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The detection of primordial gravitational waves would offer a direct evidence of inflation and valuable
insights into the dynamics of the early Universe. During postinflation reheating period, when the inflaton
coherently oscillates at the bottom of its potential, primordial stochastic gravitational waves may be
sourced by its perturbative decay into particles of different spins. Assuming the behavior of the potential
near the minimum as a polynomial VðϕÞ ∼ ϕk, where k ≥ 2, and treating the inflaton as coherently
oscillating classical field, we calculate the decay of inflaton into a pair of spin 3=2 particles accompanied by
graviton emission. We numerically study the reheating dynamics and calculate the stochastic gravitational
wave spectra. Our analysis shows that the gravitational wave spectra can offer insights into the microscopic
physics during inflation.
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I. INTRODUCTION

Inflation, a quasiexponential expansion phase of the
early Universe, was proposed partly to solve the magnetic
monopole problem, the fine-tuning problem and the flat-
ness problem [1–6]. The expansion is attributed to a scalar
field, called inflaton ϕ. It occurs when the energy density of
the Universe is dominated by the potential of the inflaton,
VðϕÞ, and the field ‘slowly rolls’ down towards the potential
minimum. While the field approaches the potential minima,
it coherently oscillates and dissipates its energy into rela-
tivistic particles. This leads to reheating of the Universe,
which sets the stage for big bang nucleosynthesis.
Other than the resolution of some of the key puzzles

of the Universe, what makes inflation so attractive is its
elegant explanation of the Universe’s large-scale structure
formation. It predicts that tiny quantum fluctuations that
originate during the inflationary expansion are eventually
stretched by inflation to observable scales [7–18]. There
are several observations that indirectly support the idea.
For example, the nearly scale-invariant primordial power
spectrum observed in the cosmic microwave background
(CMB) by Planck and Wilkinson Microwave Anisotropy
Probe [19–21], as well as the presence of super-horizon
correlations in the CMB anisotropies [20,22], favor an early
inflationary phase. Constraints on tensor-to-scalar ratio

from BICEP/Keck observations [23] further restrict the
possible inflationary scenarios. However, a direct probe of
inflation is long-awaited and the detection of stochastic
gravitational wave (GW) background originating during
the inflation is a prime candidate.
GWs are the manifestations of the tensor fluctuations of

the spacetime metric and can originate during or after
inflation. Tensor perturbations can be sourced by quantum
fluctuations during inflation [24–27], rapid particle pro-
duction through parametric resonance during preheating
[28–32], fluctuations in the thermal plasma during post-
reheating radiation dominated universe [33–43], and pri-
mordial black hole evaporation [44–48]. References [49,50]
proposed the production of GWs through graviton brems-
strahlung. Gravitons emerge as quantum fluctuations about
the homogeneous and isotropic background and couple
universally with all fields involved in the decay processes.
During the reheating era, perturbative decay of the inflaton is
accompanied by graviton emissions which constitute the
stochastic GW background. These high-frequency GWs can
be detected by future gravitational wave detectors operating
in the GHz band and may shed light on the inflationary
microphysics.
In the present paper we discuss graviton bremsstrahlung

in the decay of inflaton into massive spin-3=2 particles.
Spin-3=2 particles are one of the first dark matter candi-
dates to be ever considered. Though the spin-3=2 particles
appear naturally in local supersymmetry, or supergravity
theories, as early as 1941 Rarita and Schwinger proposed
a Lagrangian of a relativistic free spin-3=2 field [51]
based on the earlier works by Fierz and Pauli [52]. The
spin-3=2, often known as Rarita-Schwinger (RS) field, is a
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vector-valued spinor field and is denoted as ψμ where μ is
the Lorentz index and the spinor index is usually sup-
pressed. Recently, the gravitational production of spin-3=2
particles has been discussed in Refs. [53–56]. In super-
gravity, inflaton decay into spin-3=2 particles can arise
through effective interactions determined by the Kähler
potential and supersymmetry-breaking sector [57,58].
In this paper, we compute the reheating dynamics and

