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It was recently shown that, in a binary coalescence, the greybody factor of the remnant black hole
modulates the postmerger ringdown signal. In this work, we demonstrate that a simple four-parameter
model based on the greybody factor accurately reproduces the frequency-domain amplitude of a large set
of comparable-mass, aligned-spin numerical relativity waveforms from the SXS catalog, achieving
mismatches of order Oð10−5Þ and improving existing models by roughly 2 orders of magnitude. We also
identify the optimal initial frequency for applying the model in the frequency domain and provide
analytical fits of the model parameters in terms of the progenitor masses and aligned spins. Our results
pave the way for new consistency tests of the ringdown phase, complementary to traditional black hole
spectroscopy.
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I. INTRODUCTION

The final stage of a binary black hole (BBH) coalescence
has long been regarded as one of the most promising
regimes for testing strong-field gravity. In this “ringdown”
phase, the gravitational waveform is customarily decom-
posed into the decaying oscillation modes of the remnant
black hole (BH) (see [1] for a recent review). Within
general relativity (GR), these quasinormal modes (QNMs)
have complex frequencies determined uniquely by the mass
and angular momentum of the final (Kerr) BH. This
property underlies a broad class of tests of GR in which
multiple QNMs are extracted from the data and checked for
mutual consistency with the Kerr prediction.
In practice, however, accurately measuring QNM param-

eters is notoriously challenging. Even in the loudest event
observed to date, GW250114 [2,3] the LIGO-Virgo-
KAGRA (LVK) Collaboration has only recently achieved
confident measurements of two QNMs, showing an agree-
ment with the GR prediction at the level of ≈30%. A major

difficulty arises from uncertainties in selecting the starting
time of the ringdown analysis and in choosing the appro-
priate number of QNMs to include in the template.
Although BH perturbation theory predicts an infinite tower
of QNMs, only a few are expected to be observable in
realistic BBH mergers. Without reliable guidance on which
modes are excited and detectable at a given time [4], QNM
analyses risk overfitting the data with an excessive number
of free parameters. These issues have led to substantial
debate regarding the robustness of QNM measurements in
several BBH events [5–13].
Because only a small subset of QNMs is measurable, an

independent determination of the mass M and dimension-
less spin χ ¼ J=M2 of the remnant BH is highly desirable
(throughout this paper, we use G ¼ c ¼ 1 units). Current
consistency tests infer ðM; χÞ either from the early portion
of the signal (inspiral and early merger) or from the full
waveform [14,15], and compare these estimates with those
obtained from a handful of QNMs. This strategy, however,
inherits any systematic uncertainties present in the inspiral
and merger modeling, which may bias the inferred remnant
properties [16] and weaken the overall test of GR.
There are various approaches based on numerical-

relativity surrogates and postpeak analyses that can help to
mitigate such sources of uncertainty [17–20]. Nevertheless,
these challenges motivate the search for a complementary,
non-QNM-centric description of the ringdown that could
both improve our physical understanding of the remnant,
provide an independent way to estimate ðM; χÞ, and
allow for model-agnostic tests of gravity in the ringdown.

*Contact author: romeofelice.rosato@uniroma1.it
†Contact author: syi24@jh.edu
‡Contact author: berti@jhu.edu
§Contact author: paolo.pani@uniroma1.it

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW D 113, 064060 (2026)

2470-0010=2026=113(6)=064060(17) 064060-1 Published by the American Physical Society

https://orcid.org/0009-0006-3942-7900
https://orcid.org/0000-0002-9104-1734
https://orcid.org/0000-0003-0751-5130
https://orcid.org/0000-0003-4443-1761
https://ror.org/02be6w209
https://ror.org/02be6w209
https://ror.org/05eva6s33
https://ror.org/00za53h95
https://crossmark.crossref.org/dialog/?doi=10.1103/jqgb-mfg1&domain=pdf&date_stamp=2026-03-30
https://doi.org/10.1103/jqgb-mfg1
https://doi.org/10.1103/jqgb-mfg1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


This search has led to recent increased interest in the BH
greybody factor, which quantifies the absorptive nature of
the BH geometry. Specifically, the greybody factor is given
by the transmissivity of the BH effective potential, and
since it depends only on the geometry of the BH, it
potentially offers a complementary way to extract the
remnant mass and spin.
It was recently suggested that the greybody factor of the

remnant BH hole modulates the ringdown amplitude in the
frequency domain [21], offering a complementary way to
extract the remnant mass and spin. Although originally
developed within BH perturbation theory for the signal
emitted by a test particle plunging into a BH [21–23], this
model was later shown to describe remarkably well the
ringdown of comparable-mass mergers [24]. Moreover,
greybody factors are known to be stable under small pertur-
bations of the effective potential—such as those induced
by environmental or beyond-GR effects [22,25,26]—in
sharp contrast with the well-studied spectral instability of
QNMs [27–31].
In this work, we investigate how broadly the greybody-

factor description applies to comparable-mass BBH merg-
ers, and assess its potential as an alternative parametrization
of the ringdown. Our goal is to determine whether this
framework can ultimately enable independent measure-
ments of remnant masses and spins, thereby providing a
complementary avenue for testing GR beyond traditional
QNM analyses.
For this purpose, in Sec. II we introduce a simple

phenomenological model for the ringdown amplitude in
the frequency domain, inspired by the parametrization
proposed in [22,26]. The waveform is proportional to
the BH greybody factor, and thus depends only on the
remnant mass M and spin χ, and contains two additional
parameters. One of these parameters controls an extra
power-law frequency modulation relative to the greybody
factor [22,26], whose inclusion improves the accuracy of
the model by roughly 2 orders of magnitude.
We validate this model by fitting it to a large set of

numerical relativity simulations of comparable-mass,
aligned-spin BBH mergers from the SXS catalog [32,33].
In Sec. III, we analyze how the model parameters depend
on the progenitor masses and (aligned) spins, and we
provide practical fitting formulas suitable for parameter-
estimation applications. We then test the predictive accu-
racy of the fitted model on a large set of simulations.
Finally, in Sec. IV we summarize our main results and
discuss future prospects.

II. MODELING THE GRAVITATIONAL-WAVE
SPECTRUM IN THE FREQUENCY DOMAIN

In this section, we introduce our model of the frequency-
domain spectral amplitude of the gravitational-wave signal,
HlmðωÞ, with l and m indicating the angular-mode spheri-
cal harmonic indices (we neglect spherical-spheroidal mode

mixing: see Appendix B). The model expresses HlmðωÞ in
terms of the BH reflectivity RlmðMω; χÞ, using numerical
relativity simulations of BBH coalescences from the SXS
catalog [32,33]. For brevity, we introduce the dimensionless
quantity ω̄≡Mω.
The quantity HlmðωÞ is defined as the absolute value

of the Fourier transform of the time-domain signal, i.e.,
HlmðωÞ ¼ jhlmðωÞj, adopting the convention

hlmðωÞ ¼
Z

dt eþiωthlmðtÞ; ð1Þ

with hlmðtÞ being the full complex time-domain signal.
Numerical subtleties related to its evaluation from SXS
data, and the associated frequency range where the spec-
trum is reliable, are discussed in Appendix A.
The BH reflectivity Rlmðω̄; χÞ encodes the reflection

probability associated with the gravitational effective
potential. It is related to the transmission probability
Γlmðω̄; χÞ (i.e., the greybody factor) through

Rlmðω̄; χÞ ¼ 1 −
ω −mΩH

ω
Γlmðω̄; χÞ; ð2Þ

where ΩH is the horizon angular velocity. This quantity can
be computed by directly integrating the Teukolsky equation
with plane-wave scattering boundary conditions [34–37]
(see Appendix B for a detailed discussion). For a Kerr BH,
it is uniquely determined by the remnant mass M and
dimensionless spin χ. Several recent works have shown that
this reflectivity leaves a distinct imprint on the frequency-
domain spectrum of the ringdown signal, both in the point-
particle limit [21–23] and for comparable mass mergers
[24]. These findings motivate the construction of spectral
models directly based on Rlmðω̄; χÞ, bridging numerical
relativity results with the underlying BH scattering proper-
ties. Our goal here is to refine and validate such a model,
and to assess its performance against previous formulations
proposed in the literature.

