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We evaluate global asymmetry in the luminosities of neutrinos emitted from rapidly rotating
protoneutron stars (PNSs). We build axisymmetric models of PNSs in mechanical equilibrium with
rotation by adding prescribed angular momentum distributions by hand to nonrotational PNS models,
which are extracted from a one-dimensional (spherically symmetric) PNS cooling calculation at different
times: t ¼ 2, 6, 10, 20, and 30 s after a supernova explosion. We then conduct two-dimensional (spatially
axisymmetric) neutrino transport calculations on top of them with the matter profiles (and the spacetime
geometry) fixed. We find for the rapidly rotating models with T=jWj ∼ 5 × 10−2 that the neutrino
luminosity changes by ∼3% depending on the observer position. We give detailed analyses of the neutrino
hemispheres, as well as the neutrino luminosities that are defined observerwise. We also calculate the low-
frequency (≲1 Hz) gravitational waves produced by the neutrinos radiated asymmetrically. We find that
those gravitational waves, if emitted from the Galactic Center, can be detected by planned detectors such as
B-DECIGO, DECIGO, and AILA. Finally, we look for crossings in the energy-integrated angular
distributions in momentum space for the electron neutrino sector, a signature of the fast flavor conversion.
We find them near the PNS surface in all models.

DOI: 10.1103/jmqs-zpnk

I. INTRODUCTION

The fate of a star is mainly determined by its mass: while
low-mass stars (≲8M⊙) end their lives as white dwarfs,
high-mass stars (≳8M⊙) explode violently as core-collapse
supernovae (CCSNe) and eventually leave neutron stars
(NSs) behind [in some cases, black holes (BHs) may be
formed instead] [1–8]. The CCSN explosion mechanism
has been a topic of debate for the past few decades due to its
intricacies. Thanks to the improvements in the computa-
tional resources and numerical methods, a consensus is
building around the neutrino heating mechanism, although
there are some issues to be settled yet [5–18].
The stage between the CCSN explosion and the emer-

gence of a cold NS, referred to as the protoneutron star

(PNS) cooling phase, has also been attracting atten-
tion. Although it was studied independently of the
supernova explosion preceding it in the past [19–26],
it is changing thanks to recent CCSN simulations that
are long enough to cover the early stage of the PNS
cooling [22,25,27,28]. Just after the CCSN explosion, the
PNS is very hot and lepton rich, and a large amount
of energy (2–5 × 1053 ergs) is radiated away as neutrinos
by the time the PNS finally becomes a cold NS
[20,21,23,25,29]. The neutrino signals from the PNS
cooling phase as well as those preceding it provide
invaluable information about the supernova physics, as
well as the properties of the dense and hot nuclear matter
and progenitor stars [30,31].
The first—and so far, unique—detection of neutrinos

from a CCSN explosion is from SN 1987A, which occurred
in the Large Magellanic Cloud [32,33]. Although the nature
of the remnant is still not clear [34], since there is no direct
observation of a neutron star, it is rather certain that a PNS
was initially formed. Most of the detected neutrinos are
thought to have been emitted during the PNS cooling
phase [29].
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It is known that massive stars are rotating rather rapidly
on the main sequence in general and are suggested to have a
bimodal distribution of angular velocity [35–45]. The faster
component may be originated from the merger of binaries
[45]. Although the transfer and loss of angular momentum
in their subsequent evolutions is a subject of intensive
research [41,46–50], the rotation rate of the massive star
core prior to its collapse is still very uncertain [51]. If it is
still rotating rapidly, then the PNS produced by its collapse is
likely to rotate fast as well [52–56]. In that case, the neutrino
emission in the subsequent cooling phase should be non-
spherical, since rapidly rotating stars are flattened by
centrifugal forces. In this paper, we would like to quantify
this.Although they are not a direct target of this paper, rapidly
rotating hot neutron stars are thought to be formed in the NS
merger [57–59]. They will also emit neutrinos copiously as
they cool. We expect that the asymmetry in the neutrino
emission will be qualitatively similar to the asymmetry
considered in this paper for rapidly rotating PNSs.
The cooling phase of a PNS is dictated by the neutrino

transfer inside, and it lasts for ∼30 s, until the PNS
becomes transparent for neutrinos [21,60–63]. The PNS
cooling was studied mostly in 1D under spherical sym-
metry in the past [9,10,20,21,62–64], and only a small
number of attempts have been made to study the rotational
case. Although they employed some approximations and
simplifications, such as slow and/or uniform rotation
[65–72], these studies found that rotation has an impact
on the PNS structure and stability [73]. The total neutrino
luminosity, on the other hand, was not much affected. As
mentioned before, recent long-term CCSN simulations
cover the earliest stages of the PNS cooling (≲2 s)
[22,74–78]. Although they employed a sophisticated multi-
dimensional treatment of neutrino transfer, they considered
mostly slow rotators.
In this paper, we study the anisotropic emissions of

neutrinos from rapidly rotating PNSs in their cooling phase.
Since our primary interest is their global asymmetry, we
ignore the matter motion and compute the neutrino transfer
alone on top of the fixed matter background until the
neutrino distributions become steady. This may be justi-
fied, since the time for the neutrino distributions to reach
steady states, ≪ 1 s, is shorter than the cooling timescale.
We employ a full general-relativistic, multidimensional
Boltzmann radiation hydrodynamics solver based on the
discrete ordinate method that we have been developing over
the years for supernova simulations [79–82], although its
hydrodynamics capability is not used in this paper (but see
Refs. [83,84] for general-relativistic radiation hydrody-
namic simulations). We perform two-dimensional simula-
tions in axisymmetry for the rotational configurations of
PNSs that we build numerically by adding either a uni-
form or a differential rotation by hand to spherically
symmetric matter profiles extracted from a 1D PNS cooling
model [85] at t ¼ 2, 6, 10, 20, and 30 s after a supernova
explosion. For reference, we also calculate nonrotation

models for the original matter profiles taken from the PNS
cooling calculations [85,86]. General relativity is fully
taken into account, with the metrics given as a part of
the background information. By ignoring the matter
motion, we cannot address such issues as convection in
PNSs, which we expect to have indeed occurred. Note that
the criterion for convection is also modified by rotation
[87], and the convective pattern will depend on the latitude.
Hence, the anisotropic neutrino emissions studied in this
paper will certainly be changed in the presence of con-
vection. This paper is the first of a series, though, and we
will address this and other issues one by one later.
This paper is organized as follows: In Sec. II, the

numerical methods employed are described, and the models
are summarized. In Sec. III, the results obtained from the
simulations are presented, and detailed analyses are given
to the neutrino luminosity and the energy spectra based on
the neutrino hemisphere that will be defined later; the
emission of decihertz gravitational waves is calculated, and
the possibility of neutrino fast flavor conversions is also
touched upon. Finally, in Sec. IV, conclusions are given
with some discussions.
Unless otherwise stated, we work in units with c ¼ G ¼

ℏ ¼ 1, with c, G, and ℏ being the light speed, the
gravitational constant, and the reduced Planck constant,
respectively. Throughout the paper, the −þþþ metric
signature is used. Greek (α, β, μ, and ν) and Latin (i, j, and
k) letters are used to denote indices that run from 0–3 and
from 1–3, respectively. In addition, neutrinos are assumed
to be massless, as their minuscule masses play no role.1

II. NUMERICAL METHODS AND MODELS

The numerical construction of rotational models is
explained in Sec. II A; the details of the Boltzmann solver
are described in Sec. II B. In Secs. II C, II D, and II E, the
formulation and methods of calculation of the neutrino
luminosity and neutrino hemisphere position, gravitational
waves, and fast flavor instabilities, respectively, are
described.

A. Numerical construction of rotational models

In this paper, we prepare models of rapidly rotating PNSs
by ourselves, since there are no available ones obtained
from CCSN simulations. We employ a general-relativistic
version of the versatile code developed rather recently by
Fujisawa [86,89]. It can numerically build axisymmetric,
baroclinic rotating stars in general relativity. It solves the
gravitational field and matter profile alternately until full
convergence is reached. Note that the neutrino contribution
is neglected in constructing the PNS configuration. Below,
we give a concise explanation of the method.

