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We numerically study how the primordial magnetic field affects the first-order electroweak phase
transition in the early Universe. We observe the following: 1) the phase transition process would be slowed
down by the magnetic field; 2) the phenomenon of vortex structure of the Higgs condensation appears
when the homogenesis hypermagentic field g0Bex

Y =m2
W ≳ 3.63; and, 3) the helical hypermagnetic field can

dramatically enhance the sphaleron rate and validate the generation of the baryon asymmetry through the
chiral anomaly.
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I. INTRODUCTION

Recently, the evidence of the stochastic gravitational
wave background (SGWB) has been reported by pulsar
timing array experiments around the world: PPTA [1],
EPTA and InPTA [2], NanoGrav [3], and CPTA [4]. The
first-order phase transition (PT) at QCD scale has been
considered as one compelling possibility to address the
signatures [5–14]. The SGWB produced by the strong
first-order electroweak PT [15–17] might be able to detect
by future space-based interferometer, such as the Laser
Interferometer Space Antenna (LISA) [18], Taiji [19], and
TianQin [20]. Aside from SGWB, during the first-order
electroweak PT, it was found that the bubble collision
dynamics can drive the production of the primordial
magnetic fields (MFs) [21–27]. The MFs generated in
the early Universe might influence the Higgs vacuum and
yield formation of a typical vortex structure known as the
Ambjørn-Olesen condensation [28–33]. MFs might affect
the electroweak sphaleron rate during the electroweak
crossover [34,35] and the first-order PT [36]. After
considering amplification mechanisms [37–42], these
MFs can explain the MFs in the Milky Way [43], galaxy
clusters [44–46], and the voids of large-scale structures

[47–50], and be probed by γ-ray observations of blazars
[51–53].
The first-order electroweak PT, as a generic prediction

of new physics beyond the Standard Model (SM) of
particle physics [54–56], provides one of the three
Sakharov conditions [57], i.e., the out-of-equilibrium
conditions, and makes it possible to explain the baryon
asymmetry of the Universe through electroweak baryo-
genesis [58,59]. Different from the microphysics for
baryogenesis, Refs. [60–63] build the relationship between
the baryon number and the helicity of primordial MF
through the Abelian anomaly. Refs. [64,65] further found
that source terms arising from the chiral anomaly in the
background of a helical hypermagnetic field can drive the
baryon asymmetry generation after considering the decay
of MF helicity around the SM crossover.
In this work, we intend to study the first-order electro-

weak PT in a MF background. We conduct lattice field
simulations to include the nonlinear dynamics during the
PT. We analyze the impact of the primordial MFs on the PT
speed and investigate the Ambjørn-Oleson condensation
during the PT. We also evaluate how the helical magnetic
field affects the Chern-Simons number evolution, altering
the sphaleron rate. Finally, we observe that the helical MF
can alter the baryon number and the lepton number during
first-order PT, which provides a chance to address the
baryon asymmetry of the Universe.

II. THE PHYSICAL PICTURE

We consider an external Uð1ÞY gauge field Yμ
ex that does

not vary over time to achieve an external MF, and the
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complete electroweak Lagrangian is

L ¼ ðDμΦÞ†ðDμΦÞ − 1

4
Wa

μνWaμν −
1

4
YμνYμν

−
1

2
Yex
μνYμν − VðΦÞ: ð1Þ

Φ is the Higgs doublet, andWa
μν and Yμν represent the field

strengths of the SUð2ÞL and Uð1ÞY gauge fields, respec-
tively. Here we omit Yex

μνY
μν
ex since it contributes only a

constant. Dμ is the covariant derivative

Dμ ¼ ∂μ − ig
σa

2
Wa

μ − ig0
1

2
ðYμ þ Yex

μ Þ; ð2Þ

where σa; a ¼ 1, 2, 3 are Pauli matrices, and the coupling
constants are g ¼ 0.65 and g0 ¼ 0.53g.
There are three classes of first-order electroweak PT

models motivated by multiple particle physics models
beyond the SM [66], i.e., thermally driven, tree-level
driven, and loop driven, depending on the contributions
of tree-level, quantum (loop), and thermal contributions in
the thermal effective potential, that give raise to a pair of
minima separated by a potential barrier at finite temper-
ature in the early Universe [56,67]. The potential VðΦÞ
under study belongs to the tree-level driven class, and is
expressed as

VðΦÞ ¼ −μ2Φ†Φþ AðΦ†ΦÞ3=2 þ λðΦ†ΦÞ2; ð3Þ

that can be tested by colliders through the cubic Higgs
coupling detection [55,68,69]. Its potential shape is indi-
cated by the red line in Fig. 1, which arises from particle
physics beyond the SM, such as new scalars that couple
with the SM Higgs. Specially, during the PT, we have an
extra contribution to the potential from the time-indepen-
dent external MF through

ΔV ⊃
g04

4
Yex
μ Y

μ
exΦ†Φ: ð4Þ

Before the electroweak PT, the electromagnetic field
Bex ¼ ∇ × Aex had not been well defined and was replaced
by a hyper-MF Bex

Y ¼ ∇ × Yex. The relationship between
them is g0Bex

Y ¼ eBex; here e ¼ g sin θW is the electric
charge with θW being the Weinberg angle (weak mixing
angle). The term would cancel the quartic term in Eq. (3) to
some extent and change the PT process accordingly for
different MF distributions at different spacetimes. For
illustration, the influence of the external MF strength on
the Higgs potential is demonstrated in Fig. 1. As the external
MF increases, the value of jΦj at the true vacuum con-
tinuously decreases, and the potential energy increases. If
the external MF continues to increase, the true and false
vacua degenerate, and ultimately, only one vacuum with
jΦj ¼ 0 remains, with the electroweak symmetry being
restored.
After the breaking of electroweak symmetry, the rela-

tionship between the electromagnetic field and the original
gauge field is [70]

Aμν ¼ W3
μν sin θW þ ðYμν þ Yex

μνÞ cos θW
− i

2

gv2
½ðDμΦÞ†ðDνΦÞ − ðDνΦÞ†ðDμΦÞ� sin θW

¼ W3
μν sin θW þ ðYμν þ Yex

μνÞ cos θW − Sμν sin θW; ð5Þ

where the last term is the contribution of scalar current,
which we denote as Sμν. Figure 2 shows the transition of a
hyper-MF to an electromagnetic field during the first-order
PT. First-order PTs can generate MFs through bubble
collisions, serving as the seeds of the present-day cosmic
MF [22]. When the external MF is stronger, it enters the
scalar flow Sμν [see Eq. (5)] through covariant derivatives
[see Eq. (2)], further enhancing the MF generated by
the PT.
In the following, we intend to explore how the MF

affects the baryon asymmetry generation during the

FIG. 1. Schematic diagram of the additional contribution to the
Higgs potential function (3) from the term proportional to
ðBex

Y Þ2Φ†Φ obtained from covariant derivatives (2).