A. Validation of the reflectivity-based spectral model

Previous analyses have modeled the frequency-domain

amplitude using Hð1Þ
lm ¼ MAlm

ffiffiffiffiffiffiffiffiffi
Rlm

p
[24], were Alm is the

overall amplitude of the ðl; mÞ mode. Here we adopt a
modified model, motivated by the plunging-particle theo-
retical scenario developed in Refs. [22,23,25]:

Hð2Þ
lmðωÞ ¼ M

Alm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rlmðω̄; χÞ

p
ω̄plm

; ð3Þ

where plm is an extra parameter that introduces an addi-
tional, and generally source-dependent, frequency modu-
lation. As we shall show, the model above provides a
significantly improved description of the numerical data. In
Eq. (3), M and χ denote the remnant mass and spin, while
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Alm and plm are dimensionless model parameters depend-
ing on the multipole under consideration.
Our first goal is to validate the modified model intro-

duced in Eq. (3) and to compare its performance against
previous formulations, as a first step toward motivating the
subsequent analysis and results presented throughout this

work. Figure 1 illustrates why the model Hð2Þ
lm captures the

data more accurately than the simplerHð1Þ
lm. We show results

for the SXS simulation SXS:BBH:3922, but similar
behavior is observed across the entire catalog. The figure
reports the mismatch between the numerical spectrum and
each model in the ðM; χÞ plane. The mismatch M is
defined as

M ¼ 1 −
hHdatajHmodeliffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hHdatajHdataihHmodeljHmodeli
p ; ð4Þ

where the bracket denotes the scalar product between two
functions of ω̄, defined as

hajbi ¼
Z

ω̄f

ω̄i

dω̄ aðω̄Þb�ðω̄Þ; ð5Þ

ω̄i and ω̄f define the boundaries of the fitting domain, and
the complex conjugation is trivial for the real-valued
functions considered here.
The upper panel of Fig. 1 shows the results obtained with

modelHð1Þ. Although the mismatch reaches values of order
M ∼ 10−3, the minimum-mismatch region in the ðM; χÞ
plane is relatively broad, indicating a significant degen-
eracy between the remnant mass and spin, and therefore a
weak constraint on the remnant parameters. In contrast, the
lower panel shows that for model Hð2Þ the mismatch
improves by about 2 orders of magnitude, reaching values
of order M ∼ 10−5, and that the region of minimal
mismatch is substantially more localized. This leads to a
significantly tighter constraint on the remnant parameters,
with a strong reduction of the ðM; χÞ degeneracy, and with
the true values of these parameters lying well within the
minimum-mismatch region.

B. Fitting procedure

Given the model’s preliminarily good agreement with
some numerical relativity data, we have tested it on a large
number of simulations from the SXS catalog to assess its
performance across different physical configurations. In
this section, we describe how to reliably extract Alm and
plm from a single simulation.
An example of the Fourier-transformed signal for a

representative simulation (SXS:BBH:3982) is shown
in the top left panel of Fig. 2. At low frequencies, the
spectrum is dominated by the inspiral phase, where the
amplitude follows the well-known post-Newtonian scaling
HlmðωÞ ∝ ω−7=6 [38–40]. This behavior sets a physical

lower bound to the applicability of our ringdown model,
which we therefore restrict to frequencies ω > ωx, where
ωx is empirically determined from the data through the
systematic fitting procedure described below.
The spectrum HlmðωÞ decreases monotonically, approx-

imately following a power-law behavior at intermediate
frequencies and an exponential decay at larger frequencies.

FIG. 1. MismatchM, defined in Eq. (4), between the numerical
Fourier transform Hdata

lm ðωÞ ¼ jhlmðωÞj from the simulation
SXS:BBH:3922 and two analytical models. The mismatch
is shown over a portion of the ðM; χÞ plane of the remnant.

The upper panel corresponds to the model Hð1Þ
lmðωÞ ¼

MAlm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rlmðω̄; χÞ

p
proposed in Ref. [24], for which the fit is

performed with a single free parameter Alm, while the lower
panel shows results for the modified model proposed in this work,

Hð2Þ
lmðωÞ ¼ MAlm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rlmðω̄; χÞ

p
=ω̄plm (see Eq. (3)), where both

Alm and plm are fitted. The fit is performed over the range
ω̄∈ ½0.35; 0.75�, determined for this specific simulation as dis-

cussed in Appendix II B. For the model Hð1Þ
lm, the region of

minimal mismatch does not exactly coincide with the true

remnant parameters, whereas for the modified model Hð2Þ
lm the

true values lie within the minimum-mismatch region. Overall,
the agreement improves by about two orders of magnitude, with
the mismatch M dropping from ∼10−3 to ∼10−5 around the true
values of the remnant parameters.
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Because of the rapid decay of the signal, HlmðωÞ even-
tually reaches the numerical noise level, beyond which the
data are no longer physically meaningful. To avoid con-
tamination from numerical artifacts, the fits are performed
only up to ω < ωcut, where ωcut is defined such that the
numerical-noise contribution to HlmðωÞ remains below
0.1%. A detailed discussion of how the cutoff frequency
ωcut is determined is given in Appendix A; as we clarify
there, the specific choice of ωcut does not affect the
estimation of the fitting parameters.
The fitting procedure proceeds as follows:
(1) We compute the Fourier transform of one of the

numerical relativity simulations from the SXS cata-
log, as described in Appendix A, and we discard
it above the cutoff frequency ωcut. The top left
panel of Fig. 2 shows the resulting spectrum for

the simulation SXS:BBH:3982, focusing on the
dominant ðl; mÞ ¼ ð2; 2Þ mode.

