
Radiative transitions for the ground and excited charmonia states

Anurag Yadav ,* Satyajit Puhan ,† and Harleen Dahiya ‡

Computational High Energy Physics Lab, Department of Physics, Dr. B. R. Ambedkar National Institute of
Technology, Jalandhar, 144008, India

(Received 17 April 2025; revised 14 September 2026; accepted 6 October 2026; published 21 October 2026)

In this work, we have investigated the physical properties like decay constants, radiative transitions,
decay widths, and branching ratios for the ground and radially excited charmonia states. For the numerical
calculations, we have adopted the light-front quark model. We have studied χc0 → J=ψ þ γ and
ψð2SÞ → χc0 þ γ, hcð1PÞ → ηcð1SÞ þ γ, and ηcð2SÞ → hcð1PÞ þ γ transitions in this work. We have
also studied the Q2 dependence of the electric dipole transition form factors (TFFs) for all four transitions
and compared them with the available lattice QCD and basis light-front quantization results. Using the TFF
results, we have calculated the decay widths and branching ratios for these transitions. The electric dipole
matrix element is decomposed into its Lorentz structures and E1ðQ2Þ is extracted from a combination of the
longitudinal and transverse plus-current amplitudes canceling the accompanying Coulomb form factor
identically. The light-front spin-orbit wave functions of the P-wave states χc0 (3P0) and hc (1P1) are
constructed from the Melosh transformation of the corresponding jðLSÞJJzi states, rather than from the
S-wave pseudoscalar and vector ones. The charm quark mass and the harmonic scale are fixed by a
variational fit to the two 1S masses alone. Our numerical results of decay constants, decay widths, and
branching ratios are overall in good agreement with available experimental, theoretical, and lattice
simulation data.
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I. INTRODUCTION

The study of charmonium, a bound system of a charm
quark and its antiquark, continues to be a cornerstone in
understanding strong interactions. Being one of the cleanest
environments for probing quantum chromodynamics
(QCD) [1,2], charmonium spectroscopy offers a unique
window into both the perturbative and nonperturbative
regimes. Among the various processes that connect different
charmonium states, the electric dipole (E1) transitions are of
particular importance. These radiative transitions, governed
by well-defined selection rules, provide critical information
about the internal structure of quarkonia, the nature of the
QCD potential, and relativistic effects in heavy quark
systems. Charmonium occupies a valuable intermediate
position within QCD, being neither in the purely non-
relativistic regime nor in the regime where chiral symmetry
breaking dominates. This makes it a relatively clean system
to study nonperturbative QCD within the quark models.

The ground state vector charmonia J=ψ was first dis-
covered in 1974 by Brookhaven National Lab [3] and
Stanford Linear Accelerator Center [4] having a charm
quark and its antiquark. As expected, it was discovered to
have a close resemblance to positronium with a range of
resonances that correspond to different heavy quark pair
excitations. It was anticipated that the charmonium would
contribute to the study of hadronic dynamics in the same
way as the hydrogen atom does to atomic physics [5].
Similarly, after the discovery of Xð3872Þ charmonium state
at Belle in 2003 [6], it has been an interesting topic to
understand the transitions occurring in between the charmo-
nia states. In the BABAR and Belle B-factories, numerous
charmonia and charmonialike states were found in the first
ten years of this century [7–9]. For a better understanding of
confinement in the higher excited state of charmonia, the
study of mass spectra, decay constants, decay widths,
branching ratios, and transition form factors (TFFs) becomes
important. These observables provide deep insight and
information about the charmonia and their decay processes.
The TFFs describe the structure-dependent effects in the

interaction between a hadron and a virtual photon with
momentum transfer Q2. They encode the spatial and
dynamical properties of the hadron and are crucial for
understanding its internal structure. These form factors
encapsulate the effects of strong interaction in electromag-
netic or weak transitions between different charmonium
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states. Beijing Spectrometer III (BESIII) is one of the
leading experiments to study the radiative transitions
among the charmonia decays [10–12]. However, there
are a very few theoretical works reported for the radially
excited charmonia decays compared to the ground state
charmonia decays. The decay width of a hadron represents
the probability per unit time that the particle will decay into
specific final states and is mainly dependent on the TFF of
the particular decay process in which the hadron decays.
Electromagnetic transitions among the charmonia [13]

are classified in terms of electric and magnetic multipoles.
The most essential ones are E1 (electric dipole) and M1
(magnetic dipole) transitions. Higher multipole modes like
E2, E3, M1… transitions also exist, but they are sup-
pressed. Further, the electric dipole transition happens more
chronically as compared to the magnetic dipole transition
and the E1 transition has a significant contribution to the
total decay width of charmonium. The main characteristic
of an E1 transition is that there is no change in the spin
angular momentum, but there is a change in the orbital
angular momentum of the particle by one unit. As a result,
the final state has a different parity and C-parity than the
initial one.
On the theoretical side, the radiative transitions of

charmonia have been studied in several frameworks, and
each of them handles the relativistic and nonperturbative
effects in its own way. The oldest are the potential models.
In the nonrelativistic (NR) potential model, the E1 width is
fixed by the dipole matrix element between the radial wave
functions of the initial and final states [14,15]. The
relativized Godfrey-Isgur (GI) model includes the leading
relativistic corrections to the kinetic energy and to the
potential [16,17], and relativistic quark models of the same
type have been used for the whole charmonium spectrum
and its transitions [18,19]. These models describe the low-
lying transitions reasonably well, but for the radially
excited states their predictions depend strongly on the
form of the potential and on the way the relativistic
corrections are included [15,17]. A more systematic treat-
ment is provided by nonrelativistic QCD (NRQCD) [20]
and its low-energy version, potential NRQCD [21], where
the transition amplitude is expanded in powers of the heavy
quark velocity v. For the E1 transitions, the relativistic
corrections at order v2 have been worked out in Ref. [22].
For charmonium, however, v2 ≈ 0.3 and the expansion
converges slowly, particularly for the 2S and 1P states [23].
The Bethe-Salpeter (BS) approach treats the cc̄ pair as a

relativistic bound state. It has been used for the decay
constants of the P-wave charmonia [24] and, more recently,
for the χcJ → ψγ transitions [25]. Lattice QCD provides the
first-principles results. The E1 form factors of χc0 → J=ψγ
and hc → ηcγ were first calculated in quenched lattice QCD
by Dudek et al. [26], and the transitions involving excited
states, including ψð2SÞ → χc0γ, were obtained later using
the variational method [27]. Further results are available