FIG. 2. A graphic representation of the conversion from hyper-
MF Yμν into electromagnetic field Aμν during the electroweak first
order PT.
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first-order PT. For such a purpose, we first derive the
definition of the Chern-Simons number in the background
of an external MF. The chiral anomaly in electroweak
theory gives the relationship between fermions and gauge
fields [71–74]

∂μj
μ
B ¼ Ng

�
g2

16π2
TrðWμνW̃μνÞ − g02

32π2
YμνỸμν

�
; ð6Þ

where Ng ¼ 3 is the number of fermion generations, and
the Hodge dual is X̃μν ¼ 1

2
εμνρσXρσ. Integrating the above

equation yields the change in baryon number density

nB ¼ Ng
ΔNCSðtÞ

V
¼ Ng

NCSðtÞ − NCSð0Þ
V

; ð7Þ

where NCSðtÞ is the Chern-Simons number [75]

NCSðtÞ
V

¼ 1

V
1

32π2
εijk

Z
d3x

�
−g02ðYi þ Yex

i ÞðYjk þ Yex
jkÞ

þ g2
�
Wa

i W
a
jk −

g
3
εabcWa

i W
b
jW

c
k

��
; ð8Þ

and V ¼ L3 is the lattice volume. The U(1) component of
NCS corresponds to the hypermagnetic helicity

hY ¼ HY

V
¼ 1

V
εijk

Z
d3xðYi þ Yex

i ÞðYjk þ Yex
jkÞ

¼ 1

V

Z
d3xðY þ YexÞ · ðBY þ Bex

Y Þ; ð9Þ

up to a negative proportionality factor. During first-order
PT, bubble collisions trigger abrupt changes in the Higgs
field Φ distributions in different spacetime. This seeds the
variation of the g0 Im½Φ†DiΦ� term in the Yi equation of
motion, see Eqs. (14), (15) and also Appendix A, driving
rapid Yi field evolution that generates nonzero contributions
in the Chern-Simons number and also the helicity from
Y · BY , Y · Bex

Y and Yex · BY . Meanwhile, during the PT, the
Uð1ÞY field strength Yμν ¼ ∂μYν − ∂νYμ additionally con-
tributes to electromagnetism throughAμν ⊃ Yμν cos θW [22].
Bubble dynamics during the PT triggers abrupt changes

in the Higgs field Φ distributions in different spacetimes,
governed by the first equation in the following Eq. (14). The
distributions of the nonvanishing Higgs field value when the
PT starts to yield the Higgs winding number NH [76]

NH ¼ −
1

24π2
εijk

Z
d3xtrð∂iΦ†

∂jΦ∂kΦ†ΦÞ; ð10Þ

with [77]

Φ ¼ 1

jΦj ðiσ
2Φ�;ΦÞ ð11Þ

being a unitary matrix, NH would grow along with the
changing of the Chern-Simons number and stabilize when
the PT is complete; see the following section.
During the PT, the baryon (and lepton) asymmetry of the

Universe can be calculated through the relationship
between the change in baryon (and lepton) number and
the variation of the Chern-Simons number

ηBðtÞ ¼
nB
s

¼ ηLðtÞ ¼
nL
s
¼ 45Ng

2π2g�ST3

ΔNCSðtÞ
V

: ð12Þ

Here, g�S ¼ 106.75 is the effective number of degrees of
freedom in entropy before the PT. The time-varying hyper-
magnetic helicity in the early Universe enters the anomalous
process, leading to baryon and lepton number asymmetry
while preserving B − L conservation [62,63,78–83]

dηYB
dt

¼ dηYL
dt

¼ −
45Ng

2π2g�ST3

�
g02

16π2
dhY
dt

�
: ð13Þ

Temporal evolution of the Chern-Simons number and
hypermagnetic helicity thus originates from interactions
between the preexisting external helical hypermagnetic
field and PT-generated magnetic fields. The net baryon
number generation is subsequently quenched after the PT
completes.

III. THE SIMULATION SETUP

To study the PT dynamics and the accompanied Chern-
Simons number variation under the background of an
external MF, we evolve the equations of motion (EOM)
of the system derived from Eq. (1). Under the temporal
gauge W0 ¼ Y0 ¼ Yex

0 ¼ 0, the EOM is given by

∂
2
0Φ ¼ DiDiΦ −

∂V
∂Φ† ;

∂
2
0W

a
i ¼ −∂kWa

ik − gϵabcWb
kW

c
ik þ g Im½Φ†σaðDiΦÞ�;

∂
2
0Yi ¼ −∂kYik þ g0 Im½Φ†ðDiΦÞ�; ð14Þ

along with two Gauss constraints,

∂0∂jYj − g0 Im½Φ†
∂0Φ� ¼ 0;

∂0∂jWa
j þ gϵabcWb

j∂0W
c
j − g Im½Φ†σa∂0Φ� ¼ 0: ð15Þ

We here employ natural units where ℏ ¼ c ¼ kB ¼ 1. The
background MF effects are included in the EOM with its
initial condition to be explored later. We neglect the
expansion of the Universe and the accompanied temper-
ature variation, and also the evolution of background MFs
during the first-order PT, since it is a rapid process. Please
refer to Equations of Motion on Lattice of Appendix A for
the discretized equations of motion and Gaussian con-
straints on the lattice.
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To evolve the EOM, the primary initial conditions are
given by the thermal fluctuation spectra under thermal
equilibrium describing the Higgs field Φ and its conjugate
momentum field Π before PT

PΦi
ðkÞ ¼ 1

ωk

1

eωk=T − 1
; PΠi

ðkÞ ¼ ωk

eωk=T − 1
; ð16Þ

where ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

eff

p
. k and meff are the physical

momentum and effective mass of the Higgs field.
In the continuum, we have

hΦiðkÞΦjðk0Þi ¼ ð2πÞ3PΦi
ðkÞδðk − k0Þδij; ð17Þ

hΠiðkÞΠjðk0Þi ¼ ð2πÞ3PΠi
ðkÞδðk − k0Þδij; ð18Þ

hΦiðkÞΠjðk0Þi ¼ 0: ð19Þ

Converting it into a discrete form on the lattice, we get

hjΦiðkÞj2i ¼
�
N
Δx

�
3

PΦi
ðkÞ; hΦiðkÞi ¼ 0; ð20Þ

hjΠiðkÞj2i ¼
�
N
Δx

�
3

PΠi
ðkÞ; hΠiðkÞi ¼ 0; ð21Þ

where N3 denotes the total number of lattice points and Δx
is the physical lattice spacing. ΦiðkÞ and ΠiðkÞ satisfy the
point-independent Gaussian distribution in the momentum
space, which contains all modes from the infrared trunca-
tion kIR ¼ 2π=ðNΔxÞ to the ultraviolet cutoff kCutOff . For
the gauge fields, we set their initial values to 0. However, to
satisfy the Gaussian constraint [Eq. (15)], we must assign
an initial value to the conjugate momentum field of the
gauge field according to certain rules. For specific details
on Initialization of Gauge Fields, see Appendix B.
When PT occurs, the Higgs field quantum tunnels from

the false vacuum jΦj ≃ 0 to the true vacuum jΦj ¼ v,
nucleating a bubble at t ¼ t0. Therefore, to study the first-
order PT dynamics, another initial condition, i.e., the
implementation of the vacuum bubbles on lattice, is
necessary. In the simulation, each lattice site near the false
vacuum at each time step has a probability pbubble to
nucleate a vacuum bubble, which has the profile

