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In this paper, we study the dynamical connection between the surface growth scheme and the conformal
field theory with TT̄ deformation. By utilizing the extended one-shot entanglement distillation tensor
network, we find that the iterative growth, i.e., radial evolution of homogenous and isotropic bulk minimal
surfaces in asymptotically anti–de Sitter spacetime can be mapped to the TT̄ operator flow driven by the
deformation parameter. Our results show that the TT̄ deformation can provide a dynamical mechanism for
the surface growth in asymptotically anti–de Sitter spacetime, which may shed light on reconstructing bulk
gravitational dynamics from the surface growth scheme.
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I. INTRODUCTION

The anti–de Sitter/conformal field theory (AdS/CFT)
correspondence establishes a profound connection between
a gravitational system in an asymptotically AdS spacetime
and a CFTon its boundary [1–3]. As a duality between two
theories, the AdS/CFT correspondence or more general
gauge-gravity duality also indicates that the boundary
quantum system should encode the full information of
the bulk gravity. The program to construct bulk gravity
from its dual boundary quantum field theory is called bulk
reconstruction [4–11]. Progresses in recent years have
shown that entanglement entropy and its holographic dual,
i.e., the holographic entanglement entropy [12–14], play a
very important role in realizing the bulk reconstruction.
However, difficulties still remain in the previous approaches
of entanglement wedge reconstruction—for example, how to
find a more fine description for the subregion-subregion
duality, how to give a unified framework to construct both
the bulk matter fields and bulk geometry, and how to
construct bulk gravitational dynamics from the dual boun-
dary quantum fields.
In recent works [15,16], a surface growth approach for

bulk reconstruction in asymptotically AdS spacetime was
proposed which not only can probe the fine structure of
bulk entanglement, but also is able to construct both the

bulk geometry and matter fields from a boundary quantum
system. In the surface growth approach, a given boundary
subregion is partitioned into many smaller adjacent seg-
ments, each generating a bulk minimal surface, namely, the
Ryu-Takayanagi (RT) surface; then, treating these RT
surfaces as the new boundary of the bulk spacetime, a
new layer of bulk minimal surfaces can continue to grow on
them, which probe deeper regions of the bulk spacetime.
By repeating this process layer by layer, the bulk minimal
surfaces can probe arbitrary regions in the entanglement
wedge, similar to the bubble growing. In addition, it has
been shown that the surface growth scheme can be
explicitly realized by the multiscale entanglement renorm-
alization ansatz (MERA)-like tensor network [15,17–21],
which naturally gives an emergence of bulk geometry and
indicates a dynamical connection between the fine structure
of entanglement and bulk spacetime.1 For example, the
entanglement of purification, which captures the fine
structure in subregions of the entanglement wedge, can
be naturally derived from the surface growth scheme [26]
and also suggests a selection rule for surface growth in the
bulk reconstruction in the AdS/BCFT (boundary CFT)
correspondence [27].
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1Note that the original MERA tensor network proposal for
realizing holography was only a toy model, which indirectly
provided an emergent picture of discrete AdS3 geometry (time
slice) [22], while the one-shot entanglement distillation tensor
network, which is a MERA-like tensor network constructed
directly from the RT surfaces, can describe actual bulk excitations
in the AdS/CFT correspondence [11]. To construct the continu-
ous bulk AdS geometry from tensor networks, one can use the
continuous version of the MERA, i.e., the cMERA formalism
[23]. However, the problem of how to construct bulk gravitational
dynamics from tensor networks has not been fully solved yet; see
related progresses in [24,25].
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On the other hand, a parallel avenue of research
explored the TT̄ deformation of two-dimensional CFTs,
which deforms the ultraviolet (UV) dynamics of the theory
[28–30]. The TT̄ deformation has received a lot of
attention recently. For example, from the field theory
side, the correlation functions [31–36] and Rényi or
entanglement entropy [37–42] of TT̄-deformed two-dimen-
sional field theories have been studied, and the geometric
formulation of generalized root-TT̄ deformation has been
obtained [43]. From the holographic perspective, the TT̄
deformation can alter the infrared (IR) geometry and result
in a radial cutoff at the boundary of the asymptotically
AdS3 spacetime [32,44,45]; see, for example, recent
reviews on TT̄ deformation [46,47].
The renormalization group (RG) flow of the TT̄-deformed

theory maps to bulk evolution along the radial direction,
which is very similar to the process of surface growth. This
similarity motivates us to ask an interesting question: Can the
iterative growth of bulk minimal surfaces be linked to the
operator-driven evolution induced by TT̄ deformation? In
this work, we will unify these two perspectives by utilizing
the tensor network realization of the surface growth scheme
and demonstrate that it can be mapped to the TT̄-deformed
CFT. Explicitly, we generalized the one-shot entanglement
distillation (OSED) tensor network to describe the general
surface growth process in which bulk minimal surfaces grow
layer by layer and then connected the radial evolution of bulk
minimal surfaces to the TT̄ operator flow via the generalized
OSED tensor network. Our analysis revealed that the
deformation parameter μ governs the iterative growth of
bulk minimal surfaces, while the dynamics of the stress
tensor emerges from the hierarchical entanglement structure.
The paper is organized as follows. Section II briefly

reviews the original surface growth scheme; then Sec. III
extends the OSED tensor network to describe the general
surface growth and analyzes its continuum limit. Section IV
establishes the explicit connection between the isotropic
surface growth and the TT̄ deformation. Finally, Sec. V
gives the conclusions and discusses future related problems
to be investigated.

II. REVIEW OF THE SURFACE GROWTH
SCHEME

The surface growth scheme provides an efficient and
systematic framework for reconstructing bulk spacetime
through hierarchical entanglement structures [15,16]. It has
been shown that this scheme can be described via gener-
alized form of the OSED tensor network [17], which maps
the iterative growth of bulk minimal surfaces to tensor
network architectures.
To illustrate, consider partitioning the spatial boundary

of a CFT2 into adjacent subsystems A and B. The
entanglement structure of A is encoded through an iso-
metric tensor network, as depicted in Fig. 1. The combined

boundary state ΨAB is expressed as

ΨAB ¼ VB
αβW

A
ᾱ β̄
ϕαᾱσββ̄; ð1Þ

or, equivalently,

jΨi ¼ ðV ⊗ WÞðjϕi ⊗ jσiÞ; ð2Þ

where W and V are isometric tensors corresponding to the
entanglement wedges of A and B, respectively. The states
jϕi and jσi represent maximally entangled Bell pairs in
which jϕi contributes to the dominant part of the entan-
glement entropy of A and jσi captures the quantum
fluctuations:

jϕi ¼
XeSðAÞ−Oð
ffiffiffiffiffi
SðAÞ

p
Þ

m¼0

jmm̄iαᾱ;

jσi ¼
XeOð
ffiffiffiffiffi
SðAÞ

p
Þ

n¼0

ffiffiffiffiffiffiffiffi
p̃nΔ

p
jnn̄iββ̄ ð3Þ

with Hilbert space dimensions:

dimHα ¼ eSðAÞ−Oð
ffiffiffiffiffiffiffi
SðAÞ

p
Þ ≡ Δ;

dimHβ ¼ eOð
ffiffiffiffiffiffiffi
SðAÞ

p
Þ;

dimðHα ⊗ HβÞ ¼ eSðAÞ; ð4Þ

where Δ is the size of a block in eigenvalue space, p̃nΔ is
the average eigenvalue of the block, and SðAÞ is the
entanglement entropy of subsystem A.
Consider dividing the boundary into N identical segments

and using the RT surfaces of each segment to construct the
first layer; the next layer is constructed in a similar way by
taking the adjacent two segments into a new one. By
iterating this process, a hierarchical structure of bulkminimal
surfaces emerges. Explicitly, the first layer [Fig. 2(a)] of the

FIG. 1. The bulk minimal surface ϕ ⊗ σ grows out from the
subsystem A. The isometry tensorW matches to the entanglement
wedge of A, and the isometry tensor V matches to the rest of bulk
spacetime.
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bulk minimal surfaces (corresponding to N segments) is
described by the wave function

jΨið1Þ ¼ V 0
N
ð1ÞYN

i¼1

Wð1Þ
i jϕið1Þi jσið1Þi ; ð5Þ

the second layer which contains N=2 RT surfaces [Fig. 2(b)]
is described by boundary state

jΨið2Þ ¼ V 0
M
ð2Þ
 YM¼N=2

j¼1

W0
j
ð2Þjϕið2Þj jσið2Þj

!