from Nf ¼ 2 twisted-mass simulations [28–30] and from
the recent dynamical calculation of Ref. [31]. These results
still carry sizeable systematic uncertainties from quench-
ing, discretization, and the treatment of the charm quark on
the lattice, and, as we will see in Sec. III, different groups
do not always agree with one another. On the light front, the
basis light-front quantization (BLFQ) approach solves the
cc̄ Hamiltonian with a confining potential and one-gluon
exchange [32,33], and has been used for the M1 [34] and
E1 [35] transition form factors of charmonia. The light-
front quark model (LFQM) used in the present work is
simpler than BLFQ. The wave function is not obtained by
diagonalizing a Hamiltonian but is taken as a Gaussian,
with the parameters fixed variationally, and the M1
transitions of heavy mesons have been studied in this
model earlier [36]. Its advantage is that the TFF comes out
as a direct overlap of the light-front wave functions and can
be followed over a wide range of Q2, so that it can be
compared directly with the lattice and BLFQ results. For
the E1 transitions involving the radially excited charmonia,
such a study is still missing, and this is what we address in
the present work.
In this work, we have studied the E1 transitions among

the radially excited charmonia decays using the LFQM
[37–42]. The LFQM is a nonperturbative approach frame-
work describing the structure and dynamics of hadrons as
well as the behavior of quarks within them. The nature of
the LFQM is gauge invariant and relativistic. Further, the
LFQM has the benefit of concentrating on the hadrons’
valence quarks, which are the main components to describe
the general structure and characteristics of hadrons. In the
strong interaction regime, hadrons can be described by the
LFQM when perturbative QCD computations are unable to
do so. However, the LFQM does not account for the effect
of confinement and increased Fock-state contributions,
which are crucial in describing the whole dynamics of
hadrons. The hadron structure is exclusively described by
the LFQM in the lower Fock states.
In this work, we have investigated the P-wave and

S-wave charmonia decays χc0ð1PÞ → J=ψð1SÞ þ γ,
ψð2SÞ→ χc0ð1PÞþ γ, hcð1PÞ→ ηcð1SÞþ γ, and ηcð2SÞ →
hcð1PÞ þ γ. It is interesting to mention that the χc0ð1PÞ →
J=ψð1SÞ þ γ transition is significant in understanding the
P-wave charmonia, as there is consensus regarding the
decay width of the Particle Data Group (PDG) [43], CLEO
data [44], and the measured BESIII value [45]. This
discrepancy in the values of decay width requires a
theoretical investigation of this transition for a more
detailed understanding. For ψð2SÞ → χc0ð1PÞ þ γ and
hcð1PÞ → ηcð1SÞ þ γ, where there is no experimental data
available, we have studied the TFF as well as decay width
of these transitions and compared them with other theo-
retical model predictions. For the ηcð2SÞ → hcð1PÞ þ γ
transition, there are no experimental data available for
decay width, and we have calculated the decay width of this
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transition and compared it with theoretical data and also
calculated the respective branching ratio.
The paper is arranged as follows. In Sec. II, we have

discussed the LFQM along with the spin and meson wave
functions using the light-front formalism. The input param-
eters and the wave form of different mesons have been
discussed in this section. The decay constants of the excited
state mesons are calculated. Details pertaining to the
transition form factor correlator and radiative decay width
relation are also presented in this section. In Sec. III, we
have discussed and presented the numerical results of decay
widths, branching ratios, and transition form factors of all
four transitions. In Sec. IV, we have summarized our work.

II. METHODOLOGY

A. Light-front quark model

The LFQM provides an ideal framework for describing
the meson states in terms of their constituent quarks and
antiquarks. The minimal hadron Fock-state wave function
based on light-front quantization in the form of quark-
antiquark is expressed as [46–48]

jMðP;J;JzÞi

¼
X
λq;λq̄

Z
dxd2k⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1− xÞp
16π3

ψJJz
λq;λq̄

ðx;k⊥Þjx;k⊥;λq;λq̄i: ð1Þ

Here, jMðP; J; JzÞi and P ¼ ðPþ; P−; P⊥Þ are the eigen-
state and four-vector total momentum of the meson,
respectively, (J; Jz) is the total angular momentum of the
meson state, k ¼ ðKþ; K−;k⊥Þ is the four-vector momenta
of the active quark with x ¼ Kþ

Pþ being the longitudinal
momentum fraction of the active quark, 1 − x is the
longitudinal momentum fraction carried by the antiquark,
and λq;ðq̄Þ is the helicity of the quark (antiquark).

The light-front wave function ψJJz
λq;λq̄

for mesons can be

expressed as [49]

ψJðJzÞ
λq;λq̄

ðx;k⊥Þ ¼ ϕnSðnPÞðx;k⊥ÞχJJzλq;λq̄
ðx;k⊥Þ; ð2Þ

where ϕnSðnPÞ is the radial (orbital) wave function, and

χJJzλq;λ;q̄
is a spin-orbit wave function obtained by interaction-

independent Melosh transformation. In this work, nSðnPÞ
is used for various radially (orbitally) excited states of
mesons. Covariant forms of the spin-orbit wave functions
for pseudoscalar (J ¼ 0) and vector (J ¼ 1) mesons are,
respectively, expressed as [42,49]

χ00λq;λq̄ ¼ −
1ffiffiffi
2

p
M̃

ūλq̄ðpqÞγ5vλq̄ðpq̄Þ ð3Þ

and

χ1Jzλq;λq̄
¼ −

1ffiffiffi
2

p
M̃

ūλq̄ðpqÞ
�

=ϵðJzÞ −
ϵ · ðpq − pq̄Þ

Mo þmq þmq̄

�
vλq̄ðpq̄Þ;

ð4Þ

where M̃ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mo

2 − ðmq −mq̄Þ2
q

. Here, Mo is the invari-

ant meson mass square under the influence of boost with
mqðq̄Þ being the quark (antiquark) masses defined as

M2
o ¼

k2⊥ þm2
q

x
þ k2⊥ þm2

q̄

1 − x
: ð5Þ

ϵμðJzÞ ¼ ðϵþ; ϵ−; ϵ⊥Þ in Eq. (4) is the polarization vector of
the vector meson and is represented as

ϵμð�1Þ ¼
�
0;

2

Pþ ϵ⊥ð�Þ:P⊥; ϵ⊥ð�Þ
�
;

ϵμð0Þ ¼ 1

Mo

�
Pþ;

−Mo
2 þ P2⊥
Pþ ; P⊥

�
; ð6Þ

where

ϵ⊥ð�1Þ ¼ ∓ 1ffiffiffi
2

p ð1;�iÞ: ð7Þ

The u and v are the Dirac spinors in Eq. (4) with γ being the
Dirac matrices. The spin-orbit wave function obeys the
unitary condition automatically as hχJJzλq;λ;q̄

jχJJzλq;λ;q̄
i ¼ 1.

