 
jHFCIS;BS

DD̄;MD̄j2jFj2 þ
ð1 − ð−1Þlþsþ1þ2ID−IISÞ2

2

× ð1þ ð−1ÞIMþID−ðIISþIBSÞÞ2
���HFCIS;BS

D̄ D̄;MD̄

���2jFj2 þ ð1 − ð−1Þlþsþ1þ2IM−IISÞ2
2

ð1 − ð−1ÞIMþID−ðIISþIBSÞÞ2

×
���HFCIS;BS

MM;MD̄

���2jFj2!: ð74Þ

We again write F separately for each term because it depends on the initial states.
From these two examples, we can now compile all of the H emission BS formation cross sections. Let

A ¼ 2sþ 1

ðgM þ gDÞ2
4αH
m2

mv2rel
2

�
1þ α2BS

v2reln
2

�
: ð75Þ
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Then

s
HðσvrelÞIS;BSMM ¼ Að1þ ð−1Þlþsþ2IM−IBSÞ2

×
�
jHFCIS;BS

DM;MMj2jFj2 þ jHFCIS;BS
D̄M;MMj2jFj2

�
;

s
HðσvrelÞIS;BSDD ¼ Að1þ ð−1Þlþsþ2ID−IBSÞ2jHFCIS;BS

MD;DDj2jFj2;
s
HðσvrelÞIS;BSD̄ D̄ ¼ Að1þ ð−1Þlþsþ2ID−IBSÞ2jHFCIS;BS

MD̄;D̄ D̄j2jFj2;
s
HðσvrelÞIS;BSDD̄ ¼ A

�
jHFCIS;BS

MD;D̄Dj2jFj2 þ jHFCIS;BS
MD̄;DD̄j2jFj2

�
;

s
HðσvrelÞIS;BSMD ¼ Eq:ð74Þ;
s
HðσvrelÞIS;BSMD̄ ¼ Eq:ð74Þ: ð76Þ

B. Annihilation rates

The annihilation rate for a bound state BSi is given by

Γi ¼ jψð0Þj2ðσvrelÞBSiann ; ð77Þ
where ψð0Þ is the BS wave function evaluated at r ¼ 0 and
ðσvrelÞBSiann is the annihilation cross section of BSi averaged
over the bound-state degrees of freedom. The radial part of
the bound-state wave function in the SUð2ÞL symmetric
limit with massless vector and Higgs bosons is given by

Rnl ¼
�
αeffm
n

�
3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − l − 1Þ!
2nðnþ lÞ!

s
e−rαeffm=2n

�
rαeffm

n

�
l

× L2lþ1
n−l−1

�
rαeffm

n

�
; ð78Þ

where L are the Laguerre polynomials [29]. Therefore,

jψð0Þj2 ¼ m3α3BS
23πn3

: ð79Þ

This annihilation rate is then used to determine the
branching ratio as described in Sec. III.
The contribution to the effective annihilation cross

section is thenX
BSi

hσvreliBSiformBRðBSi; SMÞ; ð80Þ

where ðσvrelÞBSiform is the total formation cross section of BSi.
When the bound state consists of identical particles,
BRðBSi; SMÞ receives an additional factor of 2 to account
for the disappearance of two particles of the same type in
the annihilation because we have chosen not to include this
in the Boltzmann equation (as described in Sec. V).

C. Bound DD̄=MM states

When we work with mixedMM⇌DD̄ states, we project
onto the MM;DD̄ states to find the formation cross section

ðσvrelÞmix1;2
form ¼ w2

mix1;2MMðσvrelÞMM
form þ w2

mix1;2DD̄ðσvrelÞDD̄
form:

ð81Þ
Here we suppress the spin and isospin dependence. We then
thermally average this cross section and project again to find
the contribution to the effective cross section

hσvrelimix1;2
form

�
w2
mix1;2MMBRðMM → SMÞ

þ w2
mix1;2DD̄BRðDD̄ → SMÞ

�
: ð82Þ

VII. RESULTS

In this section, we apply our formalism to determine the
DM mass necessary for a viable HC-MDM model. We
consider the 3M2D; 5M4D; 7M6D; 9M8D; 11M10D, and
13M12D representations and match the relic abundance to
the observed DMmass density. We then use these results to
determine the direct-detection prospects of HC-MDM.
Finally, we discuss additional constraints on the Higgs
coupling imposed by the unitarity bound.

A. Methodology

We have constrained the couplings y1;2 to have identical
magnitudes (y) and opposite signs. However, these constants
can take a continuum of values up to the limit of perturba-
tivity. Therefore, to demonstrate their effect on the DMmass,
we choose three values of y covering a range of scenarios
and determine the mass of the DM particles in each case. We
consider a small coupling (ysmall ¼ 10−9), a mid-range
coupling (ymid ¼ 0.005), and a large coupling (ylarge ¼ 1).
From the dependence of the branching ratio for bound

states to the SM on the binding energy [see Eq. (6)], we see
that we only need to consider the most deeply bound states
for a given Majorana-Dirac multiplet combination. We
determine the most deeply bound state for a particular
combination, then consider any bound states with binding
energy greater than a quarter of this value. Consideration of
less deeply bound states is relatively straightforward;
however, the calculational expense quickly becomes over-
whelming, especially for larger multiplets.
We can justify this choice by noting that for the 5M4D,

