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In this work, we develop a generalized perturbative framework for gravitational shadows in static,
spherically symmetric spacetimes. Building upon the recent two-parameter perturbative framework of K.
Kobialko et al. [Perturbation theory for gravitational shadows in static spherically symmetric spacetimes,
Phys. Rev. D 111, 044071 (2025).], this work extends the expansion in particle energy and metric deviation
to encompass arbitrary, simultaneous deformations of all metric functions. By relaxing the common
restriction of a fixed area radius (3(r) = r?), our formalism applies to a significantly broader class of
alternative gravity theories and exotic compact objects. We derive analytical formulas for the massive
shadow radius up to the second order in the deformation parameter, explicitly revealing the phenom-
enological signatures that arise from the coupling between temporal and spatial metric perturbations. The
key result is that the distinct energy dependence of the massive shadow provides a powerful method to
disentangle these different types of geometric deformations, breaking observational degeneracies inherent
in the photon shadow alone. We demonstrate this principle with applications to traversable wormholes and
canonical scalar-tensor solutions, showing how each produces a unique, distinguishable energy-dependent
fingerprint. This generalized framework provides a robust, theory-agnostic tool for testing strong-field
gravity. It offers a clear methodology for reconstructing metric parameters from potential multimessenger

observations of massive particle shadows.
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I. INTRODUCTION

The direct imaging of horizon-scale structure in M87*
and Sgr A* by the Event Horizon Telescope (EHT) has
transformed the black-hole shadow from a theoretical
curiosity into a precision observable for strong-field gravity
[1,2]. Together with decades of theoretical groundwork on
shadow formation and ray-tracing [3—12], these results
have catalyzed a broad program to test general relativity
(GR) and its alternatives at horizon scales, while also
highlighting systematic challenges and degeneracies in
interpreting a single shadow diameter as a stand-in for
spacetime geometry [13]. Looking ahead, the next gen-
eration aims to resolve substructures, such as narrow
photon rings, and measure their separations and temporal
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evolution, thereby unlocking new insights into the metric
beyond the average ring size [14-17].

At the geometric level, shadow formation is governed by
photon surfaces/light rings and, more generally, by families
of unstable circular orbits [18-22]. In stationary spacetimes,
these include spherical photon orbits in Kerr [23-27]. A
key lesson from recent analyses is that multiple, physically
distinct geometries can cast nearly identical shadows
(shadow degeneracy) unless supplementary information or
more differential observables are used [28—31]. These studies
motivated parametrized descriptions of deviations from
Schwarzschild/Kerr to link shadow features to metric coef-
ficients in a model-agnostic way [32-37]. Environmental and
dynamical effects like plasma dispersion, accretion variabil-
ity, and cosmological backgrounds can also bias or reshape
the silhouette [17,26,38-45].

A complementary direction is to go beyond massless
probes. Massive test particles (and effectively massive
photons in dispersive media) admit energy-dependent
unstable circular orbits whose projection defines an
energy-dependent massive shadow. Strong-deflection and
ring-structure analyses for timelike geodesics have recently
been developed and sharpen this perspective [46—49].
Building on this idea, Vertogradov et al. [50-52]
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introduced general analytic approaches that connect defor-
mations of the metric to photon sphere and shadow radii,
including mass-dependent variations. Similarly, analytical
formalisms have been developed to connect metric defor-
mations to a wider range of observables, from weak-field
particle deflection to strong-field shadow sizes, for sys-
tematic tests with EHT data [53]. In parallel, Kobialko et al.
[54] improved Vertogradov’s et al. work [51] and formu-
lated a perturbation theory for gravitational shadows in
static, spherically symmetric spacetimes, with recent exten-
sions to plasma-immersed disks and emission spectra [38].
These developments reinforce the view that spectral infor-
mation, which is how a shadow changes with probe energy/
frequency, can break degeneracies intrinsic to a single,
achromatic silhouette.

In this work, we develop a generalized, theory-agnostic
perturbative framework for gravitational shadow spectros-
copy in static, spherically symmetric spacetimes. Our
approach extends dual expansions in (i) the particle mass-
to-energy ratio and (i) metric deviations by allowing
simultaneous deformations of all metric functions, notably
relaxing the usual area-radius gauge #(r) = r2.In contrast to
many treatments where only g, is perturbed, our formalism
keeps coupled perturbations of both temporal and spatial
sectors and shows explicitly how their interplay imprints a
distinctive, energy-dependent signature on the massive
shadow. In particular, we derive closed expressions for
the first- and second-order corrections to the shadow radius
and exhibit coupling terms that are invisible to photon-only
analyses. The outcome is a practical recipe to disentangle
temporal vs spatial deformations by scanning the shadow
with particles (or effectively massive photons in plasma),
thereby mitigating shadow degeneracy [11,17,28,30].

We illustrate the method on (i) a Simpson-Visser black-
bounce wormhole [55] and (ii) the Fisher-Janis-Newman-
Winicour scalar solution from scalar-tensor theory [56],
which naturally modifies both g,, and the area function and
thus lies outside the scope of fixed-# perturbations. The
framework also interfaces with broader probes such as
lensing observables, QNMs in the eikonal limit, and
neutrino/particle propagation in modified gravity and
matter-supported spacetimes [12,57-78]. In this sense,
shadow spectroscopy complements ongoing efforts with
the EHT to resolve photon-ring substructure and to
combine electromagnetic and gravitational-wave informa-
tion for horizon-scale tests [14,15].

Section II sets up the generalized metric expansion and
derives energy-dependent conditions for the massive-par-
ticle sphere (MPS) and the shadow radius. Section III
performs the perturbative expansion to second order,
isolating linear and nonlinear couplings of temporal and
spatial perturbations. Section IV presents the worked
examples and highlights distinctive, energy-dependent
fingerprints. We conclude in Sec. V with observational
prospects, connections to time-dependent and dispersive

environments [17,38-40], and propose some research
directions. Throughout this paper, we used geometrized
units by setting G =c =1, and the metric signa-
ture (—, +,+, +).

II. GENERALIZED FORMALISM FOR MASSIVE
PARTICLE ORBITS AND SHADOWS

To construct a perturbation theory capable of describing
a broad class of deviations from the Schwarzschild geom-
etry, we begin by relaxing the gauge choice imposed in the
examples of [54]. We consider the most general static,
spherically symmetric four-dimensional spacetime, whose
geometry is described by the line element [11,12]

ds> =—a(r,8)dt* +y(r,8)dr* + B(r,8)(d6* + sin® 0d¢?),
(1)

where @, f, and y are arbitrary functions of the radial
coordinate r. The parameter ¢ is a dimensionless quantity
that controls the deviation from a chosen background
spacetime, which we take to be the Schwarzschild solution.
For 6 = 0, we recover the familiar Schwarzschild metric.