Equations (3) and (4) hold for the S-wave pseudoscalar
(1S0) and vector (3S1) mesons, where L ¼ 0 and the meson
spin comes entirely from the quark spins. Since the E1
transitions studied here always involve a P-wave partner,
either χc0ð0þþÞ or hcð1þ−Þ, therefore, in these cases, the
orbital motion carries the angular momentum. In case
Eqs. (3) or (4) are used for such a state, it would lead to
a S-wave spin structure, which it does not have. We
therefore build the spin-orbit wave function for a general
jðLSÞJJzi state from the interaction-independent Melosh
transformation [50–52],

Mðm; ξ;k⊥Þ ¼
ðmþ ξMoÞ þ iσ · ðn̂ × k⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðmþ ξMoÞ2 þ k2⊥
p ; ð8Þ

with n̂ ¼ ð0; 0; 1Þ, evaluated at ðξ;k⊥Þ ¼ ðx;k⊥Þ for the
quark and ð1 − x;−k⊥Þ for the antiquark, so that [37,52]

χJJzλqλq̄
¼

X
mlms

hLml; SmsjJJziYLml
ðk̂Þ

×
X
ss̄

MλqsM
q̄
λq̄ s̄

D1
2
s;
1

2
s̄
���Sms

E
: ð9Þ

Since M is unitary, Eq. (9) is normalized point by point in
ðx;k⊥Þ. Setting L ¼ 0 returns to Eqs. (3) and (4) exactly,
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which is what fixes the phase conventions before the L ¼ 1
case is used. For the two P-wave states, whose covariant
vertices were given in Ref. [37], we then obtain

ψ1Jz
hc

¼ ϕ1P
m¼Jz

ðx;k⊥Þχ00λqλq̄ðx;k⊥Þ; ð10Þ

for hc (L ¼ 1, S ¼ 0, J ¼ 1), where the spin part is the
singlet and the angular momentum resides entirely in the
orbital motion, and

ψ00
χc0 ¼

X1
m¼−1

h1m; 1 −mj00iϕ1P
m ðx;k⊥Þχ1;−mλqλq̄

ðx;k⊥Þ; ð11Þ

for χc0 (L ¼ 1, S ¼ 1, J ¼ 0), with h1m; 1 −mj00i ¼
ð−1Þ1−m= ffiffiffi

3
p

. The χc0 case is more subtle among the
two, because orbital and spin degrees of freedom are
entangled. The state ψχc0 does not factorize into one orbital
function times a fixed spin matrix and all three substates
m ¼ 0;�1 of ϕ1P contribute coherently. Both wave func-
tions come out normalized without further adjustment. The
radial wave functions of ϕnSðnPÞ in Eq. (2) for 1S, 2S, and
1P states have the forms [37,53,54]

ϕ1S ¼ 4

�
π

β2

�3
4

ffiffiffiffiffiffiffi
dkz
dx

r
exp

�
−
k2z þ k2⊥
2β2

�
; ð12Þ

ϕ2S¼4

�
π

β2

�3
4

ffiffiffiffiffiffiffi
dkz
dx

r
exp

�
−
2δ

2

k2zþk2⊥
β2

��
a02−b02

k2zþk2⊥
β2

�
;

ð13Þ

ϕ1P ¼ 4
ffiffiffi
2

p �
π

β2

�3
4

ffiffiffiffiffiffiffi
dkz
dx

r
km
β
exp

�
−
k2z þ k2⊥
2β2

�
; ð14Þ

where km [k�1 ¼ ∓ðk⊥1 � ik⊥2Þ=
ffiffiffi
2

p
and k0 ¼ kz], and m

is the magnetic quantum number, which is obtained from
spherical harmonics. In the above equation, the value of a02
is 1.88684 and b02 is 1.54943. The exponent parameter is
δ ¼ 0.549453. It is not a free parameter, being fixed
together with a02 and b02 by requiring ϕ2S to be orthogonal
to ϕ1S at the same β and correctly normalized, which
reproduces the two quoted constants to six digits. The
magnetic quantum numberm is not a free choice. It is fixed
by the angular-momentum coupling in Eqs. (10) and (11),
and summed over where that coupling requires it. β is the
harmonic scale parameter, which is obtained by fitting with
meson mass through the variational principle. The nor-
malization condition for the radial wave functions
ϕ1S;ϕ2S;ϕ1P isZ

1

0

dx
Z

d2k⊥jϕnSðnPÞðx;k⊥Þj2 ¼ 2ð2πÞ3: ð15Þ

We can express three-momentum k ¼ ðkz;k⊥Þ as k ¼
ðx;k⊥Þ through the relation

kz ¼
�
x −

1

2

�
Mo þ

m2
q̄ −m2

q

2Mo
: ð16Þ

The Jacobian factor of the variable transformation
ðkz;k⊥Þ → ðx;k⊥Þ is given as

dkz
dx

¼ Mo

4xð1 − xÞ
�
1 −

ðm2
q −m2

q̄Þ2
M4

o

�
: ð17Þ

B. Decay constant

The pseudoscalar and vector meson decay constant is
defined through the matrix elements of axial-vector and
vector currents between the meson state and vacuum with
mass M and four-vector momenta Pμ as [55,56]

h0jq̄1γμγ5q2jPðPÞi ¼ ifPPμ; ð18Þ

h0jq̄1γμq2jVðP; λÞi ¼ ifVMVϵ
μðλÞ: ð19Þ

Here, fPðVÞ is the decay constant of pseudoscalar (vector)
mesons. q1ð2Þ are the quark flavors inside the mesons. The
decay constant for the pseudoscalar meson can be
expressed explicitly as