Φðt0; rÞ ¼
v
2

�
1 − tanh

�
r − R0

lw

���
0

1

�
; ð22Þ

Φ̇ðt0; rÞ ¼ 0; ð23Þ

where r denotes the distance from bubble center, R0

denotes the radius of bubble, and lw denotes the bubble
wall thickness. Then, the nucleated bubbles expand and
collide with each other to propel the PT process.

The MFs’ strength, correlation length, and helicity serve
as the third initial condition for the evolution of the EOM
given by Eq. (14). Considering the correlation length of the
primordial MFs, generated through inflation [84–88], the
first-order PT [21–27,89], we consider two types of external
hyper-MFs with distinct correlation lengths, defined as
λBY ¼ R

dkk−1EBYðkÞ=
R
dkEBYðkÞ, where

R
dkEBYðkÞ ¼R

d3x 1
2
½Bex

Y ðxÞ�2=V. The infinite correlation length hyper-
MF with helicity is set by Yexμ ¼ ð0; 0; xBex

Y ; hfactorLB
ex
Y Þ,

where hfactor ∈ ½−1; 1�, and L ¼ NΔx represents the edge
length of the lattice box. For hyper-MFs with finite
correlation lengths, we adopt the following form in
Fourier space [90]: B̃ex

YiðkÞ ¼ BiniΘðk − kUVÞðδij − k̂ik̂j −
iσMεijlk̂lÞgjðkÞkn. Here Θðk − kUVÞ is the Heaviside func-
tion, ensuring the hyper-MF has a finite correlation length
comparable to the mean bubble separation R� ¼
ðV=NbubbleÞ1=3 during the percolation process of vacuum
bubbles in the PT. gðkÞ is the Fourier transformation of a
Gaussian-distributed random vector field that is δ-correlated
in all three dimensions. The helicity degree is controlled by
σM ¼ 0; 1;−1, corresponding to nonhelical, maximally
positive, and maximally negative helicities, respectively.
The specific implementation of hyper-MFs on the lattice is
detailed in the Hypermagnetic Field on Lattice section of
Appendix C.
To investigate the effects of the MFs’ correlation length,

we conduct numerical simulations on two different sizes of
three-dimensional lattices, with lattice spacing of Δx and
periodic boundary conditions:

(i) N3 ¼ 1283: we simulate a homogeneous MF and a
spectral distribution MF with λB ∼ R�=4 ∼ R0,
where R0 is the initial vacuum bubble radius. We
conduct 20 simulations with ntimestep ¼ 10000 for
each MF strength and helicity setting.

(ii) N3 ¼ 5123: we simulate the spectral distribution MF
with λB ∼ R�. Due to computational constraints, we
limit the simulations to 4 runs with ntimestep ¼ 3600

for each combination of σ ¼ �1 and hyper-MF
strength.

The model parameters and lattice setup in the simulation
are presented in Table I.

IV. NUMERICAL RESULTS

Through evolving the EOM [see Eq. (14)] on lattice, in
this section, we numerically study the following ingredients
in the background of the hyper-MF: the PT speed, the
phenomena of the Ambjørn-Oleson condensation, the

TABLE I. Model parameters and setup in the simulation.

v Δx Δt μ2 A λ R0 lw pbubble

1 0.2 0.04 0.68 2.59 1.60 13Δx 6Δx 5 × 10−8
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electroweak sphaleron rate, and the baryon and lepton
number generation through the chiral anomaly.

A. Phase transition speed

We first present the variations of the Higgs field and the
number of bubbles under homogeneous nonhelical hyper-
MF in Fig. 3. It can be seen that when the MF strength
increases, the PT speed becomes slower and more bubbles
are nucleated, which reflects that the strong MF affects
the electroweak vacuum. When a bubble is nucleated, the
strong MF acts rapidly on the true vacuum area inside the
bubble. This not only reduces the vacuum expectation value
of the Higgs field which further confirms the behavior
demonstrated in Fig. 1, but also slows down the expansion
speed of the bubble, causing the false vacuum to occupy the
space of the Universe for a longer period, which further
results in the creation of more vacuum bubbles.
The effects of homogeneous helical hyper-MF on the PT

speed and the number of bubbles are similar to those
without helicity. As shown in the Fig. 4, the helical
homogeneous hyper-MF makes the PT speed slower and
also makes the final stable field value smaller. This shows

that the speed of bubble expansion is slowed down in the
hyper-MF with helicity, and the bubble expansion speed is
further reduced compared with the hyper-MF without
helicity. The helicity will also slightly affect the PT process.
As shown in Fig. 5, as the initial helicity increases, the PT
speed will decrease slightly, and the final value of hjΦj2i
will also become smaller. This is just as we stated before,
the speed at which the bubble expands is further slowed
down by the helicity.
From Figs. 6 and 7, it can be seen that the correlation

length has an impact on the PT speed. When the correlation
length is small, the “transition” region between regions
with high MF strength and regions with low MF strength is
small, and the PTwill quickly complete in the regions with
low MF strength, while in the regions with high MF
strength, the PT will not occur at all. This leads to a PT
speed in this situation that is not significantly different from
the time difference without a MF, but hjΦj2i will decrease.
On the contrary, MFs with larger correlation lengths have
larger transition regions, where the MF strength is moderate
and PT can occur here, but at a slower speed. The extreme
case is a homogeneous MF with an infinite correlation
length.

FIG. 3. Top: evolution of Φ2 over time under nonhelical
homogeneous hyper-MF. Bottom: the number of bubbles
nucleated under nonhelical homogeneous hyper-MF. The gray
area indicates the hyper-MF strength where Higgs condensation
has not yet occurred.