A. The generalized metric ansatz

Our central methodological step is to introduce a fully
generalized perturbative expansion for all three metric
functions. We express each function as a power series in
the small deformation parameter o, expanding around the
Schwarzschild background:

a(r,8) = ay(r) + da, (r) + Sar(r) + O(8%), (2)
B(r,8) = Po(r) + 8p1(r) + &po(r) + O(F),  (3)
r(r,8) = vo(r) +6y1(r) + &ra(r) + O(F).  (4)

Kobialko et al. [54] develop a shadow perturbation
theory on a Schwarzschild background while fixing the
areal gauge f# = r?, so that #; = 8, = 0 and the analysis
effectively tracks deformations of the temporal sector
a(r) (with examples such as Reissner-Nordstrom treated
under this restriction). Our contribution is to remove this
assumption. We introduce a generalized metric ansatz that
perturbs all metric functions, given by Eqs. (2)—(4), thereby
allowing departures from the Schwarzschild area radius.
This captures spacetimes where the area of spheres is
intrinsically modified (e.g., wormholes, scalar-tensor sol-
utions, regular black holes), and it makes the massive-
particle sphere and shadow explicitly sensitive to couplings
between temporal and spatial perturbations. Consequently,
already at first order the shadow depends on a distinct linear
combination of {ay, 8}, while at second order nonlinear
a—f couplings appear, indicating signatures that are absent
in the fixed-f framework of [54].
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The zeroth-order terms correspond to the standard
Schwarzschild metric components in Schwarzschild coor-
dinates, given by

i) =1=20 gl = (= (1-27)"

(5)

where M is the ADM mass of the background spacetime.

The functions «a;(r), B;(r), and y;(r) for i > 1 represent
arbitrary, theory-agnostic perturbation profiles. This ansatz
is significantly more general than the framework used for
the examples in [54], which was largely restricted to the
case where f,(r) = p,(r) = 0. By allowing for nonzero
perturbations in (r, 5), we can now systematically inves-
tigate spacetime geometries where the area of spheres,
A(r) = 4zp(r), deviates from the simple 477> relation
characteristic of the Schwarzschild gauge. This generali-
zation is crucial for analyzing solutions from alternative
theories of gravity where such modifications natu-
rally arise.

As established in [54] and will be reaffirmed in the next
section, the equations governing the shadow radius for an
asymptotic observer depend exclusively on the functions
a(r) and B(r). The function y(r) does not enter into the
final expression for the shadow boundary. Nevertheless, we
retain its expansion in our ansatz for completeness and to
facilitate potential future extensions of this work, such as
the analysis of the stability of massive particle orbits or the
calculation of perihelion precession, where the full metric
structure is required.

B. Generalized conditions for
massive particle spheres

The gravitational shadow is delineated by light rays or
particle trajectories that asymptotically approach unstable
circular orbits. These orbits foliate a timelike hypersurface
known as the MPS. To determine the location of the MPS in
our generalized spacetime, we analyze the geodesic motion
of a particle with mass m.

Let us begin with the Lagrangian for a test particle
moving in the spacetime described by Eq. (1). This is
expressed as

1 1 )
L= Egﬂ,,)'c"jc” =3 (—a(r,8)t

+7(r.0)i +p(r.8) (0 +sin> 04%)), (6)

where the overdot denotes differentiation with respect to an
affine parameter. The staticity and spherical symmetry of
the metric give rise to two Killing vectors, 5’(’[) = (1,0,0,0)
and 5’(‘ 5 = (0,0,0,1). Along the geodesic, these sym-
metries imply the conservation of the particle’s energy E
and angular momentum L, via

E=—p,=—g,# = a(r,d)i, (7)

L, =py = gy = B(r.8)sin’ 0. (8)

Without loss of generality, we can restrict our analysis to

the equatorial plane (0 = /2, @ = 0), where the total
angular momentum is L = L. The normalization condition
for the four-velocity of a massive particle, g, X = -m?,
can now be used to derive the radial equation of motion.

Substituting the conserved quantities, we find

E2 5 5 L2
arg) TR+

= -m?. 9)

Rearranging this expression to isolate the radial kinetic
term yields

R N
y(r,8)i = 20r9) " Brd) . (10)

Following the convention of [54], we can define an
effective potential V(r, §) that governs the radial motion as

E2y(r,0)i*=V(rd)=—s—-————¢ (11

where we have introduced the conserved specific energy
squared € = m?/E?* and the specific angular momentum
squared [ = L?/E”.

The MPS are, by definition, located at radii r where
stable or unstable circular orbits are possible. A circular
orbit requires the radial velocity and radial acceleration to
vanish simultaneously. In the effective potential formalism,
this corresponds to the conditions that the particle rests at
an extremum of the potential:

V(r6) =0 and v,r(r,a)z‘z—vzo. (12)
r

Applying these two conditions to the effective potential in
Eq. (11) gives us the following system of equations:

|

a—/;—é‘:(), (13)
r l r

—Z—’z-i-gé =0. (14)

Here, the subscript ’, 7 denotes a partial derivative with
respect to r, and we have suppressed the explicit depend-
ence on (r,d) for notational clarity.

This system of two algebraic equations can be solved for
the orbit parameters ¢ and /. From Eq. (14), we first solve
for the specific angular momentum squared, /:
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_Pa,

=22
ap,

(15)
Substituting this expression back into Eq. (13) allows us to
solve for the specific energy squared, . We find

11 /p 1
e= L (B 1 _Pany g
a pl\ap,) «a ap,
Thus, the fundamental equations defining the radius r of

the MPS remain formally identical to those derived in [54],
and these are

_ 1 _B(r.8)a,(r.d)
€= 9) (1 a(r,é)/)",(r,é)>’ (17)

_proP alrd)
' a0 B (r8) e)

The crucial difference, however, lies in the interpretation of
these equations. With our generalized metric ansatz from
Egs. (2)—(4), the functions a, f#, and their derivatives are no
longer simple functions of r but are perturbative series in &
with arbitrary coefficient functions ;(r) and f;(r).

Consequently, Eq. (17) is no longer a simple algebraic
equation for r. It is now a highly complex, transcendental
equation that implicitly defines the MPS radius as a
function of the particle’s energy parameter and the metric
deformation, r = r(e, §). Critically, this implicit function is
now sensitive to perturbations in both the temporal com-
ponent a(r,5) and the angular component f(r,§) of the
metric. This coupling between the perturbations, mediated
through the ratio of derivatives « ,./f,,, is the key feature of
our generalized framework and the source of new phe-
nomenology that we will explore in the subsequent
sections. The primary task of our perturbative analysis
will be to explicitly solve for the function r(e, §) as a power
series in ¢ in order to ultimately determine the correspond-
ing corrections to the gravitational shadow.

C. Generalized shadow radius

Having established the conditions that determine the
location of the MPS, we now turn to the primary observ-
able: the gravitational shadow. The shadow boundary is
formed by the trajectories of particles that originate on the
MPS and reach the observer. To calculate its size, we must
relate the properties of the particle on its circular orbit
(specifically, its specific angular momentum / and energy
parameter €) to the apparent angle on a distant observer’s
celestial sphere.