fP ¼
ffiffiffi
6

p Z
dx

Z
d2k⊥
ð2πÞ3

ϕnSðnPÞðx;k⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ k2⊥

p UP; ð20Þ

where A ¼ xmq̄ þ ð1 − xÞmq and UP ¼ A.
For the vector meson, the “+” current component with

longitudinal polarization ϵð0Þ is completely identical to the
“⊥” current component having transverse polarization
ϵð�Þ [57]. The quantitative representation of the vector
decay constant is

fðþ;⊥Þ
V ¼

ffiffiffi
6

p Z
dx

Z
d2k⊥
ð2πÞ3

ϕnSðnPÞðx;k⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ k2⊥

p Uðþ;⊥Þ
V ; ð21Þ

where

Uþ
V ¼ Aþ 2k2⊥

Mo þmq þmq̄
;

U⊥
V ¼ 1

Mo

�
k2⊥ þ A2

2xð1 − xÞ − k2⊥ þ ðmq þmq̄Þ
Mo þmq þmq̄

k2⊥
�
: ð22Þ

In the LFQM, we have successfully calculated that fV ¼
fþV ¼ f⊥V for all radially excited states of mesons.
Equations (20) and (21) apply to the S-wave pseudo-

scalar and vector states. The P-wave states χc0 and hc also
appear in Table I permitted by discrete symmetries. For a
qq̄ state, built from equal-mass quarks, the parity and
charge conjugation eigenvalues are [43]

P ¼ ð−1ÞLþ1; C ¼ ð−1ÞLþS; ð23Þ
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so that the four states entering this work carry

ηcð1S0Þ∶ L ¼ 0; S ¼ 0 ⇒ JPC ¼ 0−þ;

J=ψð3S1Þ∶ L ¼ 0; S ¼ 1 ⇒ JPC ¼ 1−−;

χc0ð3P0Þ∶ L ¼ 1; S ¼ 1 ⇒ JPC ¼ 0þþ;

hcð1P1Þ∶ L ¼ 1; S ¼ 0 ⇒ JPC ¼ 1þ−: ð24Þ
The interpolating currents have the definite charge con-
jugation [58]

Cðq̄γμqÞ ¼ −1; Cðq̄γμγ5qÞ ¼ þ1;

Cðq̄σμνqÞ ¼ −1; Cðq̄qÞ ¼ þ1: ð25Þ
A local matrix element h0jJjMi can be nonzero only when
CðJÞ ¼ CðMÞ. The rule is satisfied in the two familiar
S-wave cases, Cðq̄γμγ5qÞ ¼ CðηcÞ ¼ þ1 and Cðq̄γμqÞ ¼
CðJ=ψÞ ¼ −1. For the P-wave states it fails in both the
channels, Cðq̄γμqÞ ¼ −1 ≠ Cðχc0Þ ¼ þ1 and Cðq̄γμγ5qÞ ¼
þ1 ≠ CðhcÞ ¼ −1, and the two local matrix elements
vanish identically,

h0jq̄γμqjχc0ðPÞi ¼ 0; h0jq̄γμγ5qjhcðP; λÞi ¼ 0: ð26Þ

The associated constants are then not decay constants in the
usual sense. What survives is the normalization of the
leading-twist light-cone distribution amplitude, obtained
from the lightlike separated correlators [58]

fχc0ϕχc0ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Nc

xð1 − xÞ

s Z
d2k⊥
ð2πÞ3 ψ

↑↓þ↓↑
χc0 ðx;k⊥Þ; ð27Þ

fhcϕhcðxÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Nc

xð1−xÞ

s Z
d2k⊥
ð2πÞ3ψ

ðJz¼0Þ↑↓−↓↑
hc

ðx;k⊥Þ: ð28Þ

Equation (26) makes the zeroth moment of these ampli-
tudes vanish, so they have to be normalized by the first
moment instead,

R
1
0 dxð2x − 1ÞϕðxÞ ¼ 1. For hc there is

one current that does match, the tensor current q̄σμνq with
C ¼ −1, and it defines a genuine decay constant

h0jq̄σμνqjhcðP; λÞi ¼ if⊥hcðϵμðλÞPν − ϵνðλÞPμÞ;

f⊥hcϕ
⊥
hc
ðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Nc

xð1 − xÞ

s Z
d2k⊥
ð2πÞ3 ψ

ðJz¼þ1Þ↑↑
hc

ðx;k⊥Þ; ð29Þ

normalized by
R
1
0 dxϕ

⊥
hc
ðxÞ ¼ 1. Here, Nc ¼ 3, the spin

labels denote the corresponding combinations of the helicity
components of Eq. (2), and ψ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp
ϕnSðnPÞχ

JJz
λqλq̄

.

The wave functions of Eqs. (10) and (11) satisfy Eq. (26)
identically, the contributions of the individual helicity
components cancelling among themselves, while the same
projections applied to the S-wave states return Eqs. (20)
and (21).

C. Transition form factor

In the LFQM, the E1 transition between a P-wave and a
S-wave charmonium, S ↔ Vγ�, proceeds through the
diagram of Fig. 1. Throughout, S denotes the spin-zero
member of the pair, χc0 for the 0þþ ↔ 1−− family and ηc
for the 0−þ ↔ 1þ− family, and V the spin-one member,
J=ψ , ψð2SÞ or hc. The E1 matrix element does not have the
M1 form ϵμνρσϵνqρPσ. That structure belongs to a magnetic
dipole and cannot describe a transition in which the orbital
angular momentum changes by one unit at fixed quark spin.
The decomposition into Lorentz structures appropriate to
E1 reads [26,35]

hVðP0;λ0ÞjJμemð0ÞjSðPÞi

¼E1ðQ2Þ
�
ϵ�μλ0 ðP0Þ− ϵ�λ0 ·P

ΩðQ2ÞðP
0μðP ·P0Þ−M2

VP
μÞ
�

þMVC1ðQ2Þ
iQΩðQ2Þ ðϵ�λ0 ·PÞ× ½ðP ·P0ÞðPþP0Þμ−M2

SP
0μ−M2

VP
μ�;

ð30Þ

TABLE I. Decay constant (in units of MeV) of excited state
mesons χc0ð1PÞ; hcð1PÞ; ηcð2SÞ, and ψð2SÞ compared with
experimental data [59] and other model calculations of BS
[24], sum rule [60], BLFQ [33], light-front wave functions by
design (LFD) [61], and LFQM [41]. For χc0ð1PÞ and hcð1PÞ no
decay constant of the conventional type exists, since charge
conjugation forbids the corresponding local matrix elements.

