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Sampling lattice field theories near criticality is severely hindered by critical slowing down, which
makes standard Markov chain methods increasingly inefficient at large lattice volumes. We introduce a
multiscale generative sampler, inspired by renormalization-group ideas, that models the Boltzmann
distribution through a coarse-to-fine hierarchy across length scales. At each level, a conditional Gaussian
mixture model captures the main local dependence of newly introduced variables on the already-sampled
coarse field, while a masked continuous normalizing flow refines the remaining conditional structure.
Coarse levels encode the dominant long-wavelength modes, and finer levels progressively add short-
distance fluctuations. In addition, because the architecture preserves coarse fields exactly during
refinement, it provides exact restriction maps at no additional computational cost and directly enables
asymptotically unbiased multilevel Monte Carlo variance reduction. For the two-dimensional scalar ¢*
theory near criticality, the method achieves integrated autocorrelation times orders of magnitude smaller
than hybrid Monte Carlo (HMC) on large volumes, maintains high importance-sampling efficiency relative
to other generative baselines, and reproduces asymptotically unbiased physical observables in statistical

agreement with long HMC simulations.

DOI: 10.1103/jjss-lwzv

I. INTRODUCTION

Markov chain Monte Carlo (MCMC) simulations are the
standard framework for sampling lattice field theories and
computing observables from first principles [1-3]. Their
impact is particularly evident in lattice QCD, where large-
scale simulations have enabled precision determinations of
hadronic observables [4], as well as first-principles calcu-
lations of hadronic contributions to the muon anomalous
magnetic moment [5,6]. At the same time, the reliability
and scope of these calculations depend directly on the
availability of algorithms capable of generating represen-
tative field configurations efficiently across a wide range of
couplings, lattice spacings, and volumes.
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A major limitation of MCMC methods is the rapid
increase of computational cost near criticality, and more
generally as the continuum limit is approached. As the
correlation length grows in lattice units, slow long-wave-
length modes come to dominate the dynamics and conven-
tional Markov-chain algorithms suffer from severe critical
slowing down [7-9]. Quantitatively, the integrated auto-
correlation time typically scales as a power of the corre-
lation length, 7;, ~ &%, so the cost of producing statistically
independent configurations rises rapidly with increasing
system size and decreasing lattice spacing. In some
theories, this problem is further compounded by the slow
evolution of global or topological modes. Overcoming
these dynamical bottlenecks is therefore essential for
extending precision lattice calculations to larger volumes
and finer lattices.

Motivated by these limitations, and by the rapid progress
of deep learning methods in high-dimensional generative
modeling, alternative sampling strategies based on neural
networks have attracted increasing attention in lattice field
theory. The central idea is to learn a parametric approxi-
mation of the target Boltzmann measure, thereby enabling
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the generation of proposals with low autocorrelation.
Among the corresponding deep generative models, normal-
izing flows (NFs) [10-13] have emerged as a particularly
prominent framework. These algorithms have been
explored in several forms, including coupling-layer
flows [14-28], continuous normalizing flows [29-32],
and stochastic normalizing flows [33—37]. Other generative
approaches have also been studied, notably variational
autoregressive networks [38-42], diffusion models
[43-49], and generative adversarial networks [50-52].

However, their practical usefulness for large-scale lattice
simulations is ultimately limited by scalability [53,54]. This
limitation is particularly severe near criticality for single-
scale architectures, where the model must learn the joint
distribution of the entire lattice at a single resolution.
Capturing the long-range correlations near criticality typ-
ically requires large receptive fields or very deep networks,
leading to a rapid increase in training cost, memory usage,
and sampling inefficiency near criticality as the system
Size grows.

Several strategies have been proposed to mitigate these
issues. Among them, stochastic normalizing flows can
improve scalability by introducing auxiliary non-equilib-
rium MCMC updates and effectively constructing non-
equilibrium transport paths between simple and target
distributions [36,37]. While this stochasticity can signifi-
cantly enhance sampling efficiency at large volumes, it
comes at the cost of requiring a predefined annealing
schedule and a more involved generation procedure.

Normalizing flows can nevertheless be highly effective
in specific applications. A notable example is the calcu-
lations of derivatives of physical observables, where flow-
based changes of variables in the path integral can be
optimized to reduce the variance of the corresponding
estimators [21,23,55]. However, this advantage is tied to
the optimization of specific observables and does not
directly translate into scalable, fully generative samplers
of the full lattice distribution. The tension between expres-
sivity, scalability, and generation cost therefore remains a
central challenge for their application to large-scale lattice
field theory.

