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We investigate the Ward-Takahashi identity at one-loop in the light-front (LF) formalism for a bound
state of fermions. We consider a spinless bound state made up of two fermions in which the Ward-
Takahashi identity is satisfied in the covariant formulation. Considering the same system in the light-front
formalism, we investigate the proof of Ward-Takahashi identity by integrating the light-front energy
component through the identification of the relevant ranges of the longitudinal LF momentum. We
elucidate that the pair production diagram plays a crucial role in establishing the Ward-Takahashi identity.
We also point out the necessity of taking into account the corresponding zero modes for truly establishing

the Ward-Takahashi identity in the LF formalism.
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I. INTRODUCTION

Light-front quantum field theory (LFQFT) is an inherently
suitable framework for modeling composite systems such as
mesons or baryons [1]. The Fock amplitudes associated with
the eigenstates of the light-front Hamiltonian effectively
capture the intricate hadron structure that stems from the
fundamental interactions of quantum chromodynamics
(QCD).

The phenomenological success of this particular
approach in describing hadron structure is noteworthy.
Its results are comparable to those obtained using a variety
of other well-established methods, including, Schwinger-
Dyson methods [2,3], QCD sum rules [4—6], anti—de Sitter
(AdS)/QCD frameworks [7], effective field theory [8],
covariant light-front dynamics [9,10], and also point-form
quantum mechanics [11].

Light-front quantum field theory presents distinct advan-
tages, particularly in its formalism, where the vacuum is
trivial and the kinematical group includes Lorentz trans-
formations [1]. This simplifies the calculation of bound
states significantly compared to traditional formalisms.

However, LFQFT is not without challenges. A critical
issue is the loss of covariance in certain physical processes
[12—15]. To ensure the full covariance of the electromagnetic
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current, it is necessary to go beyond the simple valence
component and incorporate nonvalence contributions (often
called zero modes) into the electromagnetic current’s matrix
elements [12,13,16-18].

The problem of covariance breaking in the light-front
(LF) formalism has received considerable attention in the
relevant literature. This issue arises because the chosen
quantization surface (x* = x* + x> = 0) does not preserve
manifest rotational symmetry, a subgroup of the full
Lorentz group.

In a recent publication [19], specifically concerning the
Yukawa model for the nucleon, the problematic inclusion
of zero modes (k™ = 0 modes, and nonvalence terms,
higher Fock-sector contributions, often referred to as pair
terms) was discussed. The dependence of the obtained
results on the adopted reference frames was explored,
highlighting the necessity of these extra contributions to
recover the expected Lorentz invariance and frame inde-
pendence of physical observables, such as form factors.

In the LF approach, the matrix elements of the current
operator J* are typically calculated using the overlap of
light-front wave functions. For the full covariance to hold,
the results derived from different current components,
(P'|J*|P) and (P'|J~|P), must be consistent. The necessity
to include zero modes or nonvalence contributions, is often
a consequence of the truncation of the Fock space or the
specific component of the current employed. The authors in
[19] (and references therein) investigate how the proper
treatment of these terms is essential for the cancellation of
spurious frame dependence, a clear signature of the
restoration of Poincaré symmetry [13,20].

Ward-Takahashi identities express how the symmetries
inherent in a quantum field theory, such as gauge symmetry,

Published by the American Physical Society


https://orcid.org/0009-0002-2182-1783
https://orcid.org/0000-0003-1551-9609
https://ror.org/012gg9483
https://ror.org/012gg9483
https://crossmark.crossref.org/dialog/?doi=10.1103/jm5x-7d83&domain=pdf&date_stamp=2026-02-17
https://doi.org/10.1103/jm5x-7d83
https://doi.org/10.1103/jm5x-7d83
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

DEEPESH BHAMRE and J. P. B. C. DE MELO

PHYS. REV. D 113, 036015 (2026)

govern the connections between its physical quantities,
specifically its correlation functions and amplitudes. These
constraints are so fundamental that they must be maintained
throughout the technical steps of regularization and
renormalization.

The Ward-Takahashi (WT) identities [21,22], stemming
from local U(1) gauge invariance, are fundamental results
in conventional quantum field theory (QFT). It is therefore
remarkable that they have not been adequately addressed
within the framework of light-front field theory for fer-
mions case. The primary difficulty lies in the fact that the
established formal proofs [21-25], which crucially depend
on equal-time canonical commutation relations, are inap-
plicable to the light front.