stochastic GWs generated during inflaton decay into a pair
of RS particles and gravitons. We consider two-body decay
of ϕ to a pair of RS particles, and three-body decay of ϕ to a
pair of RS particles and a graviton. For reheating and the
GW production in inflaton decay to spin 0, 1, 1=2 particles,
see Refs. [48,50,59–64]. In the literature, gravitational
bremsstrahlung decays are calculated in two approaches.
In the first approach, assuming inflaton as a collection
of particles at rest, the decay rates are calculated using
standard quantum field theory in the Minkowski space.
Since the Hubble time is much longer compared to the time
period of the oscillation of inflaton, the cosmic expansion
can be ignored. This assumption also allows for the adoption
of linearized theory of gravity in which the spacetime metric
is expanded about the flat Minkowski background. In the
second approach, which we follow in this paper, the inflaton
is assumed to be a homogeneous classical field which
oscillates at the bottom of its potential [60–62,65–67].
Without resorting to a specific model, we assume the
potential to be of polynomial type VðϕÞ ∼ ϕk for k ≥ 2,
a form that a large class of viable models behave near the
bottom, assumed to be ϕ ¼ 0. The exponent k governs the
reheating dynamics and can be constrained from the GW
spectrum. We undertake a fully numerical computation of
the reheating dynamics and obtain the GW spectrum that
would appear today. We find that the characteristic spectra
can provide insights into the inflationary potential as well
as the parameters of the underlying Lagrangian. However,
the signal remain below the sensitivity of the present and
future detector sensitivities.
The paper is organized as follows. In Sec. II we briefly

explain the linearized theory of gravity and discuss the
action describing the interaction between inflaton, graviton
and the spin 3=2 field. After a review of the dynamics of
inflation in Sec. III, the decay processes are calculated in
Sec. IV which is followed by a discussion on reheating
dynamics in Sec. V. The GW spectrum originating from the
decays is investigated in Sec. VI. We conclude with a
summary in Sec. VII.

II. FORMALISM

To compute the interactions of graviton with the other
fields, the spacetime is perturbed as

gμν ≃ ημν þ
2

MPl
hμν; ð1Þ

where ημν is the Minkowski metric and jhμνj ≪ 1. Before
quantization, the hμν are classical fields; they are functions
of the spacetime coordinates xμ ¼ ðx; tÞ assigning a tensor
at each point in spacetime, and transform as a rank-2 tensor
under a background Lorentz transformation. Since they
arise after splitting the metric into a fixed background and
a perturbation, the diffeomorphism invariance of the non-
linear Einstein-Hilbert action remains but is no longer
manifest. The quadratic part of the action is however
invariant under the linearized diffeomorphism. After gauge
is fixed and additional conditions are imposed, the hμν have
two propagating degrees of freedom corresponding to the
two polarization degrees of freedom of gravitational waves.
To quantize hμν, they are promoted to operators, and their
excitations are particles called the gravitons. The classical
equations of motion of hμν follow from the action, which in
our case is

S¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

Pl

2
Rþ1

2
∂
μϕ∂μϕ−VðϕÞþL3=2þLint

�
:

ð2Þ

Here R is the Ricci scalar, MPl is the reduced Planck mass,
and the g is the determinant of the metric tensor. The second
and the third term of the integrand correspond to the kinetic
term and the potential term of the inflaton. The fourth term
represents the Lagrangian of a free massive RS field,

L3=2 ¼ ψ̄μðiγμρν∂ρ þm3=2γ
μνÞψν; ð3Þ

where m3=2 is the mass of the RS particle,

γμν ¼ 1

2
½γμ; γν�; ð4Þ

and

γμνρ ¼ γμγνγρ − ημργν − ηνργμ þ ημνγρ: ð5Þ

The Lagrangian (3) yields the equations of motion for
spin-3=2,

ði=∂ −m3=2Þψμ ¼ 0; γμψμ ¼ 0; ∂
μψμ ¼ 0: ð6Þ

The equations imply four physical polarization states�3=2
and �1=2.
The last term of the action in the Eq. (2) represents the

universal interaction of gravitons with inflaton and the ψμ,
as well as the couplings between the ϕ and the ψμ fields,

ffiffiffiffiffiffi
−g

p
Lint ¼

1

MPl

�
hμνT

μν
ϕ þ hμνT

μν
ψ

�þ Lϕψψ : ð7Þ

Here the energy-momentum tensor of the ϕ and ψμ,
respectively, are
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Tμν
ϕ ¼ ∂

μϕ∂νϕ − gμν
�
1

2
∂
αϕ∂αϕ − VðϕÞ

�
; ð8Þ

Tμν
ψ ¼ −

i
4
ψ̄ργ

ðμ
∂

↔νÞψρ;

þ i
2
ψ̄ ðνγμÞ ∂

↔

ρψ
ρ þ i

2
ψ̄ ργðμ ∂

↔

ρψ
νÞ: ð9Þ

The Lagrangian Lϕψψ describes the interaction between
the inflaton and the RS fields. Following [68] we consider
two types of interactions λsψ̄μψ

μϕ and λpψ̄μγ5ψ
μϕ, where

λs and λp are the coupling constants. If the RS field is
massless, the nonderivative interactions are forbidden by
the gauge symmetry of the massless RS field which
removes unphysical spin-1=2 component. But as men-
tioned in the introduction, RS fields arise naturally in
theories such as the N ¼ 1 supergravity, where they are
known as gravitinos, superpartner of gravitons. After the
super-Higgs mechanism, the gravitinos become massive by
‘eating’ the spin-1=2 goldstinos. Once the mixing between
the massive gravitinos and the goldstinos takes place, the
gauge symmetry is broken and the nonderivative terms are
allowed. However, to simplify our analysis, we remain
agnostic to the underlying theory describing a massive
RS field.