(2) The remnant mass M and dimensionless spin χ
are available in the SXS metadata. Using these
values, we compute the corresponding reflectivity
Rlmðω̄; χÞ and construct the reduced spectrum,

YlmðωÞ ¼
HlmðωÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rlmðω̄; χÞ

p :

(3) We fit YlmðωÞ with our model MAlm=ω̄plm . Since
the minimum frequency of validity of the model is
not known a priori, we consider a set of starting
frequencies ω̄i such that ω̄i ∈ ½0; ω̄cut�. The lowest
frequency shown in Fig. 2 is ω̄ ¼ 0.2, which still lies
within the inspiral region for the example simulation

FIG. 2. Illustration of the fitting procedure for the simulation SXS:BBH:3982, considering the dominant ðl; mÞ ¼ ð2; 2Þ mode. The
goal of the fit is both to extract the model parameters Alm and plm and to determine the frequency range over which the model remains
valid. For this purpose, we perform fits over intervals ω̄∈ ½ω̄i; ω̄cut� for several starting frequencies ω̄i. The top left panel shows the
numerical frequency-domain spectrum H22ðωÞ ¼ jh22ðωÞj (solid black) and the best-fit model A=ω̄p (dashed pink), evaluated for
ω̄ < ω̄cut as described in Appendix A. The bottom left panel displays the mismatchM, computed according to Eq. (4), as a function of
the initial fitting frequency ω̄i. The top right and bottom right panels show the fitted parameters plm and Alm as functions of ω̄i. Both
parameters become stable beyond a certain frequency ω̄x, indicated by the shaded region, where their variations remain below 0.1%. The
frequency ω̄x therefore marks the lower bound of validity of the model. The mismatch reaches its minimum in this stability region, with
M ≃ 2 × 10−5, demonstrating the excellent agreement between the model and the numerical data.
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SXS:BBH:3982. To improve the numerical stabil-
ity of the fit, we introduce a simulation-dependent
reference frequency ω̄� within the fitting window,
around which the power-law behavior is effectively
anchored. This is implemented by considering
ðω̄�=ω̄Þplm in the fit and subsequently reabsorbing
the factor ω̄plm� into the amplitude. This choice
reduces correlations between the amplitude and
the power-law index and leads to more stable fits,
without introducing any additional fitting parameter.
In this work, we adopt the frequency ω̄� to be the
knee frequency defined in Appendix C 1. Varying
this choice within the same regime does not affect
the inferred parameters.

(4) We then study the behavior of the fitted parameters
Alm and plm as functions of the starting frequency
ω̄i. Within the validity region of the model, the
values of Alm and plm obtained from different ω̄i are
expected to be consistent within their uncertainties.
Outside this region, Alm and plm vary significantly
with ω̄i, as the model no longer reproduces the
data accurately. As shown in the top right panel
of Fig. 2 for plm and in the bottom right panel for
Alm, both parameters saturate to approximately
constant values beyond a certain ω̄i. To identify
the frequency range where Alm and plm are stable,
we impose a maximum fractional variation of 0.1%
across the region. The frequency ω̄x—the minimum
frequency of validity of the model—is then defined
as the lowest ω̄i for which both Alm and plm remain
stable.

(5) Finally, we compare the fitted model with the data.
In the top left panel of Fig. 2, the dashed pink line
shows the best-fit model for the simulation SXS:
BBH:3982, while the solid black line corresponds
to the numerical spectrum. The bottom left panel
shows the mismatch, computed as in Eq. (4), as a
function of the starting frequency ω̄i. As expected,
the mismatch reaches its minimum in the stability
region, with M≳ 10−5, demonstrating an excellent
agreement between the model and the numeri-
cal data.

The fitting procedure described above can be applied to
any simulation in the SXS catalog. Given the robustness of
the proposed model, we now extend the analysis to a large
set of simulations, in order to investigate how the fitted
parameters Alm and plm depend on the properties of
the coalescing binary system. As can be seen in Fig. 2,
the greybody-based model shows good agreement with the
spectrum even below the knee frequency (as defined in
Appendix C 1), often used as a phenomenological marker
of the ringdown. This agreement should not be interpreted
as evidence that the signal is already ringdown dominated,
but rather as an indication of the smooth onset of a Kerr-like
perturbative response in the frequency domain.

III. MODELING THE PARAMETER DEPENDENCE
OF THE FITTED COEFFICIENTS

We have shown how the quantities Alm and plm can be
extracted from the frequency-domain spectra of individual
numerical relativity simulations. Our goal is now to model
the dependence of these coefficients on the physical
parameters of the binary system, following an approach
similar to that adopted for the amplitudes and phases of
QNMs in Ref. [41]. For this part of the analysis we focus on
nonprecessing, quasicircular BBHs. Within this class, we
further select all SXS simulations with ID ≥ 1000,1 and
divide the resulting set into two disjoint subsets. First, we
randomly set aside about ∼25% of the simulations. This
independent subset will later be used to assess the perfor-
mance of our final model on data that never enter the fitting
pipeline. The remaining ∼75% of the simulations are used
to model the dependence of the coefficients on the binary
parameters. This separation ensures independence between
the construction of the model and the assessment of its
validity.
The relevant physical parameters in our scenario are the

component spins, χ1;z and χ2;z (for nonprecessing simu-
lations the spins are either aligned or antialigned with the
orbital angular momentum, so that χ⃗1 and χ⃗2 coincide with
their components along the binary’s angular momentum),
and the mass ratio q ¼ M1=M2. It will be useful to employ
related quantities that often appear in post-Newtonian
expansions; in particular,

χþ ¼ qχ1 þ χ2
1þ q

; χ− ¼ qχ1 − χ2
1þ q

ð6Þ

represents the symmetric (antisymmetric) spin of the
system, respectively, and

δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4η

p
with η ¼ q

ð1þ qÞ2 : ð7Þ

The mass asymmetry δ < 1, and therefore δ provides a
convenient variable for polynomial representations.
To gain preliminary insight into how the fitted coeffi-

cients depend on these quantities, we first examine a slice at
nearly equal masses. In particular, we select 100 simu-
lations with q∈ ½1.000; 1.001�, which corresponds to δ ≃ 0,
so that the dependence on the spins can be visualized
cleanly in the ðχþ; χ−Þ plane at essentially fixed δ. In Fig. 3
we show the behavior of the ðl; mÞ ¼ ð2; 2Þ coefficients,
A22 and p22, across this slice. Both quantities vary
smoothly with the spins, providing a first indication that

1Which typically correspond to more recent entries in the SXS
catalog. This choice is intended as a pragmatic filter to avoid early
legacy simulations, as more recent simulations benefit from later
versions of the overall numerical infrastructure.

MODELING THE FREQUENCY-DOMAIN RINGDOWN … PHYS. REV. D 113, 064060 (2026)

064060-5



a low-order polynomial in ðχþ; χ−Þ should be adequate
at q ≃ 1.
In general, our goal is to approximate the dependence of

Alm and plm by means of a polynomial model, in order to
gain insight into how these quantities vary with the relevant
physical parameters of the system. Of course, in full
generality their functional dependence is not expected to
be polynomial. However, since our analysis is restricted
to a limited region of the parameter space ðδ; χþ; χ−Þ
corresponding to comparable-mass coalescences, a poly-
nomial description can provide an accurate and tractable
approximation.
For brevity, we denote by X either of the two fitted

quantities (Alm or plm) and, for any given choice of ðl; mÞ,
we model it as a multivariate polynomial of the form

Xðχ1; χ2; ηÞ ¼
X

0≤i;j;k≤N

cijk χi1 χ
j
2 δ

k; ð8Þ

where N is the maximum degree of the polynomial.
Determining an appropriate value of N is nontrivial:

higher-order polynomials can overfit the data, while lower-
order polynomials may fail to capture the relevant trends.
To better identify the optimal order, we employ a standard
cross-validation procedure [42].
Specifically, we adopt a k-fold cross-validation scheme,

in which the full set of simulations is partitioned into k dis-
joint subsets. In this work we adopt k ¼ 10. At each iter-
ation, one of the subsets is used as the validation set, while
the remaining k − 1 subsets constitute the training set.
The polynomial model is fitted on the training set, while

the validation set is used to assess the quality of the fit, as
discussed below.
For each polynomial degree N , we fit Eq. (8) using the

training set and compute the cross-validation mean squared
error (CV MSE) for both the training and validation data.
The CV MSE is defined as

