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In this work, we develop a generalized perturbative framework for gravitational shadows in static,
spherically symmetric spacetimes. Building upon the recent two-parameter perturbative framework of K.
Kobialko et al. [Perturbation theory for gravitational shadows in static spherically symmetric spacetimes,
Phys. Rev. D 111, 044071 (2025).], this work extends the expansion in particle energy and metric deviation
to encompass arbitrary, simultaneous deformations of all metric functions. By relaxing the common
restriction of a fixed area radius ðβðrÞ ¼ r2Þ, our formalism applies to a significantly broader class of
alternative gravity theories and exotic compact objects. We derive analytical formulas for the massive
shadow radius up to the second order in the deformation parameter, explicitly revealing the phenom-
enological signatures that arise from the coupling between temporal and spatial metric perturbations. The
key result is that the distinct energy dependence of the massive shadow provides a powerful method to
disentangle these different types of geometric deformations, breaking observational degeneracies inherent
in the photon shadow alone. We demonstrate this principle with applications to traversable wormholes and
canonical scalar-tensor solutions, showing how each produces a unique, distinguishable energy-dependent
fingerprint. This generalized framework provides a robust, theory-agnostic tool for testing strong-field
gravity. It offers a clear methodology for reconstructing metric parameters from potential multimessenger
observations of massive particle shadows.
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I. INTRODUCTION

The direct imaging of horizon-scale structure in M87*
and Sgr A* by the Event Horizon Telescope (EHT) has
transformed the black-hole shadow from a theoretical
curiosity into a precision observable for strong-field gravity
[1,2]. Together with decades of theoretical groundwork on
shadow formation and ray-tracing [3–12], these results
have catalyzed a broad program to test general relativity
(GR) and its alternatives at horizon scales, while also
highlighting systematic challenges and degeneracies in
interpreting a single shadow diameter as a stand-in for
spacetime geometry [13]. Looking ahead, the next gen-
eration aims to resolve substructures, such as narrow
photon rings, and measure their separations and temporal

evolution, thereby unlocking new insights into the metric
beyond the average ring size [14–17].
At the geometric level, shadow formation is governed by

photon surfaces/light rings and, more generally, by families
of unstable circular orbits [18–22]. In stationary spacetimes,
these include spherical photon orbits in Kerr [23–27]. A
key lesson from recent analyses is that multiple, physically
distinct geometries can cast nearly identical shadows
(shadow degeneracy) unless supplementary information or
more differential observables are used [28–31]. These studies
motivated parametrized descriptions of deviations from
Schwarzschild/Kerr to link shadow features to metric coef-
ficients in amodel-agnosticway [32–37]. Environmental and
dynamical effects like plasma dispersion, accretion variabil-
ity, and cosmological backgrounds can also bias or reshape
the silhouette [17,26,38–45].
A complementary direction is to go beyond massless

probes. Massive test particles (and effectively massive
photons in dispersive media) admit energy-dependent
unstable circular orbits whose projection defines an
energy-dependent massive shadow. Strong-deflection and
ring-structure analyses for timelike geodesics have recently
been developed and sharpen this perspective [46–49].
Building on this idea, Vertogradov et al. [50–52]
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introduced general analytic approaches that connect defor-
mations of the metric to photon sphere and shadow radii,
including mass-dependent variations. Similarly, analytical
formalisms have been developed to connect metric defor-
mations to a wider range of observables, from weak-field
particle deflection to strong-field shadow sizes, for sys-
tematic tests with EHT data [53]. In parallel, Kobialko et al.
[54] improved Vertogradov’s et al. work [51] and formu-
lated a perturbation theory for gravitational shadows in
static, spherically symmetric spacetimes, with recent exten-
sions to plasma-immersed disks and emission spectra [38].
These developments reinforce the view that spectral infor-
mation, which is how a shadow changes with probe energy/
frequency, can break degeneracies intrinsic to a single,
achromatic silhouette.
In this work, we develop a generalized, theory-agnostic

perturbative framework for gravitational shadow spectros-
copy in static, spherically symmetric spacetimes. Our
approach extends dual expansions in (i) the particle mass-
to-energy ratio and (ii) metric deviations by allowing
simultaneous deformations of all metric functions, notably
relaxing the usual area-radius gaugeβðrÞ ¼ r2. In contrast to
many treatments where only gtt is perturbed, our formalism
keeps coupled perturbations of both temporal and spatial
sectors and shows explicitly how their interplay imprints a
distinctive, energy-dependent signature on the massive
shadow. In particular, we derive closed expressions for
the first- and second-order corrections to the shadow radius
and exhibit coupling terms that are invisible to photon-only
analyses. The outcome is a practical recipe to disentangle
temporal vs spatial deformations by scanning the shadow
with particles (or effectively massive photons in plasma),
thereby mitigating shadow degeneracy [11,17,28,30].
We illustrate the method on (i) a Simpson-Visser black-

bounce wormhole [55] and (ii) the Fisher-Janis-Newman-
Winicour scalar solution from scalar-tensor theory [56],
which naturally modifies both gtt and the area function and
thus lies outside the scope of fixed-β perturbations. The
framework also interfaces with broader probes such as
lensing observables, QNMs in the eikonal limit, and
neutrino/particle propagation in modified gravity and
matter-supported spacetimes [12,57–78]. In this sense,
shadow spectroscopy complements ongoing efforts with
the EHT to resolve photon-ring substructure and to
combine electromagnetic and gravitational-wave informa-
tion for horizon-scale tests [14,15].
Section II sets up the generalized metric expansion and

derives energy-dependent conditions for the massive-par-
ticle sphere (MPS) and the shadow radius. Section III
performs the perturbative expansion to second order,
isolating linear and nonlinear couplings of temporal and
spatial perturbations. Section IV presents the worked
examples and highlights distinctive, energy-dependent
fingerprints. We conclude in Sec. V with observational
prospects, connections to time-dependent and dispersive

environments [17,38–40], and propose some research
directions. Throughout this paper, we used geometrized
units by setting G ¼ c ¼ 1, and the metric signa-
ture ð−;þ;þ;þÞ.

II. GENERALIZED FORMALISM FOR MASSIVE
PARTICLE ORBITS AND SHADOWS

To construct a perturbation theory capable of describing
a broad class of deviations from the Schwarzschild geom-
etry, we begin by relaxing the gauge choice imposed in the
examples of [54]. We consider the most general static,
spherically symmetric four-dimensional spacetime, whose
geometry is described by the line element [11,12]

ds2¼−αðr;δÞdt2þ γðr;δÞdr2þβðr;δÞðdθ2þ sin2 θdϕ2Þ;
ð1Þ

where α, β, and γ are arbitrary functions of the radial
coordinate r. The parameter δ is a dimensionless quantity
that controls the deviation from a chosen background
spacetime, which we take to be the Schwarzschild solution.
For δ ¼ 0, we recover the familiar Schwarzschild metric.

A. The generalized metric ansatz

Our central methodological step is to introduce a fully
generalized perturbative expansion for all three metric
functions. We express each function as a power series in
the small deformation parameter δ, expanding around the
Schwarzschild background:

αðr; δÞ ¼ α0ðrÞ þ δα1ðrÞ þ δ2α2ðrÞ þOðδ3Þ; ð2Þ

βðr; δÞ ¼ β0ðrÞ þ δβ1ðrÞ þ δ2β2ðrÞ þOðδ3Þ; ð3Þ

γðr; δÞ ¼ γ0ðrÞ þ δγ1ðrÞ þ δ2γ2ðrÞ þOðδ3Þ: ð4Þ

Kobialko et al. [54] develop a shadow perturbation
theory on a Schwarzschild background while fixing the
areal gauge β ¼ r2, so that β1 ¼ β2 ¼ 0 and the analysis
effectively tracks deformations of the temporal sector
αðrÞ (with examples such as Reissner-Nordström treated
under this restriction). Our contribution is to remove this
assumption. We introduce a generalized metric ansatz that
perturbs all metric functions, given by Eqs. (2)–(4), thereby
allowing departures from the Schwarzschild area radius.
This captures spacetimes where the area of spheres is
intrinsically modified (e.g., wormholes, scalar-tensor sol-
utions, regular black holes), and it makes the massive-
particle sphere and shadow explicitly sensitive to couplings
between temporal and spatial perturbations. Consequently,
already at first order the shadow depends on a distinct linear
combination of fα1; β1g, while at second order nonlinear
α–β couplings appear, indicating signatures that are absent
in the fixed-β framework of [54].
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The zeroth-order terms correspond to the standard
Schwarzschild metric components in Schwarzschild coor-
dinates, given by

α0ðrÞ¼ 1−
2M
r

; β0ðrÞ¼ r2; γ0ðrÞ¼
�
1−

2M
r

�
−1
;

ð5Þ

where M is the ADM mass of the background spacetime.
The functions αiðrÞ, βiðrÞ, and γiðrÞ for i ≥ 1 represent

arbitrary, theory-agnostic perturbation profiles. This ansatz
is significantly more general than the framework used for
the examples in [54], which was largely restricted to the
case where β1ðrÞ ¼ β2ðrÞ ¼ 0. By allowing for nonzero
perturbations in βðr; δÞ, we can now systematically inves-
tigate spacetime geometries where the area of spheres,
AðrÞ ¼ 4πβðrÞ, deviates from the simple 4πr2 relation
characteristic of the Schwarzschild gauge. This generali-
zation is crucial for analyzing solutions from alternative
theories of gravity where such modifications natu-
rally arise.
As established in [54] and will be reaffirmed in the next

section, the equations governing the shadow radius for an
asymptotic observer depend exclusively on the functions
αðrÞ and βðrÞ. The function γðrÞ does not enter into the
final expression for the shadow boundary. Nevertheless, we
retain its expansion in our ansatz for completeness and to
facilitate potential future extensions of this work, such as
the analysis of the stability of massive particle orbits or the
calculation of perihelion precession, where the full metric
structure is required.