FIG. 4. Top: evolution of Φ2 over time under different helical
homogeneous hyper-MF strength with hfactor ¼ 1. Bottom: the
number of bubbles nucleated under different MF strengths with
hfactor ¼ 1. The gray area indicates the magnetic field strength
where Higgs condensation has not yet occurred.
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We observe that, regardless of the helicity or correlation
scale of the magnetic field, the vacuum expectation value of
the Higgs field consistently decreases with increasing
hyper-MF strength following the PT. This phenomenon is
analogous to the inverse magnetic catalysis observed in
QCD [91,92]. It is posited that this behavior is related to the
Ambjørn-Oleson condensation, which will be discussed in
the next subsection. In the case of a crossover, a similar
inverse magnetic catalysis effect on the Higgs field under an
external magnetic field has also been reported by [33,34].

B. Ambjørn-Oleson condensation

When the process of electroweak symmetry breaking
occurs in a MF background, the configuration of the broken
phase field will be closely related to the MF strength. There
exist two critical MFs as follows:

g0BYc1 ¼ eBc1 ¼ m2
W; ð24Þ

g0BYc2 ¼ eBc2 ¼ m2
H: ð25Þ

As the external MF increases, the Higgs and gauge fields
exhibit different behaviors [28–32,93–96]:

(i) When B < Bc1, the MF has no effect on the broken
phase. As symmetry breaking progresses, the Higgs
field will gradually fall into the broken phase and
stabilize there.

(ii) When Bc1 < B < Bc2, the original electroweak vac-
uum becomes unstable due to the emergence of an
imaginary part in the vacuum energy. To compensate
for this instability, the SUð2ÞL gauge field forms a
hexagonal vortex line structure (with the direction of
the line following the direction of the external MF).
This phenomenon is known as the Ambjørn-Oleson
condensation. Since the SUð2ÞL gauge field couples
with the Higgs field through covariant derivatives
(2), the Higgs field also produces a similar hexago-
nal vortex line structure, resulting in a decrease in
the vacuum expectation value.

(iii) When B > Bc2, the electroweak symmetry will be
restored. This means that the vortex line structure of
gauge fields and the Higgs field will disappear, and
the vacuum expectation value of the Higgs field will

FIG. 5. Top: evolution of Φ2 over time under the same
homogeneous hyper-MF strength (g0Bex

Y =m
2
W ¼ 5.45) and differ-

ent hfactor. Bottom: the number of bubbles nucleated under
different hfactor with homogeneous hyper-MF strength being
fixed at g0Bex

Y =m
2
W ¼ 5.45.

FIG. 6. The evolution of Φ2 (top) and the number of bubbles
nucleated (bottom) under different hyper-MF strength with
spectral distribution in case of N ¼ 128. In the top panel, the
solid line indicates σM ¼ 1, the dotted line indicates σM ¼ −1,
and the dashed line indicates σM ¼ 0, respectively. The root mean
square hyper-MF strength Bex

Y;rms ¼
ffiffiffiffiffiffiffiffiffiffi
2ρexBY

p
, where ρexBY is the

volume-averaged hyper-MF energy density.
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return to 0. At this point, the external MF will be
replaced by the Uð1ÞY gauge field.

In the case of crossover, the Ambjørn-Oleson conden-
sation phenomenon has been verified through lattice
simulation methods [33]. Reference [97] studied the
electroweak PT dynamics under external MF and did not
observe the Ambjørn-Olesen phase, which might be due to
the quantum fluctuations there. We will demonstrate that
Ambjørn-Oleson condensation indeed can occur in the
context of first-order PT, and it bears little relation to the
helicity of the MF.

Figure 8 shows the changes of Φ2 and B2 ¼
1

NNt

P
t;z B

2ðt; x; y; zÞ under different homogeneous

hyper-MFs. When g0Bex
Y =m

2
W > 3.63, the Higgs condensate

phenomenon appears. It can be seen that Φ2 is relatively
small at the center of the vortex, which is exactly the

opposite of B2. It is worth mentioning that every time step
of the Higgs field is involved in the averaging, while MF is

only averaged every 100 steps, so the picture of B2 is

rougher. We also find that the stronger the hyperMF, the
denser the vortex.
When the background MF is entirely provided by the U

(1) hyper-MF, after the electroweak symmetry breaking, the
electromagnetic field part will also undergo a phenomenon
similar to the W and Z condensation. For analytical
calculations and lattice simulations related to this phe-
nomenon, see Refs. [33,98,99].
Slices of jΦj2 and hypermagnetic field energy at the end

of the simulation are shown in Fig. 9. The hyper-MF with a
spectral distribution is no longer homogeneous in space,
but with some places having high energy and some places
being almost zero. At the end of the simulation, because the
background MF does not change with time, the distribution
of hyper-MF energy is similar to that at the beginning.
However, it should be noted that jΦj2 at the end tells us that
the PT is only successfully and quickly completed in areas
with small hyper-MFs, while in places with large hyper-
MFs, Φ is still in the symmetric phase. Due to the random
hyper-MF distribution, unlike the homogeneous hyper-MF
with a fixed direction, the Higgs condensation phenomenon
cannot be observed.

C. Electroweak sphaleron

With the PT dynamics affected by the helicity of the
hyper-MF as studied in the last subsection, we expect the
behavior of Chern-Simons number variation during the first-
order electroweak PT should also be dramatically different
from the SM crossover case. We present the relationship
between the Chern-Simons number (and the Higgs winding
number) and the helicity of the MFs in Figs. 10 and 11,
which reflect the increase of the NCS and NH as the helicity
of the MFs grows. According to our previous research [22],
in a first-order PT, a MF is generated due to the collision of
bubbles. But when this process occurs in the context of a
hyper-MF, the situation will undergo some changes. When a
PToccurs, there would be a slight increase in MF strength as
the bubble nucleates. Subsequently, the bubble expands, and
the MF will stabilize for a short period of time. When
bubbles collide with each other, which is a very intense
dynamic process, the NCS rapidly increases or decreases.
Moreover, the stronger the external MF, the larger the NCS
generated. The magnitude of the Higgs winding numberNH
increases with the proceeding of PT when the Higgs field
value increases. After the PT is completed, the Chern-
Simons number and the Higgs winding number tend to
stabilize. As depicted for the two external MF scenarios, the
NCS grows as the strength and helicity of the hyper-MF
increase. Meanwhile, we observe the difference between the
change of Chern-Simons number ΔNCS and the change of
the Higgs winding number ΔNH during the PT. The
relationship between the Chern-Simons number and
the MF helicity here does not support the existence of
the electroweak strings reported in Refs. [100–103], since
we did not assume any Ansätze for gauge fields.

FIG. 7. The evolution of Φ2 (top) and the number of bubbles
nucleated (bottom) under different hyper-MF strength with
spectral distribution in case of N ¼ 512. In the top panel, the
solid line indicates σM ¼ 1, and the dotted line indicates
σM ¼ −1. For ease of comparison, the number of bubbles shown
in the bottom panel has been scaled to the equivalent number of
bubbles for the N ¼ 128 case.