1The neutrino masses are not essential even in the neutrino
oscillations, as long as the fast flavor conversion is concerned [88].
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The line element of a stationary, axisymmetric spacetime
of a rotating star without meridional motions is expressed
in general as [90]

ds2 ¼ −eΓþξdt2 þ e2ψ ðdr2 þ dθ2Þ
þ eΓ−ξr2sin2 θðdϕ − ωdtÞ2; ð1Þ

where the metric components Γ, ξ, ψ , and ω are functions
of r and θ.
The Euler equations are written as

ðϵþ pÞ−1 ∂p
∂r

þ ∂

∂r

�
Γþ ξ

2

�
−

v
1 − v2

∂v
∂r

þ F
∂Ω
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¼ 0; ð2Þ

ðϵþpÞ−1 1
r
∂p
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þ 1

r
∂
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�
Γþ ξ

2

�
−

v
1− v2

1

r
∂v
∂θ

þF
1

r
∂Ω
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¼ 0;

ð3Þ

where ϵ is the energy density, p is the pressure, Ω is
the angular velocity, v is the proper velocity with respect
to the zero-angular-momentum observer [defined as
v ¼ ðΩ − ωÞr sin θe−ξ], and F is the specific angular
momentum defined as F ¼ utuϕ.
The Einstein equations for the metric components are

cast into the following form:

∇2½ξeΓ=2� ¼ Sξðr; μÞ; ð4Þ
�
∇2 þ 1

r
∂r −

μ

r2
∂μ
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�
½ωeðΓ−2ξÞ=2� ¼ Sωðr; μÞ; ð6Þ

α;μ ¼ Sαðr; μÞ; ð7Þ

where ∇2 is the Laplacian in the flat 3D space and
μ ¼ cos θ. Sξ, SΓ, Sω, and Sα are the source terms given,
respectively, by

Sξ ¼ eΓ=2
�
8πe2ψ ðϵþ pÞ 1þ v2
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Sωðr; μÞ ¼ eðΓ−2ξÞ=2
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Sαðr; μÞ ¼ −
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In order to impose the boundary condition at spatial
infinity properly, we use a compactified radial coordinate s
defined by

r ¼ re

�
s

1 − s

�
; ð12Þ

where re is the equatorial radius. The original radial
coordinate r covering ½0;∞� is transformed to s in the
range of [0, 1] in the compactified coordinate. We deploy
257 radial grid points in the range of ½0; re� in r or ½0; 1=2�
in s, and 257 points in the ½re;∞� range in r or ½1=2; 1� in s.
The PNS is a bit more bloated than a cold NS, because the
former is still hot and lepton rich. The density gradient is
less steep in the former than in the latter case, although we
deploy many grid points near the PNS surface. In the μ
direction, we use a uniform grid with 129 points.
As mentioned earlier, the equations for the gravitational

field [Eqs. (4)–(7)] and those for the matter profile are
alternately solved. For the latter, we employ the ϕ compo-
nent of the curl of the equations of motion,

ðϵþ pÞ2
�
∂ðϵþ pÞ

∂θ

∂p
∂r

−
∂ðϵþ pÞ

∂r
∂p
∂θ

�
þ ∂F

∂θ

∂Ω
∂r

−
∂F
∂r

∂Ω
∂θ

¼ 0; ð13Þ

instead of Eq. (3).
The concrete procedure is the following: We start with an

arbitrarily chosen configuration, normally a nonrotating
one as a solution of the Tolman-Oppenheimer-Volkoff

(TOV) equation. We solve Eqs. (4)–(7) to obtain the metric
components for this initial configuration as a very crude
approximation. We set an angular velocity profile on the
equator Ω ¼ ΩðϖÞ, with ϖ being the cylindrical radius,
and integrate Eq. (13) in the θ direction to obtain Ωðr; θÞ.
Then we integrate Eq. (2) in the radial direction along each
radial ray to obtain the matter distribution. For this new
configuration, we calculate the metric components anew
and repeat the procedure until convergence is obtained. In the
general baroclinic case, we employ the fact that the entropy
distribution in space is given. Note that no first integral is
required in this formulation, unlike most other methods [89].
In this paper, we assume pseudobarotropic EOSs that differ
from the EOS employed in the PNS cooling simulations or in
the neutrino transfer calculations and are constructed as
follows: the density ρðrÞ, pressure pðrÞ, specific entropy
sðrÞ, and electron fraction YeðrÞ are read off from the
nonrotating PNS cooling models of Ref. [91] at the des-
ignated postexplosion times (t ¼ 2; 6; 10; 20; 30 s) and
regarded the correspondences ρðrÞ vs pðrÞ, sðrÞ, and
YeðrÞ at the same radial point as the pseudobarotropic
EOS.We think that thismethod better reproduces the original
features in the profiles. Then the rotational equilibrium is
solved for the given rotation laws. The resultant rotations are
cylindrical (modulo general-relativistic corrections). In this
paper, we consider a model sequence of uniform rotation—
i.e., ΩðϖÞ ¼ const.—and another sequence of differential
rotation given by ΩðϖÞ ¼ Ωc

1þϖ2=r2e
, with re being the equa-

torial radius, in addition to a nonrotational model sequence
for comparison. Along each sequence, the total angular
momentum (and the baryonic mass) is approximately

TABLE I. Characteristic quantities of all models. The model names are given such a way that the first two letters
indicate either no (NR), uniform (UR), or differential rotation (DR); the last two numbers denote the time after
explosion of the snapshot. The characteristic quantities shown are the central density ρc, the gravitational massMG,
the baryonic mass Mb, the rotation period at the equatorial surface Pe, the total angular momentum J, the ratio of
rotation energy to gravitational mass energy jT=Wj, and the ratio of the polar radius to the equatorial radius rp=req.

Model ρc ðg=cm3Þ MGðM⊙Þ MbðM⊙Þ Pe ðmsÞ J ðg cm2=sÞ jT=Wj rp=req

NR02 6.10 × 1014 1.430 1.47 0 0 0 1.00
NR06 6.75 × 1014 1.400 1.47 0 0 0 1.00
NR10 6.96 × 1014 1.386 1.47 0 0 0 1.00
NR20 7.05 × 1014 1.369 1.47 0 0 0 1.00
NR30 7.18 × 1014 1.360 1.47 0 0 0 1.00

UR02 4.19 × 1014 1.430 1.47 4.11 7.74 × 1048 3.75 × 10−2 0.70
UR06 5.80 × 1014 1.400 1.47 2.75 7.68 × 1048 4.47 × 10−2 0.75
UR10 6.08 × 1014 1.387 1.47 2.43 7.75 × 1048 4.85 × 10−2 0.75
UR20 6.44 × 1014 1.369 1.47 2.14 7.75 × 1048 5.21 × 10−2 0.78
UR30 6.75 × 1014 1.360 1.47 2.03 7.76 × 1048 5.42 × 10−2 0.76

DR02 4.07 × 1014 1.430 1.47 2.47 7.65 × 1048 3.71 × 10−2 0.82
DR06 5.69 × 1014 1.400 1.47 1.71 7.69 × 1048 4.54 × 10−2 0.82
DR10 5.98 × 1014 1.386 1.47 1.52 7.76 × 1048 4.75 × 10−2 0.82
DR20 6.37 × 1014 1.369 1.47 1.36 7.78 × 1048 5.33 × 10−2 0.81
DR30 6.70 × 1014 1.360 1.47 1.30 7.74 × 1048 5.50 × 10−2 0.80
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constant, as mass accretion and loss, as well as magnetic
fields, are neglected in this paper. The values of angular
momentum adopted in this paper are corresponding to the
ratio of rotation energy to gravitational energy, jT=Wj, of
∼0.05. The baryonic mass is Mb ∼ 1.47M⊙. The character-
istic quantities (the central density ρc, the gravitational mass
MG, the rotation period at the equatorial plane Pe, the total
angular momentum J, the ratio of rotation energy to
gravitational mass energy jT=Wj, and the ratio of the polar
radius to the equatorial radius rp=req), in addition to the
baryonic massMb, are summarized for all models in Table I.