Light-front dynamics is inherently a constrained system,
and thus precludes direct canonical quantization. This
noncanonical structure introduces complications, particu-
larly in fermionic theories, where certain components of the
spinor fields are not independent degrees of freedom; they
are subject to constraint equations, and these are often
referred to as bad components. These bad components
necessarily enter into the definition of the electromagnetic
operators, subsequently leading to modified, potentially
nonstandard currents. Despite the fact that the simplest
Ward-Takahashi identity connects the electromagnetic
vertex and the propagator, the primary unanswered ques-
tion involves the integral relationship tying the current to
the vertex.

Some research has focused on the significance of the
pair-creation and annihilation terms (often referred to as
simply pair terms) within the context of the bosonic model
in Refs. [23,26]. It was previously demonstrated that these
pair terms remain relevant, even when considering the zero
light-front momentum limit, p* — 0, and are essential for
ensuring a covariant electromagnetic current [20].

The current investigation significantly advances the
initial results by exploring a more generalized scope (or
a broader class of systems/parameters). Central to this
expanded analysis is a detailed examination of the WT
identities as they apply to the fermionic sector of the theory.
Crucially, the analysis reaffirms the persistent requirement
to incorporate nonvalence contributions—those originating
outside the simplest quasiparticle picture, to accurately
model the electromagnetic current.

This substantiates the inadequacy of purely valence-only
approximations for a complete description with the light-
front approach.

In the present work, with a one-loop current in the
Yukawa model, the only dynamical fields in the loop
integrals are massive fermions. Consequently, the zero-
mode contributions, which are critical for infrared structure
and for phenomena like confinement in certain frameworks,
stem solely from these particles. Within this framework, the
fermion mass m provides a suppression of the fermionic
zero-mode effects, thereby yielding a more subdued

infrared structure compared to gauge-theoretic scenarios.
However, in non-Abelian gauge theories like QCD, the
dominant infrared dynamics, including the generation of a
confining potential, is primarily driven by the gauge boson
zero modes. The gluon, in actuality massless in the
Lagrangian, provides unsuppressed contributions in the
infrared regime. In the case of the Abelian quantum
electrodynamics, the photon zero modes can lead to
significant long-range effects, which are absent in purely
Yukawa systems.

The present article is organized as follows. In Sec. II, we
provide a proof for the Ward-Takahashi identity at one loop
in the covariant formulation for the given system. It is
followed by the proof in the LF formulation in Sec. III. In
Sec. IIT A, the LF expression for self-energy is obtained by
integrating out the energy component in the loop momen-
tum. The contribution of zero modes to this expression is
explained in the process. Further, the LF expression for the
electromagnetic current is similarly obtained in Sec. III B
and the LF Ward-Takahashi identity is established. A brief
qualitative discussion about electromagnetic form factor in
the context of the issue at hand is given in Sec. III C.
Section IV contains a few concluding remarks. The con-
ventions used throughout the article and a few useful
identities are provided in Appendix A, and a part of the
algebra from Sec. III B is relegated to Appendix B.

II. WARD-TAKAHASHI IDENTITY IN THE
COVARIANT FORMULATION

Consider a spin-0 bound-state made up of a fermion-
antifermion pair, for example a pion, given by a y° type of
an interaction vertex. The self-energy diagram for such a
state is shown in Fig. 1.

The expression for the self-energy of this bound state is
given in the equal-time covariant formulation by

[ dk T m)S (P — [ —m)y)
=F) ‘/ (27)* (K = +-i€) (P = k) = m? +ie]

(1)

The trace appearing due to the fermion loop equals

k—P
- — > — - > — —
P P
k
FIG. 1. Self-energy of a spin-O bound-state of a fermion-

antifermion pair.
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Tr[(f + m)y> (P — f — m)y®] = 4(k* — m*> — k.P). (2)
Thus,
&k K2 —m? — kP
=P) = 4/ 2a)* (K —m? +ie)|[(P— k)2 —m® + ie]” )

Hence, the difference in the self-energy diagrams with external momenta P and P’ of the bound states is,

N Ak K2 —m? — k.P ~ 2 —m? - kP
=) -2 = [ 5 [(kz S NPk —m i —m v i(P -k - i)

Now consider the electromagnetic current corresponding to this bound state. It is represented by the Feynman triangle
diagram shown in Fig. 2. The covariant current in equal-time formulation is given by

wip oy [ Ak Tr[(f +m)y* (P = f = m)y* (P = f = m)p’]
(P, P) = / (2m)* (K2 —m? + ie)[(P' — k)? — m? + ie][(P — k)* — m? + ie]’ )

where the electromagnetic charge is taken to be e = 1. The trace appearing in the current due to the fermion loop equals
Tr[(§ +m)y* (P = f = m)y*(P = f = m)p’]
= 4[(k* = m*)(P' + P — k)* + (P'.P)k* — (k.P")P* — (k.P)P'""]. (6)