III. INFLATON DYNAMICS

As mentioned in the introduction, the minimum of the
potential is ϕ ¼ 0without any loss of generality, and a large
class of models near the minimum assume the form,

VðϕÞ ¼ λM4
P

�
ϕ

MP

�
k
; ϕ ≪ MP; ð10Þ

where k ≥ 2. The constant λ can be determined from the
CMB data once the potential is specified. Since we are not
concerned with the exact shape of the potential, we take
λ ¼ 10−11 for our analysis. During the late stage of inflation
or the early stage of reheating, the perturbative decay rate of
ϕ, Γϕ ≪ H so that the equation of motion of ϕ is

ϕ̈þ 3Hϕ̇þ V 0ðϕÞ ¼ 0; ð11Þ

where ϕ̇ and ϕ̈ are the first- and second-order time deriva-
tives, respectively, and V 0ðϕÞ ¼ ∂VðϕÞ=∂ϕ ¼ kλM4−k

p ϕk−1.
As the time period of the postinflationary oscillation is
sufficiently small compared to the Hubble time, the time
dependence of ϕ can be split into two parts; an amplitude
ϕ0ðtÞ that slowly decays due to cosmic expansion
and energy dissipation, and a purely oscillatory part
denoted by PðtÞ,

ϕðtÞ ¼ ϕ0ðtÞPðtÞ: ð12Þ

The ϕ0ðtÞ is approximately constant during one oscillation
period. Substituting the decomposition in the equation of
motion (11) gives a set of coupled equations for the slowly
varying amplitude ϕ0ðtÞ, and for the rapidly oscillating
component PðtÞ,

P̈ þ kλM4−k
p ϕk−2

0 Pk−1 ¼ 0; ð13Þ

ϕ̇0 þ 3Hϕ̇0 þ kλM4−k
p ϕk−1

0 hPk−1Ṗi ¼ 0: ð14Þ

Here, h…i denote an average over a one oscillation period.

Using the identity
R
1
0

dxffiffiffiffiffiffiffiffi
1−xk

p ¼
ffiffi
π

p
Γð1kÞ

kΓð1
2
þ1

kÞ
, the equation for PðtÞ

can solved to obtain the time period,

T ¼ 4
ffiffiffi
π

p

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2λM4−k

p ϕk−2
0

q Γ
�
1
k

�
Γ
�
1
2
þ 1

k

� : ð15Þ

In terms of the effective mass of the inflaton, defined as

m2
ϕðtÞ≡ ∂

2VðϕÞ
∂ϕ2

����
ϕ0

; ð16Þ

the angular frequency can be written as

ω ¼ 2π

T
¼ mϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πk

2ðk − 1Þ

s
Γ
�
1
2
þ 1

k

�
Γ
�
1
k

� : ð17Þ

Since PðtÞ is periodic, it can be written as linear super-
position of sinusoidal functions as

PðtÞ ¼
X∞
n¼−∞

Pne−inωt: ð18Þ

The coefficients Pn are real so they satisfy the condition
P−n ¼ P�

n. Additionally, hPi ¼ 0 requires that P0 ¼ 0. If
the potential is quadratic, i.e., k ¼ 2, only the n ¼ �1
modes exist. However, for any potential with k > 2, higher-
frequency modes (jnj > 1) are generally nonzero.

IV. INFLATON DECAY

We are primarily interested in two-body decay ϕ →
ψμψμ and three-body bremsstrahlung decay ϕ → ψμψμhμν.
To compute the decay rates, the following spinor sums
are used,

Pab ¼
Xþ3=2

s¼−3=2
uaðp; sÞūbðp; sÞ ¼ ð=pþm3=2Þ

×

�
ηab −

1

3
γaγb −

2

3

papb

m2
3=2

þ paγb − pbγa
3m3=2

�
; ð19Þ
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Qab ¼
Xþ3=2

s¼−3=2
vaðp; sÞv̄bðp; sÞ ¼ ð=p −m3=2Þ

×

�
ηab −

1

3
γaγb −

2

3

papb

m2
3=2

−
paγb − pbγa

3m3=2

�
: ð20Þ

The massless gravitons in the external states are represented
by their polarization vectors. Gravitons have two polari-
zation states represented by polarization tensors ϵ1μν and
ϵ2μν satisfying the following conditions; symmetric condi-
tion ϵiμν ¼ ϵiνμ, tracelessness ημνϵiμν ¼ 0, orthonormality

