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In this paper, we study the dynamical connection between the surface growth scheme and the conformal
field theory with TT deformation. By utilizing the extended one-shot entanglement distillation tensor
network, we find that the iterative growth, i.e., radial evolution of homogenous and isotropic bulk minimal
surfaces in asymptotically anti—de Sitter spacetime can be mapped to the 7T operator flow driven by the
deformation parameter. Our results show that the 77 deformation can provide a dynamical mechanism for
the surface growth in asymptotically anti—de Sitter spacetime, which may shed light on reconstructing bulk
gravitational dynamics from the surface growth scheme.
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I. INTRODUCTION

The anti—de Sitter/conformal field theory (AdS/CFT)
correspondence establishes a profound connection between
a gravitational system in an asymptotically AdS spacetime
and a CFT on its boundary [1-3]. As a duality between two
theories, the AdS/CFT correspondence or more general
gauge-gravity duality also indicates that the boundary
quantum system should encode the full information of
the bulk gravity. The program to construct bulk gravity
from its dual boundary quantum field theory is called bulk
reconstruction [4—11]. Progresses in recent years have
shown that entanglement entropy and its holographic dual,
i.e., the holographic entanglement entropy [12—-14], play a
very important role in realizing the bulk reconstruction.
However, difficulties still remain in the previous approaches
of entanglement wedge reconstruction—for example, how to
find a more fine description for the subregion-subregion
duality, how to give a unified framework to construct both
the bulk matter fields and bulk geometry, and how to
construct bulk gravitational dynamics from the dual boun-
dary quantum fields.

In recent works [15,16], a surface growth approach for
bulk reconstruction in asymptotically AdS spacetime was
proposed which not only can probe the fine structure of
bulk entanglement, but also is able to construct both the
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bulk geometry and matter fields from a boundary quantum
system. In the surface growth approach, a given boundary
subregion is partitioned into many smaller adjacent seg-
ments, each generating a bulk minimal surface, namely, the
Ryu-Takayanagi (RT) surface; then, treating these RT
surfaces as the new boundary of the bulk spacetime, a
new layer of bulk minimal surfaces can continue to grow on
them, which probe deeper regions of the bulk spacetime.
By repeating this process layer by layer, the bulk minimal
surfaces can probe arbitrary regions in the entanglement
wedge, similar to the bubble growing. In addition, it has
been shown that the surface growth scheme can be
explicitly realized by the multiscale entanglement renorm-
alization ansatz (MERA)-like tensor network [15,17-21],
which naturally gives an emergence of bulk geometry and
indicates a dynamical connection between the fine structure
of entanglement and bulk spacetime.' For example, the
entanglement of purification, which captures the fine
structure in subregions of the entanglement wedge, can
be naturally derived from the surface growth scheme [26]
and also suggests a selection rule for surface growth in the
bulk reconstruction in the AdS/BCFT (boundary CFT)
correspondence [27].

'Note that the original MERA tensor network proposal for
realizing holography was only a toy model, which indirectly
provided an emergent picture of discrete AdS; geometry (time
slice) [22], while the one-shot entanglement distillation tensor
network, which is a MERA-like tensor network constructed
directly from the RT surfaces, can describe actual bulk excitations
in the AdS/CFT correspondence [11]. To construct the continu-
ous bulk AdS geometry from tensor networks, one can use the
continuous version of the MERA, i.e., the cMERA formalism
[23]. However, the problem of how to construct bulk gravitational
dynamics from tensor networks has not been fully solved yet; see
related progresses in [24,25].
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On the other hand, a parallel avenue of research
explored the TT deformation of two-dimensional CFTs,
which deforms the ultraviolet (UV) dynamics of the theory
[28-30]. The TT deformation has received a lot of
attention recently. For example, from the field theory
side, the correlation functions [31-36] and Rényi or
entanglement entropy [37-42] of TT-deformed two-dimen-
sional field theories have been studied, and the geometric
formulation of generalized root-TT deformation has been
obtained [43]. From the holographic perspective, the TT
deformation can alter the infrared (IR) geometry and result
in a radial cutoff at the boundary of the asymptotically
AdS; spacetime [32,44,45]; see, for example, recent
reviews on TT deformation [46,47].

The renormalization group (RG) flow of the 7'T-deformed
theory maps to bulk evolution along the radial direction,
which is very similar to the process of surface growth. This
similarity motivates us to ask an interesting question: Can the
iterative growth of bulk minimal surfaces be linked to the
operator-driven evolution induced by TT deformation? In
this work, we will unify these two perspectives by utilizing
the tensor network realization of the surface growth scheme
and demonstrate that it can be mapped to the T7-deformed
CFT. Explicitly, we generalized the one-shot entanglement
distillation (OSED) tensor network to describe the general
surface growth process in which bulk minimal surfaces grow
layer by layer and then connected the radial evolution of bulk
minimal surfaces to the 7T operator flow via the generalized
OSED tensor network. Our analysis revealed that the
deformation parameter y governs the iterative growth of
bulk minimal surfaces, while the dynamics of the stress
tensor emerges from the hierarchical entanglement structure.

The paper is organized as follows. Section II briefly
reviews the original surface growth scheme; then Sec. 111
extends the OSED tensor network to describe the general
surface growth and analyzes its continuum limit. Section [V
establishes the explicit connection between the isotropic
surface growth and the TT deformation. Finally, Sec. V
gives the conclusions and discusses future related problems
to be investigated.

II. REVIEW OF THE SURFACE GROWTH
SCHEME

The surface growth scheme provides an efficient and
systematic framework for reconstructing bulk spacetime
through hierarchical entanglement structures [15,16]. It has
been shown that this scheme can be described via gener-
alized form of the OSED tensor network [17], which maps
the iterative growth of bulk minimal surfaces to tensor
network architectures.

