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Minimal electroweak dark matter models are compelling due to their simplicity, though calculations of
their freeze-out abundance are complicated by nonperturbative effects due to Sommerfeld enhancement
and bound-state formation. It has been shown that all individual multiplet scenarios beyond the doublet lead
to direct-detection signals above the neutrino floor and thus within the reach of next-generation
experiments. If no signals are found, would minimal dark matter be excluded? Yes for the simplest
models, but it has been unknown for the important extension of two multiplets coupled by Higgs
interactions (Higgs-coupled minimal dark matter). We present a generalized framework for calculating
nonperturbative effects for such models that also covers the case of individual multiplets. In this framework,
we calculate nonperturbative effects on freeze-out as well as the prospects for direct detection, correcting
shortcomings and omissions in the literature. Importantly, for the mixed Majorana (odd) and Dirac (even)
multiplet combination 3M2D (and marginally the 5M4D), we find that the predicted direct-detection
signals can extend below the neutrino floor. Fully testing minimal dark matter will thus require more than

direct-detection experiments.
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I. INTRODUCTION

The particle nature of dark matter (DM) is one of the
longest-running questions in physics [1]. The resolution of
this question will have profound implications. For particle
physics, understanding DM will reveal physics beyond the
standard model (BSM); for examples, see Refs. [2-7]. For
cosmology, understanding DM is crucial for understanding
the overall evolution of the Universe and the clustering of
matter, see e.g. Refs. [8—12].

Minimal dark matter (MDM) [4,13,14] is an especially
attractive class of weakly interacting massive particle
(WIMP) models [15-19]. These models take the WIMP
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miracle seriously and propose that DM is a component of
an electroweak SU(2), multiplet that can be added to the
standard model (SM) with little fuss. At tree level,
calculation of the DM annihilation cross section to SM
particles and the DM freeze-out abundance is simple [13].
However, because the DM masses are typically quite
large, the weak bosons appear relatively massless, which
makes it important to account for nonperturbative effects
on the cross section due to Sommerfeld enhancement
and bound-state formation. This is analogous to the
enhancement of e™ + ¢~ annihilation due to the attractive
Coulomb potential and positronium formation [20]. The
Sommerfeld effect for DM has been calculated in, e.g.,
Refs. [21-25], while bound-state effects have been calcu-
lated in, e.g., Refs. [26-29]. A distinctive aspect of
MDM models is that they appear to be fully testable by
next-generation direct-detection experiments [30-33].
Furthermore, current bounds from direct detection
eliminate even multiplets due to their tree-level coupling
to the Z [34,35], though this can be evaded by adding
interactions beyond those of strictly MDM (see,
e.g., Ref. [12]).

Published by the American Physical Society
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Higgs-coupled minimal dark matter (HC-MDM) is a
modest and important extension to this model. Here, DM is
a combination of two different multiplets that couple
through the Higgs. This is the simplest way of introducing
Higgs-mediated interactions for fermionic DM, thus mak-
ing use of all the players in the electroweak sector. This
model is still minimal in the sense that it contains only
SU(2), couplings. Such models have been studied exten-
sively in the specific cases of the singlet doublet [36—43],
doublet triplet [42,44,45], and the triplet quadruplet [46]. In
Ref. [47], it was shown generally that if one combines two
multiplets with a dimension difference of one and at most a
small mass difference, the resulting mixed state behaves
like an odd multiplet. Under certain constraints, these
particles can have large Higgs couplings while still evading
direct-detection constraints. However, large Higgs cou-
plings have a profound effect on the annihilation cross
section through Sommerfeld effects and bound-state for-
mation. This has not been well explored. For this model,
Ref. [47] calculated the Sommerfeld effect but only roughly
estimated bound-state formation effects. Then, in
Refs. [48,49], these nonperturbative effects were calculated
in detail, but only for the singlet-doublet case.

In this paper, our goal is to systematically explore mixed-
multiplet HC-MDM models for higher multiplets, to
calculate the effects on the freeze-out predictions, and to
assess how well these models can be probed by direct-
detection experiments. This is significantly different from
the exclusively singlet-doublet case considered in
Refs. [48,49] because the singlet has no SU(2), coupling,
which means that the potentials and cross sections lack
some features found in larger multiplet combinations. We
begin by establishing the first complete framework for
HC-MDM calculations, accounting for Sommerfeld and
bound-state effects on DM freeze-out and thus the allowed
DM masses. Our framework, which corrects various short-
comings and omissions in the literature, also applies (in
appropriate limits) to MDM with single multiplets. We
reproduce previous results for the prediction of MDM
masses [29,30,50,51] up to the 13-plet, which is the
limiting representation due to unitarity constraints
[30,51]. With our framework established, we address the
key questions of the paper: what masses are required for
HC-MDM to comprise the entirety of observed DM and
what are the direct-detection prospects for HC-MDM
models?

The remainder of this paper is organized as follows. In
Sec. II, we review the MDM and HC-MDM models as well
as establish notation that will be used throughout. In
Sec. III, we present our formalism for determining the
freeze-out abundance and accounting for nonperturbative
effects. In Sec. IV, we calculate the long-range potentials of
the DM particles that generate the nonperturbative correc-
tions as well as the annihilation cross sections. In Sec. V, we
find the Sommerfeld-enhanced annihilation cross section of

scattering states. In Sec. VI, we determine the cross
sections for bound-state formation. In Sec. VII, we apply
these calculations to specific multiplet combinations to
determine the DM masses and discuss the implications for
direct detection. Finally, in Sec. VIII we conclude and
discuss ways forward.

In the Appendixes, we collect a series of results
necessary to rederive the work in the main body of the
paper. Some of these details are already given in other
papers referenced throughout this work; however, we
compile them here to aid the reader by providing a single
source for all of the necessary results. We also briefly
discuss our results for pure Majorana MDM and compare
them to the existing literature.

II. MDM AND HC-MDM MODELS

In this section, we review the MDM and HC-MDM
models and discuss some current experimental constraints.
We also introduce the simplifications that we use in the
remainder of our discussion. Finally, we establish the
notation used in the following sections.

The MDM model proposes adding a single SU(2),
multiplet to the SM Lagrangian, which may be either a
scalar or a fermion. We focus on the fermion case. (In the
scalar case, the Higgs portal does not need the introduction
of a second multiplet [13,52].) The SM Lagrangian is
modified by adding the term

&L =Ly + CX(iP + mx)X, (1)

where & is the covariant derivative, my is the mass of the
DM particle X, and C = 1/2 for self-conjugate (Majorana)
X or C =1 for non-self-conjugate (Dirac) X.

The distinction between the Majorana and Dirac cases
depends on the assignment of the weak hypercharge (Yy),
because a particle with Yy # O clearly cannot be its own
antiparticle. DM with nonzero hypercharge is already ruled
out by direct-detection experiments (or minimality must be
abandoned to appropriately cancel the offending inter-
actions [34,35]). Furthermore, from the Gell-Mann—
Nishijima relation,

Ox = I + Yy, (2)

where Qy is the electric charge and I3 is the third
component of isospin, we see that Yy is constrained by
the requirement that one component of the multiplet is
electrically neutral and, consequently, that only odd mul-
tiplets can meet the requirement of Yy = 0. Additionally,
multiplets of dimension five or greater are stable against
decay to the SM, while smaller multiplets can be stable if
we impose a symmetry under which the DM is odd and the
SM is even [13].
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FIG. 1. Schematic diagram illustrating the salient differences
between the MDM and HC-MDM models.

Reference [13] showed that odd multiplets of dimension
greater than five produce a Landau pole below the Planck
mass. However, this does not rule out these multiplets.
Instead, it points to the necessity for a UV completion
scenario that eliminates the offending operators [30].
Furthermore, Ref. [51] proposes a solution based on
resummation techniques. We can, however, determine an
upper limit on the multiplet size by demanding s-wave
unitarity of the cross section. Under this constraint,
multiplets up to the 13-plet are acceptable DM candidates
[30,51].

The odd multiplets up to the 13-plet lie slightly below
current direct-detection bounds. Conveniently, as shown in
Ref. [30], they also lie above the “neutrino floor,” the
combination of cross section and mass below which
neutrino backgrounds make direct detection extremely
difficult [53]. The proposed next generation of direct-
detection experiments (such as XLZD [32] and
PandaX-xT [33]) will probe down to the neutrino floor.
Indirect-detection bounds also put pressure on MDM
models, as recent analyses of Fermi data (see e.g.
Refs. [54-58]) strongly disfavor the pure triplet scenario,
even considering a large Milky Way core. For larger
multiplets, the exclusion bounds are less stringent as they
depend on the exact DM mass and the core radius [58].
Furthermore, Ref. [59] finds that the upcoming Cherenkov
Telescope Array Observatory (CTAO) can test up to the
11-plet and place strong pressure on the 13-plet.

In the HC-MDM model, we add Majorana and Dirac
fermions to ZLgy (M and D, respectively) with multi-
plet sizes differing by one. By requiring each multiplet
to generically have a neutral member, we must have

Yy, =0 and Y, = 1/2. The Lagrangian then acquires
the terms

_ 1
&L =L+ D% +mp)D + EM(i,@ + my )M
—y,DMH* — y,DMH, (3)

which exhausts the possible M, D interactions. As
mentioned, if the representation size of either is less
than five, we must impose an additional discrete
symmetry to prevent decay.

Figure 1 illustrates the transition from MDM to
HC-MDM and highlights some important differences.
Our assertion that the HC-MDM parameter space can
extend below the neutrino floor is demonstrated in Sec. VII.

As shown in Ref. [47], after electoweak symmetry
breaking M and D can mix to a combined state where the
lightest neutral particle behaves as a Majorana fermion
and is therefore a viable DM candidate. For this to
occur, we must have |y;| % [y,|. In the limit of equality
y; = *y,, the Lagrangian of Eq. (3) possesses a global
symmetry, referred to as custodial symmetry (see, e.g.,
Refs. [46,47]). In this case, it is fairly easy to extract the
mass eigenstates and their mixing as well as the couplings
to the Z and H bosons. In particular, it can be shown that
when y; = —y, and mp = my,, the tree-level coupling of
the lightest neutral component (which comprises the
entirety of DM in the present Universe) to the Higgs is
zero (see Ref. [47], Sec. 2.2.1). This avoids Higgs-
induced DM scattering on nucleons at tree level. If this
were nonzero, it would add to the scattering cross section
from gauge boson exchanges that controls the amplitude
of the direct detection cross section of MDM [60] (see,
e.g., early studies of “blind spots” within the singlet-
doublet model [39-41,47]). Loop-induced corrections
involving H exchanges may provide extra contributions
to the scattering cross section. However, as y; = —y,
corresponds to a custodial symmetry, we still expect the
gauge-induced contributions to dominate the amplitude of
the scattering cross section on nucleons.

