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In this work, we extend our previous diabatic framework for the charmoniumlike spectrum below
4.3 GeV by introducing the complex scaling method. Unlike the previous framework, the present
approach explicitly incorporates couplings to the meson-meson continuum, comprehensively accounting
for its contributions to the physical states. Consequently, it allows bound and resonant states to be treated
on an equal footing, enabling the direct extraction of decay widths from complex energy eigenvalues
without introducing any additional free parameters. Using the obtained solutions, we calculate the channel
weights and complex root-mean-square radii (r,,,) to elucidate their internal structures. Specifically, we
find that the y. (3872), w(4040), and w(4230) states exhibit significant molecular characteristics.
Furthermore, we propose the X(3940) as a candidate for a J°¢ = 17+ state and discuss the nature of the

Xc0(2P) resonance in detail.
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I. INTRODUCTION

In recent years, the experimental observation of numer-
ous charmoniumlike states has posed serious challenges to
the conventional gg description of charmonium [1]. A
prominent example is the X(3872) [2], which has a mass
extremely close to the D°D*® threshold and exhibits
properties that are difficult to reconcile with a pure cc
assignment. Following its discovery, an increasing number
of XYZ states have been reported, such as the y.,(3860)
(3,41, X(3940) [5,6], x.»(3930) [7,8], and others [9-12].
Many of these states exhibit masses, decay widths, or decay
patterns that deviate markedly from the conventional quark
model predictions. These experimental findings indicate
that the simple Cornell-type potential, while highly suc-
cessful for low-lying charmonium states [13—17], is insuf-
ficient to provide a unified description of highly excited or
near-threshold states [2,5,7,12,18-21]. Consequently, addi-
tional dynamical mechanisms beyond the conventional gg
picture must be taken into account.

A notable feature of many newly observed charmonium-
like states is their proximity to open-charm meson-meson
thresholds. This proximity implies that coupled-channel
effects, induced by virtual meson loops, can play a crucial
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role. Therefore, a reliable description of these states
requires the inclusion of meson-meson channels. To this
end, various theoretical approaches incorporating coupled-
channel dynamics have been developed (see, e.g.,
Refs. [22-25]). Among these, an attractive strategy is
the adiabatic approach.

The adiabatic approximation, often referred to as the
Born-Oppenheimer (B-O) approximation, was originally
developed in molecular physics and has been widely applied
to atomic and molecular physics, as well as to heavy-quark
systems within QCD [26-29]. In its standard formulation,
the B-O approach assumes both adiabaticity and a single-
channel configuration. However, for charmoniumlike
states located near open-flavor meson-meson thresholds,
the mixing between QQ and meson-meson configurations
becomes significant, rendering the single-channel ass-
umption inadequate [30]. In such scenarios, a proper
description requires a set of coupled-channel Schrédinger
equations supplemented by nonadiabatic coupling terms,
whose explicit treatment is technically challenging [31]. A
natural way to overcome this difficulty is to generalize the
B-O framework and adopt the diabatic formalism, wherein
the configuration mixing is encoded in a matrix-valued
potential within a multichannel Schrodinger equation.

In this context, recent unquenched lattice QCD calcu-
lations play a pivotal role by providing first-principles
results for the static energies of heavy quark-antiquark
sources in the presence of open-flavor meson-meson chan-
nels [32,33]. These lattice results can be directly mapped to
the elements of the diabatic potential matrix, thereby
establishing a concrete connection between fundamental
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QCD and effective multichannel descriptions of quarko-
niumlike states. This lattice-informed diabatic potential
approach has already been successfully applied to botto-
moniumlike systems and has recently been extended to
incorporate systematic treatments of multiple meson-meson
channels [34-39].

The application of the diabatic approach to calculating
charmoniumlike mass spectra has been extensively
explored in previous studies [30,40—43]. Since this method
essentially relies on solving a coupled-channel Schrodinger
equation for bound states, additional approximations are
typically required to address continuum effects and decay
properties. A common strategy is to first neglect the open-
channel continuum contributions to obtain a discrete
bound-state spectrum. The effects of the continuum chan-
nels are subsequently incorporated perturbatively to shift
the masses of the resulting states and estimate their
corresponding decay widths [42].

The complex scaling method (CSM) provides a unified
framework for describing bound states, resonances, and
continuum states [44,45]. Under the complex scaling trans-
formation, the coordinates and their conjugate momenta
are rotated as r — re® and p — pe", respectively, and
the Hamiltonian is transformed into a complex-scaled
Hamiltonian. In this representation, resonant states appear
as discrete eigenstates with complex eigenvalues, separated
from the rotated continuum spectrum in the complex-energy
plane. For an eigenvalue written as E = M — iI"/2, the real
part gives the resonance mass, while the decay width is
obtained as I'=—-2ImE. The CSM has been widely
applied to the study of hadron resonances [46—48].