×

 YN
i¼1

Wð1Þ
i jϕið1Þi jσið1Þi

!
; ð6Þ

and subsequent layers refine the bulk geometry through
progressive subdivisions; for example, the kth layer is
generated by N=2k−1 segments:

jΨiðkÞ ¼ V 0ðkÞYk
j¼1

YN=2k−1

i¼1

W0
i
ðjÞjϕiðjÞi jσiðjÞi : ð7Þ

Each layer k corresponds to a deeper radial slice of the bulk
geometry, reflecting the MERA [15–21]. However, the
OSED tensor network formalism imposes a constraint in
Eq. (7): The iterative subdivision process forces N to reduce
by half at each layer, thereby restricting the range of k. This
restriction can be removed by extending the OSED tensor
network, which allows it to describe the general surface
growth scheme.

III. TENSOR NETWORK DESCRIPTION OF THE
GENERAL SURFACE GROWTH SCHEME

In this section, we will extend the OSED tensor network
to describe the general surface growth scheme in which the
next layer of bulk minimal surface is anchored on the
previous layer. In addition, the original tensor network
construction of surface growth scheme considered only the
pure state case, in which the bulk is the pure AdS
spacetime; we will also generalize the framework by
changing starting points of the surface growth and extend
the OSED tensor network construction to include asymp-
totically AdS spacetime with a black hole horizon.

A. The generalized OSED tensor network

The initial state of the boundary-horizon system is
expressed as

Ψð0Það0Þb ¼ Vð0Þ
ABΩBbχ

ð0ÞA1a
ð0Þ
1

1 � � � χð0ÞANa
ð0Þ
N

N ; ð8Þ

where the indices A and að0Þ equivalently represent the

series of indices A1 � � �AN and að0Þ1 � � � að0ÞN , að0Þ labels
boundary segments, and b labels the horizon. The tensor
χðkÞ combines the RT surface states ϕðkÞ and σðkÞ, but χð0Þ is
the initial boundary state, regarded as the combination of
the RT surface states ϕð0Þ and σð0Þ for simplicity. The
surface growth operation is then applied by extending bulk
minimal surfaces from the turning points of previous layers.
For the first layer, this yields

FIG. 2. The first layer (a) and the second layer (b) of the original surface growth scheme with N ¼ 8, and the surfaces χ (blue squares)
always anchor on the boundary in this scheme.
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Ψð0Það0Þb ¼ Vð0Þ
ABΩBbχ

ð0ÞA1a
ð0Þ
1

1 � � � χð0ÞANa
ð0Þ
N

N

¼ Vð1Þ
ABΩBbχ

ð1ÞA1a
ð1Þ
1

1 � � � χð1ÞANa
ð1Þ
N

N

×Wð1Þ
að1Þ
1
Cð0Þ
1
Dð0Þ

2

Wð1Þ
að1Þ
2
Cð0Þ
2
Dð0Þ

3

� � �Wð1Þ
að1ÞN Cð0Þ

N Dð0Þ
1

χ
ð0ÞCð0Þ

1
Dð0Þ

1
að0Þ
1

1 � � � χð0ÞC
ð0Þ
N Dð0Þ

N að0ÞN
N

≡ Vð1Þ
ABΩBbχ

ð1ÞA1a
ð1Þ
1

1 � � � χð1ÞANa
ð1Þ
N

N W̃ð1Þð0Það0Þ
að1Þ

; ð9Þ

where W̃ð1Þð0Þ encodes the isometric transition between the first layer and the AdS boundary. The Hilbert space dimensions
at the first layer are given by

dimHa1 ¼ eNSð1Þ ; dimHb ¼ eSh ; ð10Þ

where Sð1Þ is the entanglement entropy of a RT surface in the first layer and Sh is the entanglement entropy of the horizon.
With Eq. (9), the first-layer state of the surface-horizon system can be expressed as

Ψð1Það1Þb ≡ Vð1Þ
ABΩBbχ

ð1ÞA1a
ð1Þ
1

1 � � � χð1ÞANa
ð1Þ
N

N ; ð11Þ
such that Eq. (9) can be rewritten as

Ψð0Það0Þb ¼ Ψð1Það1ÞbW̃ð1Þð0Það0Þ
að1Þ

: ð12Þ

Next, repeating this process, the tensor network of the second-layer state can be expressed as

Ψð0Þa0b ¼ Vð1Þ
ABΩBbχ

ð1ÞA1a
ð1Þ
1

1 � � � χð1ÞANa
ð1Þ
N

N

×Wð1Þ
að1Þ
1
Cð0Þ
1
Dð0Þ

2

Wð1Þ
að1Þ
2
Cð0Þ
2
Dð0Þ

3

� � �Wð1Þ
að1ÞN Cð0Þ

N Dð0Þ
1

χ
ð0ÞCð0Þ

1
Dð0Þ

1
að0Þ
1

1 � � � χð0ÞC
ð0Þ
N Dð0Þ

N að0ÞN
N

¼ Vð2Þ
ABΩBbχ

ð2ÞA1a
ð2Þ
1

1 � � � χð2ÞANa
ð2Þ
N

N

×Wð2Þ
að2Þ
1
Cð1Þ
1
Dð1Þ

2

Wð2Þ
að2Þ
2
Cð1Þ
2
Dð1Þ

3

� � �Wð2Þ
að2ÞN Cð1Þ

N Dð1Þ
1

χ
ð1ÞCð1Þ

1
Dð1Þ

1
að1Þ
1

1 � � � χð1ÞC
ð1Þ
N Dð1Þ

N að1ÞN
N

×Wð1Þ
að1Þ
1
Cð0Þ
1
Dð0Þ

2

Wð1Þ
að1Þ
2
Cð0Þ
2
Dð0Þ

3

� � �Wð1Þ
að1ÞN Cð0Þ

N Dð0Þ
1

χ
ð0ÞCð0Þ

1
Dð0Þ

1
að0Þ
1

1 � � � χð0ÞC
ð0Þ
N Dð0Þ

N að0ÞN
N

≡Ψð2Það2ÞbW̃ð2Þð1Það1Þ
að2Þ W̃ð1Þð0Það0Þ

að1Þ ; ð13Þ

where W̃ð2Þð1Þ encodes the isometric transition between the
second layer and the first layer and Ψð2Það2Þb is the second-
layer state of the surface-horizon system:

Ψð2Það2Þb ¼ Vð2Þ
ABΩBbχ

ð2ÞA1a
ð2Þ
1

1 � � � χð2ÞANa
ð2Þ
N

N : ð14Þ

The Hilbert space dimensions at the second layer are
given by

dimHað2Þ ¼ eNSð2Þ : ð15Þ

Similarly, repeating this process generates higher-layer
states. For the kth layer:

Ψð0Það0Þb ¼ ΨðkÞaðkÞbW̃ðkÞðk−1Þaðk−1Þ
aðkÞ

� � � W̃ð1Þð0Það0Þ
að1Þ

; ð16Þ

where W̃ encodes the isometric transition between layers
and consists of both the coarse grainer and disentangler
[15] and ΨðkÞaðkÞb is the kth-layer state of the surface-
horizon system:

ΨðkÞaðkÞb ¼ VðkÞ
ABΩBbχ

ðkÞA1a
ðkÞ
1

1 � � � χðkÞANa
ðkÞ
N

N : ð17Þ

The Hilbert space dimensions at the kth layer are given by

dimHaðkÞ ¼ eNSðkÞ : ð18Þ

Crucially, the subdivision count N remains fixed across
layers, eliminating the original constraint. This allows k to
take any positive integer value, enabling lasting growth of
the surfaces toward the horizon without dependence
on N (Fig. 3).
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B. The limit of the surface growth

Geometrically, the iterative surface growth process drives
the constructed minimal surfaces asymptotically toward the
center of the bulk spacetime. It has been shown in [16] that
these surfaces will approach to the horizon after finite steps
of growth. In this section, we rigorously demonstrate this
behavior through a monotonicity argument and entropy
constraints and show that the surface growth will reach
the black hole horizon in the k → ∞ limit.
Consider the ith minimal surface in the kth layer. The