7M6D, 9M8D, 11M10D, and 13M12D cases, removing the
least deeply bound state that we do consider changes the
final mass determination by <6% in the ylarge case (where
the bound-state effects are most significant). For the 3M2D
case, due to the small number of bound states considered,
this is no longer true and the difference is more significant.
However, adding the first bound state with EBS <
EBS;max=4 changes the result by <1%, so our truncation
is still justified in this case.
Our choice to only consider states with EBS > EBS;max=4

excludes states with n > 1, so all states within our consid-
erationaremanifestlyl ¼ 0 states. Ifone includes lessdeeply
bound states, then it becomes necessary to consider states
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with nonzero angular momentum. As mentioned in Sec. VI,
states with jlj > 0 annihilate inefficiently and generally
break in the thermal bath or decay to l ¼ 0 states then
annihilate. The latter is subdominant to the direct formation
and annihilation of l ¼ 0 states (see Ref. [29]).
Considerationof these states is beyond the scopeof thiswork.
Similarly, bound states of representation size greater than

five cannot annihilate directly to the standard model.
Instead, these states can decay to lower representations
through gauge boson emission, then annihilate to the SM.
However, this is again a subdominant effect [considering
that these states are necessarily not the most deeply bound
states, see Eqs. (27) and (28)] and is ignored here.
We also need to consider the maximum value of z that we

integrate Eq. (11) over to find the relic abundance. Because
we are working in the SUð2ÞL symmetric limit and a
component-wise calculation valid after symmetry breaking
is beyond the scope of this work, the obvious answer is to
integrate up to zsym ¼ m=Tsym, where the subscript “sym”
denotes the temperature of symmetry breaking. This choice
would greatly underestimate the DMmass because it would
ignore a sizeable amount of annihilation after symmetry
breaking. However, as noted in Ref. [29], the SUð2ÞL
symmetric approximaton remains approximately valid up
TΔm ≈ Δm ≈ αemMW , where Δm is the mass splitting
between members of the SUð2ÞL multiplet after symmetry
breaking (see Ref. [13]). So we take as the upper limit of
integration zΔm ¼ m=0.58 GeV. This still ignores some
amount of annihilation taking place after the temperature
decreases below the mass splitting, and a component-wise
calculation becomes necessary for increased accuracy.
The effect of these choices is to mildly underestimate the

overall annihilation cross section and, consequently, the DM
mass. A more detailed treatment that avoids these simpli-
fications may be justified for cases of particular interest.
Figure 6 shows the squared norms of the overlap

integrals J⃗, T⃗, and F as functions of vrel with arbitrary
(but reasonable) choices of m ¼ 50 TeV, αIS ¼ α2, and
αBS ¼ 2α2 to compare their magnitudes. These signifi-
cantly affect the W, B, H emission bound-state formation
amplitudes [see Eqs. (61), (64), and (76)]. We see that for
values of αH comparable to α2 ¼ 1=29.6 (taken at the
Z-boson mass scale for simplicity), the Higgs emission
cross sections completely dominate the bound-state for-
mation. This is also the motivation behind our choice for
ymid. This value gives αHjFj2 ∼ α2jJ⃗j2, so W and H
emission cross sections are similar.

B. Small αH

Table I shows the relevant bound states meeting the
criteria described above for the ysmall case. As noted in
Sec. IV B, for small values of y, the mixed states
MM⇌DD̄ are essentially pure MM and DD̄, so we
specify the states in this limit as mix1 → DD̄ and
mix2 → MM. We make the additional distinction that

states which cannot annihilate efficiently are excluded.
For example, the MD doublet has a binding energy above
the threshold for the 5M4D and larger multiplets; however,
this state cannot efficiently annihilate due to the smallness
of αH [see the cross sections in Eq. (44)], so it is not
included.
Figure 7 shows the DM mass necessary to match the

observed DM density to the computed relic abundance for
the 3M2D, 5M4D, 7M6D, 9M8D, 11M10D, and 13M12D
combinations as well as the pure Majorana case corre-
sponding to each pair. In all cases, we find that the DM
mass for the mixed multiplet case is less than the pure
Majorana case. In this situation, the Higgs coupling has a
negligible effect on the long-range potentials. Furthermore,
annihilation into the Higgs is negligible, so the only particle
pairs that can efficiently annihilate are MM and DD̄. This
means that only a fraction of the potential interacting
pairs can annihilate, so this result matches our intuitive

FIG. 6. Comparison of the overlap integral squared norms. All
values taken with m ¼ 50 TeV, αIS ¼ α2, and αBS ¼ 2α2.

TABLE I. Bound states above the EBS consideration threshold
for ysmall ¼ 10−9. Superscripts denote representation size. States
are organized from largest to smallest binding energy. All states
are n ¼ 1, l ¼ 0.

3M2D 5M4D 7M6D 9M8D 11M10D 13M12D

MM1 MM1 MM1 MM1 MM1 MM1

MM3 MM3 MM3 MM3 MM3 MM3

DD̄1 MM5 MM5 MM5 MM5

MM5 DD̄1 DD̄1 DD̄1 DD̄1

DD̄3 DD̄3 DD̄3 DD̄3

DD̄5 DD̄5 DD̄5
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expectation. The exact value of the difference between the
pure Majorana case and the mixed case is determined by
this effect as well as the different potentials experienced by
the MM and DD̄ pairs.
Figure 8 compares the masses obtained from the tree-

level, Sommerfeld enhanced, and total annihilation cross
sections. For the 3M2D case, we see that the contribution
from bound states is subdominant to the Sommerfeld
enhancement. This matches the conclusion in Ref. [29]
that for the pure Majorana triplet bound-state formation is
less important than Sommerfeld enhancement. For the
other multiplets, we see that the two effects are roughly
comparable. In greater detail, we see that the relative
importance of bound states grows from the 3M2D,
5M4D, and 7M6D cases and is then essentially constant
for larger multiplets. This is influenced by our truncation of
which bound states we calculate. A full accounting for all
bound states would likely show a monotonically growing
bound-state contribution with multiplet size.