Let us consider a static observer located at a large but
finite coordinate radius 7 in the equatorial plane (8 = 7/2).
In their local frame, this observer measures the components
of the incoming particle’s four-velocity using an

orthonormal tetrad {e’(‘a>} adapted to the static, spherically

symmetric coordinates. For the metric given by Eq. (1), a
suitable tetrad is

1
e, = ——=(1,0,0,0),
0 Vet Y
1
&) = ———(0.1.0.0).
v(7.6)
1
.- (0,0,0,1). (19)

The components of the particle’s four-velocity #* in this
local Lorentz frame are given by u(® = e’(‘a) GuX*. Using
the conserved energy E = af and angular momentum

L = f¢, the locally measured temporal and azimuthal
components of the four-velocity are given by

E
= p = — 20
u e ,
4 alr, 5) (20)
L
() — oH R 21
u e " .
() Po B(7.5) (21)
The normalization condition in the local frame

is gpu@u® = —(u0)? + (W2 4 (D)2 = —m2,
Substituting the components above, we find
E2
a(7,8)

+ (u)? +

The apparent angle ® of an incoming particle trajectory on
the observer’s sky, relative to the radial direction, is defined
by the ratio of the tangential and radial momentum
components. Following the procedure in [54], we can
relate the angle to the conserved quantities:

(W) L?/B(F.5)
(uM)2 + (uD)2  E*/a(F,8) —m*’

sin? @ =

(22)

Dividing the numerator and denominator by E? and using
the definitions € = m?/E? and | = L?/E?, we arrive at the
angular size of the shadow as seen by an observer at some
finite radius 7:

PG5 i) 1 )

. 78
SN0 = 6~ Br.0) I —a(rd)e’

Such an expression connects the observed angle © to the
specific angular momentum [ of the particle tracing the
shadow’s edge. Since this particle must have originated
from an MPS orbit, we substitute the expression for / from
Eq. (18), which is evaluated at the MPS radius r = r(e, §).
The result is
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(24)

We can simplify this expression significantly by using the
condition for the MPS radius itself, Eq. (17), which relates
the orbit parameters. From Eq. (17), we have the identity

gZ— = 1 — ae. Substituting this into the expression for [

gives I = £ (1 — ae). When this is inserted into Eq. (23), we
obtain a more direct relation expressed as

_ a(7,8) p(r,8)/a(r,5)(1 —a(r,5)¢)
B(7,6) 1 —a(r,d)e '

For most astrophysical applications, the observer is
located at a cosmological distance from the compact object,
so we are interested in the asymptotic limit 7 — oco. For an
asymptotically flat spacetime, the metric functions at the
observer’s location approach their Minkowski values:

p(7.5)

7,.2

sinZ ©

lima(7,6) =1, and lim

F—00 F— 00

=1. (25

In this limit, the apparent angular size ® tends to zero. We
define the finite, observable shadow radius R by scaling this
small angle with the distance 7, we get

R? = lim (7 sin” ©). (26)

r—o0

Applying this limit to our expression for sin’ ®, we find:

R? = lim (?2 %ﬁ(r’ 6)1-alr, 5)€>. (27)

=00 a(r,6) 1-e

The above yields the final, generalized expression for the
squared radius of the massive shadow as seen by an
asymptotic observer:

p(r,8) 1 —a(r,d)e
a(r,d)

RX(e,8) = , (28)

l1—e¢

where the radius r at which the metric functions are
evaluated is itself implicitly defined by the MPS condition,
Eq. (17).

It is essential to recognize the profound implication of
this result. The final formula, Eq. (28), is formally identical
to the one derived in [54]. However, its functional depend-
ence on the underlying physical parameters is now sig-
nificantly more complex and contains a wealth of new
information. In the previous, restricted framework, the
dependence on the metric deformation 6 entered primarily
through a(r,5) and the shift in the MPS radius r(e, §)
induced by it. In our generalized framework, the shadow
radius R*> now depends on the full set of perturbation

functions, {a;(r),p;(r)}. The prefactor f/a is directly
sensitive to perturbations in both the temporal and spatial
geometry, while the implicitly defined MPS radius r(e, §)
now depends on a complex interplay between the pertur-
bations «; and f; and their derivatives, as seen in Eq. (17).
This intricate, coupled dependence is precisely what allows
for the possibility of disentangling different types of metric
deformations by observing the shadow’s size across a
spectrum of particle energies e. The primary goal of the
following section is to systematically expand this compact
expression in the small parameter 0 to extract these
phenomenological signatures.

III. PERTURBATIVE EXPANSION
OF THE SHADOW RADIUS

The core of our analysis is to solve for the shadow radius
R*(e,5) as a power series in the small deformation
parameter 6. The background for this expansion is the
exact solution for the massive shadow in the unperturbed
Schwarzschild spacetime, which we denote by R, (€).
The corresponding radius of the MPS in this background,
which we denote by r((e), is also known analytically and
was presented in [54]. The primary challenge lies in
systematically computing the corrections to these quantities
arising from the generalized metric perturbations intro-
duced in Sec. IT A.

A. First-order correction to the MPS radius

We begin by calculating the correction to the shadow
radius at the first-order in 8. This involves a two-step
process: first, we must determine the first-order shift in the
MPS radius itself, and second, we use this to find the
resulting first-order change in the shadow radius. As we
will demonstrate, a remarkable simplification occurs in the
second step, rendering the final expression for the shadow
correction independent of the explicit form of the MPS
radius correction.

The MPS radius r(e, §) is defined implicitly by Eq. (17),
which we can write schematically as e = F(r(e,d),d),
where

Firg) -] (1_ﬂ(r,5)a.r(r,5)>.

a(r,d) a(r,8) p,(r.6)

To find the first-order correction, we expand the MPS
radius as a series in ¢ around the background solution
ro(€) via

r(e,8) = ro(e) + 6ri(e) + O(8?). (29)
We now expand the implicit equation ¢ = F(r, ) to first-

order in 6. The left-hand side, ¢, is independent of 6. The
right-hand side is expanded around the point (rg,0):

124072-5
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F(r(e, 6),6) ~ F(ry,0) +6|—

+O(). (30)

By definition, the zeroth-order term corresponds to the
background solution, so F(ry,0) =e¢. For the entire
equation to hold, the term of order & must vanish. This
gives us a linear equation for the first-order correction to the
radius, r;(e):

oF oF
— ri(e) +— =0. (31)
I 100 9 {(r,0)
Solving for r(e) yields
0F /95
S 32
(CES-T< I 32)

The denominator, 0F/dr|, (), is related to the stability of
the background circular orbits. It is proportional to the
second derivative of the effective potential, V ,,, evaluated
for the Schwarzschild background, and is generically
nonzero for the unstable orbits that form the shadow.
The numerator involves the partial derivatives of the metric
perturbation functions, a, (r) and S, (r), evaluated at r(e).
While an explicit (and rather lengthy) expression for r(e€)
can be derived by computing these derivatives, we will find
that it is not required for the first-order correction to the
shadow radius itself.