Hilbert space dimension associated with the index aðkÞi is
given by

dimH
aðkÞi

¼ eS
ðkÞ
; ð19Þ

where SðkÞ denotes the entanglement entropy of the kth-
layer surface. Correspondingly, the Hilbert space dimen-

sion of the composite indices Cðk−1Þ
i Dðk−1Þ

iþ1 from the
previous layer is

dimH
Cðk−1Þ
i Dðk−1Þ

iþ1

¼ e
1
2
Sðk−1Þe

1
2
Sðk−1Þ ¼ eS

ðk−1Þ
: ð20Þ

Because of the minimal surface growing, the isometric

tensor WðkÞ
aðkÞi Cðk−1Þ

i Dðk−1Þ
iþ1

reduces the dimension to eS
ðkÞ,

implying the entropy inequality

SðkÞ < Sðk−1Þ; ∀ k∈Nþ: ð21Þ

Setting N ¼ 1 when constructing the (kþ 1) th-layer
surfaces, the new surface will coincide with the horizon and

the tensor network will be expressed as

ΨðkÞaðkÞb ¼ VðkÞ
ABΩBbχ

ðkÞA1a
ðkÞ
1

1 � � � χðkÞANa
ðkÞ
N

N

¼ VðhÞ
ABΩBbχðhÞAaðhÞ

×WðhÞ
aðhÞCðkÞχ

ðkÞCðkÞ
1
aðkÞ
1

1 � � � χðkÞC
ðkÞ
N aðkÞN

N : ð22Þ

The dimensions of Hilbert space at the (kþ 1)th layer are
given by

dimHaðhÞ ¼ eSh ;

dimHCðkÞ ¼ eNSðkÞ ð23Þ

with the entropy inequality

Sh
N

≤ SðkÞ ≤ Sð1Þ: ð24Þ

This monotonic decrease in entropy establishes that the
sequence fSðkÞg is bounded and strictly decreasing. By the
monotone convergence theorem, SðkÞ must converge to a
finite limit as k → ∞.
To identify this limit, suppose the surfaces in the (k − 1)

th-layer surfaces coincide with the horizon. The kth-layer
surfaces also coincide with the horizon, and the entangle-
ment entropy of each segment is satisfied:

SðkÞ ¼ Sðk−1Þ ¼ Sh
N

: ð25Þ

Thus, the limit of the sequence fSðkÞg converged to is

FIG. 3. The left is the tensor network of general surface growth scheme with N ¼ 10. The VΩ (green circle) includes the bulk
spacetime V and the horizon Ω, which have hidden labels and are shown in the right image. In this scheme, the surfaces growing out
anchor on the turning points of previous surfaces.
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lim
k→∞

SðkÞ ¼ Sh
N

: ð26Þ

Consequently, in the limit k → ∞, the iteratively grown
surfaces converge to the horizon, completing the geometric
reconstruction of the bulk spacetime, and the surface
growth process dynamically encodes the transition from
boundary entanglement to horizon physics.
To establish a smooth geometric correspondence, we

analyze the continuum limit of the homogenous and
isotropic surface growth as the partition number N → ∞,
as illustrated in Fig. 4. This limit bridges the discrete tensor
network construction with the continuous radial evolution
of bulk geometry.

C. Geometric convergence to radial surfaces

Consider a nonrotating Banados-Teitelboim-Zanelli
spacetime with metric:

ds2 ¼ −
r2 −M
L2

dt2 þ L2

r2 −M
dr2 þ r2dϕ2; ð27Þ

whose horizon is located at rh ¼
ffiffiffiffiffi
M

p
. The surface growth

scheme generates minimal surfaces governed by the equa-
tion [16]

Δϕ ¼ ϕ − ϕ�

¼ −
L
rh

ln

0
@ ffiffiffiffiffiffiffiffiffiffiffiffi

1 −
r2h
r2

r
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2h
r2�

−
r2h
r2

s 1
Aþ L

rh
ln

ffiffiffiffiffiffiffiffiffiffiffiffi
1 −

r2h
r2�

s

ð28Þ

with ðr�;ϕ�Þ denoting the turning point of the surface.
For surface of the kþ 1th layer, its end point is located

at radius r�k (which is the turning point of the kth layer)
and its turning point is r�kþ1; then Eq. (28) can be

rearranged into

ukþ1 cosh2λ ¼ uk; ð29Þ

where

λ ¼ rh
L
Δϕ; uk ¼ 1 −

r2h
r2�k

: ð30Þ

It is easy to derive from Eq. (28) that the sequence fr�kg is
bounded and monotonically decreasing; i.e., the sequence
fr�kg has a limit: limk→∞r�k ≡ rlim. Then we have

ulimðcosh2 λ − 1Þ ¼ 0; ulim ¼ 0; rlim ¼ rh; ð31Þ

for λ is a constant. Thus, we obtain the conclusion that the
grown surfaces geometrically converge to the horizon in
the limit k → ∞ as shown in Sec. III B above.
Next, we consider the case of N → ∞, or, equiva-

lently, Δϕ → 0.
First, the first step of surface growth constructs the first

cutoff surface at radius r�1 ≫ rh from the AdS boundary
r ¼ r0 → ∞, where r�1 denotes the turning point of the
first layer of growing surfaces; then the change of angle
Δϕ is

Δϕ ¼ L
r�1

�
1 −

r2�1
2r20

�
þOðr−2�1 Þ: ð32Þ

When choosing r�1 ≫ L, the constructed surface has an
infinitesimal angle range and the number of seg-
ments N → ∞.
Second, ignoring the Oðr−2�1 Þ terms, for the homogenous

and isotropic surface growth, Δϕ ¼ L
r�1

ð1 − r2�1
2r2

0

Þ≡ L
r̃�1

is

fixed. Denoting the radius of the kth-layer and the
(kþ 1)th-layer growing surfaces (i.e., new cutoff surfaces)

FIG. 4. The partition numberN in (a) is chosen asN ¼ 10 andN in (b) is chosen as N ¼ 50. In the continuum limitN → ∞, a layer of
homogenous and isotropic discrete bulk minimal surfaces converges to a smooth radial cutoff surface (denoted in red color).
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as r�k and r�kþ1, respectively, one can obtain the change of
radius from Eq. (28) as

Δr�k ¼ r�kþ1 − r�k ¼
r�kðr2h − r2�kÞ

2r̃2�1
þOðr̃−4�1 Þ; ð33Þ

where r�k and r�kþ1 correspond to r and r� in Eq. (28),
respectively. In this step, the new surface has a radial
deviation

����Δr�kr�k

���� ≃ ðr2�k − r2hÞ
2r̃2�1

<
1

2
; ð34Þ

and when the step number k is large enough, i.e., r�k ≪ r̃�1,
the deviation

����Δr�kr�k

���� ≃ ðr2�k − r2hÞ
2r̃2�1

≪ 1: ð35Þ

Therefore, the layer of surfaces can be treated as a smooth
radial surface in the N → ∞ limit.
Finally, to confirm the range of surface growth, we

change Eq. (33) to a differential equation with an initial
condition:

Δr�k ∼
dr�
dx

¼ r�ðr2h − r2�Þ
2r̃2�1

; with r�jx¼0 ¼ r0; ð36Þ

where dx is one step of surface growth. And the solution is

r� ¼
e

r2
h
x

2r̃2�1rhr0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e
r2
h
x

r̃2�1r20 − r20 þ r2h

r : ð37Þ

Subsequently, taking the limit x → þ∞, we find

r�jx→þ∞ ¼ rh: ð38Þ
This implies that the surface growth scheme dynamically

fills the bulk spacetime from the AdS boundary r0 to the
horizon rh, covering the radial domain ðrh; r0Þ in the
continuum limit N → ∞. An example of N ¼ 10 with
50 growing steps is shown in Fig. 5.