With the photon momentum g, = (P' - P), = (P' — k), — (P — k),, we get

[ Ak (P =), = (P =R = m) (P + P = kY + (PP = (k.P)P = (k.P)P]
9" (P P') = 4/ (2m)* (k> = m? + ie)[(P' = k)? — m® + ie][(P — k)* — m* + i€] - ()

The numerator of the integrand in Eq. (7) is
(P = k), = (P =k),J[(k* = m*)(P' + P — k)}* 4+ (P".P)k* — (k.P")P* — (k.P)P"¥]
= (P = k)*(k* —=m?) + (P' - k)ﬂ[(k2 - m?)P* + (P'.P)k* — (k.P")P* — (k.P)P'¥]
— (P = k(K =m?*) = (P' = k),[(k* = m*)P"* 4 (P".P)k* — (k.P")P* — (k.P)P'""]
=[P =k)?—m?|(k> —=m?> —k-P) = [(P=k)?> —m?|(kK* —m* —k-P'), (8)

where [(k- P) + (k- P')]k* is added and subtracted to arrive at the last equation. Substituting in Eq. (7), we get

d*k (P =k)?=m? (k2 =m?—k-P)=[(P=k)?=m?|(kK* —=m?>—k- P
9/ (P.P) =4 / (27) : <112 - m2K+ ie)[(P' — k)’ . m2[(+ ie][()P = k)z](— e + i )
_ /d4k [ k> —m?>—k-P 3 k> —m?>—k-P
(27)* [(k* —m?* +ie)[(P — k)> —m* +ie] (k* —m?* +ie)[(P' — k)* — m® + i€]
= X(P) - Z(P'), 9)

as can be seen from Eq. (4).
Thus, the Ward-Takahashi identity, given by g, J# (P, P') = X(P) — X(P’) at the one-loop level for a single incoming and
outgoing particle, is proven to be satisfied in the covariant formulation.
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antifermion bound-state of spin 0, but in the LF formu-
lation. For this, we consider the 4D loop integral in the
covariant theory and integrate out the energy component
from the loop integral. This procedure is essentially
equivalent to calculating the time-ordered graphs of the
theory in old-fashioned Hamiltonian perturbation theory
[27]. While establishing the Ward-Takahashi identity such,
one needs to be mindful of the zero modes that arise when
the longitudinal LF momentum vanishes. We proceed to
show this below.

FIG. 2. Triangle diagram for the electromagnetic current. A. The self-energy
The self-energy for the considered bound-state, as given
III. WARD-TAKAHASHI IDENTITY in Sec. II, is
IN THE LF FORMULATION
4 5 5
The light-front formulation is usually implemented in the  5(p) = / d k4 2Tr[(€—|—l.n)y (P_kz_ m)zy ) — (1)
form a Hamiltonian field theory. Thus, all particles in the (27)* (k* —m” +ie)[(P — k)* —m* + ie]

theory are on shell. We now establish the Ward-Takahashi

identity at one-loop for the system in Sec. II, i.e., a fermion- ~ In LF coordinates,
|

F=r"k +ykt =yt okt

ki + m? ki + m?
— (5L ket — k(e 2L
y( 2% >+y 4 +”< 2%+ >

L rr
:y+kon+7 k+_yL'kL+%(k2_m2)’ (10)

2
where ky, = % is the on-shell LF energy of a particle with momentum k* = (k*, k~, k*). Thus, a fermion propagator

can be split into an “on-shell” term and an “off-shell” term as follows

f+m  fntm oyt
K—m? kK—-m?* 2kt

(11)

the on-shell 4-momentum being given by kb, = (k" kg,, k). The “off-shell” term is a nonpropagating term that is typically
present in the LF formulation. Similarly, the other propagator in the fermion loop is written as

P_k+m (P_k>0n+m 7/+

= . 12
P—kf—m’  (P=k)P—m?  2(PT =K% (12)
Splitting the propagator momenta thus, Eq. (1) takes the following form in LF coordinates.
- | &k, dictdk- [ Tr{(fon + )P (P = n = m)7’]
Qa)* 2kt (k= LE92(Pr — k) (P -k - )
Tk +m)r’y ] Tl PP = Bon = mlr’] Trly 'y 7] (13)
2t (k= HEO2APT k) 2kT2(PT — kT (PT — kT —yp)  2KT2APT—KT)]

where f] = kf_—l—mz, fz = (PL —kL)z—sz.
Using the properties of gamma matrices {y°,7*} = 0 and (y)? = 0, it is seen that the last term of the above integrand
vanishes. Also, the traces in the remaining terms can be calculated using the properties of gamma matrices, giving
Tr[(Kon +m)1° (P = K)on = m]y’] = =4 (ko - (P = k) o +m?),
Tr[(Kon +m)y ™| =4k™,
Tr[[(# = K)on — mly "] = 4(PT —k*).
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Hence, the expression for self-energy in the LF coordinates becomes

Kon - (P — k)on +m?