Given that the CSM is well suited for treating coupled-
channel problems, it is natural to ask whether it can be
incorporated into the diabatic framework, where the
dynamics are governed by a multichannel Schrodinger
equation with matrix-valued potentials. In our previous
work [43], we investigated the charmoniumlike spectrum
within the diabatic framework, explicitly including spin-
dependent interactions. However, the contributions from
meson-meson continuum channels were neglected, so
decay processes and their corresponding widths were not
evaluated. In the present work, we extend this approach by
integrating the CSM into the diabatic framework. Without
introducing additional free parameters, this unified treat-
ment provides a more accurate description of the spectrum,
naturally characterizes both bound and resonant states (the
latter emerging as isolated complex eigenvalues of the non-
Hermitian Hamiltonian), and enables the direct calculation
of resonance decay widths.

The paper is organized as follows. In Sec. II, we introduce
the theoretical framework, including a brief overview of the
diabatic approach, the construction of the potential matrix,
and an outline of the CSM. In Sec. III, we present our
numerical results and discuss their physical implications.
Finally, we summarize our findings in Sec. IV.

II. FRAMEWORK

A. Diabatic formalism

To describe the heavy quarkonium system, we adopt
the Hamiltonian formalism as detailed in Ref. [30].
In the center-of-mass frame of QQ, the Hamiltonian is
expressed as

P’ ligh
H="—+ H"&", 1
ot (1)

where i denotes the reduced mass of the QQ system, p is
the QO relative momentum, and H'"#" governs the dynam-
ics of the light degrees of freedom (light quarks and
gluons), including their interactions with QQ.

Since the mass of the heavy quark is significantly larger
than Agcp (the characteristic energy scale of the light
degrees of freedom), the adiabatic approximation is well
justified. In this limit, the motion of the heavy quark pair
is neglected when determining the light-field dynamics.
Consequently, the relative separation of the heavy quarks, r,
is treated as a fixed parameter.

The dynamics of the light fields are then described by the
following eigenvalue equation for a fixed r:

HEE(P)|C,(r)) = Vi(r)[Ei(r), (2)

where |{;(r)) denotes the ith eigenstate of the light fields at
separation r. The corresponding eigenvalue, V,(r), repre-
sents the energy of the light fields at the fixed QQ
separation, which can be calculated ab initio in lattice QCD.

Unquenched lattice QCD calculations [32,33] have
demonstrated that, due to string breaking, an avoided
crossing occurs in the static energy spectrum at intermedi-
ate heavy quark separations. This phenomenon indicates a
strong mixing between the bare QQ configuration and the
meson-meson configuration. A schematic illustration of
this behavior for a QQ system coupled to a single meson-
meson threshold is presented in Fig. 1.

To solve the Schrodinger equation (H — E)|¥) = 0, we
employ the diabatic expansion. The total wave function |¥)
is expanded in terms of the light-field eigenstates |¢;(ry))
defined at a fixed QQ separation r:

¥ =Y [arn@ e, O

where |1’} is the position eigenstate of the heavy quarks and
w;(r',1y) is the corresponding expansion coefficient. Here,
w;(r',ry) represents the wave function governing the
relative motion of the heavy quarks for the ith light-field
configuration.

The choice of 1y is critical for the physical interpretation
of the basis states. As illustrated in Fig. 1, the mixing
between the QO and meson-meson configurations is
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FIG. 1. Schematic representation of the string-breaking mecha-
nism. The dashed and dash-dotted curves depict the ground-state
static energy and the meson-meson threshold, respectively. The
solid lines represent the ground and excited-state static energies,
which exhibit an avoided crossing. The crossing point r. is
marked.

strongly localized near the avoided crossing point r.. When
r is chosen sufficiently far from r,, the eigenstates |;(r))
correspond to pure configurations, namely the bare QQ or
meson-meson states. Under this condition, the ground state
|Co (1)) corresponds to the pure quarkonium configuration,
while the ith excited state |{;(ry)) (i > 1) corresponds to
the ith meson-meson channel (MM,).

By substituting Eq. (3) into the Schrédinger equation and
projecting onto the basis states (r|({;(ro)|, we arrive at the
following coupled-channel equations:

h? -
Z <—55],V2 + le'(r, ro) - Eéji)Wi(r7 rO) = 0 (4)

The interaction matrix elements V;, which play a central

role in our calculation, are defined as the expectation values
of the light-field Hamiltonian:

Vii(r.xo) = (£;(ro) [H'(r)|¢(xo)). (5)

The diagonal element for the heavy quark core takes the
form of the standard Cornell potential:

Vee(r) = <CQQ|Hﬁght(r)|CQQ>- (6)

The interactions within the meson-meson channels are
described by

VM (r) = (g, [H M (0) | Eagir, ) (7)
where 1 <i,j<N.

Finally, the off-diagonal terms responsible for string
breaking are identified as the mixing potentials:

V(1) = (£ ol HEM (1) ). )

where we identify V"™ (r) with Vi, (r, ro).
With the notation established above, the coupled-channel
equations can be recast into a compact matrix form:

(K+V(r)¥(r) = E¥Y(r). 9)

Here, K, V(r), and ¥(r) represent the kinetic energy
matrix, the potential energy matrix, and the multi-
component wave function vector, respectively.

The kinetic energy matrix K is diagonal, where the
diagonal elements represent the kinetic energy operators of
each independent channel:

K = diag| — e V2, - e V2, - e V2 (10)
T Y T Y )
Hee 2'uMM 2 MM

where u.; and ”1(1:111)\’4 denote the reduced masses of the c¢
core and the nth meson-meson pair (1 <n <N),
respectively.