A natural route toward improving scalability is to exploit
the multiscale structure of critical lattice systems. Under
coarse graining, the slow infrared modes of the fine lattice
are transferred to coarser levels, where they appear as
shorter-wavelength modes in lattice units and can therefore
be treated more efficiently. This idea underlies a long
history of multiscale methods in lattice field theory and
Monte Carlo simulations, including early multigrid
Monte Carlo approaches [56-58] and simulation tech-
niques inspired by renormalization groups [59-62]. In
multigrid Monte Carlo, long-distance modes of the fine
lattice are represented and updated on coarser grids, after
which the resulting coarse-grid corrections are interpolated
back to the fine lattice as collective updates. This strategy

can significantly reduce critical slowing down in controlled
settings, such as free or weakly interacting theories.
However, it remains an acceleration method for fine-lattice
MCMC rather than a direct coarse-to-fine generative
scheme, and its performance can deteriorate when efficient
coarse-grid updates become difficult to construct for the
underlying theory [63] and also in the presence of a
nontrivial global or topological structure [57].

Renormalization-group-inspired approaches [59-62], by
contrast, proceed more directly in a coarse-to-fine direction,
aiming to reconstruct fine configurations by sequentially
introducing short-distance fluctuations from coarse varia-
bles. However, this requires renormalized effective den-
sities at each scale, which are generally intractable beyond
simple models. Deep generative models offer a way around
this limitation by learning such effective distributions
implicitly, without requiring their explicit construction.
This idea has been successfully leveraged in Ref. [39],
where variational autoregressive networks were used to
model the coarse scale of the two-dimensional Ising model,
leading to an efficient deep generative sampler with
reduced training and sampling costs relative to single-scale
models. Similar machine learning approaches have also
been investigated in Refs. [40,42,64—67].

In this work, we generalize the multilevel generative
strategy of Ref. [39], originally developed for discrete
systems, to continuous lattice field theories. We introduce a
multiscale generative sampling framework in which the
Boltzmann measure is represented through a hierarchy of
coarse-to-fine conditional densities such that long-range
correlations are captured at coarse levels and short-distance
fluctuations are introduced progressively during refine-
ment. At each refinement step, a conditional Gaussian
mixture model provides a tractable local approximation to
the conditional distribution of the newly introduced fine
degrees of freedom given the coarse field, and a continuous
normalizing flow then refines this approximation toward
the target conditional density. The resulting hierarchical
construction enables scalable coarse-to-fine sampling at
large lattice volumes, particularly in the critical regime
where both conventional sampling methods and single-
scale generative models become increasingly inefficient.

We demonstrate the method for two-dimensional scalar
¢* lattice field theory near criticality. The resulting sampler
reproduces physical observables in agreement, within
statistical uncertainties, with hybrid Monte Carlo (HMC)
reference runs, exhibits more favorable scaling with lattice
size than existing generative baselines, and achieves orders-
of-magnitude smaller autocorrelations than HMC on the
largest lattices considered. Additionally, in our proposed
method the coarse-to-fine hierarchy induces a built-in
coupling between neighboring resolutions, providing
exactly the structure needed to construct multilevel
Monte Carlo (MLMC) estimators [62,68] and enabling
further variance reduction at fixed computational cost.
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The remainder of this paper is organized as follows. In
Sec. II we review the sampling problem in continuous
lattice systems near criticality. In Sec. III we introduce the
multiscale generative framework and the associated multi-
level estimator. In Sec. IV we present numerical results for
the two-dimensional scalar ¢* theory. Finally, Sec. V
concludes with a broader discussion of possible future
directions, including further developments of the multiscale
generative framework and its application to more challeng-
ing lattice field theories.

II. BACKGROUND: SAMPLING LFT NEAR

CRITICALITY
Consider lattice field theories defined on a hypercubic
lattice A; = {1, ..., L}? with continuous degrees of free-

dom ¢, € R at each site x € A; . A field configuration ¢ =
{#s}ren, is distributed according to the Boltzmann
measure

P(#) = Jexpl-S(H)], n
where S(¢) is a local action functional and Z = [ Dgpe5(®)
is the partition function. Physical observables are expect-
ation values (O) = Z~! [ DpO(¢)e5(#), which in practice
are estimated numerically from ensembles of configura-
tions generated by MCMC.