CV MSEðN Þ ¼ 1

Nval

X
i∈ val

h
XðdataÞ
i − XðfitÞðχ1;i; χ2;i; ηiÞ

i
2
;

ð9Þ

where Nval is the number of validation samples, XðdataÞ
i is

the measured value of Alm or plm from the i-th simulation,
and XðfitÞ is the corresponding prediction of the polynomial
model. The above procedure is repeated in a k-fold manner,
such that each subset is used once as the validation set. The
reported results are then obtained by averaging over the k
validation folds.
In general, the CV MSE for the training set decreases

monotonically with the polynomial degree N , since higher
values of N mean that more coefficients are available to fit

FIG. 3. Equal-mass slice for the ðl; mÞ ¼ ð2; 2Þ coefficients.
We select simulations with q∈ ½0.999; 1.001�, corresponding
to δ ≃ 0, and show the variation of A22 (top) and p22 (middle)
over the ðχþ; χ−Þ plane. Each point represents a numerical
relativity simulation. The color scale encodes the value of the
coefficients. The dependence on ðχþ; χ−Þ at fixed δ appears
smooth. Moreover, the plot clearly shows that the dominant
dependence is on χþ: variations in the values of A22 and p22 along
χ− (i.e., along vertical slices) are comparatively small. The
bottom panel shows the corresponding mismatch between the
numerical relativity simulations and our model, as defined
in Eq. (4). All mismatches lie in the range ½4 × 10−5; 2 × 10−4�.
The largest mismatches are typically at higher χþ, where the
impact of spherical-spheroidal harmonic mixing may become
more significant.
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the data. This, however, can lead to overfitting. The vali-
dation error, being fully independent of the training set,
typically exhibits a minimum that signals the onset of
overfitting. We therefore identify the optimal degree N as
the one that minimizes the validation CVMSE, ensuring an
accurate model without overfitting.
To illustrate the method more clearly, we apply the

procedure to the (2, 2) mode on the slice δ ¼ 0 shown in
Fig. 3, where the dependence reduces to two dimensions
and is therefore easier to visualize. The same procedure will
then be applied in full generality to the complete three-
dimensional parameter space ðδ; χþ; χ−Þ.
We consider the training set and validation set defined

above. We then compute the CV MSE for polynomials of
increasing total degree N , and identify the optimal degree
as the value that minimizes the validation error. The results,
shown in Fig. 4, exhibit the expected behavior: the CV

MSE for the training set (black dots) decreases monoton-
ically with N , while the validation error (pink squares)
develops a clear minimum at optimal degrees ofN ¼ 4 for
p22 and N ¼ 5 for A22.
However, a polynomial of total degree N in d variables

contains ðNþd
N Þ independent coefficients. Thus, fixing only

the degree N would in general allow for a large number of
terms. To control this, we apply a second selection step: we
rerun the CV MSE algorithm over all possible subsets of
monomials of degree up to N , and choose the configura-
tion that minimizes the validation CV MSE. Applying this
procedure to the δ ¼ 0 slice for the (2, 2) mode, we obtain

A22ðχþ; χ−; δ ¼ 0Þ ≃ 5.620 − 1.346χþ þ 0.209χ2þ
− 0.261χ2− þ 0.289χ3þ þ 0.282χ4þ
þ 0.291χþχ2− þ 0.120χ4−

þ 0.779χ2þχ2− − 0.077χþχ4−; ð10Þ

and

p22ðχþ; χ−; δ ¼ 0Þ ≃ 0.509þ 0.339χþ þ 0.088χ2þ
þ 0.057χ2− − 0.037χ3þ − 0.059χ4þ
− 0.025χ4− − 0.144χ2þχ2−
− 0.027χþχ2−: ð11Þ

The behavior observed in Fig. 3 suggests that both A22

and p22 should depend primarily on χþ, since no significant
variation is visible when moving along χ−. This expectation
is fully confirmed by the fit result. At linear order, both
quantities depend exclusively on χþ, with no contribution
from χ−. The latter enters only at higher orders, and through
even powers only. This ensures that A22 and p22 remain
invariant under the exchange χ1;z ↔ χ2;z, as required by the
symmetry of an equal-mass binary under the permutation of
the two bodies. To assess the accuracy of the polynomial
model, in Fig. 5 we compare the values of X22 (i.e., A22 and
p22) extracted directly from the simulations, Xdata, with the
corresponding predictions of the best-fit model of Eq. (8),
Xfit. The points lie very close to the diagonal Xfit ¼ Xdata,
indicating good agreement between the model and the data.
Both the training set and the validation set exhibit agree-
ment, confirming that the model generalizes well and does
not suffer from overfitting.
The same fitting strategy can be extended to capture

the full three-parameter dependence. In Appendix C we list
the resulting fits for several ðl; mÞ modes and show the
analog of Fig. 5, which we use to assess their quality.
We also corroborate these fits using the results of an inde-
pendent Random Forest Regressor (RFR). As expected,
moving to a three-parameter model increases the complex-
ity of the problem, and the fits tend to become less accu-
rate when evaluated across the entire parameter space.

FIG. 4. Cross validation of the polynomial model for the fitted
coefficients A22 and p22 for the δ ¼ 0 slice of the (2, 2) mode,
with δ defined in Eq. (7). The upper (lower) panel shows the CV
MSE, defined in Eq. (9), as a function of the polynomial degree
N for A22 (p22). Results are displayed for both the training data
(solid black) and the validation data (dashed pink), where the
latter corresponds to the CV MSE averaged over the k validation
folds. The training error decreases monotonically with N ,
whereas the validation error reaches a minimum and then
increases due to overfitting. The optimal degree N opt, indicated
by the vertical dashed line, is chosen as the value that minimizes
the validation CV MSE, thus providing the best compromise
between accuracy and generality.
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This deterioration is particularly visible in two cases. First,
modes with intrinsically small amplitudes—such as the
(3, 3) mode near the δ ¼ 0 slice—are more challenging
to model reliably, as the numerical extraction of their Fourier
transforms becomes less precise. Second, the poorest fits are
observed for the (4, 4) mode, whose higher characteristic
frequencies make it more sensitive to spin-induced spheroi-
dal-spherical harmonic coupling. A proper treatment of this
effect is an interesting topic for follow-up work.
It is instructive to comment more specifically on the

performance of the (2, 2) results, which represent the most
reliable part of the analysis, as this mode dominates the
gravitational-wave signal. To this purpose, we test the
model on a set of simulations entirely independent of both
the training and validation datasets, i.e., the subset that was
set aside before the fitting procedure. For each simulation,
we compute the mismatch between the numerical (2, 2)
mode and the model of Eq. (3), using the values of A22 and
p22 predicted by the hyperfit formulas of Appendix C. We
then compare these results with those obtained using the
alternative model Hð1Þ ¼ MA