B. Generalized conditions for
massive particle spheres

The gravitational shadow is delineated by light rays or
particle trajectories that asymptotically approach unstable
circular orbits. These orbits foliate a timelike hypersurface
known as the MPS. To determine the location of the MPS in
our generalized spacetime, we analyze the geodesic motion
of a particle with mass m.
Let us begin with the Lagrangian for a test particle

moving in the spacetime described by Eq. (1). This is
expressed as

L¼ 1

2
gμνẋμẋν¼

1

2
ð−αðr;δÞṫ2

þ γðr;δÞṙ2þβðr;δÞðθ̇2þ sin2 θϕ̇2ÞÞ; ð6Þ

where the overdot denotes differentiation with respect to an
affine parameter. The staticity and spherical symmetry of
the metric give rise to two Killing vectors, ξμðtÞ ¼ ð1; 0; 0; 0Þ
and ξμðϕÞ ¼ ð0; 0; 0; 1Þ. Along the geodesic, these sym-

metries imply the conservation of the particle’s energy E
and angular momentum Lz via

E ¼ −pt ¼ −gtμẋμ ¼ αðr; δÞṫ; ð7Þ

Lz ¼ pϕ ¼ gϕμẋμ ¼ βðr; δÞ sin2 θϕ̇: ð8Þ

Without loss of generality, we can restrict our analysis to
the equatorial plane (θ ¼ π=2, θ̇ ¼ 0), where the total
angular momentum is L ¼ Lz. The normalization condition
for the four-velocity of a massive particle, gμνẋμẋν ¼ −m2,
can now be used to derive the radial equation of motion.
Substituting the conserved quantities, we find

−
E2

αðr; δÞ þ γðr; δÞṙ2 þ L2

βðr; δÞ ¼ −m2: ð9Þ

Rearranging this expression to isolate the radial kinetic
term yields

γðr; δÞṙ2 ¼ E2

αðr; δÞ −
L2

βðr; δÞ −m2: ð10Þ

Following the convention of [54], we can define an
effective potential Vðr; δÞ that governs the radial motion as

E−2γðr; δÞṙ2 ¼ Vðr; δÞ≡ 1

αðr; δÞ −
l

βðr; δÞ − ϵ; ð11Þ

where we have introduced the conserved specific energy
squared ϵ ¼ m2=E2 and the specific angular momentum
squared l ¼ L2=E2.
The MPS are, by definition, located at radii r where

stable or unstable circular orbits are possible. A circular
orbit requires the radial velocity and radial acceleration to
vanish simultaneously. In the effective potential formalism,
this corresponds to the conditions that the particle rests at
an extremum of the potential:

Vðr; δÞ ¼ 0 and V;rðr; δÞ≡ ∂V
∂r

¼ 0: ð12Þ

Applying these two conditions to the effective potential in
Eq. (11) gives us the following system of equations:

1

α
−
l
β
− ϵ ¼ 0; ð13Þ

−
α;r
α2

þ lβ;r
β2

¼ 0: ð14Þ

Here, the subscript ’; r’ denotes a partial derivative with
respect to r, and we have suppressed the explicit depend-
ence on ðr; δÞ for notational clarity.
This system of two algebraic equations can be solved for

the orbit parameters ϵ and l. From Eq. (14), we first solve
for the specific angular momentum squared, l:
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l ¼ β2

α2
α;r
β;r

: ð15Þ

Substituting this expression back into Eq. (13) allows us to
solve for the specific energy squared, ϵ. We find

ϵ ¼ 1

α
−
1

β

�
β2

α2
α;r
β;r

�
¼ 1

α

�
1 −

β

α

α;r
β;r

�
: ð16Þ

Thus, the fundamental equations defining the radius r of
the MPS remain formally identical to those derived in [54],
and these are

ϵ ¼ 1

αðr; δÞ
�
1 −

βðr; δÞ
αðr; δÞ

α;rðr; δÞ
β;rðr; δÞ

�
; ð17Þ

l ¼ βðr; δÞ2
αðr; δÞ2

α;rðr; δÞ
β;rðr; δÞ

: ð18Þ

The crucial difference, however, lies in the interpretation of
these equations. With our generalized metric ansatz from
Eqs. (2)–(4), the functions α, β, and their derivatives are no
longer simple functions of r but are perturbative series in δ
with arbitrary coefficient functions αiðrÞ and βiðrÞ.
Consequently, Eq. (17) is no longer a simple algebraic

equation for r. It is now a highly complex, transcendental
equation that implicitly defines the MPS radius as a
function of the particle’s energy parameter and the metric
deformation, r ¼ rðϵ; δÞ. Critically, this implicit function is
now sensitive to perturbations in both the temporal com-
ponent αðr; δÞ and the angular component βðr; δÞ of the
metric. This coupling between the perturbations, mediated
through the ratio of derivatives α;r=β;r, is the key feature of
our generalized framework and the source of new phe-
nomenology that we will explore in the subsequent
sections. The primary task of our perturbative analysis
will be to explicitly solve for the function rðϵ; δÞ as a power
series in δ in order to ultimately determine the correspond-
ing corrections to the gravitational shadow.

C. Generalized shadow radius

Having established the conditions that determine the
location of the MPS, we now turn to the primary observ-
able: the gravitational shadow. The shadow boundary is
formed by the trajectories of particles that originate on the
MPS and reach the observer. To calculate its size, we must
relate the properties of the particle on its circular orbit
(specifically, its specific angular momentum l and energy
parameter ϵ) to the apparent angle on a distant observer’s
celestial sphere.
Let us consider a static observer located at a large but

finite coordinate radius r̄ in the equatorial plane (θ ¼ π=2).
In their local frame, this observer measures the components
of the incoming particle’s four-velocity using an

orthonormal tetrad feμðaÞg adapted to the static, spherically

symmetric coordinates. For the metric given by Eq. (1), a
suitable tetrad is

eμðtÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

αðr̄; δÞp ð1; 0; 0; 0Þ;

eμðrÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

γðr̄; δÞp ð0; 1; 0; 0Þ;

eμðϕÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

βðr̄; δÞp ð0; 0; 0; 1Þ: ð19Þ

The components of the particle’s four-velocity ẋμ in this
local Lorentz frame are given by uðaÞ ¼ eμðaÞgμνẋ

ν. Using

the conserved energy E ¼ αṫ and angular momentum
L ¼ βϕ̇, the locally measured temporal and azimuthal
components of the four-velocity are given by

uðtÞ ¼ eμðtÞpt ¼ −
Effiffiffiffiffiffiffiffiffiffiffiffiffi
αðr̄; δÞp ; ð20Þ

uðϕÞ ¼ eμðϕÞpϕ ¼ Lffiffiffiffiffiffiffiffiffiffiffiffiffi
βðr̄; δÞp : ð21Þ

The normalization condition in the local frame
is ηabuðaÞuðbÞ ¼ −ðuðtÞÞ2 þ ðuðrÞÞ2 þ ðuðϕÞÞ2 ¼ −m2.
Substituting the components above, we find

−
E2

αðr̄; δÞ þ ðuðrÞÞ2 þ L2

βðr̄; δÞ ¼ −m2:

The apparent angle Θ of an incoming particle trajectory on
the observer’s sky, relative to the radial direction, is defined
by the ratio of the tangential and radial momentum
components. Following the procedure in [54], we can
relate the angle to the conserved quantities:

sin2Θ ¼ ðuðϕÞÞ2
ðuðrÞÞ2 þ ðuðϕÞÞ2 ¼

L2=βðr̄; δÞ
E2=αðr̄; δÞ −m2

: ð22Þ

Dividing the numerator and denominator by E2 and using
the definitions ϵ ¼ m2=E2 and l ¼ L2=E2, we arrive at the
angular size of the shadow as seen by an observer at some
finite radius r̄:

sin2 Θ ¼ l=βðr̄; δÞ
1=αðr̄; δÞ − ϵ

¼ αðr̄; δÞ
βðr̄; δÞ

l
1 − αðr̄; δÞϵ : ð23Þ

Such an expression connects the observed angle Θ to the
specific angular momentum l of the particle tracing the
shadow’s edge. Since this particle must have originated
from an MPS orbit, we substitute the expression for l from
Eq. (18), which is evaluated at the MPS radius r ¼ rðϵ; δÞ.
The result is
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sin2Θ ¼ αðr̄; δÞ
βðr̄; δÞ

1

1 − αðr̄; δÞϵ
�
βðr; δÞ2
αðr; δÞ2

α;rðr; δÞ
β;rðr; δÞ

�
r¼rðϵ;δÞ

:

ð24Þ

We can simplify this expression significantly by using the
condition for the MPS radius itself, Eq. (17), which relates
the orbit parameters. From Eq. (17), we have the identity
β
α
α;r
β;r

¼ 1 − αϵ. Substituting this into the expression for l

gives l ¼ β
α ð1 − αϵÞ. When this is inserted into Eq. (23), we

obtain a more direct relation expressed as

sin2 Θ ¼ αðr̄; δÞ
βðr̄; δÞ

βðr; δÞ=αðr; δÞð1 − αðr; δÞϵÞ
1 − αðr̄; δÞϵ :

For most astrophysical applications, the observer is
located at a cosmological distance from the compact object,
so we are interested in the asymptotic limit r̄ → ∞. For an
asymptotically flat spacetime, the metric functions at the
observer’s location approach their Minkowski values:

lim
r̄→∞

αðr̄; δÞ ¼ 1; and lim
r̄→∞

βðr̄; δÞ
r̄2

¼ 1: ð25Þ

In this limit, the apparent angular size Θ tends to zero. We
define the finite, observable shadow radius R by scaling this
small angle with the distance r̄, we get

R2 ≡ lim
r̄→∞

ðr̄2 sin2ΘÞ: ð26Þ

Applying this limit to our expression for sin2Θ, we find:

R2 ¼ lim
r̄→∞

�
r̄2

1

r̄2
βðr; δÞ
αðr; δÞ

1 − αðr; δÞϵ
1 − ϵ

�
: ð27Þ

The above yields the final, generalized expression for the
squared radius of the massive shadow as seen by an
asymptotic observer:

R2ðϵ; δÞ ¼ βðr; δÞ
αðr; δÞ

1 − αðr; δÞϵ
1 − ϵ

; ð28Þ

where the radius r at which the metric functions are
evaluated is itself implicitly defined by the MPS condition,
Eq. (17).
It is essential to recognize the profound implication of

this result. The final formula, Eq. (28), is formally identical
to the one derived in [54]. However, its functional depend-
ence on the underlying physical parameters is now sig-
nificantly more complex and contains a wealth of new
information. In the previous, restricted framework, the
dependence on the metric deformation δ entered primarily
through αðr; δÞ and the shift in the MPS radius rðϵ; δÞ
induced by it. In our generalized framework, the shadow
radius R2 now depends on the full set of perturbation

functions, fαiðrÞ; βiðrÞg. The prefactor β=α is directly
sensitive to perturbations in both the temporal and spatial
geometry, while the implicitly defined MPS radius rðϵ; δÞ
now depends on a complex interplay between the pertur-
bations αi and βi and their derivatives, as seen in Eq. (17).
This intricate, coupled dependence is precisely what allows
for the possibility of disentangling different types of metric
deformations by observing the shadow’s size across a
spectrum of particle energies ϵ. The primary goal of the
following section is to systematically expand this compact
expression in the small parameter δ to extract these
phenomenological signatures.

III. PERTURBATIVE EXPANSION
OF THE SHADOW RADIUS

The core of our analysis is to solve for the shadow radius
R2ðϵ; δÞ as a power series in the small deformation
parameter δ. The background for this expansion is the
exact solution for the massive shadow in the unperturbed
Schwarzschild spacetime, which we denote by R2

MSchðϵÞ.
The corresponding radius of the MPS in this background,
which we denote by r0ðϵÞ, is also known analytically and
was presented in [54]. The primary challenge lies in
systematically computing the corrections to these quantities
arising from the generalized metric perturbations intro-
duced in Sec. II A.