For the interaction matrix V(r), we adopt the approxi-
mation used in lattice QCD studies [33] by neglecting the
direct couplings between different meson-meson channels
(ie., Vi =0 for i # j with i, j > 1). Consequently, the
potential matrix is constructed as

[Vee(r)  VR(r) ViR(r) |
Vmis(r) VI ()

V(r) = (11)
V() VA (r)

The total wave function ¥(r) comprises the channel
wave functions for all considered channels:

W(r) = (o (r). i (o), o (o) (12)

which satisfies the normalization condition
/d3r‘I”(r)‘I’(r) =1. (13)

B. Potential matrix with spin-dependent terms

The interaction between the charm quark and antiquark,
V.z(r), is modeled by a nonrelativistic potential including
both a spin-independent central part and spin-dependent
corrections [49,50]. Explicitly, the total potential is written
as a sum of four terms:
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Vee(r) = Veont(r) + Vs(r) + Vo (r) + V(r).  (14)

The first term, V¢ (7), represents the standard Cornell
potential [17,27], which dominates the spin-averaged
spectrum. It consists of a short-range color Coulomb
interaction and a long-range linear confining potential:

Vconf(r):_77s'|'br7 (15)

where a; is the strong coupling constant and b is the string
tension parameter.

The remaining terms in Eq. (14) account for the spin-
dependent splittings, which are derived from the one-gluon
exchange interaction in the Breit-Fermi limit. To regularize
the singularity of the contact interaction, we employ a
Gaussian-smeared form for the spin-spin (hyperfine) inter-
action [16]:

3271’6(‘? (o2 3 —2r?
=02 (\/_E> € S¢Sz, (16)

Ome
where m, is the charm quark mass, o characterizes the
smearing width, and S, and S; denote the spin operators of
the charm and anticharm quarks, respectively.
The fine structure of the spectrum is governed by the
spin-orbit (V55) and tensor (V1) potentials. These terms are
taken from Ref. [16]:

Vss(r)

1 (2a, b
Vso(r):m%<r3 _2r>L'S9 (17)
4a, -
Vi(r) =—5T, (18)
mzr

where L. denotes the orbital angular momentum operator
and S =S, + S; represents the total spin operator. The
tensor operator is defined as 7" = 3(S, - #)(S; - #) = S, - S..

We calculate the matrix elements of these potentials in
the |J, L, S) basis. The expectation values of the relevant
spin operators are evaluated as follows:

1

<sc-sé>=—s(s+1)—2, (19a)

\S)

(L-S) :%[J(J D) —LLA+1)=SES+1), (19b)

—smt, J=L+1,

2(2L+3)°
(Ty=1¢ +1, J=1L, (19¢)
L+1 —
_2(22—1)’ J=L-1

Note that the off-diagonal contributions of the tensor term
are negligible and thus ignored in this study [50]. The

numerical values of the model parameters ay, b, ¢, and m,
are provided in Sec. IIT A.

For the meson-meson sector, we adopt the free-meson
approximation, neglecting interactions between the open-
flavor mesons as well as the direct couplings between
different meson-meson channels. Under this assumption,
the potential matrix elements for the decay channels are
diagonal and constant, determined solely by the meson-
meson thresholds:

V;;;-/I(r) =T,= m<M”1) + m(an, (20)

where m(Mnl) and m(M”) denote the masses of the mesons in the
2

nth channel. We note that while this approximation
correctly describes the long-range meson-pair limit, a
complete QCD-constrained B-O potential would also
include a repulsive color-octet Coulomb term at short
distances [38,39], which is not considered here.

The coupling between the confined charmonium core
and the nth continuum channel is governed by the mixing
potential VI(I’l’il(r). We adopt the parametrization extracted
from lattice QCD studies [33] and employed in Ref. [30],
which models this interaction as a localized function
peaking at the string-breaking distance.

Physically, the mixing is strongest at the crossing radius

rﬁ"), defined as the separation at which the potential energy

of the cc¢ pair equals the mass of the meson pair, i.e.,

Vca(rgn)) = T,. Far from this region, the transition prob-
ability is suppressed. Accordingly, the mixing potential is
parametrized as a Gaussian function of the energy differ-
ence:

(n) _ A (Vcé(r) - Tn)2
Vinix(r) = > exp {—W}- (21)

Here, A represents the mixing strength, and p characterizes
the width of the transition region. The parameter b is the
string tension from Eq. (15).

It is worth noting that the string-breaking phenomenon
occurs in the long-range confinement region (r ~ 1 fm or
larger). Since the spin-dependent potentials derived from
one-gluon exchange are short-range interactions, their
contribution to the mixing mechanism is negligible.
Therefore, in Eq. (21), we use only the spin-independent
central potential V,,(r) (the Cornell potential) to deter-
mine the radial dependence of the mixing potential. The
parameters A and p are fixed in the following section.