ϵiμνϵj�μν ¼ δij, and transversality ωμϵ
iμν ¼ 0, where ωμ ¼

ðEω;ωÞ is the four-momentum of the graviton. The
polarization sum relation reads

X
pol

ϵ�μνϵρσ ¼ 1

2

�
η̂μρη̂νσ þ η̂μση̂νρ − η̂μνη̂ρσ

�
; ð21Þ

where

η̂μν ¼ ημν −
ωμω̄ν þ ωνω̄μ

ω · ω̄
; ω̄ ¼ ðEω;−ωÞ: ð22Þ

The Feynman diagrams of the decay processes are
shown in Fig. 1. The diagram on the top left [Fig. 1(a)]
gives a vanishing contribution since the graviton couples
with the derivative of the inflaton, which has zero momen-
tum. The diagram on the bottom right [Fig. 1(d)] also
vanishes due to the tracelessness condition of the graviton.
Only the diagrams Figs. 1(b) and 1(c) give nonvanishing

contributions. Deferring the details of the decay rate calcu-
lations to Appendix A, the results are presented here. Since
the two operators considered, λsψ̄μψ

μϕ and λpψ̄μγ5ψ
μϕ,

do not interfere, we present the decay rates separately for
each of them. When only ψ̄μψ

μϕ is present, the two-body
ϕ → ψμψμ decay rate is

Γ1→2
ϕ ¼ λ2smϕ

72π

�
ðk − 1Þðkþ 2Þ

�
ω

mϕ

�
3X∞
n¼1

jPnj2n3

×

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4y2n

p
ð1 − 10y2n þ 42y4n − 72y6nÞ

y4n

�	
: ð23Þ

For ψ̄μγ5ψ
μϕ type operator, the two-body ϕ → ψμψμ decay

rate is

Γ1→2
ϕ ¼ λ2pmϕ

72π

�
ðk − 1Þðkþ 2Þ

�
ω

mϕ

�
3X∞
n¼1

jPnj2n3

×

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4y2n

p
ð1 − 2y2n þ 10y4nÞ
y4n

�	
: ð24Þ

In both the expressions,

xn ¼
Ew

nω
; yn ¼

m3=2

nω
; ð25Þ

the infinite sum over n in the decay rates means that the
decay of the coherently oscillating inflaton field can be
interpreted as the sum of decay of the infinite number of
harmonic modes of the oscillating ϕ. A harmonic labeled as
n have mass nω and constitute a fraction bn of the total
inflaton energy. To make this interpretation explicit, we
write the rates as

Γ1→2
ϕ ¼

X∞
n¼1

bnΓ1→2
ϕn

; ð26Þ

where bn are positive and they satisfy [69]

X∞
n¼1

bn ¼
X∞
n¼1

ðkþ 2Þðk − 1Þ
�

ω

mϕ

�
2

n2jPnj2 ¼ 1: ð27Þ

Therefore, bn are normalized weight factors.
The three-body differential decay rates, ϕ → ψμψμhμν

for the ψ̄μψ
μϕ and ψ̄μγ5ψ

μϕ operators are

dΓ1→3

dEω
¼ λ2s;p

210 · 35π3

�
mϕ

Mp

�
2

ðkþ 2Þðk− 1Þ
�

ω

mϕ

�
4

×

"X∞
n¼1

n4jPnj2
xny6nðα2 − 1Þ ðT

s;p
1 þ Ts;p

2 þ Ts;p
3 þ Ts;p

4 Þ
#
;

ð28Þ

subject to the kinematic constraint,

FIG. 1. The Feynman diagrams for the three-body bremsstrah-
lung decay ϕ → ψμψμhμν. The ψμ is represented by ψ and the
graviton is represented by h.
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0 < xn <
1

2
− 2y2n: ð29Þ

The terms Ts;p
1;2;3;4 depend on the types of operators

considered, which are represented by the corresponding
coupling constants λs and λp. The expressions are presented
in Appendix B. The interpretation of the infinite sum over
n is similar to the two body decay rate. Here also the
differential rates can be written as

dΓ1→3

dEw
¼

X∞
n¼1

bn
dΓ1→3

ϕn

dEw
: ð30Þ

V. REHEATING

Although the inflaton decay products considered here are
spin-3=2 fermions, we follow Refs. [50,59–62,64] and
adopt a phenomenological reheating description in which
the energy transferred from inflaton decay is treated as
contributing to an effective Standard Model radiation bath.
The description allows one to meaningfully speak of a
temperature T and an effective number of relativistic
degrees of freedom g�ðTÞ. At the level of effective field
theory, a massive spin-3=2 field can admit higher-dimen-
sional nongravitational couplings to light degrees of free-
dom [56,68], unless forbidden by an exact symmetry. Such
couplings provide a plausible channel for energy transfer
beyond purely gravitational interactions. A particularly
favorable setup is nongravitational coupling of the RS
field with the Standard Model through a d ¼ 5 dimensional
operator, Lint ⊃ ðcd=Λd−4ÞOdðψμ; SMÞ where cd is the
Wilson coefficient and Λ is the ultraviolet cutoff scale.
The resulting decay rate scales as Γ3=2 ∼ c25m