To illustrate, consider partitioning the spatial boundary
of a CFT, into adjacent subsystems A and B. The
entanglement structure of A is encoded through an iso-
metric tensor network, as depicted in Fig. 1. The combined

A

FIG. 1. The bulk minimal surface ¢ ® o grows out from the
subsystem A. The isometry tensor W matches to the entanglement
wedge of A, and the isometry tensor V matches to the rest of bulk
spacetime.

boundary state W42 is expressed as
WAE — VEWA getolP, (1)
or, equivalently,
V) = (Ve W)(|¢) ® o). (2)

where W and V are isometric tensors corresponding to the
entanglement wedges of A and B, respectively. The states
|¢) and |o) represent maximally entangled Bell pairs in
which |¢) contributes to the dominant part of the entan-
glement entropy of A and |o) captures the quantum
fluctuations:

&SA)=0(y/5(A)

Z |mﬁ1>a&’

m=0
LOL/5)

o) = > V/Pua Ini)g (3)
n=0

) =

with Hilbert space dimensions:

dimH,, = 5W-O0WSAW) = A,
dimH,; = eOWVSA)
dim(H, ® H;) = 5, (4)

where A is the size of a block in eigenvalue space, P, is
the average eigenvalue of the block, and S(A) is the
entanglement entropy of subsystem A.

Consider dividing the boundary into N identical segments
and using the RT surfaces of each segment to construct the
first layer; the next layer is constructed in a similar way by
taking the adjacent two segments into a new one. By
iterating this process, a hierarchical structure of bulk minimal
surfaces emerges. Explicitly, the first layer [Fig. 2(a)] of the
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FIG. 2. The first layer (a) and the second layer (b) of the original surface growth scheme with N = 8, and the surfaces y (blue squares)

always anchor on the boundary in this scheme.

bulk minimal surfaces (corresponding to N segments) is
described by the wave function

N
1 1
)0 = vy O TTwil19) ). ()

i=1

the second layer which contains N /2 RT surfaces [Fig. 2(b)]
is described by boundary state

M=N/2
2 2
|%@=mﬂ<IIWWW$%$§
j=1

N
X(HWWWW@W) (6)
i=1

and subsequent layers refine the bulk geometry through
progressive subdivisions; for example, the kth layer is
generated by N /25! segments:

k Nj2k!

) =vOTT I w260 ()

j=1 =1

Each layer k corresponds to a deeper radial slice of the bulk
geometry, reflecting the MERA [15-21]. However, the
OSED tensor network formalism imposes a constraint in
Eq. (7): The iterative subdivision process forces N to reduce
by half at each layer, thereby restricting the range of k. This
restriction can be removed by extending the OSED tensor
network, which allows it to describe the general surface
growth scheme.

ITII. TENSOR NETWORK DESCRIPTION OF THE
GENERAL SURFACE GROWTH SCHEME

In this section, we will extend the OSED tensor network
to describe the general surface growth scheme in which the
next layer of bulk minimal surface is anchored on the
previous layer. In addition, the original tensor network
construction of surface growth scheme considered only the
pure state case, in which the bulk is the pure AdS
spacetime; we will also generalize the framework by
changing starting points of the surface growth and extend
the OSED tensor network construction to include asymp-
totically AdS spacetime with a black hole horizon.

A. The generalized OSED tensor network

The initial state of the boundary-horizon system is
expressed as

u 0 0)Aa” 0)Ayal)
PO — y O, AT O ()

where the indices A and @) equivalently represent the
series of indices A;---Ay and ag()) e al(\(,)), a® labels
boundary segments, and b labels the horizon. The tensor
¥ combines the RT surface states ¢®) and o(¥), but (¥ is
the initial boundary state, regarded as the combination of
the RT surface states ¢ and ¢ for simplicity. The
surface growth operation is then applied by extending bulk
minimal surfaces from the turning points of previous layers.
For the first layer, this yields
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0) 0)
WOy e OO
(1Aa” (HAyay
~ Vi
(1) (] ) (1) (O)C(O)D(O)a(o) (0>C(0)D(0)u(0)
XWag')cg%;mWa;'>c;°>ug°>"'Wag>c$>u<,°>)(1 P ey TN
1 DAl DAya? = (1(0)a®
= VoI ey (o (9)

where W(1(©) encodes the isometric transition between the first layer and the AdS boundary. The Hilbert space dimensions
at the first layer are given by

dimH, =¥, dimH, = €5, (10)

where S() is the entanglement entropy of a RT surface in the first layer and S}, is the entanglement entropy of the horizon.
With Eq. (9), the first-layer state of the surface-horizon system can be expressed as

a0 1 1)Aa 1A a%)
phals = il gpn, (D4 (A (11)
such that Eq. (9) can be rewritten as

W(0)a®b _ q;(])a“)hwil(]))(O)a(")' (12)

Next, repeating this process, the tensor network of the second-layer state can be expressed as

(1) (1)
0)a’h (1) yBb, (DA, (DAyay,
w(0) =V, 3QP%, XN
cw® L oaTplel 0y D)
AV cOp® " (O po) a9 pO1 N
2) @)
(2) Bb (2)A]a1 (Z)ANIJN
= V% N
() (1) (1) () (1) (1)
(2) (2) (2) (NG, Dy a (NCy' Dy ay
x W w W X X
@MY @) A1) 0 @ ) A1 N
a;”’C,'D, a,’ C,'D ay' C\'D,
D w m - oard oDy
1) 0 O V(1) ~0) 0 a0 pO41
a, ' Cy"D, a, C," Dy Cy'Dy
@p,(2)(1)ah) 5,(1)(0)a®
= 1P(2)a by )(Da W( )(0)a , (13)
a® a0

where W)

second layer and the first layer and W(2)4”
layer state of the surface-horizon system:

where W encodes the isometric transition between layers
and consists of both the coarse grainer and disentangler

[15] and W®4“? i the kth-layer state of the surface-
horizon system:

encodes the isometric transition between the
b is the second-

4 2 2)Aa” 2)Ayal)
WO VG T (14) ®ap _ ) opp, WA (RAyay
PP = V% AN . (17)

The Hilbert space dimensions at the second layer are

given by
dim H o = N5 (15)

Similarly, repeating this process generates higher-layer
states. For the kth layer:

P0)aVb _ \p(k)a bR k=1)a Wi')(o)a“’) (16)

ok

The Hilbert space dimensions at the kth layer are given by
dim H ) = NS, (18)

Crucially, the subdivision count N remains fixed across
layers, eliminating the original constraint. This allows k to
take any positive integer value, enabling lasting growth of
the surfaces toward the horizon without dependence
on N (Fig. 3).
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FIG. 3.
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The left is the tensor network of general surface growth scheme with N = 10. The VQ (green circle) includes the bulk

spacetime V and the horizon €, which have hidden labels and are shown in the right image. In this scheme, the surfaces growing out

anchor on the turning points of previous surfaces.