To simplify our calculations, we restrict ourselves to the
custodial point where |y\| = |y2| =y, yi1 =—y,, and
my; = mp = m. In this case, because the direct detection
cross section is only due to the gauge boson loop-induced
contributions as with MDM, we can use direct detection
cross sections computed for MDM. We do not consider
H-induced loop effects and simply note that this is a
potential direction of future work.

When dealing with negligible Higgs coupling, the
requirement that y; = —y, is not strictly required and
allowing both couplings to have the same sign has no
effect on our results or on the direct detection cross section.
However, we will maintain this choice to present our results
in a unified way, noting that our conclusions are valid also
in the y; = y, case for small y.
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These simplifications make sense when we consider
mixed multiplets in generality. In Sec. VII, we choose
reference values of y; , to demonstrate the magnitude of the
nonperturbative effects on freeze-out abundance. However,
if one has a particularly well-motivated model that includes
specific values of y; , and m,, p, then it is straightforward
to generalize our results, albeit with increased complexity
and computational expense.

We also work in unbroken SU(2), symmetry. This is
because of our focus on the annihilation rates in the early
Universe to determine the relic abundance. We justify this
in Sec. VIL

For convenience, we summarize our notation:

(1) X is a generic DM multiplet (M or D).

(ii) Ry is the representation size of the X multiplet.

(iii) gy is the degrees of freedom of X (2Ry and 4Ry for
Majorana and Dirac particles, respectively).

(iv) Iy is the isospin of X.

(v) I3(n) is the 3 component of isospin of the nth
element of X in ascending order. For example, for a
triplet X, I3(1,2,3) = -1, 0, 1.

(vi) 7§ is the ath SU(2) generator of size of the
representation of X.

(vii) C,(Ry) is the quadratic Casimir of Ry.

(viii) V is a nonrelativistic potential (the r dependence is
generally omitted). When necessary, a superscript
indicates the representation size and subscripts
indicate particles involved (e.g., V§]X2)'

(ix) For a process that changes the particle content (e.g.,
X+ X, - X3+ Xy), we use X[ X,; X3X,.

(x) The coupling strength «a is defined by V = —a/r,
with @, the U(1), and SU(2), gauge couplings
and ay = y*/4n.

(xi) Clebsch-Gordon (CG) coefficients are written
(J,M|j\, my; jo,my), where J,j; denote angular
momentum quantum numbers and M, m; the pro-
jections onto the z axis.

(xii) €y is the generalization of the Levi-Civita symbol to
the dimension of X used to contract indices (see
Appendix B), e.g.:

o 0 1
=10 -1 0
1 0 0

(xiii) Latin subscripts denote a multiplet component
(e.g., D).
(xiv) Lower case s generally denotes spin. However, s
will also be used for entropy density in Sec. III.
(xv) Upper case S is the Sommerfeld factor (see Sec. V).
(xvi) Cross sections are specified by s and I: * (60 ).
(xvii) n; is the number of SM fermions.
(xviii) IS and F'S denote initial and final states. BS denotes
a bound state.

(xix) z = m/T is a dimensionless time variable, where T
is the temperature and z; denotes z at the freeze-out
temperature. Note that z is not used for redshift.

III. FREEZE-OUT ABUNDANCE FORMALISM

In this section, we summarize results necessary for
calculating the relic abundance of DM from the annihila-
tion and bound-state formation cross sections. We also
justify the simplifications used to make the calculation of
the relic abundance tenable. For the reader interested in the
final result, note that Eqs. (11)—(13) to are the necessary
equations to reproduce our freeze-out calculations [for
Eq. (11), we discuss the integration limit in Sec. VII].

The relic abundance of electroweak DM is determined
by its chemical decoupling from the SM plasma. We
describe the evolution of the DM abundance using the
comoving abundance Ypy = npy/s, where np,, is the
number density and s = (27°/45)g,,T° is the entropy
density. In terms of Ypy, the Boltzmann equation is

dYDM N
dz = _Z_H <6Urel>eff(Y]2)M - Y2DM.eq)’ (4)

where H is the Hubble rate during radiation domination,

H = 1.66¢.*T?/Mp,. Here, (0rer)efp 18 the effective ther-
mally averaged inelastic cross section for annihilation

to the SM (including nonperturbative effects) (see
Refs. [29,51,61-63)):

<Gvrel>eff = <6vrel>ann + Z<avrel>g)f;nBR(BSi; SM) (5)
BS;

The first term corresponds to the Sommerfeld-enhanced
annihilation of free XX pairs, while the second term
accounts for the formation of unstable XX bound states
(BS;) that subsequently decay to the SM with branching
ratio BR(BS;; SM). The branching ratio is given by

BR(BS;; SM) = T
' l—‘break + l—‘ann

BS; 3 ,~zEgs;/m -1
= <1 + <O-Urel>annm € 1") s (6)

2Rps(2s + 1)(472)3/?)
where I'; is the annihilation rate of BS;, Rpg is the
representation size of the bound state, and Egg, is the
binding energy [51]. Note the absence of the degrees of
freedom squared factor in the second term of Eq. (6) when
compared to Ref. [51]. This is due to a difference in
conventions. We choose not to average the annihilation
cross sections over the DM degrees of freedom here and
instead do so when we compute the contribution to the
effective annihilation cross section (see Sec. V). However, in
Ref. [51] the cross sections are averaged and this factor
serves to undo this averaging to apply to bound states.
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The branching ratio interpolates smoothly between the
regimes of complete breaking of bound states (at
T > Eps,) and efficient decay of bound states (at T << Ejg,).

A. Formation and breaking of bound states

Schematically, the relevant processes are

(0v51) g{gm Famn
X +X = (XX)ps—> SM, )
l—‘break

where (XX) g denotes a colorless electroweak bound state
with quantum numbers fixed by the gauge representation.
At early times, the thermal bath of SM particles breaks the
newly formed bound states on a timescale 'y > H,
leading to detailed balance between formation and
breaking: ngg =~ ngg.q, and thus negligible net depletion.
As the temperature drops below the binding energy,
T < Epg, the breaking rate becomes Boltzmann sup-
pressed, I o e F#5/T and bound states annihilate
promptly with I'y,, > H. In this limit the bound-state
population does not accumulate and its effect can be
incorporated through the effective rate in Eq. (5).

B. Thermal average of the bound-state formation rate

For a potential induced by the exchange of an electro-
weak gauge boson of mass my, when Egg 2 my, the
bound-state formation cross section is approximately
(see Sec. VI)

( )BS 29 T O e—4§arccotz§
rel/ form 3 m%{ Vrel 1—e 27&°

Qetf
pu— 5 8 )
Urel

where . is the coupling strength of the relevant potential.
The thermally averaged rate <07/re1>g)fm is then evaluated by
integrating over the Maxwell-Boltzmann distribution of
relative velocities. In the Coulombic regime, (o)

scales approximately as

BS
form

2y
€

) 9
with Cpg a numerical factor of order unity that depends on
the gauge representation and the available emission chan-
nels (y, W, or Z bosons, or Higgs).

<Gvrel>g>§m =C

C. Effect on the relic yield

When Eq. (4) is solved with the effective cross section of
Eq. (5), the enhanced depletion through bound-state for-
mation shifts the freeze-out to larger values of z (lower
temperatures) and reduces the final yield Ypy(co) relative
to the standard case:

BS;
Ane EBSi <Uvrel>for;~n
’ B <Gvrel>ann

(10)

=Ly

For heavy electroweak multiplets, where agmy/my > 1,
the bound-state contribution is significant and must be
included in determining the relic abundance and the
corresponding unitarity limit on the thermal DM mass.

More quantitatively, Eq. (4) has the approximate asymp-
totic solution (see Ref. [51]),

Ypm (o) :% </Z°°<0vre1>eff(z) dZ+<6Urel>eff(Zf)>_l,

p) 5)
’ z if

(11)
where A = \/gsmz/45Mpm. z; is given by

[ 2(9m + 9p)(OVret) e (2)A
2= ln< (277.'Zf)3/2 ff > .

(12)
The DM density is then

0 _ Ppm sYpp(oo)m
DM = = 320~

Perit 3H0/8”G
n? 04eV ’

(13)

where H(y and G are the Hubble and gravitational constants.

In summary, the inclusion of electroweak bound-state
formation and thermal breaking modifies the effective
inelastic rate governing the chemical decoupling of heavy
DM. Equation (4) provides a compact formulation that
self-consistently accounts for the transition from the
regime (7 > Epg) to the annihilation-dominated regime
(T <« Epg), thereby capturing the dominant impact of
bound-state dynamics on the thermal freeze-out of electro-
weak DM.

IV. POTENTIALS AND ANNIHILATION
CROSS SECTIONS

In this section, we present the long-range potentials between
DM particles that generate Sommerfeld corrections and bound
states. We go on to discuss our formalism for handling the
mixed MM /DD states that arise due to Higgs exchange
(analogous to the mixing of the K* and K° mesons arising
from W* exchange [64]). Finally, we show the annihilation
cross sections to the SM for the various combinations of DM
particles, with additional details in the Appendix C.

A. Potentials

Figure 2 shows the diagrams arising from the Lagrangian
in Eq. (3) that generate long-range potentials. Because we
are considering heavy DM annihilation after 7 < m, we are
interested in the nonrelativistic limit of these processes.

We specify the kinematics with P as the total momentum

of the system and p, k as the momenta D1 l_él in the center-
of-momentum frame. Then
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M; e Dy M; & M;

FIG. 2. Diagrams for the interactions generating long-range
potentials among M and D. The spin indices are omitted because
particle spins are individually conserved in the nonrelativistic
limit. The M D diagrams are omitted but follow straightforwardly
from the MD cases.

P P . P - - P -
py=—=+pD, Pr==—p, k==+k, =——k 14
P1=3 +p. D2 > P k=3 + 275 (14)
When considering long-range interactions, in the

nonrelativistic and SU(2), symmetric (my = my =
mp = 0) limits, the amplitudes are

4m?
MDD;MM " —»2)’1)’2,
P — k|
2
Mop = =75 (91YD — g3tpts)
Mpp = - E ~| (g1YD + Gathi),
4 2.a sa
Myp = - 7 »| (93tH 15 = y132),
p —
4m?
Myp =— B ]—g|2 (9%% i =%,
4m2 2.a a
Muym = - 7 ]—€>|292tMtM’ (15)

where we have omitted the u#-channel diagrams where they
appear (see below).