5(P) = / Pk, dik+dk

[k+(P+ — k) (k- = 4Z(P~ -k — 5 52)

(PT—k*)

(14)

(2n)*
+ : + :
(PY—k*) (k" =45 K (P~ =k~ — 5B2)

As mentioned previously, the k™ -integration now needs
to be done to arrive at the expression for self-energy in the
LF Hamiltonian formalism. The above equation can be
written as

Pk, dk+

R T

Iy +I; + I5]. (15)

where

kon - (P—k >
Il_:/dk_ on* (P = K)on -1 B
k+(P+_k+)(k—_f1 ze)(P—_k—_z(fz )

2k P —k7)
(16)
I = /dk— (P+—k+)ik‘—ﬂ)’ (17)
2%
Igz/dk— 1y
k(P =k — 5B 2)
IT in Eq. (16) has poles at kl‘:% and

ky =P — %. Note that there is no k= dependence
in the numerator as the 4-momenta appearing there (kby,
(P — k)bn) are on-shell momenta. For k™ < 0, both the
poles k7 and k5 lie above the real axis while for k™ > P,
both lie below it. Hence, closing the contour on the
opposite side of the position of the pole, the integral
vanishes for each of these two ranges of the longitudinal
momentum. For 0 < k+ < P, k7 lies below the real axis
whereas k; lies above. Closing the contour below, the
residue theorem gives

- — _Zﬂ-i(kon ) (P - k)on + m2)9<k+)9(})+ - k+)
A G G ‘

_ho___ ) ) (19)
3T T 2P —kT)

Note that in Eq. (16), there is no end-point singularity
present at ki — oo for kT -0 or at k; - —oo for
(P — k™) — 0. This is because there are sufficient powers
of the integration variable in the denominator to eliminate
the contribution of the semicircular arc of the contour.
Hence, there is no contribution to the first term of Eq. (14)
in the limit of vanishing longitudinal momentum of either

of the fermions in the loop. In other words, there is no zero-
mode contribution.
However, this is not the case in Eqs. (17) and (18). /5 in

Eq. (17) has a pole at k] = lek_fe, which does go to infinity
as k™ — 0. This is a purely divergent zero-mode term that
manifests here as an end-point singularity. In order to
correctly account for this pole at infinity, we make a change
of variable so as to bring the pole to the origin, regularize it,
and eventually take the regulator to zero [27]. Let k= = % in

Eq. (17). Then,

w0 1
I; = du — 20
g /_oo (P — I )ull — u(G)] (20

Regulating the pole, which is now at the origin, by using
a small parameter & to write | = [1=+ =] + O(8%),
we get

e 1
= 2/-oo ¢ (PT = k") (u + i8)[1 — u(L))

2kT
© 1
+ = du — 21
2/_oo (P — k) (u—id)[1 — u(B)] @D
The first integral above has poles at u; = —id and

Uy = le’fl.e. Thus, the integral is nonvanishing only for
k* > 0. Similarly, the second integral contributes only
through the region k* < 0. Applying the residue theorem,
and then taking the regulator 6 to zero, we get

27i0(—k)
2(PF— k)

_ 2zif(k)
27 2Pt k)

(22)

Another method to account for the end-point singularity
in Eq. (17) is provided in Refs. [27,28].
In a similar manner, /5 in Eq. (18) is evaluated to give

276kt = P*) 2mi6(P* - k*)

Iy 20t 20

(23)

Substituting the evaluated integrals I through /5 in
Eq. (15), we get
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2 pt (P = 2
2p) =i [ Gk | [ e e
(27)" LJo k(P = k) (P~ =% — )

o dkt 0 dk* o dk* Pt dk*
+ 2Pt —kt) 2Pt —kt) e T et | (24)
0o 2(PT—k") J_o2(PT—kT) Jp+ 2k —eo 2k
Changing the variable kK — P™ — k' in the second and third terms, it can be easily shown that
d*k Pt kon: (P —k 2 Pt dkt o dk*
z(P):i/—gU k™ — +°“+( _)°“f+m 7 +/ —+—/ —+] (25)
(2”) 0 k (P —k )(P _ﬁ_WZ—k*)) —c0 k P k