C. Complex scaling method

To enable a self-consistent description of resonances in
the study of charmoniumlike states, we employ the CSM
[44,45]. In the CSM, the relative coordinate r and the
conjugate momentum p are transformed into the complex
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FIG. 2. Schematic of the eigenvalue distribution of the com-
plex-scaled Hamiltonian H, in the coupled-channel two-body
system. T; represents the ith threshold.

plane via a transformation U(@). This transformation is
explicitly defined as
U@)ru=1(0) = re®, U@)pU-'(9) = pe ™. (22)
Under this transformation, the original Hamiltonian H
becomes the complex-scaled non-Hermitian Hamiltonian
Hy = U(Q)HU~'(), and the corresponding Schrodinger
equation takes the form

HyWy = Eg¥y, (23)

where Ej is complex valued. In the present work, we adopt
the Gaussian expansion method [51,52] to solve this
equation numerically.

In Fig. 2, we illustrate the typical eigenvalue distribution
in the complex energy plane. According to the ABC
theorem [53], the continuum states are rotated clockwise
by 26 around the thresholds. In contrast, the discrete
solutions—comprising both bound and resonant states—
are independent of 6. Specifically, bound states remain on
the real axis below the relevant thresholds, whereas
resonances appear as isolated poles within the wedge
formed by the rotated continua. In this framework, these
resonance poles correspond to discrete eigenvalues of the
complex-scaled Hamiltonian. The physical mass M and
decay width I'" are then determined from the complex
eigenvalue of the identified resonance:

r
Eg=M~iz. (24)

In addition to the eigenenergies, the CSM provides
access to the complex-scaled wave functions. Since the
complex-scaled Hamiltonian is non-Hermitian, we employ
the ¢ product (or biorthogonal product) to define the norm

and expectation values [48,54-57]. Under this definition,
the inner product is defined by the square of the wave
function rather than the modulus squared. Specifically, the
bra vector is not the Hermitian conjugate of the ket vector.
For the coupled-channel system, we calculate the root-
mean-square (rms) radius r.,, and the component weight
P, for each channel.

The component weight P; of the ith channel is defined as

Py = (yily) = / wi(0)2dPr., (25)

where ;(r) represents the wave function of the ith
channel. The total wave function satisfies the normalization
condition:

> wilyi) =1. (26)

1

For resonant states, the squared amplitudes are generally
complex, and consequently the corresponding component
weights are also complex quantities. Although the sum of
all component weights is normalized to unity, an individual
component P; is not necessarily real or positive. When its
imaginary part is small, the real part of P; may be regarded
as an approximate indicator of the relative importance of
the corresponding channel, in analogy with the probabi-
listic interpretation of components in bound states. The
imaginary part is associated with the non-Hermitian nature
of the resonant-state description. Nevertheless, its detailed
physical meaning remains an open problem under active
investigation [58-62].

Finally, the rms radius (r,,,) is defined via the c-product
expectation value [63]:

s = 1P = Y [ Putepa. @)

III. NUMERICAL RESULTS AND DISCUSSION

A. Channel selection and parameter fixing

Based on the formalism established above, we proceed to
investigate the mass spectrum of the charmoniumlike states.
In Table I, we list the low-lying open-flavor meson-meson
thresholds considered in this work, using masses from the
Particle Data Group (PDG) review [64].

Since the strong interaction conserves parity (P) and
charge conjugation (C), the coupling between the c¢ core
and the meson-meson channels is allowed only when they
share the same J”¢ quantum numbers. Each meson-meson
configuration with a distinct value of the relative orbital
angular momentum L, is treated as a separate channel.
Furthermore, we restrict our study to the isoscalar sector
(I =0), implying G = C. The selection rules for the
allowed orbital angular momenta are summarized in
Table II.
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TABLE 1. Open-charm meson-meson channels and their
threshold masses 7, (MeV) used in the calculations [64].

Channel Threshold 7,, (MeV)
DD 3730
DD*(2007) 3872
DDy 3937
D*(2007)D*(2007) 4014
D{D;~ 4080
D:tD: 4224
TABLEII.  Allowed orbital angular momenta (/) for the c¢ core

and various meson-meson decay channels corresponding to
specific JP¢ quantum numbers.

Jre l.; Ip,by, ZDMD?” lD(*X)D(*x)
1— 0,2 1 1 1,3
2+ 1,3 2 2 0,2, 4
1t* 1 s 0,2 2
ot+ 1 0 e 0,2
0—+ 0 . 1 1
1+ 1 e 0,2 0,2

To perform the numerical calculation, the model param-
eters need to be determined. Our potential model involves a
total of seven parameters. The first four parameters (m.., aj,
b, and o) characterize the cc interaction. A technical issue
arises from the 1/73 singularity present in the spin-orbit and
tensor potentials as » — 0. Instead of introducing a hard
cutoff radius, we regularize the singular short-distance
terms using a Gaussian smearing function. The divergent
1/7* term is replaced by a smooth form [46]:

1 1= e—afrz 2

- % (28)
where o, is the regularization parameter introduced to
smear out the short-range singularity.

For the potential parameters (m,., @, b, and o), we adopt
the values from Ref. [65], which were determined by fitting
the spectrum of 12 well-established charmonium states.
The values are listed in Table III.