We now compute the first-order correction to the squared
shadow radius, R?. The full expression depends on & both
explicitly through the metric functions and implicitly
through the MPS radius r(e, §). Here, we obtain

R?(e,6)=G(r(e,5),8), where

p(r,8)1—a(r,6)e
a(r,d) 1-e

G(r,6)= (33)

The first-order correction in § is given by the total
derivative of R? with respect to o, evaluated at 6 = 0 is

dR?
AR%2 =6

m=°s5 |, (34)

5agar+ % .
or 00 6550, ro(€)

Here, 0r/d6 is simply r;(¢). A key insight, consistent with
the findings of [54], is that the first term in this expression
vanishes. To see this, let us compute the partial derivative
0G/or and we get

0 1 —
N () - a0) 4 age

:;gjgwﬂ—m»u—m>

Let wus evaluate this at the background point
(6 =0,r = ry). At this point, the MPS condition for the
background spacetime holds, where

_i ﬁ()a()r
€7a0 <1 ) (36)

ao Po.r
This can be rearranged to give the identity

- pa ael. (35)

ﬂo Q. r
Qo ﬁo.r

1 —ape (37)

Substituting this into the derivative expression evaluated at
the background, we find

% = ! Boao,,

5 (r0.0) - m{(ﬂo,r% _ﬁO(ZO,r> <a_0%) _ﬂOaO,raO€:|
_#[< Poax Or_ﬂ ﬁoaor)
~ag(l-e) o Yaoho, " %0 a0Bor

—ﬂoao,rao€]
1 2
(i J°°’%%?%%ﬂﬂ‘ (38)

Factoring out fyay ,, the above becomes

ﬂoao,r {1

G _
(ro.0) (l%(l - 6)

ar

_ :BOaO‘r

aOﬁOJ

- aoe] =0. (39)

The term in the square brackets is zero by the very
definition of the background MPS radius ry(e).

This elegant result means that the first-order correction to
the shadow radius is insensitive to the first-order correction
of the MPS radius. The shadow radius, when viewed as a
function of the orbital parameters, is at an extremum with
respect to the orbital radius. Therefore, the first-order
correction simplifies dramatically to

AR? = éag

1) =935 (40)

5=0,r=r(€)

Let R%(e,8) = G(r(e,5),8) with G defined in Eq. (33),
and expand r(e,8) = ro(€) + > 45 8 ri(e). The back-
ground MPS condition implies

o0
%Gy (41)
Il (7.0
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At first order,

AR? =8| =—+— =o— . (42
M) [61’05 95 (42)

0G or 0g] 0g
(r0,0) 96 (r0.0)

SO AR%]) depends only on the explicit perturbations

{a;,p:} evaluated at r, and is independent of r
[cf. Egs. (34)—(40)]. Differentiating once more and evalu-
ating at (ro,0) yields

AR2 —

52
@ =7

[g,rrr% + 2g,rérl + g,ﬁé](ro,o)’ (43)
where the would-be term G ,r, vanishes due to (41)
[cf. Egs. (50)—(55)]. Proceeding inductively, at order n

the only linear term in r,, is G ,r,,, which vanishes by (41).
Therefore, AR%H) depends on {r;};<,_; but not on r,,

plus explicit metric variations through G5 with j <n.
Physically, this reflects that the shadow is evaluated at an
extremum with respect to r, so translating the orbit along
the extremum affects the observable only through curvature
terms controlled by lower-order shifts.

The partial derivative with respect to & captures the
explicit change in the metric functions. Applying the chain
rule

oG 9Goa aGop
%6 a5 9pos’ (44)

and from our metric ansatz, da/05 = a;(r) and 9f/d5 =
B1(r) at 6 = 0, the remaining partial derivatives are

ag_—_ﬁl—ae p —e p

% _ F € __ @5
da o 1l—-€¢ al-c a*(1 —¢) (45)
G 11-—ae

99 _1 , 46
i al-—e (46)

Evaluating these at the background point (§ =0, r = ry)
and combining everything, we obtain the final expression
for the first-order correction to the squared shadow radius
gives

1—ay(rg)e

ARy (€)= 2 T T=0)

(

pi(ro) — Polro) )0’1(’0>-

0!0(”0)2(1—6

(47)

This result is the cornerstone of our generalized framework.
It explicitly shows that, to first order, the deviation of the
massive shadow from its Schwarzschild value is a linear
combination of the perturbation functions «; and pf,
evaluated at the unperturbed MPS radius ry(e). The
coefficients of this linear combination are functions of
the background metric and the particle energy parameter .

It is this distinct energy dependence that provides a handle
to observationally disentangle the effects of perturbations to
the temporal and spatial components of the spacetime
metric.

B. Second-order expansion

While the first-order expansion reveals the linear
response of the shadow to metric perturbations, it is often
insufficient to distinguish between different alternative
theories of gravity, as distinct physical models can be
constructed to yield identical first-order shadow character-
istics. To break these degeneracies and probe the nonlinear
structure of the underlying theory, we must extend our
analysis to the second order in the perturbation parameter 6.
This calculation is substantially more involved, as it
requires the first-order correction to the MPS radius and
introduces crucial coupling terms between the different
metric perturbations.

The full expansion of the squared shadow radius up to
second order is given by

R*(€.6) = Ry (€) + ARY (€) + AR, (6) +O(8). (48)
where the second-order correction term is defined by the
Taylor series as

5% d*R?

AR}, () = T (49)

(

6=0

Our primary task is to compute this second total derivative.
We begin by differentiating the first total derivative,
Eq. (34), with respect to 8, resulting to
d*R> d [0Gor o
== 9Gor G\ (50)
dé dés \ordd 06

Applying the product and chain rules yields a more
complex expression

d G

SV EZ LS (s
i~ \@sor) a6 oree Tasas OV

d*R? (d ag) or 0Go*r
We must now evaluate this expression at the background
point (6 = 0, r = ry). Let us examine each term. The term
or/0d evaluated at 6 = 0 is simply the first-order radius
correction, r;(¢), which we formally derived in Eq. (32).
The term 0%r/05> corresponds to 27, (), where 7, (€) is the
second-order correction to the MPS radius.

Crucially, just as in the first-order calculation, a key
simplification occurs. The factor multiplying the second-
order radius correction, dG/or, evaluates to zero at the
background point. Therefore, the term involving r,(€)
vanishes entirely:
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*r
Frs)
(r0.0) 99

g

(r0.0)

This is a profound result: the second-order correction to the
shadow radius does not depend on the second-order
correction to the MPS radius. It does, however, depend
on the first-order correction, r|(€).

The remaining terms must be expanded using the chain
rule for their total derivatives with respect to o:

d oG 0*Gor 0°G
—_— =t 53
dsor  or*ods * 0o0r (53)
do G or o
daog _ ogor _g (54)
dé60o 0rddsds 096

Substituting these back into Eq. (51) and evaluating at
0 = 0 gives the final expression for the second derivative as

%G (or\?
= |—= 2
5=0 L)rZ <55> -

This expression is analogous to that found in [54] for the
more restricted case, but its physical content is now
much richer. It shows that the second-order correction
arises from three distinct sources: 1. A purely quadratic
term (x (dr/05)?), which depends on the square of the first-
order MPS radius shift and the stability of the background
orbits (via G ,,). 2. A mixed term, which couples the first-
order radius shift to the first-order explicit change in the
metric functions. 3. A purely second-order term (x G s5),
which depends directly on the second-order metric pertur-
bation functions, a,(r) and f,(r).