IMPACT OF PRIMORDIAL MAGNETIC FIELDS ON THE FIRST- … PHYS. REV. D 113, 043529 (2026)

043529-7



FIG. 8. Φ2 (top) and B2 (bottom) under different homogeneous hyper-MFs. The left two plots indicate the case where g0Bex
Y =m

2
W ¼ 0,

and the middle and right two plots are the scenarios with nonhelical and helical homogeneous hyper-MFs (hfactor ¼ 1) with g0Bex
Y =m

2
W ¼

3.63 where the Higgs condensations appear. The red and blue colors correspond to higher and lower field values, respectively.

FIG. 9. Slice of jΦj2 (top) and hypermagnetic energy (bottom) at the end of the simulation. The hyper-MF has a spectral distribution
with correlation length of λBY ∼ R0 and with spectral indices of 0 (left) and 1 (middle), and with λBY ∼ R�, n ¼ 0 (right), respectively.
The color code is the same as in Fig. 8.
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We first use the diffusion rate usually adopted to describe
the evolution of the Chern-Simons number close to thermal
equilibrium, which is also known as the sphaleron rate

ΓðtÞ ¼ hðΔNCSðtÞÞ2i
Vt

ð26Þ

to measure the intensity of the change of the volume
averaged Chern-Simons number with the definition of NCS
being given by Eq. (8). Angle brackets indicate ensemble
averaging, which is the average of multiple runs. It
approaches a constant value, known as the diffusion
constant, in the limit of infinite time and volume [34,104].
We first study the electroweak (EW) sphaleron rate

behavior under the impact of the homogeneous helical
MF. We find that a stronger helical hyper-MF background
will bring about a more drastic change in NCS, which is
reflected by the behavior of lnΓðtÞ=T4. As shown in
Fig. 12, the increase of hyper-MF strength will significantly
elevate ΓðtÞ, that is, the rate of baryon production is faster. If
the hyper-MF is fixed and the helicity is increased, the rate
of baryon production will also increase, but the effect is not

as obvious as that brought by increasing the MF strength.
The change of sphaleron rate ΓðtÞ with time under different
spectral-distributed hyper-MF is shown in Fig. 13. The lines
with the same color represent the same spectral index and
similar hyper-MF strength. It can be seen that as the MF
energy increases, the sphaleron rate also increases.
We here calculate the time average of the sphaleron

rate for different hyper-MF when it is stable after
t=R� > ts=R� ¼ 2.67, denoted as

Γ̄ ¼ 1

tf − ts

Z
tf

ts

dt0Γðt0Þ; ð27Þ

where tf is the end of the simulation. As shown in Fig. 14,
as the MF and helicity increase, ln Γ̄∞=T4 also increases.
The subscript ∞ represents that the external hyper-MF
under study has an infinite correlation length. We can fit the
dependence of ln Γ̄∞=T4 on MF strength and hfactor

ln
Γ̄∞

T4
¼ ð0.78jhfactorj−0.5 þ 0.58Þ

�
Bex
Y

T2

�
þ ln

Γsym

T4
; ð28Þ

×

×

FIG. 10. The variation of Chern-Simons number NCS (solid
line) and Higgs winding number NH (dashed line) over time
under homogeneous external MFs with hfactor ¼ 0 (top) and
hfactor ¼ 1 (bottom).

×

×

FIG. 11. The variation of Chern-Simons number NCS (solid
line) and winding number NH (dashed line) over time under
spectral-distributed external MFs with n ¼ 0 (top) and n ¼ 1
(bottom).
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which is shown in Fig. 14 by the green dashed line.
Γsym=T4 ¼ 6.23 × 10−7 represents the value of the spha-
leron rate in the symmetric phase [105], which is showed
by the gray line in Fig. 14. Here, T indicates the PT
temperature. We can see that the sphaleron rate can grow by
many orders with the increase of the strength and helicity of
the external hyper-MF.
Similarly, we extract the electroweak sphaleron rate

under the spectrum distribution hyper-MF background
and plot the variation of ln Γ̄=T4 versus hyper-MF strength
in Fig. 15 and use the green dashed line to show the
following fitting results:

ln
Γ̄R0

T4
¼ 3.34jσMj

�
BY;rms

T2

�
0.32

þ ln
Γsym

T4
; ð29Þ

ln
Γ̄R�

T4
¼ 6.93jσMj

�
BY;rms

T2

�
0.40

þ ln
Γsym

T4
: ð30Þ

As indicated by the figure and the above two formulas, the
electroweak sphaleron rate increases by several orders
when the correlation length increases from R0 to R�.
Additionally, there is an alternative definition of the

sphaleron rate [77,106],

ΓðtÞ ¼ 1

V
d
dt
½hðΔNCSðtÞÞ2i − hΔNCSðtÞi2�; ð31Þ

whose time integral differs from Eq. (26) only by a term of
hΔNCSðtÞi2. When this term is negligibly small, the time
integral of Eq. (31) becomes identical to Eq. (26), which is
precisely the case in our simulations.

D. Baryon and lepton asymmetry

With the property of the Chern-Simons number under the
hyper-MF at hand, we now investigate the time variation of
the total baryon asymmetry (ηB) through Eq. (7) and the
one induced by the helical hyper-MF effect (ηYB) through the
chiral anomaly [83], i.e., Eq. (13). The changes of ηB and
ηYB over time are shown in Figs. 16 and 17. When PToccurs,
both ηB and ηYB increase or decrease simultaneously,
depending on the sign of their helicity, and tend to stabilize
upon completion of the PT. In the case of a spectral
distribution hyper-MF, we present ηB and ηYB for different
helical hyper-MF spectra. It can be seen that ηYB ≳ ηB, and
ηYB occupies the dominant part of ηB. For both the
homogeneous and spectral distribution of the helical
hyper-MF scenarios, we have that the generation of the

FIG. 13. Evolution of lnΓðtÞ=T4 over time under different
index n of the spectrum distributed hyper-MF and correlation
length (λB ∼ R0 on the top and λB ∼ R� on the bottom). The solid
line indicates σM ¼ 1, the dashed line indicates σM ¼ −1, and the
dotted line indicates σM ¼ 0, respectively.

FIG. 12. Top: changes of lnΓðtÞ=T4 over time under different
homogeneous helical MFs with hfactor ¼ 1. Bottom: changes of
lnΓðtÞ=T4 over time at different initial helicity with homo-
geneous hyper-MF fixed at g0Bex

Y =m
2
W ¼ 5.45.
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baryon asymmetry increases as the helicity and magnitude
of the hyper-MF increase.