A. First-order correction to the MPS radius

We begin by calculating the correction to the shadow
radius at the first-order in δ. This involves a two-step
process: first, we must determine the first-order shift in the
MPS radius itself, and second, we use this to find the
resulting first-order change in the shadow radius. As we
will demonstrate, a remarkable simplification occurs in the
second step, rendering the final expression for the shadow
correction independent of the explicit form of the MPS
radius correction.
The MPS radius rðϵ; δÞ is defined implicitly by Eq. (17),

which we can write schematically as ϵ ¼ F ðrðϵ; δÞ; δÞ,
where

F ðr; δÞ ¼ 1

αðr; δÞ
�
1 −

βðr; δÞ
αðr; δÞ

α;rðr; δÞ
β;rðr; δÞ

�
:

To find the first-order correction, we expand the MPS
radius as a series in δ around the background solution
r0ðϵÞ via

rðϵ; δÞ ¼ r0ðϵÞ þ δr1ðϵÞ þOðδ2Þ: ð29Þ

We now expand the implicit equation ϵ ¼ F ðr; δÞ to first-
order in δ. The left-hand side, ϵ, is independent of δ. The
right-hand side is expanded around the point ðr0; 0Þ:
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F ðrðϵ; δÞ; δÞ ≈ F ðr0; 0Þ þ δ

�
∂F
∂r

����
ðr0;0Þ

r1ðϵÞ þ
∂F
∂δ

����
ðr0;0Þ

�

þOðδ2Þ: ð30Þ

By definition, the zeroth-order term corresponds to the
background solution, so F ðr0; 0Þ ¼ ϵ. For the entire
equation to hold, the term of order δ must vanish. This
gives us a linear equation for the first-order correction to the
radius, r1ðϵÞ:

∂F
∂r

����
ðr0;0Þ

r1ðϵÞ þ
∂F
∂δ

����
ðr0;0Þ

¼ 0: ð31Þ

Solving for r1ðϵÞ yields

r1ðϵÞ ¼ −
∂F=∂δ
∂F=∂r

����
ðr0;0Þ

: ð32Þ

The denominator, ∂F=∂rjðr0;0Þ, is related to the stability of
the background circular orbits. It is proportional to the
second derivative of the effective potential, V;rr, evaluated
for the Schwarzschild background, and is generically
nonzero for the unstable orbits that form the shadow.
The numerator involves the partial derivatives of the metric
perturbation functions, α1ðrÞ and β1ðrÞ, evaluated at r0ðϵÞ.
While an explicit (and rather lengthy) expression for r1ðϵÞ
can be derived by computing these derivatives, we will find
that it is not required for the first-order correction to the
shadow radius itself.
We now compute the first-order correction to the squared

shadow radius, R2. The full expression depends on δ both
explicitly through the metric functions and implicitly
through the MPS radius rðϵ; δÞ. Here, we obtain

R2ðϵ;δÞ¼Gðrðϵ;δÞ;δÞ; where

Gðr;δÞ¼βðr;δÞ
αðr;δÞ

1−αðr;δÞϵ
1−ϵ

: ð33Þ

The first-order correction in δ is given by the total
derivative of R2 with respect to δ, evaluated at δ ¼ 0 is

ΔR2
ð1Þ ¼ δ

dR2

dδ

����
δ¼0

¼ δ

�
∂G
∂r

∂r
∂δ

þ ∂G
∂δ

�
δ¼0;r¼r0ðϵÞ

: ð34Þ

Here, ∂r=∂δ is simply r1ðϵÞ. A key insight, consistent with
the findings of [54], is that the first term in this expression
vanishes. To see this, let us compute the partial derivative
∂G=∂r and we get

∂G
∂r

¼ 1

1 − ϵ

��
β;rα − βα;r

α2

�
ð1 − αϵÞ þ β

α
ð−α;rϵÞ

�

¼ 1

α2ð1 − ϵÞ ½ðβ;rα − βα;rÞð1 − αϵÞ − βα;rαϵ�: ð35Þ

Let us evaluate this at the background point
ðδ ¼ 0; r ¼ r0Þ. At this point, the MPS condition for the
background spacetime holds, where

ϵ ¼ 1

α0

�
1 −

β0
α0

α0;r
β0;r

�
: ð36Þ

This can be rearranged to give the identity

1 − α0ϵ ¼
β0
α0

α0;r
β0;r

: ð37Þ

Substituting this into the derivative expression evaluated at
the background, we find

∂G
∂r

����
ðr0;0Þ

¼ 1

α20ð1−ϵÞ
�
ðβ0;rα0−β0α0;rÞ

�
β0
α0

α0;r
β0;r

�
−β0α0;rα0ϵ

�

¼ 1

α20ð1−ϵÞ
��

β0;rα0
β0α0;r
α0β0;r

−β0α0;r
β0α0;r
α0β0;r

�

−β0α0;rα0ϵ

�

¼ 1

α20ð1−ϵÞ
�
β0α0;r−

β20α
2
0;r

α0β0;r
−β0α0;rα0ϵ

�
: ð38Þ

Factoring out β0α0;r, the above becomes

∂G
∂r

����
ðr0;0Þ

¼ β0α0;r
α20ð1 − ϵÞ

�
1 −

β0α0;r
α0β0;r

− α0ϵ

�
¼ 0: ð39Þ

The term in the square brackets is zero by the very
definition of the background MPS radius r0ðϵÞ.
This elegant result means that the first-order correction to

the shadow radius is insensitive to the first-order correction
of the MPS radius. The shadow radius, when viewed as a
function of the orbital parameters, is at an extremum with
respect to the orbital radius. Therefore, the first-order
correction simplifies dramatically to

ΔR2
ð1Þ ¼ δ

∂G
∂δ

����
δ¼0;r¼r0ðϵÞ

: ð40Þ

Let R2ðϵ; δÞ ¼ Gðrðϵ; δÞ; δÞ with G defined in Eq. (33),
and expand rðϵ; δÞ ¼ r0ðϵÞ þ

P
k≥1 δ

krkðϵÞ. The back-
ground MPS condition implies

∂G
∂r

����
ðr0;0Þ

¼ 0: ð41Þ
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At first order,

ΔR2
ð1Þ ¼ δ

�
∂G
∂r

∂r
∂δ

þ ∂G
∂δ

�
ðr0;0Þ

¼ δ
∂G
∂δ

����
ðr0;0Þ

; ð42Þ

so ΔR2
ð1Þ depends only on the explicit perturbations

fα1; β1g evaluated at r0 and is independent of r1
[cf. Eqs. (34)–(40)]. Differentiating once more and evalu-
ating at ðr0; 0Þ yields

ΔR2
ð2Þ ¼

δ2

2
½G;rrr21 þ 2G;rδr1 þ G;δδ�ðr0;0Þ; ð43Þ

where the would-be term G;rr2 vanishes due to (41)
[cf. Eqs. (50)–(55)]. Proceeding inductively, at order n
the only linear term in rn is G;rrn, which vanishes by (41).
Therefore, ΔR2

ðnÞ depends on frkgk≤n−1 but not on rn,

plus explicit metric variations through G;δj with j ≤ n.
Physically, this reflects that the shadow is evaluated at an
extremum with respect to r, so translating the orbit along
the extremum affects the observable only through curvature
terms controlled by lower-order shifts.
The partial derivative with respect to δ captures the

explicit change in the metric functions. Applying the chain
rule

∂G
∂δ

¼ ∂G
∂α

∂α

∂δ
þ ∂G

∂β

∂β

∂δ
; ð44Þ

and from our metric ansatz, ∂α=∂δ ¼ α1ðrÞ and ∂β=∂δ ¼
β1ðrÞ at δ ¼ 0, the remaining partial derivatives are

∂G
∂α

¼ −β
α2

1 − αϵ

1 − ϵ
þ β

α

−ϵ
1 − ϵ

¼ −
β

α2ð1 − ϵÞ ; ð45Þ

∂G
∂β

¼ 1

α

1 − αϵ

1 − ϵ
: ð46Þ

Evaluating these at the background point ðδ ¼ 0; r ¼ r0Þ
and combining everything, we obtain the final expression
for the first-order correction to the squared shadow radius
gives

ΔR2
ð1ÞðϵÞ¼ δ

�
1−α0ðr0Þϵ
α0ðr0Þð1− ϵÞβ1ðr0Þ−

β0ðr0Þ
α0ðr0Þ2ð1− ϵÞα1ðr0Þ

�
:

ð47Þ

This result is the cornerstone of our generalized framework.
It explicitly shows that, to first order, the deviation of the
massive shadow from its Schwarzschild value is a linear
combination of the perturbation functions α1 and β1,
evaluated at the unperturbed MPS radius r0ðϵÞ. The
coefficients of this linear combination are functions of
the background metric and the particle energy parameter ϵ.

It is this distinct energy dependence that provides a handle
to observationally disentangle the effects of perturbations to
the temporal and spatial components of the spacetime
metric.

B. Second-order expansion

While the first-order expansion reveals the linear
response of the shadow to metric perturbations, it is often
insufficient to distinguish between different alternative
theories of gravity, as distinct physical models can be
constructed to yield identical first-order shadow character-
istics. To break these degeneracies and probe the nonlinear
structure of the underlying theory, we must extend our
analysis to the second order in the perturbation parameter δ.
This calculation is substantially more involved, as it
requires the first-order correction to the MPS radius and
introduces crucial coupling terms between the different
metric perturbations.
The full expansion of the squared shadow radius up to

second order is given by

R2ðϵ;δÞ¼R2
MSchðϵÞþΔR2

ð1ÞðϵÞþΔR2
ð2ÞðϵÞþOðδ3Þ; ð48Þ

where the second-order correction term is defined by the
Taylor series as

ΔR2
ð2ÞðϵÞ ¼

δ2

2

d2R2

dδ2

����
δ¼0

: ð49Þ

Our primary task is to compute this second total derivative.
We begin by differentiating the first total derivative,

Eq. (34), with respect to δ, resulting to

d2R2

dδ2
¼ d

dδ

�
∂G
∂r

∂r
∂δ

þ ∂G
∂δ

�
: ð50Þ

Applying the product and chain rules yields a more
complex expression

d2R2

dδ2
¼

�
d
dδ

∂G
∂r

�
∂r
∂δ

þ ∂G
∂r

∂
2r
∂δ2

þ d
dδ

∂G
∂δ

: ð51Þ

We must now evaluate this expression at the background
point ðδ ¼ 0; r ¼ r0Þ. Let us examine each term. The term
∂r=∂δ evaluated at δ ¼ 0 is simply the first-order radius
correction, r1ðϵÞ, which we formally derived in Eq. (32).
The term ∂

2r=∂δ2 corresponds to 2r2ðϵÞ, where r2ðϵÞ is the
second-order correction to the MPS radius.
Crucially, just as in the first-order calculation, a key

simplification occurs. The factor multiplying the second-
order radius correction, ∂G=∂r, evaluates to zero at the
background point. Therefore, the term involving r2ðϵÞ
vanishes entirely:
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∂G
∂r

����
ðr0;0Þ

∂
2r
∂δ2

����
ðr0;0Þ

¼ 0: ð52Þ

This is a profound result: the second-order correction to the
shadow radius does not depend on the second-order
correction to the MPS radius. It does, however, depend
on the first-order correction, r1ðϵÞ.
The remaining terms must be expanded using the chain

rule for their total derivatives with respect to δ:

d
dδ

∂G
∂r

¼ ∂
2G
∂r2

∂r
∂δ

þ ∂
2G

∂δ∂r
; ð53Þ

d
dδ

∂G
∂δ

¼ ∂
2G

∂r∂δ
∂r
∂δ

þ ∂
2G
∂δ2

: ð54Þ

Substituting these back into Eq. (51) and evaluating at
δ ¼ 0 gives the final expression for the second derivative as

d2R2

dδ2

����
δ¼0

¼
�
∂
2G
∂r2

�
∂r
∂δ

�
2

þ2
∂
2G

∂δ∂r
∂r
∂δ

þ∂
2G
∂δ2

�
δ¼0;r¼r0

: ð55Þ

This expression is analogous to that found in [54] for the
more restricted case, but its physical content is now
much richer. It shows that the second-order correction
arises from three distinct sources: 1. A purely quadratic
term (∝ ð∂r=∂δÞ2), which depends on the square of the first-
order MPS radius shift and the stability of the background
orbits (via G;rr). 2. A mixed term, which couples the first-
order radius shift to the first-order explicit change in the
metric functions. 3. A purely second-order term (∝ G;δδ),
which depends directly on the second-order metric pertur-
bation functions, α2ðrÞ and β2ðrÞ.
To obtain the final result, we must compute the partial

derivatives in Eq. (55). This involves extensive but straight-
forward calculus. The partial derivatives of Gðr; δÞ are
taken with respect to its arguments r and δ, and then
evaluated at the background point ðr0; 0Þ. The derivatives
of the metric functions with respect to δ are