χc0ð1PÞ hcð1PÞ ηcð2SÞ ψð2SÞ
Our result 85.1a 195.2b 203.5 266.2
Exp. [59] � � � � � � � � � 294
LFQM [41] 421 373 318 420
BS [24] 239 � � � � � � � � �
Sum rule [60] � � � 490 � � � � � �
BLFQ [33] � � � � � � 298 312
LFD [61] � � � � � � � � � 288

aEntries are normalizations of the leading-twist light-cone
distribution amplitude, fixed by the first moment, Eqs. (27)–(28).

bThe entry is the tensor decay constant f⊥hc of Eq. (29).

FIG. 1. Lowest-order Feynman diagram of vector to pseudo-
scalar charmonia.
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where q ¼ P0 − P is the four-momentum of the virtual
photon, Q2 ¼ −q2, ΩðQ2Þ ¼ ðP · P0Þ2 −M2

SM
2
V , and

ϵμλ0 ðP0Þ is the polarization vector of the spin-one state.
E1ðQ2Þ and C1ðQ2Þ are the transverse (electric dipole) and
longitudinal (Coulomb) form factors, and E1 has the
dimension of a mass. The same decomposition holds for
the 0−þ ↔ 1þ− pair.
The calculation is performed in the Drell-Yan frame

qþ ¼ 0 with P⊥ ¼ 0 and Pþ ¼ 1, such that

P ¼ ð1;M2
S; 0⊥Þ; P0 ¼ ð1;M2

V þQ2;q⊥Þ;
Q2 ¼ −q2 ¼ q2⊥ ≥ 0; ð31Þ
i.e., the spacelike region, which for the real-photon point is
reached as Q2 → 0. Only the “good” component μ ¼ þ of
the current is used, making the result free of zero-mode
contributions. Writing Aλ0 ¼ hVðP0; λ0ÞjJþemjSðPÞi and
D ¼ M2

S −M2
V þQ2, an explicit evaluation of Eq. (30)

for the longitudinal (λ0 ¼ 0) and transverse (λ0 ¼ þ1)
polarizations gives

A0 ¼ E1

�
1

MV
−

D2

4MVΩ

�
þ C1QD

2iΩ
;

Aþ1 ¼
E1QD

2
ffiffiffi
2

p
Ω
−
MVC1Q2

i
ffiffiffi
2

p
Ω

: ð32Þ

Neither amplitude on its own isolates E1, since both carry a
C1 admixture. However, the combination

E1ðQ2Þ ¼ MVA0 þ
M2

S −M2
V þQ2ffiffiffi
2

p
Q

Aþ1 ð33Þ

isolates it as the C1 terms cancel identically for any Q2 and
any pair of masses, leaving E1 with a unit coefficient.
Equation (33) plays the role for E1 that the several current
components play for M1, making an extraction from the
plus current possible.
In the valence sector, the plus current is diagonal in the

quark helicity and brings no spin-flip Dirac factor, so each
Aλ0 reduces to a plain overlap of light-front wave functions.
Momentum is important since it determines where the
transverse shift acts. With the initial spin-zero state at
P⊥ ¼ 0 the struck quark carries k⊥ and absorbs q⊥, while
the final state has P0⊥ ¼ q⊥, so the relative transverse
momentum in the final state is k0⊥ ¼ k⊥ þ ð1 − xÞq⊥. The
shift therefore belongs on the final-state wave function,
giving

Aλ0 ¼ 2
X
λqλq̄

Z
1

0

dx
Z

d2k⊥
ð2πÞ3 ψ

ðλ0Þ�
V

× ðx;k⊥ þ ð1 − xÞq⊥ÞψSðx;k⊥Þ; ð34Þ
where the overall factor 4=2 arises as follows. There is a
factor 2 from the current normalization hP0jJþjPi ∝ 2Pþ

with Pþ ¼ 1, a further factor 2 from the two diagrams
in which the photon attaches to the quark and to the
antiquark (equal for equal quark masses and opposite
C-parity of S and V), and a 1=2 from combining the
measure of Eq. (1) with ψ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp
ϕnSðnPÞχJJz .

Consistently with Eq. (30), Jμem denotes the charge-stripped
current, the quark charge Qc ¼ 2=3 being factored out and
reinstated in Eq. (35). Equations (33) and (34), together
with the wave functions of Eqs. (10) and (11), constitute the
complete E1 formalism used in this work.
The real-photon point needs a limiting procedure. As

Q → 0 the transverse amplitude vanishes linearly, Aþ1 ¼
OðQÞ, while the coefficient multiplying it in Eq. (33)
diverges as 1=Q, so E1ð0Þ cannot be evaluated directly at
Q ¼ 0. SinceE1 is a smooth even function ofQ, we obtain it
by fitting a quadratic in Q2 over Q∈ ½0.10; 0.30� GeV and
extrapolating. The coupling constant for a real photon is
G ¼ E1ð0Þ, and the E1 width is [35]

Γði→fγÞ ¼
Q2

cα

2ji þ 1

M2
i −M2

f

2M3
i

jE1ð0Þj2; ð35Þ

where α is the fine structure constant,Qc ¼ 2=3 is the charm
quark charge number, and ji,Mi, andMf are the spin of the
decaying state and the initial and final masses. Equation (35)
is not of the G2K3

γ form appropriate to an M1 transition.
Since E1 carries the dimension of a mass, the phase-space
factor for an electric dipole is linear, rather than cubic, in the
photon energy.