D. Continuum state evolution

The kth-layer state is expressed as

Ψð0Það0Þb ¼ ΨðkÞaðkÞbW̃ðkÞðk−1Þaðk−1Þ
aðkÞ � � � W̃ð1Þð0Það0Þ

að1Þ ð39Þ

or, equivalently,

jΦVið0Þ ¼ W̃ð1Þð0Þ � � � W̃ðkÞðk−1ÞjΦViðkÞ: ð40Þ

Substituting the property of the isometric tensor W̃ [15]:

W̃†ðkÞðk−1ÞW̃ðkÞðk−1Þ ¼ 1ðkÞ ð41Þ
into Eq. (40), we obtain

jΦViðkÞ ¼ W̃†ðkÞðk−1Þ � � � W̃†ð1Þð0ÞjΦVið0Þ ð42Þ

and the other property of W̃:

hΦV jðk−1ÞW̃ðkÞðk−1ÞW̃†ðkÞðk−1ÞjΦViðk−1Þ ¼ 1: ð43Þ
In the limit N → ∞, the tensors W̃† and the step number

k are replaced by an evolution operator U and the radial
parameter μ:

jΦðμÞi ¼ Uðμ; 0ÞjΦð0Þi; ð44Þ
and the evolution operator U satisfies rules

Uða; bÞUðb; cÞ ¼ Uða; cÞ; jaj ≥ jbj ≥ jcj;
hΦðbÞjU†ða; bÞUða; bÞjΦðbÞi ¼ 1;

Uða; bÞU†ða; bÞ ¼ 1ðaÞ; ð45Þ
where the evolution operators Uða; bÞ with the sequence
jaj ≥ jbj constitute a semigroup GU. Although there exists
U†ða; bÞ with ðjaj > jbjÞ such that Uða; bÞU†ða; bÞ ¼
1ðaÞ—i.e., Uða; bÞ is a coisometry—the inverse operator
U†ða; bÞ is not in GU due to the irreversibility of surface
growth. More precisely, surface growth does not diminish
the information of the surface-horizon system:

FIG. 5. Homogenous and isotropic surface growth from the
AdS boundary r0 to the horizon rh, and the growing step number
shown in the figure is 50.
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SsurfacesðμÞ ¼ Shorizon; ∀ μ with jμj ≤ jμhj; ð46Þ

but rather reduces the dimension of the Hilbert space.
Consider it from a different standpoint: If we maintain the

dimension of the state unchanged during the evolution
process, the evolution process can be mathematically
expressed as transforming some segments of the singular
density matrix into zero matrices, i.e., ρðaÞ → ρðaÞ ⊕ 0ðāÞ,
where 0ðāÞ can be removed at the end of the calculation.
Then the evolution operator can be expressed as
Uð#; aÞ → uð#; aÞ ⊕ XðāÞ, where the effective operator
uð#; aÞ is a unitary operator whose dimension is the
effective dimension of Uð#; aÞ, and the other noneffective
part XðāÞ is an arbitrary square matrix which maintains the
dimension of U unchanged. As the dimension reduces, the
effective dimension of the evolution operator Uða; bÞ
operating on jΦðbÞi diminishes, whereas the effective
dimension of U†ða; bÞ stays constant, meaning that
U†ða; bÞ is unable to operate on jΦðaÞi; i.e., there does
not exist U†ða; bÞ in the semigroup GU such that the
dimension of jΦi increases from parameter a to param-
eter b. Under this premise, the isometric operatorUða; bÞ≡
uða; bÞ ⊕ Xðb̄Þ can be mathematically expressed as a
unitary operator by setting Xðb̄Þ ¼ 1ðb̄Þ and ignoring the
operation of eliminating zero matrices in ρðbÞ ⊕ 0ðb̄Þ
during the surface growth process.
The state of the surface-horizon system jΦðμÞi decom-

poses into a radial surface jχðμÞi and the horizon jΩi:

jΦðμÞi ¼ VðμÞjχðμÞijΩi; ð47Þ

where the operator VðμÞ corresponds to the isometric tensor
V in the tensor network and encodes the data of the surfaces
jχðμÞi and the horizon jΩi. It is obvious that the evolution
operator U does not change the horizon state jΩi:

jΦðμ1Þi ¼ Vðμ1Þjχðμ1ÞijΩi
¼ Uðμ1; μ2ÞjΦðμ2Þi
¼ Uðμ1; μ2ÞVðμ2Þjχðμ2ÞijΩi; ð48Þ

and the density matrix operators have the same properties:

ρVðμ1Þ ¼ Uðμ1; μ2ÞρVðμ2ÞU†ðμ1; μ2Þ;
ρΩ ¼ Uðμ1; μ2ÞρΩU†ðμ1; μ2Þ; ð49Þ

where ρVðμÞ ¼ TrΩjΦðμÞihΦðμÞj is the reduced density
matrix operator at the surfaces arriving at parameter μ and
ρΩ ¼ Trχ jΦðμÞihΦðμÞj is the reduced density matrix oper-
ator at the horizon. Considering a operator O at growing
surfaces, its expectation value is

TrðρVðμÞOÞ ¼ TrðρVð0ÞU†ðμ; 0ÞOUðμ; 0ÞÞ: ð50Þ

Especially when the surfaces arrive at the horizon, i.e.,
μ ¼ μh, the Hilbert spaces of ρV and ρΩ have the same
dimension, and the VðμhÞ can be rewritten as a diagonal
matrix by Schmidt decomposition:

jΦðμhÞi ¼ VðμhÞjχðμhÞijΩi
¼
X
i

ffiffiffiffiffi
pi

p jχðμhÞiijΩii; ð51Þ

for SðρVÞ ¼ SðρΩÞ ¼ Sh ¼ −
P

i pi lnpi ∼ lnðdimHiÞ, i.e.,
dimHi ∼ eSh , where all pi are approximately equal.
So far, we have obtained the evolution operator Uðμ; 0Þ

in the surface growth scheme, which maps to the transition
of radial surfaces in asymptotic AdS3 spacetime. Thus, it is
natural to map the surface growth process to the radial
evolution in semiclassical AdS3 gravity. At the kth-layer
surfaces, we can define a semiclassical code subspace:

Hcode
k ¼ spanfjγkig; ð52Þ

where γk denotes the induced metric on the kth surface in
the growth process. Then considering two neighboring
radial slices Σk∶ μk and Σkþ1∶ μkþ1 ¼ μk þ δμ, we define
the thin-shell gravitational kernel by the radial Arnowitt-
Deser-Minsner path integral:

Kg ¼ ðγkþ1; γkÞ ¼
Z

γkþ1

γk

DγDπDNDNaeiSshell ; ð53Þ

where

Sshell ¼
Z

γkþ1

γk

dμ
Z
Σk

d2xðπab∂μγab − NH − NaHaÞ: ð54Þ

Here, H ¼ 0 and Ha ¼ 0 are the radial Hamiltonian and
momentum constraints of Einstein gravity, respectively.

The radial gravitational transfer matrix Uðkþ1;kÞ
g acts as

jγkþ1i ¼ Uðkþ1;kÞ
g jγki ¼

Z
DγkKgðγkþ1; γkÞjγki: ð55Þ

Thus, we can introduce an encoding map Rk between the
abstract OSED index basis and the semiclassical geometric
basis:

Rk∶ jΦViðkÞ ↦ jγki; ð56Þ
then the inward growth map could be defined by the radial
gravitational transfer matrix

Gk ≡ W̃†ðkþ1ÞðkÞ ¼ R†
kþ1U

ðkþ1;kÞ
g Rk: ð57Þ

Subsequently, the evolution operator Uðμ; 0Þ of surface
growth scheme can be expressed as

Uðμ; 0Þ ¼ lim
δμ→0

Gk−1 � � �G1G0 ¼ Ugðμ; 0Þ; ð58Þ
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which means that the evolution operator Uðμ; 0Þ is equiv-
alent to the radial gravitational transfer matrixUgðμ; 0Þ, and
the surface growth process can map to the transition of
radial surfaces in asymptotic AdS3 spacetime precisely.
Specifically, in the large central charge limit, the

Hamilton-Jacobi relation gives

πab ¼
ffiffiffi
γ

p
2

Tab; ð59Þ

which gives

πabπab − π2 ¼ γ

4
ðTabTab − ðTc

cÞ2Þ; ð60Þ

which indicates that the radial transfer matrix is precisely
governed by the TT̄ operator OTT̄ ≡ TabTab − ðTc

cÞ2, as
shown in [45], and the on-shell action can give the
expression of TT̄ flow:

∂

∂μ
Iμ ¼ −

1

2

Z
d2x

ffiffiffi
γ

p
OTT̄ : ð61Þ

In summary, we have obtained the evolution operator
Uðμ; 0Þ in the generalized surface growth scheme (homo-
geneous and isotropic case) and find that the tensor network
can realize precisely the radial gravitational transfer process
in its continuum limit, i.e., U ¼ Ug. Then, in the large
central charge limit, the tensor network can also realize the
TT̄ flow in asymptotic AdS3 spacetime precisely, which
corresponds to the TT̄-deformed CFT2 [44,45].