∂α

∂δ

����
0

¼ α1;
∂β

∂δ

����
0

¼ β1; ð56Þ

∂
2α

∂δ2

����
0

¼ 2α2;
∂
2β

∂δ2

����
0

¼ 2β2: ð57Þ

After a lengthy calculation, the second partial derivatives of
G evaluated at the background can be expressed in terms of
the background functions (α0, β0) and the perturbation
functions (α1, β1, α2, β2). The final result for the second-
order correction takes the following schematic form

ΔR2
ð2ÞðϵÞ ¼

δ2

2
½Cα2ðϵÞα2ðr0Þ þ Cβ2ðϵÞβ2ðr0Þ

þ Cα1ðϵÞα1ðr0Þ2 þ Cβ1ðϵÞβ1ðr0Þ2
þ Cα1β1ðϵÞα1ðr0Þβ1ðr0Þ
þ Cα1α1;rðϵÞα1ðr0Þα1;rðr0Þ þ…�: ð58Þ

The coefficients CiðϵÞ are complicated functions of the
background Schwarzschild metric and its derivatives,
evaluated at the unperturbed MPS radius r0ðϵÞ. The ellipsis
(three dots) indicates that terms involving derivatives of the
perturbation functions (e.g., α1;r; β1;r) also appear, arising
from the dependence on r1ðϵÞ and the mixed partial
derivatives. Note that Eq. (58) is schematic: besides the
explicit quadratic pieces fα2; β2; α21; β21; α1β1g it also con-
tains derivative couplings generated by the G;rr and G;rδ

terms and by r1ðϵÞ, (e.g., terms ∝ α1α1;r; β1β1;r; α1;rβ1) as
well as second derivatives α1;rr; β1;rr, all evaluated at r0ðϵÞ.
The complete list of coefficients is provided in the
Appendix; see Eqs. (A11)–(A15).
The explicit appearance of terms quadratic in the first-

order perturbations through α21, β
2
1, and most importantly,

the cross-term α1β1 is the central outcome of this second-
order analysis. These terms represent the nonlinear
response of the spacetime geometry to the perturbations.
It is precisely these terms that can break the observational
degeneracy between different physical models. For exam-
ple, two different theories might be tuned to have the same
linear shadow deviation (ΔR2

ð1Þ) for a given energy ϵ.

However, their distinct underlying physics will, in general,
lead to different coupling structures, resulting in different
quadratic coefficients CiðϵÞ and thus a measurably differ-
ent ΔR2

ð2Þ.
Therefore, the second-order expansion provides a far

more discerning probe of strong-field gravity. By analyzing
the energy dependence of the massive shadow radius with
sufficient precision, one could, in principle, constrain not
only the individual perturbation functions αi and βi but also
the way they couple to each other, offering a deeper insight
into the fundamental nature of the gravitational interaction.

IV. INSIGHTS AND PHENOMENOLOGICAL
IMPLICATIONS

The generalized perturbative framework developed in the
preceding sections provides more than just a formal
extension of the work in [54]. It unlocks a qualitatively
new capability: the ability to observationally disentangle
metric deformations that affect different components of the
spacetime geometry. This subsection explores the method-
ology and profound implications of using massive particle
shadows as a spectroscopic tool to probe the structure of
strong gravitational fields.
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A. Disentangling metric deformations

The central challenge in testing strong-field gravity with
a single observable is the problem of degeneracy. Different
physical theories or matter content can lead to identical
observational signatures, making it impossible to distin-
guish between them. Our generalized formalism, when
combined with multi-energy observations, provides a
powerful pathway to break these degeneracies.

1. The degeneracy of the photon shadow

Let us first consider the limitations inherent in observing
only the photon shadow (ϵ ¼ 0). Setting ϵ ¼ 0 in our first-
order result, Eq. (47), gives the correction to the squared
radius of the photon shadow:

ΔR2
PSð1Þ ¼ΔR2

ð1Þðϵ¼ 0Þ¼ δ

�
β1ðrPSÞ
α0ðrPSÞ

−
β0ðrPSÞ
α0ðrPSÞ2

α1ðrPSÞ
�
;

ð59Þ

where rPS ¼ r0ðϵ ¼ 0Þ ¼ 3M is the photon sphere radius
in the Schwarzschild background. A single measurement of
the photon shadow size constrains only this specific linear
combination of the functions α1ðrÞ and β1ðrÞ, evaluated at
the single radial location r ¼ 3M.
It is immediately apparent that an infinite number of

different pairs of perturbation functions ðα1; β1Þ can pro-
duce the exact same value for ΔR2

PSð1Þ. For example, a
deviation caused purely by a modification to the temporal
geometry (a nonzero α1 with β1 ¼ 0) could be perfectly
mimicked by a completely different theory that primarily
modifies the spatial geometry (a nonzero β1 with α1 ¼ 0),
provided their values at r ¼ 3M satisfy the constraint
imposed by the measurement. Thus, the photon shadow
alone cannot distinguish between a temporal and a spatial
warp in the spacetime geometry.

2. Breaking degeneracy with shadow spectroscopy

The use of massive particles fundamentally changes this
situation. The key lies in the energy dependence of the first-
order correction, as encapsulated in Eq. (47). This is

ΔR2
ð1ÞðϵÞ
δ

¼
�
1 − α0ðr0Þϵ
α0ðr0Þð1 − ϵÞ

�
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

AðϵÞ

β1ðr0ðϵÞÞ

−
�

β0ðr0Þ
α0ðr0Þ2ð1 − ϵÞ

�
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

BðϵÞ

α1ðr0ðϵÞÞ: ð60Þ

Varying the particle energy parameter ϵ acts as a powerful
scanning tool in two distinct ways:

(i) Varying response coefficients: The coefficients AðϵÞ
and BðϵÞ have different and nontrivial functional

dependencies on ϵ. This is because α0 ¼ 1–2M=r0
and β0 ¼ r20 are themselves functions of r0ðϵÞ. As ϵ
changes, the relative weighting of the contributions
from β1 and α1 to the total shadow deviation changes
in a precisely predictable way.

(ii) Performing a radial scan: More importantly, the
radius of the MPS, r0ðϵÞ, is a monotonic function of
energy, ranging from r0ð0Þ ¼ 3M for photons to
r0ðϵ → 1Þ ¼ 4M for nonrelativistic particles. There-
fore, by observing shadows cast by particles of
different energies, we are not just probing the
geometry at a single radius; we are effectively
performing a radial scan of the perturbation func-
tions α1ðrÞ and β1ðrÞ across the entire strong-field
region between 3M and 4M.

This shadow spectroscopy provides the necessary leverage
to disentangle the metric deformations. Suppose we are
able to perform a set of N measurements of the shadow
radius, R2

j , for N distinct particle energies, ϵj. Each
measurement provides an independent linear constraint
on the values of the functions α1ðrÞ and β1ðrÞ. This can
be written as

Dj≡R2
j −R2

MSchðϵjÞ
δ

¼AðϵjÞβ1ðr0ðϵjÞÞ−BðϵjÞα1ðr0ðϵjÞÞ; for j¼ 1;…;N:

ð61Þ

The left-hand side, Dj, is the observationally determined
deviation for each energy bin.
To make this system solvable, we can parametrize the

unknown perturbation functions as a series expansion, for
instance, in powers of M=r, which is a common approach
in post-Newtonian theory and other parametrized frame-
works:

α1ðrÞ ¼
XK
k¼1

ck

�
M
r

�
k
; β1ðrÞ ¼

XL
l¼1

dl

�
M
r

�
l
; ð62Þ

where fckg and fdlg are a set of unknown dimensionless
coefficients that characterize the specific theory of gravity.
Substituting these expansions into our system of observa-
tional constraints yields a system of N linear algebraic
equations for the K þ L unknown coefficients. Hence, we
can recast Eq. (61) as

Dj ¼ AðϵjÞ
XL
l¼1

dl

�
M

r0ðϵjÞ
�

l
− BðϵjÞ

XK
k¼1

ck

�
M

r0ðϵjÞ
�

k
:

ð63Þ

If a sufficient number of measurements are made
(N ≥ K þ L), this linear system can, in principle, be
inverted to solve for the coefficients fck; dlg individually.
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This procedure represents a powerful,model-independent
method for metric reconstruction in the strong-field regime.
The ability to solve for the coefficients describing the spatial
perturbation (fdlg) independently from those describing the
temporal perturbation (fckg) is a direct consequence of this
generalized framework and is entirely inaccessible using
photons alone. The prospect of using high-energy astro-
physical messengers, such as neutrinos, to perform this kind
of shadow spectroscopy could one day allow us to map the
gravitational field near a black hole with unprecedented
detail, providing a sharp and decisive test of general
relativity and its alternatives.

B. Application to test cases

To demonstrate the practical utility and predictive power
of our generalized perturbative framework, we now apply it
to a class of spacetimes that lies beyond the scope of the
restricted formalism used in [54]. The chosen example, a
traversable wormhole geometry, highlights how simulta-
neous perturbations to both the temporal and spatial
components of the metric produce unique, observable
signatures in the energy-dependent shadow.

1. The Simpson-Visser black-bounce wormhole

We consider the compelling and analytically simple
Simpson-Visser metric, which describes a black-bounce
spacetime that can represent either a regular black hole or a
traversable wormhole. As detailed in Ref. [55], its line
element is given by

ds2 ¼ −
�
1 −

2Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ b20

p
�
dt2 þ

�
1 −

2Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ b20

p
�

−1
dr2

þ ðr2 þ b20Þðdθ2 þ sin2θdϕ2Þ: ð64Þ

This geometry is characterized by a bounce parameter b0,
which regularizes the central singularity. The spacetime
smoothly interpolates between two distinct physical
regimes: (a) In the limit b0 → 0, it reduces to the standard
Schwarzschild metric; (b) for b0 > 2M, the event horizon
vanishes, and the geometry describes a two-way, travers-
able Morris-Thorne-type wormhole with a throat of
radius b0.
The crucial feature of this metric, from the perspective of

our framework, is that it modifies both the gtt and the
angular components of the metric relative to the
Schwarzschild solution. Specifically, the metric functions
αðrÞ and βðrÞ are

αðrÞ ¼ 1 −
2Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ b20

p ; βðrÞ ¼ r2 þ b20: ð65Þ

The modification to βðrÞ represents a fundamental change
in the spatial geometry where the area of a sphere is no
longer 4πr2. This is precisely the type of deformation that

the restricted gauge choice of [54] cannot handle, making
the Simpson-Visser spacetime an ideal test case for our
generalized methodology.
Now, let us identify the perturbation functions. For this,

we treat the bounce parameter b0 as a small quantity and
expand the metric functions in powers of a dimensionless
parameter. A natural choice is δ ¼ ðb0=MÞ2, assuming
b0 ≪ M. We expand αðrÞ and βðrÞ to first order in δ.
For the angular component βðrÞ, the identification is

immediate:

βðrÞ ¼ r2 þ b20 ¼ r2|{z}
β0ðrÞ

þ
�
b0
M

�
2

M2|{z}
β1ðrÞ

¼ β0ðrÞ þ δβ1ðrÞ:

ð66Þ

Thus, we find a constant first-order perturbation,
β1ðrÞ ¼ M2, with all higher-order terms, βi≥2ðrÞ, being zero.
For the temporal component αðrÞ, we first expand the

square root term for small b0 giving

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ b20

p ¼ 1

r

�
1þ b20

r2

�−1=2
≈
1

r

�
1 −

1

2

b20
r2

�
¼ 1

r
−

b20
2r3

:

ð67Þ

Substituting this into the expression for αðrÞ, one finds

αðrÞ ≈ 1 − 2M

�
1

r
−

b20
2r3

�

¼
�
1 −

2M
r

�
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

α0ðrÞ

þ
�
b0
M

�
2
�
M3

r3

�
|fflfflffl{zfflfflffl}
α1ðrÞ

¼ α0ðrÞ þ δα1ðrÞ:

ð68Þ

We have now successfully mapped the Simpson-Visser
geometry, in the small throat-radius limit, onto our pertur-
bative framework with the nontrivial perturbation functions
and find

α1ðrÞ ¼
M3

r3
; β1ðrÞ ¼ M2: ð69Þ

We can now compute the first-order deviation of the
massive shadow radius by substituting these perturbation
functions into our main result, Eq. (47) and find

ΔR2
ð1ÞðϵÞ¼ δ

�
1−α0ðr0Þϵ
α0ðr0Þð1− ϵÞðM

2Þ− β0ðr0Þ
α0ðr0Þ2ð1−ϵÞ

�
M3

r30

��
;

ð70Þ

where r0 ¼ r0ðϵÞ is the unperturbed Schwarzschild MPS
radius. The result gives a concrete prediction for the unique
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observational signature of this wormhole geometry, and
such a formula reveals how the two distinct types of
geometric deformation contribute to the total shadow
deviation:

(i) The first term is a contribution associated with the
spatial geometry), proportional to β1 ¼ M2, arises
directly from the modification of the area of spheres.
This term is novel to our generalized framework and
represents the dominant effect for this model. Since
the coefficient AðϵÞ is positive, this term provides a
positive contribution, meaning the increased area of
spheres at a given r tends to enlarge the shadow.

