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We study a class of Sachdev, Ye, and Kitaev (SYK) models with A/ = 2 supersymmetry, described by
N fermions in chiral Fermi multiplets, as well as aN first-order bosons in chiral multiplets. The interactions
are characterized by two integers (p, g). We focus on the large N and low energy limit of these models.
Despite the presence of dynamical bosons, we find conformal behavior akin to the standard SYK model.
We use Z-extremization of a Witten index to study the supersymmetric solutions. In particular, we find an
exact expression for the entropy, which matches the numerical solutions to the Schwinger-Dyson
equations. We further solve the model both in the large p and large p, ¢ limits. Numerically, we verify
our analytical results and obtain estimates for the Schwarzian coupling in the near zero-temperature limit.
We also study the low-lying spectrum of operators to determine the parameter ranges where the Schwarzian
mode dominates the IR dynamics. Lastly, we study out-of-time-ordered correlators to show that the model

is maximally chaotic.

DOI: 10.1103/jky3-v5dz

I. INTRODUCTION AND SUMMARY

The quantum-mechanical models introduced by Sachdeyv,
Ye, and Kitaev (SYK) [1,2] have the properties of being
solvable at strong coupling in the large N limit, exhibiting
maximally chaotic behavior, and developing an emergent
conformal symmetry in the infrared (IR) [1-6]. Their IR
physics is dominated by a pseudo-Goldstone boson, the
Schwarzian mode, which is dual to two-dimensional Jackiw-
Teitelboim dilaton gravity [7,8] in anti—de Sitter, (AdS).
Given the universal appearance of near-AdS, throats in the
near-horizon region of near-extremal black holes, the SYK
model poses itself as a model of quantum black-hole physics:
it captures the dynamics of a universal “breathing” mode that
lives in the near-horizon region [9,10]. Many variations on
the SYK model have been studied, including [8,10-27]
which are close to the subject of this paper.

An interesting question is whether one can microscopi-
cally derive a certain type of SYK-like models directly
from gravity or string theory [8]. A step in that direction
was made in [28] in the context of holography and black
holes in a higher-dimensional AdS space. The quantum
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mechanical model found in [28] presents many peculiar
features, e.g., it has N’ =2 supersymmetry, it describes
both dynamical fermions and bosons belonging to many
species with unequal abundance in a large N limit, and it
enjoys multiple Abelian symmetries. It is not a priori clear
what the impacts of those features are on low-energy
physics. For instance, the A/ =4 supersymmetric model
constructed in [8]—which also contains both fermions and
bosons—fails to exhibit emergent superconformal sym-
metry at low energy, and thus it cannot be a good model of
near-BPS (Bogomol’nyi-Prasad-Sommerfield) black holes.
With that motivation in mind, in this paper we study a
class of SYK-like models with N' =2 supersymmetry,
made of N regular fermions in chiral Fermi multiplets, as
well as aN bosons in chiral multiplets with one-derivative
kinetic terms (also known as first-order bosons), in the large
N limit. The parameter a controls the relative abundance.
The interactions are described by “superpotential” J-terms
(in the language of [29]), controlled by two positive
integers (p,q) (where p is odd), and may include—
depending on p, g—a scalar potential and Yukawa inter-
actions. As in SYK, the interactions are all-to-all and given
by random variables that represent quenched disorder.
Our model is distinct from previous supersymmetric
SYK models in the literature. On the one hand, it has
dynamical bosons unlike [11,25]. On the other hand, the
dynamical bosons have one-derivative kinetic term and lie
in a supersymmetric multiplet different from that of the
dynamical fermions, making our model distinct from
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proposals such as those of [8,23,24,27] and ultimately
leading to different physics. There are, naturally, similar-
ities as well, for instance, with the A/ = 2 two-fermion
model of [25]. Indeed, our model has both a U(1)g
R-symmetry and a U(1), flavor symmetry, and we study
the model with chemical potentials turned on, finding similar
physical properties. We are particularly interested in the
role played by dynamical bosons, which could lead to a
variety of phenomena such as spin-glass phases or con-
densation (see, e.g., [27,30-34]) or simply prevent the IR
emergence of (super)conformal symmetry [8]. In our model,
instead, bosons turn out to be tamed and lead to conformal
solutions—both with and without supersymmetry—
similarly to the standard SYK model. This implies that
our (p, g) models retain the main features expected from
near-BPS black hole horizons, yet accommodating the
presence of dynamical bosons, and make us confident that
also the more convoluted, but also more realistic, quantum
mechanical model of [28] might exhibit the same properties.

Let us summarize our results. In Sec. II we present our
models. In Sec. III we solve the models in the annealed
approximation and at leading order in 1/N, in terms of
Schwinger-Dyson equations. In particular, we verify that
the systems admit both supersymmetric and nonsupersym-
metric conformal solutions in the IR. For certain values of
the chemical potentials, we also find some nonconformal
solutions in which the correlators behave as those of
gapped free fields. Supersymmetric solutions at zero
temperature can also be studied through a symmetry-
refined Witten index. From it, employing Z-extremization
[35,36], we extract the zero-temperature entropy and the
R-symmetry charge of the vacuum. Both are compatible
with our numerical calculations and with the Luttinger-
Ward relation [37]. The fact that the zero-temperature
entropy computed in the annealed approximation agrees
with the exact large N result obtained from the index
supports the validity of the annealed approximation and the
claim that the models are conformal in the IR, rather than in
a spin-glass phase [38]. We analyze the systems at large p,
as well as at large p and ¢. In these limits, we are able to
reach an intermediate low-energy regime which is con-
formal, but not the very low-energy behavior, which is also
conformal but with different spectrum. The two agree only
in the supersymmetric case.

In Sec. IV we perform a thorough numerical analysis of
our models, both for supersymmetric and nonsupersym-
metric values of the chemical potentials, for different values
of (p,q). In particular, we solve the Schwinger-Dyson
equations, confirming the IR conformal behavior found
analytically. We test the Luttinger-Ward relations and the
computation of the zero-temperature entropy. Going to
nonzero temperature allows us to extract the Schwarzian
coupling.

In Sec. V we study the low-lying spectrum of operator
dimensions. Besides observing the presence of the

Schwarzian mode, the two currents for the R and flavor
symmetries, and their superpartners, we determine in which
window of parameters we expect the Schwarzian mode to
dominate the IR dynamics and identify windows in which
other modes are expected to dominate. In Sec. VI we
extract the Lyapunov exponents from the out-of-time-
ordered correlator (OTOC) 4-point functions, finding that
the models are maximally chaotic (they saturate the bound
of [39]).

We conclude in Sec. VII by presenting some puzzling
results that we hope to resolve in future work. We provide a
few appendixes with technical details of the computations.

II. A/ =2 SYK MODELS WITH
DYNAMICAL BOSONS

We are interested in quantum mechanical models with
N =2 supersymmetry (one complex supercharge)
described by N Fermi multiplets Y, (a =1,...,N) and
aN chiral multiplets ®, (b =1,...,aN), where a is a
positive real constant that we call the abundance parameter
[40]. The field content of a Fermi multiplet ) is a
dynamical fermion 7 and an auxiliary scalar f, while that
of a chiral multiplet @ is, in our models, a dynamical boson
¢ (with one-derivative kinetic term) and an auxiliary
fermion w. In the Lagrangian formulation and in
Lorentzian signature, the models are labeled by two
positive integers p, g (p is odd) and have action

Sy = / dtling (0, + iuya + fufa + iy (0, + ing) by

+ WZWb - Jal...apbl...bq (pfalnaz o 'nap¢b] T ¢bq
+ qNa, N Wo, Pp, - p,) +Heel. (1)

We use the convention that repeated indices are summed
over. These so-called J-term interactions in the second and
third lines are inspired by the ones obtained in [28],
corresponding here to the p =1 and ¢ =2 case. The
couplings Ja,. ayb,..b, are complex Gaussian random

variables with zero mean and variance

ler...c,] o(dy...d,)
, J6a, a0 "
<Ja1---a,;bl-~~bq‘]:1...c,,d1‘..dq> :#. (2)

pgNP*aT!

Here J has dimension of mass and is kept fixed in the large
N limit so that the averaged partition function has uniform
scaling. The couplings are antisymmetric in the first p
indices and symmetric in the next ¢ indices. Note that p
must be odd, while g is any positive integer. In (1) we have
also included the chemical potentials 44, u,. Under charge
conjugation

fat> foo o b W w,
Hp > —Hyp» (3)

Ha &> 1,

/’tﬂ = _/’t;p
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the Fermi multiplet kinetic terms are invariant, while the
chiral multiplet kinetic terms are odd, and thus they break
charge conjugation symmetry.

Integrating out the auxiliary fields, the action becomes

= [ a0, + iy + 18100, + i)
- |pJa]4..u],h]...bq7/a2 T nu],¢h| T ¢bq|2

2| 4)

- |an1...apb|...bq’1a, o "/Ia,,¢b2 o '¢b

q

In the Hamiltonian formulation, the bosonic conjugate
momentum to ¢ is I, = i¢p" and therefore the (anti-)
commutation relations are {7,.7.} = 6, and [qﬁb,qﬁZ] =
0pq (all other ones vanishing). The Hamiltonian is

H = H + p,Q, + pyQy4, where

H= |p‘,a1...a,,b]...bq77a2 o "10,,¢b1 e ¢bq|2
+ |an]...uph1...b,['7a1 "'nap¢b2 "'¢bq|2 (5)

is the interacting Hamiltonian with chemical potentials
turned off, while Q, =1 [ni.n,] and Q, =1 {e}.¢,} are
the charge operators. The ordering ambiguities in H are
fixed by supersymmetry by requiring that H = {Q, Q'} in
terms of the supercharge

QNJal..Aapb]“.hqnu] '”’1aI,¢b| "'¢h,,' (6)

Each bosonic degree of freedom ¢ describes a particle in a
magnetic field (see, e.g., [41]). Upon canonical quantiza-
tion, Oy > % and the bosonic Hilbert space is a Fock space
with lowest weight state |0) defined by ¢|0) =0 and
generated by the creation operator ¢'. For p =1 the
Hamiltonian H includes a positive-definite scalar potential
for ¢, and H is bounded from below for any given value of
g and finite N. However, J,,, —.a,b, ..., 80€S 10 Zero at large
N, and thus one should take uy > 0 in order to avoid
instabilities (as we will see, the limit Hp = 0 is stable after
taking the large N limit). For p > 1, H has flat directions
and thus one should restrict to u, > 0 even at finite N.

To go to Euclidean signature we set = it and define
iSy, = —Sg (we also use a bar in place of ). Then the
Euclidean Lagrangian in components reads

‘CE = ﬁa(a‘[ + :ur/)na - fafa + a’h(af + M¢)¢h - l/_/bl//b
+ Ja,...a,,hl.“hq (Pfa.’?az T ﬂap¢h] e ¢hq
+ qla, -+ Na, Wi, P, -+ Pp,) + Hee. (7)

It will be convenient to work in superspace with coordi-
nates (z,6,0) and use the superfields

1 -
=+ O + 50000, + )9,
1 -
Y= n—9f+§99(07+un)77- (8)

Our conventions for supersymmetry and superspace are in
Appendix A, while we refer to [28,42] for more detailed
presentations. Using superspace integrals, the Euclidean
action is

SE = _/d3T(5)aya + q_)bq)b)

+ Ja,...a/,bl...bq / dzTyal T 'yapq)b] o 'q)bq + H.c.
9)

In the following we will mostly work in Euclidean
signature and drop the subscript E.

The group of continuous global symmetries is U(1)?,
which we can parametrize by the two charges O, and Q,
with charge assignments as in Table I. An alternative
parametrization is in terms of U(1); x U(1), with charges
Qr =qQ, - pQ, and R = R[n]Q, + R[¢]Q, that satisfy
PR + qR[¢p] = 1. Here Qp is a flavor symmetry that
commutes with supersymmetry, whilst R is a generic
R-symmetry. For future reference, 0, and Q, can be
written in terms of Q and R as

Q, = PR + R[$|QF. Qp = qR = R[n]Qp. (10
When d = ged(p, g) is bigger than 1, there is also a discrete
flavor symmetry Z,. Indeed consider the discrete symmetry
g that acts as

93 yaHe%yw (I)b'_)q)b' (11)
One can check [43] that g¢? € U(1) . Besides, one can write
the fermion parity operator as

(=1)F = g7 emio, (12)

where R, is a reference R-symmetry with assignments
Ro[7] = and Ro[#] = 0. When d = 1 this is ¢*'* for some

TABLE 1. Charge assignments under the continuous global
symmetries U(1)?, using two alternative parametrizations.
The R-charge assignments satisfy pR[n] + qR[p] = 1.

0, o Or R
n 1 0 q R[n]
f 1-p -q q R[] -1
¢ 0 1 -p R[¢]
v -p l1-¢q -p R[p] -1
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R-symmetry R that is a linear combination of Ry and Qp,
but otherwise it is not.
The relations between chemical potentials, according to
Table I, are
Hr = Rl$lu,

—Rlnluy.  pr = puy+aquy.  (13)

In particular, whenever we want to impose ¢ = 0 because of

supersymmetry, we also fix u, = —qu,/pand pp = —py/ p,
and therefore, we should restrict to u, < 0 and pp < 0.

III. SOLUTION IN THE ANNEALED
APPROXIMATION

Having established the model, we want to explore its large
N dynamics. When averaging over the couplings, particu-
larly when focusing on correlators and 4-point functions, itis,
in principle, preferable to first calculate the observables in
one instance of the model, and then average. This is usually
called quenched disorder, which is analytically very hard to
control. The approach we follow here is that of annealed
disorder, in which we calculate the averaged action first and
then derive the observables from it. For quantities such as
correlators and the entropy, those two approaches can lead to
different results. In the standard SYK model, many observ-
ables are found to be “self-averaging” which means that the
differences between distinct averaging schemes are sublead-
ing in 1/N. We expect a similar behavior in our model. A
crucial counterexample would be if the entropy calculation
were dominated by a replica-breaking solution, which is not
captured by the annealed approximation. The fact that our
model contains fermions might be crucial to rule this out, as
argued in [32]. In the rest of the paper we use annealed
disorder, assuming it approximates the quenched system to
leading order in 1/N.

A. Equations of motion at large N

We follow the standard steps performed in [11,25] to
derive the equations of motion (EOMs) at large N. For
simplicity, we start with no chemical potentials turned on
and perform our manipulations in superspace. The corre-
sponding expressions in components, and including non-
vanishing chemical potentials, can be found in Appendix B.

After averaging over J, Jbi...b, , the partition function is

— /DyaDd)b exp [/ &PT(V, Y, + Oy D)

- Va,(T1)Va, (T2)

X @y, (T1) @y, (T3) - Dy, (T1) Py, (T2) |- (14)

‘We define the bilocal fields

Gy(T\.T) E%me (7,)

Go(T1.T) = Zq)h 1)@, (T2).

(15)

which are chiral in 7, and antichiral in 7';. They encode the
2-point functions of the model. We introduce them—together
with the bilocal Lagrange multipliers X, and X4—into the
action by inserting the following identity in the path integral:

1= /DgyDZyng,DZq) exp{—N/dszdle
1 -
< (B0 TG 1. 12) = L BulT)(T2)

+ 211, T3)(Go(T1 ) = L B(T)RT)] .
(16

At this stage, Gy (T, T,) and Xy (T, T,) are generic
superfields which are chiral in 7', and antichiral in 7';. Each
of them is specified by four independent functions of 7 ,
according to the expansions in (B1). The components of Xy, ¢
encode the self-energies of the fields in the model. The
kinetic term of ), can be rewritten in a bilocal way using the
identity

/d3T37aya
- / PTodT\ 3, (T)Dy D3 (Ty — T)Vu(Ty).,  (17)

and similarly for ®,. Here the superspace delta function is
8 (T, = T,) = (6, — 0,)(0, —0,)8(r, — 7,), while D, and
D, are (anti-)chiral superspace derivatives with respect to T,
and T,, respectively (see Appendix A). For concreteness, we
have

_ 0,0,0,0
DDy (T —T,) = (7 — 1) —%0315(71 1)
0,0, + 0,0, — 26,0
_ 0,0, +0,0, 205 501 —,)
2
1 - 1 - _
:5 TI—T2—§9191—§9292+9291 .

(18)

The fields )V, and ®,, only appear quadratically in the action
and can be integrated out, producing Berezinian (also known
as superdeterminant) factors in the path integral. We are left
with an expression for the annealed partition function in
terms of the bilocal fields:
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—log Ber(DD,8*(T| — T,) + Zy)
+ alog Ber(DD,8*(T, — T,) + Zo)

_ J
(19)
Here Ber is the Berezinian (or superdeterminant), whose
definition is given in (A13), and bilocal fields should be read
as Go = Go(T1, T>).
Let us write down the equations of motion for the bilocal

fields in terms of superfields. Extremizing (19) with respect
to Gy ¢ leads to the algebraic equations,

v(T1.T,) =

z (J/@)Gy(T1. T2)P~ G (T, T4,
Zo(T).T,) =

(J/p)Gy(T1.T5)PGo(T,. T) 77" (20)

Extremizing with respect to Xy 4 leads to the integro-
differential equations,

D,Gy(T,,T>) + / d*T32y(T2.T5)Gy(T 1, T5) = 6*(T1.T,)

ngcp(ThTz)+/JZT3Z¢(T27T3)Q¢(T1,T3)
:—(XSz(Tl,Tz). (21)

If the derivative terms D,Gy 4 are dropped, then one

can show that (20) and (21) are invariant under super-

reparametrizations Diff* (S'1) defined in (A11), where the
superfields transform as

Gyo(T,.T,) —
2y o(T).Ty) =

(DG,)*44(=D8))*414Gy (T}, T5)
(DO,)! 7240 (—=D8,)' 8105y o (T1, T5)
(22)

with pA,+gA; =1 The chiral measure and the
(anti-)chiral delta functions transform as in (Al2) and
(A15). This shows that 77 and ¢ are chiral primary operators
under SU(1, 1|1) c Diff*($'/?). While (21) is antichiral in
T ,, there is an equivalent way to write the equations using
chiral superfields. The equations (21) and their chiral
counterparts are derived by extremizing Ber with respect
to Xy ¢ in (19). Indeed, treating it formally like any other
operator determinant, one gets

Gy(T1.T,) = (DD&* + Zy)~(T}. T>),
Go(T1.T,) = —a(DD& + 24)" (T, T,).  (23)

By convoluting with either the chiral or antichiral coor-
dinate of (DD&® + %y,4) and given the property (A7), one
obtains (21) or their chiral counterparts.