B. The limit of the surface growth

Geometrically, the iterative surface growth process drives
the constructed minimal surfaces asymptotically toward the
center of the bulk spacetime. It has been shown in [16] that
these surfaces will approach to the horizon after finite steps
of growth. In this section, we rigorously demonstrate this
behavior through a monotonicity argument and entropy
constraints and show that the surface growth will reach
the black hole horizon in the k — oo limit.

Consider the ith minimal surface in the kth layer. The
(k)

Hilbert space dimension associated with the index a; "’ is

given by
. (k)
dlmH (k) = €S s
a;

(19)

where S®) denotes the entanglement entropy of the kth-
layer surface. Correspondingly, the Hilbert space dimen-

. L k=1) (k=1
sion of the composite indices CE )D,(. 1 ) from the
previous layer is
. Lglk=1) 1g(k=1) (k1)
dim Hcgk-l)D(k-l) = €2S 625 = €S . (20)

i+l

Because of the minimal surface growing, the isometric
k . . (
tensor W' (Z)C“"” «n reduces the dimension to €%,
a; G i+1

implying the entropy inequality

SW < skl vV keN,. (21)
Setting N = 1 when constructing the (k 4 1) th-layer

surfaces, the new surface will coincide with the horizon and

the tensor network will be expressed as

(k) a(k)
\Ij(k)a(k)b _ V;kl);QBb)((lk)Alal . ')(1(\]/()AN N
— VX;;Qth(h)Aa(h)
. ECHC 0 g®
x W (@22)

The dimensions of Hilbert space at the (k 4 1)th layer are
given by

dimHa(h) = €S",

dim H i = NS (23)
with the entropy inequality
Sh ¢ g0 < §0)
N <SW<S (24)

This monotonic decrease in entropy establishes that the
sequence {S®)} is bounded and strictly decreasing. By the
monotone convergence theorem, S} must converge to a
finite limit as k — oo.

To identify this limit, suppose the surfaces in the (k — 1)
th-layer surfaces coincide with the horizon. The kth-layer
surfaces also coincide with the horizon, and the entangle-
ment entropy of each segment is satisfied:

st — stk-1) — S

N (25)

Thus, the limit of the sequence {S®)} converged to is
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(a)

FIG. 4. The partition number N in (a) is chosen as N = 10 and N in (b) is chosen as N = 50. In the continuum limit N — oo, a layer of
homogenous and isotropic discrete bulk minimal surfaces converges to a smooth radial cutoff surface (denoted in red color).

lim S®) = % . (26)

k— o0

Consequently, in the limit £ — oo, the iteratively grown
surfaces converge to the horizon, completing the geometric
reconstruction of the bulk spacetime, and the surface
growth process dynamically encodes the transition from
boundary entanglement to horizon physics.

To establish a smooth geometric correspondence, we
analyze the continuum limit of the homogenous and
isotropic surface growth as the partition number N — oo,
as illustrated in Fig. 4. This limit bridges the discrete tensor
network construction with the continuous radial evolution
of bulk geometry.

C. Geometric convergence to radial surfaces
Consider a nonrotating Banados-Teitelboim-Zanelli
spacetime with metric:

rr—

L2

2

M L
ds? = — dr* + Mdr2 +r2d¢?,  (27)
2

whose horizon is located at r;, = /M. The surface growth
scheme generates minimal surfaces governed by the equa-
tion [16]

Ap = —9.
L r? oo L r
=-1 1= L2 Zny 1 =2
rhn 2 l"z 7'2 +rhn l"z
(28)

with (r,, ¢,) denoting the turning point of the surface.
For surface of the k + 1th layer, its end point is located

at radius r,; (which is the turning point of the kth layer)

and its turning point is r,.,; then Eq. (28) can be

rearranged into
Upy1 cosh’d = uy, (29)

where

l:%Aqﬁ, w=1-"1 (30)

It is easy to derive from Eq. (28) that the sequence {r,;} is
bounded and monotonically decreasing; i.e., the sequence
{r.} has a limit: limy_, o 7,; = r;,. Then we have

Mlim(COShQA - 1) = 0, "im = Tpn» (31)

Ujim = 0,
for A is a constant. Thus, we obtain the conclusion that the
grown surfaces geometrically converge to the horizon in
the limit k — oo as shown in Sec. III B above.

Next, we consider the case of N — oo, or, equiva-
lently, A¢p — O.

First, the first step of surface growth constructs the first
cutoff surface at radius r,; > r;, from the AdS boundary
r =ry — oo, where r,; denotes the turning point of the
first layer of growing surfaces; then the change of angle
A¢ is

Ap=L (1 - ri‘) +O(r2). (32)

i1 Zr%

When choosing r,; > L, the constructed surface has an
infinitesimal angle range and the number of seg-
ments N — oo.

Second, ignoring the O(r;?7) terms, for the homogenous

2 L -
1) —

== 1S
ng)

Tyl
fixed. Denoting the radius of the kth-layer and the
(k + 1)th-layer growing surfaces (i.e., new cutoff surfaces)

and isotropic surface growth, A¢ = rL—l(l -
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FIG. 5. Homogenous and isotropic surface growth from the
AdS boundary r(, to the horizon ry,, and the growing step number
shown in the figure is 50.

as r,, and r,; 1, respectively, one can obtain the change of
radius from Eq. (28) as

2 2
- —’*k(’zh?z i o). (33)

*1

AT = Topr1 — Tuk

where r,; and r,;,, correspond to r and r, in Eq. (28),
respectively. In this step, the new surface has a radial
deviation

Ar*k

Tk

2 _ 2 1
z(r*k rh)<§’ (34)

and when the step number £ is large enough, i.e., r,, < 7,1,
the deviation

Ar*k

ik

)
~ (r =) <1 (35)

Therefore, the layer of surfaces can be treated as a smooth
radial surface in the N — oo limit.