IV. ESTABLISH THE CONNECTION BETWEEN
SURFACE GROWTH AND TT̄ DEFORMATION

In this section, we will establish the connection between
the surface growth scheme and TT̄ deformation of CFT2. Let
us first recall the important properties of TT̄ deformation.
From the RG perspective, the TT̄ operator is irrelevant,
inducing significant modifications to the UV dynamics of
the deformed CFT. Holographically, such deformations are
conjectured to alter the IR geometry of the bulk spacetime.
Notably, for negative coupling constants, the TT̄-deformed
CFT has been suggested to be dual to gravitational physics in
AdS3 with a finite radial cutoff [45].
An alternative formulation suggested that the

TT̄-deformed CFT admits a holographic dual description
as AdS3 governed by mixed boundary conditions [44].
Crucially, in pure Einstein gravity, the mixed boundary
conditions at infinity can be reinterpreted as the Dirichlet
boundary conditions at a finite cutoff surface. Therefore,
the holographic duality with TT̄ deformation modifies the
conventional framework of AdS/CFT correspondence,
which prompts a critical inquiry into the mechanism of
spacetime emergence within this generalized correspon-
dence. By using the surface-state correspondence [48,49],

this problem has been investigated in [50], which proposed
that quantum states of TT̄ deformed CFT correspond to
finite radial cutoff surface of the bulk AdS spacetime. On
the other hand, note that the iterative growth of bulk
minimal surfaces which describes the radial evolution in
AdS spacetime may directly map to the operator-driven
deformation flow governed by the TT̄ perturbation. In other
words, it is expected that the TT̄ deformation of boundary
CFT can provide a dynamical mechanism for specific
configuration of the surface growth.

A. TT̄ deformation and the surface growth
in asymptotically AdS3 spacetime

In what follows, we will establish the connection between
the surface growth scheme and the TT̄ deformation by
adopting the mixed boundary conditions formalism. Con-
sidering a spacetime with a negative cosmological constant,
the solution of Einstein’s equations can be expressed by the
Fefferman-Graham (FG) expansion [51,52]

ds2 ¼ l2
dρ2

4ρ2
þ gabðρ; xaÞdxadxb;

gabðρ; xaÞ ¼
1

ρ
ðgð0Þab ðxaÞ þ ρgð2Þab ðxaÞ þ ρ2gð4Þab ðxaÞ þ � � �Þ;

ð62Þ

where l is the curvature radius of the AdS spacetime.
Especially, the expansion truncates at the second order in
three dimensions. In this case, we have

gð2Þab ¼ 8πGlðTab − gð0Þab T
c
cÞ≡ 8πGlT̂ab; ð63Þ

where Tab is the Brown-York stress tensor on the AdS

boundary and T̂ab ≡ Tab − gð0Þab T
c
c is the reduced stress

tensor. Then we have

gð4Þab ¼ 1

4
gð2Þac gð0Þcdg

ð2Þ
bd : ð64Þ

To match the radial surface, we define the TT̄ deforma-
tion by adding the TT̄ operator to the Einstein-Hilbert
action:

∂

∂μ
Iμ ¼ −

1

2

Z
d2x

ffiffiffi
γ

p
OTT̄ ; ð65Þ

in whichOTT̄ ¼ TabTab − ðTc
cÞ2. When μ is infinitesimally

varied, the change in
ffiffiffi
γ

p
OTT̄ and Tab is given by the flow

equation

∂

∂μ
ðδIÞ ¼ −δ

�
∂

∂μ
I

�
⇔

∂

∂μ
ð ffiffiffi

γ
p

Tabδγ
abÞ ¼ δð ffiffiffi

γ
p

OTT̄Þ;

ð66Þ
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which can be solved as [44]

γðμÞab ¼ γð0Þab − 2μT̂ð0Þ
ab þ μ2T̂ð0Þ

ac γcdð0ÞT̂
ð0Þ
db ;

T̂ðμÞ
ab ¼ T̂ð0Þ

ab − μT̂ð0Þ
ac γcdð0ÞT̂

ð0Þ
db ;

T̂ðμÞ
ac γcdðμÞT̂

ðμÞ
db ¼ T̂ð0Þ

ac γcdð0ÞT̂
ð0Þ
db ; ð67Þ

where T̂ab ≡ Tab − γabTc
c. By comparing with FG expan-

sion in asymptotically AdS3 spacetime, the TT̄ deformation
of CFT2 can be identified with the radial cutoff surface of
AdS3 as

gð0Þab ¼ γð0Þab ;

gð2Þab ¼ 8πGlT̂ab ≡ 2CT̂ab;

gð4Þab ¼ C2T̂ð0Þ
ac γcdð0ÞT̂

ð0Þ
db ;

ρc ¼ −
μ

C
: ð68Þ

B. Connection of operators between TT̄ deformation
and surface growth

To establish the operator connection between surface
growth dynamics and TT̄ deformation, we construct the
evolution operator formalism governing hierarchical entan-
glement structure propagation. Within the surface growth
scheme, the metric operator γ

ab
and reduced stress tensor

operator T̂ab are defined through the corresponding expect-
ation values in TT̄-deformed CFT2:

TrðρVð0ÞT̂abÞ ¼ T̂ð0Þ
ab ; TrðρVð0ÞγabÞ ¼ γð0Þab ;

TrðρVðμÞγabÞ ¼ γðμÞab ¼ γð0Þab − 2μT̂ð0Þ
ab þ μ2T̂ð0Þ

ac γcdð0ÞT̂
ð0Þ
db ;

TrðρVðμÞT̂abÞ ¼ T̂ðμÞ
ab ¼ T̂ð0Þ

ab − μT̂ð0Þ
ac γcdð0ÞT̂

ð0Þ
db ; ð69Þ

where T̂ðμÞ
ab ¼ hT̂abiðμÞ is the expectation value of T̂ab in

TT̄-deformed CFT2 and γðμÞab is the deformed metric, while
TrðρVðμÞγabÞ and TrðρVðμÞT̂abÞ are the expectation values
defined by Eq. (50) at the growing surfaces, and ρVðμÞ is
the density matrix operator of the surfaces that grow out.
With these definitions for a pair of tensors TrðρVðμÞOabÞ at
the growing surfaces andOðμÞ

ab in CFT, the expectation value
of the Oabγ

bc is2

TrðρVðμÞOabγ
bcÞ ¼ TrðρVðμÞOc

aÞ ¼ OcðμÞ
a ¼ OðμÞ

ab γ
bc
ðμÞ

¼ TrðρVðμÞOabÞTrðρVðμÞγbcÞ; ð70Þ

and, similarly, the metric operator γbc or γ
bc

can be factored
out from the other traced operators (e.g.,Oa

bγ
bc andOabγ

bc
)

when calculating the expectation values. Especially, accord-
ing to TrðρVðμÞγacγcbÞ ¼ TrðρVðμÞγacÞTrðρVðμÞγcbÞ ¼ δba,
we can also request that the metric operators are satisfied
with γ

ac
γcb ¼ 1δba and γacγ

cb
¼ 1δab. Furthermore, for any

scalar function Fðγ
ab
; T̂abÞ which has the corresponding

expectation value FðμÞ in CFT, the metric operator γ
ab

can
be factored out from the operators γ

ab
F when calculating

the expectation values:

TrðρVðμÞγabFÞ ¼ TrðρVðμÞγaeδebFÞ
¼ γðμÞae ðδebFÞðμÞ ¼ γðμÞab F

ðμÞ

¼ TrðρVðμÞγabÞTrðρVðμÞFÞ: ð71Þ

For the T̂ð0Þ
ac γcdð0ÞT̂

ð0Þ
db term of Eq. (69), we introduce the

operators Lab at the growing surfaces, defined by

TrðρVð0ÞLabÞ ¼ T̂ð0Þ
ac γcdð0ÞT̂

ð0Þ
db ; ð72Þ

and with Eq. (67), we have

TrðρVðμÞLabÞ ¼ TrðρVð0ÞLabÞ: ð73Þ

According to Eqs. (58) and (53), the evolution operator
Uðμ; 0Þ implements radial flow through path ordered
exponentiation:

Uða; bÞ ¼ Pe−i
R

a

b
AðξÞdξ ð74Þ

and

U†ða; bÞ ¼ P�ei
R

a

b
AðξÞdξ; ð75Þ

where ξ is the coordinate in the μ parameter space,
A†ðξÞ ¼ AðξÞ is Hermitian, and the symbols P and P�
mean the reverse path ordering. By moving to the
“Heisenberg picture,” the evolution of γ

ab
, T̂ab, and Lab

is given by

U†ðμ; 0Þγ
ab
Uðμ; 0Þ ¼ γ

ab
− 2μT̂ab þ μ2Lab;

U†ðμ; 0ÞT̂abUðμ; 0Þ ¼ T̂ab − μLab;

U†ðμ; 0ÞLabUðμ; 0Þ ¼ Lab: ð76Þ

In the Heisenberg picture, the operators are OðμÞ ¼
U†ðμ; 0ÞOð0ÞUðμ; 0Þ, and Eq. (76) can be rewritten as

2In fact, the Oab is just a virtual symbol in CFT, and it is
defined by its expectation value OðμÞ

ab , which can be a function:
OðμÞ

ab ¼ ðhO1iðμÞ � � � hOniðμÞÞab.

HAO-CHUN LIANG, JIA-RUI SUN, and YUAN SUN PHYS. REV. D 114, 066017 (2026)

066017-10



iU†ðμ; 0Þ½AðμÞ; γ
ab
�Uðμ; 0Þ ¼ ∂

∂μ
γ
ab
ðμÞ ¼ −2T̂abðμÞ;

iU†ðμ; 0Þ½AðμÞ; T̂ab�Uðμ; 0Þ ¼ ∂

∂μ
T̂abðμÞ ¼ −LabðμÞ;

ð77Þ

then we obtain

½AðμÞ; γ
ab
� ¼ 2iT̂ab;

½AðμÞ; T̂ab� ¼ iLab: ð78Þ

With these formulas [(77) and (78)], we obtain (please see
Appendix A for more details)

½AðμÞ; Lab� ¼ 0;

½AðμÞ; γab� ¼ −2iγacT̂cdγ
db: ð79Þ

Because of the fact that μ is arbitrary in the range of
0 ≤ jμj ≤ jμhj, there exists a constant operator Q separated
from the operator AðμÞ:

AðμÞ ¼ KðμÞ þQ; ð80Þ

such that

½KðμÞ; γ
ab
� ¼ 0; ½Q; γ

ab
� ¼ 2iT̂ab;

½KðμÞ; T̂ab� ¼ 0; ½Q; T̂ab� ¼ iLab;

½KðμÞ; Lab� ¼ 0; ½Q;Lab� ¼ 0;

½KðμÞ; γab� ¼ 0; ½Q; γab� ¼ −2iγacT̂cdγ
db; ð81Þ

where KðμÞ is the other part of AðμÞ affected by the
parameter μ. In the surface growth process, KðμÞ can be
treated as the disentangler andQ can be treated as the coarse
grainer reducing the dimension of the labels. Recall that, in
Eq. (16), the tensor in the surface growth process associated

with AðμÞ is W̃ðkÞðk−1Þaðk−1Þ
aðkÞ

, consisting of two tensor groups,
i.e., the coarse grainer and disentangler, which correspond to
the operators Q and KðμÞ, respectively. Specifically, the
coarse-grainer operatorQ corresponds to dimensional reduc-
tion3 from index aðk−1Þ to aðkÞ, which can be mathematically
expressed as ρVðkÞ ⊕ 0ðkÞ → ρVðkÞ, while the disentangler
KðμÞ accounts for the remaining components—including
the surface redivision in χðk−1Þ and the unitary transforma-
tion on two Hilbert spaces related with each reconstructed
surface in WðkÞ, which can be mathematically expressed as

ρVðk − 1Þ → ρVðkÞ ⊕ 0ðkÞ. Especially, there is no KðμhÞ
such that ρVðμhÞ → ρ0V ⊕ 0 on the horizon and the coarse-
grainer operator Q is unable to diminish the dimension,
corresponding to the limit of surface growth Eq. (26).
In conclusion, the TT̄ deformation directly maps to the

radial evolution step in the surface growth scheme. The
commutator structure ½Q;O�, where Q generates the
deformation of γ

ab
and T̂ab encodes the bulk diffeomor-

phism invariance (see Fig. 6)

i½Q;O� ∼ ∂

∂μ
hOiμ: ð82Þ

Therefore, for the homogenous, isotropic, and continuum
case, the dynamical mechanism of iterative growth of bulk
minimal surfaces in asymptotical AdS spacetime can
be described by the radial RG flow driven by the TT̄
deformation of boundary CFT, which provides a dynamical
mechanism for the surface growth scheme and may shed
light on reconstructing bulk gravitational dynamics via this
scheme.
Moreover, a further evidence for the connection between

the TT̄ flow and the entanglement is from the entanglement
first law [53–55]. Explicitly, the radial evolution of the
boundary (the cutoff surface) is generated by the TT̄
deformation, and the energy of a subsystem A (which
can be viewed as a segment of the boundary for growing
surfaces at a given layer) at the cutoff surface ρc with spatial
interval l is

EAðμÞ ¼
Z

l

0

TðμÞ
ττ dσ ¼ lTðμÞ

ττ ; ð83Þ

where τ and σ are, respectively, the timelike and spacelike
coordinates on the cutoff surface [44]. Taking the partial

derivative of TðμÞ
ττ with respect to μ gives

∂

∂μ
TðμÞ
ττ ¼ 1

2
OTT̄ ; ð84Þ

which is equivalent to

∂

∂μ

EAðμÞ
l

¼ 1

2
OTT̄ : ð85Þ

Then making small perturbations to Eq. (85) gives

∂

∂μ

ΔEAðμÞ
l

¼ 1

2
ΔOTT̄ : ð86Þ

Furthermore, under the low-energy excitation, analogous to
the first law of thermodynamics, the variation of energy and
entanglement entropy of the subsystem A can be expressed
in a first-law-like relation as ΔEAðμÞ ¼ TeΔSAðμÞ, called
the entanglement first law, where Te is termed as the

3In this case, the coarse-grainer operator Q is Hermitian
counterintuitively, because the dimensional reduction does not
diminish the information of the system, i.e., SVðk − 1Þ ¼ SVðkÞ.
However, the coarse-grainer operation on the system is still
irreversible due to the reduction of effective dimension.
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entanglement temperature, which is proportional to the
reciprocal of the size of the subsystem, i.e., Te ¼ c=l, with
c a constant [53]. Thus, using the entanglement first law,
Eq. (86) becomes

∂

∂μ

�
Te

c
ΔEAðμÞ

�
¼ ∂

∂μ

�
T2
e

c
ΔSAðμÞ

�
¼ 1

2
ΔOTT̄ : ð87Þ

Therefore, Eq. (87) shows that small perturbations of the TT̄
operator will induce the radial flow of small perturbations of
the holographic entanglement entropy. Equivalently, at small
perturbations, the radial flow of the bulk minimal surfaces at
the cutoff surface (which is described by the surface growth
process) can generate the TT̄ operator.