B. Conformal solutions

We now assume that, at low energies, the kinetic terms
are negligible and thus that the integro-differential equa-
tions (21) can be approximated by dropping the first term
on the left-hand side. Besides, assuming that the fermion
number symmetry remains unbroken, we search for sol-
utions with vanishing mixed fermionic components in G
and X, i.e., we impose

an - an - G¢w =G
Ypp = Zjy = 2

Dy

vy — =0,
=25 =0. (24)

One can check that this is a consistent ansatz. The EOMs
for the remaining bosonic components are

!

p-2
GyyGir + GrmGw> Gy G,

-1 p—1 q-2
S50 =1 (G¢¢fo+ G, G,,,W)G G,
J J »
Z.?fZEGrmp Gy’ Ew:;Gfmp G (25)

where all functions are of (7, 7,), and
/d732,—7,,(72,13)G,7,,(11,T3) =6(1) — 1),
/d732]f(72v73)fo(7'—1v73) = =6(r) — 1),
/d132¢¢(12,13)G¢¢(11,T3) = —abd(r; — 1),

/ 0355, (12 73)Gyy (71.73) = ad(ry — 7). (26)

We consider turning on chemical potentials x for various
U(1) global symmetries. This corresponds to turning on a real
background gauge field A, = —p in Lorentzian signature and
an imaginary background field A, = iy in Euclidean sig-
nature. Notice that the super-reparametrization symmetry
(22) can be preserved only if ug = pu, + quy = 0. For
generic chemical potentials, one is left with the standard
reparametrization symmetry Diff*(S'), under which the
fields transform as

Gaa(r1,12) 7 (0,7)%4(0;,7) 2 G (71, 72)
Zia(71.12) = (05,7) 1 784(0,7) "M s (71 72) - (27)

where the label A runs over all field species. As argued in
[18], shifting the self-energies X by the chemical potentials,
the EOMs in the IR are unchanged.
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In the presence of a chemical potential, we use the
following conformal ansatz for the two-point function at
zero temperature (f = oo) of a boson or a fermion with
charge Q and dimension A:

e™0(7) + se ™0 (~1)
|T|2A ’

G(r) = gG,(1; A, &) =g (28)

where s = 1 for a boson and s = —1 for a fermion. We
review its derivation in Appendix C. This ansatz is invariant
under PSL(2, R) transformations acting as 7 > 7/ = %
with ad — bc = 1, accompanied by a suitable gauge trans-
formation of A, [44]. The constant g is bound to be positive
by unitarity. The 2-point function at nonzero temperature is
obtained through the reparametrization ¢(7) = tanZ with

p
TE (—gg)
G(7) = gG(1; A, )

2A

” (e€0(7) + seO(~7)).

Bsin (7;7)

= ge—2m‘:/§

(29)

The parameter & is called spectral asymmetry and is related

to the chemical potential. Then the extension of G()
beyond 7€ (—£,5) satisfies G(z + f8) = sG(q).

We solve the equations of motion using the same strategy
as in [25]. The Eq. (26) can be uniformly written as
[ dr33(75,73)G (1), 73) = —s8(t) — 75), which in Fourier
space simply read

X 0)G(—w) = —s, (30)

where X is understood to be X, or X, for the Fermi
multiplet components, and a‘IZM or a‘IZW for the chiral

(1-24,)sin(274,)
cosh(27E,) + cos(2z4,)

[1-2(p—1)A, —2qA,]sin2z(p — 1)A, + 27qA )

multiplet ones. The Fourier transform of (28) is [45]

G(w) = —igsgn(w)['(1 = 2A)|w[*2!

% (eﬂé‘+niAsgn(a)) _ se—ﬂS—niAsgn(w)). (31)

The expressions for Z in Fourier and normal space follow
from (30):

1

2 =
(@) 2igl’(1 — 2A)(cosh 2z&E — s cos 2z A)
e—m‘:—ﬂiAsgn(a)) _ Sen:EJrﬂiAsgn(aJ)
sign(w)|w|**~! ’
£ (1 —2A)sin27A

- 2zg(cosh2zE — s cos2mA)

x <e‘”5®(r) +seﬂ€@(—f))|f|m—2. (32)

We denote the parameters appearing in the ansatz for
Gr}d) as E,/,, Ay, gy, and similarly for the other fields.
Plugging X from (32) into the algebraic equations in (25)
and matching spectral asymmetries and dimensions, one
obtains four linear relations:

Ar=1-=(p=1)A,—qdy,
Er==(p=-1)&, - q&,.

A, =1-=pA,—(qg—-1)4,,

Ey =—pE — (g —1)&,. (33)

Matching the coefficients in (25) and making use of (33)
gives the equations,

cosh2z(p = 1)&, + 2nqE 4| — cos2x(p — 1)A, + 27qA ] q

a(1—2A,) sin(27A,)
cosh(2z&,) — cos(274,,

all =2pA, —2(q —1)Ay]sin2zpA, + 27(qg — 1)A,]

_ e
cosh[2zp€, + 2n(q — 1)Ey] + cos[2zpA, +27(qg - 1)A,]  p 9y Iy

1 g-1(P—1
=2zlgy" g} (Tg¢gf+gngw>,
2nd ,_
. g-1
) gy 9y \ 9p9r + > 949y |
271'.] 1
=— Gy (34)

Substituting the second and fourth equations into the first and third ones one can eliminate the parameters gz and J and
obtain two equations that determine A, and A, as functions of £, and £:
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(1-24,)sin278,)
cosh(27€,) + cos(27h,)

(p— D1 =2(p—1)A, —2gA,)sin2x(p — 1)A, + 27qA,)
cosh[2z(p — 1)&, 4 2nqEy| — cos[2z(p — 1)A, + 2mgA ]
ap[l —=2pA, —2(q —1)A,]sin2zpA, 4 27(q — 1)Ay)
cosh[2zp€&, + 2n(q — 1)E,] + cos2npA, + 2n(q — 1)A,]’

q[l =2(p — 1)A, = 2qAy]sin2z(p — 1)A, + 2ngA )]

cosh(27€,) — cos(2zAy) B cosh[2z(p — 1)&, 4 2nqEy] — cos[2z(p — 1)A, + 2mqA ]

alg = 1)[1 =2pA, —2(q = 1)A,]sin2zpA, +27(q — 1)A,]

cosh[2zp€, +2n(q — 1)Ey] + cos[2zpA, + 27(q — 1)A,]

Substituting the solution back into (34) then determines the
combinations of coefficients g/~ 949y and gy gf/f,_l gy, That
only those two combinations can be determined in this way
is due to the fact that the IR Schwinger-Dyson equations
have an emergent symmetry [11]. For solutions to be
consistent with the approximation (26) in which we
dropped the kinetic terms, we need A, , >0 and Ay, >
1/2 which, due to (33), imply

1
A, >0, (p—l)A,7+qA¢<§,

1

C. Superconformal solutions
Assuming translational invariance and supersymmetry,
the bilocal superfields must be functions of the invariant
T, in (A9). This implies that they are determined by their
lowest components as defined in (B1):

gy(Th Ty)= Gfm<T12)7 Go(T1,T,) = G$¢(T1z>’

Z@(Tl’Tz) = ZWW(T12)~ (37)

Expanding the components of Gy ¢ one obtains the con-
straints

1
Ar =4, +§’ Er =28, gr = 28,9,
1
Al// = A(p + 5, gl// = g¢, gl// = ZA(/)g(/) (38)

Together with (33), they imply

1
PA, +qAy ==

In accord with (13), it will be convenient to parametrize the
spectral asymmetries as

&, = q€. (40)

(35)

At low temperature we can identify 2z7€ = —fuy in terms
of the chemical potential yr for U(1), (while a chemical
potential for U(1), explicitly breaks supersymmetry). Note
that we should restrict to £ > 0. The consistency conditions
in (34) reduce to two equations. The first one is

asin(274)
q <7T 2nq ) cosh(2zp€&) —cos(2zA ;)
=—=sin(| ————A, ,
4 p P cosh(2zg€) + cos (% - ZquAqg)

(41)

which can be used to fix A, in terms of E. The second

one then determines the following combination of the
coefficients:

. ap. sin(27zA ;)
"9 2x] cosh(2xpE) — cos(2mA )

(42)

The bounds (36) on the consistency of the conformal
solutions reduce to

1
Ay <—. 4
0< ¢<2q (43)

At the lower bound one has Ay = 0, while at the upper
bound one has A, = 0. An alternative derivation of the
equations in this section is provided in Appendix A 2 a.

D. Superconformal solutions at fixed p and ¢

We search for solutions A,(€) to (41) in the range
A¢e(0,ﬁ). To that purpose, we define R, ,c(A,;) as
the right-hand side of (41) and study the equation
asin(2zA,) =R, ,(Ay). As stressed above, we shall
restrict to £ > 0.

For p =g =1 the model describes free fields with
randomly distributed masses. For @ # 1 Eq. (41) has no
solutions, while for @« =1 it is a tautology. We will not
consider this model any further. The models with p =1 or
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p > 1 have a rather different behavior and we will consider
them separately.

1. Casep=1,q>2

In this case the function R;,¢(A,) is zero at the
endpoints A, = 0,2lq while sin(27zA,) is monotonically
increasing from zero, therefore at least one solution exists if
the derivative of Ry , ¢(A,) at A, = O is greater than that of
asin(2zA,). This condition is

2 cinh2
q.sn;h (7€) ' (44)
sinh?(7zg€)
It turns out that there is only one solution if (44) is satisfied,
and no solutions otherwise. The function of £ in (44) has a
maximum of 1 at £ = 0 and it decreases to zero for larger .
Therefore, we must have o < 1 in order for a solution to
exist. At fixed a < 1, the solution only exists in the range
E£€l0,&,(a)), where &£, saturates (44). In this case A;(E)
has a maximum at £ = 0 and it monotonically decreases to
zero as £ — &,. At £ =&, there is a phase transition
signaled by the values A, = 0 and A, = 1/2 and beyond
that point the conformal solution ceases to exist.

This transition is similar to the one found in the two-
fermion model of [25]. There it was observed that one of
the fermion species saturates its charge while the other one
does not. In our model, at the transition point, the charge of
the fermion reaches its maximal value Q,7 = 1/2 while the
boson is still above its minimal value. This is numerically
investigated in Sec. I'V. Furthermore, in Sec. Il H we find
gapped solutions that mirror massive free particles. In [25]
it was proposed that in the two-fermion model a jump
occurs between two distinct sets of solutions in the grand
canonical ensemble. However, in Sec. IV we illustrate that
in our model, for finite fu, the phase after the transition
seems to interpolate between the conformal behavior and
an exponential behavior of nonconformal solutions.
Another possibility, which neither our analytical nor
numerical analysis would capture, is that the breakdown
of the conformal ansatz signals that a replica-breaking
solution is preferred by the path integral. Such a proposal
requires further study.

In the special case p =1 and g =2 we can explicitly
solve (41) and (44):

1 a
Ay(E) = 5, 2recos <2 — acosh(2m€')> ,
£.(a) = Larctanh(VT =), (45)
m

The corresponding solution to (42) is

a V(2 = a)? = &? cosh?(2z€)
4zJ(1 — a) cosh(2z€&)

GGy = (46)

For p =1 and ¢ = 3 analytic solutions can be found as
well, although they are lengthier:

cos(27A,)
_ 2acosh(27€) + /36 + 12a(4 — a) sinh? (27E) (1)
B 43-a)
gives the dimension A (&), while
1 3 Ja
E(a) = garccosh< 7 ) (48)

identifies the phase transition point. The solution for g,,g;
can be easily written.

2. Casep>1,qg>2

In this case the function R,,¢(A,) is zero at the
endpoints A :O,Z—Iq if £=0, while it is positive at
Ay =0if &> 0. For £ =0 Eq. (41) simplifies to

ap T ﬂqA¢>
— =tan(wA,) tan| — — . 49
p (mAy) (2 P (49)

The right-hand side is zero at A, = O,zlq and attains a

maximum in between. If « is small enough such that ap/g
is less than (or equal to) the maximal value then there are
two (or one) solutions, otherwise there are no solutions. For
& > 0, since the right-hand side of (41) is positive at Ay =
0 and it vanishes at A, = ﬁ, there must be at least one

solution regardless of a, £. However, there could be more
than one solution. For fixed p > 1, g > 2, and small a, we
empirically find that by varying £ from above 0 to co, we
go from having 3 solutions to 1 solution through a critical
value of £ where there are 2 solutions. When « is raised and
this scan in & is repeated, there is a regime where the
number of solutions goes from 1 to 3 to 1. For even larger o
there is only one solution regardless of £. Note that unlike
the case of p = 1 or the model of [25], there is no region in
a, £ where no solutions exist.

The behavior above can be seen explicitly in the case
p =q > 1, where analytic expressions for A, can be
obtained by solving the following quartic equation:

cosh(2zp€) (e%(ax3 —X) e (- ax))

a —

+ = itas psin(F)e =0 (50
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W [] 1 solution
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FIG. 1. Top: plot of the number of acceptable solutions to (41)
for p = g = 3 as a function of « and &. For £ > 0 there are 3
solutions in the yellow region, 1 solution in the blue region, and 2
solutions along their boundary. For £ = 0 there are two solutions
along the green segment, no solutions along the black line, and 1
solution at their boundary. Bottom: solutions A, (&) for a = 0.06,
0.075, and 0.085.

in which x = exp[i(27A, - 57)]. In Fig. 1 we plot the
number of acceptable solutions satisfying A, € (Oﬁ) for

p =q =3 as a and & vary. Excluding the horizontal axis
&€ =0, there are 3 solutions in the yellow region and 1
solution in the blue region. On the horizontal axis, there are
2 solutions along the green segment within the yellow
region, and no solution along the black line. On the
boundary of the two regions, where the discriminant of
the quartic Eq. (50) vanishes, there are two solutions for
&€ > 0 and one solution for £ = 0.

There are special values of £ and a for which (50)
simplifies. For @ = 1, (50) reduces to a quadratic equation
and the unique solution with A, € (0, ﬁ) is

il Z
sn(5)

1 .
4p 2z aresin [cosh(2ﬂp5)} |

(51)

acceptable whenever £ > 0. The corresponding solution to
(42) is

p sin (ﬁ)

2nJ \/ cosh?(2zp€&) — sin? (ﬁ)

gy = (52)

For £ =0, (50) can be written as a quadratic equation in
tan(zA,) which gives two solutions:

()
+ % \/(1 — a)’tan’ <§> - 4a] . (53)

The two solutions are real if and only if a < tanz(ﬁ).

1
Ay = p arctan

Indeed a = tan® (ﬁ) is where the right boundary of the
yellow region intersects the horizontal axis in Fig. 1 and the
two solutions merge into one (disappearing for larger
values of @). It follows from (53) that both solutions satisfy
Ay >0, that the larger solution becomes A, zﬁ for

a=0, and that A, <$

The corresponding solution to (42) is

for the allowed values a > 0.

ap
2n] tan(zAy)

P

n QZ = (54)

3. Casep > 1, g=1

The behavior of the function R, | ¢(A,) is similar to the
one in the previous case, however, the function sin(2nA¢)
vanishes at both endpoints A, = 0, % For very small values
of @, the number of solutions A, (&) to (41) as we increase
& from above 0 to oo is 2 (of which only 1 is acceptable at
£ =0) and then 0. For larger values of « it is 1 (not
acceptable at £ = 0), then 2, and then 0. For even larger
values of a there is only 1 solution (that becomes A, = 0 at
€ = 0 and thus is not acceptable) up to &, («) and then no
solutions for £ > &, (a).

E. Solutions at large p and fixed ¢

Using the methods in [5,10,11], we search for analytic
solutions to the Schwinger-Dyson equations at large p. We
truncate to the bosonic components only, assuming (24),
but we do not neglect the kinetic terms. Let the chemical
potentials corresponding to Q, 4 be u, 4, respectively. The
equations we want to solve are the algebraic ones in (25)
and the integro-differential ones in (21) that in components
read as in (B5):
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_(arz + /’tn

(71,72 +/d in(72.73) Gy (71, 73) = 6(7) — 1),

fo 71,72 +/d fo 72,73 fo(ﬁ»ﬁ) =8(71 — 72),

Tl,T2 + dT3Z

—(0s, + 1y)Gyy(71, 72 —I—/d 3254(12,73) Gy (71, 73) = —ad(z

Assuming that the theory becomes free in the large p limit,
we search for solutions in a 1/p expansion around the free
2-point functions. Generically, we expand the bilocal fields
G (assuming translational invariance) as

aﬂ:%w+i—<>+a-ﬂ>

qu=%w0+§eww+ow+ﬂ.w®

Here Gy, are the free propagators (we review the correlators
of free Fermi and chiral multiplets in Appendix C), w; are
the appropriate Matsubara frequencies [46], n > 0 are
suitable integers that we determine below, and we require

p>1. (57)

|Go(@i)| > |G (0f)|/p", Y o fixed,

More in detail, substituting the free propagators (C16),
(C20), (C24), and (C28) into the definition (B2) of the
bilocal fields, one obtains

%%—%g@%hm4—<aﬂ}
G (x) = =8(2),
Gi(1) = a o ; {@( )t + ©(-1) "“’1,
2 sinh (”g >
G (7) = ad(z). (58)

With them being free propagators, they satisfy the free
equations of motion, obtained from (55) by setting all X’s to
zero. We consider an ansatz for the bilocal fields that is an
expansion in 1/p around the free result:

(12,73)Gy,

1—72),

,,,(11,13) = ad(1) — 13). (55)

GMﬂ:G9@<“ﬂﬂGMﬂ+0@40,
Gyp(r) = =6(7) + P_"fG]f(T) +O(p~uh,
G¢¢( ) G;OC;( )(1 + p_ﬂ“’G(;,d,(T) + O(p—n¢—1)> ’

Gy (1) = ad(z) + p~™ Gy, (1) + O(p™ 7). (59)

Here we assume that ny, ny, n,, > 0 and that Gﬁm fo, GM’
and G, are O(1). We chose the order of the leading
correction in Gy, such that various terms in the equations of
motion simplify using

(GalP ™ =[G |7 e (1 4+ O(p™)).  (60)

This in turn leads to the same differential equation as
in [5,11], with the benefit of hindsight. In terms of the
chemical potentials yy for U(1) and pp for any R-charge
U(1)g, the potentials 4, , are decomposed as

Wy = qur + Rinlpr,  pr = ppy + quy,
Hy = —Phr + Rlplug. (61)

The last equation follows from the constraint that the
J-term has R-charge 1, i.e., from pR[y] 4+ qR[p] = 1. We
want to be able to impose the supersymmetry constraint
pr = 0 at large p. This implies that the scalings of , and
Hy must be related as py ~ pu,. The simplest scaling is
py ~ pp ~ Rl ~ O(p™") and He ~ pg ~ Rl ~O(1). In
this way both G,% ) and G are O(1). Besides, the bilocal

fields should agree with the free limits at short distances,
which implies the following boundary conditions: G(0) =
G(p) = 0 for all components. Plugging the ansatz (59) and
the boundary conditions into (55) we get
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1 -
O(p2) = ;GS—,?(rlz)a Goy(712)

Tiz2 = mm

+/dT3 nn(TB)G(O)(TB)

O(p™ ') = y G 7r(712) = Zpp(721),
e 1 0 >
O(p™71) = =Gl (712)0r, Gy (12)
dry 25,(123)GY)
+ 73 X54(723) ¢¢(Tl3)v
O(p—ﬂw—l) — p”u/ Gl[‘/l[l(flz) + (Zzl’-jl’,(le), (62)
where 7;; = 7; —7;. These equations can be solved to

obtain the X’s in terms of the G’s at leading order in %

In particular, one acts with (9, — u,) on the first equation
and with (d,, — u,) on the third equation, obtaining [47]

1 -
So(=7) = —;G,%? (2)02Gy (7) + O(p72),

1 .
Zpr(-7) = WG]T(T) +O(p™71),

1
Z30(=7) = i G (D% (1) + 077,

1

= o Or®) + O™, (63)