Finally, to confirm the range of surface growth, we
change Eq. (33) to a differential equation with an initial
condition:

d 2 _ 2
ar o dre A=)

L with
dx 272,

Filvmo = 10, (36)

where dx is one step of surface growth. And the solution is

r%x

272
e =1ryry
r, = - . (37)
th
222 2
esrg—ryg+r,

Subsequently, taking the limit x - +o0, we find

=y (38)

r*|x—>+oo

This implies that the surface growth scheme dynamically
fills the bulk spacetime from the AdS boundary r, to the
horizon r;,, covering the radial domain (r,,ry) in the
continuum limit N — co. An example of N = 10 with
50 growing steps is shown in Fig. 5.

D. Continuum state evolution

The kth-layer state is expressed as

W0)ab _ (k)a by k) (k=1)aV "'Wil)(())um) (39)

a®)
or, equivalently,

1@,) 0 = WO . FRED|BNE, (40)

Substituting the property of the isometric tensor W [15]:
Wi E=1) py (k) (k=1) — (k) (41)
into Eq. (40), we obtain
‘q;v>(k) = Wikk=1) . W’l‘(1>(0)‘q>v>(0) (42)
and the other property of W:
(@ | =D WREDFARE=D| @ \*=1) = 1, (43)

In the limit N — co, the tensors W' and the step number
k are replaced by an evolution operator U and the radial
parameter p:

[@(u)) = U(u.0)|@(0)). (44)
and the evolution operator U satisfies rules
U(a,b)U(b,c) = U(a,c), la| > |b| > |c
(@(b)|U"(a. b)U(a. b)|@(b)) = 1.
U(a,b)U(a,b) = 1(a), (45)

’

where the evolution operators U(a, b) with the sequence
|a] > |b| constitute a semigroup G;;. Although there exists
U'(a,b) with (|a| > |b|) such that U(a,b)U'(a,b) =
1(a)—i.e., U(a, b) is a coisometry—the inverse operator
U'(a, b) is not in G, due to the irreversibility of surface
growth. More precisely, surface growth does not diminish
the information of the surface-horizon system:
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Ssurfaces (/l) = Shorizon’ v H with |/’l| < |ﬂh ’ (46)
but rather reduces the dimension of the Hilbert space.

Consider it from a different standpoint: If we maintain the
dimension of the state unchanged during the evolution
process, the evolution process can be mathematically
expressed as transforming some segments of the singular
density matrix into zero matrices, i.e., p(a) — p(a) @ 0(a),
where 0(a) can be removed at the end of the calculation.
Then the evolution operator can be expressed as
U#,a) - u(#,a) ® X(a), where the effective operator
u(#,a) is a unitary operator whose dimension is the
effective dimension of U(#, a), and the other noneffective
part X(a) is an arbitrary square matrix which maintains the
dimension of U unchanged. As the dimension reduces, the
effective dimension of the evolution operator U(a,b)
operating on |®(b)) diminishes, whereas the effective
dimension of U'(a,b) stays constant, meaning that
U'(a, b) is unable to operate on |®(a)); i.e., there does
not exist U'(a,b) in the semigroup G, such that the
dimension of |®) increases from parameter a to param-
eter b. Under this premise, the isometric operator U(a, b) =
u(a,b) ® X(b) can be mathematically expressed as a
unitary operator by setting X(b) = 1(b) and ignoring the
operation of eliminating zero matrices in p(b) @ 0(b)
during the surface growth process.

The state of the surface-horizon system |®(u)) decom-
poses into a radial surface |y(u)) and the horizon |Q):

@) = V(i) (1)) |2), (47)

where the operator V (u) corresponds to the isometric tensor
V in the tensor network and encodes the data of the surfaces
ly(u)) and the horizon |Q). It is obvious that the evolution
operator U does not change the horizon state |Q):

[ (p1)) = V(ua) (1)) 1€2)
= U(M11ﬂ2)|q)(/42)>
= U(pr, i) V(u2)lx (12))[92), (48)

and the density matrix operators have the same properties:

pv(pr) = Uluy, o) py () U (1, p2),
Po = U(/‘laﬂZ)ﬂQUT(ﬂl’ﬂZ)v (49)

where py(u) = Tro|®(u))(®(u)| is the reduced density
matrix operator at the surfaces arriving at parameter x4 and
po = Tr,|®(u)) (P (u)| is the reduced density matrix oper-
ator at the horizon. Considering a operator O at growing
surfaces, its expectation value is

Tr(py (u)O) = Tr(py (0)U' (1, 0)OU (1, 0)).  (50)

Especially when the surfaces arrive at the horizon, i.e.,
u = pu;, the Hilbert spaces of py and pg have the same
dimension, and the V(y,) can be rewritten as a diagonal
matrix by Schmidt decomposition:

D)) = V() L (1)) 12)
= > VP L)l (51)

for S(py) = S(pa) = Sy = =>_; pilnp; ~In(dimH,), i.e.,
dim H; ~ €5+, where all p; are approximately equal.

So far, we have obtained the evolution operator U(u, 0)
in the surface growth scheme, which maps to the transition
of radial surfaces in asymptotic AdS; spacetime. Thus, it is
natural to map the surface growth process to the radial
evolution in semiclassical AdS; gravity. At the kth-layer
surfaces, we can define a semiclassical code subspace:

Hiede = span{|yi)}. (52)

where y, denotes the induced metric on the kth surface in
the growth process. Then considering two neighboring
radial slices 2 : py and 2,11 ppyy = py + ou, we define
the thin-shell gravitational kernel by the radial Arnowitt-
Deser-Minsner path integral:

Vk+1

K, = (Vis1:76) = DyDaDNDN¢ giSswen (53)

Yk

where

Vi+
Sshell = / " dﬂ dzx(ﬂabaﬂyab - NH - NaHa)' (54)
143

i

Here, H = 0 and H, = O are the radial Hamiltonian and

momentum constraints of Einstein gravity, respectively.