B. Neutrino transfer with a general-relativistic
Boltzmann equation solver

For the radiative transport of neutrinos, we solve numeri-
cally the general relativistic Boltzmann equation cast in its
conservative form [92]:

1ffiffiffiffiffiffi−gp ∂

∂xμ

				
qi

��
eμð0Þ þ

X3
i¼1

lie
μ
ðiÞ

� ffiffiffiffiffiffi
−g

p
f

�

−
1

ϵ2
∂

∂ϵ
ðϵ3fωð0ÞÞ þ

1

sin θν

∂

∂θν
ðsin θνfωðθνÞÞ

−
1

sin2 θν

∂

∂ϕν
ðfωðϕνÞÞ ¼ Srad; ð14Þ

where xμ are the spacetime coordinates; qi represents the
momentum-space coordinates: q1 ¼ ϵ, q2 ¼ θν, and
q3 ¼ ϕν, with θν and ϕν being the zenith and azimuth
angles, respectively, in momentum space (see Fig. 1); ϵ is
the neutrino energy defined as ϵ ¼ −pμe

μ
ð0Þ, with pμ being

the neutrino four-momentum and eμðαÞ being the local tetrad
given below; f is the neutrino distribution function; g is the
determinant of the spacetime metric tensor; and Srad is the
collision term. The set of the tetrad basis eμðαÞ (α ¼ 0, 1, 2,

3) is given as follows:

eμð0Þ ¼ nμ; ð15Þ

eμð1Þ ¼ γ
−1
2

rr

�
∂

∂r

�
μ

; ð16Þ

eμð2Þ ¼−
γrθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γrrðγrrγθθ − γ2rθÞ
q �

∂

∂r

�
μ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γrr
γrrγθθ − γ2rθ

r �
∂

∂θ

�
μ

;

ð17Þ

eμð3Þ ¼
γrϕffiffiffiffiffiffiffi
γϕϕ

p �
∂

∂r

�
μ

þ γθϕffiffiffiffiffiffiffi
γϕϕ

p �
∂

∂θ

�
μ

þ
ffiffiffiffiffiffiffi
γϕϕ

q �
∂

∂ϕ

�
μ

;

ð18Þ

where γij is the spatial component of the metric on the polar
coordinates and nν is the timelike unit vector normal to the

time-constant hypersurface. The directional cosines in
momentum space lðiÞ are defined as

lð1Þ ¼ cos θν; ð19Þ

lð2Þ ¼ sin θν cos ϕν; ð20Þ

lð3Þ ¼ sin θν sin ϕν: ð21Þ

Finally, the factors ωi are defined as

ωi ¼ ϵ−2pμpν∇μe
μ
ðiÞ: ð22Þ

FIG. 1. Schematic picture of the coordinate system employed in
this paper. The momentum-space coordinates are locally defined
with respect to the tetrad deployed there.

FIG. 2. Schematic picture showing the relation of the observer’s
position and the neutrino angles: e⃗r, e⃗θ, e⃗ϕ are local orthogonal
unit vectors; n⃗o is the unit vector in the direction of the observer;
n⃗p is the unit vector of the projection of n⃗o in the e⃗θ − e⃗ϕ plane;
and n⃗axis denotes the direction of the rotation axis.
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These equations are finite-differenced in all coordinate
directions. For the details, we refer to Refs. [79–82].
The original matter profiles and metric tensor compo-

nents are extended up to 40 km in the simulations to avoid a
discontinuous transition to vacuum. The metric tensor is
smoothly extrapolated to the flat metric. The matter
quantities, on the other hand, are assumed to be constant
in this extended region except for the density, which
is decreased exponentially down to the floor value,
1 × 10−7 g=cm3. This is done for numerical reasons.
Since these hydrodynamics are not solved in this study
and this extension is done after the rotational equilibrium is
obtained, it has no influence on the matter profiles in the
PNSs. We also hope that the extension approximates, albeit
very crudely, the real situation surrounding the PNSs. On
top of the fixed matter profile thus obtained, the time
evolution of the neutrino distribution function is followed
until a steady state is reached. Note that not only the density
but also the specific entropy s and electron fraction Ye are
fixed during the neutrino transfer calculations.
We deploy the nonuniform radial mesh with Nr ¼ 128

grid points that covers the range r∈ ½0; 40� km. The grid
points are concentrated near the PNS surface, where the
scale height is very short even in the PNS. The number
of spatial angular mesh points is Nθ ¼ 32. Due to the
axisymmetry, there is no dependence on ϕ. As for the
neutrino angles, the number of grid points is Nθν ¼ 10 and
Nϕν

¼ 6. The number of energy grid points is Nϵ ¼ 46 and
covers the range ϵ∈ ½0; 250� MeV.
Three neutrino species are taken into account: νe, ν̄e, and

νx, with the last one denoting collectively the heavy-lepton
neutrinos (τ and μ neutrinos and their antiparticles). As for
the neutrino reactions, we employ the same set as in
Refs. [79,82]—i.e., those essentially based on Bruenn’s
rates [93,94]. In evaluating these rates, we use the nuclear
equation of state (EOS) by Togashi, the same EOS
employed in the nonrotational PNS cooling model [95,96].

C. Observer-dependent neutrino luminosity
and neutrino hemisphere

The local number and flux densities of neutrinos are
given, respectively, as

nν ¼
1

ð2πÞ3
Z

ϵ2dϵ
Z

dΩνf; ð23Þ

Fν ¼
1

ð2πÞ3
Z

ϵ2dϵ
Z

dΩνf cos θν: ð24Þ

In this paper, we are interested in the anisotropy of
neutrino radiations from rapidly rotating PNSs. In order to
quantify it and use the results later for the evaluation of
gravitational waves, we consider the observer-dependent
luminosity defined as follows:

dLνðμoÞ
dΩo

¼
Z

R2αðR;ΩÞdΩ
Z

ϵ3

ð2πℏcÞ3 dϵ

× fðR;Ω;ΩνðΩ;ΩoÞ; ϵÞcμνðΩ;ΩoÞ; ð25Þ

where R is the radius of the sphere outside the PNS, at
which this luminosity is evaluated and Ω denotes its
angular position; Ωo refers to the direction of the observer
at a large distance; Ων is the direction of neutrino three-
momentum (μν ¼ cos θ); ϵ is the neutrino energy; and α ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00 þ g203=g33

p
is the lapse function that takes account of

the redshift correction. Note that R is arbitrary as long as
the sphere is located in the region, where neutrino-matter
interactions are effectively turned off and neutrinos are
streaming freely. We choose R ¼ 40 km. If we set it to a
larger value, we would waste numerical resources, and
moreover, highly forward-peaked and narrow angular
distributions in momentum space at such large distances
could not be resolved with the current numbers of the grid
points [10 ðθνÞ × 6ðϕνÞ�. Without a loss of generality, we
can assume that the observer is located in the x-z plane
(ϕo ¼ 0). The integration with respect to Ω is performed
over the hemisphere facing the observer. From the defi-
nition of the observer-dependent luminosity, the total
neutrino luminosity emitted by the PNS is given as

Lν ¼
Z

dLνðμoÞ
dΩo

dΩo: ð26Þ

As stated before, the neutrino distribution function is a
function of the angles of neutrino three-momentum that
are defined with respect to the tetrad specified locally
[Eqs. (15)–(18); see also Fig. 1]. Hence, we need to express
it in terms of the observer angle θo. This can be done by
calculating cos θν and cos ϕν as follows:

cos θν ¼ e⃗r · n⃗o; ð27Þ

cos ϕν ¼ n⃗p · e⃗θ; ð28Þ

where e⃗r and e⃗θ are the unit vectors pointing in the
radial and azimuthal directions, respectively; n⃗o is the unit
vector pointing toward the observer; and n⃗p is the unit
vector projected onto the e⃗θ − e⃗ϕ plane (see Fig. 2). These
vectors are given as

e⃗r ¼

0
B@

sin θ cos ϕ

sin θ sin ϕ

cos θ

1
CA; ð29Þ

e⃗θ ¼

0
B@

cos θ cos ϕ

cos θ sin ϕ

− sin θ

1
CA; ð30Þ
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e⃗ϕ ¼

0
B@

− sin ϕ

cos ϕ

0

1
CA; ð31Þ

n⃗0 ¼

0
B@

sin θo

0

cos θo

1
CA; ð32Þ

n⃗p ¼ n⃗o − e⃗r cos θν
sin θν

: ð33Þ

Note that general relativity is ignored here, since it is small
on the sphere, where the observer-dependent luminosity is
evaluated (R ¼ 40 km).
The neutrino sphere is the spherical surface from which

neutrinos are radiated away effectively. It is normally
defined as a set of points at which the optical depth from
infinity along the radial ray is equal to 2=3:

τ ¼ −
Z

r

∞

dl
λ
; ð34Þ

where λ is the mean free path. The matter temperature, as
well as the local neutrino distributions on the neutrino
sphere are useful for understanding the neutrino luminosity
and spectrum. In our case, the PNS is rapidly rotating and is
not spherically symmetric but oblate, and as a result, the
distributions of matter and neutrinos are also asymmetric. It
is hence better to consider the neutrino sphere observer-
wise. Since the hemisphere facing the observer is impor-
tant, we consider the neutrino hemisphere for each observer
direction. It is constructed as follows: We consider again a
sphere of radius 40 km, which is the outer boundary of the
computational domain, and emits rays from a set of points
on the sphere inward to the PNS; they are all parallel to the
radial ray to the observer [see Fig. 3(a)]. We then integrate
the inverse mean free path as in Eq. (34), but along each ray
inward from its starting point on the outer boundary. Those
starting points are chosen from the grid points of the
spherical coordinates that are deployed on the sphere of
r ¼ 40 km and are rotated in such a way that the north pole
is directed toward the observer; only the points on the
hemisphere facing the observer are chosen [Fig. 3(b)]. The
set of those points, at which the integral value reaches 2=3,
is referred to as the observer-dependent neutrino hemi-
sphere in this paper. We analyze the shape of and the
average neutrino energies on this hemisphere in detail.

D. Gravitational waves emitted by neutrinos

It is known that anisotropic radiations of neutrinos are
accompanied by emissions of gravitational waves (GWs)
[97–101]. The GWs emitted during the PNS cooling phase
were first studied by Refs. [102,103]. They showed that the

GWs are emitted in the frequency range of 0.1 − 10 Hz and
could have strains of ∼10−22 − 10−20 from galactic sources.
In this paper, we follow the formulation derived in

Ref. [103] and evaluate those decihertz GWs based on
our more realistic models of neutrino emissions. The
waveform of the GW emitted from neutrinos radiated
anisotropically is given as

hsðt; α; βÞ ¼
2G
c4D

Z
t

0

dt0
Z

dΩoWSðΩo; α; βÞ
dLνðt0;ΩoÞ

dΩo
;

ð35Þ

where S∈ ðþ;×Þ specifies the polarization of the GW;
dLν=dΩo is the observer-dependent neutrino luminosity; D
is the distance to the observer from the source; and WS is
the angular weight, given as

WSðθo;ϕo; α; βÞ ¼
DSðθo;ϕo; α; βÞ
Nðθo;ϕo; α; βÞ

; ð36Þ

FIG. 3. Scheme for locating the neutrino hemispheric position.
(a) The schematic picture of the rays, along which the optical
depth is calculated. (b) The starting points of the rays (red dots).
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with

Dþ ¼ ½1þ ðcos ϕo cos αþ sin ϕo sin αÞ sin θo sin β

þ cos θo cos β�ð½ðcos ϕo cos αþ sin ϕo sin αÞ
× sin θo cos β − cos θo sin β�2 − sin2 θo

× ðsin ϕo cos α − cos ϕo sin αÞ2Þ; ð37Þ
D× ¼ ½1þ ðcos ϕ cos αþ sin ϕ sin αÞ sin θ sin β

þ cos θ cos β�2½ðcos ϕ cos αþ sin ϕ sin αÞ ð38Þ
sin θ cos β − cos θ sin β� sin θðsin ϕ cos α− cos ϕ sin αÞ;

ð39Þ
N ¼ ½ðcos ϕ cos αþ sin ϕ sin αÞ sin θ cos β− cos θ sin β�2

þ sin2 θðsin ϕ cos α− cos ϕ sin αÞ2: ð40Þ
In the above equations, α∈ ½−π; π� and β∈ ½0; π� are the

azimuth and zenith angles of the propagation direction of
the GW.
The observer-dependent neutrino luminosity is expanded

as

dLνðt;ΩoÞ
dΩo

¼
X∞
l¼0

Xl

m¼−l

almðtÞ
4π

Ym
l ðΩoÞ; ð41Þ

where we employ the real spherical harmonics defined as

Ym
l ðθ;ϕÞ ¼

( ffiffiffi
2

p
Km

l P
m
l ðcos θÞ cosðmϕÞ m ≥ 0ffiffiffi

2
p

Km
l P

m
l ðcos θÞ sinðmϕÞ m < 0

;

ð42Þ
where l ¼ 0; 1; 2;… and m ¼ −l;…; 0;…; l, and

Km
l ¼ ð−1Þmþjmj

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

ðl −mÞ!
ðlþmÞ!

s
; ð43Þ

Pm
l ’s are the associated Legendre functions. Then,

Eq. (35) becomes

hsðt; α; βÞ ¼
X∞
l¼0

Xl

m¼−l
hamp
lm ΨS

lmðα; βÞ; ð44Þ

with

hamp
lm ¼ 2G

c4R

Z
t

0

dt0almðt0Þdt0; ð45Þ

ΨS
lmðα; βÞ ¼

1

4π

Z
Ωo

dΩoWSðΩo; α; βÞYm
l ðΩoÞ: ð46Þ

In this paper, the PNS is axsymmetric, and there is
no α dependence (and we set α ¼ 0 in the following),
and the spherical harmonic components with m ≠ 0
are all vanishing; moreover, only the hþ is nonvanishing.

For comparison of the GW signal with the detector
sensitivity, the characteristic strain is used. This quantity,
denoted by h̃cSðfÞ, is defined as

h̃cSðfÞ ¼ 2fjh̃SðfÞj; ð47Þ
where h̃SðfÞ is the Fourier transform of the GW waveform
hsðtÞ:

h̃SðfÞ ¼
Z

∞

−∞
hSðtÞe2πiftdt: ð48Þ

E. Fast flavor conversions of neutrinos

It is well established that neutrinos have small but
nonvanishing masses that are not diagonal in flavors
[104–106] and, as a result, they change flavors as they
propagate in space [107,108]. When a neutrino runs
through a region with copious neutrinos present, such as
in PNSs, its mass is modified effectively as a refractive
effect of its interactions with other neutrinos, and as a
consequence, the flavor conversion is also affected. Since
those other neutrinos also change their flavors, the con-
version process becomes nonlinear, showing a rich variety
of phenomena [109–116].
The so-called fast flavor conversion (FFC) is one of such

collective oscillation modes that are induced by differences
in the angular distributions of νe and ν̄e in momentum
space. It occurs very rapidly (on a timescale shorter by
many orders of magnitude than the dynamical timescale of
PNSs), and many studies have demonstrated that FFC will
occur rather commonly in the CCSN core [117–123]. The
possibility of FFC in the PNS in its cooling phase was also
studied [124,125], but for nonrotating PNSs.
In this paper, we will study FFC in our rotating models.

Since our simulations do not incorporate the neutrino
oscillations, we will take a postprocess approach [124],
which is actually a common practice (see also
Refs. [84,126,127] for the implementation of FFC onto
classical neutrino transport). We look into the energy-
integrated angular distribution of the net electron-type
neutrinos, ΔG, which is defined as follows and calculated
from our simulation results:

ΔG ¼
ffiffiffi
2

p
GF

Z
ϵ2dϵ
2π2

ðfνe − fν̄eÞ: ð49Þ

It is known that the presence of zero-crossings in ΔG at
some angles is the condition for FFC [118,124,128–130].
In the region where this condition is satisfied, we calculate
the local growth rate of FFC approximately according to
the following formula [124]:

σFFI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
�Z

ΔG>0

dΩ
4π

ΔG
��Z

ΔG<0

dΩ
4π

ΔG
�s
: ð50Þ
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The angular integral in the first (second) parenthesis is
limited to the angular region, where ΔG is positive
(negative). The subscript FFI (the abbreviation of fast
flavor instability) is used exchangeably with FFC in this
paper, although the former is mostly used in the context of
linear stability analysis in the literature. Note that if FFC
indeed occurs at some point of time, the subsequent flavor
contents will be modified in principle. In the current paper,
however, we ignore such feedbacks, if any.