Let us then consider the algebraic equations. Substituting
the ansatz (59) into the last two equations of (25) we
determine the leading behavior of X7, and %;,,. This can
then be used in (63) to determine fo and Gv,,,, In order to
have a well-defined large p limit, the simplest choice is to
scale J as 27 p~", so that the combination

B alptrJ
J BT —— ( Lﬁ) -~ ( M) (64)
qcos 5~ )sin 5

remains fixed as p becomes large. Recalling that p is odd,
we obtain

~ (y=mr)r
G?f (T) — k7e_ eGT;v]<_T)
‘ 2 cosh (#)

X [@( Ye~ (= ﬂR2+®( T)e (uy ﬂRJ]

qj Slnh( ’/7/) (l‘r/)_ﬂR)T ~
Gy (=7)
2cosh? (’%ﬂ)

« [@(T) e~ — @ (1) e(u,,s—uR)éi} , (65)

Wy

together with n, = n; + 1. Similarly, substituting these
expressions and the ansatz (59) into the first two equations
of (25), we determine the leading behavior of X, and ZM’

up to O(p~2") and O(p=2~1), respectively,

J? 0 N
Zy (1) = ~ T ,%,7>(—T)EGY/'1( )+Giy (=)
1 !ﬁ
qJ?sinh? (’%) . ) )
ZM(T) = ( )(—T)eGﬁn(T)+Gﬁ'7(_T)_ (66)

p*" a?cosh? (’%ﬂ) "

Equating these expressions with those in (63) to leading
order in 1/p fixes n; = 1 and n; = n,, = 2, and gives the
following differential equations:

62 1717(7'-) j2 G,W(T)JrG,m( T)’
) gsinh (")
G%GM(T) =~ L Ou@+Ou-0 - (67)
acosh? (%)

Notice that the free propagators Gf—1 ) and G( ) have dropped

from the equations. The only solutlon to the second
equation that satisfies the boundary conditions is

qs1nh2 (ﬂ¢ﬁ> 3

Gjy(r) = ———+
" acosh? (” 4 )

(68)

The differential equation for Gfm is the same as the one
found in [5,10,11]. Since the odd part Gugq(7) =
1(Gyy(2) = Gy (—1)) satisfies 02Goga(t) =0, the only
solution compatible with the boundary conditions is
Goaa(t) =0 and we can take Gy, to be even. Then the
general solution with integration constants v, b is
exp[Gy, (7)] = v/[BT sin(g|7[ + )] where v >0, f has
been introduced for later convenience, and b is defined
modulo 27z. The boundary conditions G(0) = G(f) =0
imply fJ = v/ sin(b) and sin(b) = sin(v + b). One sol-
ution to the second equation is v =2am for meN,
however, this does not lead to a function exp[Gy,(7)] that
is positive for all values of z. The other solutions are b =
(n+4)m —% for n€Z and without loss of generality we
consider n =0, 1. The other equation reduces to
pJ = *v/cos(3), where £ correspond to n =0, I,
respectively. Only the case n =0, 0 < v < z leads to a
positive function exp|Gj,(7)], and the second equation has
one and only one soluuon for all values of . The final
solution is thus,
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= v v

eGrm(T) = s ﬁj = (69)
BT cos ([% |z] — %)

cos (%)
where 0 < v < 7.

In the weak coupling limit #J — O (keeping all y;5’s
fixed) one has v -0 and »/fJ — 1 and therefore
G,—M, GM — 0. From (65) we see that also fo, G,,—,l,, -0
and the solution reduces to the free UV one at leading order
in 1/p. In the strong coupling limit 57 — oo, instead, one
has v — 7z and, to this order of approximation and away
from 7 = 0, the 2-point functions agree with the conformal
ones (29) with the following parameters:

1 _
A"ZE_‘_O(p 2), Af

qsmh2 (W] ) 1 1 1
A¢_—+O 3 AVI:7+O e
2ap’cosh? (””/) P 2 p

27, = =Py + O(p~2).22E; = plug —py) + O(p~"),

1
—— 1 O(ph),
5+ (r™)

27Ey = ~Puy+O(p~>),22E, = Plur — py) +O(p™"),
(70)
as well as
Gn = m (1 - %log J) +0(p~),
2
1 —
9y = m+ O(p~).
gsinh? (%2
- 2 sin:(”gﬁ) (1 - ap? Coshg (2/4,1)/}) log j) + O(#)’
P

oo ) o, o

2 p’cosh? (’ ”ﬂ)

The conformal dimensions are compatible with the bounds
(36) at leading order in 1/p, in particular, A, saturates
pA, =3+ O(p™"). At higher order in 1/p it would be
necessary to verify that all bounds are satisfied. We see that
the condition p; > 0 (discussed in Sec. II) is necessary in
order to ensure gy, g, > 0 as required by unitarity. We
tentatively see that the solution at large p interpolates
between the free UV limit and the IR conformal-like
behavior. Notice, in particular, that the phase transition
is not visible in this limit.

It might be tempting to think that the conformal data
in (70) solves, at some given order in 1/p, the self-
consistency Eq. (35). This, in general, does not happen,

due to incompatibility between the large p and low energy
limits. Write (55) in Fourier space:

" Golwy)

where X should again be understood as a~'Z for ¢ and v,
and we used that G is the free propagator. In the large p
limit (57), using the expansion (56), one has

+ (0_) | G(ay) = =, (72)

Z(w_k) ﬁQGo(Cl)k) + g G (C()k) ﬁ2G0(wk>
_ 5 G, (wk) 1
= PG O(p"“)' 7

In these terms, as one can see from (55), the low-energy
regime we previously studied for dynamical and auxiliary
fields, respectively, corresponds to taking |fX;,, (w_)| > 1,
gy — Py p(@_i)| > |@y|, and @, < J. Combining with
(73), for the auxiliary fields we find that

PG (@) > |Gol@y)],

(74)

which directly contradicts (57) (one has to recall that
|Go(wy)| = 1/p for auxiliary fields). This means that, as
long as we must include auxiliary fields in our consider-
ations, there is no regime of large p and small w; in which the
approximation we made in our large p computation and the
approximation of dropping the kinetic terms are both
reliable.

This result suggests that, at large p, the system at low
energies first enters into a quasiconformal regime described
by (70)—(71) in which interactions compete with the kinetic
terms, while at extremely low temperatures the system ends
up in a different conformal regime that satisfies (34)—(35)
and in which the kinetic terms are negligible.

A particular case, in this respect, is the supersymmetric
one for which pur = 0. In this case the IR conformal
solution is supersymmetric since its parameters satisfy
the constraints (38)—(39) within the working accuracy.
Moreover, (41) can be independently derived from
T-extremization, as we do in Sec. III I, without assuming
(74). At this point, the zero-temperature limit where the
index is computed can be taken safely by requiring that p
goes to infinity faster than G (@) as @ goes to zero, in such
a way that (57) holds. Because of this, (70)—(71) in the
supersymmetric regime do actually solve (41).

1. Grand potential and entropy at large p

It is possible to compute the grand potential log Z in a
large p expansion. To leading order in 1/N, this is just the
averaged action (19) (or (B3) in components) evaluated on
the solution provided by (69). Instead of a direct evaluation,
we follow [10,11] and first compute the derivative of log Z
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with respect to J. Only the explicit dependence on J in (19)
matters when taking this derivative, and not the dependence
through dimensionful coefficients such as g, 4 in the bilocal
fields G, 4 since the fields solve the equations of motion.
We get

logZ 1 4 1 _
Jo = / dr,dr, <5foGP,7 Gyt GriGin G d))
j2cos2(ﬂ> ) _
’ / dr b=l +0(p7?)
4p 2cosh? (£ ) - cos? (%|T|—§)

vtan (%) ? 75)
2 p*cosh? (’%)

h

The delta functions in G, and Gy, do not contribute to the
integral on the second line, and hence only the first term
contributes at leading order, since the second term is
suppressed by 1/p? with respect to the first one. Using
the relation between 7 and v in (69) as well as the
linearity of A7 in J in (64), the derivative with respect to J
can be exchanged for a derivative with respect to v using
the formula Jd; = v/[1 + 5tan(%)]d,. We obtain a differ-
ential equation in v for log Z:

1 an3) 1+ $1an ()]

—d,logZ =
N 2 p*cosh? (%)

+0(p7).  (76)

The value of log Z at v = 0 is known because at that point
the theory is free. We can read off Z|,_, from (C18) and
(C26). Integrating (76) from O to v at large p then gives

logZ HylP . (Hob
N —log{2cosh( > )] —alog{Zsmh( > )]

vtan(i) -z B
+W+O(p 3. (77)

As p — oo, logZ tends to the free value, which is
consistent with our starting ansatz (59).

In order to compute the entropy S = (1 — ;) log Z, one
needs to make the # dependence in v explicit. Using oy =
pT cos(5)/[1 + Stan(5)] - 9, we obtain

= log [2 cosh (#) ] - ,u;ﬂ tanh (#)

—alog [2 sinh (W’ﬂ)] + M;)ﬂ oth <Mgﬁ>

1]2

— 5t O0(p™). (78)
8p 2cosh? (%4 i)

On the first two lines is the entropy of the free theory, as in
(C19) and (C27), while on the third line is the first
correction. In order to obtain the low-temperature behavior,
we take fJ — oo while keeping fu, 4 fixed and expand

v(BT) in (69):

4z 127°
VP =a% - + +O((BT) 79
The specific entropy Sy = Sy_,/N at zero-temperature can

be expressed using the relations fu, , = —2x€, , between
the chemical potentials and the spectral asymmetries of the
IR conformal solution, which are valid at zero temperature:

Sy = log[2 cosh(—z&,)] — n&, tanh(zE,)
— alog[2sinh(-z&,)] + an€y coth(nE )
2
O(p~). (80)

T
— 4
8p 2cosh? (””ﬁ)

We shall see in Sec. III I that this quantity, when evaluated
on supersymmetric spectral asymmetries satisfying
p&E, +q&4 =0, matches the large p expansion of the
entropy extracted from the Witten index.

F. Solutions at large p and ¢

We can similarly search for analytic solutions to the
Schwinger-Dyson equations at large p and ¢, following
the same steps as in Sec. III E. We consider an ansatz for the
bilocal fields similar to the one in (59), however, we keep the
ratio p/q fixed as we send p — oo:

Gyy(7) = GV (2) <1 + p'Gyyle) + 0(p—2)>,
Gyp(r) = =6(7) + p"G;f(T) + ..
Gaalr) = Giy(0) (1447 Ggy(6) + 0™

Gy (1) = ad(t) + 7 'Gy (1) + ... (81)
In particular, (G, 77" = [G%]q‘” % (14 O(p~")) besides
(60). We insist that no chemical potential is larger than O(1),
therefore, according to (61) we shall choose the scaling y,, ~
pigp ~ pg ~ O(1) while up ~ O(p~"'), with the possibility of
setting yg = 0. In particular, u, = —(q/p)uy + O(p~").
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Expanding the Schwinger-Dyson equations determines

Gj-cf and GW algebraically as

- je(ﬂn_ﬂR)T ~ ~

Gr(7) = L Om(=)HG,(-7)
2 cosh <#>

X |:®<T)e (.uﬂ ﬂR +®( ) .uvy_ﬂk>g:| s

¢*J sinh (’%ﬁ> elky=rr)T
2p*cosh? (“ i )

s
P

oGm(=0)+Gigy (=)

x [O(7)e~H—me)s — @(—r)els=nr)]. (82)

We use the same definition of J as in (64) (with ny = 1),
and we keep J fixed as p — oo. The algebraic equations
then also determine

._72
Zyy(7) = _EG )(~1)
¢ Om(O+6n (=0 4Gy (0)+Ggy(=1) 4
\72(1 - 3’) (0)
Zj(7) = WGM(_T)
x eOm@+0m(-0+03@+Ch(0) ¢ (83)

where we defined

q smhz(”“‘ )
ap coshz(””ﬁ)

1+ (84)

I
v

The dynamical equations give two differential equations for

G,M, Géﬁqﬁ that can be recast as

’

OEG(T) _ jzy—ZeG(T)JrG(—r)
) Gyy(7) =

Gy (7) = rG(2), (1-7)G(z).  (85)

Note that y € (0, 1). The solution for G is again (69), with
the substitution J — J y‘l. In the weak coupling limit
BJ — 0, the solution reduces to the free UV solution to
first order in 1/p. In the strong coupling limit, instead, we
reproduce the conformal 2-point functions with the follow-
ing parameters, at this order of approximation:

4 ) 1 —1
A = A = —
1 =5, TOWT). Ap=5+0(7),
1—y 1
A, =—L40(p72), A,==+0(p7h,
" 2 +0O(p™) v 2+ (p7hH

7&, =—pu, +O(p™2),
21y =—Puy+ O(p™),

278y = g —y) +O(p"),
21E, =PBlug —py) +O(p~"),

(86)

as well as
9y = ;ﬂ (1 +Llog 7) +O(p™),

2cosh<’%> p
g=—T e+ O(p7),

2p cosh (%)

1 —

gy =— ; <1+ 710%7) +0(p~),

2sinh (44))

1 —

gy === o) 57)

2q sinh (’%)

These values satisfy the consistency bounds (36).

As in the large p fixed g case, as long as we must include
auxiliary fields in our considerations, there is no regime of
large p, g and small @, for which the large p, ¢ solution
and the conformal solution are both reliable. Again,
7T-extremization gives us an independent derivation of
(41) in the supersymmetric case.

1. Grand potential and entropy at large p and q

We now compute the grand potential log Z to leading
order in 1/N in a large p expansion, at fixed p/gq, by
evaluating the averaged action on the solution of the large p
and g Schwinger-Dyson equations. By differentiating log Z
with respect to J we get

m

logZ 1 1
Ja,%zj / dr, dr, <5foG” 'G1+ G” G GO 1)

Jreos”(3) /ﬂd‘r ﬁ_h' +0(p~)
ap ycoshz(”"’ ) - cos2<;-;|f\_g>

yvtan(%)
=——<+0(p7). (88)
2pzcosh2(”’77ﬁ)

where y is defined in (84). Notice that, this time, both terms
in the action contribute at leading order. We follow the
same steps as in Sec. [II E 1; we exchange the derivative,
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with respect to J, for a derivative with respect to v, we
integrate from O to v, and obtain

IOZ%Z = log {2 cosh ('L%ﬂﬂ —alog {2 sinh <ﬂ%ﬁ>]

2
yvtan(3) =y _
2 - 2 M/f4 O(p 3)'
2p~cosh” (=)

(89)

In order to compute the entropy S = (1 — fd;)log Z we
rewrite the f dependence through ». Using the relation
pos = (1—py'agy)v/[1 +4tan(3)] - 9,, we get

=log [2 cosh ('u”ﬂ) ] ﬂ;ﬁt nh <M;ﬂ>

—alog [2 sinh (/%ﬁ)] 4+ /42¢ﬁ oth (”gﬂ)

2

R e — [1 + (1 = y)uyp coth (l%ﬁ>

8 p*cosh? (” i )
+ yu,p tanh (’L%ﬁ> ] +

up to O(p~3). We now take BJ — oo while keeping Sy,
fixed, in order to get the zero-temperature specific entropy.
Expressing everything in terms of the spectral asymmetries
of the IR conformal solution, and keeping only finite terms,
we get

you,p tan(%) tanh (2~ )
P
2p2cosh?(“F)

(90)

Sy = log[2 cosh(%&,)| — n€, tanh(z&,)

— alog[2sinh(-z&,)] + an&y coth(nE )

o
8p? cosh?(x&,)

+ 2yn&, tanh(zE,)] + O(p~3).

[142(1 = y)x&, coth(zE,,)

o1

This result matches the large p, g expansion of the entropy
extracted from the Witten index in Sec. IIIT for super-
symmetric chemical potentials.

G. Luttinger-Ward relation

The “Luttinger-Ward” (LW) relation [37] gives the total
charge (Q) of a conformal solution in terms of a sum of
contributions indexed by A, each associated with a field of
abundance N4, charge Q,, statistics s, = £1, dimension
A,, and spectral asymmetry Ey:

C = const

0) = ZNAQAqu(AA7SA> +C
A

. 1 sinh(27€)
q,(A,8) = <A 2) cosh(2z€) — cos [ZH(A + %)}

sin [#(a + 152+ i€) |

sin [n’(A + - ié’)}

—log (92)

2m

The charge is only determined up to a constant C, because
of ambiguities in matching the UV limit (see also
Appendix A of [25]).

For our model, the charges of fields are in Table I. For the
superconformal solutions, using (38)—(39), the charges

(Qy), (Qy), and (Qf) are

(9, g4, sinh(27E,) apA,sinh(2z€,) p ., coslx(A,+iE)| ap. sin[z(Ay+iE,)] ic
N cosh(2z€,) +cos(2zA,)  cosh(2zE,) —cos(2nA,)  2xi Ogcos[ (A, —i&,)] 27i sin[z(A,—iEy)] "
(Qp) g4, sinh(2z€&,) apA, sinh(2z& ) cos[z(A, + 15 )] sin[z(A, +i&,)] +C
N cosh(2z€,) +cos(2xA,)  cosh(2xE,) —COS(Z]TA{/) 2m cos[z(A, —i&,)] 27n sin(z(Ay —iEy)] ¢
inh(27& inh(27&
(Qr) _4q sinh(27€, ) ap sinh(27€,) +4qC,—pCy. (93)

N 2cosh(27&,) 4 cos(2zA,)

The constants C, , will be determined by analyzing the
Witten index in Sec. IIT 1.

H. Nonconformal solutions

In addition to the conformal solutions we discussed so
far, which can describe the system at low energies, we also

2 cosh(27&,) —cos(27A )

find nonconformal solutions. This is not unusual: they have
previously been identified in SYK-like models, e.g., in
[10,25]. These solutions can be concurrent with conformal
solutions at a given fixed value of y, 4, although they differ
in their charge. However, unlike the conformal solutions,
they are exact solutions to the full Schwinger-Dyson
equations at f§ = oo.
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We identify two families of solutions that are compatible
with the requirement p, > 0 [48]. Furthermore, we require
that these solutions do not diverge for 7 — +oo. Such
solutions only exist when the chemical potentials y, 4 are in
certain domains. When both chemical potentials are above
some critical value, i.e., when y,, > uy and py > 0, we find

Gy = —O(=
Gyp = —8(x) + ap®(z)e (=Dl +alug=sty asle
Gt}ﬁd) — a@(_f)e(ﬂ{/;—ﬂfﬁ)r’

Gy = ad(7) + aav,@(,)e—[ﬂ(u,,—u,“,)ﬂq—l)(,,[/, ek (4)

) el )T,

where the constants take the following values [49]:

C_(p—i—q—l)oﬂ] _Jad
=
(p+q-alJ Jad~!
Zﬁ = - To—2 s ay = (95)
2rta2, p

Note that the chemical potentials must also satisfy
p(uy =) + (g = 1)(ugy — u) > a,. On the other hand,
when y, is below a critical value but u is above, we find

G,—1,7 = 6(7)6‘_(”’3_”17)7,
Gj_’f = —5(’[) + 6[),1®(T>af€_[q(”d’_”fl))+af]r

Gjy = O(=1)ae ™™, G, =ad(r), (96)

with
c:(q_p+1)aq‘]’ af:ﬂ’
n 2p+q—2q q
(g=p-1a"lJ
HYy = = (97)
¢ 2r+q Zp

In particular, for p =1 and ¢ =2 the critical chemical
potentials are uj = 1Joc and uS b= = 0. In this solution, the
boson behaves like a free boson while the fermion seems to
acquire an effective mass. This makes this solution similar
to the nonconformal solutions found in the two-fermion
model of [25]. In the particular case where the chemical
potentials do not break supersymmetry, i.e., when
My = =24, the solution (94) cannot be realized.
However, the solution (96) is consistent for any p, > 0.