The remaining two parameters, p and A, characterize

the mixing range and strength, respectively. The range

TABLE IIIl. Model parameters used in the calculation.
Parameter Value Parameter Value
m,. 1.4830 GeV o1 1.5 GeV
a; 0.5461 P 0.3 fm
b 0.1425 GeV? A 0.110 GeV
c 1.1384 GeV

parameter p is fixed at 0.3 fm, consistent with earlier
diabatic studies [30]. The mixing strength A is treated as a
free parameter and determined by reproducing the mass of
the exotic candidate y.,(3872), yielding A = 0.110 GeV.
We adopt a single, universal value of A for all partial waves
and spin channels. It should be noted that a complete B-O
treatment would introduce channel-dependent angular-
momentum coefficients in the quarkonium-meson-pair
couplings [37]. However, since our primary goal is to
extend the previous diabatic framework [43] by incorpo-
rating the complex scaling method, keeping the same
universal mixing prescription allows a direct comparison
with the earlier bound-state calculation, thereby isolating
the effects of the continuum treatment. Consequently, the
pole positions and component weights reported here are
obtained within this universal-coupling approximation.

We also note that the lattice QCD analysis of Ref. [66]
indicates that the mixing potential is compatible with a
constant over the 1.0-1.5 fm region. To assess the
sensitivity of our results to this radial dependence, we
have repeated the calculation with a broader profile,
p = 0.7 fm, which yields an essentially constant mixing
potential over this region (<6% variation). After recali-
brating A to the y.,(3872) mass for this new profile, we
find that the absolute mass shifts are within 10 MeV and
the width variations are generally moderate. This indicates
that, once A is recalibrated for each profile, our main
conclusions are insensitive to the specific choice of the
mixing-potential width.

Finally, the coupled-channel Schrodinger equation is
solved numerically using the Gaussian expansion method
[51,52]. In this variational approach, the radial wave
functions are expanded in terms of Gaussian basis functions
with range parameters distributed in a geometric progres-
sion, which ensures an accurate description from short to
long distances.

B. Results and discussion

By solving the coupled-channel Schrodinger equation
within the framework of the CSM, we obtain the complex
energy eigenvalues of the charmoniumlike states. The real
part of the eigenvalue corresponds to the mass, while the
imaginary part relates to the decay width. The numerical
results—including the calculated masses, decay widths,
and structural properties such as the channel component
weights and complex root-mean-square radii (7, )—are
summarized in Table IV.

To provide an overview of our results, the calculated
mass spectrum and decay widths for the charmoniumlike
states are summarized in Fig. 3, where they are compared
with the corresponding experimental data from the PDG
[64]. In the following, we discuss the results in detail,
organized by J¢ quantum numbers.

We begin our discussion with the J¥¢ = 1*7 sector. The
calculated complex energy eigenvalues are displayed in
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TABLE IV. Calculated mass (My,), decay width (I'y,), the c¢ component weight(P,.;), and the complex root-mean-square radius (7,,)
for the charmoniumlike states. The dominant component (DC) in the wave function is also listed. The experimental values (M, and
Iexp) are taken from the PDG [64]. Masses and widths are given in MeV, while radii are expressed in femtometers.

Jre My, Iy ReP.; (%) ImP. (%) Frms (fM) DC Assignment My, Cexp
0" 2983 0.0 100 0 0.34 - 0.12i cc 17.(18) 29839+ 04 32.0+£0.7
3632 0.1 99 0 0.79 — 0.29i cc 1:(28) 3637.5+ 1.1 11.352
4085  82.6 7 29 3.80-0.23i D*D* e e e
1= 3097 0.0 100 0 0.40 — 0.12i cc J/w(1S) 3096.9 + 0.006  0.093 + 0.003
3663 0.0 93 0 0.87 - 0.27i cc w(2S) 3686.10 £ 0.01  0.294 + 0.008
3765 12.3 96 20 0.64 + 0.15i cc w(3770) 3773.7+04 272+1.0
4095  49.6 34 7 1.49 +1.11i  D*D* w(4040) 4039 £ 1 80+ 10
4112 14.7 89 6 1.33 — 0.26i cc w(4160) 4191 +5 70 £10
4184  94.1 25 27 2.00-1.63i DD w(4230) 4222.7+2.6 49 £38
0tt 3414 0.0 100 0 0.56 — 0.15i cc Xeo(1P) 3414.7+£0.3 10.8 £ 0.6
3865 3.2 77 8 0.99 — 0.24i cc 2c0(3860) 386212 20170534
1t 3515 0.0 100 0 0.65-0.17i cc xe1(1P) 3510.67 £ 0.05 0.84 + 0.04
3871 0.03 11 0 3.85 - 1.07i DD* xc1(3872) 3871.65 £ 0.06 1.19 £ 0.21
3941 39.9 56 30.3 1.46 — 1.24i cc X(3940) 39424+ 9 43j12§
1 3520 0.0 100 0 0.65 — 0.20i cc h.(1P) 352538 £0.11 0.7+04
3937 405 56 30 0.71 — 1.12i cc e e e
2t 3548 0.0 99 0 0.68 — 0.25i cc Y2 (1P) 3556.17 £0.07 1.97 £ 0.09
3900 354 48 —-10 4.65 —0.42i DD* X (3930) 39225+ 1.0 352+22
4009 16.9 107 -7 0.89 — 0.08i cc e e
Charmonium Mass Spectrum: Experiment vs Theory
] Exp. Mass === Theory Mass
4200 4 w30 - Exp. Width Theory Width
] ———(3S) ===
4000 - v === xa(1F)
] E==hop) XC0 T (3930 ——
| 7e0(3860) - = = = 21 (3872) - -
3800 -
— W(3770) R
% |
y(2S)
E 17129 _— -
@ 3600 7 .
s ] ran - K1) - o
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FIG. 4. Calculated complex energy eigenvalues for the
1 sector with scaling angles 6 ranging from 13° to 17°.