Relating the scattering amplitude to the Born approxi-
mation, we find that the nonrelativistic potential is

R R
- el ig-r
v 4m2/(27[)3/\/l(q)e . (16)

Note that for identical particles, we should in principle
include u-channel diagrams. However, to obtain the correct
nonrelativistic, long-range potentials, we consider only the
t-channel diagrams. This is because the wu-channel
(exchange) interaction does not generate a contribution
to the nonrelativistic potential, but is instead encoded in the
symmetry properties of the wave function [65,66]. As a first
check on the validity of this approach, we note that this
choice ensures that the nonrelativistic, long-range Coulomb
potential is the same for e~ e~ (#- and u-channel diagrams)
and e~ p~ (t-channel diagram only), in accordance with the
requirement that we recover Coulomb’s law in the classical
limit. In short, the reasoning behind this is that the
t-channel diagram generates the correct long-range 1/r
potential in the Coulomb limit, while the u-channel dia-
gram generates only short-range contact interactions as we
show below.

We present two complementary perspectives on the role
of exchange diagrams. First, a localized wave-packet
argument from nonrelativistic quantum mechanics shows
that the exchange matrix elements are suppressed at large
separations. Then, beginning with the relativistic quantum
field theory amplitudes for gauge boson exchange and
matching onto a local long-range potential, we show that
only the direct 7-channel produces the soft singularity
responsible for the Coulomb/Yukawa tail and we recover
the same suppression of the u-channel contribution as in the
nonrelativistic case.

For the wave-packet argument, we begin with two
identical, spatially localized fermions at large spatial
separation in states |a), |b). By this, we mean two particles
whose spatial wave functions do not significantly overlap
and are known to be separated in two regions of space.
Alternatively, we can think of two particles sufficiently
separated that one can conceivably construct an experiment
that is sensitive to only one particle. We can then write the
appropriately antisymmetrized state of the system as

1
|a,b)_ =7

We decompose the Hamiltonian into

(la)[b) = |b)|a)). (17)

H=H,+V, (18)

where H, contains the kinetic terms and V the potential due
to the interaction. Because I:IO is symmetric under particle
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exchange, the interesting behavior arises from the V term.
The expectation value of this operator is

EV - Eler +E

V.ex>

Eg e = 5 ((bl{alV1a){b] + {al 51715)a)).
Ege =5 ((0llal?10)la) + (@l BIP1a)n)).  (19)

Ey 4, corresponds to the z-channel process. When we
transition to position space [using ¢,,,(X) = (X|a/b)] and
employ the Born approximation, Ey ;. contains terms like

/ / PR PRV (R, )| (Rr) Pleby ()

Meanwhile, Ey ., corresponds to the u-channel process.
When we transition to position space and employ the Born
approximation, Ey .. contains terms like

/ / PR PV (F), %) (1) (1) (Ba) iy ()

These terms contain two factors of the spatial overlap
between |a) and |b). Because the particles are widely
separated, Ey ., — 0 and the u-channel process is irrelevant
to the long-range potential, as expected.

We will now show the correspondence between the
nonrelativistic quantum mechanics formalism and the
approach taken when we derive the potentials in a relativ-
istic quantum field theory. Here, we start with the ampli-
tudes for gauge boson exchange between identical fermions
and take their Fourier transform. Working in the center-of-
momentum frame, we define the momentum transfers for
the 7- and u-channel processes

4, =Dp—k
G,=p—+k (20)

For exchange of a mediator of mass my, the nonrelativistic
t, and u-channel kernels have the form

K.(G,) o =
A ‘It+mv
A
K,(G,) x = 21
@) s (1)

where A is the appropriate antisymmetrization factor for the
u-channel diagram.
We then use Eq. (16) to obtain the local potential

&g, 1 A
Vx— — — e, 22
. /<2n>3<q%+m2v+q3+m2v>e (22)

The first term yields the familiar Yukawa potential

&g, €T 1
Vi=— | s = —mr (23
! / @2y q +my  Aar ®)

which reduces to the Coulomb form, V|
SU(2), -symmetric (my, = 0) limit.
Unlike the first term, the second term is not a function of
g, alone. For the purpose of identifying the long-range
behavior, one may expand in the soft-transfer regime

4, < Pl

x —1/r, in the

1 1

LIu + mV (2ﬁ - 5[)2 + m%/
1 4p - q,
= + +- 24
e 2y
In the my = 0 limit, this expansion is analytic in g, around

G, = 0. Therefore, the u-channel kernel contains no soft
singularity of the form 1/4g? and hence does not generate a
long-range 1/r tail. After transformation to coordinate
space, such analytic terms correspond to short-range
exchange contributions, represented by contact operators
and their derivatives in an effective long-distance
description.

To see this, we can bring the second term into a form
similar to the first using g, = g, — 2k,

= Ae 2kTy (25)
We can then interpret the factor e=2*7 in terms of the free-
particle wave functions. Using ¥ = X| — X,, where X , are
the positions of the two particles

VZ _ ( _“;')?16”:')?2)2‘/1
= A| (ki (%)) [0) (Ol (3,) k) [PV, (26)

where y(X), y(X) are the fermion field operators and we
have omitted the spinor indices. Because the two terms
inside the absolute value are the position-space represen-
tations of the two particles (see Ref. [67]), we have
recovered the same dependence on the square of the overlap
between the spatial wave functions for the u-channel
process that we found using nonrelativistic quantum
mechanics. Consequently, our conclusion about the irrel-
evance of the exchange interaction in the long-range
potential is upheld.

The neglect of u-channel diagrams in the derivation of
the long-range potential is therefore not the statement that
exchange effects are absent. Rather, it reflects that these
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terms do not generate an additional long-range Coulomb/
Yukawa potential.

We note that operationally, the effect of ignoring the
u-channel diagrams is to consider that the particles are
distinguishable. Arguments along these lines are given in
Refs. [68,69], which consider the particles distinguishable
based on the wave functions not overlapping significantly
at long range, and Ref. [70], which works in the context of
the helium atom and finds that as the spatial separation
between the two identical electrons grows, the exchange
interaction becomes increasingly infrequent. The effects of
particle identity are instead imposed through the symmetry
properties of the two-body states and the corresponding
selection rules in the annihilation and bound-state forma-
tion rates.

In Eq. (15), the generator combinations can be simplified
through the identity

1
ik, = 5 (C2(Rx,) + Ca(Rx,) — C2(R))
— }RSIXZ’ (27)
where we have used R for the representation size of the

combined state.
Therefore, the nonrelativistic potentials are

Yiya
4rr’

l [« -
VDD = —— (Zl—azckl?D),

VDD;MM ==

Vi = —F—. (28)

In particular, Vpp.), and the contribution to V,,, from
scalar exchange is effectively « y;y, and is attractive if y;,
v, have the same sign as expected (see e.g., Ref. [67]).
When y;, y, have opposite signs, as is the case in the
remainder of this work, these potentials become repulsive.
We define ay = y?/4r (because in our analysis
yil = ly2| = y) and rewrite

ay
VDD;MM = T >

1
VMD = ; (aZC%D + aH)- (29)

However, V,,p is insensitive to this change and does not
acquire a sign change when written in terms of ay.

Furthermore, the V5, and V p .1y, long-range potentials
due to gauge boson exchange are always nonzero, inde-
pendent of spin and angular momentum quantum numbers.
Reference [48] obtained different results by considering the
u-channel diagrams in their calculation of the potentials,
which should only be valid in the short-range limit. This is
irrelevant to the formation of bound states which still
obey Pauli exclusion from the selection rules in the bound-
state formation cross sections (Sec. VI). However, the
Sommerfeld corrections are affected.

B. Mixed states

Much of the methodology in this subsection is borrowed
from Ref. [48], which considered the specific case of a
Majorana singlet and Dirac doublet.

The first diagram in Fig. 2 allows for mixing between the
MM and DD states. Because the representation must match
on both sides, and

MOIM=1&...® 2Ry —1),
DRD=1&..® (2R, - 1), (30)

mixing can occur in the representations
R <min{2Ry, — 1,2Rp, — 1}. (31)
We form the vector
MM R
o= (7 R (32)
¢PP(R)

where ¢*1X2 are the two particle wave functions and we
have omitted the 7 dependence. This obeys the coupled
Schrodinger equation

(-2 Joum - wmn. o9

where V¥ is the potential matrix
R R
AR 1 aMM aDD;MM
pr—_1 N
r\ af_ ak
DD:MM DD
When ay < ay, ay,

. 1{ak 0
VR—>——< MM . ) (35)

0 a5

so there is no MM = DD mixing, as expected.
When ay is non-negligible (ay ~ a,), this matrix has
eigenvalues
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R
amixl,2
1
_ R R R R \2 R 2
=3 app + Oy F \/(O’DD —ayy)” + 4(0’D[);MM)
(36)
and eigenvectors
= F \/<ag[)_a§4M)2+4(agD;MM)z
~R _ R
Enixi2 = Chixi 2 20 paim ,
1
1
Cmixl,2 = B
1 aﬁM—“f;DJF\/(agb—aﬁmzﬂ(anbmf)z
+ Pk
DD .MM
(37)

where upper (lower) signs correspond to the mix1 (mix2)
eigenstates.
We can use the matrix

PR = (E‘ﬁixl’ EﬁixZ) (38)

to diagonalize V¥

VR — (PR)—I"‘/RI’_‘)R

1/{ak 0
— __ ( mix 1 ) ) (39)
r 0 Oix2
Then the vector

B(R) = <$1(R)> _ (WmileM¢MM + WmixlDD¢DD>

$>(R) Waniamm®™ + Wiiopp #PP

= (P*)"' @(R)P* (40)

obeys the uncoupled Schrodinger equation
v\ - -
(——+ VR)(I)(R) = &(R)®(R). (41)
m

The two states &51.2 evolve in the potentials of magnitude
—Qmix1 2/ 7, Tespectively.

When we compute the Sommerfeld corrections and
bound-state formation rates, we need to work in terms
of definite potentials. Therefore, we use the ¢ states. We
then project back onto the ¢p¥M-PD states to calculate
annihilation rates.

C. Annihilation cross sections

Here we compile the tree-level annihilation cross sec-
tions for M and D in the SU(2),; symmetric limit, which we
apply later to the annihilation of scattering and bound
states. We do not average over the initial degrees of

freedom here because these are different between scattering
and bound states.