To obtain the final result, we must compute the partial
derivatives in Eq. (55). This involves extensive but straight-
forward calculus. The partial derivatives of G(r,5) are
taken with respect to its arguments r and &, and then
evaluated at the background point (ry,0). The derivatives
of the metric functions with respect to ¢ are

d*R?
ds*

G or *G

24 . (55
050rd5 ' 08 | 5o, (55)
) 0

oa ap

—_ = N —_— — N 56
2|, ) 95|, b (56)
Pa 0B

—| = , —=| =2p,. 57
052 0 ar 052 o ﬁ2 ( )

After a lengthy calculation, the second partial derivatives of
G evaluated at the background can be expressed in terms of
the background functions (ay, ;) and the perturbation
functions (a;, f, @, B»). The final result for the second-
order correction takes the following schematic form

2

AR, (6) = 2 [Con(Ear(ro) + Cp (ol

+ Cy, (€)ay (rg)* + Cp, (€)p1(ro)?
+ Cayp, (€)ai (ro)B1 (7o)
+ Cala]_,(e)al(rO)al,r(VO) + ] (58)

The coefficients C;(¢) are complicated functions of the
background Schwarzschild metric and its derivatives,
evaluated at the unperturbed MPS radius r((€). The ellipsis
(three dots) indicates that terms involving derivatives of the
perturbation functions (e.g., a; ,, ;) also appear, arising
from the dependence on ri(¢) and the mixed partial
derivatives. Note that Eq. (58) is schematic: besides the
explicit quadratic pieces {ay, f,, a}, 7, a4, } it also con-
tains derivative couplings generated by the G ,, and G 5
terms and by ry(e), (e.g., terms « ayay ., f1 51, a1 ,fB1) as
well as second derivatives a; ,,, f ,,, all evaluated at ry(e).
The complete list of coefficients is provided in the
Appendix; see Eqgs. (A11)—(A15).

The explicit appearance of terms quadratic in the first-
order perturbations through @, 3, and most importantly,
the cross-term « f; is the central outcome of this second-
order analysis. These terms represent the nonlinear
response of the spacetime geometry to the perturbations.
It is precisely these terms that can break the observational
degeneracy between different physical models. For exam-
ple, two different theories might be tuned to have the same
linear shadow deviation (AR%I)) for a given energy e.

However, their distinct underlying physics will, in general,
lead to different coupling structures, resulting in different
quadratic coefficients C;(¢) and thus a measurably differ-
ent AR%Z).

Therefore, the second-order expansion provides a far
more discerning probe of strong-field gravity. By analyzing
the energy dependence of the massive shadow radius with
sufficient precision, one could, in principle, constrain not
only the individual perturbation functions ¢; and f; but also
the way they couple to each other, offering a deeper insight
into the fundamental nature of the gravitational interaction.

IV. INSIGHTS AND PHENOMENOLOGICAL
IMPLICATIONS

The generalized perturbative framework developed in the
preceding sections provides more than just a formal
extension of the work in [54]. It unlocks a qualitatively
new capability: the ability to observationally disentangle
metric deformations that affect different components of the
spacetime geometry. This subsection explores the method-
ology and profound implications of using massive particle
shadows as a spectroscopic tool to probe the structure of
strong gravitational fields.
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A. Disentangling metric deformations

The central challenge in testing strong-field gravity with
a single observable is the problem of degeneracy. Different
physical theories or matter content can lead to identical
observational signatures, making it impossible to distin-
guish between them. Our generalized formalism, when
combined with multi-energy observations, provides a
powerful pathway to break these degeneracies.

1. The degeneracy of the photon shadow

Let us first consider the limitations inherent in observing
only the photon shadow (¢ = 0). Setting ¢ = 0 in our first-
order result, Eq. (47), gives the correction to the squared
radius of the photon shadow:

-5 Bi(res) _ Po(res)

=AR? (e=0)= )
(1)(6 ) a()(rps)zal(rPS)

AR
PS(L) Ofo(rps)

(59)

where rpg = ro(e = 0) = 3M is the photon sphere radius
in the Schwarzschild background. A single measurement of
the photon shadow size constrains only this specific linear
combination of the functions a;(r) and 3, (r), evaluated at
the single radial location r = 3M.

It is immediately apparent that an infinite number of
different pairs of perturbation functions (a;,f;) can pro-
duce the exact same value for ARIZ,S<1). For example, a

deviation caused purely by a modification to the temporal
geometry (a nonzero «; with ; = 0) could be perfectly
mimicked by a completely different theory that primarily
modifies the spatial geometry (a nonzero f; with a; = 0),
provided their values at r = 3M satisfy the constraint
imposed by the measurement. Thus, the photon shadow
alone cannot distinguish between a temporal and a spatial
warp in the spacetime geometry.

2. Breaking degeneracy with shadow spectroscopy

The use of massive particles fundamentally changes this
situation. The key lies in the energy dependence of the first-
order correction, as encapsulated in Eq. (47). This is

AR%U(G) B { 1 —ay(rg)e
1)

= lag(ro)(1 = 6)]ﬂ1(ro(e))
T

Lro(ro)2(1_€)] 1(roe)).  (60)

S———

B(e)

Varying the particle energy parameter € acts as a powerful

scanning tool in two distinct ways:
(i) Varying response coefficients: The coefficients A(e)
and B(e) have different and nontrivial functional

dependencies on €. This is because ay = 1-2M/r,
and f3) = r} are themselves functions of ry(e). As €
changes, the relative weighting of the contributions
from 3, and «; to the total shadow deviation changes
in a precisely predictable way.

(i) Performing a radial scan: More importantly, the
radius of the MPS, r((¢), is a monotonic function of
energy, ranging from ry(0) = 3M for photons to
ro(e = 1) = 4M for nonrelativistic particles. There-
fore, by observing shadows cast by particles of
different energies, we are not just probing the
geometry at a single radius; we are effectively
performing a radial scan of the perturbation func-
tions a;(r) and f,(r) across the entire strong-field
region between 3M and 4M.

This shadow spectroscopy provides the necessary leverage
to disentangle the metric deformations. Suppose we are
able to perform a set of N measurements of the shadow
radius, R?, for N distinct particle energies, €;. Each
measurement provides an independent linear constraint
on the values of the functions a;(r) and f(r). This can
be written as

D, = R? - Rlz\(;ISch(ej)
=A(e;)Pi(ro(e;)) —B(e;)ai (ro(e;)), forj=1,....N.
(61)

The left-hand side, Dj, is the observationally determined
deviation for each energy bin.