A standard workhorse algorithm for continuous-variable
lattice systems is HMC [69], which combines molecular-
dynamics trajectories with a Metropolis acceptance step to
generate global proposals for the field configuration.

A. Critical slowing down
A central measure of sampling efficiency is the inte-
grated autocorrelation time of an observable O,

[Se]

wl0) =5+ 2205 2)

where Co (1) = (O(¢9)O(¢")) — (O)? is the autocorre-
lation function of the Markov chain [8,70]. If M correlated
configurations are available, the statistical error on (O)
scales as

27O
5(0) ~ /2, (3)
so that the effective number of independent samples is
M = M/(27;,). Achieving a fixed target precision there-
fore requires M « 7;,, configurations, making large auto-
correlation times directly expensive.

Near a second-order phase transition or near a critical
point, the correlation length & ~ |g — g.|™ diverges as the
coupling g approaches the critical value g.. At finite

volume, £ is bounded by L, but the integrated autocorre-
lation time typically grows with system size as a power law,

Tint ~ gzdyn ~ deyn’ (4)

where 74y, i8 the dynamical critical exponent of the
algorithm [7,9]. For HMC applied to scalar field theories,
Zayn ~ 2 [69], so that the cost of obtaining M. independent
samples scales as

Civc ~ M TinLP ~ Mg LPFoom = M LP+2. (5)

This power-law growth becomes prohibitive near criticality
at large lattice volumes, where the long-distance physics of
interest resides. It therefore constitutes a central bottleneck
for scalable lattice simulations and motivates sampling
strategies that explicitly exploit scale separation in con-
figuration space.

III. MULTISCALE GENERATIVE SAMPLING

A. Renormalization of the action

Renormalization-group (RG) transformations provide a
natural framework for describing the scale dependence of
lattice field theories by systematically integrating out short-
distance degrees of freedom. Consider a lattice field
configuration ¢€RY distributed according to the
Boltzmann measure

p(9) = Zexp [~S(o: (K))]. (©

V4
where S(¢; {KEO)}) denotes the microscopic action para-
metrized by a set of couplings {K §°) }. The effective coarse-
grained action S(!) is defined implicitly by integrating out
fine degrees of freedom,

exp [~ (V)] o / Dps(¢) - B(h)
xexp [-S(@: {K"N].  (7)

where ¢(!) = B(¢) is a blocking map from the fine lattice
to a coarser one. In general, the renormalized action takes
the form

SO = KO (pM). (8)

Iterating this construction yields a sequence of effective
actions {S“)} on lattices of progressively lower resolution,

together with corresponding couplings {K Ef)}. Under RG
flow, the operator basis {O;} grows rapidly, so that
the effective action generally acquires higher-order
and increasingly nonlocal interactions even when the
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FIG. 1. Kadanoff-inspired multilevel partition of a periodic
lattice into coarse [¢<0>, circles], intermediate [qﬁ(l), squares], and
fine [¢®), diamonds] sites, illustrating the coarse-to-fine factori-
zation (11). Each panel samples new variables (colored markers)
conditioned on previously sampled sites (gray markers); con-
nections show the nearest-neighbor dependencies used by the
conditional models ¢,.

microscopic action is local. Although the exact coarse-
grained action is therefore intractable in practice, the RG
picture motivates a hierarchical construction in which
different resolutions are modeled separately.

B. Multiscale generative decomposition

The RG picture motivates a reverse, coarse-to-fine
construction in which configurations are generated from
low to high resolution. Concretely, we introduce a multi-
level partition of the lattice sites inspired by Kadanoff
blocking [71] (see Fig. 1),

b= ¢(sfmax> N {¢(O) . ¢<fmax)}’ 9)

where ¢(©) denotes the coarsest degrees of freedom and
$'=/m) corresponds to the full field on the finest lattice.
The exact distribution then admits the coarse-to-fine
factorization

p(¢@lp==0). (10)

This decomposition would require access to the effective
action at every level. However, as discussed above, these
actions are generically nonlocal and not known in closed
form. Working with an approximate effective action and
correcting at the finest level by a Metropolis—Hastings step
typically results in a very low acceptance rate [59], which
has limited the practical use of such constructions in the
traditional MCMC setting [62].