III. RESULTS

Now, the main results are presented. After summarizing
the background models in Sec. III A, we analyze in
Sec. III B the anisotropies in the neutrino luminosities
and energy spectra quantitatively in detail, based on the
shape and the temperature and Ye distributions on the
neutrino hemisphere defined observerwise [see Eq. (25) in
Sec. II C]. In Sec. III C, we show the results regarding the
gravitational waves (GWs) emitted in association with
the anisotropic neutrino radiations. Finally, in Sec. III D,
we discuss the possibility of FFC by looking for the zero-
crossing in the energy-integrated angular distribution of the
net electron-type neutrinos [Eq. (49) in Sec. II E].

A. Background PNS models

We first summarize the properties of our rotational PNS
models. The information on some relevant quantities is
given in Table I, and the spatial distributions in (the
quadrant of) the meridian section of the temperature,
density, and electron fraction in addition to the lapse
function of the spacetime and the angular velocity are
shown as contour plots on top of the corresponding color
maps in Fig. 4. We consider two time sequences—one in
the uniform rotation and the other in the differential rotation
(see Sec. II A)—in addition to the nonrotational sequence
for reference. Along each sequence, the baryonic mass and
the total angular momentum are kept (nearly) constant, so
that they could be regarded as crude approximations to the
actual evolutions.
The two rotational sequences are in a sense two

extremes: in the former, the angular momentum is supposed
to be transferred very efficiently among fluid elements to
keep uniform rotation, whereas in the latter the specific
angular momentum is almost constant at large cylindrical
radii, meaning that the configuration is marginally
Rayleigh-stable there. Note that the actual spatial distribu-
tion of angular momentum is determined by the PNS
contraction via neutrino cooling, and the angular momen-
tum transfer by not-well-understood mechanisms [59]. This
will change in time, even if the angular momentum transfer
is absent and the specific angular momentum is frozen to
each fluid element. In this paper, as mentioned earlier, the
matter profiles are fixed during the simulations, which
typically last for a few milliseconds.

As found in Table I, all the models have rotation periods
of ≲5 ms on the equatorial surface at the earliest time of
t ¼ 2 s. As time passes, they cool and shrink via neutrino
emissions, and as a result, they spin up. The rotation period
becomes ≲2 ms, and jT=Wj rises up monotonically and
exceeds 0.05 at t ¼ 30 s in both sequences. The central
density also increases monotonically.
As can be seen from Fig. 4, the rapidly rotating PNSs are

substantially flattened due to centrifugal forces. The ratio of
the polar radius to the equatorial radius, rp=re, is larger for
the uniform-rotation models than for the differential-rota-
tion models at equal times. This is because the outer region
rotates more rapidly for the former than for the latter. It is
interesting that the ratio is not much changed in time for
either sequence, despite the radii getting smaller. Note that
the differential rotation is rather limited to the equatorial
surface region in our models (see the lower-right quadrant
of Fig. 4). This reflects the expectation that the central
region of the PNS, which is a descendant of the homo-
logously contracted inner core, will rotate nearly uniformly.
As a result, the configurations of the inner part of the PNSs
on the two sequences are not much different from each
other at equal times. This is also reflected in the fact that the
lapse functions are also very close to each other for the two
sequences (and that is why they are shown only for the
uniform-rotation models in Fig. 4).
It should be emphasized, however, that the neutrino

luminosities and energy spectra are formed near the
surfaces of PNSs and are hence affected by their rotation.
In fact, compared with the nonrotational models, the
rotational models have thicker low-temperature layers near
the surface. The temperature is lower at the pole than on
the equator at the same radius, or equivalently, the
equitemperature surfaces are oblate for both rotational
models. The contrast is higher for the uniform-rotation
models near the surface. The matter density is in general
lower for the differential-rotation models, although the
difference is small near the center. As for the lapse function,
the uniform-rotation models show slightly smaller values
throughout the star.

B. Observer-dependent neutrino luminosity and
neutrino hemisphere

Now, we proceed to the main results—i.e., the
anisotropy in the neutrino emissions. We look first at the
observer-dependent neutrino luminosities defined in
Eq. (25). We show them for each neutrino species sepa-
rately in Fig. 5 as functions of the zenith angle of the
observer position at t ¼ 2; 10; 30 s for the two rotational
models. All three species show similar behavior: at the
earliest time of t ¼ 2 s, the luminosity is highest for an
observer located at the pole and decreases monotonically
with the zenith angle; as time passes, a dip starts to develop
at an intermediate angle; it moves toward the pole with
time; at the same time, the luminosity on the equator
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FIG. 4. 2D profiles with contours of the temperature (top-left quadrant), density (top-right quadrant), electron fraction (bottom-left
quadrant), and lapse function for nonrotating and uniformly rotating models or angular velocity for the differentially rotating model
(bottom-right quadrant) at t ¼ 2 s (first row), 6 s (second row), 10 s (third row), 20 s (fourth row), and 30 s (fifth row) for the nonrotating
(left column), rigidly rotating (central column), and differentially rotating (right column) models.
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becomes dominant over that on the pole. The anisotropy—
i.e., the deviation from the average of dL=dΩ—is greatest
at the earliest time, ∼16% for the uniform-rotation model
and ∼9% for the differential-rotation model; it decreases to
∼5% and ∼3%, respectively, at t ¼ 10 s and rises slightly
to ∼6% and ∼5%, respectively, at t ¼ 30 s. These features
are further analyzed below.
Before doing so, we compare the angle-integrated

luminosities—i.e., the ordinary luminosities as functions
of time for the different models and different neutrino
species—in Fig. 6. As the PNS evolves, the luminosity
decreases monotonically in this phase. Electron-type neu-
trinos are dominant for all models at all times. Comparing
with the nonrotational models, we see a general tendency

that the luminosities of νe and ν̄e are enhanced by rotation,
whereas that of νx is lowered. Our nonrotating model is
consistent with the model in Refs. [60,85], from which the
matter profiles are extracted. The angle-integrated lumi-
nosities for the individual neutrino species, as well as the
sum thereof, are slightly greater than the luminosities
reported in other studies [20,131].
In order to understand in more detail the anisotropies

found in the observer-dependent luminosities, we employ
the observer-dependent neutrino hemisphere defined in
Sec. II C. It was defined as a set of points in PNS that
have an optical depth equal to 2=3 along a line directed
toward the observer. In rotating PNSs, they depend on the
observer position. We may think that neutrinos are emitted

FIG. 5. Observer-dependent luminosity as a function of the observer’s position for νe (top row), ν̄e (central row), and νx (bottom row)
at t ¼ 2 s (left column), 10 s (central column), and 30 s (right column) for the two rotational models. The nonrotational model is also
plotted for reference.
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effectively from this hemisphere, and hence, that its shape
and the average neutrino energy on it are two important
factors in understanding neutrino luminosities and energy
spectra at the observer’s position. Since neutrino-matter
interactions are energy- and species-dependent, so is the
neutrino hemisphere. In the following, we employ the
average neutrino energies given as

hEi ¼
R
fϵ3dΩνdϵR
fϵ2dΩνdϵ

ð51Þ

to determine the location of the neutrino hemisphere. It is
evaluated at r ¼ 40 km for each radial ray to the observer
position in each model [see Fig 3(a)]. Instead of the values
thus obtained, however, we use the on-grid values closest to
them for numerical simplicity. This may be justified, since
we are interested in the understanding of the anisotropy of
the observer-dependent neutrino luminosities. The values
actually employed are given in Table II for readers’
reference. They are similar to those found in previous
studies [132,133].
We show in Figs. 7 and 8 the position of the neutrino

hemisphere and the mean neutrino energies on it at t ¼ 2 s,
10 s, and 30 s for the uniform- and differential-rotation
models, respectively. They are the side views seen from the
negative y axis (or the projection onto the x-z plane). The
solid black line shows the observer direction in each case.
Each dot corresponds to the sampling rays in Fig. 3(a); the
positions of these dots represent the position of the neutrino
hemisphere, where the optical depth is 2=3 from infinity
(actually from the radius of r ¼ 40 km) along those rays;
the color of the dot shows the value of the mean neutrino
energy at its position on the neutrino hemisphere.
As can be seen from these figures, the size of the

neutrino hemisphere shrinks with time, just as the PNS
itself does. It is also apparent that they are not perfect