We can also explicitly calculate the entropy of these
solutions. We take the off-shell action at finite # and apply
(1 =pBJdg; — Pudg,). After simplifying with the equations
of motion, we find

= log [2 cosh (%) ] —alog [2 sinh (%) ]

1 Erm(wk) 1 + ;$¢(ﬂ)k)
+ log< oty > —alog <—'wk_”¢ )]

+ By Oy + Py Q= [ e[ (0)Gi 0

+ 27,(1)Gy(7) + Ty (7) Gy (7) + g (1) Gy ()]
(98)

where @, are either the fermionic or bosonic Matsubara
frequencies, depending on the field. The first two terms are
the free action, which appears from regulating the loga-
rithmic term. Promoting the sum to an integral, we can plug
(94) or (96) in, so that the sum cancels with the integral.
This leaves the entropy to be solely the “free part”:

% = /}Lr?o{log [2 cosh (%)} —alog [2 sinh (@)]
1
+ 5 By + aﬁﬂ¢)} =0, (99)

where we assumed that u does not scale with . We obtain
this result for both families, irrespective of p, ¢

I. Witten index and Z-extremization

In supersymmetric quantum mechanics, a protected
quantity is the Witten index ZW = Try(—1)" e, which
does not depend on S [50]. In the presence of a flavor
symmetry U(1)p, the index can be refined by inserting a
complex fugacity x for the flavor charge Q. Besides, with
N =2 supersymmetry and in the presence of a U(1)
R-symmetry R, one can construct an alternative index in
which ¢™F is used in place of (—=1):

Z(x)

= Try e™RePH x0r, (100)
Let us explain the relation between the two indices, for the
models considered in this paper.

When ged(p, g) =1 and there is no discrete Zyeqpq)
flavor symmetry, there exists an assignment of R-charges
such that (—1)f = ¢® and hence (100) is identical to the
ordinary Witten index. Such an assignment is such that
Rn|=2m+1,

R[p]=2n, pR[n+qR[p]=1

(101)
for some m,neZ (and recall that p is odd). These
equations have a solution if and only if ged(p,q) = 1.
Any other R-charge assignment is then related to the one in
(101) by mixing with the flavor symmetry, namely, by
rotating the phase of x.
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When d = ged(p, ¢) > 1, although the ordinary Witten
index is not equal to (100), one can consider Witten indices
refined by an additional twist g for the Z, flavor symmetry,
where g was defined in (11) and ¢ is equivalent to a U(1)
rotation:

IV(x) = Try(=1)Fg e PHx%r  for rez,  (102)
The R-charge assignment such that (—1)Fg" = ¢R and
thus Z(x) = Z)(x) should satisfy R[] =1+ 2 +2m,
R[¢] =2n and pRn| + qR[p] = 1. There is always one
and only one solution for r in the range 0 < r < d which is
r= % mod d, with r # 0 whenever d > 1. Thus (100) is
equivalent to one of the refined Witten indices.

Writing the U (1) fugacity as x = €2 = ¢2*+27¢ yjith
v, €R, the insertions in (100) can be recast in the
following way:

T = Try " R+20r) o=P(H+1Qr) (103)
where 272€ = —puf. Here we used the symbol u in place
of ur in order to avoid cluttering, and later on we will
identify £ with the same quantity introduced in (40). The
T-extremization principle introduced in [35,36] states that
the values 9, i that extremize Z under Laplace transform
select the infrared Hamiltonian Hiz = H + iQr and the
infrared superconformal R-charge
Using the relation {g%,g_%} =L, —
conformal algebra—see (A22)—we observe that chiral
primaries annihilated by g% = Q and Q_% = Q"' must have

A =1R,. Applying this to ¢ and n we get

R../2 in the super-

1 1
A¢:—P?+§R[¢]7 A”:qu—ER[n], (105)
which allow us to trade y for the conformal dimensions
Ay, The fact that R is an R-charge guarantees that the
dimensions satisfy the supersymmetry constraint (39).
Using (105) and Table I, R can also be written as

Ry = 24,0, +24,0,. (106)

The index has an ambiguity given by overall multipli-
cation by a power of x. In the Hamiltonian formalism this
corresponds to the ambiguity in the assignment of charges
to the Fock vacuum (i.e., the normal ordering ambiguity in
the definition of charge operators). In the path-integral
formalism it corresponds to the ambiguity in the regulari-
zation of 1-loop determinants [51]. We fix the ambiguity by
demanding that the charge operators be written as
(anti-)commutators in the Hamiltonian formalism. Each

. . . inRlp] p inRlp] _p
chiral multiplet contributes (¢ 2 x2 —e 2 x2)7!
_inR[y] inR[n) .
“2°x72 + ¢ 2 x2. The result is

while

each Fermi multiplet e~

N

T(x) = (107)

( _inR[g] p izR[¢] _g)a
T2 X2 —e 2 X2

In order to extract the degeneracy of BPS states d(Qp, R) at
fixed charges that is captured by the index written as

= Zd(QF’ R
Or.R

it is useful to rewrite it as a constrained partition function
for BPS states. Let x, = ¢ and x,, = ¢* be the two
fugacities for Q, and Q,, respectively, and consider

) "R xCr (108)

Oy 09y .
TrgpsXy 'x," = Traps exp{27i[(pu, + qug)R

+ (R[g)uy = RnJuy) Or!}

where we used (10). When the chemical potentials are

constrained to pu, + quy =1, and we identify u=

R[¢]u, — R[n]uy according to (13), that quantity reduces
to the index Z(x). Therefore, the Laplace transform of the

index computes to the following:

dx -0, -0
f T(0); %%

(109)

2rix

Pty +quy=3

1
= / du exp [logZ(x) — iR — 2m'uQF]
0
1
= du eNS u;Qp R d Q ,
/ = der

Here the function S(u;Qp,R), sometimes called the
entropy function, is 1/N times the quantity in brackets
on the second line. At large N and QF, one can compute the
integral in the saddle-point approximation extremizing S
with respect to «. On the right-hand side of (110) appears a
weighted sum over R-charges of the degeneracy of states
within a sector of fixed Q. Assuming that this sum is
dominated by one value, and comparing with the saddle
point computation, one observes that the R-charge R of
each saddle is fixed by requiring that S is real. Then the
value of NS is the zero-temperature entropy, log d(Qp, R).
The saddle point in terms of u is given by

mRR

(110)

ap cot<pm4 - gR[(;S]) + g tan (qﬂu + gR[n]>
+2iQ; =0 (111)

where we introduced Qr = Qr/N = O(1). Substituting
(105) and (39), and using y =u —i&, the real and
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imaginary parts of this equation can be written in terms of
A, and £. The real part turns out to be precisely the relation
(41) between the conformal dimension A and the spectral
asymmetry £ in superconformal solutions. The imaginary
part reads

ap sinh(2zp€)
cosh(2zp€) — cos(27A )
B g sinh(27¢€)
T 2r
cosh(27¢€) + cos (F - A¢)

2Qp +

=0. (112

This coincides with the LW relation that determines Q in
(93), if the constants satisfy ¢C, — pCy = 0. Setting
ImS = 0 determines the R-charge to be

R 1 cos(zA, — in&,)

N 2z 8 cos(zA, + in&,)
a sin(zA, — in€,)

Tomi 8 sin(zAy + in€,)

-2

2p
where the principal value is taken in the logarithms. Using
(104) and (105), we can determine the superconformal
R-charge of the BPS states:

(113)

Ry 1 | cos(zA, + in&,)
— =——10
N ai° cos(zd, — in&,)
A &
g tinlmRy T imE)] @ gy
2mi sm(er¢ in€y)] 2

On the other hand, substituting the LW relations for 0, and
Q, from (93) into (106) gives another determination of Ry,
which agrees with (114) if 2A,C, +2A,Cy = 9. Solving
this and the previous constraint determines the constants in
the Luttinger-Ward relations to be

(115)

We shall see that this is consistent with the numerical result
in Sec. IV. In particular, we find out that R, takes a
common nonzero value among the supersymmetric ground
states [52]. Finally, the real part of the entropy function that
gives the entropy is

x _ 2nq
! cosh(27g€) + cos <p - A¢>
ReS = Elog 21-a }

[cosh(2zp&) — cos(2zA,)]*

—27EQ;. (116)

1. Entropy of various solutions

The index Z(x) in (107) is the grand canonical partition
function of the theory, while d(Qp,R) in (110) is the
microcanonical degeneracy of states. It follows that after
substituting £(Qr), the quantity ReS in (116) becomes the
zero-temperature microcanonical entropy So(Qr). We
compute it in various cases, within the regime of validity
of the IR conformal ansatz.

Solutions for p = 1, g = 2. Plugging the solution (45) for
A, (&) into the LW relation (112) we determine the spectral
asymmetry & and A, as functions of Qp:

2QF
2—a)’

1 a
A, :ﬂarccos< (2—a)2—4Q%>. (117)

Due to the bound 0 <tanh(z€) < +v/1—a in (45) for
conformal solutions, the charge is bound by 0 < Qp <
v 1 —a at fixed a < 1. Evaluating the entropy function

1
£ = —arctanh
2ﬂarcan<

(116) on the solution, one obtains the entropy S, = Re S:
1 42—(1 1= l-a
So = —IOg —2 ( a> 1—a_
2 Q—a+29p) U (2 —a—2Q) T
(118)

The quantity eV%(9r) is the degeneracy of ground states at
fixed charge Q. In Fig. 2 we plot the entropy Sy(Qpf) for
various values of a and we observe that it is always
positive, with a maximum at Qp = 0. The entropy does
not vanish as O reaches the critical value /1 — a, and the
dashed line is the envelop of the entropy at those values as a
is varied.

0.2 0.4 0.6 0.8 1.0

FIG. 2. Plot of the entropy Sy(Qf) in the range 0 < Qp <

v 1 — a for different values of a, in the case p = 1, ¢ = 2. The
dashed line is the value of the entropy at the upper critical value of
Qr as a is varied.
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Solutions for p=q>1, a=1 and £ #0. Similarly,
plugging the explicit solution (51) for A,(€) into the
LW relation (112) we get

&= —ziarcsmh <\/'QF>

1 1

b= E o arcsin [\/_|CQF| sin (%)} ; (119)
where we defined the following functions of Q:
A = cos <27;> \/(p2 — 92)%cos? <27;> +4p* 0%,
B = \/(p2 — Q%)cos? <%> +A,
C = \/p2+ Q2 — (p? - Q%)sin2<2l> +A. (120)

4
2((1 = ) tan(3%

i\/l—aztan 75) = 4a)'7

Note that C?> — B?> = 2Q%.. Evaluating the entropy function
(116) on the solution we get

cos(£ )(pc+|QF|B)<C+sgn<QF) B)7

(121)

So=log

Figure 3 shows Sy(Qy) against Qy for various values of
p = g, and it is always positive.

Solutions for p = g > 1 and £ = 0. In this case, whenever
a < tan’ (l) there are two acceptable conformal solutions
(53) which coincide at a = tan*(% ). The only solution to

the LW relation (112) is Qp = 0. Evaluatmg (116) on (53)
and with Q = 0 gives

So = log[ 1
(1 —a)"cos*(3

The signs above are correlated with the sign in (53).
Figure 4 shows S, against o for p = 3, and it is always
positive. In addition, we see that the solution with the plus
sign always has a higher entropy and is expected to be the
dominant saddle at large N.

Solution at large p. One can check that the conformal
parameters given in (70) solve the Schwinger-Dyson
equation (41) up to O(p~?). Substituting the large p values
of A, and A into (116), using (93) and

-30 -20 ~10 [ 10 20 30

FIG. 3. Plot of Sy(Qy) against Q. for the solution in the cases
p=¢qg=3,57,9and £#0.

7)((1 + a) tan (35

. (122)
i\/(l—aztan (35) = 4a)3 ]

2 1
cosh(2z&,) +cos(2xA, ) =2cosh?(zg&) — Zﬂ—pz +0 (?) .

cosh(27€y) —cos(2xA 4) =2sinh?(zpE) + O <i4> , (123)
P

reproduces the expansion in (80). This is a consistency
check for the large p computation.

So
0.70F
0.65+
— + solution
0.60 - .
—— - solution
0.01 0.02 0.03 0.04 0.05 0.06 0.07 “

FIG.4. Plotof S, against a € (0, tan® =) for the solutions in the
case p =g =3, =0. The blue/black curves correspond to the
solutions with a plus/minus sign in (53).
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IV. NUMERICAL RESULTS

In this section we present some results we obtained by
numerically solving the Schwinger-Dyson equations. Our
first goal is to check that the analytic approximations we
carried out are sensible. Indeed we verify that the numerical
solutions exhibit the conformal behavior of Eq. (29) in the
appropriate parameter region and the nonconformal behav-
ior of (96) outside that region. Second, we extract addi-
tional information which is analytically unreachable: we
check that the zero-temperature limit of the entropy
matches the prediction from the supersymmetric index
and we estimate the Schwarzian coupling.

A. Summary of the numerical method
The Schwinger-Dyson equations can be solved numeri-
cally by adapting the method used in [5]. We discretize the
interval [0, ] into M points, with M a power of 2[53]. In
frequency space we pick the M fermionic and bosonic
Matsubara frequencies with lowest absolute value, namely,

271' M 1 271' M

where kK =0, ..., M — 1 and the discretization is manifest
because we take a finite number of frequencies [54]. We
transform between the two descriptions with fast Fourier
transforms. We update each iteration with a weighing factor
x, as in [5], for which we found x =2/3 to be a good
general choice. Schematically,

G(wy); = Z(ti); = Zgom([G(7i)i]
= G(wy)iy = (1 = x)G(oy);

+ xGpom[Z(=wy);].  (125)

We iterate until Y, |G(w;); — G(wy);,,|* is smaller than
some precision goal. To begin the iteration, we take the free
solution.

For small p, and finite J, the equation of motion for
G;,(@ =0) is highly sensitive to numerical errors in
Z;4(w = 0). One possible work around, proposed, for
example, in [55], is to change the equation of motion
for Gy, by replacing the parameter u; with p so that
Gyy(@ =0) = ap. We replace the integro-differential
equation for Gy, with

—ap
[—iwi + Ef;sqs(—w?),- - ZM(O)I'] -1
(126)

GyylZ(-})] = p

One can then use the original equation of motion at the end
to verify which value of y, is realized. In principle, one
could take u, :ZM(O)+ 1/p, however, it is best to

average the EOM in a window of frequency space. If
one desires a specific value of y,, this approach incurs a
high additional numerical cost, since the solver must itself
be iterated many times to carry out a bisection search or
equivalent technique. Nevertheless, we found this to be a
useful approach for those cases that are more numerically
unstable, such as (p, q) # (1,2).

B. Conformal behavior for (p,q)=(1,2)

In this section we focus on the case (p,q) = (1,2).
Numerically, this turns out to be the most accessible case. It
is also of particular theoretical interest, as it is the closest
choice to the quantum mechanical model in [28].

We first test that the conformal ansatz is realized at low
energies. We take a solution with large fJ and scan the
numerical solutions to (34) for the best quadratic fit. These
solutions are parametrized by &, &4, g,, and g;. In
principle, one could just fit Gy, and Gy, which can be
beneficial since the auxiliary fields tend to converge slower
to the conformal solution. However, we found that this
results in less precise and less accurate estimates of the £’s,
so we fit the four bilocal fields together. Clearly, we must
exclude from the fit the regions with z close to 0 and f,
where the approximation is invalid and singular. Typically
we exclude ;- | > 3/8.

We present two illustrative examples in Fig. 5. Clearly,
the conformal solution is realized and it matches our
proposed ansatz. For (p,g) = (1,2) and supersymmetric
chemical potentials, we verified numerically that, at suffi-
ciently large fJ, we have

27E, = —fu, = 2Py, (127)

27Ey = —Py.
which matches the expectation from the supersymmetric
index. This suggests that, even in the deep IR, supersym-
metry (SUSY) is at most lightly broken at small temper-
atures. For other choices of chemical potentials, we also
find a linear relation at low temperatures. The ansatz

2a

4a
271'5,7 >~ — <1 - ?>ﬁ,u,7 + ?ﬂ/llﬁ,

2a

1 2a

was numerically successful for large fJ and finite chemical
potentials well below the critical value, testing with differ-
ent values of a. We plot a supersymmetric and a non-
supersymmetric example in Fig. 6. This ansatz has the
curious property of being supersymmetric irrespectively of
the chemical potentials, suggesting an emergent IR super-
symmetry. When fitting the low energy behavior, A, and
Jpn also satisfy the respective supersymmetry constraints
within 1%-5% at 5J between 200 and 600. This ansatz was
further confirmed when comparing the numerical values of
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FIG.5. Two solutions for #J = 1000, a = 1/4, (p,q) = (1,2).
The colored full lines are the numerical solution of the
Schwinger-Dyson equations with M = 2'® points. The black
dashed lines are a conformal solution for which the parameters
&,y and g, , have been fitted numerically. (a): Supersymmetric
chemical potentials. (b): Nonsupersymmetric.

the charge and entropy to the Luttinger-Ward relation and
the zero-temperature entropy for nonsupersymmetric cases
in Sec. IV C. However, we note that one expects, for
physical fields at fixed Q, ,, to have

IuI(Qqa Q(ﬁ? T) = /’tO,I(Qna Q¢)

+22E1(Qy Q)T + .o (129)

see, for instance, [10,56,57]. Here the index I = 7, ¢ labels
the U(1) symmetries. Since we work at fixed y and the
function Q;(u) is a priori complicated, Eq. (128) might be
the linearized behavior of a more intricate func-

tion 4,1 (Qy (y: g )s Ly (b Hgp))-

C. Charge and entropy for (p,q)=(1,2)

An important check of the conformal ansatz is the
Luttinger-Ward relation between & and Q, which we
presented in Sec. IIG. As previously noted, the
Luttinger-Ward calculation determines Q(€) up to unde-
termined constants, which we fixed exploiting the index in
(115). Numerically, we verify these constants to be

: L]
0.3/ .
[ '—"‘—‘
02} LT
: A
[ a7
0.1F e-t"
. —“‘—’
::.- I I I I Lo
"'-0.2.‘_ 0.4 0.6 0.8 1.0
i TTTmeeal
-01[ ARt I
L “e-~__
S
L]

--°
.2--"
0.041 P
_-'.—_
0.02} e
—-".—-_
?'1‘— | . | . | | | H
~.e 02 0.4 0.6 0.8 1.0
-0.02f RREIY
.
-0.04F pETN
.
-0.06 Tl
N'-.~
-0.08} e
-0.10[ e

(b) (B, Brg) = (1, 21)

FIG. 6. Plotof &, (blue points) and & (red points) as a function
of u. The data was generated with 2%° points, fJ = 600 and
a = 1/5. The dashed lines in each plot correspond to (127)
(a: SUSY chemical potentials) and (128) (b: non-SUSY),
respectively.