(k+1,k)

The radial gravitational transfer matrix U, acts as

k+1.,k
mmzw*wmzfmmwmwm» (55)

Thus, we can introduce an encoding map R, between the
abstract OSED index basis and the semiclassical geometric
basis:

Ry;: |q)v>(k) = [ye)s (56)

then the inward growth map could be defined by the radial
gravitational transfer matrix
(k+1.k

=R, USTR,. (57)

G, = Wik+1)(k) i

Subsequently, the evolution operator U(u,0) of surface
growth scheme can be expressed as

U(/’t»()) = (S]leOGk—l o GIGO = Uq(:u! O)v (58)
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which means that the evolution operator U(u,0) is equiv-
alent to the radial gravitational transfer matrix U ,(u,0), and
the surface growth process can map to the transition of
radial surfaces in asymptotic AdS; spacetime precisely.

Specifically, in the large central charge limit, the
Hamilton-Jacobi relation gives

gt =V pab, (59)
2
which gives
nngy =7t =L (T T = (T). (60)

which indicates that the radial transfer matrix is precisely
governed by the TT operator Opg = T,, T — (T¢)?, as
shown in [45], and the on-shell action can give the
expression of 77 flow:

1
Ly - / Px /7O, (61)

o

In summary, we have obtained the evolution operator
U(p,0) in the generalized surface growth scheme (homo-
geneous and isotropic case) and find that the tensor network
can realize precisely the radial gravitational transfer process
in its continuum limit, i.e., U = U,. Then, in the large
central charge limit, the tensor network can also realize the
TT flow in asymptotic AdS; spacetime precisely, which
corresponds to the TT-deformed CFT, [44,45].

IV. ESTABLISH THE CONNECTION BETWEEN
SURFACE GROWTH AND TT DEFORMATION

In this section, we will establish the connection between
the surface growth scheme and 77 deformation of CFT,. Let
us first recall the important properties of 77 deformation.
From the RG perspective, the 77 operator is irrelevant,
inducing significant modifications to the UV dynamics of
the deformed CFT. Holographically, such deformations are
conjectured to alter the IR geometry of the bulk spacetime.
Notably, for negative coupling constants, the 77-deformed
CFT has been suggested to be dual to gravitational physics in
AdS; with a finite radial cutoff [45].

An alternative formulation suggested that the
TT-deformed CFT admits a holographic dual description
as AdS; governed by mixed boundary conditions [44].
Crucially, in pure Einstein gravity, the mixed boundary
conditions at infinity can be reinterpreted as the Dirichlet
boundary conditions at a finite cutoff surface. Therefore,
the holographic duality with 77 deformation modifies the
conventional framework of AdS/CFT correspondence,
which prompts a critical inquiry into the mechanism of
spacetime emergence within this generalized correspon-
dence. By using the surface-state correspondence [48,49],

this problem has been investigated in [50], which proposed
that quantum states of 7T deformed CFT correspond to
finite radial cutoff surface of the bulk AdS spacetime. On
the other hand, note that the iterative growth of bulk
minimal surfaces which describes the radial evolution in
AdS spacetime may directly map to the operator-driven
deformation flow governed by the T7 perturbation. In other
words, it is expected that the TT deformation of boundary
CFT can provide a dynamical mechanism for specific
configuration of the surface growth.

A. TT deformation and the surface growth
in asymptotically AdS; spacetime

In what follows, we will establish the connection between
the surface growth scheme and the 77T deformation by
adopting the mixed boundary conditions formalism. Con-
sidering a spacetime with a negative cosmological constant,
the solution of Einstein’s equations can be expressed by the
Fefferman-Graham (FG) expansion [51,52]

d 2
ds? =% 4—/’0)2 + Gup (P x)dx*dx”,

1
ab (P, X*) :;(gi(;,)(x“) +pgfl2b)(x“) +ng£;2 (x) + ),

(62)

where [ is the curvature radius of the AdS spacetime.
Especially, the expansion truncates at the second order in
three dimensions. In this case, we have

0% = 82GI(T, — ¢T¢) = 82GIT,,.  (63)

where T, is the Brown-York stress tensor on the AdS
boundary and 7, =T, — gg;)Tg is the reduced stress

tensor. Then we have

sy 1 2
Gop) = 7991 (64)
To match the radial surface, we define the TT deforma-
tion by adding the 7T operator to the Einstein-Hilbert
action:

9 1
o d =3 / d*x\/7Or. (65)

in which Oy = T%T,, — (T¢)?. When y is infinitesimally
varied, the change in /yOrz and T, is given by the flow
equation

261 = = (ai 1) & 2 (JFTudr™) = S/70m),

(66)
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which can be solved as [44]

() (0)

re =7 ZMT< ) +ﬂ2Tt(zc)7Cd TEib)’

(0)

1) =1 g 14,

0 40
(ac fd)Tdb> = Tgc)Vfg) T(db>’ (67)
where T, = Ty, — 7a»T¢. By comparing with FG expan-
sion in asymptotically AdS; spacetime, the TT deformation
of CFT, can be identified with the radial cutoff surface of
AdS; as

0 0
Yo = Vet

9% = 8zGIT,, = 2CT .

4 5(0)_ g 40
ggb) = CzT(ac')V(Cg) Tsjb>a
u

Pec = _E- (68)

B. Connection of operators between T'T deformation
and surface growth

To establish the operator connection between surface
growth dynamics and 7T deformation, we construct the
evolution operator formalism governing hierarchical entan-
glement structure propagation. Within the surface growth
scheme, the metric operator y , and reduced stress tensor

operator T, are defined through the corresponding expect-
ation values in 7T-deformed CFT,:

A (0 0
Tr(py (0)1,,) = T, Tr(py(0)y,,) = 7).
Tr(py W)y ,,) = 1o = 1oy — 26Ty + ﬂ2T2c)y(“’) 7.