To make this system solvable, we can parametrize the
unknown perturbation functions as a series expansion, for
instance, in powers of M/r, which is a common approach
in post-Newtonian theory and other parametrized frame-
works:

a,(r)_ick@)k, ﬂ,(r)_lid,g)l, (62)

k=1

where {c,} and {d;} are a set of unknown dimensionless
coefficients that characterize the specific theory of gravity.
Substituting these expansions into our system of observa-
tional constraints yields a system of N linear algebraic
equations for the K 4+ L unknown coefficients. Hence, we
can recast Eq. (61) as

D, = Ac;) ZZ;:d, (iy )y ck< M_)>k.

r0(€j)

(63)

If a sufficient number of measurements are made
(N> K+ L), this linear system can, in principle, be
inverted to solve for the coefficients {c, d;} individually.
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This procedure represents a powerful, model-independent
method for metric reconstruction in the strong-field regime.
The ability to solve for the coefficients describing the spatial
perturbation ({d, }) independently from those describing the
temporal perturbation ({c¢, }) is a direct consequence of this
generalized framework and is entirely inaccessible using
photons alone. The prospect of using high-energy astro-
physical messengers, such as neutrinos, to perform this kind
of shadow spectroscopy could one day allow us to map the
gravitational field near a black hole with unprecedented
detail, providing a sharp and decisive test of general
relativity and its alternatives.

B. Application to test cases

To demonstrate the practical utility and predictive power
of our generalized perturbative framework, we now apply it
to a class of spacetimes that lies beyond the scope of the
restricted formalism used in [54]. The chosen example, a
traversable wormhole geometry, highlights how simulta-
neous perturbations to both the temporal and spatial
components of the metric produce unique, observable
signatures in the energy-dependent shadow.

1. The Simpson-Visser black-bounce wormhole

We consider the compelling and analytically simple
Simpson-Visser metric, which describes a black-bounce
spacetime that can represent either a regular black hole or a
traversable wormhole. As detailed in Ref. [55], its line
element is given by

2M
s == (1-— 2

oM\
drr + (1 - 7) dr?
P+ b5> Vb

+ (r* + b3)(d&? + sin0d¢?). (64)

This geometry is characterized by a bounce parameter b,
which regularizes the central singularity. The spacetime
smoothly interpolates between two distinct physical
regimes: (a) In the limit b, — 0, it reduces to the standard
Schwarzschild metric; (b) for b, > 2M, the event horizon
vanishes, and the geometry describes a two-way, travers-
able Morris-Thorne-type wormhole with a throat of
radius by.

The crucial feature of this metric, from the perspective of
our framework, is that it modifies both the g, and the
angular components of the metric relative to the
Schwarzschild solution. Specifically, the metric functions
a(r) and p(r) are

oM
NGRS

The modification to f(r) represents a fundamental change
in the spatial geometry where the area of a sphere is no
longer 4zr>. This is precisely the type of deformation that

a(r)y=1- p(r)=r*+b3 (65)

the restricted gauge choice of [54] cannot handle, making
the Simpson-Visser spacetime an ideal test case for our
generalized methodology.

Now, let us identify the perturbation functions. For this,
we treat the bounce parameter b, as a small quantity and
expand the metric functions in powers of a dimensionless
parameter. A natural choice is & = (by/M)?, assuming
by < M. We expand a(r) and f(r) to first order in &.

For the angular component f3(r), the identification is
immediate:

p(r)=r+b}=_r + <b°)2yj=ﬁo(r)+6ﬂl(r)-

~~ M
Po(r) pi(r)
(66)
Thus, we find a constant first-order perturbation,

p1(r) = M?, with all higher-order terms, f3;5, (), being zero.
For the temporal component a(r), we first expand the
square root term for small b, giving

IR YA SO VARY ]
\/m r r2 r 2 2 ro2r
(67)

Substituting this into the expression for a(r), one finds

(68)

We have now successfully mapped the Simpson-Visser
geometry, in the small throat-radius limit, onto our pertur-
bative framework with the nontrivial perturbation functions
and find

Bi(r) = M>. (69)
We can now compute the first-order deviation of the

massive shadow radius by substituting these perturbation
functions into our main result, Eq. (47) and find

() [ A o Balre) (M
AR €)= | 2 ) et ()|
(70)

where ry = rqo(e) is the unperturbed Schwarzschild MPS
radius. The result gives a concrete prediction for the unique
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observational signature of this wormhole geometry, and
such a formula reveals how the two distinct types of
geometric deformation contribute to the total shadow
deviation:

(i) The first term is a contribution associated with the
spatial geometry), proportional to 3, = M?, arises
directly from the modification of the area of spheres.
This term is novel to our generalized framework and
represents the dominant effect for this model. Since
the coefficient A(e) is positive, this term provides a
positive contribution, meaning the increased area of
spheres at a given r tends to enlarge the shadow.

(i) The second term, proportional to a; = M?3/r3,
comes from the modification to the gravitational
redshift function (temporal geometry). This term is
similar in form to perturbations from charge or other
sources in standard black hole solutions. Its coef-
ficient —B(e) is negative, so this term provides a
negative contribution, tending to shrink the shadow.

The net effect is a competition between these two

opposing contributions. The final observable signature is
encoded in the precise energy dependence of the total
deviation, AR%l)(e), which is determined by the interplay

between the coefficients A(e) and B(e) and the radial
dependence of the perturbation functions. This unique
functional form of AR%I) (€) serves as a powerful fingerprint

of the Simpson-Visser geometry. It would be observatio-
nally distinct from, for instance, a Reissner-Nordstrom
black hole, which has #; =0 and a different functional
form for a(r). Measuring the shadow radius for several
different particle energies would allow observers to trace
out this curve, thereby confirming or ruling out this specific
wormhole model as a candidate for a given compact object.
This example powerfully illustrates that moving beyond the
photon shadow and incorporating both massive particles
and a generalized geometric framework is essential for
distinguishing exotic compact objects from standard
black holes.

Let us analyze Eq. (70) more explicitly. Evaluating the
MPS condition in Eq. (17) on the Schwarzschild back-
ground ay = 1-2M/r, By = r* gives

2 —3Mr
GZW, (71)

whose unstable branch yields the analytic MPS radius [54]

_ 3—4e+V9 -8
N 2(1 —¢)

role) = Mf(e),  f(e) (72)

given in terms of the dimensionless energy parameter
fle) = ro(e)/M, where ry(e) is the radius of the unper-
turbed Schwarzschild MPS. This gives the massive-
Schwarzschild shadow

M2 2 17
R? =— =2TM?*( 1 +Ze4+—e*+--- ). 7
Mschw (€) i—f ( +3€+27€ + ) (73)

For the SV metric, expanding in § = (by/M)? yields to
first order

a(r) = ao(r) + 6 (r),

M3
(11(7):7,

p(r) = Po(r) +6p,(r),

Pi(r) = M. (74)

Using the linear correction at the MPS given by Eq. (70)
and evaluating at r, gives

)
fT, Pi(ro) =M?,

(75)

Po=Mf*  a(r)) =—

f

ay =

so that

AR(ZI)(e): l—f%ze _f 1
oM> 2(1-¢) (f-271-e

(f=2)f(1 —€) +2¢] - f

(f-2701-e
:f(f_3) —€(f—2)2 (76)
(f=20(1-e
Using the exact Schwarzschild MPS relation € = {}f_ ;?z) , the
numerator vanishes identically, hence
AR? (€) =0 for all e. (77)

Therefore, up to first order in d, we have
Rz(e’ 5) - Rl%/lSchw(e) + O<52)

2 17
= 27M2(1 +§€+2—7€2 +> +0O(8%). (78)

Therefore, unlike RN BH, the SV wormhole yields no
linear-in-0 modification of the massive shadow at any
energy.