hemispheres with a constant radius, even for the non-
rotating models. This is simply because the peripheral rays
go through a low-density region of PNS, and the optical
depth reaches 2=3 at larger distances from the starting
points. For the rotational models, the neutrino hemisphere
is skewed. This is again understood from their oblate
configurations, in which matter is thicker near the equator
than around the pole. Also note that the neutrino hemi-
sphere is more deformed at earlier times. This is consistent
with the matter profiles given in Fig. 4: as the PNS gets
more compact in time, its oblateness is reduced for both
rotational models. The mean neutrino energy is highest
near the radial ray and gets lower as the periphery of the
neutrino hemisphere is approached. This is something
analogous to the limb darkening. Again for the rotational
models, the energy peak is shifted slightly toward the pole,
although it is sometimes difficult to see it in the plots. It is
also difficult to discern from the figures, but we find that the
inequality Rνx < Rν̄e < Rνe holds in general, as it does in
the PNS cooling calculations in spherical symmetry. The
values of the neutrino-hemisphere radius we obtained are a
bit smaller than those of the neutrino-sphere radius found in
Ref. [132] [see Fig. 15(a) in that paper]. This may be due to
the fact that their progenitor has a smaller mass (10M⊙). In
Ref. [132], it is also shown that Ēx > Ēē > Ēe, which
agrees with our findings.
Although we find for the rotational models some offsets

of the peak position in the mean neutrino energy from the
radial ray, it seems unlikely to account for the appearance of
the dip in dL=dΩ. We hence investigate dL=dΩ itself in
more detail. In Fig. 9, we present the values of the integrand
in Eq. (25) for the electron-type neutrinos evaluated at
individual sampling points on a sphere with the radius of
40 km; note that they are actually summands in the

FIG. 6. Total luminosity as a function of time for the three
different models and the different neutrino species.

TABLE II. Mean neutrino energies employed in locating the
neutrino hemisphere for all models and neutrino species.

Model hEiνe (MeV) hEiν̄e (MeV) hEiνx (MeV)

NR02 11.7 11.7 14.8
NR06 11.7 11.7 11.7
NR10 11.7 11.7 11.7
NR20 8.7 11.7 11.7
NR30 8.7 11.7 8.7

UR02 11.7 11.7 11.7
UR06 11.7 11.7 11.7
UR10 11.7 11.7 11.7
UR20 11.7 11.7 11.7
UR30 11.7 11.7 8.7

DR02 11.7 11.7 11.7
DR06 11.7 11.7 11.7
DR10 11.7 11.7 11.7
DR20 11.7 11.7 11.7
DR30 11.7 11.7 8.7
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discretized equation, and the integral measure is included.
The upper and lower rows correspond to models UR10 and
UR30, respectively; the three columns are for different
observers, as indicated with the values of θo in each plot.
In the left column, the observer is assumed to be sitting

almost on the equator (θo ¼ 0.499π). The north and south
poles of the PNS are seen from the side and correspond to
the points on the vertical axis at ∼20 km from the origin.
The equator of the PNS is just the equator (or the horizontal
axis) of the figure. The two points on the horizontal axis at
∼25 km from the origin are the equatorial points on the
PNS surface that are also seen from the side by the
observer. In the right column, the observer is assumed to
be located at θo ¼ 0.02π, almost on the north pole. The
origin of the figure corresponds to the north pole of the PNS

in this case. The circle with the radius of ∼25 km is the
equator of the PNS. Since our models are axisymmetric, the
figure is circularly symmetric. The middle column corre-
sponds to the observer located at θo ¼ 0.15π—i.e., in
between two cases. The north pole is sitting on the vertical
axis, but with a distance smaller than ∼20 km (in fact,
corresponding to the red dot in the plot); the origin of the
plot is the point at a latitude of 0.15π. The equator of the
PNS runs below the horizontal axis in this case. The north
pole, as well as (most of) the points on the PNS equator are
seen from tilted directions. Only the point on the PNS
surface that corresponds to the origin is viewed from the
front by the observer.
The color distribution in each plot is understood as

follows. There are two important things: (i) near the PNS

FIG. 7. Neutrino-hemisphere position for the equator observer (left panels), intermediate observer (middle panels), and pole observer
(right panels). Observers with the mean neutrino energy of νe are indicated by color. The top, middle, and bottom rows correspond to
models UR02, UR10, and UR30, respectively.
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surface, the neutrino distributions are forward-peaked—
i.e., they take the maximum value near θν ¼ 0—but (ii) the
peak direction is inclined from the local radial direction,
θν ¼ 0. Since the neutrino sphere is oblate in general,
tracing the matter distribution elongated horizontally by
centrifugal forces, the neutrino distribution is biased toward
the rotation axis; it is also inclined in the azimuthal
direction owing to the beaming effect of rotation. As a
rule of thumb, the neutrino brightness is highest in the
lower-left region from the origin, as vindicated in the
middle panels of Fig. 9.
Left-right asymetry is apparent in the left two panels: the

left half is more reddish, implying that it contributes more
to dL=dΩ than the right half. This asymmetry reflects the
nonaxisymmetry in the neutrino distributions in momentum
space. In fact, their peaks are dislocated from the local
radial direction because of the PNS rotation. Indeed, the

distribution is inclined to the rotation direction. This is
demonstrated in Fig. 10, in which we show the energy-
integrated distribution functions at the points marked
with a cross in the left panels of Fig. 9, which are
roughly corresponding to the center of the reddish
regions of the left plots in Fig. 9, as a function of
ϕν; we fix θν to θo. It is apparent that the distribution is
indeed ϕν-dependent and peaked at ϕν ¼ π=2, which
corresponds to the observer direction. Note that this is
simply the Lorentz boost by rotation and also means
that neutrinos carry angular momentum [75]. Since the
peak directions are more aligned with the observer
direction in the left half than that in the right half,
the former is more reddish. Although these features are
shared by the two plots for the different times, details
are slightly different, reflecting the fact that rotation gets
faster as the time passes and the PNS shrinks (Fig. 4).

FIG. 8. Same as Fig. 7, but for DR models.
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Incidentally, the central regions are always bluish,
because the integral measure is smaller there.
For the intermediate observer, whose location is close to

the direction where the dip in dL=dΩ occurs (Fig. 5), the
picture is different, as shown in the middle column: the
lower-left quadrant is more reddish. This is again due to the
fact that the neutrino angular distributions in momentum
space are nonaxisymmetric, and the peak directions are

misaligned with the direction to the observer’s direction, as
mentioned earlier. This time, it is inclined not only to the
rotation direction but also toward the rotation axis. This
happens because the PNS is rendered oblate by centrifugal
forces, since neutrinos are emitted preferentially in the
direction perpendicular to the PNS surface, which is
deviated from the radial direction most at intermediate
latitudes; for the oblate PNS, this implies the angular
distribution mentioned above. This interpretation may be
further supported by the fact that the dip becomes deeper at
later times when the neutrino hemisphere gets more skewed
(see Figs. 7 and 8). As a result of the combination of this
geometric effect with the rapid rotation of the PNS, the
reddish region occurs in the lower-left quadrant, as
observed.
For the pole observer, the picture is simplest, as shown in

the rightmost column for the two rotational models.
Because of the (spatial) axisymmetry assumed in our
models, the integrand of Eq. (25) is circularly symmetric
for this observer. It should be mentioned that although the
neutrino distribution function itself has larger values near
the pole than at other places, the color near the center is
bluish because of the inclusion of the integral measure,
which is smaller near the pole in the integrand in the plots.
It is difficult to judge from Fig. 9 if the sum of all points

is lowest for the intermediate observer, thus producing the
dip in Fig. 5. To confirm this, we present the cumulative
distributions of the summands in Fig. 9. For this purpose,

FIG. 9. Summand of dL=dΩ [Eq. (25)] for νe in models UR10 (top row) and UR30 (bottom row) for three different observer positions:
the equator observer (left panels), intermediate observer (middle panels), and pole observer (right panels). Each dot corresponds to one
of the sampling points in Fig. 3(b). They are numbered clockwise from the bottom point in the innermost circle outwards. Representative
numbers are shown. All the summand values are evaluated at r ¼ 40 km and displayed in color. The cross points in each of the left two
panels indicates the points used for analysis of the red regions; the triple vertically aligned cross points in each of the middle plots are
used for analysis of the isolated red dot at the middle cross. See Fig. 11 and the text for details.