Tr(py ()T 0p) = TU) = T4 = uBEvid 1), (69)

where 7’2’2 = (T,,)™ is the expectation value of T, in

TT-deformed CFT, and y(a’z) is the deformed metric, while
Tr(py(u)y,,) and Tr(py(u)T,,) are the expectation values

defined by Eq. (50) at the growing surfaces, and py (u) is
the density matrix operator of the surfaces that grow out.
With these definitions for a pair of tensors Tr(py (1)O,;) at

the growing surfaces and C’)Eﬁ} in CFT, the expectation value
of the O,,y" is’

Tr(py (1) Q™) = Tr(py (1) 05) = 0¥ = Oyt

= Tr(py (u) Q) Tr(py (w)y").  (70)

’In fact, the O, is just a virtual symbol in CFT, and it is
defined by its expectation value (’)Elﬁ, which can be a function:
0 = (1009 -+ (0,)),

and, similarly, the metric operator yb“ ory, . can be factored
out from the other traced operators (e.g., Ofy”* and Oy, )
when calculating the expectation values. Espemally, accord-

ing to Tr(py (u)y,.r") = Tr(py )y, ) Te(pv (1)r") = &,
we can also request that the metric operators are satisfied
with ZacZCb =16? and r“7,, = 15} Furthermore, for any
scalar function F (Zab,iab) which has the corresponding
expectation value F*) in CFT, the metric operator Y, Can
be factored out from the operators y , F when calculating
the expectation values:

Te(py (W), F) = Tr(py (W), 55 F)
= i (6 )W) = 7o
= Tr(py (W), ) Trlpy (WE).  (71)

For the 7\ yfg) TSZ) term of Eq. (69), we introduce the
operators L, at the growing surfaces, defined by

Tr(py(0)Lay) = TS0 v g TG, (72)
and with Eq. (67), we have

Tr<pV(ﬂ)Lab) = Tr(pV<0)Lab)' (73)
According to Egs. (58) and (53), the evolution operator
U(u,0) implements radial flow through path ordered
exponentiation:

Ula, b) = Pe lr (@)% (74)
and

Dol Jy A

U'(a,b) = : (75)

where £ is the coordinate in the g parameter space,
AT(&) = A(¢) is Hermitian, and the symbols P and P*
mean the reverse path ordering. By moving to the
“Heisenberg picture,” the evolution of y . T, and L,

is given by
U'(u.0) abU( 0) = i ~ HLap,
UT(/“’O) abU( ’0) Lab' (76)

In the Heisenberg picture, the operators are O(u) =
U (1,0)0(0)U(u, 0), and Eq. (76) can be rewritten as
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iU (1, 0)[A (), 7,,]U (1, 0) = %Zubw — 2% ().
U (0, 0)[A (). Ty U (1.0) = jﬂmu) = Loy (u):
(77)
then we obtain
[A(u).7,,) = 20T,
[A(ﬂ)v iab] - iLab' (78)

With these formulas [(77) and (78)], we obtain (please see
Appendix A for more details)

[A(u). Lap] = 0,
[Au), r*) = =2ip“Tear™. (79)
Because of the fact that u is arbitrary in the range of

0 < |u| < |up, there exists a constant operator Q separated
from the operator A(u):

A(u) =K(u) + Q. (80)
such that
[K(ﬂ)’ Zah} - O’ [Qv Zuh] - 2ifwabv
[K(:u)vzah} = 07 [Qv iab] - iLab’
[K(p), L) =0, [Q.L,) =0,
[K(u).y?] =0,  [Q.7"] = =2iy*T..y®. (81)

where K(p) is the other part of A(u) affected by the
parameter . In the surface growth process, K(u) can be
treated as the disentangler and Q can be treated as the coarse
grainer reducing the dimension of the labels. Recall that, in

Eq. (16), the tensor in the surface growth process associated

. . (k) (k=1)atD) .
with A(u) is nggfk 1)a , consisting of two tensor groups,

i.e., the coarse grainer and disentangler, which correspond to
the operators Q and K(u), respectively. Specifically, the
coarse-grainer operator Q corresponds to dimensional reduc-
tion® from index a*=1 to a®), which can be mathematically
expressed as py (k) @ 0(k) — py(k), while the disentangler
K(u) accounts for the remaining components—including
the surface redivision in y*~!) and the unitary transforma-
tion on two Hilbert spaces related with each reconstructed
surface in W), which can be mathematically expressed as

’In this case, the coarse-grainer operator Q is Hermitian
counterintuitively, because the dimensional reduction does not
diminish the information of the system, i.e., Sy (k — 1) = Sy (k).
However, the coarse-grainer operation on the system is still
irreversible due to the reduction of effective dimension.

pyv(k—=1) = py(k) @ 0(k). Especially, there is no K(uy)
such that py (u;) = pi, @ 0 on the horizon and the coarse-
grainer operator Q is unable to diminish the dimension,
corresponding to the limit of surface growth Eq. (26).

In conclusion, the TT deformation directly maps to the
radial evolution step in the surface growth scheme. The
commutator structure [Q, 0|, where Q generates the
deformation of y , and 7., encodes the bulk diffeomor-
phism invariance (see Fig. 6)

0.0~ % (O), (82)

Therefore, for the homogenous, isotropic, and continuum
case, the dynamical mechanism of iterative growth of bulk
minimal surfaces in asymptotical AdS spacetime can
be described by the radial RG flow driven by the TT
deformation of boundary CFT, which provides a dynamical
mechanism for the surface growth scheme and may shed
light on reconstructing bulk gravitational dynamics via this
scheme.

Moreover, a further evidence for the connection between
the 7T flow and the entanglement is from the entanglement
first law [53-55]. Explicitly, the radial evolution of the
boundary (the cutoff surface) is generated by the TT
deformation, and the energy of a subsystem A (which
can be viewed as a segment of the boundary for growing
surfaces at a given layer) at the cutoff surface p,. with spatial
interval [ is

1
Es(u) = /0 TWdo = 1T, (83)

where 7 and o are, respectively, the timelike and spacelike
coordinates on the cutoff surface [44]. Taking the partial

(1)

derivative of T7; with respect to u gives

o, w 1
=T =—0, 84
ou 2 Tt (84)

which is equivalent to

0 EA(#) _ 1 B
w1 5 Ort- (85)

Then making small perturbations to Eq. (85) gives

0 AE(p) 1
= =~ AO;. 86
o 1 ) Orr (86)

Furthermore, under the low-energy excitation, analogous to
the first law of thermodynamics, the variation of energy and
entanglement entropy of the subsystem A can be expressed
in a first-law-like relation as AE,(u) = T AS,(u), called
the entanglement first law, where 7, is termed as the
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’ AdSs, radial surfaces ‘

/

TT deformation, deformed by %

<—{ Surface growth, growing with Q ‘

FIG. 6. The connection between the surface growth scheme and 77 deformation.

entanglement temperature, which is proportional to the
reciprocal of the size of the subsystem, i.e., T, = ¢/, with
c a constant [53]. Thus, using the entanglement first law,
Eq. (86) becomes

5 (a00) -3 (Fasa) -bsa o

Therefore, Eq. (87) shows that small perturbations of the 7T
operator will induce the radial flow of small perturbations of
the holographic entanglement entropy. Equivalently, at small
perturbations, the radial flow of the bulk minimal surfaces at
the cutoff surface (which is described by the surface growth
process) can generate the 77 operator.