We therefore replace the unknown conditionals
(@)=~ by the learned ones and define a hierar-
chical generative model

de

H(]f( ))’ (11)

q(#) = qo(d

where ¢(=) = {0 )} collects all variables
up to level £. Sampling proceeds coarse-to-fine where one
first draws ¢(©) from ¢, and then successively draws the
newly introduced variables at each finer scale from the
conditional models ¢g,. Each ¢, is parametrized as a flow
conditioned on ¢~V so that g(¢) admits a tractable
density and the entire model can be trained by reverse
Kullback-Leibler (KL) divergence minimization against
the target p(¢).

A practical advantage of our decomposition is the
locality. When variables at level £ are sampled, their
nearest neighbors in the fine lattice have already been
drawn at coarser levels and are contained in ¢(</~!). The
conditional models ¢, therefore only need to capture short-
range correlations around the newly introduced sites, and
can be implemented with small receptive fields. This
should be contrasted with a single-scale flow acting on
the full fine field, which must learn correlations across all
length scales simultaneously for which the cost typically
grows unfavorably near criticality.

Hierarchical generative constructions of related form
have recently appeared in the literature. Reference [39]
developed a learned multilevel sampler for discrete spin
systems, where coarse-to-fine conditionals are categorical
and can be parametrized directly; further variants in the
discrete setting are explored in Ref. [41]. In the continuous
case, Refs. [65,660] introduced multiscale flows with a
different partition of the degrees of freedom and a different
training objective. Our construction targets LFT in the
regime where long-range correlations dominate (i.e. near
criticality), and differs from these works in both the coarse-
to-fine partition and in the form of the conditional models
qs,» which we describe in the following Subsections.

C. Approximate local conditional sampler with
Gaussian mixture models

At intermediate and finest levels (Fig. 1), we approxi-
mate the exact coarse-to-fine conditional distributions
using local conditional models, which later be used as
prior distribution for the refinement process. Concretely,
we assume that the newly introduced variables at level £ are
conditionally independent given the already-sampled
neighboring variables in ¢~ and model this approxi-
mation with a conditional Gaussian mixture model (GMM),

[T ™ (= wi). 02

xeAl

g ( @) >

where A(“) are the lattice sites to be sampled at level / and

074515-4



SCALABLE GENERATIVE SAMPLING AND MULTILEVEL ...

PHYS. REV. D 114, 074515 (2026)

K
£) 4(<f-1
g™ (Z)(C )ld)l(\IN(x)>> =
T—

¢ o), 2
HON (L0020, (13)
1
Here, the mixture weights ﬂ,gx), means y,(cig, and variances

ai(f ) are functions of the neighboring coarse variables

(<f—1)
¢NN(x)

networks.

The GMM provides an explicit, tractable density that can
be sampled and evaluated efficiently, making it well suited
as a local conditional prior within the hierarchical frame-
work. It also allows parallel sampling across lattice sites.

and are parametrized by fully convolutional neural

D. Conditional sampling with continuous
normalizing flows

Although the GMM captures the leading local condi-
tional structure at each refinement level, it does not
represent the full target conditional distribution. To model
the remaining mismatch, we refine GMM samples 72\ with
a conditional continuous normalizing flow (CNF) [13].
Specifically, we define an invertible transformation

PO = Fo(0: ), (14)

The map f, is generated by integrating a conditional neural
ordinary differential equation (ODE),

WO o, (pla) . 9500),

I tef0,1], (15)

with ¢(0) =z©) and ¢(1) = ¢¥). The corresponding
conditional density is

log q,(¢9|p==1)) = log gGMM(£(9)|p(=¢=1))
1
_/ drV - v, (¢(t), r ¢(sf—l))‘
0
(16)

Together, the GMM and CNF provide a tractable approxi-
mation to each conditional factor in Eq. (10).

E. Continuous multilevel sampler

The full multilevel model is obtained by combining the
ingredients introduced in the previous sections across all
resolutions according to Eq. (11). At the coarsest level, the
unconditional model ¢, is a CNF with a standard Gaussian
prior. At each finer level, the conditional model ¢, is a
continuous normalizing flow whose prior is the corre-
sponding conditional GMM. What distinguishes our con-
struction from existing multilevel samplers is the
combination of three ingredients: (i) our coarse-to-fine
decomposition of the lattice sites across scales, (ii) a fast,
independently samplable conditional GMM that captures

the dominant local structure of the newly introduced sites at
each upsampling step, and (iii) a lightweight CNF that
learns the residual inter-site correlations on top of the
GMM prior. The full architecture, along with a comparison
to related approaches such as the Super Resolving NF (SR-
NF) [66], is described in Appendix B.