For a single multiplet X, the tree-level annihilation is
given in Ref. [12]:

1
(0Vre)xx = TomZ gy (na5 (2R + 17R% — 19)
+4Y3a3 (41 4+ 8Y%) + 16a;a, Y3 (R% — 1)).

(42)

The contributions due to the hypercharge gauge boson,
B, emission and mediation have factors of Yy. For a Dirac
fermion with Yy = 1/2, we can compute the relative
contribution of B processes to the total cross section.
For a doublet,

B
(otr)xx g g, (43)
(Gvrel)g(();(
The relative contribution is small for the doublet and
decreases with increasing multiplet size, so we neglect
this contribution. This is straightforward to add back in if
one wants increased accuracy for a specific model.
Additionally, we only consider processes with zero
angular momentum (¢ = 0). Annihilation for # > 0 is
suppressed by higher powers of a relative to £ =0, so
their contribution is subdominant [29]. This is a
conservative choice which underpredicts the overall anni-
hilation cross section and therefore the mass.
For M, D in the nonrelativistic limit, we have

2
0 0,2 _ % b ba 2
(Gvrel)DD;WW T2 (GDD;WW + GDD;WW) ’
2
1 01 - 4oy
(0Vel) ppoparr = 2

1 1 ==
(Gvrel)Dl_‘);fj T2 nfGDD;f.)_”

0.2 _ T b ba 2
(O’Urel)MM;WW = Tmz (GMM;WW + GMM;WW) >
2
1( )0.1 - 8710(H
OVrel)ym;HH = m2
2
na
1 1 _ 2
() ungegs = 2 " Conss
2
1( 0,1 _ drmay
Gvrel)DD;HH T2
2
1(01} )0’1 - 477:0£H
el)p p:H*H* m2
| 1232 _ 2maga 4 >
(OVrel) D = -~ (Gupwr +> Gupwr)™s
27[(1[.1(12

1(0 rel) e

_ Lo Lo 2
MDWH = 2 G Gupwa +5 Gupwa)*s

(44)

035016-9



GRIFFITH, SMIRNOV, LOPEZ-HONOREZ, and BEACOM

PHYS. REV. D 114, 035016 (2026)

where the G terms are gauge factors that depend on
Clebsch-Gordon coefficients. For example,

G%bD ww = s Mis|Ip,

By (i) I Ty () (pthi) iy (45)
The remaining gauge factors and derivations of the ampli-
tudes are given in the Appendix C. The cross sections
for MM/DD;HH* specifically refer to the f-channel
process. To account for MM/DD —- W - HH*, we use
the MM/DD — W — ff cross sections, replacing
ny =12 — n, =25/2, where n, is the number of SM
fermions plus an additional 1/2 that arises from this
process.

V. ANNIHILATION OF SCATTERING STATES

In this section, we discuss the direct annihilation process
of two DM nparticles to SM particles (direct in that the
annihilation proceeds without the formation of an inter-
mediate bound state). We then detail how this will be
applied to the effective cross section introduced in Sec. III.

For a two-particle process (X; + X, = X3 + X4), the
cross section is modified by the Sommerfeld factor:

ov — Sov. (46)

This factor accounts for the long-range interactions driven
by the potentials listed in Eq. (28). In the SU(2),
symmetric limit with massless Higgs and vector bosons,

27 et / Urel
_2ﬂaeff/ Vrel ’

S = (47)

l1—e

We now apply the Sommerfeld corrections to the
annihilation of scattering states. Because the Sommerfeld
factor depends on a.s, which itself depends on the particle
combination and representation, we need to use the isospin
decomposition of cross sections in Eq. (44). These cross
sections also need to be averaged over the initial degrees of
freedom. For scattering states, this gives a (gy + gp)?
factor in the denominator. Therefore,

(O)an = o2 > DD > (Sonalfy (49)
g + g j=ioi I 5=0,1
where i, j=1, 2, 3 correspond to M,D,D and

I1=0,1/2,1,3/2, 2 to account for all possible SM final
states. The factor of 2 arises in different ways for i # j and
i = j. When i # j, this accounts for the two possible ways
to form a combination of distinguishable particles (see
Ref. [71]). When i = j, this factor accounts for the two
identical particles lost in the annihilation and effectively
cancels a symmetry factor of 1/2 in the cross section (see
Ref. [12] Sec. IV.1.3). In the latter case, this factor would be
more logically included in the Boltzmann equation.

However, because we obtain a common factor in both
cases, we include it in the effective cross section for
convenience. We use (ovrel)ij to mean the cross section
for annihilation of i, j to any SM final state.

When ay is large, the MM and DD states do not have
defined potentials due to mixing. Consequently, we exclude
MM and DD states from Eq. (48) and instead include the
terms *(Sovy )] From Eq. (40), we see that

mix1,2*

(SO_ Urel )

mix1,2

I
=2 (Smixl,2 [sznixl,ZMM<UUrel)MM + mequD (avrel)m—,]) .

(49)

VI. FORMATION AND ANNIHILATION OF
BOUND STATES

In this section, we calculate the cross sections for
formation of DM bound states as well as their annihilation
rate to the SM. We conclude with the implementation for
the mixed MM /DD states.

As with the scattering state annihilation cross sections,
we only consider bound states with £ = 0. States with
higher angular momentum annihilate inefficiently and
generally break before annihilating. These states can
transition to £ = 0 and then annihilate, but we ignore this
because it is subdominant. This is a conservative choice
whose overall effect is to underestimate the DM mass
necessary to reproduce the observed density.

A. Formation

The amplitudes and overlap integrals used in this section,
are derived in detail in the Appendix D. We denote bound-
state formation cross sections with a left subscript indicat-
ing the boson emitted (e.g., 3 (6% X,x,)- The bound state
also depends on the quantum numbers nt m; however, these
are suppressed in our notation.

We consider formation through emission of W, B, and H
bosons in Secs. VI A 1-A 3, respectively.

1. W emission

Figure 3 shows the processes XX, — BS(XX,) + W.
Because W has spin one and the individual particle spins
are conserved in the process, we must have |[AZ| = 1 from
the initial to bound state. In the center-of-momentum
frame, we have

4| . 2
OV = 12822m° dQ\eﬁ (q)M*H]%, (50)
where ¢ is the W% 4-momentum, while g denotes its
3-momentum, €j(g) is the polarization vector, and we

have implicitly summed over the W boson polarizations.
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We/B(q)

X1,i(p1) d Xy, (k1) Xii(p1)

Xy, (k1)

Xo,5(p2) Xojr(k2)  X2,5(p2) C\ X 5 (k2)

W*/B(q)
X1,i(p1) X1, (k1)
E W(q)
Xoa,j(p2) X jr (k2)

FIG. 3. Diagrams for bound-state formation through vector-
boson emission. Mediators of the potential are not shown.

We temporarily omit all indices on the cross sections and
restore them at the end.

In the massless W limit considered here, the sum over
polarizations is ) e/€e;i* = —n,,. As in Ref. [29], we use
the Ward identity, g, M* = 0, to put the resulting expres-
sion entirely in terms of the spatial part of M*, denoted

with M,

- . > . 2
OV = 4] /dQ<|M|2—|q M'). (51)

1287°m? |g)?

Using A=M /(8y/mg,), we perform the angular integral
to get

_ 8g|ar2
OUr] = m2 g

AP, (52)

Because the gauge boson carries the binding energy,

L omvl as
qul(H 235) (53)

N Ve

The diagrams in Fig. 3 produce amplitudes with spatial
parts of the form:

iA
Licay (s y (2 g\ (2 . i’}
=3 ((txl)i’k(exl)ki(€X2)j’j - (txz)j’k(ex2)kj(€xl)i’i)J' ’

— ()i (Ex, )i (15,) ju (B, )y f T (54)

where J , T are overlap integrals that depend on p, nZm (see
Appendix D). We can decompose this into isospin channels
and extract the ij,’j/ dependence from the overlap inte-
grals. Let

1 . . . a A
VOISES = 2 ((#,20)i(@x) s — (B )n(,2x,) )
x (115, Mgy, I;l (l')QIXZ’I}%(z(J'))
x(Igs, Mps|Ix, . I3, ('); Ix,. I3, (")) (55)

and

IS.BS _ . . .
ZWCX]XZ = lfabc(t§1€xl)[,i(t§(2€xz)j,j
X, Myg| Ly, Iy, (i); I, I3, (7))
X<IBS7MBS|IXNI?{,(i/);IXz’Ig(z(j/»' (56)

Then
. I1S,BS 7 1S,BS 7
IA=YCyrx J—7Cxx. T, (57)

and the overlap integrals have no dependence on the
SU(2), indices. We have omitted the Mg pg arguments

of }VTC;S}?ZS , because these coefficients are contracted and
’ 1

summed over when A is squared.

If X; =X,=2X, we also have u-channel diagrams.
These get a factor of —1 from fermion exchange as a well
as a factor

(_1>f+5+1+2lx—1’ (58)

where [ refers to the isospin of the combined state, from the
symmetries of the wave function. Note in particular that we
have used the identity for CG coefficients

(L Mjy,mys o, my) = (=1)=072(J, M|jy, mas ji, my),
(59)

which gives rise to the power 21y — I in Eq. (58). Because
IBS = Ilsil: lﬁfBS = f[si 1, and S1s = SBS» it does not
matter whether we use the initial-state or bound-state
quantum numbers, as long as we choose one state con-
sistently for all factors.

We also divide by a symmetry factor for the identical
particles in the initial and final states. Therefore, we
multiply the cross section by

X1 #X,

1
Px,\x, = { (] _ (_])f+s+1+21x—])2/4 X, =X,. (60)

Averaging over initial states and summing over spins, we
obtain

) . 2s+1  8a, mv? az
W ovlile = T (14558

(gM + gD)2 le n Urel
IS.BS7 I1S.BS 7|2
X 3PxiX “/)VCX1X2 J = YWCXI)(z T’ : (61)
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H(q)
D;(p1) .7 M (k1) Di(p1) M/ (k1)
M;(p2) M/ (k2) — M;(p2) No My(k2)

H"(q)

FIG. 4. Diagrams for MM bound-state formation through H
emission. We follow the convention of Fig. 3 and omit the
mediators of the potential.

If we explicitly evaluate the overlap integrals, we obtain the
results of Ref. [29], as expected.