E. Remark on the MF

Consider MFs with finite correlation lengths and under
fully helical conditions, by using the magnetohydrodynamic
equation, we can obtain the relationship between the
MF during the electroweak PT epoch and the magnetic
field at present. The (comoving) correlation scale evolves as
λrec=λEW ¼ ðarec=aEWÞðτrec=τEWÞ2=3, and the MF strength
evolves as Brec=BEW ¼ ðarec=aEWÞ−2ðτrec=τEWÞ−1=3
[107–109], where τ denotes conformal time, and the sub-
scripts “rec” and “EW” refer to the recombination epoch
and the electroweak PT epoch, respectively. If the MF is
nonhelical, then the MF will follow the following relation-
ship: λrec=λEW ¼ ðarec=aEWÞðτrec=τEWÞ1=2, and the MF
strength evolves as Brec=BEW ¼ ðarec=aEWÞ−2ðτrec=τEWÞ−1
[107]. After the recombination epoch, the density of
charged particles in the Universe sharply decreased, and
the MF was considered to no longer evolve, but only
passively “diluted” with the expansion of the universe as

×

FIG. 14. Top: changes of ln Γ̄∞=T4 over different homo-
geneous, helical MFs. The gray line represents the value of
the sphaleron rate in the symmetric phase Γsym=T4 ¼
6.23 × 10−7 [105]. Bottom: changes of ln Γ̄∞=T4 over different
initial helicity with homogeneous hyper-MF fixed at
g0BY=m2

W ¼ 5.45. The fitting result of Eq. (28) is represented
by the green dashed line.

×

FIG. 15. Changes of ln Γ̄R0;R�=T
4 over different hypermagnetic

energy with σM ¼ �1 and correlation length of λB ∼ R0

and λB ≳ R�. The green dashed line represents the fitting result
of Eqs. (29) and (30). The gray line represents the value of
the sphaleron rate in the symmetric phase Γsym=T4 ¼ 6.23 ×
10−7 [105].

×

×

FIG. 16. Top: the variation of ηB (solid line) and ηYB
(dashed line) over time under different homogeneous helical
hyper-MF strengths with hfactor ¼ 1. Bottom: the variation of ηB
(solid line) and ηYB (dashed line) over time under different hfactor
with g0Bex

Y =m
2
W ¼ 5.45.
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B ∝ a−2. These are the two types of magnetic field strength
conversion relationships shown in Fig. 18. Figure 18 also
shows the range of MF strength (depending on its corre-
lation length) required to achieve the correct matter-anti-
matter asymmetry obtained in Ref. [110], as well as the MF
required for the Higgs condensate in this work. According
to current astronomical observations, the upper limit of MF
strength in the Universe today is determined by cosmic
microwave background (CMB), which is approximately
10−9 Gauss on CMB scale λB ≳ 1 Mpc [111], and the lower
limit is set by observations of blazars as [52]

B≳ 10−17Gauss

� ðλB=1 MpcÞ−1=2; λB < 1 Mpc;

1; λB > 1 Mpc:
ð32Þ

During the electroweak PT, the Universe is dominated by
radiation, and the MF energy density should not exceed that
of the radiation energy density

ρr ¼
π2

30
g�ST4; ð33Þ

where g�S ¼ 106.75 is the effective number of degrees of
freedom in entropy before the PT. If we take the phase
transition temperature as TEW ¼ 125 GeV, the upper limit
of (hyper-)MF strength is g0BY=m2

W ¼ 7.07. In our simu-
lation, for the MF with spectral distribution, n < 1 can
cause the MF strength to exceed this limit. The above
limitations are shown in Fig. 18.

V. CONCLUSIONS

In this work, we numerically investigated the first-order
electroweak PT in the background of primordial MF
through three-dimensional lattice simulations. We inves-
tigated various effects of the primordial MF on the
first-order electroweak PT, encompassing PT speed,
Ambjørn-Oleson condensation, sphaleron rate, and baryon
and lepton asymmetry generations. Firstly, we found that an
external MF slows down the speed of PT. This is because
the expansion speed of vacuum bubbles in a MF slows
down, which also leads to the generation of more bubbles in
a stronger MF. If the external MF is helical, the PT speed
will slow down slightly further. Secondly, when the MF
exceeds the first critical value, the Ambjørn-Oleson con-
densation phenomenon occurs, where the Higgs field is
arranged into a regular hexagonal structure due to the
influence of the SUð2ÞL gauge field. As the external MF
increases, this hexagonal structure becomes increasingly
dense. This phenomenon applies to both helical and non-
helical external MFs. In the case of a spectrum distribution
MF, since the MF does not have a definite direction, we
cannot observe the Ambjørn-Oleson condensation phe-
nomenon. In regions where the MF is very strong, the
electroweak PT does not occur at all, and the electroweak
symmetry remains (or is restored). After symmetry

FIG. 18. Schematic diagram of the range of the cosmic MF. The observations of CMB and blazar, respectively, limit the upper and
lower limits of MF strength [42,63]. The radiation energy density in the early Universe limited the upper limit of the MF strength at that
time. The range of MF strength that can achieve correct matter-antimatter asymmetry obtained in Ref. [110] is also shown in the figure.

×

×

FIG. 17. The variation of ηB (solid line) and ηYB (dashed line)
over time under different spectrum distributed hyper-MF’s σM
with the spectral index of n ¼ 0 (top) and n ¼ 1 (bottom).
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breaking, the SUð2ÞL gauge field breaks down into the
Uð1Þem electromagnetic field, so the MF also exhibits a
similar hexagonal structure.
Sphaleron rate Γ is an important physical quantity that

characterizes the rate of baryon number production. We
studied the changes in Γ under different preexisting MF
strengths, helicities, and correlation lengths. We found that
as the MF increases and the helicity increases, Γ will also
increase. The correlation scale mainly affects the power-
law dependence of Γ on external MF. We detailed here the
mechanism to generate the baryon asymmetry through the
hyper-MF, where the MF produced during the PT ensures
the time variation of hyper-MF helicity, which drives
baryon asymmetry through the chiral anomaly. For the
relationship between baryon asymmetry and the properties
of the hyper-MF, and its detectability at present, we refer to
Ref. [110].
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APPENDIX A: EQUATIONS OF MOTION
ON LATTICE

The Higgs fieldΦ is assigned to lattice sites, while gauge
fields reside on links between neighboring sites via link
variables