Fig. 4. By tracking the stationary points along the energy
trajectories as a function of the complex scaling angle 6, we
isolate three physical poles. The red circles in the figure
mark the @-stable eigenvalues corresponding to reso-

nance poles.

The lowest-lying pole is located at a mass of approx-
imately 3515 MeV. This state is naturally identified as the
xc1(1P). Since no strong decay channels are kinematically
accessible, its width is expected to be zero if weak and
electromagnetic decays are neglected. Our numerical result
yields a vanishingly small width for this state, fully
consistent with its nature as a bound state in our model.

The second pole observed in the J*¢ = 1+ sector is of
particular interest. It is located in the immediate vicinity of
the DD* threshold. Given its proximity to the threshold,
Fig. 5 provides a magnified view of the complex energy
plane, clearly illustrating the trajectory of the pole as the
scaling angle 6 varies. As shown in the figure, the pole
exhibits excellent stability as 6 varies, confirming its nature
as a physical resonance.

The extracted pole mass agrees well with that of the
experimentally observed . (3872) [also known as
X(3872)]. The mass of this pole is used in the fit to
constrain the parameters of the mixing potential. The
imaginary part of the eigenenergy is remarkably small,
corresponding to a very narrow decay width, which is in
good agreement with the experimental upper limit.
Furthermore, the component analysis shows that the real
part of the DD* component weight reaches 88.4%, while
its imaginary part is only —0.1%, indicating that the state
is dominated by the DD* channel. The corresponding

JPC —

Enlarged view of the complex energy plane for the
JPC = 1*+ sector near the DD* threshold. The precise pole
position of the y.,(3872) is marked, demonstrating its very close
proximity to the real axis and the DD* threshold.

complex rms radius is 3.85 — 1.07i fm; although it should

not be interpreted as an ordinary real-valued radius, its

sizable real part suggests an extended spatial structure.

Based on this large DD* weight and extended spatial size,

we interpret this state as a loosely bound hadronic molecule

generated dynamically by the channel coupling rather than
a conventional compact charmonium state. This result is
consistent with several theoretical studies [20,23,67-74].
We also identify a pole with a mass of 3940 MeV and a
width of 40 MeV in the 17 sector. Although no charmo-
niumlike state with J”¢ = 17" has been reported in this
energy region to date, the experimentally observed X (3940)
state [5,6], whose quantum numbers remain undetermined,
stands out as a likely candidate. According to the PDG
data [64], the mass and width of the X(3940) are 3942 + 9
and 431“1288 MeV, respectively. Our calculated results
(M =~ 3940 MeV, I" ~ 40 MeV) are in excellent agreement
with these experimental values.

Furthermore, this assignment is supported by the decay
channels observed in experiments. The X(3940) has been
observed to decay primarily into DD*, while the DD decay
mode has not been reported. Under our proposed JF¢ =
1*t* assignment, the coupling of this state to the DD
channel is forbidden by parity and angular momentum
conservation, whereas the coupling to DD* is allowed and
dominant. This consistency between the calculated proper-
ties and the experimental decay characteristics supports

identifying the X (3940) as a JPC = 177 state, which aligns
with the results reported in the literature [72,75]. Further
component analysis reveals that the real parts of the c¢ and
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FIG. 6. Calculated complex energy eigenvalues for the J7¢ =
0" sector with scaling angles @ ranging from 10° to 20°.

DD* component weights are 55.8% and 40.9%, respec-
tively, while the corresponding imaginary parts are 30.3%
and —31.2%. The sizable imaginary parts indicate that
these complex quantities cannot be interpreted as ordinary
probabilities. Nevertheless, the comparable real parts of the
component weights from the ¢¢ and DD* channels suggest
strong mixing between the charmonium and meson-meson
configurations. Consequently, this state is best interpreted

as a mixture of charmonium and hadronic molecular
components.

Turning to the JF¢ =

0™ sector, we identify two poles
as shown in Fig. 6. The lower-lying pole is located at
M = 3415 MeV, corresponding to the y.o(1P) state, which
is consistent with predictions from quenched potential
models and experimental measurements [1,13—17]. The
second pole is found at M = 3865 MeV with a narrow
width of I' = 4 MeV. Our analysis of channel contributions

reveals that the ¢¢ component constitutes approximately
77% of its wave function.

The identification of the first excited scalar charmonium
state, y.o(2P), remains a subject of debate, with two
primary candidates: the y.(3860) and the y.(3915).
According to the PDG averages [64], the mass and width
of the y.(3860) are 3862735 and 20175*5 MeV,
respectively. Our calculated mass of 3865 MeV is in
excellent agreement with the experimental mass of the
X0(3860), supporting its assignment as the y.o(2P) state.
However, a discrepancy arises regarding the decay width:
the experimental data suggest a broad state (I" ~ 200 MeV),
whereas our calculation yields a narrow width of approx-
imately 4 MeV. Notably, our result is consistent with several

T T T
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[ ] [}
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= 201 ) % n
5 “‘t‘i\\ “ \ ‘\\\\
T ¥ h b
30+
et o ]
\‘\“ \' \\
—40F = 6=19° \ \ ‘\“\‘\\ i
o 0=20" "\,
A 9 — 2 1 o \“\“\“ \“\“\“
-5 O 1 W 1 WY
3850 3900 3950 4000 4050
E [MeV]
FIG. 7.