The model parameters of the multilevel sampler are
optimized by minimizing the reverse Kullback-Leibler
divergence between the hierarchical model and the target
distribution,

L =KL(q(9)llp(¢))- (17)

Once trained, the model generates samples by ancestral
coarse-to-fine sampling, thereby avoiding Markov-chain
autocorrelations and enabling efficient exploration of
configuration space near criticality.

F. Multilevel control variates for variance reduction

CNF samplers are typically used as single-level impor-
tance samplers where one generates N configurations from
the learned distribution ¢*) on an L x L lattice and
computes the self-normalized importance sampling (IS)
estimator

N
@IS = ano(d’n)’ (18)
n=1
where
e 57 _ w(n)
=—, = 19
V=" s

Its variance scales as Varig o< 1/N. The difficulty is that
sampling at the finest level is expensive and each sample
requires integrating all upsampling CNFs over the full
L?-dimensional space, accordingly the per-sample cost grows
roughly as c¢; ~ L%. Achieving a fixed target precision,
therefore, becomes increasingly costly as the lattice size grows.
Multilevel Monte Carlo [68] addresses this by exploiting
the fact that expensive fine-level evaluations are only
needed to correct cheaper coarse-level estimates. Since
coarser levels have costs ¢, < ¢;, many more samples can
be generated for the same computational budget.
Finest-level weighted estimator. In practice, the target
marginals p*) are generally unavailable at intermediate
levels. We therefore define importance weights only at the
finest level,
Wiy = g W) g
4(#) S ()

Given samples {qb,(ff) nNi  from the hierarchical model
g\ (¢=%)), and level-dependent observables O) with
OL) = © and OY =0 we define the estimator
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A Ny
Omime = Z[ o

n=1

+L1 ! i[ (=)

0 "p n=1

<L)) _ i O(L_l) (¢SISL—1>):|

O~ 1)(45](19”-1))]
(21)

Its efficiency depends on the interlevel correlations of
O and O~ reflecting the variance of each term in the
form of O¢) — O, Near criticality, the coupling
between successive levels is strong, so the finer level terms
have lower variances and can be accurately estimated with
fewer samples. Consequently, the overall computational
budget is reduced, which makes the proposed MLMC
estimator especially well suited to hierarchical sampling in
the critical regime.

IV. NUMERICAL EXPERIMENTS

A. Model and simulation setup

We study the two-dimensional scalar ¢* lattice field
theory near criticality as a representative continuous lattice
system with local interactions. The theory is defined on a
square lattice of linear size L with periodic boundary
conditions where a real-valued field variable ¢, €R is
assigned at each lattice site x.

The Euclidean lattice action is

S(¢) = _[(1=24)¢% + Ap]]

=26 ey (22)

X X,
where « denotes the nearest-neighbor coupling, 4 controls
the quartic self-interaction, and the second sum runs over
nearest neighbors in the two lattice directions y = 1,2. The
action is invariant under the global Z, symmetry
¢, — —¢,, which is spontaneously broken in the ordered
phase. The model undergoes a second-order phase tran-
sition between symmetric and broken phases and therefore
provides a standard benchmark for critical sampling in
continuous lattice field theories.

We determine the critical coupling . from the Binder
cumulant [72],

U4:1—

m=L2> ¢  (23)

As a challenging benchmark point, we choose
k. = 0.2705 £ 0.0007, estimated from the crossing of
the Binder cumulant for L = 32 and L = 64. This estimate
is used only to define a representative near-critical simu-
lation point; our aim is not a precision determination of the
critical coupling, but to study the method in a regime where
critical slowing down is particularly pronounced. Figure 2
shows U, (k) obtained from 5 x 10° HMC configurations

0.65 -
0.60 -
=
= 0.55 A !
=) i
|
0.50 -
i --=- Kc=0.2705
i —- L=32
0.45 A ! - L=64
0.2695 0.2700 0.2705 0.2710 0.2715 0.2720 0.2725

K

FIG. 2. Binder cumulant Uy(x) for L =32 and L = 64 from
HMC (5 x 10° configurations each). The curves cross at x, =
0.2705 (dashed vertical line). Error bars are blocked jackknife
estimates.

for each lattice size. The curves cross at k. = 0.2705,
where U, (L = 32) = 0.567 and U, (L = 64) = 0.566 dif-
fer by only 0.001 (« lo). This is also the regime where
HMC critical slowing down is severe, with 7, (|m|) ~ 4416
at L = 128 (Appendix A).