C. Mid αH

Table II lists the bound states relevant for the ymid case.
Because y is no longer negligible, we now work in terms of
the mixed MM⇌DD̄ states. For ymid these states are still
essentially pure MM and DD̄ states [as can be confirmed
from Eqs. (36), (38), and (40)], but using this basis allows

us to compare our results to the ylarge case where these states
are no longer approximated by the pure case.
Figure 7 compares the DM mass for the ymid and the

ysmall cases. We find that for small multiplets the masses are
approximately equal, while for larger representations the
masses are slightly larger for the ymid condition. In all cases
the mass remains lower than the pure Majorana case. This is
again a result of the fact that no new annihilation channels
are effectively open (because αH is not multiplied by the

TABLE II. Bound states above the consideration threshold for
Higgs coupling ymid ¼ 0.005. Superscripts denote representation
size. States are organized from largest to smallest binding energy.
All states are n ¼ 1, l ¼ 0.

3M2D 5M4D 7M6D 9M8D 11M10D 12M12D

mix21 mix21 mix21 mix21 mix21 mix21

MD̄2 mix23 mix23 mix23 mix23 mix23

MD2 MD̄2 MD̄2 MD̄2 MD̄2 mix25

mix23 MD2 MD2 MD2 MD2 MD̄2

MD̄4 MD̄4 mix25 mix25 MD2

MD4 MD4 MD̄4 MD̄4 MD̄4

mix11 mix25 MD4 MD4 MD4

DD1 mix11 mix11 mix11 mix11

mix25 DD1 DD1 DD1 DD1

mix13 mix13 mix13 mix13

DD3 DD3 DD3 DD3

mix15 mix15 mix15

FIG. 7. DM mass needed to match the observed DM density to
the computed relic abundance with ysmall, ymid, and ylarge. Also
shown are the corresponding pure Majorana states from Ref. [30].
Our values for the pure Majorana case are discussed in Appen-
dix A.

FIG. 8. Comparison of DMmasses obtained from the tree-level,
Sommerfeld enhanced, and total (including bound-state effects)
annihilation cross sections for ysmall.
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overlap integral for the annihilation cross sections and
αH ≪ α2). However, for bound-state formation αH appears
in conjunction with jFj2 so the combination is comparable
to α2jJ⃗j2 and bound-state formation is enhanced.
Figure 9 compares the masses obtained from the tree-

level, Sommerfeld enhanced, and total annihilation cross
sections, providing additional insight. We again see that for
the 3M2D case the contribution from bound states is
subdominant to the Sommerfeld enhancement. However,
in this case we see that the relative importance of the bound
contribution grows monotonically with increasing multiplet
size. This effect would be even more pronounced without
the bound-state truncation used here.

D. Large αH

Table III shows the ylarge bound states. The separation
between the MD and MD̄ potentials for a given represen-
tation is larger than in the ymid case. This is due to the
relative sign difference between y1 and y2, which affects
these two potentials differently, and the magnitude of ylarge
(see Sec. IVA).
Figure 7 shows that the Higgs coupling now has a large

effect on the DM mass for smaller representation sizes
compared to the pure Majorana case. For larger represen-
tations this effect diminishes and by the 11M10D case the
mass is actually slightly smaller than for the pure Majorana.
Figure 10 shows the origin of this behavior. First, bound-

state formation dominates the total cross section for all of

the representations considered here. However, we see that
the relative importance of bound states actually decreases
for larger multiplet combinations.
Figure 11 shows the behavior of the bound-state for-

mation cross sections as a function of the relative velocity
in detail. We see that theW-emission bound-state formation
cross sections grow monotonically with increasing multi-
plet size over the relevant velocity range as expected from
the pure Majorana case (B emission not shown because it is

TABLE III. Bound states above the consideration threshold for
ylarge ¼ 1. Superscripts denote representation size. States are
organized from largest to smallest binding energy. All states
are n ¼ 1, l ¼ 0.

3M2D 5M4D 7M6D 9M8D 11M10D 13M12D

mix21 mix21 mix21 mix21 mix21 mix21

MD̄2 MD̄2 MD̄2 MD̄2 mix23 mix23

mix23 mix23 mix23 mix23 MD̄2 MD̄2

MD̄4 MD̄4 MD̄4 MD̄4 MD̄4 MD̄4

mix25 mix25 mix25 mix25 mix25

DD1 DD1 MD2 MD2

MD2 MD2 DD1 DD1

DD3 mix11 MD4 MD4

mix11 DD3 mix11 mix11

MD4 MD4 DD3 DD3

mix13 mix13 mix13

mix15 mix15 mix15

FIG. 9. Comparison of DMmasses obtained from the tree-level,
Sommerfeld enhanced, and total (including bound-state effects)
annihilation cross sections for ymid.