D. Branching ratio

A particle can decay in multiple modes, each of which
has its own decay rate. The overall decay rate is the sum of
the decay rates of all the modes. The total decay modes can
be expressed as

Γtotal ¼
Xn
i¼1

Γi: ð36Þ

Lifetime is associated with the total decay modes as
τ ¼ 1=Γtotal. It is also intriguing to determine the branching
ratio or proportion, or the likelihood of decay by a specific
decay mode, if there are multiple decay modes available.
The branching fraction of ith mode can be written as

Bi ¼ Γi=Γtotal: ð37Þ

III. RESULTS AND DISCUSSION

For the numerical predictions of our calculations, we
require only two input parameters: charm quark mass mc
and harmonic scale parameter β. Both are fixed by the
variational principle, by minimizing hH0i þ hVconfi þ
hVCouli þ hVhypi and requiring the two measured 1Smasses
to be reproduced. The two conditions M ¼ Mηcð1SÞ
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and M ¼ MJ=ψ determine mc ¼ 1.6012 GeV and β ¼
0.7109 GeV exactly, and the hyperfine splitting then comes
out at its measured value of 113.00 MeV. We use the same β
for every charmonium state, so that no parameter is tuned to
the transitions themselves. Figure 2 shows the light-front
wave functions against the longitudinal momentum fraction
x and the transverse momentum k⊥ of the active quark.
Panel (a) is the radial function ϕ2Sðx;k⊥Þ, with its node
clearly visible. The same function serves both ηcð2SÞ and
ψð2SÞ, because the two states differ only in their spin-orbit
functions and those are normalized to unity at every ðx;k⊥Þ.
Panels (b)–(d) show the helicity-summed density

P
λqλq̄

jψ j2
for the P-wave states. In panel (b) the coherent sum over m
in Eq. (11) leaves χc0ð1PÞ with a density proportional to
k2z þ k2⊥, so it vanishes only at the single point x ¼ 1=2,
k⊥ ¼ 0. The hcð1PÞ density, by contrast, depends on the
polarization, and panels (c) and (d) show Jz ¼ 0 and
Jz ¼ þ1. The Jz ¼ 0 density carries a factor k2z and is
suppressed along the whole line x ¼ 1=2, while the Jz ¼
þ1 density carries k2⊥=2 and is suppressed at small k⊥
instead. This difference between the two polarizations

follows directly from the angular-momentum coupling of
Sec. II, and an S-wave treatment has nothing corresponding
to it.
In Table I we present the decay constants. For the 2S

states these are conventional decay constants, and our
values fηcð2SÞ ¼ 203.5 MeV and fψð2SÞ ¼ 266.2 MeV are
comparable with the BLFQ [33] and LFD [61] results and
lie somewhat below the measured fψð2SÞ ¼ 294 MeV.
Within this model jfj for a 2S pseudoscalar saturates near
213 MeV for any β, so that values in the 300 MeV range are
not attainable with a single harmonic-oscillator 2S trial
function. This is the known nS decay constant hierarchy
problem of the LFQM [54].
The P-wave states behave quite differently, and here we

correct the previous version. The selection rule of
Eqs. (23)–(25) forbids the vector current from coupling
to χc0 and the axial-vector current from coupling to hc, so
neither state has a decay constant of the conventional type
and Eq. (26) holds identically. The cancellation is not
imposed by hand. Evaluating the zeroth moments with the
wave functions of Eqs. (10) and (11), the contributions of

(a) (b)

(c) (d)

FIG. 2. Light-front wave functions with respect to the longitudinal momentum fraction x and the transverse momentum k⊥. Panel
(a) is the radial function ϕ2S, which is common to ηcð2SÞ and ψð2SÞ. Panels (b)–(d) are the helicity-summed densities

P
λqλq̄

jψ j2 of the
physical P-wave states, for χc0ð1PÞ and for hcð1PÞ with Jz ¼ 0 and Jz ¼ þ1.
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the individual helicity components cancel among them-
selves and the two matrix elements vanish, as Eq. (26)
requires. This provides an independent check on the
angular-momentum coupling of the P-wave states, which
would otherwise leave a finite residue. What can be quoted
instead are the first-moment normalizations of the leading-
twist distribution amplitudes, fχc0 ¼ 85.1 MeV and fhc ¼
147.4 MeV, and, for hc only, the genuine tensor decay
constant f⊥hc ¼ 195.2 MeV, the tensor current being the
one with C ¼ −1. The values 426.4 and 317.39 MeV
quoted previously came from applying the S-wave for-
mulas (20) and (21) to P-wave states, and do not corre-
spond to quantities that exist. Applied to states where the
conventional definition does hold, the same machinery
gives fηcð1SÞ ¼ 364.3 MeV and fJ=ψ ¼ 416.8 MeV,
against the measured ≃335 MeV and 407� 5 MeV.
Neither entered the fit.
In this work, we have mainly targeted the radiative

transitions between the P-wave and S-wave charmonia. We
have considered four radiative transitions between pseu-
doscalar and vector meson charmonia. In Fig. 3, we
have plotted the E1ðQ2Þ TFFs of all four transitions with
respect to Q2 (in GeV2), (a) hcð1PÞ → ηcð1SÞ þ γ,
(b) ψð2SÞ → χc0ð1PÞ þ γ, (c) χc0ð1PÞ→ J=ψð1SÞþ γ,

and (d) ηcð2SÞ → hcð1PÞ þ γ, since the TFF E1ðQ2Þ
provides more resolution of the system. The solid curve
in Fig. 3 is the present calculation. Since mc and β are fixed
by two masses that are themselves known to better than a
MeV, the parameters carry almost no freedom, and we
therefore quote a single curve. For BLFQ we show the
central value together with the basis-sensitivity band, taken
from Fig. 5 of Ref. [35]. The previous version displayed
BLFQ as a band in one panel and as a line in the other, which
made the two comparisons look different when they are not.
For the hcð1PÞ → ηcð1SÞ þ γ transition in Fig. 3(a), our

E1ðQ2Þ falls monotonically from 3.51 GeV at Q2 ¼ 0 to
1.70 GeV at Q2 ¼ 6 GeV2, to be compared with 3.37 →
1.79 GeV in BLFQ, and the value at the real-photon point
agrees with the PDG [43] value of 3.21� 0.60 GeV. The
lattice results of Dudek et al. [26], which are available for
2≲Q2 ≲ 6 GeV2, lie on our curve within their errors over
the whole range. The twisted-mass results of Ref. [28] at
Q2 < 2 GeV2, on the other hand, lie about 35–55% below
our curve, the BLFQ band, and the PDG point. The two
lattice calculations are therefore not consistent with each
other in this channel, which is also visible in their decay
widths in Table II, 601 keV [26] against 234 keV [28]. Our
result follows the points of Ref. [26] and the PDG value. A