2. B emission

For B emission, we only have the first two diagrams from
Fig. 3. We can read off the cross section from the
W-emission case. In Eq. (54) we replace

(1% )ion(€x )i (Ex,) ;= Yx, (€x,)ii(€x,)

(1%,) 7 (€x, )1 (€x, )i = Yx, (8x,)ii(€x,)

i(t?(l )i’i(tg(z)j’jfabcfij'ilj/ - 0. (62)
We define
SO = 2 (Y, = Vi) ex (e
X (L5, Myg|Ix, . Iy, (); Ix,. Ix, (J))

x (Ips, Mpsllx, I3, (); Ix,. I%,(j')).  (63)

When X; = X, this is zero, so we do not need to consider
u-channel factors. After averaging over initial states and
summing over spins, we get

25+ 1  8a;mu; o}
S (ov 1 = 5 = 1 + i
B( rel)X]XZ (gM +gD)2 m: 2 n“]?el

BCIS,BSj

2 2
X 5’1 xx, 7| -

(64)

3. H emission

Figures 4 and 5 show two examples in detail from which
we can extract all of the H-emission bound-state formation
cross sections.

MM bound states. MM bound-state formation with
Higgs emission occurs through the two diagrams in
Fig. 4. These diagrams do not interfere so we can compute
the cross sections separately and add them together.

The #-channel contribution to the first diagram for a
given initial state produces the cross section (again sup-
pressing indices on the cross section)

H
D -7 My
T e (3
ﬁ]’ Ej/
H*
El /// Mi/ 52 ﬁz’
—_—
— — N
D; D D; \\\ M
H*
H
M; /// 51',' M; Mz’
_— _—
M; My M; ~~_ Dy
H

FIG. 5. Diagrams for MD bound-state formation through H
emission. We follow the convention of Fig. 3 and omit the
mediators of the potential.

2 2
oo — 4oy muy, . agg
T2 2 n2v>
rel
(i) 2

X | (€0 gy 1/2(Em) P

(65)

where F'is an overlap integral and we have divided by two
for the identical final state particles. We define

FChitan = @) i @)y (Liss Ml p, Th (i) L 134 (7))
X (Ips, Mps| Ty, Iy (i') £ 1/25 Ly I3 (7))
(66)
which accounts for the contribution to the transition ampli-
tude from each isospin channel. We also have a u-channel

version of this diagram that receives the same factor as in the
W-emission case. Putting these pieces together,

day mv? az
Ol = m—fod (1 + 2B§ )(1 — (=1)/ 2 las )2

N~V
IS.BS |2
X |IF1CDM;MM |F|. (67)

The swap D — D in the initial state only affects the
calculation by changing the initial state potential in the
large ay case. So the second diagram cross section is given
by Eq. (67) as well.

Adding the diagrams, averaging over initial states, and
summing spins, we get the total H-emission cross section to
form an MM bound state,
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o 2s+1
(9w + 9p)
x (1 —=(-1
x (IHCH S PIFE + [ACHeS,, PIFP).
(68)

2 2
s (GU )l 4aH MU 1+ Xps
H rel) MM 2 2 2 2 2
m rel
>f+s+1+21M—135)2

We have written F separately for each term because it depends
on the initial state, which is different between the terms.
MD bound states. The diagrams in Fig. 5 show the
processes for M D bound-state formation with H emission.
We note that the diagrams in the second row do interfere
and have u-channels, as do the diagrams in the third row.
The diagram in the first row can be read off directly from

the MM case. We obtain Eq. (68) with the u-channel factor
removed and #Cl57% ) — HCSDBLD
For the diagrams in the second row, temporarily sup-

pressing indices on ov,,, we get

2
_dag mugy : g
OUVr] = 2 + )
m= 2 Uit

CANCAMC
L (k)+£1/2\€D)ik\€D ) jj

) (e i
+5 B (k )j:l/Z( p)jk(€p) i) FH

2
(69)

Here we need to be careful with indices. We accomplish
this by making the ordering of subscripts significant. By
that we mean that we write the process D;D;;M;D; as
D D;MD and D;D;; Dy;Mj as D D; DM, where the place-
ment of each particle on each side of the semicolon
corresponds to its identity.

We again decompose the cross section into isospin
channels by defining

ngfm) (ep)ir(ep) ;i {L1s Mys|p, Iy ()5 Ip. 1 ()
2 <IBSvMBS|IMvI?)(l )£ l/Z;ID’I?)(j,»'
(70)
We see that
HCh B = HC (1) Hoe i) (1)

where we have used the identity in Eq. (59). We can now
write the cross section as

4oy mv? a> 2
1S.BS H 1 BS \|HIS.BS
%(Gvrel)DDMD ) 2re (1 +— nz)‘ CDDMD’
rel
X ‘F|2(1 _ (_1)f+s+1+210—l,5)2
X (1 — (_1)1D+1M_(115+IBS))2’ (72)

which includes the u-channel factor. We note that £, s do

not change in the process so we do not need to specify

whether they are taken in the initial state or bound state.
For the third row, a similar calculation gives

2 2
_dapmuy 1+ %8s ‘HCIS BS ‘2
MMMD T 2 ) 2 2 MM;MD

x |FI*(1
X (1 + (_1)1D+1M_(IIS+IBS>)2. (73)

_ (_1)f+x+l+21M—I,s)2

Therefore, the total cross section to form a MD bound
state through H emission is

(1 _ (_1)f+s+l+21,)—115)2

25+ 1 8ay mv? ISBS 12
s (61} l)IS,_BS — “YH rel 1 |HC |F|2 4
H rel/MD (9M+9D)2 me 2 vrel DD;MD 2

(1 HsH120—15)\2
(1 (et geists, i CEEN 0 (- ety
C'SBS

‘H MMMD‘ IFl ) (74)

We again write F separately for each term because it depends on the initial states.
From these two examples, we can now compile all of the H emission BS formation cross sections. Let
p—_ 2t z‘kifmvfd (1 + 3%32) (75)
(gM + gD) m 2 Vrel”?
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Then

s (00 ) DS = A(1 + (=1) 20 Tss)2

x (I CRtsm I + [, PIFR),

H(ova)ps’® = AL+ (=1 It PRS2 PR,
H(ova)yy® = AL+ (=) Il PHCESS 2 PP,
(ova) sy = A(JHCIS PIFP + [fCits PIFP).
h(ova)iis® = Ea.(74),

h(ova)s® = Ba.(74). (76)

B. Annihilation rates

The annihilation rate for a bound state BS; is given by

T = [y (0) P(0vret)am (77)

where y(0) is the BS wave function evaluated at » = 0 and
(avrel)aBnSI{ is the annihilation cross section of BS; averaged
over the bound-state degrees of freedom. The radial part of
the bound-state wave function in the SU(2), symmetric
limit with massless vector and Higgs bosons is given by

R = Qeff M 3/2 (I’l -7 - 1)!€—r0teffm/2n Ftegin ‘
" n 2n(n+7¢)! n
Fpem

L, (1), 78)

where L are the Laguerre polynomials [29]. Therefore,

mia

0)? =5, 79
MU (79)

This annihilation rate is then used to determine the
branching ratio as described in Sec. III.

The contribution to the effective annihilation cross
section is then

D (00re1) i BR(BS;: SM). (80)
BS;

where (avrel)ﬁm is the total formation cross section of BS).
When the bound state consists of identical particles,
BR(BS;; SM) receives an additional factor of 2 to account
for the disappearance of two particles of the same type in
the annihilation because we have chosen not to include this
in the Boltzmann equation (as described in Sec. V).

C. Bound DD/MM states

When we work with mixed MM = DD states, we project
onto the MM, DD states to find the formation cross section

mix1,2

(Gvrel)form = Wx2nixl,2MM (Uvrel)?gpr/xll + Wr2nix1.2DD (Gvrel)g)gn‘

(81)

Here we suppress the spin and isospin dependence. We then
thermally average this cross section and project again to find
the contribution to the effective cross section

<UUre1>Ifgirﬁ’2 (Wrznixl,zMMBR(MM — SM)

+ 2,0, appBR(DD = SM)). (82)

VII. RESULTS

In this section, we apply our formalism to determine the
DM mass necessary for a viable HC-MDM model. We
consider the 3M2D,5M4D,7TM6D,9M8D, 11M10D, and
13M12D representations and match the relic abundance to
the observed DM mass density. We then use these results to
determine the direct-detection prospects of HC-MDM.
Finally, we discuss additional constraints on the Higgs
coupling imposed by the unitarity bound.

A. Methodology

We have constrained the couplings y;, to have identical
magnitudes (y) and opposite signs. However, these constants
can take a continuum of values up to the limit of perturba-
tivity. Therefore, to demonstrate their effect on the DM mass,
we choose three values of y covering a range of scenarios
and determine the mass of the DM particles in each case. We
consider a small coupling (ygna = 107%), a mid-range
coupling (ypmig = 0.005), and a large coupling (Yjgree = 1)

From the dependence of the branching ratio for bound
states to the SM on the binding energy [see Eq. (6)], we see
that we only need to consider the most deeply bound states
for a given Majorana-Dirac multiplet combination. We
determine the most deeply bound state for a particular
combination, then consider any bound states with binding
energy greater than a quarter of this value. Consideration of
less deeply bound states is relatively straightforward,;
however, the calculational expense quickly becomes over-
whelming, especially for larger multiplets.

We can justify this choice by noting that for the 5M4D,
TM6D, OM8D, 11M10D, and 13M12D cases, removing the
least deeply bound state that we do consider changes the
final mass determination by <6% in the yj,. case (where
the bound-state effects are most significant). For the 3M2D
case, due to the small number of bound states considered,
this is no longer true and the difference is more significant.
However, adding the first bound state with Egg <
Epg max/4 changes the result by < 1%, so our truncation
is still justified in this case.

Our choice to only consider states with Egg > Epg max/4
excludes states with n > 1, so all states within our consid-
eration are manifestly # = O states. If one includes less deeply
bound states, then it becomes necessary to consider states
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with nonzero angular momentum. As mentioned in Sec. VI,
states with |£] > 0 annihilate inefficiently and generally
break in the thermal bath or decay to Z = 0 states then
annihilate. The latter is subdominant to the direct formation
and annihilation of #Z =0 states (see Ref. [29]).
Consideration of these states is beyond the scope of this work.

Similarly, bound states of representation size greater than
five cannot annihilate directly to the standard model.
Instead, these states can decay to lower representations
through gauge boson emission, then annihilate to the SM.
However, this is again a subdominant effect [considering
that these states are necessarily not the most deeply bound
states, see Egs. (27) and (28)] and is ignored here.