Calculated complex energy eigenvalues in the J7€ =
2+ sector as a function of the scaling angle 0 (19° < 0 < 21°).

other theoretical studies [16,75,76], which also predicted a
relatively narrow width for the y. (2P) state based on
various theoretical frameworks. This tension between the
broad experimental width and the narrower theoretical
predictions indicates that the nature of the experimentally
observed y.(3860) may be more complex than currently
understood. Therefore, further theoretical and experimental
investigations are required to fully clarify the nature of
the y.o(2P) resonance and accurately determine its total
width.
The other candidate, the y.(3915), was primarily
observed in the yy — wJ/y process [9,19]. According to
Refs. [77-80], identifying this state as the y.q(2P) poses a
significant theoretical challenge. As a P-wave charmonium
state located above the open-charm threshold, the y.(2P)
is expected to decay predominantly via the Okubo-Zweig-
lizuka-allowed DD channel, resulting in a large total width.
However, experimental observations present a contradic-
tory picture: the X(3915) exhibits a significant branching
fraction into the hidden-charm channel wJ/y, while no
significant signal has been observed for the open-charm
DD decay. Consequently, the interpretation of the X(3915)
as the conventional y.y(2P) remains controversial.

In the present coupled-channel calculation, we have
included only open-flavor meson-meson thresholds, negl-
ecting hidden-charm channels such as @wJ/y. Notably, our
results do not yield a pole corresponding to the X(3915).
This absence is consistent with the anomalous nature of the
X (3915), suggesting that this state cannot be described as a
conventional c¢ state coupled mainly to open-charm chan-
nels. Its formation likely requires the explicit inclusion of
hidden-charm dynamics or other mechanisms.
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Calculated complex energy eigenvalues for the J¢ =

17~ sector in the energy region from 3600 to 4000 MeV, with

FIG. 9. Calculated complex energy eigenvalues for the J’¢ =
scaling angles @ ranging from 15° to 20°.

177 sector between 4000 and 4250 MeV, with scaling angles 6
ranging from 15° to 20°.

We next turn our attention to the J°¢ = 2+ sector. The

excited states and their pole structures in the complex

state near 4.0 GeV would provide a crucial test of our
energy plane are illustrated in Fig. 7.

coupled-channel framework.

Turning to the vector meson sector (J*¢ = 177), we find
that the first excited pole above the J/y/(1S) ground state is
located at M ~ 3663 MeV, as shown in Fig. 8. Positioned
well below the lowest open-charm threshold, this pole
corresponds to a bound state with vanishing width within

The first pole in this sector is located at M =~ 3900 MeV
with I~ 36 MeV. This result is consistent with the exper-
imentally established y.,(3930) [also denoted y.,(2P)],
which has a mass of 3922.5 + 1.0 MeV and a width of

) . - our coupled-channel framework. We identify this state as
35.2£2.2 MeV [64] and predominantly decays into DD. o w(2S), which has an experimental mass of 3686.097 +
Component analysis reveals that the real part of the cc (10 MeV [64].
weight is approximately 48%, indicating that the meson- The second pole is located at M = 3765 MeV with a
meson components make a substantial contribution to the  wijdth of I' = 12.4 MeV. Component analysis further
internal structure of this state. This significant configuration  jndicates that this state is dominated by a D-wave c¢
mixing underscores the importance of coupled-channel  configuration, allowing us to identify it as the well-
dynamics, which are indispensable for accurately reproduc-  established y(3770) resonance. While the calculated mass
ing the mass and width of the y.,(3930). is in good agreement with the experimental value
In addition to the y.,(3930), our calculation predicts a  (3773.7 4= 0.4 MeV) [64], the predicted width is noticeably
second pole at M = 4009 MeV with a narrow width of  smaller than the world average (I' % 27.2 MeV).
I' = 16 MeV. To date, no J¥¢ = 2+ charmoniumlike state The complex poles in the higher-energy region of the 17~
sector are presented in Fig. 9. The first pole in this region is
that the real part of the c¢ component weight for this state ~ located at M = 4095 MeV with a width of I' = 49.6 MeV.
reaches approximately 107.3%. Although a value exceeding ~ Although the calculated mass is somewhat higher and the
unity might seem surprising, it is a natural consequence of ~ width narrower than their corresponding experimental
the non-Hermitian nature of complex resonance poles: the  values, the deviations remain moderate. Component analy-
component weights are generally complex valued and not  sis reveals that the c¢ weight is only 34%, indicating that
constrained to the interval [0, 1], thus lacking a rigorous  this state possesses a substantial D*D* molecular compo-
probabilistic interpretation [54-57]. Nevertheless, its prox-  nent. Given its mass and strong coupling to the continuum,
imity to unity primarily reflects the dominant c¢ character of  this state can be regarded as the theoretical counterpart to
this state. Given its substantial c¢ core and predominantly  the experimentally observed y/(4040).
F-wave configuration, we tentatively assign this resonance
to the y.,(1F) state. An experimental search for a tensor