FIG. 10. Energy-integrated distribution function as a function
of ϕν at the cross point in the left panels of Fig. 9. The value of θν
is fixed to θo.

ASYMMETRIC EMISSIONS OF NEUTRINOS IN THE COOLING … PHYS. REV. D 112, 083039 (2025)

083039-15



we assign sequential numbers to the sampling points,
starting from the bottom point on the innermost circle
and proceeding clockwise and from inside to outside;
some of the numbers are shown in Fig. 9. We give in
Fig. 11 the cumulative distributions of the summand
(including the measure) of (the discretized version of)
Eq. (25) as a function of the number for the same models
as in Fig. 9.
At both times, the distributions for the intermediate

observer (green lines) are consistently the smallest of the
three observers. This may be a bit counterintuitive, since
there is no very reddish region for the pole observer. This is
a consequence of the fact that the central region is more
bluish for the intermediate observer, which is in turn owing
to the angular distribution in momentum space, which is
more inclined to the rotation axis at the corresponding
point. This confirms the dip observed in Fig. 5 at these
times. The behavior of the cumulative distributions for the
equator and pole observers (purple and blues lines, respec-
tively, in Fig. 11) is more complicated because of the
appearance of the reddish regions at different places. The
asymptotic value is greater for the pole observer than for
the equator observer at t ¼ 10 s, while the opposite is true
at t ¼ 30 s. This is consistent with what we observe in
Fig. 5. This trend, however, is not always true. At t ¼ 10 s,
for example, the trend is reversed at number ∼750 and once
more at ∼300. The range in between corresponds indeed to
the reddish region in the top-left panel, where the equator
observer sees higher contributions to dL=dΩ. At t ¼ 30 s,
on the other hand, the reverse of the trend occurs only once
at number ∼200, which corresponds to the inner edge of
the reddish region for the equator observer. This time, the
contributions from the outer points are not so high as at the
earlier time for the pole observer.

Finally, we mention the red dot that appears at a middle
point in the triple crosses in the middle plots of Fig. 9 for
the intermediate observer. It is isolated from the reddish
region to the left. This is not an artifact. The dot corre-
sponds to the north pole of the PNS. We find that the
distribution function is larger there than in the surrounding
area because of the same geometric effect. As a result,
although the value of θν for the observer direction is a bit
larger on the red dot than at the lowest point in the triple
crosses in the plots, the former contributes more to dL=dΩ
than the latter. Not to mention, the contribution from the
uppermost point in the triple is smallest. It is noted that for
the pole observer (see the leftmost plots in Fig. 9), the north
pole is located at the center and is always bluish as
explained above; for the equator observer (the righmost
plots), the north pole is barely seen at θν ¼ π=2, and its
contribution is negligible. This is why the red dot occurs
only for the intermediate observer. Even in that case, its
contribution to dL=dΩ is minor and does not prevent the
dip from occurring for the intermediate observer, as
observed in Fig. 5.

C. Gravitational waves

Since nonrotating spherically symmetric stars do not
emit GWs, they are a good probe of the asymmetry of the
system. In this section, we evaluate the GWs emitted by the
neutrinos that are radiated anisotropically themselves. For
that purpose, we regard the two rotational sequences we
have considered so far as the surrogate of the true temporal
evolutions, which are currently unavailable. This is admit-
tedly a very crude approximation but is certainly a sub-
stantial improvement to the previous estimates [103], in
which the asymmetry of the neutrino radiation from the
PNS was set by hand, and it is the first step to more realistic
evaluations of low-frequency GWs emitted by them. We
employ the formulas explained in Sec. II D.
As mentioned, since the PNSs, and hence the neutrino

radiations from them, are axisymmetric, h× vanishes
identically. In addition, the spherical-harmonic components
with odd l’s also vanish due to the equatorial symmetry we
impose in our models. In evaluating the GW spectra, we
interpolate the snapshots and also extrapolate the resultant
time evolution to 50 s. In the exposition of the GW
amplitudes, we assume that the observer is located at
10 kpc from the PNS.
In order to understand better the behavior of the GW

emissions, we begin with the study of the time evolution of
the coefficients, al0, in the spherical-harmonics expansion
for the rigid- and differential-rotation models in Fig. 12.
The l ¼ 2 contribution is dominant, except around 10 s
when it changes sign. This corresponds to the fact that the
equator becomes dominant over the pole in dL=dΩ around
this time for both models (see Fig. 5). All the coefficients
decrease in time, but the dominant l ¼ 2 component decays
much more slowly than higher-l components. Although the

FIG. 11. Cumulative distributions of the summands of dL=dΩ
for νe in models UR10 (solid lines) and UR30 (dashed lines) for
three different observer positions: the equatorial (purple), inter-
mediate (green), and polar (blue) observers.
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two rotational models are not much different from each
other, a closer inspection finds that the rigid-rotation model
yields higher values than the differential-rotation model,
which results in stronger GW emissions for the former (see
Fig. 13). This is mainly because the former model rotates
more rapidly at large radii, and its global asymmetry is
larger.
Figure 13 shows the GWamplitudes as functions of time

for the rigid- and differential-rotation models. In addition to
their sum, the contributions from individual spherical-
harmonics components are presented up to l ¼ 10. As
expected from Fig. 12, the contribution from l ¼ 2 is
dominant for both models. As the rigid-rotation models are
more deformed, their GW amplitudes are a bit higher. This
is also true for the individual spherical-harmonics compo-
nents. Note that the total amplitude is slightly smaller than

the l ¼ 2 contribution, since the latter changes sign at
t ∼ 10 s. For t≳ 30 s, the GW amplitudes for both models
approach nonvanishing values asymptotically. This is the
memory effect.
The characteristic strains and their decompositions into

the spherical-harmonics components are shown in Fig. 14.
As in the previous plots, the rigid-rotation model shows
slightly larger characteristic strains than the differential-
rotation model, but the overall features are almost identical
for the two rotational models, with the contribution of l ¼ 2
being dominant over other harmonics. The GW memory
manifests itself here as nonvanishing of the characteristic
strain at f → 0 [see Eq. (29) in Ref. [103] ]. It is found that
the GW amplitudes in the decihertz range obtained for our
models are consistent with those derived in Ref. [103] with
a more crude approximation. As claimed in Ref. [103],

FIG. 13. Waveform of the rigid-rotation model (left panel) and the differential-rotation model (right panel), including the contributions
of the different l’s.

FIG. 12. Time evolution of the spherical-harmonics expansion coefficients of the rigid-rotation model (left panel) and the differential-
rotation model (right panel), including the contributions of the different l’s.
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we may read out the characteristic cooling time from the
frequency, at which the GW starts to deviate from the
asymptotic value at f → 0. In fact, the latter frequency is
∼0.03 Hz for the dominant l ¼ 2 component, which
roughly corresponds to tcool ∼ 5 s. The cooling timescales
derived from the temporal evolution of dL=dΩ are given in
Table III. They are obtained by fitting the five data points of
dL=dΩ for each observer direction with a continuous
piecewise-linear function in the log-linear scale. One finds
that the timescale obtained from the GW amplitude
corresponds to the shortest timescale in the earliest period.
Since the neutrino luminosity is highest in the same
interval, it is reasonable that the cooling timescale in that
period is most remarkable. Although closer inspections
give a hint of the longer timescales, particularly in higher
harmonics, they will not be detectable observationally.
Incidentally, the rise at f ∼ 1 Hz is an artifact of the
temporal interpolation. Aside from this artifact, the detailed
waveform (and hence the spectrum also) is affected by the
interpolation scheme employed. Since the data are very
sparse and the interpolant we choose—i.e., the piecewise-
linear function in the log-linear scale—is one of the
simplest, all the features at f ≳ 0.1 Hz that could arise
from the periods between the data points are simply

ignored. They will be superimposed, if any, on the features
we observe in Fig. 14. We have to wait for multidimen-
sional PNS cooling calculations with rotation (and the
evolution of the angular momentum distribution) fully
taken into account to address this issue reliably. We are
planning to do it in the near future.
Finally, we compare in Fig. 15 the characteristic strains

of both models with the planned sensitivities of some future
detectors that are sensitive to the decihertz range of GWs
[134]: LISA [135], DECIGO [136], ALIA [137], and
B-DECIGO [138]. It is found that if the values predicted
by our models are typical, the GW emissions from the
cooling phase of a rapidly rotating PNS at the Galactic
Center (D ¼ 10 kpc) can be detected by some of those
upcoming detectors: whereas DECIGO can detect almost
the whole signal from ∼0.02 Hz to ∼1 Hz, other detectors

FIG. 14. Characteristic strains for the rigid-rotation model (left panel) and the differential-rotating model (right panel), including the
contributions of the different l’s.