2. Scalar-tensor gravity and the
Fisher-Janis-Newman-Winicour solution

As a second, powerful illustration of our framework, we
turn to a canonical solution in scalar-tensor gravity. This
class of theories provides one of the most well-motivated
extensions to general relativity. We analyze the static,
spherically symmetric spacetime sourced by a minimally
coupled, massless scalar field. This solution, with a rich
history, is variously known as the Fisher, Janis-Newman-
Winicour (JNW), or Wyman solution. Following the
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conventions of Ref. [56], the metric is given by

ds2:—<1—2—M> dr + (1—2—M>_ dr?
r r

2MN\ 1-n
+ <1 - —) r2(d6” + sin*0dg?). (79)
r

The parameter n € (0, 1] is related to the scalar charge of
the object. The solution reduces to the Schwarzschild
metric in the limit n» - 1. For n < 1, the spacetime
describes a naked singularity dressed with a nontrivial
logarithmic scalar field, ®(r) « In(1 —2M/r).

This solution serves as an excellent test case for our
formalism for two reasons. First, it is a physically signifi-
cant and widely studied solution that represents a funda-
mental deviation from the vacuum Einstein equations.
Second, and most critically for our purposes, it inherently
modifies the area of spheres, as seen in its angular metric
component:

B(r) = (1 —ZTM)HF. (80)

For any n # 1, this represents a nontrivial modification to
the spatial geometry, #(r) # r>. Like the wormhole case,
this solution cannot be properly analyzed within a pertur-
bative framework that fixes the angular part of the metric.

Applying the method, we must identify the small param-
eter that controls the deviation from Schwarzschild. The
natural choice is the parameter that tracks the influence of
the scalar field, which we define as 6 = 1 — n. We assume
the scalar charge is small, so 0 < 1. We now expand the
metric functions a(r) and f(r) to first-order in this small
parameter o.

We use the general expansion x¥ = ¢”"* x~ 1 + yInx for
small y. For the angular component #(r) = (1 —2M/r)~R?,
the expansion is

o= 1 (1-24)]

2M
— 2 2 _
=_r +5{r ln(l . )} (81)
Bo(r)
Bi(r)

For the temporal component a(r)= (1 —-2M/r)" =
(1 =2M/r)'~°, the expansion is

(-2 -2
(2 (a2

a(r) a(r)

This procedure yields the first-order perturbation functions
that encode the influence of the scalar field:

a;(r) = —a(r) In (ay(r)). (83)
Br(r) = Po(r)In(ao(r)). (84)

The logarithmic nature of these perturbations is a direct
consequence of the underlying scalar field and will produce a
distinct observational signature compared to the rational-
function perturbations of the wormhole model.

We now insert these specific perturbation functions into
our general first-order result, Eq. (47), to predict the
shadow deviation for the JNW solution, revealing the
energy-dependent shadow signature. The expression sim-
plifies elegantly as
AR (€)

5 = A(e)p(ro) — B(€e)ay(rg)

)
= A(€)[fo(ro) In(ag(ro))]
— B(€)[=a(ro) In(ap(ro))]
— In(ao(ro)[A(€)Bo(ro) + Ble)ato(ro)].
Substituting the definitions of A(e) and B(¢) from Eq. (60),
we get

(85)

AR? (e) 1= ape 4

mr’ _

T = ln(ao(ro)) |:0(0(1 _0€> ﬁo + a(z)(lo_ 6) 0(():|
_bolro)n(@o(ro)) ¢y _ oy 4

ao(ro)(1 =€)

- iﬁ?ff - (1) o

"~ nle)

Equation (86) provides a unique, calculable prediction for
the shadow deviation as a function of particle energy.

Substituting ro(e) = Mf(e) from Eq. (72) into
Eq. (86) and writing ay = (f —2)/f, By = M?f?, and
In[(f—2)/f], we obtain the exact first-order FINW
correction

ARLE) _ S ln<f_2>2_%€, (87)

5  f=2 f l—¢

which is the exact first-order FINW correction over
Schwarzschild in our gauge. With the second equation
from Eq. (72), and with Eq. (73), we find (to the orders
compared with Ref. [54])

2 17
R*(e,8) = 2TM? [1 +3¢€ +ﬁe2 + 5(—2ln3

+ [—gm +g] e)] +0(e,€%6.8%).  (88)
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We should emphasize that the slight difference of this result
compared to Eq. (107) in Ref. [54] is due to the harmless
parametrization/gauge difference of the radial coordinate r
in the denominator of Eq. (79), where it is not scaled
by n [56]. Nevertheless, the series coefficients agree in
structure but not numerically term by term in our gauge.
Such a choice already shifts the § and €6 coefficients (as we
showed).

Analyzing the structure of Eq. (86) also reveals key

physical insights:

(i) Since the MPS radius ry(¢e) is always greater than
the horizon radius 2M, the term In(1 —2M/ry) is
always negative. All other terms in the expression
are positive for e€|0,1). Therefore, the overall
deviation AR?U is always negative for § > 0 (i.e.,

n < 1). This means the presence of the scalar field
consistently shrinks the gravitational shadow for
particles of all energies compared to a Schwarzs-
child black hole of the same mass M.

(i) In contrast to the wormhole case where the @; and f;
perturbations had competing effects, here both
perturbations work in concert. The modification to
the area radius (a negative f3;) and the modification
to the redshift function (a positive «;) both act to
decrease the shadow radius.

(iii) The specific functional form, with its logarithmic
and rational dependence on ry(e), provides a dis-
tinctive signature. Even if the parameter n were
tuned such that the photon shadow (¢ =0) was
identical to that of a Reissner-Nordstrom black hole,
their massive shadows would diverge as a function
of €. An observational measurement of the curve
R?(¢) would immediately distinguish the logarith-
mic signature of a scalar field from the purely
rational-function signature of an electric charge.

This example further solidifies our central thesis: the

energy spectrum of massive particle shadows is not merely
an incremental improvement on photon shadow observa-
tions but a qualitatively different probe of fundamental
physics. It allows us to perform a spectroscopy of the near-
horizon geometry, revealing the presence and nature of
additional fields or exotic structures that would otherwise
remain degenerate and hidden.

V. CONCLUSION

This paper presents a significant generalization of the
perturbative framework for analyzing gravitational shad-
ows, extending the methodology developed in [54] to a
much broader and more physically relevant class of
spacetimes.

The primary achievement of this work is the develop-
ment of a fully generalized, two-parameter perturbation
theory for massive particle shadows in any static, spheri-
cally symmetric spacetime. We have successfully lifted the

key simplifying assumption of previous work, namely, the
restriction to the Schwarzschild gauge (B(r) = r?), by
allowing for simultaneous, arbitrary perturbations to all
components of the metric tensor.

Our analysis confirms that the energy dependence of the
massive shadow radius serves as a powerful diagnostic tool
for probing the near-horizon geometry. The key insight is
that by observing particles with different mass-to-energy
ratios (€), one can perform a radial scan of the spacetime,
probing the metric perturbations at different radii between
3M and 4M. Such a shadow spectroscopy provides the
necessary leverage to disentangle the effects of perturba-
tions on the temporal geometry [via a(r)] from those on the
spatial geometry [via f(r)]. This method effectively breaks
the observational degeneracies inherent in a single photon
shadow measurement, which can only constrain one
specific combination of metric parameters at a single
radius.