C. The properties of L, and the factorization formula
of TT operator

In order to figure out the properties of L,;,, we consider
the expectation values Tr(pv(,u)zabzab ) with Ay, = L, —
T,.7°“T 4 (the detail of calculation is in Appendix B):

(pv(u) ™)

(v () U (1, 0)T 0y U (1, 0))

r(pv( )Tapr®) + iuTr(py (0)[Q, Tupy®]) + O(?)
= Tr(py(0)T0pr®) + uTr(py(0) L)

= 24Tr(py (0)Aupy™) + O(1?), (88)

while the expectation value Tl(l’z,) 7?;) has the same expan-

sion [44]:

A 5(0) e 440)_da
700 = 7O )70y Tyl + 0(?).  (89)

A

With the definition Tr(py (1)T,7*) = TW, we focus on

the u'-linear terms:

_ 4(0) be 4(0), da
- Tab y?O)Tcd }/?0) '

(90)

Tr(py(0)Lapy®”) = 2Tr(py (0) Aupr®?)

Because of the definition Eq. (72), Labz“" can factor
out Z‘”’ when calculating its expectation value:

Tr(py(0)Lapr®) = Tr(py(0)Lap) Tr(py (0)r*")

2(0)_ pe 4(0) da
= T((zb)yl(?o)Tid)Vfo)' (91)
Substituting it into Eq. (90), we find

Tr(py(0)Aur") = 0. (92)

Then, with the definition A, = Ly, — T,cy*T s, the
contractions of L., and iacfdzdh have an equal expect-
ation value:

TI'(/)V (O)Labzab) = Tr(pV (O>iabzbcic‘dzdd ) s (93)

and a factorization of the double-traced operator is
obtained as

Tr(py (0) Ty Tear™)
= Tr(py(0)Zap) Tr(py (0)r*) Tr(py (0)Lea) Tr(py (0)r%),
(94)
which is similar as the first term in Zamolodchikov’s
factorization formula in CFT,:
(n|(T T = (T4)?)|n)

= (n|Tp|n) (T ) = (n|T|n)(n|T}|m).  (95)

In order to compare with the second term in Eq. (95), let
us expand the expectation values Tr(py (u)y, bicdfd ) until

the p'-linear term (the detail of calculation is in
Appendix B):

Tr(py ()7 Tear™)

= Tr(ﬂv(O)U*(O 1Y 0 Tear U0, 1))

= Tr(py(0)y Tear” )+mTr(pv( 0.7, Tear])
+O(?)

= Tr(py(0)y,, Tear*®) = 2uTr(py (0)T o Tear)
+ uTr(py(0)y,,)Tr(py (0)Legy™) + O(4?). (96)

With Eq. (71), Tr(py (),

Te(py ()7, Tr(py () Lear

Then we expand y<h) ol )

Cdy ) can be factorized into

), which equals 7’2’2?5(“ ).

until the y!'-linear term:
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yo T =y QT8+ p <_ (ra e )> ‘ o)
=0

0) 4¢(0 5(0) A4+ (0 0) 4(0) A
=y T =20 T+ T T + 06
(97)

Equating the y'-linear terms in Egs. (96) and (97):

=2uTr(py (O)iabicdz“’) +uTr(py (O)Zab)Tr(/’v (O)LchCd)
A.(0) (0 0) 5+(0) Avc:
= =2\ 10 1y T T (98)

a

we can obtain
IS £,(0) 4v¢(0
Tr(pV<0)ZachdZ d) = Tib) TC( ) (99)

by substituting Eq. (93).
Finally, the other double-traced operator is obtained by
substituting Eq. (99):

X Ty (0)T..0) Ty (0)7°?). (100)

which corresponds to the second term in Eq. (95).
Therefore, the operator in the surface growth scheme
corresponding with the 7T operator in CFT, is given:

(TapT® = (T4)*)©

_ 7(0) g a(0)\2 _ 4+(0) 4 5a(0)
=Ty T{g — (Ta ) =T, T{5 — (Ta"”)?

= Tl'(pv (0) (iabzbcicdzda - iabzabicdzai) ) ’ ( 101)

which has the same factorization formula:

Tr(py (0)(Lapy* T ear® — Tapy ™ Tear®))

= Tr(ﬂv(o)zabﬂr(ﬂv(0>Zb6)Tr(Pv(0)icd)Tr(Pv(O)Zda)
4

=Tr(py (0) L) Tr(py (0)r ™) Tr(py (0)Tea) Tr(py (0)7).
(102)

V. CONCLUSIONS AND DISCUSSIONS

In this paper, we extended the OSED tensor network to
describe the more general surface growth scheme for bulk
reconstruction in asymptotically AdS; spacetime, which
provided a state-to-geometry mapping between quantum
states of tensor network and bulk minimal surfaces. We
then analyzed the behavior of geometric convergence and

continuum limit of the general surface growth scheme as
the partition number N — oo, which bridges the tensor
network construction with the continuous radial evolution
of the bulk geometry. Finally, through an evolution operator
formalism within the tensor network framework, we
established an explicit connection between the surface
growth process and TT-deformed CFT,. By implementing
the operators y , and T, as fundamental building blocks in
this scheme, we demonstrated systematic reconstruction of
bulk geometry in asymptotically AdS; spacetime from the
operators of the boundary CFT,. Namely, the geometrical
radial evolution in both frameworks indicates that the
TT deformation of boundary CFT, can provide a dynami-
cal mechanism for the surface growth in asymptotically
AdS; spacetime. Moreover, we found further evidence that
the 7T deformation can be connected with the entangle-
ment from the entanglement first law, which showed that, at
small perturbations, the radial flow of the entanglement
entropy (which is described by the growth of bulk minimal
surfaces) can generate the 77T operator, or small perturba-
tions of the TT operator can induce the radial evolution of
small perturbations of the entanglement entropy.