(a) (b)

(c) (d)

FIG. 3. The electric dipole transition form factors E1ðQ2Þ plotted with respect to Q2 (GeV2) for (a) the hcð1PÞ → ηcð1SÞ þ γ
transition, compared with the lattice simulations of Refs. [26,28] and the PDG [43] value at Q2 ¼ 0, (b) the ψð2SÞ → χc0ð1PÞ þ γ
transition, compared with the lattice simulation of Ref. [27] and the PDG [43] value at Q2 ¼ 0, (c) the χc0ð1PÞ → J=ψð1SÞ þ γ
transition, compared with the lattice simulations of Refs. [26–28] and the value atQ2 ¼ 0 obtained from the PDG width [43], and (d) the
ηcð2SÞ → hcð1PÞ þ γ transition, for which no lattice result is available. The solid curve is the present calculation. For BLFQ [35] both
the central value and the basis-sensitivity band are shown, in all panels.
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third lattice result, the Nf ¼ 2 twisted-mass calculation of
Ref. [29] extrapolated to the continuum limit, gives 720 keV.
Since Refs. [28,29] both use Nf ¼ 2 twisted-mass configu-
rations, the factor of 3 between them cannot come from
quenching alone, and must lie in the discretization and in the
way E1ð0Þ is extracted. Two of the three lattice results,
Refs. [26,29], are on the side of the light-front approaches,
our 534.5 keV and 489 keV of BLFQ, and of the NR
(498 keV) [17] and relativistic quark model (RQM)
(560 keV) models, while Ref. [28] is closer to the GI, linear
potential (LP), screened potential (SP) (373 keV) [19],
screened nonrelativistic (SNR1), and covariant confined
quark model (CCQM) [62] values of 304–373 keV. The
model predictions themselves range from 304 to 764 keV
and cannot settle the question. Experimentally, the branching
ratio is already precise, Bðhc → γηcÞ ¼ ð57.7þ3.6

−3.5Þ%, but the
total width ΓðhcÞ ¼ 0.78þ0.27

−0.24 � 0.12 MeV [63] carries an
error of about 35%. A more precise ΓðhcÞ, as expected from
the resonance scan in p̄p → hc at PANDA [64] or from the
large charmonium samples at a future super tau-charm
facility [65], would discriminate between the lattice results
of Refs. [28] and [26,29].
For the ψð2SÞ → χc0ð1PÞ þ γ transition in Fig. 3(b), the

form factor first falls, passes through a minimum near
Q2 ≃ 2.5 GeV2, and then rises again, which is the same
shape as the BLFQ curve. The minimum reflects the node

of the 2S wave function in the 2S–1P dipole overlap. Our
minimum stays at about 0.4 GeV, whereas the BLFQ curve
almost touches zero. The lattice points of Ref. [27] in this
region scatter around zero with errors of 0.4–0.9 GeV, and
cannot yet distinguish between the two. At Q2 ¼ 0 we
obtain 0.87 GeV against 1.18 GeV from the PDG.
Figure 3(c) shows the χc0ð1PÞ → J=ψð1SÞ þ γ transi-

tion, for which lattice results are available from three
groups [26–28]. In contrast to the two transitions above,
the form factor here increases with Q2, from 1.19 GeV at
Q2 ¼ 0 to 3.29 GeV at Q2 ¼ 6 GeV2, against 1.40 →
3.22 GeV in BLFQ. The three lattice datasets again differ
from one another. The points of Ref. [26] lie highest, those
of Ref. [28] lowest, and those of Ref. [27] in between. Our
curve lies within this spread. It is above the points of
Ref. [28] and below those of Ref. [26] for Q2 ≲ 3 GeV2,
and agrees with the latter for Q2 ≳ 4 GeV2. At the real-
photon point our value of 1.19 GeV is close to the lattice
value 1.24� 0.05 GeV of Ref. [27] and about 10% below
the value 1.34� 0.06 GeV obtained from the PDG width.
For the ηcð2SÞ → hcð1PÞ þ γ transition in Fig. 3(d), no

lattice result is available so far, and we compare only with
BLFQ. Our form factor starts at 0.63 GeV at Q2 ¼ 0, rises
quickly up to about 2.3 GeV nearQ2 ≃ 4.5 GeV2, and then
flattens, while BLFQ starts at 0.99 GeVand rises slowly to
about 1.5 GeV. As in Fig. 3(b), the small value at Q2 ¼ 0

TABLE II. Decay widths (in units of keV) of the transitions along with experimental results [43–45,63,66–71],
lattice QCD results [26–31], and other model results [17–19,62,72]. NR and GI denote the nonrelativistic and
Godfrey-Isgur potential models, LP and SP the linear and screened potential models, SNR0;1 the screened
nonrelativistic model at zeroth and first order in relativistic corrections, RQM the relativistic quark model, and
CCQM the covariant confined quark model.

χc0ð1PÞ → J=ψð1SÞ ψð2SÞ → χc0ð1PÞ hcð1PÞ → ηcð1SÞ ηcð2SÞ → hcð1PÞ
Our result 118.3 15.8 534.5 10.7
PDG [43] 151 28.8 445 � � �
BESIII [45,63] 27 27.6 445 � � �
CLEO [44,66–68] 216 27.1 437 � � �
CBAL’86 [69] � � � 29.1 � � � � � �
CNTR’77 [70] � � � 21 � � � � � �
MRK1’76 [71] � � � 22 � � � � � �
BLFQ [35] 162 22 489 26.4
Chen’11 [28] 85 � � � 234 � � �
Dudek’09 [27] 199 26 � � � � � �
Dudek’06 [26] 232 � � � 601 � � �
Delaney’23 [31] 204 � � � � � � � � �
Li’21 [30] 180 � � � � � �
Becirevic [29] � � � � � � 720 � � �
GI model [17] 114 26 352 36
NR [17] � � � � � � � � � 49
SP [19] � � � � � � � � � 52
LP [19] 141 27 361 49
SNR0 [72] 167 74 764 146
SNR1 [72] 117 25 323 104
RQM [18] 121 26.3 560 41
CCQM [62] � � � � � � 304 � � �
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comes from the node of the 2S wave function, which
cancels a large part of the dipole overlap, and it is the reason
for the small decay width discussed below. This is the
channel in which the two light-front approaches differ the
most, and a lattice calculation of it would be very useful.
The difference comes from the 2S wave function. In our
model its node is fixed by orthogonality to the 1S state at a
common β, while in BLFQ it is fixed dynamically by
confinement and one-gluon exchange [33]. Since the
2S–1P dipole overlap nearly cancels between the two
lobes of the 2S function, this small difference is strongly
enhanced, and the width ratio 26.4=10.7 ≈ 2.5 is just
ð0.99=0.63Þ2. The measured ψð2SÞ → χc0ð1PÞ þ γ chan-
nel, which has the same overlap and where our width is
about half of the experimental one, suggests that our value
here is also on the low side. The four TFFs therefore have
quite different shapes. E1ðQ2Þ decreases with Q2 for
hc → ηc, has a minimum for ψð2SÞ → χc0, and increases
for χc0 → J=ψ and ηcð2SÞ → hc. All four are obtained with
the same mc and β, without any parameter tuned to the
transitions.
In the qþ ¼ 0 frame adopted here one has