We evaluate the proposed sampler near the critical point
on lattices of size L € {16,32,64,128,256}. As a bench-
mark observable, we consider the absolute magnetization

m] = \L*qux

: (24)

and the connected susceptibility

2) = (m)?). (25)

Xconn — L2(<m

We use HMC as the reference baseline for three
purposes. First, the HMC runs provide reference estimates
of physical observables, such as y.,,, and (|m|), against
which the generative samplers are tested for statistical bias.
Second, they determine the autocorrelation time z;,(|m|),
which quantifies the severity of the critical slowdown at
each lattice size. Third, they define the reference computa-
tional target i.e. we measure how much wall-clock time
each generative method requires to match the effective
number of independent samples obtained by HMC. For
L < 128 we run HMC chains of 2 x 10° steps; for L = 256
we run a chain of 3 x 10° steps. Autocorrelation times are
estimated with the Wolff method [8,70]. Further details of
the HMC simulations are given in Appendix A.

Generative methods. We compare four flow-based sam-
plers, all trained at x. = 0.2705 with the reverse-KL
objective:

074515-6
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(i) Dense CNF [30]: A single CNF on the target
distribution with a Gaussian prior, evaluated at
L e{16,32,64}; extending training beyond L =
64 becomes computationally impractical (see
Appendix B 3).

(i) Hutch CNF: A CNF with multiple CNN layers that
uses the Hutchinson stochastic trace estimator [73]
to estimate the divergence stochastically, evaluated
at L €{16,32}; scaling to larger lattices becomes
increasingly difficult (see Appendix B 4).

(iii) Super resolving CNF (SR-NF) [66]: A hierarchical
sampler based on a rectangular-flow construction
[66] with coarsest level HMC sampling replaced by
a plain CNF sampler. At each super-resolution stage,
acoarse L, x L, field is first deterministically block
replicated to a fine 2L, x 2L, lattice, then aug-
mented with zero-sum Gaussian noise that injects
the extra degrees of freedom, and finally evolved
through a full-lattice CNF that transports all
sites jointly. We evaluated SR-NF at Le
{16,32, 64,128,256} (see Appendix B2 for more
details).

(iv) Our multilevel method: The multilevel coarse-to-
fine sampler introduced in Sec. III. We evaluated
our method at Le{16,32,64,128,256} (see
Appendix B 1 for more details).

For each model, physical observables are estimated from
N = 10° samples using self-normalized importance sam-
pling (IS) Eq. (19). Autocorrelation times for the generative
samplers are measured from independent Metropolis-
Hastings (IMH) chains of 5 x 10* steps after a burn in
of 2 x 103 steps, using the Sokal windowing estimator [8].
Timing measurements for all generative methods are
reported as wall-clock time on the same NVIDIA A100
graphics processing unit (GPU), while the HMC timings
are measured on the CPU hardware used for the reference
simulations.

B. Mixing and autocorrelation time

Table I reports the integrated autocorrelation time
Tint(|m|) for all methods across lattice sizes. For HMC,
the dynamical exponent z = 1.81 £0.14 is obtained

from a power-law fit to all six measured points
L e{8,16,32,64,128,256} (see Appendix A).

Three regimes can be distinguished. At small volumes
(L < 32), our method, Dense CNF, and SR-NF all achieve
Tine < 3, indicating very low autocorrelation compared with
the HMC values 7;,, = 64.6 = 1.3 and 228 +9. Hutch
CNF is already substantially worse (z;,, = 25.7 = 1.2 at
L = 16), reflecting the additional variance introduced
during training by stochastic log-determinant estimation.