Considering Pt > P*, the integration regions of the log-divergent k™ integrals combine to give

d*k Pt koo (P—k 2 P ko, (P —k 2
=(P) = X(P') = i/ (2 )LS {/ i (P onk+( - )OI}IJF - PN / i (Pt onk+( - )O,}]Jr - 73
z 0 (PT = k")(P™ =5 — W) 0 (P = k") (P~ =5 — 2(p'+'—k+))

P dkt
-2 [T F (26)
Pt

where f3 = (P —k;)? 4+ m?*. The last term in Eq. (26) is the zero-mode contribution to the difference in boson self-
energies.

B. The electromagnetic current

In LF coordinates, we write Eq. (7) as

” N d’k | dk+ (P - P)ﬂ[(k2 —m?)(P' + P —k)* + (P.P)k* — (k.P")P* — (k.P)P""]
4" (P, P') = 4/ (2r)* / (k> = m? + ie)[(P' = k)? — m? + ie][(P — k)* — m* + i€] - (27)
The numerator in Eq. (27) is
(P = P),[(K* = m*)(P' + P = k) + (P".P)k* — (k.P")P* — (k.P)P""]

= [P? - P> - (k.P") + (k.P)|(K* — m?) + [(k.P') = (k.P)](P'".P) — [(P'.P) — P?|(k.P") — [P"*> — (P'.P)](k.P)

=[[(P"=k)? —=m?| = [(P = k)? —m?] + (k.P") — (k.P)](k* = m?) + P*(k.P") — P"*(k.P)

= [(P"=k)? = m?|(k? = m?) = [(P = k)* = m*|(k* = m?) + [(P = k)* = m?](k.P") = [(P' = k)? = m?] (k.P). (28)
Substituting in Eq. (27) gives

" AN dzkldk+ _ 1 _ _ k.P
9" (P F') 4/ ) U‘”‘ (P—k7—m? +id /‘”‘ (=2 ie)[(P= kP —m® + ie]
_ _ k.P
B /dk [(P' = k)? —m? + ie] * / dk (k> —m? + ie)[(P' = k)* — m? + ie]|” (29)

The first and third integrals, and the terms proportional to £~ in the numerator of the second and fourth integrals contain
end-point singularities. Thus, we write the above equation as

Pk dikt &
0 p.P) = [ S (30)

i=1

where
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2

= /dk_ Pt — k") (P — k- L
(P k) =
2mif(kt - PY) 2mif(P* - k")

(Pr—k) TPk

_ _ —Pkt+ P, -k
Iy = | dk +(pt _ (= — Liziey(p— _ - fr—ie
ke (PT = k%) (k _'2k+)<P -k _W)
_ 27i(PkT =P, -k )O(kT)O(PT — k")
SR (P =k (P ke = (P K)5)

(32)

—Ptk™

I3 = [ dk~ — e
=/ k(P — k) =B (P =k = )
_ Qai)PO(-k") . (2mi)P* (P~ + koo — (P — k)5, )O(KT)O(PT — k™) (2zi)PTO(k" — PT) (33)
2k (Pt — k) 2k (PT — kM) (P —koy — (P —k)5p) 2kT(PY—kT)

-2
I = /dk_ I+ +\( pl- - f3—ie
(P = k") (P~ =k~ = 55—)
_ 2riO(P'+ — k) B 2rif(kT — P'T)
- (P — k") (P —kt)

(34)

_ _ Pkt =P -k,
IS = /dk +( pl+ (1 _ fi—ie - /— - fa—ie
k(P = k7)) (k™ = 55) (P = k™ = 5—)
 —2mi(Pkt — Pk )O(K)O(P'T — k)
CK(PT =K (P =k — (P k)G

(35)

Pk
Ig:/dk‘+ /+ (= — Liziey( pr- - f3=ie
KPP = k) (K = 5) (P — k™ = 5p—)
CQui)POK —PY) (i) P (Pt kg — (P — K))O(k)O(P — k) (2 PO(—k*)
T (P k) 2k (P = k) (P =gy — (P = K)) (P k)

on

(36)

Note that all but /5 and /5 above contain end-point singularities, providing divergent zero-mode contributions to the
electromagnetic current. All integrals /7 above are evaluated in a similar manner as in Sec. III A. Substituting /7 through Ig
in Eq. (30), one can write