FIG. 10. Comparison of DM masses obtained from the tree-
level, Sommerfeld enhanced, and (including bound-state effects)
annihilation cross sections for ylarge.
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subdominant toW emission and follows the same pattern).
However, the H-emission cross section actually decreases
with the multiplet size, at least for vrel < 0.1. We also see
that for small multiplets the H-emission completely
dominates the bound-state formation cross section.
However, due to the behavior noted above, this becomes
much less pronounced for large multiplet combinations
and for the 13M12D case we actually find that the
H-emission cross section is subdominant to W emission.
Therefore, we find that the cross sections, and conse-
quently the masses, begin to approach that of the small αH
case as the multiplet sizes increase. This is exactly what
we see in Fig. 7.

E. The unitarity bound

Above, we used an upper limit on y based on perturba-
tivity. However, we can also impose the constraint that the
s-wave cross sections considered here remain under the
unitarity bound. When we only consider the s-wave, we
obtain the limit

ðσvÞini ≤
4π

vm2
; ð83Þ

where ðσvÞini refers to the cross section for an initial state
(MM;DD, etc.) to annihilate or form a bound state (which
might not match the initial state). This term is given
schematically by

ðσvÞX1X2
¼ 1

gX1
gX2

�X
ðspin 0Þ þ 1

9

X
ðspin 1Þ

�
; ð84Þ

where the two summations include the cross sections for
X1X2 → SMorBS in the relevant spin state. Note that
because we have only considered bound states with l ¼ 0
and jΔlj ¼ 1 for W=B emission, this only includes bound
states formed through H emission.
We note some subtleties unique to our choices in this

paper when we do this computation. The cross section in
Eq. (48) should be divided by two when i ¼ j.
Furthermore, our expressions for the bound-state formation
cross sections include an averaging over all possible DM
initial states; see Eqs. (61), (64), and (76). Consequently,
these must be multiplied by ðgM þ gDÞ2 so that this average
can be replaced by the average over the relevant initial state,
as shown in Eq. (84).

F. Overall results

Our choices for y span the parameter space from an
essentially negligible Higgs coupling to the perturbative
limit. Because we are considering y1 ¼ −y2 and mD ¼ mM
(i.e., the custodial point), the amplitude of the spin-
independent cross section is independent of the Higgs
coupling and equal to the case of pure MDM as discussed
in Sec. II [47].
Figure 12 shows the possible masses for the 3M2D,

5M4D, 7M6D, 9M8D, 11M10D, and 13M12D cases and
their corresponding spin-independent (SI) cross sections on
nuclei. The spin-independent cross sections are taken from
Ref. [30], which determined the cross sections and
their uncertainties in the pure MDM case using lattice
QCD calculations. The red shaded regions of the
3M2D; 5M4D; 7M6D; 9M8D parameter spaces indicate
violation of s-wave unitarity. For the largest multiplets,
unitarity is not violated up to our previously imposed limit
of y ¼ 1.
Figure 12 also shows the current exclusion limits from

PandaX-4T [73] and LUX-ZEPLIN (LZ) [72] as well as
the proposed sensitivities of XLZD [32] and PandaX-xT
[33]. We see that for the 3M2D case, a significant portion
of the parameter space lies below the neutrino floor (for
the 5M4D case, this is true only for a marginal amount of
the parameter space). Therefore, we conclude that for
lower multiplet mixtures, HC-MDM cannot be excluded
currently by standard direct-detection efforts. Conversely,
parts of the parameter space for these multiplets
are actually easier to probe in future direct-dection
experiments than their pure Majorana counterparts.
Furthermore, we see that for the 9M8D, 11M10D, and
especially the 13M12D cases, the parameter space is
already constrained by LZ results. These multiplets lie
entirely in the sensitivity range of the next generation of
direct-detection experiments. Finally, we note again that
we have repeatedly made conservative choices that under-
predict the mass of the DM particles, so the parameter
spaces will extend further below the neutrino floor in a
more detailed calculation.

FIG. 11. Bound-state formation cross sections throughW (solid
lines) and H (dashed lines) emission for ylarge.
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VIII. CONCLUSIONS

Due to its simplicity and predictive power, the minimal
DM model is an especially compelling resolution to the
particle nature of DM. For individual multiplets, this model
is within the reach of the next generation of direct-detection
experiments to be either confirmed or ruled out. But
whether this remains true for a modest and important
extension of this model, introducing two multiplets coupled
by Higgs interactions, has been unknown.
In this paper, we have presented a detailed framework for

calculating the relic abundance for HC-MDM. This includes
both the tree-level annihilation cross section as well as the
enhancement from Sommerfeld effects and bound-state
formation. Furthermore, this formalism can be used with
slight modification (mainly setting a series of parameters to
zero) in individual-multiplet MDMmodels. We then use this
formalism to determine the relic abundance of various viable
multiplet combinations. Assuming that a given combination
makes up the entirety of DM, we also determine the mass
required for each multiplet combination.
Due to the phenomenological similarity between the

behavior of HC-MDM and individual-multiplet MDM in
the late universe when scattering on nuclei, we can easily
determine the viability of detecting this particle in the next
generation of direct-detection experiments. We find that

the parameter space for some of the lower dimensional
multiplet combinations extends beyond the reach of upcom-
ing proposed experiments. Furthermore, the parameter space
extends well below the neutrino floor, ruling out complete
coverage in standard direct-detection experiments. We
emphasize that this conclusion applies to standard direct-
detection experiments. In principle, detectors with direc-
tional capabilities may be able to probe below the neutrino
floor [74]. Larger multiplet combinations, however, are well
within the grasp of the next generation of experiments, with
some already constrained by recent LZ results.
Ultimately, the most reliable test of any WIMP model lies

in observing its annihilation products in the late universe.
Furthermore, this method would evade the limitations on
direct-detection experiments which make detection of low
dimensional multiplets impossible. To accurately model the
spectrum and composition of these annihilation products in
the HC-MDM model requires a different formalism from
that presented here, valid after SUð2ÞL symmetry breaking.
This is deferred for a later paper.
There are other potential avenues for future exploration.