(ii) The second term, proportional to α1 ¼ M3=r3,
comes from the modification to the gravitational
redshift function (temporal geometry). This term is
similar in form to perturbations from charge or other
sources in standard black hole solutions. Its coef-
ficient −BðϵÞ is negative, so this term provides a
negative contribution, tending to shrink the shadow.

The net effect is a competition between these two
opposing contributions. The final observable signature is
encoded in the precise energy dependence of the total
deviation, ΔR2

ð1ÞðϵÞ, which is determined by the interplay

between the coefficients AðϵÞ and BðϵÞ and the radial
dependence of the perturbation functions. This unique
functional form ofΔR2

ð1ÞðϵÞ serves as a powerful fingerprint
of the Simpson-Visser geometry. It would be observatio-
nally distinct from, for instance, a Reissner-Nordström
black hole, which has β1 ¼ 0 and a different functional
form for α1ðrÞ. Measuring the shadow radius for several
different particle energies would allow observers to trace
out this curve, thereby confirming or ruling out this specific
wormhole model as a candidate for a given compact object.
This example powerfully illustrates that moving beyond the
photon shadow and incorporating both massive particles
and a generalized geometric framework is essential for
distinguishing exotic compact objects from standard
black holes.
Let us analyze Eq. (70) more explicitly. Evaluating the

MPS condition in Eq. (17) on the Schwarzschild back-
ground α0 ¼ 1–2M=r, β0 ¼ r2 gives

ϵ ¼ r2 − 3Mr
ðr − 2MÞ2 ; ð71Þ

whose unstable branch yields the analytic MPS radius [54]

r0ðϵÞ ¼ MfðϵÞ; fðϵÞ ¼ 3 − 4ϵþ ffiffiffiffiffiffiffiffiffiffiffiffiffi
9 − 8ϵ

p

2ð1 − ϵÞ ð72Þ

given in terms of the dimensionless energy parameter
fðϵÞ ¼ r0ðϵÞ=M, where r0ðϵÞ is the radius of the unper-
turbed Schwarzschild MPS. This gives the massive-
Schwarzschild shadow

R2
MSchwðϵÞ¼

M2f3

4−f
¼ 27M2

�
1þ2

3
ϵþ17

27
ϵ2þ���

�
: ð73Þ

For the SV metric, expanding in δ≡ ðb0=MÞ2 yields to
first order

αðrÞ ¼ α0ðrÞ þ δα1ðrÞ; βðrÞ ¼ β0ðrÞ þ δβ1ðrÞ;

α1ðrÞ ¼
M3

r3
; β1ðrÞ ¼ M2: ð74Þ

Using the linear correction at the MPS given by Eq. (70)
and evaluating at r0 gives

α0¼
f−2

f
; β0¼M2f2; α1ðr0Þ¼

1

f3
; β1ðr0Þ¼M2;

ð75Þ

so that

ΔR2
ð1ÞðϵÞ
δM2

¼
1 − f−2

f ϵ
f−2
f ð1 − ϵÞ −

f
ðf − 2Þ2

1

1 − ϵ

¼ ðf − 2Þ½fð1 − ϵÞ þ 2ϵ� − f
ðf − 2Þ2ð1 − ϵÞ

¼ fðf − 3Þ − ϵðf − 2Þ2
ðf − 2Þ2ð1 − ϵÞ : ð76Þ

Using the exact Schwarzschild MPS relation ϵ ¼ fðf−3Þ
ðf−2Þ2 , the

numerator vanishes identically, hence

ΔR2
ð1ÞðϵÞ≡ 0 for all ϵ: ð77Þ

Therefore, up to first order in δ, we have

R2ðϵ; δÞ ¼ R2
MSchwðϵÞ þOðδ2Þ

¼ 27M2

�
1þ 2

3
ϵþ 17

27
ϵ2 þ � � �

�
þOðδ2Þ: ð78Þ

Therefore, unlike RN BH, the SV wormhole yields no
linear-in-δ modification of the massive shadow at any
energy.

2. Scalar-tensor gravity and the
Fisher-Janis-Newman-Winicour solution

As a second, powerful illustration of our framework, we
turn to a canonical solution in scalar-tensor gravity. This
class of theories provides one of the most well-motivated
extensions to general relativity. We analyze the static,
spherically symmetric spacetime sourced by a minimally
coupled, massless scalar field. This solution, with a rich
history, is variously known as the Fisher, Janis-Newman-
Winicour (JNW), or Wyman solution. Following the
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conventions of Ref. [56], the metric is given by

ds2 ¼ −
�
1 −

2M
r

�
n
dt2 þ

�
1 −

2M
r

�
−n
dr2

þ
�
1 −

2M
r

�
1−n

r2ðdθ2 þ sin2θdϕ2Þ: ð79Þ

The parameter n∈ ð0; 1� is related to the scalar charge of
the object. The solution reduces to the Schwarzschild
metric in the limit n → 1. For n < 1, the spacetime
describes a naked singularity dressed with a nontrivial
logarithmic scalar field, ΦðrÞ ∝ lnð1 − 2M=rÞ.
This solution serves as an excellent test case for our

formalism for two reasons. First, it is a physically signifi-
cant and widely studied solution that represents a funda-
mental deviation from the vacuum Einstein equations.
Second, and most critically for our purposes, it inherently
modifies the area of spheres, as seen in its angular metric
component:

βðrÞ ¼
�
1 −

2M
r

�
1−n

r2: ð80Þ

For any n ≠ 1, this represents a nontrivial modification to
the spatial geometry, βðrÞ ≠ r2. Like the wormhole case,
this solution cannot be properly analyzed within a pertur-
bative framework that fixes the angular part of the metric.
Applying the method, we must identify the small param-

eter that controls the deviation from Schwarzschild. The
natural choice is the parameter that tracks the influence of
the scalar field, which we define as δ ¼ 1 − n. We assume
the scalar charge is small, so δ ≪ 1. We now expand the
metric functions αðrÞ and βðrÞ to first-order in this small
parameter δ.
We use the general expansion xy ¼ ey ln x ≈ 1þ y ln x for

small y. For the angular component βðrÞ ¼ ð1 − 2M=rÞΔR2,
the expansion is

βðrÞ ≈
�
1þ δ ln

�
1 −

2M
r

��
r2

¼ r2|{z}
β0ðrÞ

þ δ

�
r2 ln

�
1 −

2M
r

��
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

β1ðrÞ

: ð81Þ

For the temporal component αðrÞ ¼ ð1 − 2M=rÞn ¼
ð1 − 2M=rÞ1−δ, the expansion is

αðrÞ≈
�
1−

2M
r

��
1−δ ln

�
1−

2M
r

��

¼
�
1−

2M
r

�
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

α0ðrÞ

þδ

�
−
�
1−

2M
r

�
ln

�
1−

2M
r

��
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

α1ðrÞ

: ð82Þ

This procedure yields the first-order perturbation functions
that encode the influence of the scalar field:

α1ðrÞ ¼ −α0ðrÞ ln ðα0ðrÞÞ; ð83Þ
β1ðrÞ ¼ β0ðrÞ ln ðα0ðrÞÞ: ð84Þ

The logarithmic nature of these perturbations is a direct
consequence of the underlying scalar field andwill produce a
distinct observational signature compared to the rational-
function perturbations of the wormhole model.
We now insert these specific perturbation functions into

our general first-order result, Eq. (47), to predict the
shadow deviation for the JNW solution, revealing the
energy-dependent shadow signature. The expression sim-
plifies elegantly as

ΔR2
ð1ÞðϵÞ
δ

¼ AðϵÞβ1ðr0Þ − BðϵÞα1ðr0Þ
¼ AðϵÞ½β0ðr0Þ lnðα0ðr0ÞÞ�
− BðϵÞ½−α0ðr0Þ lnðα0ðr0ÞÞ�

¼ lnðα0ðr0ÞÞ½AðϵÞβ0ðr0Þ þ BðϵÞα0ðr0Þ�: ð85Þ
Substituting the definitions of AðϵÞ and BðϵÞ from Eq. (60),
we get

ΔR2
ð1ÞðϵÞ
δ

¼ lnðα0ðr0ÞÞ
�
1 − α0ϵ

α0ð1 − ϵÞ β0 þ
β0

α20ð1 − ϵÞ α0
�

¼ β0ðr0Þ lnðα0ðr0ÞÞ
α0ðr0Þð1 − ϵÞ ½ð1 − α0ϵÞ þ 1�

¼
r0ðϵÞ2 ln ð1 − 2M

r0ðϵÞÞ
ð1 − 2M

r0ðϵÞÞð1 − ϵÞ
�
2 −

�
1 −

2M
r0ðϵÞ

�
ϵ

�
: ð86Þ

Equation (86) provides a unique, calculable prediction for
the shadow deviation as a function of particle energy.
Substituting r0ðϵÞ ¼ MfðϵÞ from Eq. (72) into

Eq. (86) and writing α0 ¼ ðf − 2Þ=f, β0 ¼ M2f2, and
ln ½ðf − 2Þ=f�, we obtain the exact first-order FJNW
correction

ΔR2
ð1ÞðϵÞ
δ

¼ M2
f3

f − 2
ln

�
f − 2

f

�
2 − f−2

f ϵ

1 − ϵ
; ð87Þ

which is the exact first-order FJNW correction over
Schwarzschild in our gauge. With the second equation
from Eq. (72), and with Eq. (73), we find (to the orders
compared with Ref. [54])

R2ðϵ; δÞ ¼ 27M2

�
1þ 2

3
ϵþ 17

27
ϵ2 þ δ

�
−2 ln 3

þ
�
−
5

3
ln 3þ 4

9

�
ϵ

��
þOðϵ3; ϵ2δ; δ2Þ: ð88Þ
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We should emphasize that the slight difference of this result
compared to Eq. (107) in Ref. [54] is due to the harmless
parametrization/gauge difference of the radial coordinate r
in the denominator of Eq. (79), where it is not scaled
by n [56]. Nevertheless, the series coefficients agree in
structure but not numerically term by term in our gauge.
Such a choice already shifts the δ and ϵδ coefficients (as we
showed).
Analyzing the structure of Eq. (86) also reveals key

physical insights:
(i) Since the MPS radius r0ðϵÞ is always greater than

the horizon radius 2M, the term lnð1 − 2M=r0Þ is
always negative. All other terms in the expression
are positive for ϵ∈ ½0; 1Þ. Therefore, the overall
deviation ΔR2

ð1Þ is always negative for δ > 0 (i.e.,

n < 1). This means the presence of the scalar field
consistently shrinks the gravitational shadow for
particles of all energies compared to a Schwarzs-
child black hole of the same mass M.