Q) = a-(&, 8y) + (1= p)a.(Er. Ap)
a
- apq—(gu/’ Au/) + TP,
Qp = aq+(5¢’ Aqﬁ) +a(l- Q>q—(€w’ Av/)
aq

—q9. (& Af) + -

= (130)

where the function q is given in (92). This matches the
index prediction (115). We note that the charges do not
vanish when p, , — 0, which is supported by the numerics,
as can be seen in Fig. 7. The charges also converge very
quickly to their low-temperature limit, since they depend on
pJ through £. Thus we can take fJ to be large and
assume (127).

In the superconformal solution, as we take £ close to
E.(a) defined in (45), we approach the phase transition
discussed in Sec. IIID. In order to avoid working
with &, which is numerically more indirect, we label as
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FIG. 7. We plot Q, (blue points) and Q, (red points) as a
function of u. The data was generated with 2'8 points, fJ = 200
and (fu,.puy) = (=2u.u). The gray full line is the Luttinger-
Ward formula (130), assuming (127). The gray dashed lines are
the continuations in (131). The vertical dotted line is the value up
for which £, is reached.

Py = 2arccosh(a2) the critical chemical potential, which

follows from (127).

Recall that, as £ — &,, the conformal dimensions con-
verge to A, =1/2 and A, =0, see Fig. 8. This is a
solution—albeit a trivial one—to the consistency Eq. (35),
or equivalently (41), for any value of £. Focusing only on
the consistency equations, the absence of other nearby
solutions for the conformal dimensions when & > &,
suggests that the would-be conformal solution should have
these marginal values. While, technically, this fact renders
the conformal approximation no longer valid, since the
kinetic and interacting terms are of the same order in @, we
can conjecturally extend the Luttinger-Ward relation by
plugging in the fixed dimensions. We conjecture

Q”:%, Q,p—l—coth(ﬁﬂF)—f—gcoth(ﬂ'uTF). (131)

As we can see in the dashed line in Fig. 7, the numerical
results do not deviate significantly from such an analytic
continuation.

J— An
: : : =
1 2 : 3 4

FIG. 8 We plot A, and A, for a=1/4 and

(Buy, Puy) = (=24, pt), assuming (127). The data was generated
by solving (41) numerically. The vertical dotted line is the value
of u for which &, is reached.

We can further combine this result with (118) in order to
obtain a zero-temperature analytic prediction for the
entropy as a function of the flavor chemical potential,
within the conformal phase and, conjecturally, beyond. We
use (98) to calculate the entropy numerically at each finite
temperature, and then we take f#J — oo with pu fixed.

For the extrapolation to zero temperature, the precision
strongly depends on how close we are to the phase
transition. For values of the chemical potential sufficiently
below Sy, it suffices to probe values of 4/ between 50 and
500 and use a polynomial fit to extract the constant term, as
can been seen in Fig. 9(a). The error is estimated by
dropping points at both ends of the sample. The resulting
extrapolation of the zero-temperature entropy are the red
dots in Fig. 10. However, as we move closer to the critical
point, this extrapolation becomes harder. The main limiting
factor is that we cannot probe arbitrarily low temperatures
due to finite-size effects and numerical instabilities.
Furthermore, if we assume that the entropy behaves as

S(T) = So + gsen(BI) " + g,(B)) 7 + ..., (132)
then what we observe numerically (as well as in the
analysis of the spectrum in Sec. V) is that y becomes
close to 1. Thus, we generate points at integer values of J
between 100 and 400 and then take one or more Richardson
transforms, see [58,59]. After the rth Richardson transform,
we expect to converge to Sy as

[S(T)], ~ So + 9,.,(BI) 7 +g,(p1)~ "+ + ... (133)
Fitting the form (133) for all the constants is more reliable
at low temperature than (132) since the exponents are more
distinct, and we estimate the numerical error by varying the
points included in the fit and the order r of the Richardson
transform. We used this strategy for the light-blue points in
Fig. 10, with a step of 10 for those on the left and a step of 4
for those on the right (a smaller step increases the
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FIG. 9. We plot two examples of the extrapolation of the zero-
temperature entropy for (Bu,, fu,) = (=24, ). In plot (a): we
take a small value of y for which it suffices to fit with a line,
allowing us also to estimate the Schwarzian coupling. Mean-
while, in plot (b): we take a value of u close to the phase
transition. Instead of fitting the points directly, we fit the third
Richardson transform with the ansatz (133). Here M is the
number of points in the discretized Schwinger-Dyson equation.

convergence of the Richardson acceleration). Lastly, for
points very close to the critical point the convergence to S,
is particularly slow, so we considered only points with 5/
between 200 and 400 with a step of 2. These are the dark-
blue points in Fig. 10. The error is estimated by varying the
degree of the Richardson transform and by comparing with
the previous method, taking the largest estimate. An
example of such a fit is given in Fig. 9b. The exponent
y in (132) seems to be close to 1 at the transition point, but
unfortunately the precision attainable with our points is not
enough to extract meaningful estimates, including whether
it is smaller or larger than 1.

Unfortunately, #J ~ 500 is still slowly converging to the
low-temperature behavior and the above techniques have
limited success in isolating S. Furthermore, the results are
sensitive to small changes in the extrapolation method,
which we attempt to capture with the error estimates in
Fig. 10, but which are likely underestimated. With these

o.7§ \
067 \

05F \
04F

o.3§ T,

01f

0.0 0.5 1.0 15 2.0 2.5 30
FIG. 10. Plot of the zero-temperature entropy S, as a function
of the chemical potentials (fu,, fuy) = (=24, ) ata = 1/4. The
red dots were generated with 2?2 points, J spanning from 200 to
1000, and the entropy was obtained with simple linear extrapo-
lation. The light blue and dark blue dots were generated with 223
and 2%* points, respectively, with 4J spanning from 100 to 400,
and extrapolated using the Richardson-transform fit described in
Eq. (133). The black line is the prediction from combining the
index and the Luttinger-Ward formula (130), while the dashed
line uses the index and the continuation (131).

significant caveats, what we can at best observe is that, in
Fig. 10, the kink that follows from extrapolating Qp(u)
with (131) seems to be close to the numerical results. This
could suggest some form of second-order phase transition.
However, note that this would-be kink only appears when
working at fixed chemical potential, while at fixed charge
we can just apply (118) directly, which is smooth.

For chemical potentials sufficiently lower than the
transition point, we can also extract the coefficient of
the linear term in 7 from the entropy, which should be
proportional to the Schwarzian coupling. However, as we
move closer to the phase transition, the linear behavior is
less clear as it seems to require even lower temperatures.
We show some of the estimates of gg, for different values
of Q in Table I

As for the solutions themselves, at fu,, > ﬂ,u;) they seem
to interpolate between the conformal solution and the
exponential behavior of the nonconformal solution (94),
as we illustrate in Fig. 11. For 7 in the middle of the interval

TABLE 1II. Estimates of the Schwarzian coupling for
(/}/’lq’ ﬁﬂr/)) = (_2/4» /’t)
Pugy=1/8 Pugy =3/2

o Qr Gsch Qr Jsch
1/4 0.1087 1.09 +0.03 0.7920 1.09 +£0.01
1/5 0.1119 0.97 £0.03 0.8147 0.96 +0.01
1/6 0.1140 0.90 £+ 0.03 0.8298 0.90 +0.02
1/7 0.1155 0.87 £0.04 0.8405 0.86 +0.02
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FIG. 11. Solutions for fJ = 400, a = 1/4, (p,q) = (1,2), and
(Buy, Puy) = (=6,3). The colored full lines are the numerical
solution to the Schwinger-Dyson equations with 2?2 points. The
black dashed lines are the zero-temperature prediction (96). The
dotted lines are the prediction from the conformal ansatz with
A, = %, Ay =0,and &, ;4 as in (127) and g, , fitted numerically.
In the conformal solution G3; = Gy, = 0.

(the IR regime), we see that a conformal ansatz with A, =
1/2 and Ay = 0 is a good approximation of the physical
fields n, ¢ (for the auxiliary fields f, y, the ansatz gives 0),
while at 7 closer to 0 and f the nonconformal solution is a
better match. As we take fu; — oo, the solution seems to
converge to (94), which analytically corresponds to the case
p — oo and u finite. As shown in Fig. 12, we can match
Giy» G}_cf, and GM with their zero-temperature limit. G,
vanishes at zero temperature, so we observe that it is
dominated by the subleading contribution, which we did
not establish analytically.

1. Entropy for nonsupersymmetric solutions

One can also solve the Schwinger-Dyson equations for
nonsupersymmetric chemical potentials. Using a similar
extrapolation as before, one can then obtain the zero-
temperature entropy. Since we empirically found a super-
symmetric low-energy behavior in (128), we can conjec-
turally compare the nonsupersymmetric zero-temperature

— G,
Gl(J @)

— 6,

— 6,

. - 1B
0.4 0.6 0.8 1.0

FIG. 12. Solutions for fJ = 400, a = 1/4, (p,q) = (1,2), and
(Buy, Puy) = (=10,5). The colored full lines are the numerical

solution to the Schwinger-Dyson equations with 2!® points. The
black dashed lines are the zero-temperature prediction (96).

045+
L L L L Il L L L L Il L L L L Il L L L L Il IJ
0.0 0.5 1.0 15 2.0
FIG. 13. Plot of the zero-temperature entropy S, as a function

of the chemical potentials (fu,. fu,) = (u,2u) at a = 1/4. The
red dots were generated with 22° points, 4J spanning from 10 to
200, and linear extrapolation of the entropy. The black line is the
prediction obtained from the index, the Luttinger-Ward for-
mula (130), and the ansatz (128).

entropy with the entropy from Z-extremization using
the values of &£ in (128). In Fig. 13 we plot such an
example. The theoretical prediction seems compatible with
the numerical result within the extrapolation error for
smaller values of u, and u,. Unfortunately, the numerical
iteration is noticeably more unstable for nonsupersymmet-
ric potentials, and thus we could neither probe a wider
range of chemical potentials nor work with greater
precision.

Even within the small band of values of p probed
numerically, these results are surprising. They reinforce
the SUSY IR behavior found in (128). Unlike the check in
Fig. 6, this test does not rely on fitting £, at late 7, which
is a delicate task. So, this figure is independent evidence of
the emergent SUSY. Due to numerical limitations, however,
we cannot ascertain whether this behavior is valid only for
small values of y or whether the deviation from the line is
due to numerical errors.

D. Results for other values of (p,q)

Solving the Schwinger-Dyson equation for values of
(p, q) other than (1, 2) turns out to be numerically more
unstable. The standard prescription, when it stabilizes,
often lands on the exponential-like nonconformal solutions.
We can use the prescription (126) to find conformal-like
solutions, but this makes the study of supersymmetric
solutions much more costly since it requires iterating for
many values of p, since for each value of y, it is a priori
unknown which value of p corresponds to the supersym-
metric value of y,. In Fig. 14 we show some examples of
the conformal solution being realized for p = g = 3. In this
case we can even compare a conformal and nonconformal
solution for the same values of (fu,.Buy), obtained with
(125) instead.
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FIG. 14. Two solutions for fJ = 450, a = 1/4, (p, q) = (3,3),
and (Buy,. pu,) = (—=30,30). The colored full lines are the
numerical solution to the Schwinger-Dyson equations with 22
points, using (126) on top and the standard approach at the
bottom. (a): The black dashed lines are a fit of the conformal
ansatz. (b): The black dashed lines represent the zero-temperature
nonconformal solution (96).

V. SPECTRUM OF LOW-LYING OPERATORS

In order to understand the IR dynamics of the model, we
find the spectrum of physical excitations around conformal
solutions. For simplicity, we present the full derivation only
for superconformal solutions, while we describe the non-
supersymmetric case at the end. The goal in this section is
first to ensure that the Schwarzian action is present in the
spectrum of near-conformal corrections, and then to inves-
tigate when it is dominant at low energies, as expected in
gravitational models. Another feature that we expect and
verify in these models is the presence of “soft modes”
associated to the U(1) flavor and R symmetries. The flavor
current is part of the “\ = 2 current multiplet,” while the
R-symmetry is part of the Schwarzian multiplet. Although
the current modes are technically lower-energy than the
Schwarzian modes, they are compatible with a gravitational
interpretation.

A. Expanding the action

In order to derive the spectrum, we expand the fields
around solutions of the equations of motion, and then

diagonalize the quadratic fluctuations. In superspace, one
expands the bilocal fields around the superconformal
solutions as

Gy(T,T,) = G;,(T12) + N='25Gy(T,. T,),

Go(T1.T2) = G}, (T12) + N=125Go(T1,Ty),  (134)
Zy(T1.Ty) = %5 ,(T1a) + N7V285y(T. To),
2o(T1.T5) = 25, (T1y) + N7V2624(T. T,).  (135)

Here G* and X* indicate the superconformal solutions. Due
to supersymmetry, the bilocal superfields are determined by
their lowest components as in (37). When expanding the
action (19), the terms containing 6X’s at quadratic order are

1 _ i
2/d2T2d2T1 T ,d*T56%(T,, T,)"

< _G%WG;W 0
X

0 ig: G2

) (T4, T3,)0%(T3, T4)
)

1 i
+5 / dT,d*T, 6G(T,, T,)"6%(T,, T»)

1 _
+3 / &T,d*T, 6(T,, T»)"6G(T,, T>), (136)

where we defined 6X(7,,7,) = (gi)(Tl,Tg and
8G(T,, T,) = (ggg)(Tl,Tz)- In the matrix on the second

line, T4 and T3, are the arguments of the first and second
G*, respectively. Since we are interested in the action for 6G
to leading order in N, it is sufficient to integrate out 56X
classically. Combining the result with terms in the action
involving G only, we get the quadratic terms

1 _ _
—5/d2T2d2T1d2T4d2T36g(T17T2)Tf61

[V = KU(T, T2; T35, T4)8G(T5, Ty). (137)

The operator X, which we call the superspace kernel, is
given by

K(T,.T»:T5.T4)
Ky(T,,T5;T5,T4) Kyo(T{,Ty;T5,T.
E( (T, T2 T3,Ts) Kyo(T, T2 T3 4)) (138)

Koy(T1.T2:T3,Ts) Koo(T1,T2:T5,T4)

where
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Kyy(T1. Ty T3, Ty) = Gj-;”(T34)”‘2G;¢(T34)‘1G};,7(T14)G$,1(T32),

Kyo(Ty, Ty T3, Ty) = JG;, (T34)P~ IG* (T34)q_1G;m(T14)G;';r/(T32)’

(p—1)J
q

J —1 —1 *
Koy(T\,T2:T3.Ty) = —any,,,;(TaUq 'G;,(T34)? IG(;,/)(TM)G;,;(/,(T&),
(g—1)J

ap

Koo(T1.Ty;T5,Ty) = — G,%(T34)q_2G;m(T34)pG35¢(T14)G:§¢(T32)~ (139)

After plugging the supersymmetric conformal ansatz (28) in, we obtain

1 1
]ny = (p- p ) qJG (T14’A £, ) (T32,A & ) (T34;§ ;77 -2& )
. 1
Kye = 95“ G- (T1as Ay € )G (T%29An’5n)G+ <T34;§ Ay =By, =& = g¢> ’

1 1
IC(Dy:_agn 1 q+1JG+(T14, ¢,£¢)G+(T32, (/,,5{/,)G+<T34,2 A —A¢,—5n—g¢),

qg-—1
ICQ)(D — _< ap >g}[,;gg)JG+(T14, A¢,5¢)G+(T32, A¢,g¢) (T34,2 2A¢, 2g¢) (140)

We also defined the matrix F as

=Gy, Gy 0
Fo(T\, Ty T5,.Ty) = 0 162 Gt (T14.T3). (141)
i

From (137) we see that the spectrum is determined by the zeros of the kinetic operator 1 — X, which is determined by the
eigenvalue equation:

5g(T1, Tz) = / d2T3d2T4}C(T1 s T2, T3, T4)5Q(T3, T4) (142)

1. Deriving the spectral problem from the Schwinger-Dyson equations

A shortcut to obtain the same eigenvalue equation is to expand the Schwinger-Dyson equations around superconformal
solutions. The Egs. (20) and (21) can be recast as

gy(T14)gq>(T34>> _ ( q6*(T.T3) >
(T14)Gy(T34) —pad(T).T3) )’
(T32)G0(T3)\ [ 8 (T4.T))
(T32)gy(T34)> a <—PG5Z(T4,T2)). (143)

J/d2T4 Gy(T34)P 1 G (T34) 77! <g
27 -1 (9
J/d T3Gy(T34)" ' Gop(T34)1 <

The kinetic terms in (21) have been justifiably neglected in the IR. The upper component of the first equation in (143) can be
expanded to linear order in 6G as

J
E/JZTA(P - 1)G;n(T34)1"2G§”/)(T34)‘IG,’-;,7(T14)5gy(T3,T4)
+qGyy(T34)"7' G, (T34)7 Gy (T14)8G0 (T3, Ta) + Gy (T34)"7' G5, (T34)96Gy (T Ts)] = 0. (144)
Multiplying by G;, (Ts,), integrating over T3, and using the second equation in (143), we obtain the upper component of

(142). An analogous equation for G4 can be obtained from the bottom component of the first equation in (143), so
reproducing the full (142).
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2. 4-point functions in the large N limit

With the quadratic action (137) we can also derive 4-point functions to order O(1/N). After the disorder average, the 4-
point functions we can compute are those expressed in terms of bilocal fields, which we group into a matrix:

1 /YD) V,V,®,0 GyGy GyG
_2<%}y3—}byb 3_)3) —b b>(T1’T2;T3,T4):< vy Y ¢>(T1,T2;T37T4>
N (I)aq)aybyb (Da(baq)bq)b g(bgy g(l)gd:u
= (G;;”G:_;’7 i )(le T34)
G350 G340y

l < 0Gy6Gy  6G10Ge (145)

T,,7,;T3,Ty).
N\ 6G06Gy  6G00G0 >( Wit )
The notation here is that 7 is the coordinate of the first field from the left, 7, of the second one, and so on. In the last
equality we inserted the expansion (134). The 4-point functions of fundamental fields are therefore computed by the 2-point
functions of 6G to leading order in NV. By adding sources to (137), completing the square, and taking functional derivatives

with respect to the sources, one obtains

< 5Gy5Gy  8Gy8Ge
5G06Gy  5G56Ga

The product - includes both matrix multiplication as well as
integration over chiral and antichiral superspace coordi-
nates, like in (142).

B. Computing the spectrum

We search for eigenvectors of K with unit eigenvalue, as
in (142). We denote the components of 6G as 6G 55 where
A, B range over the fields #, f, ¢, and y. Equation (142)
separates into three independent equations: one for bosonic
fluctuations 6G®B, and two for fermionic fluctuations §GF
and 5G¥. These are defined as

8G® = (8Gyy, 6Gyp, 6Gjy, 6Gin,)'

8G" = (6Gy7,5G;,)T,  8GF = (6G3,.6Gyy).  (147)

The vectors G®(z,,1,), 6G¥(7,1,), and G (1}, 7,) sat-
isfy three equations as in (142), but in terms of
KP(71,10;73.74), K (71,725 73,74), and K'(zy, 75573, 74),
respectively. The bosonic and fermionic fluctuations do not
mix in these equations because the superconformal sol-
utions for fermionic 2-point functions are zero.