First, in this paper we have made a series of simplifying
assumptions about the magnitude of the Higgs coupling
constants of the DM multiplets as well as their individual
masses. We have also neglected some of the smaller

FIG. 12. Allowed parameter space of masses and spin-independent cross sections on nucleons for different multiplet combinations,
shown with horizontal bands. The direct detection cross sections and masses are valid in the y1 ¼ −y2; mD ¼ mM limit necessary to
cancel tree-level Higgs-induced scattering on nucleons (see Sec. II). The band thickness is determined by the lattice QCD uncertainties
for the elastic cross section on nuclei [30]. Dots indicate the pure Majorana case for comparison. The red shaded regions indicate
parameter space excluded by imposing unitarity of the s-wave cross sections. The gray shaded region indicates the neutrino floor. The
blue and green shaded regions are the LUX-ZEPLIN (LZ) and PandaX-4T exclusion regions, respectively [72,73]. The dashed blue and
green lines indicate the projected XLZD and PandaX-xT 200 ton-year 90% C.L. exclusion sensitivities, respectively [32,33].
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contributions to the annihilation cross section, mainly
those of l > 0 states. Forgoing these simplifications
increases the computational complexity, but the formalism
developed here can, in principle, be extended to cover this
scenario. Additionally, here we have considered large
coupling values and masses that cancel the tree-level
H-mediated scattering cross section contributions to direct
detection of HC-MDM particles. As noted in Sec. II, loop
effects may modify the direct-detection cross section.
However the approximate custodial symmetry corre-
sponding to y1 ¼ −y2 should leave our conclusions
qualitatively unchanged. Ultimately, while fully probing
the parameter space of HC-MDM will be challenging, it
remains an essential goal.
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APPENDIX A: PURE MAJORANA
MULTIPLETS

We have chosen to use the results of Ref. [30] for the
pure Majorana case in this paper. As mentioned
in Sec. VII, we only consider a subset of possible
bound states in our calculation of the DM mass. This is
due to the computational cost associated with the mixed-
multiplet calculation. Therefore, the results of Ref. [30]
offer increased accuracy in the simpler pure Majorana case.
For completeness, we compare our results for pure
Majorana MDM with those of Ref. [30].
Figure 13 compares our results (blue) for the DM mass

giving rise to the right relic abundance to those of Ref. [30]
(pink) with (dots) and without (squares) bound states. We
see that when we only consider Sommerfeld enhancement,
we have excellent agreement with Ref. [30]. When we
consider bound states, we find that we again have excellent

agreement for all cases, the worst being the 5M4D case,
which is still within ∼20%.

APPENDIX B: CONTRACTING INDICES

Here we demonstrate the origin of the ϵ̂X operator used to
contract two SUð2ÞL multiplets given in Sec. II and used
throughout the paper. We use a quadruplet X with YX ¼
1=2 for this example. We can represent X; X̄ in two
different ways. The first is

X ¼

0BBBB@
Xþþ

Xþ

X0

X−

1CCCCA; X̄ ¼

0BBBB@
X̄þ

X̄0

X̄−

X̄−−

1CCCCA; ðB1Þ

where the superscripts indicate the electric charge
from Eq. (2).
We can also represent the multiplet by a totally sym-

metric tensor with three indices,

X ¼

0BBBB@
X111ffiffiffi
3

p
X112ffiffiffi
3

p
X122

X222

1CCCCA; X̄ ¼

0BBBB@
X̄111ffiffiffi
3

p
X̄112ffiffiffi

3
p

X̄122

X̄222

1CCCCA: ðB2Þ

It is then straightforward to contract X̄X using the SUð2ÞL
invariant Levi-Civita symbol ϵij,

FIG. 13. Comparison of our results (blue) to Ref. [30] (pink) for
pure Majorana MDM. Shown are the total masses obtained
including bound states as well as the result considering Som-
merfeld enhancement only.
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X̄X ¼ X̄ijkXi0j0k0ϵ
ii0ϵjj

0
ϵkk

0

¼ X̄111X222 − ðX̄112X221 þ X̄121X212 þ X̄211X122Þ
þ ðX̄122X211 þ X̄212X121 þ X̄221X112Þ − X̄222X111

¼ X̄þX− − X̄0X0 þ X̄−Xþ − X̄−−Xþþ: ðB3Þ
Defining the matrix

ϵ̂4 ¼

0BBBB@
0 0 0 1

0 0 −1 0

0 1 0 0

−1 0 0 0

1CCCCA ðB4Þ

we see that

X̄X ¼ X̄ · ϵ̂4X: ðB5Þ
We can generalize this to any dimension R (written as

ϵ̂R). Essentially, ϵ̂R flips the order of the multiplet to form
gauge invariant combinations. We frequently make use of
the fact that ϵ̂Rϵ̂TR ¼ 1.
For example, we wish to decompose the process D̄iDj →

WW into isospin contributions. Using CG coefficients,

M ∝ hIIS;MISjID; I3DðiÞ; ID; I3DðjÞiðcϵDÞikðtaDÞklðtbDÞlj
¼ hISiijðϵ̂DtaDtbDÞij; ðB6Þ

where in the second line we have used a shorthand notation
for the CG coefficients.