We demonstrated the power of this generalized formal-
ism with two compelling test cases: a Simpson-Visser
black-bounce wormhole and the canonical Fisher-Janis-
Newman-Winicour scalar-tensor solution. In both
instances, the framework allowed us to derive a unique,
energy-dependent fingerprint for the shadow deviation,
showing how these exotic objects could be distinguished
from standard black holes and from each other. Ultimately,
this work provides a more robust and theory-agnostic
toolkit for testing fundamental physics in the strong-field
regime and for interpreting future high-precision, multi-
messenger observations of compact objects

The framework developed here opens up several exciting
avenues for future investigation. We outline three particu-
larly promising directions: (1) The most crucial next step is
to extend this formalism from static, spherically symmetric
spacetimes to stationary, axisymmetric ones, such as the
Kerr metric and its generalizations. Real astrophysical
black holes rotate, and their shadows are not perfect circles.
A generalized perturbative analysis of Kerr-like spacetimes
would allow for direct, quantitative comparisons with EHT
data, providing a method to search for deviations from the
Kerr paradigm that depend on both particle energy and
black hole spin. (2) The MPS that form the shadow are
surfaces of unstable orbits. The degree of this instability is
deeply connected to the properties of the spacetime and, in
the eikonal limit, to the spectrum of quasinormal modes
(QNMs) that characterize the ringdown phase of black hole
mergers. Applying our generalized framework to analyze
the stability of the MPS could forge a powerful new link
between shadow observations (electromagnetic signals)
and gravitational wave astronomy, creating a truly multi-
messenger test of strong-field gravity. (3) While observing
shadows from high-energy massive particles like neutrinos
remains a future prospect, a more immediate application of
our formalism exists. Photons propagating through a
plasma acquire an effective, frequency-dependent mass.
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This means that the shadow observed by the EHT is, in
reality, already an energy-dependent massive shadow.
Adapting our generalized metric perturbation framework
to include plasma effects would yield direct, testable
predictions for current and near-future observations,
allowing us to simultaneously disentangle modifications
to the background geometry from the effects of the
surrounding astrophysical environment. (4) Finally, extend-
ing this to nonasymptotically flat spacetime is currently in
progress.
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APPENDIX: SECOND-ORDER PERTURBATION
COEFFICIENTS

This appendix provides the detailed derivation of the
coefficients C;(¢) that appear in the schematic second-order
correction to the squared shadow radius, AR%Z). We begin

by restating the core formula derived in Sec. III B:
_52 G

2 .
ARe©=7 o2

PG PG
2 o -7
() 425501 552 50rry

(A1)
where G(r,8) is the shadow radius function and r; is
the first-order correction to the MPS radius. For explicit
evaluation of Eq. (Al), we express the coefficients as
functions of the dimensionless energy parameter
f = ro(e)/M, where ry(e) is the radius of the unperturbed
Schwarzschild MPS. Throughout, all calculations are
performed on the Schwarzschild background, where a =
1-2M/r and B, = r*. The key background quantities are
ay = (f —2)/f and B, = M*f>. Substituting these into the
expressions above, we arrive at the explicit coefficients
C;(f) for the second-order shadow deviation:
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The radius correction r| is given by r| = —(0F/d5)/
(0F /or), where F(r,5) is the implicit function for the
MPS radius defined in Eq. (17). The denominator, evalu-
ated at the background, is related to the second derivative of
the effective potential V,,:
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The numerator 0F /06 is calculated by differentiating
Eq. (17) with respect to 6 and evaluating at the background.
After a lengthy but straightforward calculation, one finds
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Combining these gives the explicit formula for r|, which is
required for the stability term in the second-order shadow
calculation (also noting that ry = Mf):
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Noting that ry = M f, we can express r; as
__APMA(f-4) AfM(f -2)
ST e —6) M 1e(r=6) !
2°MH(f - 2) 21°M(f - 2)
" 16(7 - 6) ar+ 16(f - 6) Brr (A7)

Next, we compute the partial derivatives of the shadow
function G(r, §). These derivatives govern how the shadow
size responds to explicit changes in the metric functions.
The explicit metric dependence (G s5) is the term arises
from the direct second-order expansion of the metric
functions. It is expanded via the chain rule as

124072-14



GRAVITATIONAL BLACK HOLE SHADOW SPECTROSCOPY PHYS. REV. D 112, 124072 (2025)

*G|  [og Y 029 @ + ’G o
W . = |:£ (26(2) a/} ( /}2> ﬂz ﬁ a aﬂalﬁ1:| r=ry
) | 2By21Po.r
— apfo(ag — 1) + Boao,, 2oo.B2 = 2PoPo.r2 — 20181 fo.r + T] .
27 2/5M> 2/'m? - 2f
o4 ap — (f—4)(f—2)a%+ f—4 az_f—4ﬁ2' (A8)

The mixed radial-metric coupling (G ) is the term that couples the explicit metric perturbations to their radial derivatives,
representing the sensitivity of the shadow to the radial gradient of the perturbation:
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Finally, the stability term (G ,,) depends only on the background metric and governs the geometric stability of the orbit. It
acts as the restoring force against the radius shift r;:

Ry G, PG G , . 0G
W(r(),) aaz a0, r +2 Jot aﬂ Orﬂ()r ﬁzﬂOr 0rr+ ﬁﬂOrr
o 1 2 2/)]0(1%.]/30.7'
= aoﬁo,r(ao — 1) T ﬂﬂa(),r ﬂoao,rﬂo,rr - ﬂoao,rrﬂo,r - 2()Co,rﬁo,r + T
2f(f - 6)
=_“v 7 A10
F-907-2) (A10)

Combining all the components above, from Eqs. (A7)-(A10), provides the full expression for the second-order shadow
deviation AR%z).
We can now explicitly write the coefficients C;(¢) for each type of perturbation term in the expansion AR%Z) = &*[...].

The coefficients for the explicit second-order perturbations (a,, f,) arise solely from the G55 term. Physically, these
represent the direct response of the shadow to higher-order curvature corrections:

oM
Co =" (A1)
2
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The quadratic coefficients are considerably more complex, as they receive contributions from the explicit metric change,
the radius shift, and the mixed coupling. Ca% represents the nonlinear self-interaction of the temporal perturbation:
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Next, C,, 4, is the geometric coupling coefficient. It quantifies the interference between the gravitational redshift (a) and the
areal radius (f). This term is nonzero only in our generalized framework and is key to shadow spectroscopy:

Calﬁl =
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Finally, the framework also produces terms that depend on the radial derivatives of the first-order perturbations. These
terms describe how the shadow responds to the gradients of the perturbation fields:
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These explicit formulas provide a complete and reproducible result for the second-order shadow deviation. Any specific
theoretical model can now be analyzed by simply defining its perturbation functions (a, f;, a,, etc.) and substituting them
into the expansion with these coefficients to yield a direct, testable prediction for its massive shadow signature.
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