@ J" (P, P') = i / Ok o (37)

i=1

where
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i o dkt n Pt dkt
I7 = - I =- —_,
p+ P —k* oo PT— kT

+ + P
i :/_oo b TET T

+ ® e+ P
If =—- dk™ ——————,
6 [) 2k (P — k")

Pt
I+:/ dk+
I T

P dkt
= /

DIt _ 1+
o P

P Pkt =P, -k
I =— dkt L L
9 /) k+(P/+

PP + kon = (P = K)on)

- k+)(Pl_ - kgn - (P/ - k)(:n) ’

It = /P+ e P‘k+_— PL_- ki .
0 k+(PjL - k+)(P - kon - (P - k)on)
P+(P_ + kc:n - (P B k)(:n)
PT— k") (P~ — kg — (P —k)g,)

. /oo dk*
’ 18 = - ’
— Kkt o P — kit

I+ _/ korP—/Jr
107 Jon 2kT (P —kT)’

P

P/+
I, =-— dk*
1 A 2k (P — k) (P~ = kgy — (P

"= K)on)’

0
+ _
== [ sy

The P-dependent and P’-dependent parts of g,J*(P, P') in Eq. (37) separate out and are contained in the two sets of
integrals I{ through I/, and I7 through I}, respectively. Substituting the sum over all /;" in Eq. (37) eventually gives

(algebra worked out in Append1x B)

k)on + m*

2wl (P F) = / 522:; M dﬁk*(P*k—mk'*()Z; ~ 5=

)
P — k)on + mZ

pr kop - (P
_ / i on k™
0 K (P — k) (P —f =5l S K

Thus, we see that Eq. (38) is the same as Eq. (26), and
hence the Ward-Takahashi identity g,J*(P, P') = X(P) —
X(P') is established at one loop in the LF formulation.
Leaving the zero-mode contribution in Eq. (38) aside, it
is worth noting that there are two regions of k™ integration
—one from 0 to P, and another from P* to P'*.
Considered as a time-ordered graph in LF, the diagram
in Fig. 2 can only contribute to the region 0 < k™ < PT due
to 3-momentum conservation and the fact that the longi-
tudinal momentum component in LF can only be non-
negative. The contribution to the rest of the longitudinal
momentum region, i.e., Pt < k™ < P'T is provided by the
other time-ordered LF diagram, viz. the “pair production”
diagram shown in Fig. 3. Thus, without the pair-production

FIG. 3.
current.

Pair production diagram for the electromagnetic

-2

" ‘”ﬂ (38)

diagram, the Ward-Takahashi identity in LF cannot be
established.

The Ward-Takahashi Identity (WTI) is an expression of
gauge invariance, and a proper regularization scheme
should ideally preserve the WTI exactly. In light-front
field theory, the WTI is a statement about the conserved
current J#. Its longitudinal structure (involving k%) is
typically what determines the existence of zero modes.
A transverse ultraviolet cutoff A; (on k), provided it is
independent of the LF coordinate x* and LF momentum
k™, is generally compatible with the structure of the light-
front Ward-Takahashi identity (LFWTI). The LFWTI,
being a fundamental requirement for current conservation,
remains exactly satisfied under a simple transverse momen-
tum cutoff A | . The existence of zero modes is related to the
integration over the longitudinal momentum k. The non-
valence terms are required, independent of the value of A |,
although their explicit functional forms will involve A .

The zero-mode contributions for the electromagnetic
current, J’é - arise from the behavior of the loop integrand
as kT — 0,

Jﬂ

zero modes

/dzkl [Residue atk™ =0].  (39)

The explicit zero-mode contribution is obtained by
performing the @’k integration. Therefore, the numerical
magnitude of the zero-mode contribution is sensitive to A | .
However, regardless of the A | used, the structural role of
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the zero modes remains the same: it must contribute the
necessary term to ensure g,J*(P,P') = X(P)—X(P') is
satisfied. The zero-mode contribution must be included for
any finite A .

In summary, the inclusion of a transverse cutoff A does
not invalidate the necessity of zero modes, but it makes the
final calculated value of the current a function of this
regulator, as expected.

C. Electromagnetic form factor

An important aspect related to the previous discussion is
the calculation of electromagnetic form factors for meson
bound states within the LF approach. With the calculated
matrix elements of the electromagnetic current given in
Eq. (5), it is possible to extract the electromagnetic elastic
form factors for a bound state of two spin-half particles.
This can be done using the covariant Mandelstam formula
[29] given by the following expression,

(P'J¥|P) = (P + P*)Fy(q°) (40)

and the plus or minus component of the electromagnetic
current J©, J .