APPENDIX C: ANNIHILATION AMPLITUDES

In this Appendix we derive the amplitudes used in the
cross sections in Sec. IV. Throughout, we use the non-
relativistic spinor approximations

uðpÞ → ffiffiffiffi
m

p �
ξ

ξ

�
; vðpÞ → ffiffiffiffi

m
p �

ξ

−ξ

�
: ðC1Þ

1. DD → WW

In the nonrelativistic limit with massless vector bosons,
the kinematics are (see Fig. 14)

p1 ≈ ðm; 0⃗Þ; k1 ≈ ðm; 0; 0; mÞ;
p2 ≈ ðm; 0⃗Þ; k2 ≈ ðm; 0; 0;−mÞ: ðC2Þ

This leads to the simplifications

=p1−k1→m

�
0 σ3

−σ3 0

�
; ðp1−k1Þ2→−m2: ðC3Þ

For the t-channel DD̄ annihilation to WW process, the
amplitude is

iMt ¼ ðig2Þ2ϵaμ�ðk1Þϵbν�ðk2Þv̄ðp1ÞtaDγμ

×
ið=p1 − k1 þmÞ
ðp1 − k1Þ2 −m2

tbDγ
νuðp2Þ: ðC4Þ

Explicitly writing the SUð2ÞL indices, this has the structure

v̄iðϵ̂DÞijðtaDÞjkðtbDÞklul: ðC5Þ

We can decompose this into isospins by letting

Gab
DD̄;WW ¼hIIS;MISjID;I3DðiÞ;ID;I3DðjÞiðϵ̂DtaDtbDÞij; ðC6Þ

where we have used the contraction operator from
Appendix B.
Applying the nonrelativistic simplifications and using

ϵa0 ¼ ϵb0 ¼ 0,

iMt ¼ −iðig2Þ2Trðσiσ3σjξξ0†Þϵa�i ðk1Þϵb�j ðk2ÞGab
DD̄;WW:

ðC7Þ

For the spin zero configuration, ξξ0† ¼ ð1= ffiffiffi
2

p Þ1, where
1 is the 2 × 2 identity matrix (see Ref. [67]). Using

�ϵaðk1Þ ¼
1ffiffiffi
2

p ð0; 1;�i; 0Þ;

�ϵbðk2Þ ¼
1ffiffiffi
2

p ð0;−1;�i; 0Þ; ðC8Þ

we obtain the amplitudes

Mt;þ− ¼ Mt;−þ ¼ 0;

Mt;þþ ¼ −Mt;−− ¼
ffiffiffi
2

p
ðig2Þ2Gab

DD̄;WW: ðC9Þ

For the u-channel, ta↔ tb so Gab
DD̄;WW → Gba

DD̄;WW , μ↔ ν
in the γ matrices, and =p1 − k1 → =p1 − k2 ¼ −ð=p1 − k1Þ.
Adding both diagrams,

jMj2 ¼ 4g42ðGab
DD̄;WW þ Gba

DD̄;WWÞ2: ðC10Þ

From the Landau-Yang theorem, this process only occurs
with spin zero [29]. WW must have RFS ¼ 1, 3, 5, but for
R ¼ 3 the gauge factor combination vanishes. So this
process occurs in spin-0, RIS ¼ 1, 5 states.

FIG. 14. Diagrams for DD̄ annihilation to WW.
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2. DD̄ → HH�

The t-channel process of DD̄ → HH� shares the same
kinematics and approximations as the DD̄ → WW case.
The amplitude is

iM ¼ −iy1y2TRðσ3ξξ0†Þ: ðC11Þ
For spin zero, ξξ0† ∝ 1 and M vanishes.
For spin one, ξξ0† ¼ ðn⃗� · σ⃗Þ= ffiffiffi

2
p

, where n⃗ are the three
bound-state polarization vectors. This is only nonzero for
the transverse polarization so

iM ¼ −i2
ffiffiffi
2

p
y1y2: ðC12Þ

Because isospin is conserved, this process occurs for spin
one, RBS ¼ 1, 3.
The s-channel process DD̄ → W → HH� is easiest to

account for by adding it to the DD̄ → W → ff̄ case
considered below.

3. DD̄ → f f̄

DD̄ → ff̄ occurs through an s-channel process mediated
by the W. Requiring isospin and spin conservation, this
only occurs with IBS ¼ 1; sBS ¼ 1. Because IBS is
restricted to one value, we do not need to decompose
the process using CG coefficients.
Defining

ðGDD̄;ff̄Þ2 ¼ TrðtaDtbDÞTrðtaSMtbSMÞ; ðC13Þ
the amplitude is

iM ¼ ðig2Þ2v̄γμu
−igμν
q2

ūγνvGDD̄;ff̄; ðC14Þ

where q is the W momentum and we have omitted the
fermion momenta as well as the SUð2Þ indices on
GDD̄;ff̄ which will be contracted over when obtaining
the cross section.
Because the process is mediated by theW, f must be left

handed and f̄ right handed. Using the familiar nonrelativ-
istic approximations,

M ¼ 2ðig2Þ2GDD̄;ff̄: ðC15Þ
When we compute the cross section from this amplitude,

we multiply by the number of fermions, nf ¼ 12. However,
we can account for the process DD̄ → W → HH� by
replacing nf → np ¼ 25=2, as noted in Sec. IV.