q2 ¼ qþq− − q2⊥ ¼ −q2⊥ ≤ 0, so that Q2≡−q2¼q2⊥≥0

and the calculation accesses the spacelike region only. The
physical radiative decay corresponds to a real photon,
q2 ¼ 0, i.e., the end point Q2 ¼ 0 of that region, which
is where the coupling constant GSVγ ¼ E1ð0Þ is evaluated.
The timelike region relevant to the decay is bounded,
0 < q2 ≤ q2max ¼ ðMi −MfÞ2, and is not reached in this
frame, so we do not continue the form factor into it. For the
four transitions of Fig. 3 this interval is in any case very
small, q2max¼0.073GeV2 for ψð2SÞ→χc0ð1PÞ, 0.294 GeV2

for hcð1PÞ→ ηcð1SÞ, 0.101 GeV2 for χc0ð1PÞ → J=ψð1SÞ,
and 0.013 GeV2 for ηcð2SÞ → hcð1PÞ, so that the recoil
correction between q2 ¼ 0 and q2 ¼ q2max is small in the
heavy-flavor sector. For ψð2SÞ → χc0ð1PÞ, however, the
form factor varies rapidly with Q2 near the origin, so that
the recoil correction, while small, is not entirely negligible
there. It is important to mention here that till now, there are
no experimental data available for TFFs of these decay
processes.
From the TFFs at Q2 ¼ 0, we have calculated the

radiative decay widths of each transition and have pre-
sented them in Table II. The decay width of the χc0ð1PÞ →
J=ψð1SÞ transition is found to be 118.3 keV, to be
compared with 151 keV from the PDG [43] and
162 keV from BLFQ [35]. For the ψð2SÞ → χc0ð1PÞ

transition we obtain 15.8 keV against 28.8 keV from the
PDG. This is the channel in which the present treatment is
least successful. The reason is structural rather than
accidental, in that the 2S–1P dipole overlap lies close to
a zero crossing, so the result is strongly sensitive to the
harmonic scale and a single universal β does not suffice.
When compared to the other decays, the hcð1PÞ → ηcð1SÞ
transition has the largest decay width, 534.5 keVagainst the
PDG value of 445 keV. For the ηcð2SÞ → hcð1PÞ transition,
for which no experimental data are available, we obtain
10.7 keV, to be compared with 26.4 keV from BLFQ and
36 keV from the GI model [17]. This channel shares the
node sensitivity of the 2S–1P overlap. For the sake of
completeness, we have also studied the branching ratio of
each decay and the calculated values have been presented in
Table III. The branching ratio of the hc → ηcð1SÞ þ γ
decay is very high, 68.5%, as compared with the PDG
value [43] of 60� 4%. This indicates a dominant contri-
bution to the total decay width of the hcð1PÞ particle. On
the other hand, the branching ratio of the ηcð2SÞ →
hcð1PÞ þ γ decay comes out to be 0.09%, which is very
low as compared to the other decays. This clearly indicates
that ηcð2SÞ has very low probability to decay through the
electric dipole radiative transition.

IV. SUMMARY

In this work, we have studied the radially excited states
of charmonia of pseudoscalar and vector mesons in the
light-front quark model. To begin with, we have predicted
the decay constant of 2S and 1P wave charmonia and the
results are comparable to the PDG data. Further, we have
calculated the E1ðQ2Þ radiative transitions between the
P- and S-wave charmonia, using a decomposition of the
electric dipole matrix element into its Lorentz structures
and P-wave spin-orbit wave functions constructed from the
Melosh transformation of the jðLSÞJJzi states. The calcu-
lated TFFs are found to be in good agreement with the PDG
data, lattice simulations, and BLFQ data. The TFFs of all
four transitions have been compared with BLFQ, and those
of hcð1PÞ → ηcð1SÞ and χc0ð1PÞ → J=ψð1SÞ with lattice
results from more than one group, which do not always
agree among themselves. For ηcð2SÞ → hcð1PÞ no lattice
result exists yet, and our prediction differs noticeably from
BLFQ in this channel, which we trace back to the node of
the 2Swave function. For hcð1PÞ → ηcð1SÞ, a more precise
measurement of the total width of hc would discriminate
between the lattice results. For a better understanding of

TABLE III. The branching ratios of the calculated decays compared with PDG [43] data.

ψð2SÞ → χc0ð1PÞ hcð1PÞ → ηcð1SÞ ηcð2SÞ → hcð1PÞ χc0ð1PÞ → J=ψð1SÞ
Our result 5.38% 68.5% 0.09% 1.13%
PDG [43] 9.7% 60� 4% � � � 1.41� 0.09%
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these decays, we have calculated the decay widths and
branching ratios at the Q2 ¼ 0 limit. These result are again
in sync with the available experimental, lattice simulation,
and theoretical prediction results. For the branching ratio,
we have compared it with the PDG data and found it to
have similar results. To conclude we can say that overall
the LFQM provides reasonable results which are in agree-
ment with experimental and other theoretical predictions.
Ongoing BESIII, CLEO, Belle, Belle II, BABAR, PANDA,
and LHCb experiments will have important implications
for the subtle features of the model and will further provide
deeper insights on these decays.
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