ffiffiffiffiffiffiffiffiffi
Rlm

p
discussed in Sec. II A,

for which we repeat the full fitting procedure described in
the paper. The resulting mismatch distributions are shown
in Fig. 6, with the model Hð2Þ displayed in pink and the
model Hð1Þ in red. In Appendix D we recompute the
mismatches using the Advanced LIGO sensitivity curve.
As shown in Fig. 6, for the model Hð2Þ analyzed

throughout the paper the mismatch always remains below
10−3. The upper bound is reached only when the binary
parameters lie near the edges of the explored domain,
in particular for high values of χ�, as discussed in
Appendix C. For most simulations the mismatch is of
order Oð10−5–10−4Þ. By contrast, the mismatch distribu-
tion obtained using the modelHð1Þ is systematically shifted
toward larger values—typically by 1 to 2 orders of
magnitude. This confirms the intuition of Sec. II A: the
second model provides a much more accurate description
of the numerical data.
In order to further validate the robustness of the fitted

models, we also perform an independent regression analy-
sis using an RFR, as discussed in Appendix C. In general,
the RFR results suggest that polynomials of the form (8)
provide good fits to the data, as can be seen in Fig. 9 of the
same Appendix.

FIG. 5. Comparison between the values predicted by the
polynomial model of Eq. (8), Xfit, and the corresponding values
directly extracted from the simulations, Xdata, through the fitting
procedure described in Sec. II B. The top panel refers to A22, and
the bottom panel to p22. Black (pink) points correspond to the
training (validation) data for a representative iteration of the
k-fold cross-validation procedure. The dashed line shows
Xfit ¼ Xdata, along which both datasets lie, indicating a good
fit with no evidence of overfitting.

FIG. 6. Distribution of mismatches between the numerical
SXS (2, 2) modes and the two models discussed in Sec. II A.
Model 1 refers to Hð1Þ ¼ MA22

ffiffiffiffiffiffiffiffi
R22

p
, and model 2 to Hð2Þ ¼

MA22

ffiffiffiffiffiffiffiffi
R22

p
=ω̄p22 . Both models are evaluated on a separate set of

simulations (ID > 1000, η∈ ½0.15; 0.25�, circular, nonprecess-
ing), which was not used at any stage of the fitting procedure.
This dataset, completely independent from both the training and
the validation sets, allows us to test the true predictive perfor-
mance of the models. For each simulation, the mismatch is
computed using Eq. (4). The model Hð2Þ of Eq. (3), with
parameters ðA22; p22Þ obtained from the hyperfit formulas of
Appendix C, yields mismatches that remain below 10−3 for all
cases, and typically at the level of Oð10−5–10−4Þ. In contrast,
the simpler model Hð1Þ produces a distribution shifted toward
larger values, with mismatches generally 1 to 2 orders of
magnitude higher. This confirms the superior accuracy of the
Hð2Þ model in reproducing the numerical SXS (2, 2) data across
the parameter space.
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The RFR also provides some insight with respect to opti-
mal parametrizations of Alm and plm in terms of physical
parameters. We use the RFR described in Appendix C to fit
these parameters as functions of ðδ; χþ; χ−Þ, ðδ; χ1;z; χ2;zÞ,
and ðM; χÞ (i.e., the remnant parameters). We summarize
some results in Table I, where we list the mean absolute
error and R-squared score as metrics for assessing the
goodness of fit with the different parametrizations. These
metrics offer a concise evaluation of the fitting quality: an
accurate model exhibits a mean absolute error approaching
zero and an R-squared score close to 1. Here, we see that
the two parametrizations involving progenitor parameters
are quite competitive, while the remnant parameters give
worse fits of Alm and plm, sometimes dramatically so.
Note that there are considerably fewer simulations with an
appreciable amplitude to be fitted for the (2, 1) and (4, 4)
modes (training sets of 96 and 60 simulations, respec-
tively), compared to the (2, 2) and (3, 3) modes (278
and 127). This reduced sampling limits the constraining
power of the polynomial regressor and results in a visibly
larger scatter in the fitted values for these subdominant
modes, as shown in Fig. 9. This effect should therefore be
taken into account when comparing the goodness of fit
between different modes, as a larger number of simulations
generally yields a more accurate and stable fit.
In addition to helping us determine which is the optimal

parametrization between the three, the RFR also provides

some indication of which physical parameters most influ-
ence the value of Alm and plm within a single para-
metrization. This intuition is provided through the
feature_importances_ attribute of the regressor
described in Appendix C. This attribute assigns a relative
“importance” (quantified as a weight between 0 and 1) to
each fitting parameter; these weights add to one for each
parametrization. In Fig. 7, we show the feature importance
between individual parameters for each attempted para-
metrization. For the (2, 2) and (3, 3) modes, the mass
parameters carry more weight in determining Alm, while
the spin parameters tend to carry more weight in determin-
ing plm. For the (2, 1) mode, there is little dependence on
the mass for either A21 or p21. We note that spins enter at
lower order in the post-Newtonian terms for the (2, 1) mode
than for either the (2, 2) or (3, 3).

IV. DISCUSSION

In this work we have developed and validated a
frequency-domain model for the ringdown of compa-
rable-mass BBH mergers based on BH greybody factors
(and specifically on the remnant reflectivity). Our main
result is that the model of Eq. (3) provides an accurate and
robust description of the amplitudes of the numerical
spectra extracted from the SXS catalog. When evaluated
on the optimal frequency range identified through our
stability analysis, the model achieves mismatches as low as
Oð10−5Þ, improving previous formulations [24] by more
than 1 order of magnitude.
As a useful rule of thumb, for a signal with a given SNR,

two waveforms are deemed indistinguishable if their
mismatch [43,44]

M≲ 1

2SNR2
: ð12Þ

TABLE I. Relative performance of three different parametriza-
tions of Alm and plm as determined by the RFR. The SXS
simulations used all have η > 0.15; for the (3, 3) and (2, 1)
modes, we further restrict to η < 0.25, given the smallness of the
frequency-domain amplitudes at η ¼ 0.25.

Mean absolute error

δ; χþ; χ− δ; χ1;z; χ2;z M, χ

A22 0.051 0.047 0.069
p22 0.010 0.015 0.008
A33 0.010 0.013 0.035
p33 0.036 0.033 0.054
A21 0.129 0.128 0.254
p21 0.018 0.015 0.025
A44 0.035 0.042 0.052
p44 0.721 0.606 0.964

R-squared score

δ; χþ; χ− δ; χ1;z; χ2;z M, χ

A22 0.975 0.984 0.955
p22 0.982 0.971 0.989
A33 0.997 0.996 0.951
p33 0.810 0.877 0.500
A21 0.934 0.939 0.721
p21 0.944 0.961 0.872
A44 0.700 0.576 0.079
p44 −0.478 0.056 −1.831