3
3=2=Λ

2. Effi-
cient thermalization requires the RS field to decay faster
than the inflaton inverse-decay rate Γ3=2 ≫ Γϕ ∼ λ2s;pmϕ.
At the same time, consistency of the effective field theory
demands E=Λ ≪ 1, with the characteristic energy scale
set by E ∼mϕ. Both conditions are simultaneously satisfied
in our benchmark scenario. For example, choosing mϕ ¼
1013 GeV, m3=2 ¼ 0.05mϕ, λs;p ¼ 10−6, Λ ¼ 1015 GeV,
c5 ¼ 1, one finds Γ3=2 ≫ Γϕ and mϕ=Λ ≪ 1. Therefore,
efficient thermalization is possible while remaining well
within the regime of validity of the effective field theory.
We do not further attempt a microscopic description of the
equilibration processes leading to this bath. Instead, we
focus on the resulting gravitational wave signal within the
standard reheating framework.
In this approach, the postinflationary dynamics are

described by coupled Boltzmann equations for the inflaton,
radiation, and gravitational wave energy densities, provid-
ing a phenomenological mapping between inflaton decay
and the subsequent radiation-dominated epoch. The results
presented below should therefore be interpreted within this
standard phenomenological reheating framework.

The evolutions of inflaton’s energy density, ρϕ, and the
SM radiation energy density, ρR, are given by a set of
Boltzmann equations,

ρ̇ϕ þ 3Hð1þwϕÞρϕ ¼ −ð1þwϕÞρϕ
�
Γ1→2
ϕ þΓ1→3

ϕ

�
; ð31Þ

ρ̇R þ 4HρR ¼ ð1þwϕÞρϕ
�
Γ1→2
ϕ þ

Z dΓ1→3
ϕ

dEw
dEw

�
; ð32Þ

where

ωϕ ¼ k − 2

kþ 2
: ð33Þ

Note that the radiation density ρR includes the GW energy
density ρgw. The Hubble parameter is given by the
Friedmann equation,

H2 ¼ 1

3M2
Pl

ðρϕ þ ρRÞ: ð34Þ

The set of Eqs. (31)–(32) are solved fully numerically
subject to the constraint (34). The initial conditions of
simulation are determined by the values of the energy
densities at the end of the inflation,

ρend ¼ ρϕðϕendÞ; ρR ¼ 0; ð35Þ

where ϕend is the value of inflaton at the end of inflation.
It is determined from the slow-roll conditions and depends
on the choice of the potential. For the choices of potential
functions (10) it can be written in term of the parameter k as

ϕend ¼
ffiffiffi
3

8

r
MPl ln

�
1

2
þ k
3



kþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 3

p �	
: ð36Þ

So the inflaton energy density at the end of inflation is

ρend ¼ ρðϕendÞ ¼
3

2
λM4

Pl

�
ϕend

MPl

�
k
: ð37Þ

The free parameters of our Lagrangian are the couplings
λs;p and the RS particle massm3=2. As the operators ψ̄μψ

μϕ
and ψ̄μγψ

μϕ do not interfere in the decay rates, for the rest
of our analysis we consider only one of the couplings to be
nonzero.
The evolutions of ρϕ and ρR as a function of the scale

factor is shown in Fig. 2 for k ¼ 2, 4, 6, 8. The figure
demonstrates that as the energy density ρϕ is diluted due to
dissipation of energy to the daughter field, the ρR increases
and reheats the universe. The intersection of ρϕ and ρR is
defined as reheating. Depending on the shape of the
potential k, reheating is achieved at different times. For
the decays to take place m3=2 < mϕ=2. In our analysis,
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the benchmark values of RS particles is restricted tom3=2 ≤
0.05mϕ ensuring that the spin-3=2 fermions are produced in
the deep-relativistic to ultrarelativistic regime.