(ii) In contrast to the wormhole case where the α1 and β1
perturbations had competing effects, here both
perturbations work in concert. The modification to
the area radius (a negative β1) and the modification
to the redshift function (a positive α1) both act to
decrease the shadow radius.

(iii) The specific functional form, with its logarithmic
and rational dependence on r0ðϵÞ, provides a dis-
tinctive signature. Even if the parameter n were
tuned such that the photon shadow (ϵ ¼ 0) was
identical to that of a Reissner-Nordström black hole,
their massive shadows would diverge as a function
of ϵ. An observational measurement of the curve
R2ðϵÞ would immediately distinguish the logarith-
mic signature of a scalar field from the purely
rational-function signature of an electric charge.

This example further solidifies our central thesis: the
energy spectrum of massive particle shadows is not merely
an incremental improvement on photon shadow observa-
tions but a qualitatively different probe of fundamental
physics. It allows us to perform a spectroscopy of the near-
horizon geometry, revealing the presence and nature of
additional fields or exotic structures that would otherwise
remain degenerate and hidden.

V. CONCLUSION

This paper presents a significant generalization of the
perturbative framework for analyzing gravitational shad-
ows, extending the methodology developed in [54] to a
much broader and more physically relevant class of
spacetimes.
The primary achievement of this work is the develop-

ment of a fully generalized, two-parameter perturbation
theory for massive particle shadows in any static, spheri-
cally symmetric spacetime. We have successfully lifted the

key simplifying assumption of previous work, namely, the
restriction to the Schwarzschild gauge (βðrÞ ¼ r2), by
allowing for simultaneous, arbitrary perturbations to all
components of the metric tensor.
Our analysis confirms that the energy dependence of the

massive shadow radius serves as a powerful diagnostic tool
for probing the near-horizon geometry. The key insight is
that by observing particles with different mass-to-energy
ratios (ϵ), one can perform a radial scan of the spacetime,
probing the metric perturbations at different radii between
3M and 4M. Such a shadow spectroscopy provides the
necessary leverage to disentangle the effects of perturba-
tions on the temporal geometry [via αðrÞ] from those on the
spatial geometry [via βðrÞ]. This method effectively breaks
the observational degeneracies inherent in a single photon
shadow measurement, which can only constrain one
specific combination of metric parameters at a single
radius.
We demonstrated the power of this generalized formal-

ism with two compelling test cases: a Simpson-Visser
black-bounce wormhole and the canonical Fisher-Janis-
Newman-Winicour scalar-tensor solution. In both
instances, the framework allowed us to derive a unique,
energy-dependent fingerprint for the shadow deviation,
showing how these exotic objects could be distinguished
from standard black holes and from each other. Ultimately,
this work provides a more robust and theory-agnostic
toolkit for testing fundamental physics in the strong-field
regime and for interpreting future high-precision, multi-
messenger observations of compact objects
The framework developed here opens up several exciting

avenues for future investigation. We outline three particu-
larly promising directions: (1) The most crucial next step is
to extend this formalism from static, spherically symmetric
spacetimes to stationary, axisymmetric ones, such as the
Kerr metric and its generalizations. Real astrophysical
black holes rotate, and their shadows are not perfect circles.
A generalized perturbative analysis of Kerr-like spacetimes
would allow for direct, quantitative comparisons with EHT
data, providing a method to search for deviations from the
Kerr paradigm that depend on both particle energy and
black hole spin. (2) The MPS that form the shadow are
surfaces of unstable orbits. The degree of this instability is
deeply connected to the properties of the spacetime and, in
the eikonal limit, to the spectrum of quasinormal modes
(QNMs) that characterize the ringdown phase of black hole
mergers. Applying our generalized framework to analyze
the stability of the MPS could forge a powerful new link
between shadow observations (electromagnetic signals)
and gravitational wave astronomy, creating a truly multi-
messenger test of strong-field gravity. (3) While observing
shadows from high-energy massive particles like neutrinos
remains a future prospect, a more immediate application of
our formalism exists. Photons propagating through a
plasma acquire an effective, frequency-dependent mass.
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This means that the shadow observed by the EHT is, in
reality, already an energy-dependent massive shadow.
Adapting our generalized metric perturbation framework
to include plasma effects would yield direct, testable
predictions for current and near-future observations,
allowing us to simultaneously disentangle modifications
to the background geometry from the effects of the
surrounding astrophysical environment. (4) Finally, extend-
ing this to nonasymptotically flat spacetime is currently in
progress.
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APPENDIX: SECOND-ORDER PERTURBATION
COEFFICIENTS

This appendix provides the detailed derivation of the
coefficientsCiðϵÞ that appear in the schematic second-order
correction to the squared shadow radius, ΔR2

ð2Þ. We begin
by restating the core formula derived in Sec. III B:

ΔR2
ð2ÞðϵÞ¼

δ2

2

�
∂
2G
∂r2

ðr1Þ2þ2
∂
2G

∂δ∂r
r1þ

∂
2G
∂δ2

�
δ¼0;r¼r0

; ðA1Þ

where Gðr; δÞ is the shadow radius function and r1 is
the first-order correction to the MPS radius. For explicit
evaluation of Eq. (A1), we express the coefficients as
functions of the dimensionless energy parameter
f ¼ r0ðϵÞ=M, where r0ðϵÞ is the radius of the unperturbed
Schwarzschild MPS. Throughout, all calculations are
performed on the Schwarzschild background, where α0 ¼
1–2M=r and β0 ¼ r2. The key background quantities are
α0 ¼ ðf − 2Þ=f and β0 ¼ M2f2. Substituting these into the
expressions above, we arrive at the explicit coefficients
CiðfÞ for the second-order shadow deviation:

ΔR2
ð2Þ

¼ δ2

2
½Cα2α2þCβ2β2þCα2

1
α21þCβ2

1
β21þCα1β1α1β1þ…�

r¼Mf
:

ðA2Þ

The radius correction r1 is given by r1 ¼ −ð∂F=∂δÞ=
ð∂F=∂rÞ, where F ðr; δÞ is the implicit function for the
MPS radius defined in Eq. (17). The denominator, evalu-
ated at the background, is related to the second derivative of
the effective potential V0;rr:

∂F
∂r

����
ðr0;0Þ

¼ ∂ϵ

∂r

����
0

¼ β0;r
β0

V0;rr ¼
2

r0
V0;rr: ðA3Þ

The numerator ∂F=∂δ is calculated by differentiating
Eq. (17) with respect to δ and evaluating at the background.
After a lengthy but straightforward calculation, one finds

∂F
∂δ

����
ðr0;0Þ

¼ 1

α30β
2
0;r

½α0α0;rðβ0β1;r − β0;rβ1Þ

− α0β0β0;rα1;r þ α1ð2β0α0;rβ0;r − α0β
2
0;rÞ�:

ðA4Þ

Combining these gives the explicit formula for r1, which is
required for the stability term in the second-order shadow
calculation (also noting that r0 ¼ Mf):

r1 ¼ −
β0

α30β
3
0;rV0;rr

½α0α0;rðβ0β1;r − β0;rβ1Þ

− α0β0β0;rα1;r þ α1ð2β0α0;rβ0;r − α0β
2
0;rÞ� ðA5Þ

where

V0;rr¼
α0β0ðα0:rβ0;rr−β0;rα0;rrÞþ2α0;rβ0;rðβ0α0;r−α0β0;rÞ

α30β0β0;r
:

ðA6Þ

Noting that r0 ¼ Mf, we can express r1 as

r1 ¼ −
4f4M3ðf − 4Þ
16ðf − 6Þ α1 −

4fMðf − 2Þ
16ðf − 6Þ β1

−
2f5M4ðf − 2Þ
16ðf − 6Þ α1;r þ

2f2M2ðf − 2Þ
16ðf − 6Þ β1;r: ðA7Þ

Next, we compute the partial derivatives of the shadow
function Gðr; δÞ. These derivatives govern how the shadow
size responds to explicit changes in the metric functions.
The explicit metric dependence (G;δδ) is the term arises
from the direct second-order expansion of the metric
functions. It is expanded via the chain rule as
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∂
2G
∂δ2

����
0

¼
�
∂G
∂α

ð2α2Þ þ
∂G
∂β

ð2β2Þ þ
∂
2G
∂α2

α21 þ
∂
2G
∂β2

β21 þ 2
∂
2G

∂α∂β
α1β1

�
r¼r0

¼ 1

α0β0;rðα0 − 1Þ þ β0α0;r

�
2β0α0;rβ2 − 2β0β0;rα2 − 2α1β1β0;r þ

2β0α
2
1β0;r

α0

�
:

¼ 2f2

f − 4
α1β1 −

2f5M2

ðf − 4Þðf − 2Þ α
2
1 þ

2f4M2

f − 4
α2 −

2f
f − 4

β2: ðA8Þ

The mixed radial-metric coupling (G;rδ) is the term that couples the explicit metric perturbations to their radial derivatives,
representing the sensitivity of the shadow to the radial gradient of the perturbation:

∂
2G

∂δ∂r

����
0

¼
�
∂

∂r

�
∂G
∂α

�
α1 þ

∂G
∂α

α1;r þ
∂

∂r

�
∂G
∂β

�
β1 þ

∂G
∂β

β1;r

�
r¼r0

¼ 1

α0β0;rðα0 − 1Þ þ β0α0;r

�
β0α0;rβ1;r − α0;rβ0;rβ1 − α1β

2
0;r − β0α1;rβ0;r þ

2β0α0;rβ0;rα1
α0

�

¼ 2Mf3

f − 2
α1 þ

2

Mðf − 4Þ β1 þ
f4M2

f − 4
α1;r −

f
f − 4

β1;r: ðA9Þ

Finally, the stability term (G;rr) depends only on the background metric and governs the geometric stability of the orbit. It
acts as the restoring force against the radius shift r1:

∂
2G
∂r2

����
ðr0;0Þ

¼ ∂
2G
∂α2

α20;r þ 2
∂
2G

∂α∂β
α0;rβ0;r þ

∂
2G
∂β2

β20;r þ
∂G
∂α

α0;rr þ
∂G
∂β

β0;rr

¼ 1

α0β0;rðα0 − 1Þ þ β0α0;r

�
β0α0;rβ0;rr − β0α0;rrβ0;r − 2α0;rβ

2
0;r þ

2β0α
2
0;rβ0;r
α0

�

¼ 2fðf − 6Þ
ðf − 4Þðf − 2Þ : ðA10Þ

Combining all the components above, from Eqs. (A7)–(A10), provides the full expression for the second-order shadow
deviation ΔR2

ð2Þ.
We can now explicitly write the coefficients CiðϵÞ for each type of perturbation term in the expansion ΔR2

ð2Þ ¼ δ2½…�.
The coefficients for the explicit second-order perturbations (α2, β2) arise solely from the G;δδ term. Physically, these
represent the direct response of the shadow to higher-order curvature corrections:

Cα2 ¼
2f2M2

f − 4
; ðA11Þ

Cβ2 ¼
2f

f − 4
: ðA12Þ

The quadratic coefficients are considerably more complex, as they receive contributions from the explicit metric change,
the radius shift, and the mixed coupling. Cα2