TABLE III. Cooling timescales obtained by the exponential
fitting of the light curve for both the rigid- and differential-
rotation models.

Time range (s) tUR
cool range (s) tDR

cool range (s)

2–6 6.2–7.1 6.5–7.2
6–10 7.7–8.1 7.6–8.0
10–20 14.6–15.3 14.6–15.2
20–30 19.4–20.0 19.4–20.0

FIG. 15. Sensitivity curves for LISA, DECIGO, ALIA, and
B-DECIGO compared with the characteristic strains of the rigid-
rotation and differential-rotation models.
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FIG. 16. FFC growth rate in color in the quadrant of the meridian section for all the models.
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such as ALIA and B-DECIGO will be able to observe only
a part of the range (∼0.01 Hz to ∼0.1 Hz and ∼0.06 Hz to
∼0.6 Hz, respectively).

D. Fast flavor conversion

Finally, we touch upon the issue of collective neutrino-
flavor conversions. In particular, we focus on the fast flavor
conversion (FFC), since it is the most fast-growing mode, if
any. It is well known [125] that FFC happens between two
flavor sectors when one of them is more abundant in one
angular domain while the other is dominant elsewhere in
momentum space. It may be given as a zero-crossing ofΔG
in Eq. (49), since we do not distinguish heavy-lepton
neutrinos and their antiparticles. We take a postprocess
approach here—i.e., we look for the points that satisfy this
condition in the results of simulations that ignore the flavor
conversions, which is actually a common practice. In
Fig. 16, we plot as color maps the (approximate) growth
rate of FFC given by Eq. (50) for all models. In these plots,
the region in white corresponds to no crossings, and hence
no FFC. As is apparent, there is a narrow region of FFC
near the PNS surface for all the models at all times. This is
in contrast to previous results [125], in which no FFC
region was observed in their spherically symmetric 1D
models. The discrepancy may be due to the fact that while
the previous studies employed mostly the multienergy flux-
limited diffusion approximation, we solve the Boltzmann
equation faithfully; the neutrino-matter interactions are also
handled differently.
The regions where we find crossings are actually located

outside, but close to, the neutrino sphere and coincide with
the regions where both Ye and Yl rise with radius. This is
why they are wider for the rotational models, particularly
near the equator. In addition, the growth rate increases with
time up to t ¼ 10 s and then decreases thereafter, especially
in the rigid-rotation model.
As mentioned at the beginning, these findings, particu-

larly for the nonrotational models, seem at odds with the
previous results. The regions are rather narrow and close to
the stellar surface, at which we attach an extended tenuous
atmosphere artificially for numerical reasons. Although we
think that its influence is limited, we cannot exclude the
possibility that our results are its artifact. Further inves-
tigations are certainly needed.

IV. SUMMARY AND CONCLUSIONS

We quantitatively evaluated the asymmetry in neutrino
emissions from rapidly rotating protoneutron stars (PNSs),
employing the Boltzmann solver. We extracted snapshots at
t ¼ 2, 6, 10, 20, and 30 s after a supernova explosion from a
one-dimensional PNS cooling simulation without rotation
and built two rotational equilibrium sequences by adding
uniform or differential rotation by hand. They are both
rapid rotators with T=jWj ∼ 5%. Having constant baryonic

mass and total angular momentum, each sequence may be
regarded as a surrogate for the actual time evolution. On top
of the matter distributions so obtained, we solved numeri-
cally the Boltzmann equations for three neutrino species,
νe, ν̄e, and νx, in (spatial) axisymmetry. From the results of
these simulations, we calculated the neutrino luminosity
and the neutrino hemisphere observerwise. Interpolating
and extrapolating the former in time, we also evaluated
low-frequency (decihertz range) gravitational waves emit-
ted by the neutrinos and studied their detectability. As the
postprocess of the simulation results that ignored neutrino
oscillations entirely, we looked into the possibility of fast
flavor conversion. Our findings are summarized as follows:
(1) Our rotational models are both rapid rotators, having

the rotational period of ∼5 ms on the equatorial
surface initially, and are spun up further as they cool
and shrink. As a result, they are oblate with a ratio of
polar to equatorial radii of about 0.7–0.8, which is
rather constant in time. Since the uniform-rotation
model rotates faster at large radii, it is more flattened
than the differential-rotation model.

(2) Neutrinos are emitted anisotropically from the rota-
tional PNSs. The luminosity that should be observed
by a distant observer was calculated as a function of
the observer position. It is highest for the polar
observer and decreases monotonically toward the
equatorial observer at the earliest time. As the time
passes, however, there occurs a dip at an intermedi-
ate-observer direction. In addition, the luminosity
becomes higher for the equatorial observer than for
the polar observer at later times.

(3) The neutrino hemisphere, which was defined to be a
set of points in the PNS that have the optical depth of
2=3 from infinity, was calculated for different
observer positions and the values of physical quan-
tities such as neutrino mean energy. The neutrino
hemisphere shrinks with time just as the PNS does. It
is not a perfect hemisphere with a constant radius,
even for the nonrotating case. It is skewed for the
rotational cases, reflecting their oblate configurations.
The oblateness of the neutrino hemisphere is reduced
in time in general. The mean neutrino energy on the
neutrino hemisphere shows a limb darkening. Inter-
esting as they may be for their own sake, these effects
do not explain the dip in the observer-dependent
neutrino luminosity mentioned above.

(4) The detailed investigation of the observer-dependent
luminosity revealed that the dip was a product of
the combination of geometric and rotational effects.
The oblate PNS emits neutrinos in the direction
of the rotation axis more preferentially. As a result,
the neutrino angular distribution in momentum
space is inclined toward the axis. The misalignment
is greatest at the intermediate-observer direction.
On the other hand, rapid rotation of the PNS makes
the angular distribution inclined to the azimuthal
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direction, corresponding to the fact that neutrinos
carry angular momentum. Both effects combined
generate the dip.

(5) The anisotropically radiated neutrinos emit in turn
gravitational waves in the decihertz range, which is
set essentially by the cooling timescale. The spheri-
cal harmonic analysis demonstrated that the l ¼ 2
component is always dominant but changes sign at
t ∼ 10 s. The contributions of higher harmonics get
smaller monotonically with l. The uniform- and
differential-rotation models have similar behavior,
but the amplitudes are a bit higher for the former,
since it rotates faster at large radii and is more
deformed. The GWamplitude approaches a constant
value asymptotically. The memory effect also man-
ifests itself in the characteristic strain as a non-
vanishing value at f → 0. It was found that the
cooling timescale in the earliest phase can be read
off from the spectrum. It was also demonstrated
that the GWs from a galactic event can be detected
by some planned GW detectors such as DECIGO,
B-DECIGO, LISA, and ALIA in the decihertz range.

(6) In contrast to the previous studies, there is a narrow
region near the PNS surface in all our models,
including the nonrotational model, that satisfies
the linear instability condition and will undergo a
fast flavor conversion. This may be due to the
differences in the numerical methods employed
but could be an artifact. Further investigations are
needed.

There is admittedly ample room for improvement. We
did not compute the time evolutions of rotational PNSs but
replaced them with a sequence of the rotational equilibrium
configurations with prescribed rotation laws. As mentioned
earlier, the angular momentum distribution in a PNS is an
outcome of the evolution itself and should be determined
consistently. We simulated only neutrino transfer in this
study, fixing matter motions (and the spacetime geometry).
This is certainly a big flaw, since we are rather certain that
there will be convective activities in the PNS as it cools
[14,22,83,139]. If true, this may change the neutrino

emissions even qualitatively. Some neutrino reactions of
relevance, particularly at later times [20,85,114], are
neglected. These caveats notwithstanding, the current work
is a step forward from the previous studies [102,103]. We
will address these issues one by one and one after another in
the forthcoming papers.
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