However, the calculation of form factors within the LF
approach needs to be carried out with care. This is because
of certain symmetries like the rotational symmetry being
broken, leading to contributions in addition to the valence
contributions.

As established in the works by de Melo et al., the LF
projection of the electromagnetic current is often frame
dependent. By comparing different current components (J*
vs J7), de Melo et al. showed that nonvalence pair terms
and zero modes are necessary to obtain a frame-indepen-
dent form factor [13,30]. Their models successfully
describe F,(Q?) in both spacelike and timelike regions,
incorporating vector meson dominance at the quark
level [31].

The one-loop contribution to the current in the LF frame
is split into the standard (valence) term J5a1 and the
nonstandard terms J%_ . The necessity of J4 . is to
ensure that the LFWTT holds and that the resulting current
is fully covariant. Since J* must satisfy the WTI for all
values of the momentum transfer g, the combined con-
tributions of the zero modes and pair-production diagrams,
Jh nvars Must explicitly depend on q°.

Specifically, these nonstandard contributions are pre-
cisely the terms required to cancel the explicit breaking of
the WTI found in J%,, alone, thereby restoring covariance.
When decomposing the total current (P'|J#|P) into its form
factor structure, F(g*) will contain contributions from all
sectors,

F(qz) = Fval(qz) + Fnon—val(qz)‘ (41)

The dependence of F,,,,; on ¢ is fixed by the constraint
that the final result for F(g*>) must match the covariant
calculation, which, by definition, has a nontrivial depend-
ence on ¢°. Thus, the zero-mode and pair-production terms
are necessarily ¢> dependent to ensure that the final result
gives the correct form factor (see Refs. [13,30,32]). Itis worth
noting that the zero-mode problem in the light-front approach
is not restricted only to spin-half particles. For example, a
good recent discussion of zero modes for a Yukawa scalar
theory is given in Ref. [19].

Within the light-front quark model, the complete electro-
magnetic current matrix elements are derived by combining
valence and nonvalence contributions. The inclusion of the
latter, which account for zero-mode effects, allows for the
full restoration of covariant electromagnetic form factors.

IV. CONCLUSION

The preceding analysis delivers a rigorous, one-loop
proof of the Ward-Takahashi identity for a spinless,
fermionic bound state, comparing and contrasting its
realization within both the covariant and light-front for-
mulations of quantum field theory.

In the standard covariant theory, the proof of the WT
identity, which is a fundamental consequence of gauge
invariance and charge conservation [33], was established in
a straightforward manner, reflecting the inherent symmetry
and simplicity of the framework.

The primary technical achievement of this work lies in
the successful demonstration of the WT identity within the
more complex light-front formulation, a topic for which
prior demonstrations, such as the one for the boson case
given by Naus et al. [23], have already established the
importance of careful integration techniques [20].

We have explicitly shown that establishing this identity
on the light-front is far from trivial and critically depends
on properly managing the singularities introduced by the
LF kinematics.

Specifically, the proof necessitates correctly identifying
and accounting for end-point singularities during the
integration over the energy component (k~) of the loop
momentum in the covariant expressions. These singular-
ities, often overlooked, are the key to reconciling the LF
framework with gauge invariance [12,13]. Crucially, the
proof requires the inclusion of both the standard regular
triangle diagram for the electromagnetic current, and the
pair production diagram. This finding is significant because
it aligns perfectly with the physical and mathematical
structure of the LF Hamiltonian formalism, where pair
creation, annihilation terms are essential for a complete
description of the system.

By correctly incorporating these end-point singularities,
the contributions typically associated with zero modes—
the dynamic complexity unique to the light front—are
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naturally and elegantly taken into account in the proof. This
demonstrates that the WT identity, and thus gauge invari-
ance, is preserved in the LF theory without the need for
ad hoc zero-mode operators, provided the loop integrals are
handled with scrupulous care. Along with the “regular”
diagram viz. the triangle diagram for the electromagnetic
current, the “pair production” diagram is also necessary to
establish the proof of the identity. This is consistent with
the fact that the proof is achieved in the Hamiltonian time-
ordered perturbation theory on the light front.