FIG. 7. Relative “importance” of different BBH parameters, as
determined by the random forest regressor.
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Since this condition is sufficient but not necessary, it
typically provides a conservative, and often overly restric-
tive, criterion (see, e.g., [45]). Using the above estimate, a
mismatch M ¼ Oð10−5Þ would guarantee no modeling
systematics for postmerger SNR as high as ≈200, well
beyond current capabilities.
We have shown that the parameters ðAlm; plmÞ vary

smoothly across the physical parameter space ðδ; χþ; χ−Þ
of comparable-mass mergers, and that their dependence
can be efficiently captured by low-degree multivariate
polynomials selected through a dedicated cross-validation
procedure. The comparison with a fully nonparametric
RFR further confirms the robustness of our polynomial
representation and highlights the physical relevance of the
chosen variables, with χþ and δ emerging as the dominant
predictors for most modes.
Overall, our analysis demonstrates that BH reflectivity

provides a powerful and physically motivated framework
for modeling the ringdown of comparable-mass mergers
directly in the frequency domain. These results open the
possibility of extracting the remnant properties ðM; χÞ from
the ringdown independently of a traditional QNM analysis,
thereby enabling new and complementary strong-gravity
tests with future gravitational-wave observations.
We emphasize that the reflectivity-based framework can

be employed in two conceptually distinct ways. In a first,
fully agnostic approach, the amplitude and the power-law
index ðAlm; plmÞ are treated as free fitting parameters. In
this case, the remnant mass and spin ðM; χÞ can be inferred
directly from the ringdown signal, without imposing
any model for the progenitor properties (see Fig. 1).
Alternatively, one may adopt a model for ðAlm; plmÞ that
encodes their dependence on the progenitor parameters.
Within this approach, the same framework allows one to
propagate information from the inspiral-merger phase into
the ringdown, enabling the extraction of progenitor proper-
ties through their imprint on the Fourier-domain amplitude
of the remnant waveform.
Finally, the reflectivity-based framework naturally lends

itself to a number of extensions, including the modeling of
the effect of orbital configurations preceding ringdown,
such as eccentricity and spin precession [46], and the
inclusion of spin-induced spherical-spheroidal mode cou-
pling [47]. A natural extension is the application of the
model to real data; this would require modeling the signal
phase in Fourier space in addition to its amplitude. These
developments would allow for a more faithful description,
and they will be the subject of future work.
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APPENDIX A: NUMERICAL FOURIER
TRANSFORM

In performing the Fourier transform of SXS simulations,
we use the standard preprocessing steps available through the
sxs Python package. The necessity and implementation of
these steps are explained in Ref. [49]. They include padding,
tapering, line subtracting, and transitioning to a constant in
such a way that the desired features in the signal (e.g.,
gravitational-wave memory) are minimally affected. While
the results in the main text are obtained using default settings
in this preprocessing step, we have also checked that alter-
native choices for padding, tapering, etc. generally do not
make a significant difference in the final fits forAlm andplm.
In Fig. 8 we compare the Fourier transform obtained

using the sxs preprocessing routine with the FFT com-
puted directly from the (2, 2) mode after removing the early
junk radiation, interpolating to a uniform time grid,
performing zero padding, and applying a Tukey window
with two different tapering parameters α. As shown in the
figure, all three spectra agree extremely well over the entire
frequency range relevant for the fit. Differences appear only
at the highest frequencies, where the spectrum becomes
dominated by numerical noise. Extracting the parameters
Alm and plm from each of the three spectra yields
consistent results within numerical accuracy, confirming
that the fitting procedure is robust against the details of the
FFT pipeline. In all cases, a noise floor is present at high
frequencies. This noise floor sets the maximum frequency
up to which the fit can be performed. In practice, we
truncate the spectrum at a frequency where the noise floor
reaches 0.1% of the signal amplitude. We have verified
that varying this threshold (in the range 0.1–5.0%) does
not lead to any appreciable change in the best-fit values of
Alm and plm.
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APPENDIX B: REFLECTIVITY FROM THE
TEUKOLSKY EQUATION

We summarize here the standard procedure to compute
the reflectivityRlmðω̄; χÞ for gravitational perturbations of
a Kerr BH. In Boyer-Lindquist coordinates, the Kerr metric
reads as

ds2 ¼ −
�
1−

2Mr
Σ

�
dt2 þ Σ

Δ
dr2 −

4Mar sin2θ
Σ

dtdϕ

þΣdθ2 þ
�ðr2 þ a2Þ2 − a2Δsin2θ

Σ

�
sin2θdϕ2; ðB1Þ

where Σ ¼ r2 þ a2 cos2 θ, Δ ¼ r2 þ a2 − 2Mr, and the
horizon is at rþ ¼ M þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
. Scalar, electromagnetic

and gravitational perturbations are described by the
Teukolsky master equations [34]. After separation of
variables, the radial function sRlω̄ðrÞ satisfies

Δ−s d
dr

�
Δsþ1

dsR
dr

�

þ
�
K2

Δ
þ −

2isðr −MÞK
Δ

þ 4isωr − λ

�
sR ¼ 0; ðB2Þ

where K ¼ ðr2 þ a2Þω − am, s is the spin weight, and λ is
the angular separation constant determined by the spin-
weighted spheroidal harmonics. Introducing the tortoise
coordinate dr�=dr¼ ðr2 þ a2Þ=Δ, the horizon corresponds

to r� → −∞ and spatial infinity to r� → þ∞. For fixed
ðl; m;ωÞ, the physical solution is purely ingoing at the
horizon,

sRðrÞ⟶
r→rþ

Δ−se−ikr� ; k ¼ ω −mΩH; ðB3Þ

where ΩH is the angular velocity of the horizon. At large
radii, the solution behaves as

sRðrÞ⟶
r→∞

Zout
lω̄r

−1−2seþiωr� þ Zin
lω̄r

−1e−iωr� ; ðB4Þ

which for gravitational perturbations (s ¼ −2) reduces to

sR ∼ Zoutr3eþiωr� þ Zinr−1e−iωr� . The amplitudes Zin and
Zout are obtained by matching the numerical solution of
the Teukolsky equation with its asymptotic form [50].
Because the Teukolsky function does not carry unit flux,
one must convert ðZin; ZoutÞ into physical reflection and
transmission coefficients. The required normalization fac-
tors were derived by Teukolsky and Press [35,51] and
independently by Starobinsky and Churilov [36,37]. For
spin s ¼ −2 gravitational perturbations, the reflectivity
takes the form

Rlmðω̄; χÞ ¼
C

256ω8

����Z
out
lmω

Zin
lmω

����
2

; ðB5Þ

where the normalization constants B and C are

B ¼ ðλþ sðsþ 1ÞÞ2 þ 4maω − 4a2ω2; ðB6Þ

C ¼ B½ðλþ sðsþ 1Þ − 2Þ2 þ 36aωm − 36a2ω2�
þ ½2ðλþ sðsþ 1ÞÞ − 1�ð96a2ω2 − 48aωmÞ
þ 144ω2ðM2 − a2Þ: ðB7Þ

These coefficients encode the flux-normalization appro-
priate for the Teukolsky radial function, ensuring that
Rlmðω̄; χÞ ¼ 1 corresponds to perfect reflection and
Rlmðω̄; χÞ ¼ 0 to perfect absorption by the BH.
The reflectivity, and therefore the greybody factors

through Eq. (2), is naturally defined on a spheroidal
harmonic angular basis. By contrast, SXS waveforms are
decomposed in spherical harmonics. Switching between
these two bases induces a mixing among modes, with
coefficients that scale with aω [47,52]. In this analysis we
neglect such mixing, which is expected to be small in the
frequency range of interest. A more accurate treatment will
nevertheless require incorporating this coupling, especially
to improve the agreement at high spins and for higher-l
multipoles.