We also need to consider the maximum value of z that we
integrate Eq. (11) over to find the relic abundance. Because
we are working in the SU(2), symmetric limit and a
component-wise calculation valid after symmetry breaking
is beyond the scope of this work, the obvious answer is to
integrate up to Zym = m/ Ty, where the subscript “sym”
denotes the temperature of symmetry breaking. This choice
would greatly underestimate the DM mass because it would
ignore a sizeable amount of annihilation after symmetry
breaking. However, as noted in Ref. [29], the SU(2),
symmetric approximaton remains approximately valid up
Trp = Am =~ a,,My, where Am is the mass splitting
between members of the SU(2), multiplet after symmetry
breaking (see Ref. [13]). So we take as the upper limit of
integration z,,, = m/0.58 GeV. This still ignores some
amount of annihilation taking place after the temperature
decreases below the mass splitting, and a component-wise
calculation becomes necessary for increased accuracy.

The effect of these choices is to mildly underestimate the
overall annihilation cross section and, consequently, the DM
mass. A more detailed treatment that avoids these simpli-
fications may be justified for cases of particular interest.

Figure 6 shows the squared norms of the overlap
integrals J, T, and F as functions of v, with arbitrary
(but reasonable) choices of m =50 TeV, a;9 = a,, and
aps = 2@, to compare their magnitudes. These signifi-
cantly affect the W, B, H emission bound-state formation
amplitudes [see Egs. (61), (64), and (76)]. We see that for
values of ay comparable to a, = 1/29.6 (taken at the
Z-boson mass scale for simplicity), the Higgs emission
cross sections completely dominate the bound-state for-
mation. This is also the motivation behind our choice for
Ymia. This value gives ay|F|> ~a,|J|%, so W and H
emission cross sections are similar.

B. Small ay

Table I shows the relevant bound states meeting the
criteria described above for the yg,.; case. As noted in
Sec. IV B, for small values of y, the mixed states
MM = DD are essentially pure MM and DD, so we
specify the states in this limit as mix, — DD and
mix, - MM. We make the additional distinction that

lwiy
‘e
iy
h

103
101+ e,
1071

1073

Overlap integrals [GeV]

107°

1072
Urel

FIG. 6. Comparison of the overlap integral squared norms. All
values taken with m = 50 TeV, a;5 = o, and agg = 2.

states which cannot annihilate efficiently are excluded.
For example, the M D doublet has a binding energy above
the threshold for the SM4D and larger multiplets; however,
this state cannot efficiently annihilate due to the smallness
of ay [see the cross sections in Eq. (44)], so it is not
included.

Figure 7 shows the DM mass necessary to match the
observed DM density to the computed relic abundance for
the 3M2D,5M4D, TM6D,9M8D, 11M10D, and 13M 12D
combinations as well as the pure Majorana case corre-
sponding to each pair. In all cases, we find that the DM
mass for the mixed multiplet case is less than the pure
Majorana case. In this situation, the Higgs coupling has a
negligible effect on the long-range potentials. Furthermore,
annihilation into the Higgs is negligible, so the only particle
pairs that can efficiently annihilate are MM and DD. This
means that only a fraction of the potential interacting
pairs can annihilate, so this result matches our intuitive

TABLE I. Bound states above the Epg consideration threshold
for ygman = 107°. Superscripts denote representation size. States
are organized from largest to smallest binding energy. All states
aren=1,¢=0.

3M2D  5M4D  7M6D  9MS8D  11MI0D  13MI12D
MM! MM! MM! MM! MM! MM!
MM? MM3 MM? MM3 MM? MM3
DD! MM MM MM MM
MM DD! DD! DD! DD!
DD? DD3 DD? DD?
DD’ DDS DD’
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FIG.7. DM mass needed to match the observed DM density to
the computed relic abundance with ygyqyi, Yimia> and Yigrge. Also
shown are the corresponding pure Majorana states from Ref. [30].
Our values for the pure Majorana case are discussed in Appen-
dix A.

expectation. The exact value of the difference between the
pure Majorana case and the mixed case is determined by
this effect as well as the different potentials experienced by
the MM and DD pairs.

Figure 8 compares the masses obtained from the tree-
level, Sommerfeld enhanced, and total annihilation cross
sections. For the 3M2D case, we see that the contribution
from bound states is subdominant to the Sommerfeld
enhancement. This matches the conclusion in Ref. [29]
that for the pure Majorana triplet bound-state formation is
less important than Sommerfeld enhancement. For the
other multiplets, we see that the two effects are roughly
comparable. In greater detail, we see that the relative
importance of bound states grows from the 3M2D,
SMAD, and 7M6D cases and is then essentially constant
for larger multiplets. This is influenced by our truncation of
which bound states we calculate. A full accounting for all
bound states would likely show a monotonically growing
bound-state contribution with multiplet size.

C. Mid ay

Table II lists the bound states relevant for the y,,;q case.
Because y is no longer negligible, we now work in terms of
the mixed MM = DD states. For y,,iq these states are still
essentially pure MM and DD states [as can be confirmed
from Egs. (36), (38), and (40)], but using this basis allows

105_ ]
i n
X
— ] X
3 .
= 10% X
2 3 - . * *
X
*
* L Total
3 L3 % Sommerfeld
10 _ * Tree—level
PP LD
F & S S
N N
Multiplet
FIG. 8. Comparison of DM masses obtained from the tree-level,

Sommerfeld enhanced, and total (including bound-state effects)
annihilation cross sections for ygp.i-

us to compare our results to the y,. Case where these states
are no longer approximated by the pure case.

Figure 7 compares the DM mass for the y,;q and the
Yeman cases. We find that for small multiplets the masses are
approximately equal, while for larger representations the
masses are slightly larger for the y, ;4 condition. In all cases
the mass remains lower than the pure Majorana case. This is
again a result of the fact that no new annihilation channels
are effectively open (because ay is not multiplied by the

TABLE II. Bound states above the consideration threshold for
Higgs coupling y;q = 0.005. Superscripts denote representation
size. States are organized from largest to smallest binding energy.
All states are n =1, £ = 0.

3M2D SM4D TM6D IMED 11M10D 12M12D
mix2! mix2! mix2! mix2! mix2! mix2!
MD? mix2?  mix2®  mix23 mix23 mix2?
MD? MD? MD? MD? MD? mix2’
mix2? MD? MD? MD? MD? MD?
MD* MD* mix2? mix23 MD?
MD* MD* MD* MD* MD*
mix1'  mix2? MD* MD* MD*
DD! mix 1! mix 1! mix1! mix 1!
mix2’ DD! DD! DD! DD!
mix1?  mix13 mix 13 mix 13
DD3 DD? DD3 DD?
mix[? mix 13 mix[?
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FIG.9. Comparison of DM masses obtained from the tree-level,
Sommerfeld enhanced, and total (including bound-state effects)
annihilation cross sections for yg.

overlap integral for the annihilation cross sections and
ay < a,). However, for bound-state formation ay appears
so the combination is comparable

to a,|J|* and bound-state formation is enhanced.

Figure 9 compares the masses obtained from the tree-
level, Sommerfeld enhanced, and total annihilation cross
sections, providing additional insight. We again see that for
the 3M2D case the contribution from bound states is
subdominant to the Sommerfeld enhancement. However,
in this case we see that the relative importance of the bound
contribution grows monotonically with increasing multiplet
size. This effect would be even more pronounced without
the bound-state truncation used here.

D. Large ay

Table TII shows the yj,,. bound states. The separation
between the MD and MD potentials for a given represen-
tation is larger than in the y,;q case. This is due to the
relative sign difference between y; and y,, which affects
these two potentials differently, and the magnitude of yj,.
(see Sec. IVA).

Figure 7 shows that the Higgs coupling now has a large
effect on the DM mass for smaller representation sizes
compared to the pure Majorana case. For larger represen-
tations this effect diminishes and by the 11M10D case the
mass is actually slightly smaller than for the pure Majorana.

Figure 10 shows the origin of this behavior. First, bound-
state formation dominates the total cross section for all of

TABLE III.  Bound states above the consideration threshold for
Yiarge = 1. Superscripts denote representation size. States are

organized from largest to smallest binding energy. All states
aren=1,7=0.

3M2D 5M4D TM6D OMS8D 11M10D 13M12D

mix2! mix2! mix2! mix2! mix2! mix2!
MD? MD? MD? MD? mix23 mix23
mix23 mix2®  mix2®  mix23 MD? MD?
MD* MD* MD* MD* MD* MD*
mix2? mix2’ mix23 mix23 mix2?

DD! DD! MD? MD?

MD? MD? DD! DD!

DD3 mix1! MD* MD*

mix1! DD? mix1! mix1!

MD* MD* DD3 DD3
mix 13 mix 13 mix 13
mix 13 mix 13 mix1?

the representations considered here. However, we see that
the relative importance of bound states actually decreases
for larger multiplet combinations.

Figure 11 shows the behavior of the bound-state for-
mation cross sections as a function of the relative velocity
in detail. We see that the W-emission bound-state formation
cross sections grow monotonically with increasing multi-
plet size over the relevant velocity range as expected from
the pure Majorana case (B emission not shown because it is

10%F
: x
~ x
% %
9
4] X
E 10 N *
[ X %
*
X
*
* Total
3L % Sommerfeld
10 * Tree—level
[ 1 I

X P P P
> <§§ &§” > w§> ~§>
Multlplet

FIG. 10. Comparison of DM masses obtained from the tree-
level, Sommerfeld enhanced, and (including bound-state eftects)
annihilation cross sections for yjge-
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FIG. 11. Bound-state formation cross sections through W (solid

lines) and H (dashed lines) emission for yj,.g.

subdominant to W emission and follows the same pattern).
However, the H-emission cross section actually decreases
with the multiplet size, at least for v,,; < 0.1. We also see
that for small multiplets the H-emission completely
dominates the bound-state formation cross section.
However, due to the behavior noted above, this becomes
much less pronounced for large multiplet combinations
and for the 13M12D case we actually find that the
H-emission cross section is subdominant to W emission.
Therefore, we find that the cross sections, and conse-
quently the masses, begin to approach that of the small ay
case as the multiplet sizes increase. This is exactly what
we see in Fig. 7.

E. The unitarity bound

Above, we used an upper limit on y based on perturba-
tivity. However, we can also impose the constraint that the
s-wave cross sections considered here remain under the
unitarity bound. When we only consider the s-wave, we
obtain the limit

(o0 < - (83)

_szv

where (ov),,; refers to the cross section for an initial state
(MM, DD, etc.) to annihilate or form a bound state (which
might not match the initial state). This term is given
schematically by

! <Z(spin 0) + éZ(spin 1)), (84)

9x,9x,

(m))xlx2 =

where the two summations include the cross sections for
XX, - SMorBS in the relevant spin state. Note that
because we have only considered bound states with £ = 0
and |AZ| = 1 for W/B emission, this only includes bound
states formed through H emission.