This work not only validates the light-front hamiltonian
time-ordered perturbation theory as a consistent framework
for handling gauge theories but also provides a clear,
instructive procedure for translating between covariant
and LF results. The explicit connection made between
end-point singularities in loop integrals and the required
physical contributions (like pair production diagrams)
significantly enhances our understanding of how funda-
mental symmetries, like gauge invariance, are preserved in
nontrivial field-theoretic contexts within the light-front
framework. This rigorous verification strengthens the
theoretical foundation for future applications of light-front
quantization to more realistic and complex bound-state
problems in particle and nuclear physics.
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APPENDIX A

The following conventions are used for the LF compo-

nents of the coordinate four-vector x* in the present work:
043 . . _ 03 . .

X =R (time coordinate), x~ = 7 (longitudinal

space coordinate), and x* = (x!,x?) (transverse space

coordinates).
The conjugate LF components of the momentum four-

vector p* are p~ =L 0\;51’3 (energy), pt =L szﬁ (longitudinal

momentum), and p* = (p!, p?) (transverse momentum).

The metric tensor in this convention is

01 0 0
N B
=910 0 -1 o
00 0 —1

The y matrices are given by the following representation

vt S - o (A1)
V2 V2
where
0 I 0 —O
0= , k= . A2
’ [10} ’ Lk 0} 2
The y matrices satisfy the relations
{r*.r"} =241,
{r’.r} =0,
(r')?=@")*=0. (A3)

APPENDIX B

Consider the P-dependent set of integrals in Eq. (37). I{
can be written as

I /oo dik* /P dk*
= o Pt —kt 0o Pt —k*

Prdk*
g
kK (P~ —koy = (P = k)5)

_A dk+k+(P+_k+)(P__k(;n_(P_k)gn)'

I3 can be written as

n 0 dk* Pt dkt
I; =~ _ooP+_k+_ o Pt —k*t
__/mﬁ_/wﬁ
a Pt k+ 0 k+ )

I{ can be written as
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+ © Ikt P
I; =-— dkm ————
6 /P 2k (PT — k)

_ _/”E_ /""L
T e 2k e 2P — k)
L[ e
o P+ 2k+ —00 2k+ ’

Also, the integrals I3, I, and I{ add up to give

Pt Ptk + Pkt =P, - kL Pt
T+ +1f = dk* on dkt ———
sl /0 K (PT—k)(P —kgn = (P—K)g) ) @ 267 (P+ >

P Ptky, + Pkt =P, -k P dk*
_/ dkt k+(P on + LR +/
0

B Jr_k+)(P__k(:n_

_ /P+ e Pk PR —P kL P dk* /
0 K (PY = k") (P~ — kg — (P o 2kF 2k

Pt Prks, + Pkt —P, kl 0 gkt [PTdkt [ dk*
_ dk* on k- k- ar
/o K (P = k) (P~ —kn— (P—K)a) /_m T / e / 2%

We see that the second term of I3, the two terms of [/, and the last three terms of (/5 + I} + I) cancel between
themselves. Also, the numerator of the second term of /] and of the first term of (/5 + I} + IJ) can be combined as
follows.

[Se]

K P~ + konP™ —ky - Py =k (P™ = kg — (P = k)5,)
=kTPT + konPT —ky - PL— kT (P™ — kg — (P = k)g,) — 2k kg + 2k kg
= kTP™ + kguPT —ky - Py = kT (P~ 4 koy = (P = k)g,) + K3 + m?
= kT (P = k)g + ko (PT = k) =k - (P —ky) +m?
= kon (P = k)op + m’.

Thus, the P-dependent integrals of g,J#(P, P') in Eq. (37) give

iﬁ_/f’*d,ﬁ kon* (P = K)o + m? +/P*E_/°°E
- A kH(PH —kT) (P~ = — s o kT p+ kT

2kT 2(P+—k+)) o

Pt . _ 2 p+ + pr+ + o +
:/ dk* + +k0n +(P —k)or;”1+ = fa +/ %_/ i_/ % (B1)
0 k (P - k )(P - W) —00 k P+ k Pr+ k

2%
Similarly, the P’-dependent contribution to g,J*(P, P') is obtained from I through I,, and is given by

Y Y (R LT PR (TS
. 0 (P = ) (P = = siey) - KT e KT

k+

:_/P/+dk+ kon'(P/_k)0n+m2 /P+E_/PI+E+/NE_ (BZ)
0 k*(P’*—k*)(P"—JTL—W) e kT pr kT v kT
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Equations (B1) and (B2) add up to give

iﬁ—/P+ gk Ko (P =Koy +
P i 0 k*(P*—k*)(P‘—L— f2

kon ' (P/ _k)on +m2

!+ Pt dk+
_/ dk+k+ k(P — /3 _2/+ e
st~ apey) SO (P = k") (P~ =5 —sprgey) P

(B3)
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