We follow the same steps as in [4,5,11,25] to diagonalize
the kernel operators KB, K¥, K, so we shall be brief. Due
to the conformal symmetry of the solutions G*, the kernels
commute with all conformal generators and with the
2-particle conformal Casimir with eigenvalue h(h —1).
Since Casimir and kernels can be simultaneously diagon-
alized, one can focus on a subspace of fixed h. For
each 0G4z, the corresponding space is spanned by two
eigenfunctions:

1
>(T1, T2§ T3, T4) = [1] — IC]_I . fo(T] y Tz; T3, T4) + O(N) . (146)
|
A Ag—h ® O(—
e S
12

Here G, is the 2-point function defined in (28). We
therefore expand each perturbation 6Gj5 as

6Gp(71.72)
Ay +Ag—h
= 918Gy <712;%70>5QAB$' (149)
s==%1

The factors g; (4, g) denote the coefficient g in the conformal
ansatz (28) for the lowest multiplet component between A
and B. For example, if A = nand B = f, then L(A, B) = 1.
One can think of these factors as rescalings of the
expansion coefficients §gzp.,. They are included so that
the matrix elements of the kernels only depend on the
combinations g/~ 949 and gy 9;15_]91,/ determined by the
equations of motion (34) (even in the nonsupersymmetric
case) and not on the individual coefficients. As expected,
the kernels act within the subspace of fixed %, and can be
represented by ordinary matrices acting on the coefficients
09ap.s- However, the size of each matrix is doubled since
each subspace is two-dimensional and spanned by (148),
thus KB is represented by a 8 x 8 matrix while K and KT
are represented by 4 x 4 matrices.

We are left with the ordinary problem of determining the
values of & such that KB, K¥ or KF have eigenvalue 1,
which can be solved numerically. For each eigenvalue, we
plot k(h) — 1 as a function of & and look for zeros, where
the graphs intersect the horizontal axis. The number of
coincident intersections tells us the number of modes at a
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given value of . Since £ is interpreted as the conformal
dimension of operators O, around the given conformal
solution [4,25], we are effectively finding the spectrum of
operator dimensions. The modes in K® correspond to
bosonic operators, while those in KF or K to fermionic
operators. In addition, it turns out that KT is identical to KT
as a matrix, so it is sufficient to consider K only, keeping
in mind that the fermionic spectrum is doubled. Since the
solution we expand around is supersymmetric, the spec-
trum is organized into multiplets, as we will verify. In the
following figures, the graphs of k(h)—1 for KB are
displayed in blue while those for K¥ in black. We now
present our results for a few representative cases.

1. Case p=q=3

For simplicity, we consider supersymmetric solutions
with a = 1, so that there is a unique solution given in (51).
We also fix &€= 1/3 for definiteness. We read off the
spectrum from Fig. 15. Naively one would infer the
presence of two AN =2 Schwarzian multiplets at
h=(1,2x %,2), however, one of the two multiplets is
spurious, due to an emergent IR reparametrization sym-
metry which is, however, incompatible with the UV
boundary conditions [11,25]. There appear also two N = 2
current multiplets at h = (2 x % 1), but one is again
spurious for the same reason. Lastly, we notice the presence
of a multiplet at 7 ~ (1.11,2 x 1.61,2.11). As pointed out
in [6] and shown in [60,61], the contribution of a bosonic
operator O, with 1 < h < % to the free energy is propor-
tional to #>~%", which dominates over the #~! contribution
from the Schwarzian at low temperatures. This implies that
the IR physics in this solution should be nonuniversal and
not described by the Schwarzian theory at leading order.
We shall refer to the range 1 < h <% as the “dangerous
region.” Fermionic operators are excluded from this

k(h)-1

10

e Fermions

h e Bosons

FIG. 15.

Case p =¢g =3, a=1, and £ = 1/3. Shifted eigen-
values k(h) —1 of KB (blue) and KF (black) as the operator
dimension A varies. There is an operator O, in the spectrum
whenever there is a horizontal intercept and k(h) = 1. The total
number of fermionic operators is doubled, due to the presence of
KF as well.

discussion since only bosonic operators can enter the
Lagrangian as deformations.

2. Casep=1, g=2

In the supersymmetric case the unique solution is given
in (45) and (46), which is valid for 0 < & < £,. For
concreteness, we fix a=2/3 so that &£, ~0.21, and
&€ =0.05. Looking at the top of Fig. 16, there appear
two N = 2 Schwarzian multiplets at 4 = (1,2 x %,2) and
two N = 2 current multiplets at & = (2 x 1, 1). Of these,
only one Schwarzian multiplet and one current multiplet
is physical while the other copy is spurious, as
explained above. In addition, we notice a multiplet with
h=~(0.84,2x 1.34,1.84). The presence of a bosonic
operator O, with 1 ~0.84 < 1 is not a cause for concern
because this is a relevant deformation that can be tuned to
zero by appropriately choosing the UV parameters.
Therefore, we expect the IR physics of this solution to
be dominated by the Schwarzian to leading order in 1/4,
and this is confirmed by the numerical results in Sec. IV C.
In the nonsupersymmetric case we take &, =0.1 and
& = 0.05 [they do not satisfy (39)] and the solution is
obtained by solving (34) numerically. Looking at the
bottom of Fig. 16, we do not find a multiplet structure
anymore. The presence of two Schwarzian modes (h = 2)
and four current modes (h = 1) is still required by the
symmetries of the theory—and half of these modes are

0.2

e Bosons

0.0 .
25 e Fermions

S

l‘ \ e Bosonic
0.0 -

L )
’ 0.5 15 0 2.5h e Fermions

_01 -

-02t

FIG. 16. Case p =1, ¢ = 2, and a = 2/3. Shifted eigenvalues
k(h) — 1 of KB (blue) and K (black). Top: supersymmetric case
with 5,1 =2€&, S,/, ==&, and £=0.05 <&, ~0.21. Bottom:

nonsupersymmetric case with £, = 0.10 and £, = 0.05.
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spurious. We also discern two bosonic modes with
h ~1.67, 2.20 outside the dangerous region. As expected,
the fermionic modes split and move away from i = %,%;
there are, in fact, modes with & ~0.35, 0.65, 1.28, 1.35,
1.65, all with multiplicity two.

Since the Schwarzian mode can be the dominant one in
the IR or not depending on the parameters p, ¢, a, £, we
study in which ranges the two behaviors take place. As we
will see, the spectrum is free of dangerous modes for p = 1
and 0.665 < a < 0.923, but not otherwise. It is reasonable
to expect a qualitative difference between the models with
p =1and p > 1, since the former have a scalar potential
while the latter always contain fermions in their interac-
tion terms.

In Fig. 17 we consider the case p = 1, ¢ = 2. We plot
the dimensions of the bosonic operators which lie closest to
the dangerous region 1 < h < % as a function of £. This is
repeated for various values of a. We observe that when the
abundance parameter « is bigger than a critical value
Omax = 0.923, dangerous modes appear at small values of
E. In this regime, we expect the IR physics not to be
captured by the Schwarzian action, although we have not
been able to observe this phenomenon numerically.
Similarly, when « is smaller than a critical value

Omin = 0.665, dangerous modes appear for large values
of £.

h
186 1 o @=0930
154 F a=0.925
e o a=0923
152 | v e’ .o
« @=0920
150 f—e—o—s—a—s o ° - ,
e a=0915
148F o o o o o o ° ° ® @=0910
0.0 0.2 0.4 0.6 O.I8 1.0 ele.
h
105 ¢ o @=0685
1.00 F —a—s a=0675
095 f HEE © a=0665
A o a=0655
090 f HE B
EEEREE a=0645
085F ¢ ¢ 8 % 2 g o "
c s a=0.635
0.80 L 4 . d ' €lE,
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 17. Case p =1, ¢ =2. Bosonic operator dimensions
closest to the dangerous region 1 < h < %, as a and & are varied.
Different values of a are color coded. For a in the range
0.665 < @ <£0.923, no dangerous modes are present in the
spectrum.

h
142 ¢
110
1.08 €=1.0
1.06 [ €=0.2
1.04 [

‘ e =01

1.02 M
1.00 .
0.98 : : : ' =

1 5 10 50 100 P=a
FIG. 18. Cases with p = ¢ > 1 and a = 1. Bosonic operator

dimensions in the dangerous region 1 < & < %as p = g are varied.
Differently colored points correspond to different values of €.

In Fig. 18 we study the bosonic operators close to the
dangerous region in the case p = g > 1 and witha = 1. As
p = q is increased, one observes that the operator dimen-
sions tend to 1 from above, but are always within the
dangerous region. This remains qualitatively unchanged for
various values of &, therefore, we expect the IR physics not
to be dominated by the Schwarzian mode for p > 1.

Since reality of the conformal Casimir 4(h — 1) does not
exclude complex values h = § + is with s €R, the reality
of the operator dimensions is a nontrivial consistency check
of the spectrum. In Fig. 19 we plot det(K® — 1) evaluated at
h :%—F is against s for p=1, ¢ =2, a= % and various
values of £. An operator with complex dimension can exist
only if det(K®B—1)=0. For £ <&, it is clear that
det(KB — 1) is strictly positive and there are no such
operators. As £ — &,, the graph gets increasingly flatter
and closer to the horizontal axis. This phenomenon was
also present at a phase transition of the N' = 2 model of
[11], as discussed in [25].

VI. CHAOS EXPONENTS

An interesting feature to study, both in quantum many-
body systems and in toy models of quantum gravity, is the
quantum chaotic behavior. From the gravity side, it has

Det [Kp(3+is)-1]
151

— €=02¢,
10F — €=04¢,
e=0.6¢€,
€=038¢,
05F e=e,

0.5 1.0 1.5 20 S

FIG. 19. Plot of det(K® — 1) evaluated at h =1 + is. We fix
p=1,g=2,a=2/3 and vary £ up to &,.
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long been expected that black holes are maximally chaotic,
see, e.g., [39,62-64], a feature that is captured by the
standard SYK model [5]. In this section we compute the
chaos exponents of various OTOCSs in our models, using
the retarded kernel approach of [12]. Working in compo-
nents, we first introduce the various component 4-point
functions and the integral equations that they satisty, which
follow from the superspace integral Eq. (146). We then
define the OTOCs as analytic continuations of the 4-point
functions and find the continued versions of the integral
equations. Finally, analyzing the equations at late times,
we determine the chaos exponents. It turns out that one of
these exponents saturates the maximal chaos bound 27/
of [39].

A. Integral equations for 4-point functions

In components, Eq. (146) decomposes into three
equalities: one for the 4 x 4 matrix of bosonic 4-point
functions:

FB(T1’72;73»T4) = 1\}220<5GAA5GBB>4><4(71’72;73’74)
(150)
with A,B€{n, f,¢,y} and computed from the 2-point

functions of bosonic bilocal fluctuations 6G;,, and two for
the 2 x 2 matrices of fermionic 4-point functions:

FF— lim < 0G;10Gy,  6Gy6Gy, >
N=w\ 8Gg,6Gy, 3Gy, 0Gyy [/
N2\ 0Gy0Gyr  0Gy¢0Gy,

computed from the 2-point functions of fermionic bilocal
fluctuations 6Gj5. As in the previous section, this decom-
position comes about because the kernel K does not mix
bosonic and fermionic components. Specifically, (146)
implies that FB, FF, FF satisfy the equations,

1 (o]

P = g R = Y (K .

P e = K

FF= o (FE)T = iou‘@)" (R (152)
where - indicates the convolution f - g(z),75;73.74) =

[ drsdrsf (71, 72;75.76)9(T5. T6: T3, 74) together with the
standard matrix product, while T denotes both a
matrix transpose and the swapping of arguments from
(1,725 73,74) 0 (73,74571,72). Lastly, F§ and F§ are the
diagonal matrices

F§ (71,725 73,74) = diag{—Gj-;n(r],14)G,fm(13,72), G}f(71,74)G;§f(T3’72)’

1 1
2 G (517G 7 21, = 3 Gy 51,500 Gi (2,72 .

Fi(e12273) = ding{ G (54 2)Gip (1. 74). =1 Gy 13,220y v 50
Equivalently, (152) can be written as the integral equations

F(ty,72;73,74) — /dTSdfﬁK(Tl’TZ;TSvT6)F<757T6;T3’T4) = Fo(71.72373,74),

(153)

(154)

written in terms of {F® KB FB}, {FF,K¥ F§} and {FY,KF, (Ff)}, respectively. Each component of these matrix
equations is represented by a Feynman diagram of the form in Fig. 20.

b}
w]l

b
]l

= Fy

FIG. 20. Feynman diagram representation of the integral equations (154).
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B. OTOCs and chaos exponents

The OTOCs we want to compute are double commutators such as

(e[ 0) () i 0.0

1 ~ _ -
= mggr(l;}r< <Ca <§ + €> - Ca (’g - €>)Bb (g + itz)Ab(itl)(Da(—€)
] "g—l-e, —e> —GABGCD<it1,§+it2;§+e,e>

. P B, . P
+GABGCD<U1’E+U2;§_€’€ _GABGCD ll‘l,§+lt2;5—€,—€ .

Here A is from the same multiplet as B, and C is from the
same multiplet as D, while the indices a, b are summed over.
If both A and D (or B and C) are fermionic, the bracket [, ]
between them should be understood as an anticommutator. In
the second line, the shifts of Euclidean time by £¢ implement
the operator ordering. We also defined the parity operator
&[A, B, C) = F[A|F[B] + F[C|F[AB], where F[] is the
fermion number of a field, set to O for bosons and 1 for
fermions. The OTOC is constructed so that it is computed by
expectation values of bilocal fields in the third and fourth
lines, which are the only accessible observables after the
disorder average. In addition, it is especially convenient to
consider double commutators rather than a more general
OTOC since we will see that the locations of operator
insertions in the contributing diagrams are heavily con-
strained [12]. As seen from (145), such 4-point functions are
computed at order O(1/N) by the expectation values
(6G 356G ¢p) of fluctuations around the conformal solutions,
which are grouped into the matrices F® and FF in (150) and
(151). The double commutators in (155) are therefore
computed at this order by the following analytic continua-
tions of F® or FF:

W(t, t,) = hm F(ztl, +1t2,§+€,—€>
tl,ﬂ+lt2,

(il )
(

+ F ltl,'g—l—ltz,g ,e)

- F(lt1,§+ ltz,g — €, —€>:| .

From here on, we will often omit the superscripts B and F,
since most of the steps are completely independent
from them. We shall also consider another inequivalent

double commutator where A and B are swapped with respect
to (155):

(156)

- Da<e>>>ﬁ

(155)

Sr{er[e Q) A )00

= (-1 52ABC111(§1+<GABGCD< +lt1,zt2,'§+€,—e>
_GABG(_:D é+itl,it2;é+€,€
2 2
+GABGCD<§+itlvit2;§_€s€>

- GigGep <§ + ity ilzZ'g— €, —€> >,

where we defined &,[A, B, C] = F|[C|F[AB]. Analogously, it
is computed at O(1/N) by different analytic continuations of

FB or FF:
|:F(§+ll‘1,llz, +e€, - )
(’g ltl,ll‘z, + €, e>
(g—i—ztl,ztz,g €, )
—F<2+lll,lt2,§ ,—e>].

According to one measure of quantum chaos, the order
O(1/N) contributions to the double commutators of a
chaotic theory at late times #; = ¢, = ¢ should behave as

(157)

tl’ t2 = 11[(1)'}r
€—

(158)

WBF(1,1) o exp[A;F1], (159)

where 0 < AB F< 2; are the so-called Lyapunov exponents

[12]. The goal in the following is to compute these
exponents using the retarded kernel approach.
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C. The retarded kernel

The strategy in the retarded-kernel approach is to use
analytically continued versions of (154) to constrain W and
w. Looking at the definitions (156) and (158), it is apparent
that one should sum four copies of (154) with 73 and 74
appropriately shifted by +e. We first consider 7; = if,

and 7, = g + it,, so that W is obtained from the first term
of (154):

W(Z], [2) — lim /dT3dT4K<it],§ + it2;13,74>
e—>0"

x | F 13,14;E+€,—€ - F 13,14;E+6,€
2 2
p p
+F<T3,T4;§—€,€ - F T3,T4;§—€,—€

= Wo(t1. 1), (160)
where W (1, 1,) is defined as in (156) but using F, in place
of F. We should determine the integration contour for 73, 74
in the second term of (154), and it is useful to note that 73,
74 are the locations of interaction vertices in the Feynman
diagrams drawn in Fig. 20. In the path integral, Feynman
vertices are derived from local interaction terms in the
action, which have the form [ dr O(r). Integrals over the
positions of the vertices come directly from the time
integral in the action, therefore specifying the complex
time contour that is used to compute the path integral also
specifies the contour for the vertex positions. Since we are
computing the double commutator (155), the contour must
pass through all operator insertions in the double commu-
tator. We shall choose the same contour as in [12], shown in
Fig. 21. The folds that pass through 7| and 7, are called the
left and right rails; each rail has a left and a right side. The
four terms contributing to (156) correspond to different
positions for the operator insertions at the bottom of
the rails.

A priori the interaction vertices at 73 and 74 could be
placed at any point on the contour in Fig. 21, and the
integrals should be performed over the whole contour.
However, it turns out that nonzero contributions to the
integrals only occur when there is one vertex on each rail.
This is because if the left rail is free of vertices, the 4-point

functions computed by F (13,T4;§+6, +e) are equal as

e—0"
54,55=

ity 5 ity ks
—c € gfe §+6

FIG. 21. Contour in the complex 7 plane used for the evaluation
of (154) and (155). The four terms in the double commutator
correspond to the choices of placing an operator at +e, and
another one at g +e.

€ — 0, since there is no difference in operator ordering.
Consequently, the four terms under the integral in (160)
cancel. Similarly, if the right rail is free of vertices, the
4-point functions computed by F(z3, T4;§ + ¢, €) are equal
and the same cancellation occurs. Moreover, 73 must be on
the right rail and z, on the left rail, but not the other way
around. To see this, we first note that the time dependence
in every component of the kernels KBF is given by a
product of three conformal 2-point functions:

KAB,CD(Tl , 12573, 74)

& Gh (1143 A1, 1) Gh, (1303 Dy, £5) Gl (7343 A3, £3). (161)

Suppose instead that 73 is on the left rail. Then 73 =
+¢&+ it; for some ¢ € (0,¢), where the plus/minus sign
corresponds to 73 being on the right/left side of the rail,
respectively.  Since sz (730; A0, &) = sz —/2—} +e+
it3; Ay, E>) has a smooth limit as € — 0, the integrand
in (160) is equal for the two sides of the rail. However, the
contour in Fig. 21 runs from left to right with increasing
Rer, and there is a relative sign in the integration measure
dry = *idt; between the sides of the rail. Hence the
contributions from the two sides cancel.