APPENDIX C: FIT RESULTS AND VALIDATION

In this section we present the results of the polynomial
fits for the mode amplitudes Alm and spectral slopes plm

FIG. 8. Comparison between the FFT of the preprocessed SXS
waveform (black curve) and the FFTs computed from the (2, 2)
mode of the simulation SXS:BBH:2105 after removing the junk
radiation and applying a Tukey window with windowing param-
eters α ¼ 0.05 (pink) and α ¼ 0.10 (purple). All spectra agree
closely except at the highest frequencies, where numerical noise
dominates. The shaded band marks the region where the noise
floor reaches approximately 0.1% of the signal amplitude, which
determines the upper cutoff frequency used in the fitting
procedure.
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across the parameter space ðδ; χþ; χ−Þ. For each mode,
we report the optimal polynomial structure selected by our
cross-validation procedure and compare the fitted values
with those extracted directly from the numerical simula-
tions. This allows us to assess both the accuracy and the
generality of the model.
For modes with odd m we adopt a slightly different

ansatz for the amplitudes with respect to Eq. (8), since these
terms are expected to vanish in the δ ¼ 0 limit. Motivated
by post-Newtonian inspired models, we follow the same
structure used for QNM amplitudes in Ref. [41], namely,

Almðχþ; χ−; δÞ ¼ bjχ−j þ δ
X

0≤i;j;k≤N

cijk χiþχj−δk: ðC1Þ

To complement this analysis and further validate the
robustness of our results, we also perform an independent,
nonparametric regression using a RFR. The RFR predictions,
presented mode by mode, provide a fully model-independent
benchmark that confirms the reliability of the polynomial fits
over the explored region of the parameter space.
For the (2, 2) mode we obtain the following best-fit

expression:

A22ðδ; χþ; χ−Þ ≃ 5.620 − 1.346χþ þ 0.209χ2þ − 0.261χ2− þ 0.289χ3þ þ 0.282χ4þ þ 0.291χþχ2− þ 0.120χ4− þ 0.779χ2þχ2−
− 2.932δ2 − 0.776χþδ2 − 1.864χþχ−δ − 2.020χ−δ − 5.220δ4 − 2.347χ2þδþ 2.619χ2þδ2 − 1.993χ2þχ−δ

þ 4.212χ−δ3 þ 1.515χþδþ 2.025χþδ3 þ 1.577χþχ−δ2 − 0.198χ2−δ − 0.077χþχ4−: ðC2Þ

p22ðχþ; χ−; δÞ ≃ 0.509þ 0.339χþ þ 0.091χ2þ þ 0.060χ2− − 0.039χ3þ − 0.064χ4þ − 0.030χ4− − 0.156χ2þχ2− − 0.030χþχ2−
− 0.083δþ 0.497χ2þδþ 0.051χ3−δþ 0.202χ2−δ − 0.260χþδþ 0.776χ2þχ−δþ 0.265χ−δ − 1.266χ−δ3

− 0.725χ2þδ2 þ 0.471χþχ−δþ 2.099δ4 − 1.372δ3 − 0.352χ2−δ2 þ 0.417χ−δ2 − 0.134χþδ3: ðC3Þ

For the (3, 3) mode we obtain

A33ðδ; χþ; χ−Þ ≃ 0.0158jχ−j þ δ
�þ3.770 − 3.943δ2 − 0.198χþ þ 0.956χþδ3 þ 1.347χ2−δ2 − 0.159δþ 0.028χ4þ

− 0.433χþχ− − 0.426χ− þ 0.261χ2þ þ 0.890χ−δ − 1.006χ2−δþ 0.158χ3þ − 0.546χ−δ3 − 0.252χ3þδ

þ 0.347χ2þχ2− − 0.197χ2þδþ 0.206χ2þχ− − 0.298χ2þχ−δ
	
: ðC4Þ

p33ðχþ; χ−; δÞ ≃ −0.414 − 0.162χþ þ 0.044χ3þ þ 1.956χ− þ 0.206χ2−0.936χþχ− þ 0.250χþχ2− þ 0.206χ2þχ−
þ 0.988δ − 6.288χ−δþ 0.794χþδ − 1.191χþχ−δþ 5.245χ−δ2 − 1.203χþδ2 − 3.172δ2

þ 3.355δ3 − 1.203χþδ3: ðC5Þ

For the (2, 1) mode we obtain

A21ðδ; χþ; χ−Þ ≃ 0.2987jχ−j þ δ
�
2.6240 − 7.5622χ− þ 11.9443χ−δ − 3.4425χþ − 1.5529δþ 6.9491χþδ − 4.8801χ−δ2

þ 3.5889χþχ− − 3.4132χ2þχ2− − 4.4565χþδ2 − 0.5714χ4þ − 1.5029χ2þχ− − 3.7079χþχ−δ − 0.2406χ3þδ
	
:

ðC6Þ

p21ðδ; χþ; χ−Þ ≃ 0.320χþ þ 0.145þ 0.090χ2þ þ 1.964χ−δ − 0.247χþχ2− − 0.809δ5 þ 2.424χ2þδ2

þ 1.442χ−δ4 − 1.986χ3− þ 4.333χ3−δ − 3.180χ2þδ3 − 1.974χ2−δ3 − 1.573χ4− − 5.663χ−δ3 þ 2.433χ4−δ

− 0.064χ2− þ 0.497χ3þ − 0.263χ5þ − 0.455χ2þχ2−δ − 0.107δþ 1.284χ2−δþ 1.646χ2þχ3−
− 0.798χ4þχ− þ 2.464χþχ3−δþ 0.744χ3þχ2− − 0.750χþχ2−δ2: ðC7Þ
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For the (4, 4) mode we obtain

A44ðδ; χþ; χ−Þ ≃ 0.288 − 0.312χ3− þ 2.159δ4 þ 0.506χ2þ þ 0.764χþχ− − 1.484δ2 þ 0.162χ− − 0.135χ2− þ 0.030χ4þ
þ 0.002δþ 1.334χ2þδ2 þ 0.921χþχ2− − 1.709χ2þχ−δþ 0.819χ3þ − 0.988χþχ−δ2 þ 0.038χþχ2−δ

− 0.407χ−δ3 − 1.562χþχ3− − 1.707χ2þδþ 1.896χ2þχ2− þ 0.353χ4− þ 0.571χ3−δþ 1.538δ3 − 0.784χ3þδ

− 0.864χ3þχ− − 0.492χ2þχ− − 0.692χþχ−δ: ðC8Þ

p44ðδ; χþ; χ−Þ ≃ 2.593 − 132.719δ3 − 0.441χ− − 10.437χ2þδþ 19.225δþ 116.664δ5 þ 27.486χ2þδ3 þ 18.241χþδ

− 10.757χ3þ − 14.336χ−δ − 15.505χ3−δ2 − 3.197χ4− − 11.866χþχ2− þ 12.671χ5þ þ 1.488χ3−

− 21.751χþδ2 þ 49.066χ−δ4 þ 12.432χ2þχ3− þ 25.562χ3−δþ 44.443δ4 þ 0.389χ2−: ðC9Þ

In Fig. 9, we show how the predictions of these poly-
nomial fits compare with the predictions of the RFR, for
which we use the RandomForestRegressor module
available from scikit-learn [53]. We train the RFR
over all our simulations with η > 0.15 (this corresponds to
q < 4.4), due to the relatively low number of simulations at
lower η (higher q). For odd-mmodes, we further restrict the
training to simulations with q > 1, as the mode amplitudes
for the q ¼ 1 simulations are too low to obtain reliable
FFTs. The results in Fig. 9 show the best RFR predictions
optimized over a number of different hyperparameters
(number of estimators, maximum depth, etc.). From Fig. 9,
it is clear that the polynomial fit performs at least as well, if
not somewhat better, than the nonparametric RFR model.
We take this to be an indication of the goodness of our
polynomial models.