4. MM → WW

We can read off the MM → WW amplitude from the
DD̄ → WW one. We defineGab

MM;WW as in theDD̄ case and
note that we obtain an additional symmetry factor of 1=2 in
the cross section.

5. MM → HH�

The MM → HH� can be determined from the DD̄ case.
We now have a u-channel diagram which has a relative
minus from fermion exchange and an additional minus
from =p1 − k1 → =p1 − k2, so the diagrams add together. We
also get a symmetry factor of 1=2 from the identical
particles, so overall the cross section is double the DD̄
cross section.

6. MM → f f̄

TheMM → ff̄ amplitude is found by comparison to the
DD̄ → ff̄ case. We define GMM;ff̄ as in the DD̄ case and
multiply the cross section by the symmetry factor of 1=2.

7. DD=D̄ D̄ → HH

The DD=D̄ D̄ → HH is found from the MM → HH�
example. In this case we have identical particles in the
initial and final states, so the cross section gets a factor of
1=2 compared to the MM cross section.

8. MD=D̄ → WH=H�

Figure 15 shows the diagrams for the MD → WH case.
Writing the SUð2ÞL indices explicitly, the diagram on the
left has the structure

iM ∝ v̄iðϵbMÞijðtaMÞjkδI3DðlÞI3MðkÞ�1=2
ul; ðC16Þ

where we have omitted the momenta arguments. Defining

�
1 GMD;WH ¼hIIS;MISjIM;I3MðiÞ;ID;I3MðjÞ�1=2iðϵ̂MtaMÞij;

ðC17Þ
and using the nonrelativistic approximations,

iM ¼ −ig2y1ϵ�nðk1ÞTrðσnξξ0†Þ�1 GMD;WH: ðC18Þ

In spin zero, this vanishes. In spin one, using L, R to
denote the W handedness and 1, 2 for the initial state
polarization,

MR;2 ¼ ML;1 ¼ g2y1
ffiffiffi
2

p �
1 GMD;WH: ðC19Þ

The diagram on the right in Fig. 15 produces the same
amplitude with the substitution �

1 GMD;WH → �
2 GMD;WH,

FIG. 15. Diagrams for MD annihilation to HW.

GRIFFITH, SMIRNOV, LOPEZ-HONOREZ, and BEACOM PHYS. REV. D 114, 035016 (2026)

035016-22



�
2 GMD;WH ¼ hIIS;MISjIM; I3DðiÞ � 1=2; ID; I3DðjÞiðtaDÞij:

ðC20Þ

Adding the two diagrams together leads to the cross
section in Eq. (44). Note that when the gauge factor is
squared, we sum over the þ;− as indices.

9. MD=D → H=H� → SM

In unbroken SUð2ÞL, the H does not couple to WW (we
can also note that isospin could not be conserved in the
process) so the relevant process isMD=D̄ → H=H� → ff̄.
However, in the nonrelativistic limit this is also zero.

APPENDIX D: BOUND-STATE FORMATION
AMPLITUDES

Here we derive the amplitudes used in the calculation of
bound-state formation cross sections in Sec. VI.
We use ϕpl;ij for the scattering state wave functions and

ψn0l0m0;i0j0 for the bound-state wave functions. Here p;l are
the momentum and angular momentum of the scattering
state, nlm are the quantum numbers of the bound state, and
i, j are SUð2ÞL indices. Bound state indices are primed and
scattering states unprimed. The radial part of the bound-
state wave function is given in Eq. (78).
The radial part of the scattering state wave function in the

massless vector limit is approximated by

RlðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πð2lþ 1ÞSp
Γð2lþ 2Þ e−iprð2prÞl

× F1

�
lþ 1þ iαeff

vrel
; 2lþ 2; 2ipr

�
×
Yl
n¼1

�
l − nþ 1 −

iαeff
vrel

�
; ðD1Þ

where F is the hypergeometric function and S is the
Sommerfeld factor. This approximation requires an addi-
tional correction for states with l ≠ 0, which is the case
when we consider formation of l ¼ 0 bound states from
l ¼ 1 scattering states through W, B emission. The
correction multiplies the resulting cross sections by

Ll ¼ w2lQl−1
k¼0 ððl − kÞ2 þ w2Þ with w ¼ mvrel

κmV
; ðD2Þ

where mV is the relevant vector boson mass and κ ≈ 1.74
arises from the Hulthen potential used to derive the
Sommerfeld factor in the case of massive vector
bosons [29].

We make use of the nonrelativistic approximations

ūiðp0ÞujðpÞ → 2mδij;

ūiðp0ÞγμujðpÞ → ð2mδμ0 þ ðp⃗þ p0!ÞkδμkÞδij;
uiðp0ÞγμtaijujðpÞ → ð2mδμ0 þ ðp⃗þ p0!ÞkδμkÞtaij; ðD3Þ

where k is a vector index and we have suppressed the
spin indices because they are individually conserved. We
have been slightly careless with the SUð2ÞL indices in the
last expression, but these indices are contracted with the
overlap integrals shown below. We also use the overlap
integrals

J⃗ij;i
0j0

p;nlm ¼
Z

d3rψ�
i0j0∇ϕij;

T⃗ij;i0j0
p;nlm ¼ α2m

2

Z
d3rψ�

i0j0 r̂ϕij;