On the remaining contour where contributions are non-
Z€10, T3 = /—2} + 54€ + it3 and 7, = s5¢ + ity with €€ (0, €).
The signs s,5 = =1 parametrize whether 75, are on the
right or left side of the rails, and they should be summed
over. The contour orientation depends on which side we are
on, so dry4 = —isysdt; 4. Substituting this contour and
(161) into the integral (160), every component is a sum of
terms proportional to

. h2 h Y] o Br o~ | s(P .
hm (—S4S5) df3 d[4 Gl (—S5€ + lt14)G2(S4€ + ll32)G3 5 + lt34
+1 0 0

X |:FCD (§+ 545 + it3, SSE + lt4,§+ €, —€) — FCD <é+ S4€‘ + it3,S5é + lt4,§+ €, €>

+ Fep <§+ $4€ + it3, 55€ + it4;§— €, €> —Fep <§ + 54€ + it3, 55€ + it4;§— €, —€>],

2

(162)
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where Fzp is a component of F, and appropriate depend-
encies on the conformal ansatz parameters are implied for
G”. Since €€ (0,¢), then sign(+e — 545¢) = £1 and the
operator ordering in the four F¢p is unaffected if we send
€ — 0 at fixed e. This simplifies (162) to

5] 1 e —
Ad%[) dty GY (143 81, €1)GY (13389, &)

X G¥ (1345 83, E3) Wep (3. 1), (163)
where we defined
GR(t;A8) = lim+ Z s’G/s}(s'e—ﬁ— it; A, )
e—0 S—t1
2728, —mﬂ—z’/‘lt < < 1—s >>
—Sln | A4+ ——+ i€
Lﬁsmh(%)] 24 4
(164)
and
24 ,~ 254
a6 =6 (Pyinae)=—""___ (6s)
2 {ﬂ cosh(%’)} -

Note that GR(—t; A, £) = GR(t; A, €). In the literature, GR
is sometimes called the retarded propagator while G is
called the ladder-rung propagator, due to how they arise
from propagators connecting the interaction vertices, which
run horizontally between the vertical rails in Fig. 21.
Therefore, we have shown that (160) can be written as

I f -
W(tl,fz)—A df3A dl4Kﬁ(11,f2;l3,f4)W(t3,f4)

= Wy(t1, 1), (166)
where the components of K are obtained from those
of K through the replacements G” (7,4)G)(13,)GA (v34) —
GR(114)GR(1,3)GY(134). On the other hand, one could
choose 7, = g + it;, 7, = it, and sum over four copies
of (154) to construct an analog of (160) in which the first
term is W(¢,,1,). Following the same steps as the above,
one obtains an equation as (166) but in which W < W,
Ky — Kz and Wy — W, where W, is defined as in (158)
but with F replaced by F, while the components
of Ky are obtained from those of K via the replacement
Gl (114)Gh (32) G (734) = 3G (114)GR (123) G (134). Note
that the only difference between the replacements to use in
KR and K3, is the sign s3. Due to the mixing between W and
W, it is convenient to group (166) and its analog for W into
a single equation, in which W is substituted by a vector (}})
and similarly for W, while K} is substituted by the matrix

Kr = ( I?E KOE). Assuming that W and W are exponentially
increasing at late times, the right-hand side of such an
equation is in comparison exponentially suppressed and
can be neglected. Furthermore, the lower limits of inte-
gration can be modified to —oo at this order of approxi-
mation, since the dominant contribution to the integral
comes from 13 4 close to #; , [12]. The equation we are left
with shows that if W and W are chaotic, then their columns
are eigenvectors of the retarded kernel Ky with eigen-
value 1. We find it convenient to change variables to

2z 2z
Z1’4:CXP<—?Z‘1’4>, Z273:—6Xp<—?lzﬁ3>, (167)

so that [2 dr [f diy = [ dz; [2dzy (p/27)*

|z3llz4]
which the eigenvalue equation for (W, W)(z,, z,) becomes

(5) foto [t
W = . 23 . T4 KR(Z1,22533,34 W 23,34)-

(168)

after

Notice that, with some abuse of notation, here we defined

Kr(z1. 22320, 24) = gty K (1(21). 122):1(23). ().

D. Exponents from the fermionic
and bosonic retarded kernels

We obtained the retarded kernel Ky in the ¢ coordinates.
After the adequate change of variables, the components of
Ky in the z coordinates are retrievable. The goal is now to
find eigenvectors of K& and K& with eigenvalue 1, which
form the columns of (WB, WB)T and (WF, WF)T, and
extract their exponents at late times. Each component

R .
KAB CD(ZI’ 22523, Z4) has the form

e () | gy i
AB.CD Lo (%)ACJrAD 123 |Ac+i£C Iz, |AD—iSD

K
x Anlo 2Ap 1o P=Bi—A,—A.—A,°
|Zl4\ |Zz3| |Z34|

(169)

where K is some z-independent proportionality constant
that does not depend on the coefficients g, ,. Note that the

components K& are labeled such that AB is a row index

AB.CD
and CD is a column index in the matrices Ki*, Ky *. In a
column of (W8, WB)T or (WF, WF)T on which K3~ and
KFi act, respectively, we naturally label the component

that is being contracted with K A pep 8 Wep or Wep. It is

then straightforward to check that the eigenfunctions of

R .
K= AB.CD under convolution are
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FIG.22. Plots of det(K% — 14,4) in black (left) and det(KE — 1g,4) in blue (right) against &, for the solution (45) at & = % and various
values of & as a fraction of the critical value &£, = Larctanh(1/ V2).

27\ ActAp |7 Acﬂ'gcz Ap—i&p
= g0 (_) |3 |24 (170)

Wep = I 234 Ac+Ap—h

where 7 is a free parameter that will be determined below
by requiring that (168) be satisfied. Indeed we have

22 [e)
/ dz3/ dz, K%B.CD(ZpZ2§Z3,Z4)WCD(Z3, 24)
oo .

T'(1=2A,)T(1 =2A,)(Ay + Ap — 1)

N Ir2-—Ay—Ag—h) wap(21.22)-

(171)

We therefore take W35(z1, 22) to be proportional to wj 5. At
t; = t, = t, the time dependence in wjp is

718 Lt 2 t
Wig (eJ/_f, —e_z/_f> x exp [7” (=h+ i€z —i&y)|. (172)

The Lyapunov exponent is thus given by 4 = — 2’7” Reh for
values of & such that Ky has eigenvalue 1. In particular, we
must have —1 <Reh <0 for consistency with the
assumption of exponential growth that was used to simplify
the computation previously, and with the maximal chaos
bound 1 < 7.

When acting on (171), Ky is represented by an ordinary
matrix. We compute the chaos exponents by finding the
values of A at which det(Kp" —1) = 0. Remarkably,
det[KR (h = —1/2) = T4sa] = det[KR(h = —1) — Tg,5] =0
holds regardless of the dimensions A, 4, as long as they satisfy
the supersymmetry constraint pA, + Ay = % This shows
that all superconformal solutions exhibit the maximal chaos
exponent and half of it in the double commutators computed
by (WB, WB) and by (WF, WF), respectively.

In addition, for the analytic superconformal solutions
found in Sec. III D there are no other values of h € [—1,0)
at which det(Kg" — 1) = 0. For example, in Fig. 22 we

plot det(K% — T4.4) in black on the left and det(KE — Tg,5)
in blue on the right against A, for the solution (45) and
various values of £. It is clear that there are no other zeros
except at h = —%,—1. The same qualitative behavior is
found for other superconformal solutions. This suggests
that for superconformal solutions there are no other chaos
exponents except the maximal one and half of it.

VII. DISCUSSION

For p = 1, our model bears many similarities with that of
[27], although the abundance parameter and the coupling of
the fermions make it irredeemably distinct. In the con-
formal phase of our model, the low-energy behavior is
closer to the standard SYK and thus completely avoids the
“curious” behavior of the model in [27]. Naively, even
outside of the conformal phase, the models behave differ-
ently, with the dynamical bosonic correlator taking an
exponential-like profile instead of a constant. However, it is
possible that it realizes a charged version of the phase
identified in [27]. This is consistent with Ay — 0 at the
transition point, and numerically we do not rule out a sub-
Schwarzian mode which scales with 77 for noninteger y.
However, further studies would be required to check
whether there is a meaningful connection.

Another interesting aspect of this model that could
benefit from analytical understanding is the “emergent”
supersymmetric behavior discussed in Sec. I'V. It would be
interesting, for example, to derive the relation (128)
analytically. A perhaps more crucial question is to ascertain
whether this is a physical phenomenon or simply an artifact
of the Schwinger-Dyson equations. It is not clear, for
example, if one can reconcile such an IR behavior and the
arguments in Appendix C2 which set 2z& = —fu by
combining Ward identities and (anti-)periodicity. Could
the chemical potentials be “renormalized” in the IR? Or
should one consider these solutions to be simply outside of
the physical Hilbert space? An actual implementation of the
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model could clear this up, as could some holographic
argument.

The dependency of the Schwarzian coupling on the
charge Q is another point for which we found numerical
results but with insufficient precision to be conclusive. Far
from the critical value of yu, the variation of the coupling
with the charge seems to be very flat but probably not
constant. This contrasts with some known black hole setups
such as [65] where the coupling varies with a rational
power of the charge. Perhaps a specific gravitational dual to
this model could enlighten this aspect, since in SYK-like
models the Schwarzian coupling is notoriously difficult to
fix from the quantum mechanical side alone.

Another aspect about which the numerical analysis is not
conclusive and would benefit from analytic control is
whether a phase transition truly happens at the critical
chemical potential. A possible alternative scenario would
be a smooth behavior across the critical chemical potential,
since at the level of solutions there is no obvious dis-
continuity. However, the fact that the solutions for large
chemical potential approximate the exponentially-damped
nonconformal ones suggests that, should there be a phase
transition, it could correspond to the fields acquiring a
mass. It would also be interesting to investigate whether
this transition is related to replica-symmetry breaking: a
breakdown of the conformal ansatz could instead signal a
spin-glass phase which is not captured by our analysis.

Another property of this model that matches gravitational
physics is maximal chaos. We find that with four identical
operators, importantly the physical bosons and fermions, the
OTOCs exhibit chaotic behavior with maximal Lyapunov
exponent. Curiously, for some OTOCs constructed with a
mix of bosonic and fermionic fields, we find instead an
exponent equal to half of the chaos bound. We suspect that
this is a consequence of supersymmetry and it would be
interesting to derive it from the super-Schwarzian theory.

This leads to a final interesting challenge, which is
whether there is a concrete and specific gravity dual to this
model. In particular, both the inspiration from the quantum
mechanical model of [28] and the phases of solutions
described in Sec. III D suggest that the case p = 1, ¢ = 2is
the most “black-hole like,” which is also the case in which
we found most of the interesting numerical results.

Finally, it would be interesting to study the finite N
model numerically, before taking the approximation of the
Schwinger-Dyson equation. This would require to truncate
the bosonic Hamiltonian, or to consider a version with spin
or hard bosons. This could confirm the absence of a spin-
glass phase.

Some of the numerical calculations were carried out with
the Ulysses HPC cluster at SISSA.
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APPENDIX A: SUPERSPACE CONVENTIONS

In this appendix we collect our conventions about
superspace and super-reparametrizations. In terms of super-
space coordinates, the supercharges are

- 0
Q = —();) +_ar!

S0 (A

with 0> =0?>=0 and {Q,Q} =0,. The chiral and
antichiral superspace derivatives are

0 _ 0
D:69+—0T, D:—aé—i

9., {D.D}=-0,.
3 .. {D.D}

(A2)

Chiral superfields @ and Fermi superfields ) (and the
antichiral counterparts) have expansions

1 N D
¢:¢+€w+§9901¢, d>:¢—9q7—5990,¢,

1 - -1
yzn—9f+§990m, yzﬁ—Hf—§990Tﬁ- (A3)

They satisfy D® = D® = DY = DY = 0. In our conven-
tions, conjugation reverses the order of fermions. The
integration measure over full superspace is written as
T = drdOd0O, while the measures over chiral and anti-
chiral superspaces are d°T =dtdf and d*T = drdb,
respectively. The measures over half superspace are fer-
mionic: they anticommute among themselves and with
other fermionic operators like D, D. The superspace delta
functions,

065010-35



BENINI, REIS, SOLTANI, and ZHANG

PHYS. REV. D 112, 065010 (2025)

8 (T —T,)=(6,-06,)(0,—0,)5(z; — ),
8*(T1.T,) =D, (T, —T5)

1 - 1 -
=(0, —92)5<T1 ) +§9191 —2‘9292> ,

8 (Ty,T,)=D,8 (T, = T»)

_ 1 - 1 -
:(91—92)5<71—72—59191+§9292>, (A4)

are defined to satisfy

/d3T1 & (T,=T,)X(T,)=X(T,), for X generic,
/dZTl ST, = T))®(T,) = B(T,), for Db =0,

/ BT, 5T, ~T)®(T,) = B(T,), for DB=0. (AS)

Note that 8 is chiral in both arguments, and &7 is antichiral
in both arguments. Besides, 5% is bosonic and even in the
two arguments, whilst 6> and &° are fermionic and anti-
symmetric when swapping the two arguments. For bilocal
fields A, B(T,T,), which are antichiral in the first argu-
ment and chiral in the second argument, we define the
convolutions

(A*B)(Tl’Tz)E/d2T3A(T2,T3)B(T17T3)7

(AXxB)(T,,T>) E/d2T3A(T3,T1)B(T37T2)- (A6)

Here AxB is antichiral in both arguments, whilst AxB is
chiral in both arguments. Inverse operators under convo-
lution shall be defined such that

A7TxA = &, A7%A = &% (A7)
Notice that one could have alternatively defined the
convolutions in (A6) with a swap of 7| and T, on the
right-hand side, which would have led to an opposite sign
in the definition of the inverses (because &° and &% are
antisymmetric). The convention we chose was dictated by
comparing the equations of motion in (21) with their
superspace derivation in (23). With this definition of
A~', one can derive

5A—1 (T19 T2)

=AU T, T,) A (T5,T>).

(A8)

By starting with a general ansatz and imposing invari-
ance under the supersymmetry transformation & =
70 — 70, one can show that the most general super-
symmetric completion of the translationally invariant

quantity 7, —7, is 7, — 1 —I—%éﬁl +%9291 + a0, -
0,)(0, — 6,) with a constant a. Imposing that the combi-
nation is antichiral in 7; and chiral in 7, further fixes
a= —%. Therefore, a bilocal superfield G(T,T,) that is
antichiral in 7', chiral in T, translationally invariant, and
supersymmetric, can only be a function of

1 _ _
Th=1—17— 3 (0,0, + 0,0, —20,0,). (A9)

1. Super-reparametrizations

The N = 2 super-reparametrizations, denoted here as
Diff*(S'?), are general coordinate transformations
(7,0,0) - (7/,0',0) under which (anti-)chiral superfields
remains (anti-)chiral in the new coordinates. This implies
the conditions
Y24 i N/ 1 ' A / 1_/ /
DO =DO0'=0, Dz :59D9, Dt :§9D9. (A10)
They have general solutions parametrized by a real bosonic
function f (), a complex fermionic function y(7), and a real

bosonic phase o(r) which implements U(1), rotations
on 0:

1 1. 1 )

@ =[50 % + 5011 x + ;000 (1012,
1 .

0'=py+0p+5000.(px). p=lple™,

_ -1 o

0'=py+6p—>060.(p%).

1 ) o1 . _
|p|2:aff(1—5x<af+la,a)x—5 (0 —io.o)y)~". (ALl)

The chiral measure transforms as
1 -
dvdo =d| 7 —|—§¢9’9’ dae’

0.(¢ +100) 0.6

= Ber< L ) dr df
09(1' + 59/9/) 099/

= —D@ drdf (A12)

where we defined the Berezinian as

Ber(A B > =det(A — BD7'C)det(D)™'.  (A13)

C D

Here A and D are bosonic operators, while B and C are
fermionic. In the last equality we used the identity
Ber(2 ) = Ber((. ), p1,p) for any fermionic matrix 7,
the constraint (A10), and then in the derivation we took

superspace derivatives of the constraints that imply
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0,7 =3(0,00' +0,600) —DO'DE'. By analogous steps,
one derives that the antichiral measure transforms as

dr'dd = DO dzdo. (A14)

Consequently, the chiral and antichiral delta functions
transform as
8X(T,Ty) = —D10,6* (T}, Ty) = —D,0,6* (T}, T),

B(T1.T2) = D05 (T).T)) = Dgy3¥(T1.Th).  (ALS)

Chiral or antichiral primary operators of scaling dimension
A transform as

S

(T) = (=D 0")*2(T")
&(T) > (DO)2D(T)

if D® =0,

if D® = 0. (A16)

2. Superconformal algebra

The N = 2 superconformal group SU(1,1|1) is a sub-
group of the super-reparametrizations introduced above. Its
bosonic subgroup is SL(2,R) x U(1); and there are
4 fermionic generators. First, we want to derive generators
of the algebra 3u(1,1|1) as differential operators on
superspace in our conventions. This can be done by
equating

(-D0")2D(T') = (1+eQ+ O(2)D(T)  (Al7)
with D® = 0 for various infinitesimal transformations,
which allows us to identify the generators Q.

Firstly, supertranslations, U(1), rotations, and dilations
with 7 ="'z, @ = 1720 directly satisfy (A10). From
(A17) one obtains

0. 0
LOZ—TaT—Eag—Ea@—A, L1 :6,,
Rsc:‘éaf)_eaé"i'QR’
0

=0 =0dy—=~0,,

g§ Q 0 2 T

- ~ 0

Gy =0 =0+ 0. (A18)

To be precise, by the above procedure in R, we obtain
Or = 2A due to the fact that @ is chiral, but we wrote a
generic Qp in order to represent the action on a generic
superconformal primary. We denoted bosonic and fer-
mionic generators by L and G, respectively; their subscripts
indicate their scaling dimension.

To get the bosonic generator of special conformal
transformations, we consider the inversion 7/ = —%. In
order to satisfy (A10) and be an element of Diff*(S'/?),
we also need @ = 6/|z|. The Jacobian of the inversion is

-DO =102 r composing an inversion, a trans-
G

lation by € and another inversion, the result is

1 n 06 06 24
l—er 27(1—er)? 2¢(1 —er)

@ T ’ 0 ’ 0
l—er 1—er 1—er

for infinitesimal €. Expanding to linear order in e, we
identify the generator of special conformal transformations:

(7,0, 9) — (

(A19)

_ 1 _
L_, = 720, + 100, + 1005 + 2A7 + 3 0r06. (A20)

Finally, the two remaining fermionic generators are
obtained from the closure of the algebra:

—% = [L—l ’ g%}

70 1 - 1 _
:701— <T+§90>ag+ <A—§QR>9,

We write the generators as L,_ 1, g,:i%, and g,:i%.