Uiðt; xÞ ¼ exp

�
−igΔx

σa

2
Wa

i ðt; xÞ
�
; ðA1Þ

Viðt; xÞ ¼ exp

�
−ig0Δx

1

2
Yiðt; xÞ

�
; ðA2Þ

Vex
i ðt; xÞ ¼ exp

�
−ig0Δx

1

2
Yex
i ðt; xÞ

�
: ðA3Þ

FieldsΦ, Ui, Vi, and Vex
i are evaluated at integer time steps

t; tþ Δt;…, with their conjugate momentaΠ, E, F defined
at midpoints tþ Δt=2; tþ 3Δt=2;…. Here xþ i (x − i)
indicates displacement forward (backward) along the
i-axis. The link variables Uiðt; xÞ, Viðt; xÞ, and Vex

i ðt; xÞ
parallelly transport Φ from site xþ i to x, while their
Hermitian conjugates mapΦ from x to xþ i. The covariant
derivatives of Φðt; xÞ are then

DiΦ ¼ 1

Δx
½Uiðt; xÞViðt; xÞVex

i ðt; xÞΦðt; xþ iÞ −Φðt; xÞ�;
ðA4Þ

D0Φ ¼ 1

Δt
½Φðtþ Δt; xÞ −Φðt; xÞ�: ðA5Þ

Plaquette operators are given by

Uijðt; xÞ ¼ Ujðt; xÞUiðt; xþ jÞU†
jðt; xþ iÞU†

i ðt; xÞ; ðA6Þ

Vijðt; xÞ ¼ Vjðt; xÞViðt; xþ jÞV†
jðt; xþ iÞV†

i ðt; xÞ: ðA7Þ

U0iðt; xÞ ¼ Uiðt; xÞU†
i ðtþ Δt; xÞ; ðA8Þ

V0iðt; xÞ ¼ Viðt; xÞV†
i ðtþ Δt; xÞ: ðA9Þ

Vex
ij and Vex

0j share the same form of Vij and V0j,
respectively.
The conjugate momenta relate to field updates via

Φðtþ Δt; xÞ ¼ Φðt; xÞ þ ΔtΠðtþ Δt=2; xÞ; ðA10Þ

Viðtþ Δt; xÞ ¼ g0

2
ΔxΔtEiðtþ Δt=2; xÞViðt; xÞ; ðA11Þ

Uiðtþ Δt; xÞ ¼ gΔxΔtFiðtþ Δt=2; xÞUiðt; xÞ: ðA12Þ

Note that Vexiðt; xÞ is static and thus lacks a conjugate
momentum.
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The lattice action reads

S ¼
X
x;t

ΔtΔx3
�
ðD0ΦÞ†ðD0ΦÞ −

X
i

ðDiΦÞ†ðDiΦÞ − VðΦÞ þ
�

2

gΔtΔx

�
2X

i

�
1 −

1

2
TrU0i

�

þ
�

2

g0ΔtΔx

�
2X

i

ð1 − ReV0iÞ −
2

g2Δx4
X
i;j

�
1 −

1

2
TrUij

�
−

2

g02Δx4
X
i;j

ð1 − ReVijÞ
�

þ
�

2

g0ΔtΔx

�
2X

i

ðIm V0iÞðIm Vex0iÞ −
2

g02Δx4
X
i;j

ðIm VijÞðIm VexijÞ: ðA13Þ

Setting the functional derivative of S to zero yields the following equations of motion:

Πðtþ Δt=2; xÞ ¼ Πðt − Δt=2; xÞ þ Δt
�

1

Δx2
X
i

½Uiðt; xÞViðt; xÞVexiðt; xÞΦðt; xþ iÞ;

− 2Φðt; xÞ þ U†
i ðt; x − iÞV†

i ðt; x − iÞV†
exiðt; x − iÞΦðt; x − iÞ� − ∂V

∂Φ†

�
; ðA14Þ

Im½Ekðtþ Δt=2; xÞ� ¼ Im½Ekðt − Δt=2; xÞ� þ Δt
�
g0

Δx
Im½Φ†ðt; xþ kÞU†

kðt; xÞV†
kðt; xÞV†

exkðt; xÞΦðt; xÞ�

−
2

g0Δx3
X
i

Im½Vkðt; xÞViðt; xþ kÞV†
kðt; xþ iÞV†

i ðt; xÞ

þ Viðt; x − iÞVkðt; xÞV†
i ðt; xþ k − iÞV†

kðt; x − iÞ�
�
; ðA15Þ

Tr½iσmFkðtþ Δt=2; xÞ� ¼ Tr½iσmFkðt − Δt=2; xÞ� þ Δt
�

g
Δx

Re½Φ†ðt; xþ kÞU†
kðt; xÞV†

kðt; xÞV†
exkðt; xÞiσmΦðt; xÞ�

−
1

gΔx3
X
i

Tr½iσmUkðt; xÞUiðt; xþ kÞU†
kðt; xþ iÞU†

i ðt; xÞ

þ iσmUkðt; xÞU†
i ðt; xþ k − iÞU†

kðt; x − iÞUiðt; x − iÞ�
�
: ðA16Þ

Gauss constraints derived similarly are

1

Δx

X
i

Im½Eiðt; xÞ − Eiðt; x − iÞ� − g0 Im½Π†ðt; xÞΦðt; xÞ� ¼ 0; ðA17Þ

1

Δx
Tr
X
i

iσm½Fiðt; xÞ − U†
i ðt; x − iÞFiðt; x − iÞUiðt; x − iÞ� − gRe½Π†ðt; xÞiσmΦðt; xÞ� ¼ 0: ðA18Þ

APPENDIX B: INITIALIZATION
OF GAUGE FIELDS

The gauge fields are initialized to zero values, resulting
in link variables of 1 for U(1) and 12×2 for SU(2). To satisfy
the Gauss constraint [Eq. (15)], the conjugate momentum
fields of the gauge fields require initialization through
specific procedures.

We first define

JY0 ðt; xÞ ¼ Im½Π†ðt; xÞΦðt; xÞ�; ðB1Þ

Ja0ðt; xÞ ¼ Re½Π†ðt; xÞiσaΦðt; xÞ�: ðB2Þ

Given Viðt ¼ 0; xÞ ¼ 1 andUiðt ¼ 0; xÞ ¼ 12×2, the Gauss
constraints in Eqs. (A17) and (A18) simplify to
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1

Δx

X
i

Im½EiðxÞ − Eiðx − iÞ� ¼ g0JY0 ðxÞ; ðB3Þ

1

Δx
Tr
X
i

iσm½FiðxÞ − Fiðx − iÞ� ¼ gJa0ðxÞ: ðB4Þ

The t ¼ 0 specification is omitted here for conciseness. We
introduce ẎiðkÞ and Ẇa

i ðkÞ as the Fourier transforms of
ImEiðxÞ and Tr½iσmFiðxÞ�, respectively

Im½EiðxÞ� ¼
1

N3

X
k

ẎiðkÞe−i2πkðxþi=2Þ=N; ðB5Þ

Fm
i ðxÞ ¼ Tr½iσmFiðxÞ�

¼ 1

N3

X
x

Ẇm
i ðkÞe−i2πkðxþi=2Þ=N: ðB6Þ

These definitions utilize the connections between gauge
momentum fields and link variables