VI. STOCHASTIC GW

The gravitons, after being produced in the three-
body decay free streams across the Universe without much
interactions and constitute a statistically homogeneous
and isotropic stochastic GW background. Due to the
expansion of the universe, their frequency is redshifted
and the energy density is diluted (scalinglike radiation)
by the time they reaches us. The observable of interest is
the GW spectrum that describes the distribution of GW
energy density ρgw across different frequency. It is defined
with respect to the present day critical density of the
Universe ρc;0,

Ωgw;0 ¼
1

ρc;0

dρgwðT0Þ
d ln f

¼ Ω0
R

dðρgwðT0Þ=ρRðT0ÞÞ
d ln f

; ð38Þ

where Ω0
Rh

2 ¼ 2.47 × 10−5, where h is the reduced
Hubble constant, T0 is the present day CMB temperature,
ρgwðT0Þ and ρRðT0Þ are the present day energy densities,
and f is the present day frequency which related to Ew as

f ¼ Ew
arh
2πa0

: ð39Þ

The a0 is the current scale factor and arh is the scale factor
at the time of reheating. The factor arh=a0 accounts for the
frequency redshift due to the expansion of the Universe.
Assuming no entropy production after the reheating until
the present epoch, the comoving entropy conservation
implies

a0
arh

¼ Trh

T0

�
g�sðTrhÞ
g�sðT0Þ

�
1=3

; ð40Þ

where g�sðT0Þ; g�sðTðrhÞÞ are the relativistic entropy degrees
of freedom. The reheating temperature Trh is defined as
ρϕðTrhÞ ¼ ρRðTrhÞ and is determined from the numerical
solutions of Boltzmann equations (31)–(32).
Since the time of reheating, the densities ρgw and ρR

scales as

ρgwðTÞ ¼ ρgwðTrhÞ
�
arh
a

�
4

; ð41Þ

and

ρRðTÞ ¼
g�ðTÞ
g�ðTrhÞ

�
T
Trh

�
4

ρRðTrhÞ; ð42Þ

where g�ðTðrhÞÞ is the number of relativistic degrees of
freedom contributing to the energy density. Using (40)–(42)
we can write

ρgwðTÞ
ρRðTÞ

¼ ρgwðTrhÞ
ρRðTrhÞ

g�ðTrhÞ
g�ðTÞ

�
g�sðTÞ
g�sðTrhÞ

�
4=3

: ð43Þ

For numerical analysis we take g�sðT0Þ ¼ 3.91;
g�ðT0Þ ¼ 3.36, g�sðTrhÞ¼g�ðTrhÞ¼106.75. Using Eq. (43)
we find the present GW spectrum as

Ωgw;0 ¼ ΩR;0
g�ðTrhÞ
g�ðT0Þ

�
g�sðT0Þ
g�sðTrhÞ

	4
3 1

ρRðTrhÞ
dρgwðTrhÞ
d lnEwðTrhÞ

:

ð44Þ

To calculate dρgw=dEw at the reheating temperature Trh we
numerically solve the equation,

d
dt

�
dρgw
dEw

�
þ 4H

dρgw
dEw

¼ ð1þ ωϕÞ
ρϕ
mϕ

dΓ1→3
ϕ

dEw
· Ew: ð45Þ

Before we show the GW spectrum for different poten-
tials, we present in Fig. 3 the GW spectrum generated by
the decay of the individual harmonics of the oscillating
inflaton for k ¼ 6. In this figure, only the first nine harmo-
nics are shown. We have observed that the final spectrum
almost saturates with the first nine harmonics for the k
values studied. The first thing to note from the figure is that
for a given k, there is a hierarchy in the GW spectrum

FIG. 2. Evolution of inflaton energy density ρϕ and radiation
energy density ρR as a function of the scale factor a for k ¼ 2, 4,
6, 8. The coupling constant are set as follows: λs ¼ 0, λp ¼ 10−6,
andm3=2 ¼ 5 × 10−2mϕ. A similar plot is obtained for nonzero λs
and λp ¼ 0.
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generated by the decay of the harmonics. The hierarchy is
essentially is related to the hierarchy in decay rates of the
harmonics. The feature was also noted in Ref. [67] where
graviton bremsstrahlung was discussed in inflaton decay
into massless bosons and massless fermions. However,
unlike in our case where the hierarchy is present in the
harmonics for all k values we have studied (apart from
k ¼ 2 where only one harmonic contributes), in case of
massless fermionic and bosonic reheating it is prominent
only for k ¼ 4. The final spectrum for each k are obtained
by superimposing the individual harmonics and then taking
the envelope. The final spectrum therefore shows the
characteristic multipeak features.
To show that the spectra are sensitive to the coupling

constant λs;p, in Fig. 4 we present the spectrum for k ¼ 6

for different values of the coupling constant λp and keeping
λs ¼ 0. Decreasing the coupling constant λp makes the
spectrum peak at higher frequency. In Fig. 5 the sensitivity
of the spectra to the mass m3=2 is presented. All the figures
shown are for λs ¼ 0 and nonzero λp. We have verified that
almost similar figures are obtained with λp ¼ 0 and non-
zero λs. Therefore, the gravitational wave spectra are not
sensitive to the types of couplings between the inflaton and
the RS field considered.
Finally, in Fig. 6 we show the present day GW spectra for

different k for two sets of parameters; λp ¼ 10−4; λs ¼ 0;
m3=2 ¼ 0.05mϕ (top) and λp¼ 10−6;λs¼ 0;m3=2¼ 0.05mϕ