We note some subtleties unique to our choices in this
paper when we do this computation. The cross section in
Eq. (48) should be divided by two when i=j.
Furthermore, our expressions for the bound-state formation
cross sections include an averaging over all possible DM
initial states; see Egs. (61), (64), and (76). Consequently,
these must be multiplied by (g,, + gp)? so that this average
can be replaced by the average over the relevant initial state,
as shown in Eq. (84).

F. Overall results

Our choices for y span the parameter space from an
essentially negligible Higgs coupling to the perturbative
limit. Because we are considering y; = —y, and mp = my,
(i.e., the custodial point), the amplitude of the spin-
independent cross section is independent of the Higgs
coupling and equal to the case of pure MDM as discussed
in Sec. II [47].

Figure 12 shows the possible masses for the 3M2D,
SMAD, TM6D, OM8D, 11M10D, and 13M 12D cases and
their corresponding spin-independent (SI) cross sections on
nuclei. The spin-independent cross sections are taken from
Ref. [30], which determined the cross sections and
their uncertainties in the pure MDM case using lattice
QCD calculations. The red shaded regions of the
3M2D,5M4D,TM6D,9M8D parameter spaces indicate
violation of s-wave unitarity. For the largest multiplets,
unitarity is not violated up to our previously imposed limit
of y=1.

Figure 12 also shows the current exclusion limits from
PandaX-4T [73] and LUX-ZEPLIN (LZ) [72] as well as
the proposed sensitivities of XLZD [32] and PandaX-xT
[33]. We see that for the 3M2D case, a significant portion
of the parameter space lies below the neutrino floor (for
the SM4D case, this is true only for a marginal amount of
the parameter space). Therefore, we conclude that for
lower multiplet mixtures, HC-MDM cannot be excluded
currently by standard direct-detection efforts. Conversely,
parts of the parameter space for these multiplets
are actually easier to probe in future direct-dection
experiments than their pure Majorana counterparts.
Furthermore, we see that for the 9M8D, 11M10D, and
especially the 13M12D cases, the parameter space is
already constrained by LZ results. These multiplets lie
entirely in the sensitivity range of the next generation of
direct-detection experiments. Finally, we note again that
we have repeatedly made conservative choices that under-
predict the mass of the DM particles, so the parameter
spaces will extend further below the neutrino floor in a
more detailed calculation.
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FIG. 12. Allowed parameter space of masses and spin-independent cross sections on nucleons for different multiplet combinations,
shown with horizontal bands. The direct detection cross sections and masses are valid in the y; = —y,, mp = m,, limit necessary to
cancel tree-level Higgs-induced scattering on nucleons (see Sec. II). The band thickness is determined by the lattice QCD uncertainties
for the elastic cross section on nuclei [30]. Dots indicate the pure Majorana case for comparison. The red shaded regions indicate
parameter space excluded by imposing unitarity of the s-wave cross sections. The gray shaded region indicates the neutrino floor. The
blue and green shaded regions are the LUX-ZEPLIN (LZ) and PandaX-4T exclusion regions, respectively [72,73]. The dashed blue and
green lines indicate the projected XLZD and PandaX-xT 200 ton-year 90% C.L. exclusion sensitivities, respectively [32,33].

VIII. CONCLUSIONS

Due to its simplicity and predictive power, the minimal
DM model is an especially compelling resolution to the
particle nature of DM. For individual multiplets, this model
is within the reach of the next generation of direct-detection
experiments to be either confirmed or ruled out. But
whether this remains true for a modest and important
extension of this model, introducing two multiplets coupled
by Higgs interactions, has been unknown.

In this paper, we have presented a detailed framework for
calculating the relic abundance for HC-MDM. This includes
both the tree-level annihilation cross section as well as the
enhancement from Sommerfeld effects and bound-state
formation. Furthermore, this formalism can be used with
slight modification (mainly setting a series of parameters to
zero) in individual-multiplet MDM models. We then use this
formalism to determine the relic abundance of various viable
multiplet combinations. Assuming that a given combination
makes up the entirety of DM, we also determine the mass
required for each multiplet combination.

Due to the phenomenological similarity between the
behavior of HC-MDM and individual-multiplet MDM in
the late universe when scattering on nuclei, we can easily
determine the viability of detecting this particle in the next
generation of direct-detection experiments. We find that

the parameter space for some of the lower dimensional
multiplet combinations extends beyond the reach of upcom-
ing proposed experiments. Furthermore, the parameter space
extends well below the neutrino floor, ruling out complete
coverage in standard direct-detection experiments. We
emphasize that this conclusion applies to standard direct-
detection experiments. In principle, detectors with direc-
tional capabilities may be able to probe below the neutrino
floor [74]. Larger multiplet combinations, however, are well
within the grasp of the next generation of experiments, with
some already constrained by recent LZ results.

Ultimately, the most reliable test of any WIMP model lies
in observing its annihilation products in the late universe.
Furthermore, this method would evade the limitations on
direct-detection experiments which make detection of low
dimensional multiplets impossible. To accurately model the
spectrum and composition of these annihilation products in
the HC-MDM model requires a different formalism from
that presented here, valid after SU(2), symmetry breaking.
This is deferred for a later paper.

There are other potential avenues for future exploration.
First, in this paper we have made a series of simplifying
assumptions about the magnitude of the Higgs coupling
constants of the DM multiplets as well as their individual
masses. We have also neglected some of the smaller
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contributions to the annihilation cross section, mainly
those of # > 0 states. Forgoing these simplifications
increases the computational complexity, but the formalism
developed here can, in principle, be extended to cover this
scenario. Additionally, here we have considered large
coupling values and masses that cancel the tree-level
H-mediated scattering cross section contributions to direct
detection of HC-MDM particles. As noted in Sec. II, loop
effects may modify the direct-detection cross section.
However the approximate custodial symmetry corre-
sponding to y; = —y, should leave our conclusions
qualitatively unchanged. Ultimately, while fully probing
the parameter space of HC-MDM will be challenging, it
remains an essential goal.
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APPENDIX A: PURE MAJORANA
MULTIPLETS

We have chosen to use the results of Ref. [30] for the
pure Majorana case in this paper. As mentioned
in Sec. VII, we only consider a subset of possible
bound states in our calculation of the DM mass. This is
due to the computational cost associated with the mixed-
multiplet calculation. Therefore, the results of Ref. [30]
offer increased accuracy in the simpler pure Majorana case.
For completeness, we compare our results for pure
Majorana MDM with those of Ref. [30].

Figure 13 compares our results (blue) for the DM mass
giving rise to the right relic abundance to those of Ref. [30]
(pink) with (dots) and without (squares) bound states. We
see that when we only consider Sommerfeld enhancement,
we have excellent agreement with Ref. [30]. When we
consider bound states, we find that we again have excellent
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FIG. 13. Comparison of our results (blue) to Ref. [30] (pink) for

pure Majorana MDM. Shown are the total masses obtained
including bound states as well as the result considering Som-
merfeld enhancement only.

agreement for all cases, the worst being the SM4D case,
which is still within ~20%.

APPENDIX B: CONTRACTING INDICES

Here we demonstrate the origin of the €y operator used to
contract two SU(2), multiplets given in Sec. II and used
throughout the paper. We use a quadruplet X with Yy =
1/2 for this example. We can represent X,X in two
different ways. The first is

X++ X+
X+t _ X0
X = , X=| _ , B1
X0 X~ (B1)
X X
where the superscripts indicate the electric charge
from Eq. (2).

We can also represent the multiplet by a totally sym-
metric tensor with three indices,

Xin Xin
V33X, - V3X11,
X = Cox= |V (B2)
V3X 12 V3X 12
X0 Xom

It is then straightforward to contract XX using the SU(2),

invariant Levi-Civita symbol ¢; i
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XX — Xiiji’j’k’eii/é‘j/ ekk/
= X111 X2 — (X112X01 + X121 X012 + X211 X122)
+ (X122X011 + X210X 121 + X021 X112) — X0 X114

=X X" -XX0+ X XT-X—"X. (B3)
Defining the matrix
0 0 0 1
0 0 -1 0
“=1o 1 0 o (B4)
-1 0 0 O
we see that
XX = X - 2,X. (BS)

We can generalize this to any dimension R (written as
€r)- Essentially, € flips the order of the multiplet to form
gauge invariant combinations. We frequently make use of
the fact that ézék = 1.

For example, we wish to decompose the process D;D =
WW into isospin contributions. Using CG coefficients,

M <IIS’MIS|ID7I3D(i);ID’I;)(j»(gl\))ik(til))kl(t%)lj
= <IS>ij(éDttll)t€))ij’

where in the second line we have used a shorthand notation
for the CG coefficients.

(B6)

APPENDIX C: ANNIHILATION AMPLITUDES

In this Appendix we derive the amplitudes used in the
cross sections in Sec. IV. Throughout, we use the non-
relativistic spinor approximations

u(p) > m(‘f) o(p) ~ \/%( : ) (1)

¢

1.DD - WW

In the nonrelativistic limit with massless vector bosons,
the kinematics are (see Fig. 14)

): ki~ (m,0,0,m),
ky = (m,0,0,—m). (C2)
This leads to the simplifications

0 o 5 )
V—ki—m 30 ) (p1—ky)” = —m>. (C3)

—0

For the t-channel DD annihilation to WW process, the
amplitude is

D we D. %
D; ook n D; n #
M M
P2 : p2
Dj bz wt D we

FIG. 14. Diagrams for DD annihilation to WW.

iM, = (ig2)%e (ki)ey” (ko) B(p1)thr"
o 1A =k +m)

k)= .

19y u(ps).