EiðxÞ ¼
2

g0ΔxΔt
exp

�
−ig0Δx

1

2
ẎiðxÞ

�
; ðB7Þ

FiðxÞ ¼
1

gΔxΔt
exp

�
−igΔx

σa

2
Ẇa

i ðxÞ
�
: ðB8Þ

Fourier transforming both sides of Eqs. (B3) and (B4),
while accounting for link fields spanning lattice sites, yields

1

ΔxN3

X
x

X
i

X
k

½ẎiðkÞe−i2πkðxþi=2Þ=N − ẎiðkÞe−i2πkðx−î=2Þ=N �ei2πk0x=N

¼ 1

ΔxN3

X
k

X
i

X
x

ẎiðkÞe−i2πðk−k0Þx=N½e−iπki=N − eiπki=N �

¼ −2i
Δx

X
i

Ẏiðk0Þ sin
πk0i
N

¼ g0
X
x

JY0 ðxÞei2πk
0x=N

¼ g0JY0 ðk0Þ: ðB9Þ

Solving for ẎiðkÞ gives

ẎiðkÞ ¼ sin
πki
N

�X
i
sin2

πki
N

�
−1 i

2
g0ΔxJY0 ðkÞ: ðB10Þ

Analogous derivation for the SU(2) sector produces

Ẇm
i ðkÞ ¼ sin

πki
N

�X
i
sin2

πki
N

�
−1 i

2
gΔxJm0 ðkÞ: ðB11Þ

The coordinate-space conjugate momenta follow via
inverse Fourier transforms using Eqs. (B5) and (B6).
Complete link variables are then initialized through

EiðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

2

g0ΔxΔt

�
2

− ½ImEiðxÞ�2
s

þ i ImEiðxÞ; ðB12Þ

FiðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

1

gΔxΔt

�
2

−
X
m

�
Fm
i ðxÞ
2

�
2

s �
1 0

0 1

�

− i
σm

2
Fm
i ðxÞ: ðB13Þ

APPENDIX C: HYPERMAGNETIC FIELD
ON LATTICE

The infinite correlation length hypermagnetic field
configuration with helicity takes the form Yexμ ¼
ð0; 0; xBex

Y ; hfactorLB
ex
Y Þ, satisfying

∇ × Yex ¼

							
x̂ ŷ ẑ

∂x ∂y ∂z

0 xBex
Y hfactorLBex

Y

							
¼ ∂xðxBex

Y Þẑ ¼ Bex
Y ẑ; ðC1Þ

where Bex
Y denotes constant field strength, hfactor ∈ ½−1; 1�

adjusts helicity, and L ¼ NΔx is the lattice size.
Discretization replaces continuum coordinates ðx; y; zÞ

with lattice indices ðn1; n2; n3Þ

∂xðxBex
Y Þẑ ¼

1

Δx
½ðn1 þ 1ÞΔx − n1Δx�Bex

Y ẑ

¼ Bex
Y ẑ; n1 ≠ N − 1: ðC2Þ

Boundary behavior differs due to periodicity. At
n1 ¼ N − 1, Yexðt; N; n2; n3Þ ¼ Yexðt; 0; y; zÞ ¼ 0 yields
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∂xðxBex
Y Þẑjx¼ðN−1ÞΔx ¼

1

Δx
½0 − ðN − 1ÞΔx�Bex

Y ẑ

¼ −ðN − 1ÞBex
Y ẑ ≠ Bex

Y ẑ: ðC3Þ

This discrepancy is resolved by setting Yex
1 ðt; N−

1; n2; n3Þ ¼ −Nn2ΔxBex
Y , resulting in

∇ × Yexjx¼ðN−1ÞΔx
¼ ð∂xYex

2 − ∂yYex
1 Þjx¼ðN−1ÞΔxẑ

¼
�
−ðN − 1ÞBex

Y þ N
Δx

½ðn2 þ 1ÞΔx − n2Δx�Bex
Y

�
ẑ

¼ Bex
Y ẑ: ðC4Þ

ensuring boundary-internal consistency. The complete
external U(1) field specification is

Yex
1 ðt; N − 1; n2; n3Þ ¼ −Nn2ΔxBex

Y ; ðC5Þ

Yex
1 ðt; n1 ≠ N − 1; n2; n3Þ ¼ 0; ðC6Þ

Yex
2 ðt; n1; n2; n3Þ ¼ n1ΔxBex

Y ; ðC7Þ

Yex
3 ðt; n1; n2; n3Þ ¼ hfactorLBex

Y ; ðC8Þ

Yex
0 ðt; n1; n2; n3Þ ¼ 0: ðC9Þ

The quantization condition [91] Bex
Y ðNΔxÞ2 ¼ 2

g0 2πNB,
NB ∈Z is applied.
Finite correlation length hyper-MFs utilize the spectral

representation [90]

B̃ex
YiðkÞ¼BiniΘðk−kUVÞðδij− k̂ik̂j− iσMεijlk̂lÞgjðkÞkn:

ðC10Þ

The corresponding vector potential in Fourier space is

Ỹex
l ðkÞ ¼ iBiniðεlmnk̂m − iσMδlnÞgnðkÞkn−1: ðC11Þ

Consistency with BexðxÞ ¼ ∇ × YexðxÞ follows from

Z
d3k
ð2πÞ3 B

∼ exðkÞeik·x ¼ ∇ ×
Z

d3k
ð2πÞ3 Y

∼ exðkÞeik·x

¼
Z

d3k
ð2πÞ3 ik × Y

∼ exðkÞeik·x: ðC12Þ

The relation B̃ex
i ðkÞ ¼ iεijlkjỸex

l ðkÞ combined with (C11)
yields

iεijlkjỸex
l ðkÞ

¼ −εijlkjBiniðεlmnk̂m − iσMδlnÞgnðkÞkn−1
¼ −Bini½ðδimδjn − δinδjmÞk̂mk̂j − iσMεijnk̂j�gnðkÞkn
¼ Binið−k̂ik̂n þ δin þ iσMεijnk̂jÞgnðkÞkn
¼ Biniðδij − k̂ik̂j − iσMεijlk̂lÞgjðkÞkn; ðC13Þ

matching (C10).
Implementation of (C10) proceeds as follows:
(i) Generate coordinate-space Gaussian random field

gðxÞ with δ-correlation.
(ii) Fourier transform to obtain gðkÞ ¼ R

d3xgðxÞe−ik·x.
(iii) Compute ỸexðkÞ via (C11).
(iv) Apply inverse Fourier transform: YexðxÞ ¼R

d3k
ð2πÞ3 Y

∼ exðkÞeik·x.
(v) Construct link variables Vex

i using (A3).
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