F⃗ij;i0j0
p;nlm ¼ m

2

Z
d3rψ�

i0j0ϕij; ðD4Þ

where we have omitted indices on the wave functions for
convenience and use the kinematics (see Fig. 3)

P⃗ ¼ p⃗1 þ p⃗2; K⃗ ¼ k⃗1 þ k⃗2;

p⃗1 ¼
P⃗
2
þ p⃗; k⃗1 ¼

K⃗
2
þ k⃗;

p⃗2 ¼
P⃗
2
− p⃗; k⃗2 ¼

K⃗
2
− k⃗: ðD5Þ

1. W=B emission

For the W=B emission diagram in the top left of Fig. 3,

iM ¼ uj0 ðk2Þðϵ̂X2
Þj0jujðp2Þūi0 ðk1Þ

× ðig2ðtaX1
Þi0kðϵ̂X1

Þki þ ig1YX1
ðϵ̂X1

Þi0iÞγμuiðp1Þϵ�μðqÞ:
ðD6Þ

We only need the spatial part of Mμ. Using the non-
relativistic approximations and dressing with the scattering
and bound-state wave functions

M⃗¼ 2mðg2ðtaX1
Þi0kðϵ̂X1

Þkiþg1YX1
ðϵ̂X1

Þi0iÞðϵ̂X2
Þj0j

1ffiffiffiffi
m

p

×
Z

d3k⃗
ð2πÞ3

d3p⃗
ð2πÞ3ψ

�
i0j0 ðk⃗Þðp⃗þ k⃗Þϕijðp⃗Þδðp⃗2− k⃗2Þð2πÞ3:

ðD7Þ

Because jq⃗j is small, P⃗ ≈ K⃗ so
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M⃗ → 4
ffiffiffiffi
m

p ðg2ðtaX1
Þi0kðϵ̂X1

Þki þ g1YX1
ðϵ̂X1

Þi0iÞðϵ̂X2
Þj0j

×
Z

d3p
ð2πÞ3 ψ

�
i0j0 ðp⃗Þp⃗ϕijðp⃗Þ: ðD8Þ

Fourier transforming gives us our result

M⃗ → −4i
ffiffiffiffi
m

p �
g2ðtaX1

Þi0kðϵ̂X1
Þki þ g1YX1

ðϵ̂X1
Þi0i
	

× ðϵ̂X2
Þj0jJ⃗ij;i

0j0
p;n0l0m0 : ðD9Þ

For emission from the X2 leg of the diagram (the top
right of Fig. 3), we have p⃗1 þ k⃗1 → p⃗2 þ k⃗2 ¼ −ðp⃗þ k⃗Þ.
The δ-function argument gets an overall negative sign, but
this does not change the result because the relative sign
between p⃗ and k⃗ is unchanged. So the result is given by
Eq. (D9) with an overall minus, appropriately changing
SUð2ÞL indices, and YX1

→ YX2
.

When X1 ¼ X2, we also have u-channel diagrams.
This introduces a relative minus sign between argu-
ments in the δ-function so ψ�ðp⃗Þ → ψ�ð−p⃗Þ in
Eq. (D8). The effect on the cross section from the
symmetries of the wave function are discussed
in Sec. VI.
We can also emit a W boson through the three

boson coupling in the bottom of Fig. 3. This
amplitude, when simplified to the nonrelativistic limit
and dressed with the scattering and bound-state wave
functions, is

iM⃗ ¼ i8
ffiffiffiffi
m

p
g2ðtbX1

Þi0kðϵ̂X1
ÞkiðtcX2

Þj0lðϵ̂X2
ÞljfabcT⃗ij;i0j0

p;n0l0m0 :

ðD10Þ

2. H emission

For the H emission diagram on the left in Fig. 4,

iM ¼ ð−iy1Þūj0 ðk2Þujðp2Þðϵ̂MÞj0jūi0 ðk1Þ
× uiðp1Þðϵ̂DÞkiδI

3
Mði0Þ
I3DðkÞ�1=2

: ðD11Þ

Dressing with the scattering and bound-state wave func-
tions and using nonrelativistic approximations, we have

iM ¼ −iy14m2ðϵ̂DÞkiδI
3
Mði0Þ
I3DðkÞ�1=2

ðϵ̂MÞj0j
1ffiffiffiffi
m

p

×
Z

d3p
ð2πÞ3

d3k
ð2πÞ3 ψ

�
i0j0 ðk⃗Þϕijðp⃗Þδðp⃗2 − k⃗2Þð2πÞ3:

ðD12Þ

Using the small jq⃗j approximation and Fourier transform-
ing to position space

iM ¼ −8iy1
ffiffiffiffi
m

p ðϵ̂DÞkiδI
3
Mði0Þ
I3DðkÞ�1=2

ðϵ̂MÞj0jFij;i0j0
p;n0l0m0 : ðD13Þ

Swapping M⇌D;H → H� changes y1 → y2 in
Eq. (D13). However, this has no effect when we square
the amplitude because jy1j ¼ jy2j. Emitting from the
p2 → k2 leg only changes the overall sign of the δ-function
argument, so this also has no effect on the amplitude.
When we have u-channel diagrams, the relative sign in the
δ-function argument changes. This changes the sign of
the argument of the BSwave function, ψ , and we obtain the
symmetry factors discussed in Sec. VI.
Figure 16 shows a diagram which also produces

bound states through H emission; however, it is
suppressed by higher orders of the coupling constants
[48]. Therefore, we ignore this bound-state formation
mechanism.
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