(bottom). The spectra are also compared with the sensitivity
curves of some of the future GW detectors that include
the ultimate Deci-Hertz Interferometer Gravitational Wave
Observatory (uDECIGO) [70,71], the Big Bang Observer

(BBO) [72,73], the Resonance Cavities [74–76], and the
Einstein Telescope [77–80]. Clearly, the GW signals are out
of reach of the future detectors. However, if detector
sensitivity improves, the signals may be accessible and
they can provide insights into the inflaton potential as well
as the parameters of the RS Lagrangian.

FIG. 3. GW spectra coming from different harmonics for k ¼ 6. FIG. 4. Sensitivity of the GW spectra for k ¼ 6 to the coupling
constant λp with λs ¼ 0.

FIG. 5. Sensitivity of the GW spectra for k ¼ 6 to masses of the
RS field for a fixed λp and λs ¼ 0.
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VII. SUMMARY

During the postinflationary reheating of the Universe,
graviton emission in the perturbative decays of inflaton is
unavoidable. As the gravitons propagate through the
Universe they produce gravitational waves of different
amplitudes and frequencies. Their superpositions produce
a stochastic background. The stochastic gravitational wave

background is a fundamental observable in probing the
inflationary microphysics. In this light, we have studied the
gravitational waves produced during the perturbative decay
of inflaton to a pair of spin-3=2 particles accompanied by
graviton emission. Specifically, we have calculated the two
body decay of inflaton into a pair of spin-3=2 particles, and
three body decay into a pair of spin-3=2 particles and a
graviton. Solving the Boltzmann equations fully numeri-
cally, we have studied the evolution of the inflaton energy
density and the energy density of the produced radiation.
We have then obtained the gravitational wave spectrum for
different potentials that would be present today. Though the
spectrum is below the current and future observable limits,
an observation may provide valuable information about the
inflationary dynamics and reheating.
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APPENDIX A: DECAY RATE IN CLASSICAL
FIELD PICTURE

In this appendix we describe the decay of inflaton
condensate to radiation following Ref. [66]. The evolution
of the inflaton energy density is

ρ̇ϕ þ 3Hð1þ wϕÞρϕ ¼ −Γϕð1þ wϕÞρϕ; ðA1Þ

where the term in the right-hand side is the energy transfer,
ΔE, per spacetime volume (Vol4),

Γϕð1þ wϕÞρϕ ¼ ΔE
Vol4

: ðA2Þ

The energy transfer is given by

ΔE≡
Z �

Πf
d3pf

ð2πÞ32p0
f

��X
f

p0
f

�
jhfji

Z
d4xLIj0ij2;

ðA3Þ

where the final state particles are denoted by f and pf

are the corresponding momenta, and LI is the interaction

FIG. 6. GW spectra for different potentials k ¼ 2, 4, 6, 8, 10
with two sets of parameters; λp ¼ 10−4; λs ¼ 0; m3=2 ¼ 0.05mϕ

(top) and λp ¼ 10−6; λs ¼ 0; m3=2 ¼ 0.05mϕ (bottom).
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Lagrangian. The modulus squared of the transition ampli-
tude can be written as

����hfji
Z

d4xLIj0i
����2 ¼ Vol4

X∞
n¼−∞

jMnj2ð2πÞ4δ4

×

�
pn −

X
f

pf

�
; ðA4Þ

where Mn is the transition matrix element of the nth
mode and pn ¼ ðEn; 0Þ, with En as the energy of the nth
harmonic mode. To calculate the matrix element, the ϕ is
treated as a time-dependent coefficient of the interaction.
This allows us to factor out ϕ as Eq. (12) and rewrite the
matrix-element for the nth harmonic as

jMnj2 ¼ ϕ2
0jPnj2jM0

nj2: ðA5Þ

Using (A3)–(A5) we obtain the expression of decay rate
from (A2) as

Γϕ ¼ 1

ð1þ ωϕÞρϕ

Z �
Πf

d3pf

ð2πÞ32p0
f

��X
f

p0
f

�
;

×
X∞
n¼−∞

ϕ2
0jPnj2jM0

nj2ð2πÞ4δ4
�
pn −

X
f

pf

�
: ðA6Þ

The final expressions of two- and thee-body decay rates
shown in the main texts follow from Eq. (A6). In the final
expressions we have made the replacements,