has been observed in this mass region. The analysis reveals

The second pole in this region is located at M =
4112 MeV with a width of I" = 14 MeV. This state can
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Calculated complex energy eigenvalues for the J7€ =
17 sector in the energy range 3800-4100 MeV, with scaling
angles 6 ranging from 15° to 20°.
. . . . : PC _ (-
be identified with the y(4160) resonance; however, its +1_31nally, we present our results for the J©© = 07" and
calculated width is notably narrower than the experimental 1" sectors.
value I' = 70 + 10 MeV. The ¢¢ component dominates In the 0~ sector, below the lowest open-flavor thresh-
this state (89%). Furthermore, a detailed analysis reveals ~ ©ld, we obtain two bounq states. The gropnd state has a
that within the ¢¢ component the S-wave and D-wave  mMmass of 2983 MeV, while the first excited state is at
contributions are comparable, demonstrating that it is a

3632 MeV. These values are in excellent agreement with
mixing.

conventional ¢Z charmonium state with significant S-D  the well-established experimental masses of the (1S) and
1.(2S) states, respectively. At higher energies, as illustrated
The third pole in this region is located at M = 4184 MeV in Fig. 10, we identify a resonant pole at M ~ 4085 MeV

with a broad width of T’ =90 MeV. This resonance is  With a width of I'~ 82 MeV.

tentatively identified with the y(4230) state, whose exper-

imentally measured mass and width are M, = 4222.7 +

2.6 MeV and I, =49 + 8 MeV, respectively. Compo-

mass of 3520 MeV, which can be identified with the /. (1P)
meson. Furthermore, we locate an excited pole at M =~

N 3937 MeV with a width of I'~40 MeV, as shown

nent analysis reveals that the D D; component weight is i Fig. 11.

complex, with a sizable real part of 74.0% and a substantial

imaginary part of —61.9%. As discussed above, due to the

non-Hermitian nature of complex resonance poles,

such weights lack a strict probabilistic interpretation.

Nevertheless, the large real part strongly suggests a signifi-
cant DD} molecular component.

In the 17~ sector, our calculation yields a ground state

Given that experimental information regarding these
higher-mass states is currently limited, the poles found
at 4085 (0~*) and 3937 MeV (177) serve as theoretical
predictions. Future experimental measurements will be

crucial to verify the existence of these resonances.
In the vector sector (177), the number of states predicted

by our model precisely matches the number of experimen-
tally observed vector charmonium states in this energy
region. Overall, for this specific quantum number, our
framework successfully reproduces the observed state

IV. SUMMARY
multiplicity, despite minor quantitative discrepancies in

In this work, we present a comprehensive study of
charmoniumlike states within a diabatic approach. By

explicitly including open-flavor meson-meson channels,
the calculated masses and widths. These deviations may

we provide a unified framework for describing both conven-
tional charmonia and exotic candidates. Furthermore, the
application of the CSM enables us to solve bound-state and
arise from the specific parametrization of the model or the
neglect of additional decay channels.

resonant-state problems on an equal footing, without the
need to introduce additional parameters.
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For the low-lying charmonium states below the open-
flavor threshold, including the J/w/(1S), n.(1S), h.(1P),
and y.;(1P), our calculated masses and widths are in
excellent agreement with experimental data. These results
confirm the reliability of our potential parameters and the
validity of the coupled-channel framework in describing
the cc system.

For the exotic candidates, our framework naturally
accommodates the X(3872) as a hadronic molecular state.
Furthermore, the theoretical predictions for the mass,
width, and decay properties of the X(3940) are consistent
with a JP€ = 1+ assignment.

For the controversial y.4(2P) candidate, our calculated
mass supports its identification as the y.(3860). Although
the theoretical width is narrower than the current exper-
imental central value, it remains consistent with other
theoretical predictions, suggesting that the experimental
width may require further investigation.

In the 21+ sector, our calculated mass and width exhibit
remarkable agreement with experimental measurements of
the y.,(3930). Furthermore, component analysis demon-
strates that the y.,(3930) is not a pure charmonium state
but rather a state strongly dressed by meson-meson clouds.

In the vector sector (177), our model successfully
reproduces the number of highly excited states observed
in experiments, although minor quantitative discrepancies
in masses and widths remain.

However, we note that the current calculation is restricted
to open-charm meson-meson channels. Experimental obser-
vations indicate that several exotic candidates, such as the
X(3915), y.1(4140), and y . (4274), exhibit significant or
dominant decay rates into hidden-charm modes (e.g., J/y¢
and J/ww). The absence of these states in our present
spectrum suggests that their formation and decay dynamics
are likely governed by mechanisms involving hidden-
charm channels, which are not yet included in our model.
Therefore, a natural and necessary extension of this work is
to incorporate hidden-charm channels (such as wJ/y and
¢J /w) into the coupled-channel formalism. Such an exten-
sion will be crucial for a comprehensive understanding of
these exotic states and for completing the physical picture of
the charmonium spectrum in the higher-mass region.
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