Explicitly writing the SU(2), indices, this has the structure

Di(éD)ij(taD)jk(t%)kl”l' (Cs)
We can decompose this into isospins by letting
G%h[);ww: (L. Mys|Ip. Iy (i):1p. I () (€pthtpy) i (C6)

where we have used the contraction operator from
Appendix B.
Applying the nonrelativistic simplifications and using
a _ b _ 0
€y = €5 =0,
iM, = —i(ig))*Tr(c'6> 61 EET el (ky )€™ (ky) Gl -
(€7)

For the spin zero configuration, &7 = (1/ \/Z)l, where
1 is the 2 x 2 identity matrix (see Ref. [67]). Using

1

*ei(ky) = —=(0,1,%i,0),
1
*eb(ky)) = —=(0,—1,4i,0), C8
(k2) ﬁ( ) (C8)
we obtain the amplitudes
Mt,+— = Mz,-+ =0,
Mt,++ = _Ml.—— = \/E(iQZ)zG%b[);Ww' (C9)
For the u-channel, ¢ <> ¢ so G%h[)-ww - Gf)u[)'WW’ U<V

in the y matrices, and p, —k; = py —k, = —(p1 — ky).
Adding both diagrams,

M = 4g3(Gy;

b 2
DD;WW+G“ ) :

DD;WW (C10)

From the Landau-Yang theorem, this process only occurs
with spin zero [29]. WW must have Rpg = 1, 3, 5, but for
R =3 the gauge factor combination vanishes. So this
process occurs in spin-0, R;g = 1, 5 states.
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2. DD - HH*

The t-channel process of DD — HH* shares the same
kinematics and approximations as the DD — WW case.
The amplitude is

iM = —iy, y,TR(c>EET). (C11)
For spin zero, &7 o« 1 and M vanishes.

For spin one, &7 = (i* - 5)/ /2, where 7 are the three
bound-state polarization vectors. This is only nonzero for
the transverse polarization so

iM = —i2V/2y, . (C12)

Because isospin is conserved, this process occurs for spin
one, Rgg =1, 3.

The s-channel process DD — W — HH* is easiest to
account for by adding it to the DD — W — ff case
considered below.

3.DD —>fj_'

DD — ff occurs through an s-channel process mediated
by the W. Requiring isospin and spin conservation, this
only occurs with Igg=1,spg = 1. Because Igg is
restricted to one value, we do not need to decompose
the process using CG coefficients.

Defining
(Gopis7)? = Tr(ttp) Tr(tgytd)- (C13)
the amplitude is
M = (ig9)2 oy u =2 gy .. (Cl4
iM = (ig,)*vy'u e uy* vGpp.s ( )

where ¢ is the W momentum and we have omitted the
fermion momenta as well as the SU(2) indices on
Gpp.s7 which will be contracted over when obtaining
the cross section.

Because the process is mediated by the W, f must be left
handed and f right handed. Using the familiar nonrelativ-
istic approximations,

M =2(ig:)Gpp7. (c15)

When we compute the cross section from this amplitude,
we multiply by the number of fermions, n, = 12. However,
we can account for the process DD — W — HH* by
replacing n; — n, = 25/2, as noted in Sec. IV.

4. MM - WW
We can read off the MM — WW amplitude from the
DD — WW one. We define G%}M;WW as in the DD case and

note that we obtain an additional symmetry factor of 1/2 in
the cross section.

M; Wi M
D; H D;
FIG. 15. Diagrams for MD annihilation to HW.

S. MM — HH*

The MM — HH* can be determined from the DD case.
We now have a u-channel diagram which has a relative
minus from fermion exchange and an additional minus
from p; — k; — P — ks, so the diagrams add together. We
also get a symmetry factor of 1/2 from the identical
particles, so overall the cross section is double the DD
Cross section.

6. MM — ff

The MM — ff amplitude is found by comparison to the
DD — ff case. We define G g7 as in the DD case and
multiply the cross section by the symmetry factor of 1/2.

7.DD/DD — HH

The DD/D D — HH is found from the MM — HH*
example. In this case we have identical particles in the
initial and final states, so the cross section gets a factor of
1/2 compared to the MM cross section.

8. MD/D — WH/H"

Figure 15 shows the diagrams for the MD — WH case.
Writing the SU(2), indices explicitly, the diagram on the
left has the structure

15(1)

iM T)i(eM)ij(tlavl>jk61§(k)i1/2ul7 (C16)

where we have omitted the momenta arguments. Defining
itGMD;WH = (I15.M 5|y, Iy, (i):1p. I3 () £ 1/2) (€pt5y)i

(C17)
and using the nonrelativistic approximations,

iM = —igyy €, (k) Tr(c"EET)EGypawn.- (C18)

In spin zero, this vanishes. In spin one, using L, R to
denote the W handedness and 1, 2 for the initial state
polarization,

ME2 = MEY = 0,9 V27 Gupawn- (C19)

The diagram on the right in Fig. 15 produces the same
amplitude with the substitution Gy, p.wy = 5 Gypawns
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5Guypawn = Liss Myslyg, 1 (0) £ 1/251p, 15, () (1) ;-
(C20)

Adding the two diagrams together leads to the cross
section in Eq. (44). Note that when the gauge factor is
squared, we sum over the +, — as indices.

9. MD/D - H/H* - SM

In unbroken SU(2),, the H does not couple to WW (we
can also note that isospin could not be conserved in the
process) so the relevant process is MD/D — H/H* — ff.
However, in the nonrelativistic limit this is also zero.

APPENDIX D: BOUND-STATE FORMATION
AMPLITUDES

Here we derive the amplitudes used in the calculation of
bound-state formation cross sections in Sec. VL.

We use ¢, ;; for the scattering state wave functions and
Wy e i Tor the bound-state wave functions. Here p, £ are
the momentum and angular momentum of the scattering
state, nZm are the quantum numbers of the bound state, and
i, jare SU(2), indices. Bound state indices are primed and
scattering states unprimed. The radial part of the bound-
state wave function is given in Eq. (78).

The radial part of the scattering state wave function in the
massless vector limit is approximated by

4722+ 1)S

—ipr2 4
Tzt ¢ 2Pr)

R/(r) =

Urel

XH <f n+1-— la@ff),

n—1 Urel

x F, <f 142 gy 2,2ipr>

(D1)

where F is the hypergeometric function and S is the
Sommerfeld factor. This approximation requires an addi-
tional correction for states with £ # 0, which is the case
when we consider formation of # = 0 bound states from
¢ =1 scattering states through W, B emission. The
correction multiplies the resulting cross sections by

w2f

[1e=6 (£ = k)* +w?)

with w=""¢ (D)
Kny

Lf:

where my, is the relevant vector boson mass and « = 1.74
arises from the Hulthen potential used to derive the
Sommerfeld factor in the case of massive vector
bosons [29].

We make use of the nonrelativistic approximations

ui(p/>uj(p) - 2m5lj’

i, (p")r'u;(p) = 2m&° + (p + p')6%)s

ijs

(P + p' )8 ),

\l “\l

w(p)r'tu;(p) = 2me° + (D3)
where k is a vector index and we have suppressed the
spin indices because they are individually conserved. We
have been slightly careless with the SU(2), indices in the
last expression, but these indices are contracted with the
overlap integrals shown below. We also use the overlap

integrals

Fiiiy 3 0k
JP,nlm - /d rwi’j’v¢ij’
- am
iji'j 2 3
Tp,nlm d rl//”r¢l]1
pijij 3
Fpﬁnlm - /d }"l//, ’¢1/’ (D4)

where we have omitted indices on the wave functions for
convenience and use the kinematics (see Fig. 3)

f’=131+1_52, f(:]z1+/zz’
p - K -
Pi==+p  k=n+k
P1 2+P 1 2+
P - K -
D :——_), k :——k DS
P2 3 p 275 ( )

1. W/B emission
For the W/B emission diagram in the top left of Fig. 3,

iM =1y (k) (Ex,) yui(p2)ii(ky)
x (iga (1% )in(€x, )i + i91Yx, (€x, ) )7 ui(P1)€s(q)-
(D6)

We only need the spatial part of M*. Using the non-
relativistic approximations and dressing with the scattering
and bound-state wave functions

1
7' \/—%

5y —ky) (27)°.

M =2m(gy (15, ) i (x,)xi + 91 Yx, (€x,) i) (Ex,)

x/(dk ap 43111,1(_’)(

o + 0y (7)3(7

Because |g| is small, P ~ K so
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M - 4@(92(&)1‘%(@)(, i + 91 Yx, (€x,)ri)(€x,) 1

d*p v vy o
| ey vy (P)Pdij(P). (D8)
Fourier transforming gives us our result
M - —41'@(92@31( )ie@x, )i + 91 Yx, (x,)i)
x (&x,); /J;f ,’l’lm (DY)

For emission from the X, leg of the diagram (the top
right of Fig. 3), we have B, +k; = B + k» = —(p + k).
The o-function argument gets an overall negative sign, but
this does not change the result because the relative sign

between p and k is unchanged. So the result is given by
Eq. (D9) with an overall minus, appropriately changing
SU(2), indices, and Yy, — Yy, .

When X; = X,, we also have u-channel diagrams.
This introduces a relative minus sign between argu-
ments in the &-function so w*(p) - w*(—p) in
Eq. (D8). The effect on the cross section from the
symmetries of the wave function are discussed
in Sec. VL

We can also emit a W boson through the three
boson coupling in the bottom of Fig. 3. This
amplitude, when simplified to the nonrelativistic limit
and dressed with the scattering and bound-state wave
functions, is

iM = 18\/_92(fx)/k(€x )kl(lxz)jl(exz)l]fabLTUl’j[’ z
(D10)

2. H emission

For the H emission diagram on the left in Fig. 4,

iM = (=iyy)iy(ka)u;(p2)(€n) ity (ky)

51’()

ui(pl)(eD)kz B (k)£1/2° (Dll)

X1, D.ERY.
C——-- H
|
1

XQ,J' le,j/

FIG. 16. Bound-state formation with Higgs emission and scalar
vector fusion.

Dressing with the scattering and bound-state wave func-
tions and using nonrelativistic approximations, we have

. - . }3\/[(#) 1
iM= —zy14m2(€D)k51 (k) :t1/2( )JJ\/_

3 3 o
« / (‘2{7)(;’ ];3w (R (3)6( — k) (2.
(D12)

Using the small |g| approximation and Fourier transform-
ing to position space

: . A 13, (1) A ijiij'
iM = =8iy1V/m(ep)ud /o @) i iy (D13)

Swapping M <= D,H — H* changes y;, —y, in
Eq. (D13). However, this has no effect when we square
the amplitude because |y;| = |y,|. Emitting from the
P2 — ky leg only changes the overall sign of the §-function
argument, so this also has no effect on the amplitude.
When we have u-channel diagrams, the relative sign in the
o-function argument changes. This changes the sign of
the argument of the BS wave function, y, and we obtain the
symmetry factors discussed in Sec. VI.

Figure 16 shows a diagram which also produces
bound states through H emission; however, it is
suppressed by higher orders of the coupling constants
[48]. Therefore, we ignore this bound-state formation
mechanism.
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