Note that our present framework is formulated only
within the AdS;/CFT, correspondence; there are still many
interesting problems to be studied such as the extension
into higher-dimensional spacetime. However, there will be
many difficulties, for example, (i) resolution of nontrivial
truncation in the FG expansion and (ii) the nonlocality of
stress tensors, since the absence of finite FG truncation
renders metric and stress tensor deformations ill defined
under conventional TT operator flows in d > 3-dimen-
sional spacetime. In addition, the current implementation of
the operators y , and T, assumed homogenous and
isotropic radial propagation, the extension into inhomo-
geneous and anisotropic surface growth scheme and its
connection with other operator deformation requires further
investigation. Furthermore, a more detailed study on the
entanglement first law in the surface growth process is
needed to further understand its dynamical origin; we
would like to study this problem in a further work.
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APPENDIX A 2. Eq. (79): [A(n). 7]
In this Appendix, we will derive some formulas. We have
A(u).y,,] = 20T . A4
1. Eq. (79): [A(). Los) [A().v,) = 20T (A4)
With Eqgs. (77) and (78), we have then [A(u),y*"] is given that
UT(:“’ 0)La,(0)U (4. 0) = Lyp(p). (A1) [A(M),Zab} = [A(ﬂ),zaczcdzdb]

. o . = 2[A(u). 7] + rIAW). 7 ™
In the Heisenberg picture, it can be rewritten as .

= 2[A(w), v + 2iy“Teay™. (AS5)

0
iU (u, 0)[A(), Lop)U (4, 0) = a—Lab(,u) =0. (A2) Finally, we obtain

I

A(p), ™) = =2iy*T . gr™. A6

Finally, we obtain [A) r ] 1 Zedl (A6)

[A(u), Lyy) = 0. (A3) 3. U'(a,b)OU(a,b) with [K(u), O] =0

The evolution operator from b to a is defined as

U(a,b):Pe_iﬁA@dé:l—}—( )/ dé\A(&)) </ d§1/ d&A(&))A fz))

+ 0 ([faer [ dgace)- -A(:n)) o (A7

( / dt, / dEA(E)A 52))

and we obtain

U(a.b) = Ulb.a) = Pe Ja A% — 1 1 (=) / A& A(E)

+(‘n?"73</a"d51 /bdén (&) (a))
1+ () A deA ( / dé) / dEA(E)A @))
+ O (A“d&--ﬁ dénA<él)---A(5n)) +

— pre fb"A(ﬁ)df, (A8)

where P* means the reverse path ordering.
Considering an operator O changed with the evolution operator U(a, b), we can write the terms of the expansion as

U'(a,b)OU(a,b):
w0 term = O,

ul term = (i) A dEAE)O + (—)O l " g A

—i[d&[A(fn,O]

= i(a—0)[Q.P],
(A9)

This expansion is used in Appendix B.
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APPENDIX B

In this Appendix, we will derive some formulas.

1. Eq. (88): Tr(py ()T
Expand Tr(py (u)T «by“?) until the g'-linear term with (A9):

Tr(py (1) Tapr®) = Tr(py (0)UT (1. 0)T 1y U (. 0))
= Tr(py (0)Topr®) + iuTr(py (0)[Q. Tupr™]) + O(u?),

where [Q,T,,7] is given by Eq. (81):

|ﬂ>

Q. 7] = L™ = 2iT 1y Togy®

(0. Zapy™] = [Q. Luply® +
Then the expansion Tr(pv(/,t)ia,,za” ) can be expressed as
Tr(ﬂv(ﬂ)iabza ) = Tr(py(0)T ab?” )+HTT(PV(O)(2iabeCichda Lay™)) + O(u?).

Substituting the definition A, = L, — T,y**Ty, into the u'-linear term, we obtain Eq. (88):

Tr(pv(u)iabz“”) = Tr(pv(O)iabz“b) + uTr(py (0)Lpy™) — 2uTr(py (0)Apy®?) + O(p?).

2. Eq. (96): Tr(py(u)y,, Toar*)
Expand Tr(py(u)y,, Tcqr*®) until the p'-linear term with (A9):

Tr(py(w)y,, Tear™) = Tr(py (0)UT (0. )y, Tear“?U(0. p))
=Tr(py(0)y,, Tear” )+luTr(/)v( 0.7, Tear]) + O(?).

where [Q,Zabicdz“’} is given by Egs. (81) and (B2):

[Q» ZabZCdZCd] = [Q’ Zab]icdzwl + Zab [Q’ ichCd]
= 2iiabzchCd + Zab(iLchCd - Ziicdzdezefzfc)
= Zizubicdzal + izachdZCd - Zizabzcdzdeief}_,fc'

Then the expansion Tf(ﬂv(ﬂ)zabi car“?) can be rewritten as

Tr(py (1)y,, Tear®®) = Tr(py(0)y,, Tear®®) — 2uTr(py (0) T T car™)
—uTr(py(0)y,, Lear®) + 2uTr(py (0)y,, Tear™Tosy") + O(u?).

Because Tr(py (0)T a4 T, 7€) = Tr(py(0)Logre®) = TCyde 79,7¢ ' can be factored out by Eq. (71):
8 fr r cd 7 (0)" ef 7(0)° Lab

Tr(py(0)y,, Lear™Tesy’®) = Tr(py(0)y,, ) Tr(py (0)T cay T e sy'¢) = Tr(py(0)y,, ) Tr(py (0)Lear?).

Tr(py (0)y,,Lear®) = Tr(py(0)y,, ) Tr(py(0)Leay™).

Substituting it into Eq. (B7), we obtain Eq. (96) finally:
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Teare®) = Te(py (0)y,, Tear*)
+ 2uTr(py (O)y,
= Tr(py(0)y,, Tear®)

Tr(pV(:u)Zah

= 2uTr(py (0)T T ear) —
)Tr(PV(O)zchdeiefoc) + O(u?)
= 2uTr(py (0)T o Tear®®) + uTr(py (0)y,

HTtTr(py (0)y,, ) Tr(py (0)Lear® 9)

)Tr(pv(0)Legy™) + O(W?).  (B10)
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