1
represents the nonlinear self-interaction of the temporal perturbation:

Cα2
1
¼ ðM4f6 − 8M4f5 þ 16f4M4 − 8M2f4 þ 64M2f3 − 128f2M2 − 16f þ 96Þf5M2

8ðf − 4Þðf − 6Þðf − 2Þ : ðA13Þ

Cβ2
1
represents the nonlinear self-interaction of the spatial perturbation:

Cβ2
1
¼ ðf2M2 − 8Þfðf − 2Þ

8ðf − 6Þðf − 4Þ : ðA14Þ

GRAVITATIONAL BLACK HOLE SHADOW SPECTROSCOPY PHYS. REV. D 112, 124072 (2025)

124072-15



Next, Cα1β1 is the geometric coupling coefficient. It quantifies the interference between the gravitational redshift (α) and the
areal radius (β). This term is nonzero only in our generalized framework and is key to shadow spectroscopy:

Cα1β1 ¼
f6M4

4f − 24
−
2f4M2

f − 6
þ f3M
f − 4

: ðA15Þ

Finally, the framework also produces terms that depend on the radial derivatives of the first-order perturbations. These
terms describe how the shadow responds to the gradients of the perturbation fields:

Cα1α1;rðfÞ ¼
f8M5ðf2M2 − 8Þ

8f − 48
;

Cβ1β1;rðfÞ ¼ −
ðf2M2 − 8Þf2Mðf − 2Þ

8ðf − 6Þðf − 4Þ ;

Cα1β1;rðfÞ ¼ −
f5M3ðf2M2 − 8Þ

8f − 48
;

Cβ1α1;rðfÞ ¼
ðf2M2 − 8Þf5M3ðf − 2Þ

8ðf − 6Þðf − 4Þ ;

Cα2
1;r
ðfÞ ¼ ðf2M2 − 8Þf9M6ðf − 2Þ

32ðf − 6Þðf − 4Þ ;

Cβ2
1;r
ðfÞ ¼ ðf2M2 − 8Þf3M2ðf − 2Þ

32ðf − 6Þðf − 4Þ ;

Cα1;rβ1;rðfÞ ¼ −
ðf2M2 − 8Þf6M4ðf − 2Þ

16ðf − 6Þðf − 4Þ : ðA16Þ

These explicit formulas provide a complete and reproducible result for the second-order shadow deviation. Any specific
theoretical model can now be analyzed by simply defining its perturbation functions (α1, β1, α2, etc.) and substituting them
into the expansion with these coefficients to yield a direct, testable prediction for its massive shadow signature.
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Les Astres Occlus: Les Houches, France, August, 1972
(1973), pp. 215–240.

[6] J. P. Luminet, Image of a spherical black hole with thin
accretion disk, Astron. Astrophys. 75, 228 (1979).

[7] S. Chandrasekhar, The Mathematical Theory of Black Holes
(Oxford University Press, New York, 1985).

[8] H. Falcke, F. Melia, and E. Agol, Viewing the shadow of the
black hole at the galactic center, Astrophys. J. Lett. 528, L13
(2000).

[9] C. Bambi, Testing black hole candidates with electromag-
netic radiation, Rev. Mod. Phys. 89, 025001 (2017).

[10] D. Psaltis, Testing general relativity with the Event Horizon
Telescope, Gen. Relativ. Gravit. 51, 137 (2019).

[11] V. Perlick and O. Y. Tsupko, Calculating black hole
shadows: Review of analytical studies, Phys. Rep. 947, 1
(2022).

[12] S. Vagnozzi et al., Horizon-scale tests of gravity theories
and fundamental physics from the Event Horizon Telescope
image of Sagittarius A, Classical Quantum Gravity 40,
165007 (2023).

[13] S. Vagnozzi, C. Bambi, and L. Visinelli, Concerns regarding
the use of black hole shadows as standard rulers, Classical
Quantum Gravity 37, 087001 (2020).

[14] D. Ayzenberg et al., Fundamental physics opportunities
with future ground-based mm/sub-mm VLBI arrays, Living
Rev. Relativity 28, 4 (2025).

REGGIE C. PANTIG and ALI ÖVGÜN PHYS. REV. D 112, 124072 (2025)

124072-16

https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ac6674
https://doi.org/10.1093/mnras/131.3.463
https://doi.org/10.1086/180933
https://doi.org/10.1086/180933
https://doi.org/10.1086/312423
https://doi.org/10.1086/312423
https://doi.org/10.1103/RevModPhys.89.025001
https://doi.org/10.1007/s10714-019-2611-5
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1016/j.physrep.2021.10.004
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/acd97b
https://doi.org/10.1088/1361-6382/ab7965
https://doi.org/10.1088/1361-6382/ab7965
https://doi.org/10.1007/s41114-025-00057-0
https://doi.org/10.1007/s41114-025-00057-0


[15] P. Tiede, M. D. Johnson, D.W. Pesce, D. C. M. Palumbo,
D. O. Chang, and P. Galison, Measuring photon rings with
the ngEHT, Galaxies 10, 111 (2022).

[16] F. Aratore, O. Y. Tsupko, and V. Perlick, Constraining
spherically symmetric metrics by the gap between photon
rings, Phys. Rev. D 109, 124057 (2024).

[17] V. Perlick, O. Y. Tsupko, and G. S. Bisnovatyi-Kogan,
Influence of a plasma on the shadow of a spherically
symmetric black hole, Phys. Rev. D 92, 104031 (2015).

[18] C.-M. Claudel, K. S. Virbhadra, and G. F. R. Ellis, The
geometry of photon surfaces, J. Math. Phys. (N.Y.) 42, 818
(2001).

[19] Y. Decanini, A. Folacci, and B. Raffaelli, Unstable circular
null geodesics of static spherically symmetric black holes,
Regge poles and quasinormal frequencies, Phys. Rev. D 81,
104039 (2010).

[20] A. A. Shoom, Metamorphoses of a photon sphere, Phys.
Rev. D 96, 084056 (2017).

[21] S. Hod, Lower bound on the radii of black-hole photon-
spheres, Phys. Rev. D 101, 084033 (2020).

[22] S. Hod, Lower bound on the radii of light rings in traceless
black-hole spacetimes, J. High Energy Phys. 12 (2023) 178.

[23] E. Teo, Spherical photon orbits around a Kerr black hole,
Gen. Relativ. Gravit. 35, 1909 (2003).

[24] S. Hod, Spherical null geodesics of rotating Kerr black
holes, Phys. Lett. B 718, 1552 (2013).

[25] S. Hod, Marginally bound (critical) geodesics of rapidly
rotating black holes, Phys. Rev. D 88, 087502 (2013).

[26] N. Tsukamoto, Z. Li, and C. Bambi, Constraining the spin
and the deformation parameters from the black hole shadow,
J. Cosmol. Astropart. Phys. 06 (2014) 043.

[27] N. Tsukamoto, Black hole shadow in an asymptotically-flat,
stationary, and axisymmetric spacetime: The Kerr-Newman
and rotating regular black holes, Phys. Rev. D 97, 064021
(2018).

[28] P. V. P. Cunha and C. A. R. Herdeiro, Shadows and strong
gravitational lensing: A brief review, Gen. Relativ. Gravit.
50, 42 (2018).

[29] P. V. P. Cunha, C. A. R. Herdeiro, and M. J. Rodriguez, Does
the black hole shadow probe the event horizon geometry?,
Phys. Rev. D 97, 084020 (2018).

[30] H. C. D. Lima, Junior., L. C. B. Crispino, P. V. P. Cunha, and
C. A. R. Herdeiro, Can different black holes cast the same
shadow?, Phys. Rev. D 103, 084040 (2021).

[31] A. A. Abdujabbarov, L. Rezzolla, and B. J. Ahmedov, A
coordinate-independent characterization of a black hole
shadow, Mon. Not. R. Astron. Soc. 454, 2423 (2015).

[32] R. Konoplya, L. Rezzolla, and A. Zhidenko, General
parametrization of axisymmetric black holes in metric
theories of gravity, Phys. Rev. D 93, 064015 (2016).

[33] V. Cardoso, P. Pani, and J. Rico, On generic parametriza-
tions of spinning black-hole geometries, Phys. Rev. D 89,
064007 (2014).

[34] T. Johannsen and D. Psaltis, A metric for rapidly spinning
black holes suitable for strong-field tests of the no-hair
theorem, Phys. Rev. D 83, 124015 (2011).

[35] Z. Younsi, A. Zhidenko, L. Rezzolla, R. Konoplya, and Y.
Mizuno, New method for shadow calculations: Application
to parametrized axisymmetric black holes, Phys. Rev. D 94,
084025 (2016).

[36] K. A. Bronnikov, R. A. Konoplya, and T. D. Pappas, Gen-
eral parametrization of wormhole spacetimes and its appli-
cation to shadows and quasinormal modes, Phys. Rev. D
103, 124062 (2021).

[37] R. A. Konoplya and A. Zhidenko, Shadows of parametrized
axially symmetric black holes allowing for separation of
variables, Phys. Rev. D 103, 104033 (2021).

[38] K. Kobialko, D. Gal’tsov, and A. Molchanov, Gravitational
shadow and emission spectrum of thin accretion disks in a
plasma medium, Phys. Rev. D 112, 044039 (2025).

[39] Y. Koga, N. Asaka, M. Kimura, and K. Okabayashi,
Dynamical photon sphere and time evolving shadow around
black holes with temporal accretion, Phys. Rev. D 105,
104040 (2022).

[40] J. Solanki and V. Perlick, Photon sphere and shadow of a
time-dependent black hole described by a Vaidya metric,
Phys. Rev. D 105, 064056 (2022).

[41] O. Y. Tsupko and G. S. Bisnovatyi-Kogan, First analytical
calculation of black hole shadow in McVittie metric, Int. J.
Mod. Phys. D 29, 2050062 (2020).

[42] M. Wang, S. Chen, and J. Jing, Shadows of Bonnor black
dihole by chaotic lensing, Phys. Rev. D 97, 064029 (2018).

[43] T. Johannsen, Photon rings around Kerr and Kerr-like black
holes, Astrophys. J. 777, 170 (2013).

[44] F. Feleppa, V. Bozza, and O. Y. Tsupko, Strong deflection
limit analysis of black hole lensing in inhomogeneous
plasma, Phys. Rev. D 110, 064031 (2024).

[45] F. Feleppa, F. Aratore, and V. Bozza, Interferometric
signature of higher-order images in a parametrized frame-
work, Phys. Rev. D 112, 044007 (2025).

[46] F. Feleppa, V. Bozza, and O. Y. Tsupko, Strong deflection of
massive particles in spherically symmetric spacetimes,
Phys. Rev. D 111, 044018 (2025).

[47] C.-K. Qiao, Curvatures, photon spheres, and black hole
shadows, Phys. Rev. D 106, 084060 (2022).

[48] K. Paithankar and S. Kolekar, Black hole shadow and
acceleration bounds for spherically symmetric spacetimes,
Phys. Rev. D 108, 104042 (2023).

[49] H. Lu and H.-D. Lyu, Schwarzschild black holes have the
largest size, Phys. Rev. D 101, 044059 (2020).

[50] V. Vertogradov and A. Övgün, Analyzing the influence of
geometrical deformation on photon sphere and shadow
radius: A new analytical approach—Spherically symmetric
spacetimes, Phys. Dark Universe 45, 101541 (2024).

[51] V. Vertogradov and A. Övgün, General approach on shadow
radius and photon spheres in asymptotically flat spacetimes
and the impact of mass-dependent variations, Phys. Lett. B
854, 138758 (2024).