C. The properties of Lab and the factorization formula
of TT̄ operator

In order to figure out the properties of Lab, we consider
the expectation values TrðρVðμÞT̂abγ

abÞ with Δab ≡ Lab −
T̂acγ

cdT̂db (the detail of calculation is in Appendix B):

TrðρVðμÞT̂abγ
abÞ

¼ TrðρVð0ÞU†ðμ; 0ÞT̂abγ
abUðμ; 0ÞÞ

¼ TrðρVð0ÞT̂abγ
abÞ þ iμTrðρVð0Þ½Q; T̂abγ

ab�Þ þOðμ2Þ
¼ TrðρVð0ÞT̂abγ

abÞ þ μTrðρVð0ÞLabγ
abÞ

− 2μTrðρVð0ÞΔabγ
abÞ þOðμ2Þ; ð88Þ

while the expectation value T̂ðμÞ
ab γ

ab
ðμÞ has the same expan-

sion [44]:

T̂ðμÞ ¼ T̂ð0Þ þ μT̂ð0Þ
ab γ

bc
ð0ÞT̂

ð0Þ
cd γ

da
ð0Þ þOðμ2Þ: ð89Þ

With the definition TrðρVðμÞT̂abγ
abÞ ¼ T̂ðμÞ, we focus on

the μ1-linear terms:

TrðρVð0ÞLabγ
abÞ − 2TrðρVð0ÞΔabγ

abÞ ¼ T̂ð0Þ
ab γ

bc
ð0ÞT̂

ð0Þ
cd γ

da
ð0Þ:

ð90Þ

Because of the definition Eq. (72), Labγ
ab can factor

out γab when calculating its expectation value:

TrðρVð0ÞLabγ
abÞ ¼ TrðρVð0ÞLabÞTrðρVð0ÞγabÞ

¼ T̂ð0Þ
ab γ

bc
ð0ÞT̂

ð0Þ
cd γ

da
ð0Þ: ð91Þ

Substituting it into Eq. (90), we find

TrðρVð0ÞΔabγ
abÞ ¼ 0: ð92Þ

Then, with the definition Δab ¼ Lab − T̂acγ
cdT̂db, the

contractions of Lab and T̂acγ
cdT̂db have an equal expect-

ation value:

TrðρVð0ÞLabγ
abÞ ¼ TrðρVð0ÞT̂abγ

bcT̂cdγ
daÞ; ð93Þ

and a factorization of the double-traced operator is
obtained as

TrðρVð0ÞT̂abγ
bcT̂cdγ

daÞ
¼ TrðρVð0ÞT̂abÞTrðρVð0ÞγbcÞTrðρVð0ÞT̂cdÞTrðρVð0ÞγdaÞ;

ð94Þ

which is similar as the first term in Zamolodchikov’s
factorization formula in CFT2:

hnjðTabTab − ðTa
aÞ2Þjni

¼ hnjTabjnihnjTabjni − hnjTa
ajnihnjTb

bjni: ð95Þ

In order to compare with the second term in Eq. (95), let
us expand the expectation values TrðρVðμÞγabT̂cdγ

cdÞ until
the μ1-linear term (the detail of calculation is in
Appendix B):

TrðρVðμÞγabT̂cdγ
cdÞ

¼ TrðρVð0ÞU†ð0; μÞγ
ab
T̂cdγ

cdUð0; μÞÞ
¼ TrðρVð0ÞγabT̂cdγ

cdÞ þ iμTrðρVð0Þ½Q; γ
ab
T̂cdγ

cd�Þ
þOðμ2Þ

¼ TrðρVð0ÞγabT̂cdγ
cdÞ − 2μTrðρVð0ÞT̂abT̂cdγ

cdÞ
þ μTrðρVð0ÞγabÞTrðρVð0ÞLcdγ

cdÞ þOðμ2Þ: ð96Þ

With Eq. (71), TrðρVðμÞγabT̂cdγ
cdÞ can be factorized into

TrðρVðμÞγabÞTrðρVðμÞT̂cdγ
cdÞ, which equals γðμÞab T̂

cðμÞ
c .

Then we expand γðμÞab T̂
cðμÞ
c until the μ1-linear term:

FIG. 6. The connection between the surface growth scheme and TT̄ deformation.
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γðμÞab T̂
cðμÞ
c ¼ γð0Þab T̂

cð0Þ
c þμ

�
∂

∂ξ
ðγðξÞab T̂

cðξÞ
c Þ

�����
ξ¼0

þOðμ2Þ

¼ γð0Þab T̂
cð0Þ
c −2μT̂ð0Þ

ab T̂
cð0Þ
c þμγð0Þab T̂

ð0Þ
cd T̂

cd
ð0Þ þOðμ2Þ:

ð97Þ

Equating the μ1-linear terms in Eqs. (96) and (97):

−2μTrðρVð0ÞT̂abT̂cdγ
cdÞþμTrðρVð0ÞγabÞTrðρVð0ÞLcdγ

cdÞ
¼−2μT̂ð0Þ

ab T̂
cð0Þ
c þμγð0Þab T̂

ð0Þ
cd T̂

cd
ð0Þ; ð98Þ

we can obtain

TrðρVð0ÞT̂abT̂cdγ
cdÞ ¼ T̂ð0Þ

ab T̂
cð0Þ
c ð99Þ

by substituting Eq. (93).
Finally, the other double-traced operator is obtained by

substituting Eq. (99):

TrðρVð0ÞT̂abγ
abT̂cdγ

cdÞ
¼ TrðρVð0ÞγabÞTrðρVð0ÞT̂abT̂cdγ

cdÞ
¼ γabð0ÞT̂

ð0Þ
ab T̂

ð0Þ
cd γ

cd
ð0Þ

¼ TrðρVð0ÞT̂abÞTrðρVð0ÞγabÞ
× TrðρVð0ÞT̂cdÞTrðρVð0ÞγcdÞ; ð100Þ

which corresponds to the second term in Eq. (95).
Therefore, the operator in the surface growth scheme

corresponding with the TT̄ operator in CFT2 is given:

hTabTab − ðTa
aÞ2ið0Þ

¼ Tð0Þ
ab T

ab
ð0Þ − ðTað0Þ

a Þ2 ¼ T̂ð0Þ
ab T̂

ab
ð0Þ − ðT̂að0Þ

a Þ2

¼ TrðρVð0ÞðT̂abγ
bcT̂cdγ

da − T̂abγ
abT̂cdγ

cdÞÞ; ð101Þ

which has the same factorization formula:

TrðρVð0ÞðT̂abγ
bcT̂cdγ

da− T̂abγ
abT̂cdγ

cdÞÞ
¼TrðρVð0ÞT̂abÞTrðρVð0ÞγbcÞTrðρVð0ÞT̂cdÞTrðρVð0ÞγdaÞ
−TrðρVð0ÞT̂abÞTrðρVð0ÞγabÞTrðρVð0ÞT̂cdÞTrðρVð0ÞγcdÞ:

ð102Þ

V. CONCLUSIONS AND DISCUSSIONS

In this paper, we extended the OSED tensor network to
describe the more general surface growth scheme for bulk
reconstruction in asymptotically AdS3 spacetime, which
provided a state-to-geometry mapping between quantum
states of tensor network and bulk minimal surfaces. We
then analyzed the behavior of geometric convergence and

continuum limit of the general surface growth scheme as
the partition number N → ∞, which bridges the tensor
network construction with the continuous radial evolution
of the bulk geometry. Finally, through an evolution operator
formalism within the tensor network framework, we
established an explicit connection between the surface
growth process and TT̄-deformed CFT2. By implementing
the operators γ

ab
and T̂ab as fundamental building blocks in

this scheme, we demonstrated systematic reconstruction of
bulk geometry in asymptotically AdS3 spacetime from the
operators of the boundary CFT2. Namely, the geometrical
radial evolution in both frameworks indicates that the
TT̄ deformation of boundary CFT2 can provide a dynami-
cal mechanism for the surface growth in asymptotically
AdS3 spacetime. Moreover, we found further evidence that
the TT̄ deformation can be connected with the entangle-
ment from the entanglement first law, which showed that, at
small perturbations, the radial flow of the entanglement
entropy (which is described by the growth of bulk minimal
surfaces) can generate the TT̄ operator, or small perturba-
tions of the TT̄ operator can induce the radial evolution of
small perturbations of the entanglement entropy.
Note that our present framework is formulated only

within the AdS3=CFT2 correspondence; there are still many
interesting problems to be studied such as the extension
into higher-dimensional spacetime. However, there will be
many difficulties, for example, (i) resolution of nontrivial
truncation in the FG expansion and (ii) the nonlocality of
stress tensors, since the absence of finite FG truncation
renders metric and stress tensor deformations ill defined
under conventional TT̄ operator flows in d ≥ 3-dimen-
sional spacetime. In addition, the current implementation of
the operators γ

ab
and T̂ab assumed homogenous and

isotropic radial propagation, the extension into inhomo-
geneous and anisotropic surface growth scheme and its
connection with other operator deformation requires further
investigation. Furthermore, a more detailed study on the
entanglement first law in the surface growth process is
needed to further understand its dynamical origin; we
would like to study this problem in a further work.
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APPENDIX A

In this Appendix, we will derive some formulas.