1. Assessing the quality and applicability of the fits

From Fig. 9, it is immediately clear that the most accu-
rate results are obtained for the dominant (2, 2) mode. It is
therefore natural to ask in which region of the parameter
space the (2, 2) hyperfit attains its highest reliability.
To address this question, in Fig. 10 we show the mean

mismatch over three representative slices of the three-
dimensional parameter space ðδ; χþ; χ−Þ, namely, (i) the
slice δ ¼ 0, (ii) the slice χþ ¼ 0, and (iii) the slice χ− ¼ 0,
each selected with a tolerance of 2%. This allows us to
visualize how the performance of the model varies across
the parameter space while retaining good sampling in each
direction.
As shown in Fig. 10, the mismatch is small in the bulk of

the parameter space and increases only near its boundaries,
where the available waveforms are more sparse and the
spectral shape becomes more extreme (typically at large χþ
and χ−). However, even in these less favorable regions,
the mismatch remains at most Oð10−3Þ, while for typical
configurations it is of order Oð10−4Þ or smaller. This
confirms the robustness of the hyperfit representation for
ðA22; p22Þ across the entire physically relevant domain.

2. How to apply the hyperfits

When applying the model to numerical data, it is
important to select the frequency window in which the
power-law behavior of the spectrum is reliably captured
and the data are not compromised by the noise. As clearly
visible in Fig. 5 (and consistently across all simulations),
the magnitude of the Fourier transform HlmðωÞ exhibits
two regimes: a power-law decay at low frequencies
followed by an exponential decay at high frequencies. In
logarithmic scale, the transition between the power-law
regime and the exponential decay occurs near the point of
maximum downward concavity of the spectrum, i.e., the
frequency at which the curvature attains its most negative
value. We denote this frequency by ω̄� and determine it
independently for each simulation. We denote by ω̄� the
frequency at which this transition occurs. This value can be
estimated independently for each simulation.
The hyperfit model of Eq. (3) is designed to be applied in

the frequency interval

ω̄∈ ½ω̄in; ω̄f �;

where the initial point ωin is chosen relative to the knee
frequency ω̄�. On the basis of our systematic analysis, we
recommend the following criteria:
(1) A safe, universal choice is

ω̄in ≳ 0.75ω̄�;

which ensures that the model is applied well within
the power-law regime for the vast majority of
simulations.

(2) The upper frequency ω̄f can be defined as the fre-
quency at which the magnitude of the Fourier trans-
form decreases to one twentieth of its value at ω̄�.
This prescription safely excludes the region where
numerical noise affects the Fourier transform across
the entire catalog. However, for simulations in which
the Fourier-transform amplitude is intrinsically very
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FIG. 9. Predictions for Alm (left) and plm (right) as functions of ½δ; χþ; χ−� determined by a RFR (teal) and the polynomial model of
Eq. (8) (light purple) trained over the same sets of SXS simulations. Results are shown for modes ðl; mÞ ¼ ð2; 2Þ; ð3; 3Þ; ð2; 1Þ and
(4, 4), going from the top to the bottom rows. Both models generally predict the parameters Alm and plm fairly well, with the polynomial
fit performing slightly better. Notable exceptions are for p33 and p21, where the low amplitude of the multipoles when q ≃ 1 and the
lower number of simulations contribute to worse overall RFR and polynomial fits. The regressor also struggles to fit the (4, 4) parameters
given the much smaller training set.
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small, the numerical noise floor may be reached
earlier. In such cases, the value of ω̄f may need to be
lowered accordingly to ensure a reliable fit.

These prescriptions guarantee that the fitted parameters
ðAlm; plmÞ are evaluated in a region where the spectral
model is both stable and physically meaningful. When
these conditions are satisfied, the hyperfits provide an
accurate description of the data.

APPENDIX D: DETECTOR-WEIGHTED
MISMATCH ANALYSIS

In this section we assess the agreement between the
numerical data and the parametric model by means of a
detector-weighted mismatch. The mismatch is computed
according to the definition given in Eq. (4), where the
inner product is evaluated by weighting the frequency-
domain spectra with the one-sided noise power spectral
density of Advanced LIGO [54]. We assume a remnant BH
mass of M ¼ 60M⊙. The noise-weighted inner product is
defined as

hajbi ¼
Z

ω̄f

ω̄i

ãðω̄Þb̃�ðω̄Þ
Snðω̄Þ

dω̄; ðD1Þ

where SnðfÞ denotes the one-sided noise power spectral
density.
The resulting distribution of mismatches using the

Advanced LIGO sensitivity curve is shown in Fig. 11,
and it is nearly indistinguishable from Fig. 6, indicating that
the inclusion of detector noise does not alter the relative
performance of the model for a GW150914-like binary.
The model Hð2Þ of Eq. (3), with parameters ðA22; p22Þ

FIG. 10. Mean mismatch for the (2, 2) mode across different
slices of the parameter space. Top panel: slice δ ≃ 0. Middle
panel: slice χþ ≃ 0. Bottom panel: slice χ− ≃ 0. The color scale
highlights the regions where the hyperfit of ðA22; p22Þ yields the
largest deviations from the SXS spectra. The mismatch remains
below Oð10−3Þ everywhere, but the accuracy deteriorates notice-
ably near the edges of the parameter space, in particular for large
values of χþ and χ−.

FIG. 11. Distribution of detector-weighted mismatches be-
tween the numerical SXS (2, 2) modes and the two models
discussed in Sec. II A, computed using the Advanced LIGO
sensitivity curve. Model 1 corresponds to Hð1Þ ¼ MA22

ffiffiffiffiffiffiffiffi
R22

p
,

while model 2 corresponds to Hð2Þ ¼ MA22

ffiffiffiffiffiffiffiffi
R22

p
=ω̄p22 . We

consider the same set of simulations of Fig. 6. For each
simulation, the mismatch is computed using Eq. (4) with the
noise-weighted inner product defined in Eq. (D1).
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obtained from the hyperfit formulas of Appendix C, yields
mismatches that remain again below 10−3 in all cases, and
typically at the level of Oð10−5–10−4Þ. In contrast, the
simpler model Hð1Þ produces a distribution shifted toward
larger values, with mismatches generally 1 to 2 orders of
magnitude higher. These results confirm the superior
accuracy of the Hð2Þ model in reproducing the numerical

SXS (2, 2) data across the parameter space, even when
detector sensitivity is explicitly taken into account. The
level of mismatch can be directly compared with that
reported for QNM-based postmerger models (see Fig. 3 of
Ref. [4]). This demonstrates that the model has good
mismatches under realistic assumptions on the detector
sensitivity for current ground-based detectors.
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