Their commutation relations are

[Lm’ Ln} = (I’l - m)LmHu {Rsc’ gr] = gn
_ 2r—m -
[Lm’ gr} = r2 mngrr’ [stLm] = 07
2r — _ _
[Lm’ gr} = %ngrr’ [Rsu gr] = _gr’
{gr’ gy} =0, {Gr! Qs} =0,
{gr’ GS} = Lr+s - uRsc' (A22)

2

In the presence of multiple coordinates, the generators

acting on a particular coordinate 7'; will be denoted by Lﬁ,’;)

and gﬁ"). We will also write L%)(A, Qr) when necessary.
The “single-particle” quadratic Casimir, which commutes
with all the generators, is

1 1 17 1 .
Ip — 72 __ —_R2 L —
CP =L —{Lop Lo} = ;R 2[Q_%,Q%}+2[Q_%, ]

1
=A?- I Q2. (A23)
On the right-hand side we wrote the value of the Casimir for
highest-weight representations, in terms of the dimension A
and R-charge Qp of the superconformal primary, annihi-
lated by L_;, G_1, and Q_%. We also define “two-particle”

superconformal generators,
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2p.A
me g(Th TZ)

=[LY(A, —2A) + L (A, 20))9(T,. T,).  (A24)

and similarly for Ry, G,, and G,. They act on fields which
are antichiral in 7| and chiral in 7,. Analogously, the two-
particle quadratic Casimir is defined as

1 1 2
ch = (L(z)p’A)z ) {LEpfA, L%p’A} ~1 (Rgg’A)
41 [Gﬁ‘?ﬁ f"'A] 41 {Qﬁ‘ﬁ, 'fp‘ﬂ
2 2 2 2 2 2
—[T%, + T12(95,T12)(96,T12)]0;, 0,
—T15(0p,T12)0:,09, — T12(99,T12)9,0,

+ T'1205,0p, + 2AT (0, = 0,,) + 4A2. (A25)

a. Superconformal solutions in superspace

The Egs. (41) and (42) determining the superconformal
solutions can be derived rather quickly in superspace.
Writing the Fourier transforms of the 2-point functions
as Gy o(®,0,,60,) and Xy ¢ (w, 0;,0,), the expression for
T, in (A9) implies

1 - %0)(61@1 + 9292 + 29162)

1 _ _
- szelelezez] Gim.(?)qﬁ(w)?

Gyo(@,0,,6,) =

Zyo(w, 6,,0,) =

1 - %0)(61@1 + 9292 + 2@162)

1 _ _
— Za)291919292] Z}fy—/w(w> (A26)

Similarly, since the antichiral delta function can be
written as

(0z, + p,)0(71 — 72) — Zyy (71, 72)
_Zﬁf(fhfz)

(0r, + 1y)0(z1 — 72) — Zgy(21. 72)
Z&sy/(ﬁ,fz)

1
—S|G, 2] = —-1ogB
N [ ] og er(

+ alog Ber<

—8(7) — 1)

- _ _ 1 - - 1- _
8 (T,.T,) = (91 -0, +§9191925ﬁ +§‘9192920ﬁ>

x 8(t) — 12), (A27)
its momentum-space expression is
_ _ _ i . _ _
52(60) = 91 - 92 + 50)(919192 + 919292). (A28)

Plugging (A26) into (21) (dropping the first term on the
lhs), we get the equations

i0Z7 ()G, (0) =—iwa™ 'L 0)Gg,(0)=1.
With the ansatz (31) for Gy, and Gyp the algebraic
equations determine X7, and X, Comparing with their
general expression in (32) implies the relations (39) among
dimensions and spectral asymmetries, as well as the

Egs. (41) and (42).

fm( wy (_ (A29)

APPENDIX B: LARGE N ACTION AND EOMs
IN COMPONENTS

We collect here actions and equations of motion in
components, whose superspace expressions are presented
in the main text. The definitions of the bilocal fields G, X,
Go, and Xg are

Gy(T,T,) = [G + 0,Gyr — 0, Gy, + 0 (92fo]

Ey(Tl, T,) = [fo 6,% af = 0 Zf” +0 922 ]
Go(T1.T2) =[Gy + 6,Gy, — 01Gyy + 0,6,Gy, ]
So(T1.Ts) = [y — 55, — 0125y + 0:6,55,].  (BI)

where on the right-hand side all functions are evaluated at
(1) —16,0,.7, + 10,0,). Here the fields G are the 2-point
functions

A E)B(®).

where A and B stand for the species 7, f, and ¢, or y, and a
sum over repeated indices a is implied. The action for these
bilocal fields is

GAB (Tl ’ 1'2) = (B2)

g, (11,72) )
- fo(fl . 72)
_zl/_/(/)(Tl’TZ) )

—5(71 - 72) - Zw(ﬁ,fz)

+ / dr 1d72{2ﬁnGrm + 27, Gip + Zap Gy + 231G + X5y Gop + Zgp Gy + Xy Gip + Ly Gy

- )Gy, G| G176, -

J
- (GG + (p .

—1 g1
- J[anGéﬁw - GﬁfGl/‘/rﬁ} ng Gf§>¢ }’

J 2
[GWGM +(q- I)GWGJ)W} GGy

"=

(B3)
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where in the last integral all functions have arguments (z;, 7, ). In the low-energy limit, dropping the kinetic terms, the action
reduces to

S|G, T —>- (7,7 Xz (11,7 27,7 =471, T
—IR[ ]_—logBer( (T 72) f”( 172) >+alog Ber< [M( 172) 7071 2)> —I—/..., (B4)
N _Zi_]f(rl ’ 72) _Z]_‘f(rl ’ TZ) Zq_ﬁy/(rl ’ TZ) 2“1//1// (Tl ’ 72)

where the integral part is the same as in (B3). Varying the action (B3) one obtains two sets of equations. Varying with
respect to the X fields leads to a first set of integro-differential equations of motion:

—(0z, + uy)Gyy(71,72) + / dr3(Zy, (12, 73) Gy (71, 73) + 27, (72, 73) Gyp (71, 73)) = (71 — 1),
Gyr(71.12) + / dt3(X5/(12, 73) Gyp (71, 73) = Zgp(72, 73) Gy (71, 73)) = O,
=Gy e1e52) = [ (g e2073)Gp (11, 75) + By (020 5)Giy (1. 29) = b1 = ),
(0, + uy)Gy,(71,72) + / dr3(X7,(72,73)Gyp(71, 73) — Ly (72, 73) Gy, (71,73)) = 0
(572 +M¢>G(z¢(71,72) - /d73(2¢¢(72773>6¢¢(71,73) + Zw¢<72773)G&W(71’73)) = ad(1; — 1),
Gy (11,72) + / dr3(Zyy, (72, 73) Gy, (71, 73) — 2, (72, 73) Gy (71, 73)) = O,
(1.7 + [ s (B (52, 75) Gy (51 53) + gy (72 75) G (r1.73)) = bl =),
(0, + Hy)Gyy(z1,72) + / dr3(Zyy(72,73) Gy (71, 73) — L (12, 73) Gy (71, 73)) = 0. (BS)

Varying the action with respect to the G fields, instead, we obtain a second set of algebraic equations of motion. All fields
appearing below have argument (7, 7,):

m=J [ p (foGnn +(p- Z)anan) G, + (GWGM +(a- UGWGW) Gy,
+(p-1) (anGf;sw - Gﬁva7¢> GrmG(i:f/)} G, Gy,
gy =J [(foGfm +(p 1>anGﬁf) G¢¢, + (GU/WG¢¢ +(q- 2)GV7¢G&5W) G%n

2 3
+(g-1) (G}HGJH,, - Gf/f'Gv7¢) Gy G(p(/)] Gin Gy

) p—1 -2 ~q-1 o 1 ~q
X5, = J( p Gy, Gy + Gw¢Gnn> G” G¢¢ , Zsp —G,’;W G¢¢,
Xir=—J L lG G, G;,G Gp 2Gat, P JGp G,

nf q i Gap T G5y O op wy m- g

qg-1 1 ~q=2
Ly = ( » GG + G]‘nGM) Gy qus ’
—1 ~g-2
Ty = J( » Gy Gy + anG¢¢> Gy G;qus : (B6)

We are often interested in consistent truncations where the fermionic components are set to zero. In those cases, the action
for the bilocal field components takes the simple form
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1

~516.%) = ~log det[(a,] + ,)8(t) = 73) = Sy (21, 12)} +log det [—5(71 — ) = Zp(a, 72)}

+ alog det[(@,] +up)d(7) — 1) — Zg, (71, rz)} —alog det [—5(71 —-7)) — Zl,—,l,,(rl,rz)}

J _
- / dr,dr, (%Gw + 275G 4 Z5pGjgp + Ty Gy — ngngn ‘G

and the corresponding equations of motion are

m o g

J _
</)</»_;Gg Gy Gy, l>, (B7)

—(0:, + 1) Gy (71, 72) + /dT3 25 (12, 73) Gy (71, 73) = 8(7) — 72)

Gif(r1.52) + / dts i (13, 73) Gy (71, 73) = —8(11 — 1)

—(0s, + 1y)Gyy(z1,72) + / dr3%5,(72,73)Ggy (11, 73) = —ad(7) — 1)

Gy (71,72) + / dr3 X5, (12, 73) Gy, (71, 73) = ad(7) — 12)

p—1
J [T GrrGgp + Gy G

vy

- - q_l -1 ~q-2 _ §_ g-1 _

APPENDIX C: IR CONFORMAL ANSATZ
AND UV LIMIT

In this appendix we gather some properties of the
conformal ansatz used in the IR limit, and the behavior
of the model in the UV limit.

1. Reality of Euclidean 2-point functions

Since the Hamiltonian is Hermitian, Euclidean operators
in the Heisenberg picture satisfy

O()" = (e Qe ™)1 = e~ HOTe™ = O (-7) (Cl)

where O = O(0). This is the quantum-mechanical version
of reflection positivity. Therefore the Euclidean 2-point
function between O and O is real, since

(0'(1)0(0)); = [Tre O™ (1) O(0)]*
= (0"()0(0))- (€2)

Under analytic continuation in 7, one similarly shows that
O(7)" = O"(~7) and that <O+(r)(’)(0)>/§ = ((’)*(%)(’)(O))ﬂ.
Setting = = it, the Lorentzian 2-point function satisfies

J

P=2pq-1 _ P=l~q  _ 5
Gy Gy, = Xy ngm Gy = Zip>

n>

J
m="p¢ vy

(0|70 (1)0(0)|0);
= 1lim[®(1)(Of (¢ + it) O(0))

e—0"
f—=o0

+O(=1) (O (=¢ + i) O(0)) 4"
= lim [@(t)«o*(e — in0(0)),

e=0T
f—co

+0(=1)(0"(=e = i) 0(0)),

= (0]7_0(-1)0(0)|0)... (C3)

Here 7 is the time ordering operator which arranges
operators in order of increasing time from right to left,
while 7 _ is the antitime ordering operator.

2. Conformal ansatz with chemical potential

We review the discussion in Appendix B of [10].
Consider a reparametrization-invariant quantum mechanics
with a global U(1) symmetry, placed on a Euclidean S' with
circumference . To turn on a chemical potential, we couple
the theory to an external gauge field A, = iu for the U(1)
symmetry. Under reparametrizations of S', the gauge field
transforms as

A, — A, = (dr/d7)A,.  (C4)

7 7 (1),
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Therefore we do not end up in a theory with the same
chemical potential [66]. In order to get back the same
chemical potential, we need to perform a compensating
(complexified) U(1) gauge transformation with parameter
A =iu(7(7) = 1), (C5)
under conventions where the gauge field transforms as
A, — A+ 0.
Now, suppose we have an operator O with scaling
dimension A and U(1) charge Q. The conformal Ward
identity for the thermal 2-point function (O70), is

<OT (T/<71))O(7/<12))>/}
— eQu(e(r1)=7 (22)—71472)
dr’ dt

< [ @) O 0w, (o)

Notice the extra exponential factor due to the compensating
gauge transformation. We seek the most general 2-point
function that satisfies (C6) for the subgroup PSL(2,R) C
Diff *(S') which acts as

with ad—bc=1. (C7)

o atan(%) +b
tan< ) )

7 ctan <%> +d

This action is obtained by pulling back the fractional linear

transformations on R under the map € (—gg) >
x =tan(’f) €ER. Due to translational invariance, the

2-point function is only a function of 7 =7 —7,. Then
one can check that

(A0(c) + BO(=1)) (C8)

(07(1)0(0)) =€

T
psin(2)

where A, B € R indeed satisfies (C6) under the transfor-
mations (C7), for all those values of 7;, such that
sgn(7'(z;) — 7 (7)) = sgn(r; — 7). The functional form
is fixed by (C6) and one allows for a discontinuity at 7 = 0
where the operators coincide. The reality of the constants
A and B follows from the reality of the Euclidean 2-point
function.

Recall that there are two equivalent ways of introducing
a chemical potential. One can either work with fields with
boundary conditions twisted by a U(1) transformation, or
work with periodic fields but introduce a background gauge
field in the Lagrangian. We chose the latter when deriving
(C6), which means that the Hamiltonian is deformed to
H = H + uQ, and Heisenberg operators are defined using
H instead of H. Now

(O'(z + B)O(0)); = Tre 1O (z + B)O(0)

= 5(0"(r)0(0)). (C9)

where s = 41 if O is bosonic and s = —1 if O is fermionic.
Notice that a cyclic permutation of fermionic operators in
the trace does not introduce any sign (as it is clear by
representing the trace as a sum of matrix elements, and
inserting a complete basis of states in the middle), while
the sign s appears in the last equality when we swap the
two operators. Imposing the Kubo—Martin—Schwinger
relation (C9) to (C8) implies Ae?”” = sB. The solution
is A= ge‘% and B = gse% for some g€ R. Defining
27E€ = —Qup [67], the thermal 2-point function takes the
form

Js 2A

Fsin(E)
x (e"0(7) + se " 0(-1)).

(O (£)0(0)), = ge™%

(C10)

Taking the zero-temperature limit f — oo while keeping £
and 7 finite, this becomes

(O (@)0(0)) oo = —

|T|2A

(e”EG)(T)—I—se_”E(E)(—T)). (C11)

One can show that the coefficient g must be non-negative
in order to be consistent with the Killén-Lehmann spectral
representation. Consider the Lorentzian 2-point function,

(00 (O} 0). = lim (O (e + OOy

gené'—iﬂA

s (C12)

that is obtained from analytically continuing (C11) for
7 > 0. By inserting a complete set of energy eigenstates
{|n)} with energies E, > E,, it can be rewritten as

000000} = [~ e p(a).  (c13

where

plw) =" 2m8(w + E, - Eg)[(n|O(0)[0)2 > 0. (C14)

Consequently, the Fourier transform of the 2-point function
only has support on @ < 0 and it must be non-negative.
We shall impose this condition to the Fourier transform
of (C12):
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e—l(l}f

o0
) = g™ lim dt——+
plw) =g (= ic/h

e—0" J_
7€

e
—9 _ 28-1
" a7 Ol

(C15)

In the last equality we used the integrand has a branch point
at t = ie, and the branch cut must be taken in the upper half
plane in order not to intersect the real axis. For @ > 0, one
can deform the contour so that it runs from —ioco to O and
back, giving zero. For o < 0, we deform the contour so that
it hugs the left and right side of the branch cut that we take
along the positive imaginary axis, and the result follows
from the discontinuity. Finally, requiring p(w) > 0
implies g > 0.

3. UV limits
a. Chiral multiplet

Consider the free chiral multiplet (¢,y) with one-
derivative kinetic term. Without chemical potential the
action is topological [68], and it remains fully reparamet-
rization invariant in the presence of a chemical potential u if
we think of the latter as a gauge connection and accompany
the reparametrization (C4) with the gauge transformation
(C5). The fermion y is auxiliary, has Lagrangian £; =
w'y and has Euclidean 2-point function

(2w (0)), = 5(2). (C16)

The complex boson ¢ in Lorentzian signature has
Lagrangian £; = i¢p"0,¢p — u¢p’¢p. We could decompose
¢ = % (x + ip) and rewrite the Lagrangian as £; = px —
5(p* + x?) up to total derivatives. Here y is the chemical
potential for the U(1) global symmetry whose infinitesimal
action is 6¢p = ie¢. The canonical momentum conjugate to
¢ is T, = i¢", so that in the Hamiltonian formulation
[¢,#'] = 1 and the Hamiltonian reads

w0yt o)

where O =1{¢%, ¢} = ¢'¢p + 1 is the conserved charge
for the U(1) global symmetry, and we have fixed the
ordering ambiguity for later convenience. As argued after
(5), we should restrict to u > 0. Defining the number
operator N = ¢' ¢, the Hilbert space is then a Fock space of
eigenstates of N, i.e., N|n) = n|n). They satisfy ¢[0) =0
and are generated by @7, i.e., the normalized eigenstates are

|n) = # (¢7)"]0). When going to Euclidean signature, we

will use the notations ¢ and ¢’ interchangeably.

The partition function is

1

Z=TreH = —— |
2 sinh (’%)

(C18)

The von Neumann entropy S = (1 — ;) log Z is

. (HP up up
= —log|2sinh| — —coth( = 1
S og[ sin (2)]+2cot<2>, (C19)
which diverges as pff — 0. The Euclidean thermal 2-point
function (p¢h) is

(B()p(0); = 27 [O(0)Tre~ -1 e=eHp

4 O(=0)Tr e—<ﬁ—|r\)H¢e—\r\Hg,}
ett

723 Hp
S T T } €20
T (¢ 0@+ fel-0]. (0
One can check invariance of the Euclidean action under the
combination of (C4) and (C5). The corresponding Ward
identity for ¢, that has dimension zero, is

(@@ (@)¢(7(0))) = OO () p(0)),  (C21)
for any reparametrization 7’(z), and it is satisfied by (C20).

In the zero-temperature limit f — oo, (C20)
becomes (¢(7)p(0)) feco = €7O(=7). One can deduce
the time-ordered 2-point function in Lorentzian signature
by performing an analytic continuation to z = it with
e-prescription:

(01T p(1)¢p(0)[0)r. = 1im [O(1)((it + €)$(0)) poo

e—0
+0(=1)((i1 = €)$(0)) p—co]
— @ (=), (C22)

This matches the direct computation in Minkowski sig-
nature. In order to define the Fourier transform of (C22), we
use the regularization

0 . . —I
lim dt ell@tn=ie)t — Jjmjy —
e—>0" J_oo =0t W+ u — i€

—i

where P denotes the Cauchy principal value.

b. Fermi multiplet

Consider the theory of a free Fermi multiplet (7, f) [69].
The auxiliary field f has Euclidean 2-point function
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(F(2)£(0)); = =5(z). (C24)
The dynamical fermion # has classical Lagrangian £; =
in'o,p —un'y in Lorentzian signature. The conjugate
momentum to 7 is in’ and the canonical commutation
relation is {#,%"} = 1. The Hamiltonian is

H=uQ, = g '], (C25)
where Q, = [, n] = n'n — § is the conserved charge, and
we have fixed the ordering ambiguity in a charge-con-
jugation invariant way. The Hilbert space consists of two
states: the Fock vacuum |0) annihilated by 7 and 7'|0).
There are no restrictions on .

For the fermion, the Euclidean partition function is

Z =Tre " =2cosh (%) (C26)

The von Neumann entropy S = (1 — $d;) log Z follows

S =log [2 cosh </%B> } — ﬂ?ﬂ tanh <F%B> . (C27)

Lastly, the Euclidean thermal 2-point function (using 7'
and 7 interchangeably) is

(((0)) = 27! [O(e)Tr e =M=ty

— O(—0)Tr e—(ﬂ—\r\)Hne—MH,ﬂ

ett

S A— [e_%ﬁ(a(r) - e%@(—r)] . (C28)
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