ωϕ ¼ k − 2

kþ 2
;

ρϕ
ϕ2
0

¼ m2
ϕ

kðk − 1Þ : ðA7Þ

APPENDIX B: AUXILIARY EXPRESSIONS FOR
DECAY RATES

The three-body differential rates are presented in
Eq. (28). Here we present the expressions for Ts;p

1;2;3;4.
The suffixes s, p indicates the types of coupling consid-
ered. When only the λs coupling between inflaton and RS
fields is present, the decay rate is written in terms of Ts

1;2;3;4,

Ts
1 ¼ α5ð2xn − 1Þ�−8ð456x2n − 500xn þ 151Þy6 þ 2592ð1 − 2xnÞy8n − 2ð2xn − 1Þðxnð205xn − 172Þ þ 93Þy4n

− 2ðxnð5xn − 7Þ þ 8Þðyn − 2xnynÞ2 þ xnð2xn − 1Þ3ð3xn − 2Þ
; ðB1Þ

Ts
2 ¼ −3α

�ð1 − 2xnÞ4x2n þ 64ð1398xn − 539Þy10n − 32ðxn þ 1Þð585xn − 287Þy8n − 20736y12n

þ 16ð2xn − 1Þððxn − 186Þxn þ 28Þy6n þ 2ð1 − 2xnÞ2ðxnð527xn − 964Þ þ 115Þy4n
þ 2xnð2xn − 1Þ3ð37xn − 27Þy2n



; ðB2Þ

Ts
3 ¼ 2α3

�
31104ð2xn − 1Þy10n − 720

�
2xnð22xn − 9Þ − 3

�
y8n − 4ð2xn − 1Þ�2xnð63xn − 50Þ þ 425

�
y6n

þ 2ð1 − 2xnÞ2
�
xnð485xn − 884Þ þ 15

�
y4n þ 4ð2xn − 1Þ3�xnð29xn − 22Þ þ 2

�
y2n þ ð1 − 2xnÞ4xn



; ðB3Þ

Ts
4 ¼ −12ðα2 − 1Þy2n

�
24ð125 − 374xnÞy8n þ 48

�
xnð25xn þ 14Þ − 12

�
y6n þ 2592y10n − 16ð2xn − 1Þ�xnð62xn − 75Þ þ 8

�
y4n;

− 2
�
xnð126xn − 223Þ þ 45

�ðyn − 2xnynÞ2 − ð2xn − 1Þ3�xnð12xn − 17Þ þ 7
�


log

�
1 − α

1þ α

�
; ðB4Þ

where

α ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4y2n
1 − 2xn

s
: ðB5Þ

When only the λp coupling is present, the three-body decay rate is written in terms of Tp
1;2;3;4,

Tp
1 ¼ α5ð2xn − 1Þ�−2ð2xn − 1Þð376x2n − 626xn þ 253Þy4n − 216ðxnð8xn − 9Þ þ 3Þy6n

þ 2ð5xnð4xn þ 5Þ − 19Þðyn − 2xnynÞ2 þ xnð2xn − 1Þ3ð3xn − 2Þ
; ðB6Þ

Tp
2 ¼ −3α

�ð1 − 2xnÞ4x2n þ 192ð53 − 24xnÞy10n − 32
�
xnð4939xn − 3515Þ þ 532

�
y8n

− 8ð2xn − 1Þ�xnð5122xn − 3423Þ þ 404
�
y6n − 50ð1 − 2xnÞ2

�
6ðxn − 2Þxn þ 5

�
y4n

þ 2ð2xn − 1Þ3�17xnð4xn þ 1Þ − 25
�
y2n þ 11520y12n



; ðB7Þ
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Tp
3 ¼ 2α3

�
−144ð526x2n − 438xn þ 83Þy8n − 12ð2xn − 1Þð2822x2n − 2630xn þ 565Þy6n

− 2ð1 − 2xnÞ2
�
xnð1501xn − 2057Þ þ 637

�
y4n þ 2ð2xn − 1Þ3�xnð92xn þ 13Þ − 28

�
y2n þ ð1 − 2xnÞ4xn



; ðB8Þ

Tp
4 ¼ −12ðα2 − 1Þy2n

�
24ð14xn − 45Þy8n þ 4

�
xnð4385xn − 3237Þ þ 552

�
y6n þ 1440y10n

þ 4ð2xn − 1Þ�xnð1187xn − 881Þ þ 140
�
y4n þ 2

�
xnð8xn − 35Þ þ 13

�ðyn − 2xnynÞ2

− xnð2xn − 1Þ3ð20xn − 7Þ
 log�1 − α

1þ α

�
: ðB9Þ
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