[52] V. Vertogradov, A. Övgün, and R. C. Pantig, Analyzing the
influence of geometrical deformation on photon sphere and
shadow radius: A new analytical approach-stationary, and
axisymmetric spacetime, Int. J. Geom. Methods Mod. Phys.
22, 2540001 (2025).

[53] R. C. Pantig, On the analytic generalization of particle
deflection in the weak field regime and shadow size in
light of EHT constraints for Schwarzschild-like black hole
solutions, Eur. Phys. J. C 85, 52 (2025).

[54] K. Kobialko and D. Gal’tsov, Perturbation theory for
gravitational shadows in static spherically symmetric space-
times, Phys. Rev. D 111, 044071 (2025).

GRAVITATIONAL BLACK HOLE SHADOW SPECTROSCOPY PHYS. REV. D 112, 124072 (2025)

124072-17

https://doi.org/10.3390/galaxies10060111
https://doi.org/10.1103/PhysRevD.109.124057
https://doi.org/10.1103/PhysRevD.92.104031
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1103/PhysRevD.81.104039
https://doi.org/10.1103/PhysRevD.81.104039
https://doi.org/10.1103/PhysRevD.96.084056
https://doi.org/10.1103/PhysRevD.96.084056
https://doi.org/10.1103/PhysRevD.101.084033
https://doi.org/10.1007/JHEP12(2023)178
https://doi.org/10.1023/A:1026286607562
https://doi.org/10.1016/j.physletb.2012.12.047
https://doi.org/10.1103/PhysRevD.88.087502
https://doi.org/10.1088/1475-7516/2014/06/043
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1103/PhysRevD.97.064021
https://doi.org/10.1007/s10714-018-2361-9
https://doi.org/10.1007/s10714-018-2361-9
https://doi.org/10.1103/PhysRevD.97.084020
https://doi.org/10.1103/PhysRevD.103.084040
https://doi.org/10.1093/mnras/stv2079
https://doi.org/10.1103/PhysRevD.93.064015
https://doi.org/10.1103/PhysRevD.89.064007
https://doi.org/10.1103/PhysRevD.89.064007
https://doi.org/10.1103/PhysRevD.83.124015
https://doi.org/10.1103/PhysRevD.94.084025
https://doi.org/10.1103/PhysRevD.94.084025
https://doi.org/10.1103/PhysRevD.103.124062
https://doi.org/10.1103/PhysRevD.103.124062
https://doi.org/10.1103/PhysRevD.103.104033
https://doi.org/10.1103/lm4m-v7hj
https://doi.org/10.1103/PhysRevD.105.104040
https://doi.org/10.1103/PhysRevD.105.104040
https://doi.org/10.1103/PhysRevD.105.064056
https://doi.org/10.1142/S0218271820500625
https://doi.org/10.1142/S0218271820500625
https://doi.org/10.1103/PhysRevD.97.064029
https://doi.org/10.1088/0004-637X/777/2/170
https://doi.org/10.1103/PhysRevD.110.064031
https://doi.org/10.1103/1gls-k3df
https://doi.org/10.1103/PhysRevD.111.044018
https://doi.org/10.1103/PhysRevD.106.084060
https://doi.org/10.1103/PhysRevD.108.104042
https://doi.org/10.1103/PhysRevD.101.044059
https://doi.org/10.1016/j.dark.2024.101541
https://doi.org/10.1016/j.physletb.2024.138758
https://doi.org/10.1016/j.physletb.2024.138758
https://doi.org/10.1142/S0219887825400018
https://doi.org/10.1142/S0219887825400018
https://doi.org/10.1140/epjc/s10052-025-13766-1
https://doi.org/10.1103/PhysRevD.111.044071


[55] A. Simpson and M. Visser, Black-bounce to traversable
wormhole, J. Cosmol. Astropart. Phys. 02 (2019) 042.

[56] S. Sau, I. Banerjee, and S. SenGupta, Imprints of the Janis-
Newman-Winicour spacetime on observations related to
shadow and accretion, Phys. Rev. D 102, 064027 (2020).

[57] P. V. P. Cunha, E. Berti, and C. A. R. Herdeiro, Light-ring
stability for ultracompact objects, Phys. Rev. Lett. 119,
251102 (2017).

[58] M. S. Churilova, Analytical quasinormal modes of spheri-
cally symmetric black holes in the eikonal regime, Eur.
Phys. J. C 79, 629 (2019).

[59] R. A. Hennigar, M. B. J. Poshteh, and R. B. Mann, Shad-
ows, signals, and stability in Einsteinian cubic gravity, Phys.
Rev. D 97, 064041 (2018).

[60] R. A. Konoplya, A. F. Zinhailo, and Z. Stuchlik, Quasinor-
mal modes and Hawking radiation of black holes in cubic
gravity, Phys. Rev. D 102, 044023 (2020).

[61] A. Allahyari, M. Khodadi, S. Vagnozzi, and D. F. Mota,
Magnetically charged black holes from non-linear electro-
dynamics and the Event Horizon Telescope, J. Cosmol.
Astropart. Phys. 02 (2020) 003.

[62] X.-M. Kuang and A. Övgün, Strong gravitational lensing
and shadow constraint from M87� of slowly rotating Kerr-
like black hole, Ann. Phys. (Amsterdam) 447, 169147
(2022).

[63] M. Okyay and A. Övgün, Nonlinear electrodynamics effects
on the black hole shadow, deflection angle, quasinormal
modes and greybody factors, J. Cosmol. Astropart. Phys. 01
(2021) 009.

[64] R. C. Pantig, L. Mastrototaro, G. Lambiase, and A. Övgün,
Shadow, lensing, quasinormal modes, greybody bounds and
neutrino propagation by dyonic ModMax black holes, Eur.
Phys. J. C 82, 1155 (2022).

[65] R. C. Pantig and A. Övgün, Black hole in quantum wave
dark matter, Fortschr. Phys. 71, 2200164 (2023).

[66] R. C. Pantig, A. Övgün, and D. Demir, Testing symmergent
gravity through the shadow image and weak field photon
deflection by a rotating black hole using the M87� and Sgr.
A� results, Eur. Phys. J. C 83, 250 (2023).

[67] A. Övgün, R. C. Pantig, and A. Rincón, Shadow and
greybody bounding of a regular scale-dependent black hole
solution, Ann. Phys. (Amsterdam) 463, 169625 (2024).

[68] K. Karshiboev, F. Atamurotov, A. Abdujabbarov, A. Övgün,
and A. Reyimberganov, Exploring the shadow of a rotating
charged ModMax black hole, Commun. Theor. Phys. 76,
025401 (2024).

[69] M. Alloqulov, F. Atamurotov, A. Abdujabbarov, B.
Ahmedov, and V. Khamidov, Shadow and weak gravita-
tional lensing for Ellis-Bronnikov wormhole, Chin. Phys. C
48, 025104 (2024).

[70] A. Abdujabbarov, M. Amir, B. Ahmedov, and S. G. Ghosh,
Shadow of rotating regular black holes, Phys. Rev. D 93,
104004 (2016).

[71] G. Mustafa, F. Atamurotov, I. Hussain, S. Shaymatov, and
A. Övgün, Shadows and gravitational weak lensing by the
Schwarzschild black hole in the string cloud background
with quintessential field*, Chin. Phys. C 46, 125107 (2022).

[72] J. Rayimbaev, R. C. Pantig, A. Övgün, A. Abdujabbarov,
and D. Demir, Quasiperiodic oscillations, weak field lensing
and shadow cast around black holes in Symmergent gravity,
Ann. Phys. (Amsterdam) 454, 169335 (2023).

[73] Y. Yang, D. Liu, A. Övgün, G. Lambiase, and Z.-W. Long,
Black hole surrounded by the pseudo-isothermal dark matter
halo, Eur. Phys. J. C 84, 63 (2024).

[74] S. L. Adler and K. S. Virbhadra, Cosmological constant
corrections to the photon sphere and black hole shadow
radii, Gen. Relativ. Gravit. 54, 93 (2022).

[75] K. S. Virbhadra and G. F. R. Ellis, Schwarzschild black hole
lensing, Phys. Rev. D 62, 084003 (2000).

[76] K. S. Virbhadra and C. R. Keeton, Time delay and magni-
fication centroid due to gravitational lensing by black holes
and naked singularities, Phys. Rev. D 77, 124014 (2008).

[77] K. S. Virbhadra, Distortions of images of Schwarzschild
lensing, Phys. Rev. D 106, 064038 (2022).

[78] N. Heidari, A. A. Araújo Filho, R. C. Pantig, and A. Övgün,
Absorption, scattering, geodesics, shadows and lensing
phenomena of black holes in effective quantum gravity,
Phys. Dark Universe 47, 101815 (2025).

REGGIE C. PANTIG and ALI ÖVGÜN PHYS. REV. D 112, 124072 (2025)

124072-18

https://doi.org/10.1088/1475-7516/2019/02/042
https://doi.org/10.1103/PhysRevD.102.064027
https://doi.org/10.1103/PhysRevLett.119.251102
https://doi.org/10.1103/PhysRevLett.119.251102
https://doi.org/10.1140/epjc/s10052-019-7146-0
https://doi.org/10.1140/epjc/s10052-019-7146-0
https://doi.org/10.1103/PhysRevD.97.064041
https://doi.org/10.1103/PhysRevD.97.064041
https://doi.org/10.1103/PhysRevD.102.044023
https://doi.org/10.1088/1475-7516/2020/02/003
https://doi.org/10.1088/1475-7516/2020/02/003
https://doi.org/10.1016/j.aop.2022.169147
https://doi.org/10.1016/j.aop.2022.169147
https://doi.org/10.1088/1475-7516/2021/01/009
https://doi.org/10.1088/1475-7516/2021/01/009
https://doi.org/10.1140/epjc/s10052-022-11125-y
https://doi.org/10.1140/epjc/s10052-022-11125-y
https://doi.org/10.1002/prop.202200164
https://doi.org/10.1140/epjc/s10052-023-11400-6
https://doi.org/10.1016/j.aop.2024.169625
https://doi.org/10.1088/1572-9494/ad1583
https://doi.org/10.1088/1572-9494/ad1583
https://doi.org/10.1088/1674-1137/ad1677
https://doi.org/10.1088/1674-1137/ad1677
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1103/PhysRevD.93.104004
https://doi.org/10.1088/1674-1137/ac917f
https://doi.org/10.1016/j.aop.2023.169335
https://doi.org/10.1140/epjc/s10052-024-12412-6
https://doi.org/10.1007/s10714-022-02976-7
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.77.124014
https://doi.org/10.1103/PhysRevD.106.064038
https://doi.org/10.1016/j.dark.2025.101815

	Gravitational black hole shadow spectroscopy
	I. INTRODUCTION
	II. GENERALIZED FORMALISM FOR MASSIVE PARTICLE ORBITS AND SHADOWS
	A. The generalized metric ansatz
	B. Generalized conditions for massive particle spheres
	C. Generalized shadow radius

	III. PERTURBATIVE EXPANSION OF THE SHADOW RADIUS
	A. First-order correction to the MPS radius
	B. Second-order expansion

	IV. INSIGHTS AND PHENOMENOLOGICAL IMPLICATIONS
	A. Disentangling metric deformations
	1. The degeneracy of the photon shadow
	2. Breaking degeneracy with shadow spectroscopy

	B. Application to test cases
	1. The Simpson-Visser black-bounce wormhole
	2. Scalar-tensor gravity and the Fisher-Janis-Newman-Winicour solution


	V. CONCLUSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX: SECOND-ORDER PERTURBATION COEFFICIENTS
	References