1. Eq. (79): ½AðμÞ;Lab�
With Eqs. (77) and (78), we have

U†ðμ; 0ÞLabð0ÞUðμ; 0Þ ¼ LabðμÞ: ðA1Þ

In the Heisenberg picture, it can be rewritten as

iU†ðμ; 0Þ½AðμÞ; Lab�Uðμ; 0Þ ¼ ∂

∂μ
LabðμÞ ¼ 0: ðA2Þ

Finally, we obtain

½AðμÞ; Lab� ¼ 0: ðA3Þ

2. Eq. (79): ½AðμÞ; γab�
We have

½AðμÞ; γ
ab
� ¼ 2iT̂ab; ðA4Þ

then ½AðμÞ; γab� is given that

½AðμÞ; γab� ¼ ½AðμÞ; γacγ
cd
γdb�

¼ 2½AðμÞ; γab� þ γac½AðμÞ; γ
cd
�γdb

¼ 2½AðμÞ; γab� þ 2iγacT̂cdγ
db: ðA5Þ

Finally, we obtain

½AðμÞ; γab� ¼ −2iγacT̂cdγ
db: ðA6Þ

3. U†ða; bÞOUða; bÞ with ½KðμÞ;O�= 0
The evolution operator from b to a is defined as

Uða; bÞ ¼ Pe−i
R

a

b
AðξÞdξ ¼ 1þ ð−iÞ

Z
a

b
dξ1Aðξ1Þ þ

ð−iÞ2
2

P
�Z

a

b
dξ1

Z
a

b
dξ2Aðξ1ÞAðξ2Þ

�
þ � � �

þ ð−iÞn
n!

P
�Z

a

b
dξ1 � � �

Z
a

b
dξnAðξ1Þ � � �AðξnÞ

�
þ � � � ; ðA7Þ

and we obtain

U†ða; bÞ ¼ Uðb; aÞ ¼ Pe−i
R

b

a
AðξÞdξ ¼ 1þ ð−iÞ

Z
b

a
dξ1Aðξ1Þ þ

ð−iÞ2
2

P
�Z

b

a
dξ1

Z
b

a
dξ2Aðξ1ÞAðξ2Þ

�
þ � � �

þ ð−iÞn
n!

P
�Z

b

a
dξ1 � � �

Z
b

a
dξnAðξ1Þ � � �AðξnÞ

�
þ � � �

¼ 1þ ðiÞ
Z

a

b
dξ1Aðξ1Þ þ

ðiÞ2
2

P�
�Z

a

b
dξ1

Z
a

b
dξ2Aðξ1ÞAðξ2Þ

�
þ � � �

þ ðiÞn
n!

P�
�Z

a

b
dξ1 � � �

Z
a

b
dξnAðξ1Þ � � �AðξnÞ

�
þ � � �

¼ P�ei
R

a

b
AðξÞdξ; ðA8Þ

where P� means the reverse path ordering.
Considering an operator O changed with the evolution operator Uða; bÞ, we can write the terms of the expansion as

U†ða; bÞOUða; bÞ∶
μ0 term ¼ O;

μ1 term ¼ ðiÞ
Z

a

b
dξ1Aðξ1ÞOþ ð−iÞO

Z
a

b
dξ1Aðξ1Þ

¼ i
Z

a

b
dξ1½Aðξ1Þ;O�

¼ iða − bÞ½Q;P�;
� � � : ðA9Þ

This expansion is used in Appendix B.
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APPENDIX B

In this Appendix, we will derive some formulas.

1. Eq. (88): TrðρVðμÞT̂abγabÞ
Expand TrðρVðμÞT̂abγ

abÞ until the μ1-linear term with (A9):

TrðρVðμÞT̂abγ
abÞ ¼ TrðρVð0ÞU†ðμ; 0ÞT̂abγ

abUðμ; 0ÞÞ
¼ TrðρVð0ÞT̂abγ

abÞ þ iμTrðρVð0Þ½Q; T̂abγ
ab�Þ þOðμ2Þ; ðB1Þ

where ½Q; T̂abγ
ab� is given by Eq. (81):

½Q; T̂abγ
ab� ¼ ½Q; T̂ab�γab þ T̂ab½Q; γab� ¼ iLabγ

ab − 2iT̂abγ
bcT̂cdγ

da: ðB2Þ

Then the expansion TrðρVðμÞT̂abγ
abÞ can be expressed as

TrðρVðμÞT̂abγ
abÞ ¼ TrðρVð0ÞT̂abγ

abÞ þ μTrðρVð0Þð2T̂abγ
bcT̂cdγ

da − Labγ
abÞÞ þOðμ2Þ: ðB3Þ

Substituting the definition Δab ≡ Lab − T̂acγ
cdT̂db into the μ1-linear term, we obtain Eq. (88):

TrðρVðμÞT̂abγ
abÞ ¼ TrðρVð0ÞT̂abγ

abÞ þ μTrðρVð0ÞLabγ
abÞ − 2μTrðρVð0ÞΔabγ

abÞ þOðμ2Þ: ðB4Þ

2. Eq. (96): TrðρVðμÞγabT̂cdγcdÞ
Expand TrðρVðμÞγabT̂cdγ

cdÞ until the μ1-linear term with (A9):

TrðρVðμÞγabT̂cdγ
cdÞ ¼ TrðρVð0ÞU†ð0; μÞγ

ab
T̂cdγ

cdUð0; μÞÞ
¼ TrðρVð0ÞγabT̂cdγ

cdÞ þ iμTrðρVð0Þ½Q; γ
ab
T̂cdγ

cd�Þ þOðμ2Þ; ðB5Þ

where ½Q; γ
ab
T̂cdγ

cd� is given by Eqs. (81) and (B2):

½Q; γ
ab
T̂cdγ

cd� ¼ ½Q; γ
ab
�T̂cdγ

cd þ γ
ab
½Q; T̂cdγ

cd�
¼ 2iT̂abT̂cdγ

cd þ γ
ab
ðiLcdγ

cd − 2iT̂cdγ
deT̂efγ

fcÞ
¼ 2iT̂abT̂cdγ

cd þ iγ
ab
Lcdγ

cd − 2iγ
ab
T̂cdγ

deT̂efγ
fc: ðB6Þ

Then the expansion TrðρVðμÞγabT̂cdγ
cdÞ can be rewritten as

TrðρVðμÞγabT̂cdγ
cdÞ ¼ TrðρVð0ÞγabT̂cdγ

cdÞ − 2μTrðρVð0ÞT̂abT̂cdγ
cdÞ

− μTrðρVð0ÞγabLcdγ
cdÞ þ 2μTrðρVð0ÞγabT̂cdγ

deT̂efγ
fcÞ þOðμ2Þ: ðB7Þ

Because TrðρVð0ÞT̂cdγ
deT̂efγ

fcÞ ¼ TrðρVð0ÞLcdγ
cdÞ ¼ T̂ð0Þ

cd γ
de
ð0ÞT̂

ð0Þ
ef γ

fc
ð0Þ, γab can be factored out by Eq. (71):

TrðρVð0ÞγabT̂cdγ
deT̂efγ

fcÞ ¼ TrðρVð0ÞγabÞTrðρVð0ÞT̂cdγ
deT̂efγ

fcÞ ¼ TrðρVð0ÞγabÞTrðρVð0ÞLcdγ
cdÞ; ðB8Þ

TrðρVð0ÞγabLcdγ
cdÞ ¼ TrðρVð0ÞγabÞTrðρVð0ÞLcdγ

cdÞ: ðB9Þ

Substituting it into Eq. (B7), we obtain Eq. (96) finally:
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TrðρVðμÞγabT̂cdγ
cdÞ ¼ TrðρVð0ÞγabT̂cdγ

cdÞ − 2μTrðρVð0ÞT̂abT̂cdγ
cdÞ − μTrTrðρVð0ÞγabÞTrðρVð0ÞLcdγ

cdÞ
þ 2μTrðρVð0ÞγabÞTrðρVð0ÞT̂cdγ

deT̂efγ
fcÞ þOðμ2Þ

¼ TrðρVð0ÞγabT̂cdγ
cdÞ − 2μTrðρVð0ÞT̂abT̂cdγ

cdÞ þ μTrðρVð0ÞγabÞTrðρVð0ÞLcdγ
cdÞ þOðμ2Þ: ðB10Þ
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