At L = 64, the methods begin to separate. Our method
maintains 7, = 1.19 £ 0.01, Dense CNF remains com-
petitive at 0.98 0.01, whereas SR-NF rises to
5.32 £0.11, signaling the onset of degraded mixing as
the full-lattice CNF struggles to represent the growing
configuration space. The contrast becomes much stronger
at larger volumes where at L = 128 and L = 256, our
method yields 7;,, = 3.69 £0.06 and 72.2 £ 5.5, respec-
tively, while SR-NF yields 186 +23 at L = 128 and
3615 £ 1944 at L = 256 (the latter has large uncertainty
as shown in Table I, note the SR-NF’s IMH acceptance rate
is ~0.05% at L = 256, yielding only ~7 effective samples).

Even at L = 256, our method remains roughly 116x
below the measured HMC value of 8410 £ 1991 demon-
strating that the hierarchical construction substantially
mitigates critical slowing down at lattice sizes where
conventional HMC becomes prohibitively expensive.
Low autocorrelation is meaningful only when accompanied
by sufficient importance-sampling efficiency; the ESS/N
values reported in Fig. 5 confirm that our method maintains
ESS/N >0.20 up to L = 128, where SR-NF drops to
ESS/N =~ 4 x 1073 at the same scale, rendering its low 7;,
practically unusable at large volumes.

C. Physical observable consistency

A generative sampler is only useful if its importance-
weighted estimates remain statistically consistent with the
target distribution. We test this by comparing importance-
sampling estimates of the connected susceptibility y.onns
obtained from N = 10° samples, with the long HMC
reference runs. Figure 3 shows the relative deviation
(ymL — xumc)/xumc, With gray bands indicating the uncer-
tainty 1/2/3¢ of the HMC reference.

TABLE 1. Integrated autocorrelation time 7y (|m|) at k. = 0.2705, A = 0.022. HMC: Wolff method on 2 x 10°-
step chains (L < 128) and 3 x 10° steps (L = 256). Generative methods: IMH chains of 5 x 10* steps, 2 x 103 burn
in. The corresponding importance-sampling efficiency ESS/N for all methods is reported in Fig. 5 (Sec. IV D).

Method L=16 L =32 L =64 L =128 L =256
HMC 64.6 +1.3 228 +9 1370 £ 120 4416 £ 928 8410 + 1991
Our method 0.76 £0.01 0.85 +£0.01 1.19 £0.01 3.69 +0.06 72.2+5.5
SR-NF 0.89 £0.01 1.50 £0.02 5.32£0.11 186 +23 3615 £ 1944
Dense CNF 0.70 £ 0.01 0.76 £ 0.01 0.98 £ 0.01 e -
Hutch CNF 257+1.2 554437 e
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FIG. 3. Relative deviation of the connected susceptibility from

HMC, (ym — ¥umc)/xumes versus lattice size L at k. = 0.2705.
Gray bands show the 1o, 20, and 3¢ HMC uncertainty intervals
for visual guidance. For clearer visualization of the error bars, we
also included an enlarged view.

The Dense CNF [30] and our method reproduce the
HMC reference values for y ., within 1 —2¢ across all
tested lattice sizes (L = 16 to 256), indicating no sta-
tistically significant bias at our level of precision. By
contrast, SR-NF estimates become increasingly unreliable
in large volumes: at L = 256, where IS efficiency drops
below 0.004%, the reweighted y .., acquires uncertainties
that exceed the central value, and the mean deviates well
beyond the HMC error bands. The Hutchinson-trace CNF
exhibits substantial mode-dropping already at both
L =16,32, rendering its IS estimates systematically
biased. Our method, in contrast, maintains a subpercent
relative deviation from HMC up to L = 256, providing
stable and accurate observable estimates at scales where the
baseline methods become unreliable or nontrainable.

We also compare the histograms of the signed magneti-
zation m, the absolute magnetization |m/|, the action density
S/V, and the connected two-point function of the time-slice
field C(1) = (s(0)s(1)) = (5)%, s(x)) =L 32, br,m,n
with HMC simulations.

For computing these observable, we do independent
Metropolis-Hastings with our model as a proposal (accep-
tance ~0.76). Figure 4 shows that the distributions of our
method overlap the HMC ones for all four observables (e.g.
(S/V) =0.3931 £0.0001 vs 0.3931 £0.0004 and
(lm]) = 0.7156 + 0.0009 vs 0.7173 £ 0.0066), and that
the two-point functions agree within errors across the
accessible range of .

D. IS efficiency comparison: ESS

Effective sample size (ESS) per sample is computed as

ESS/N =

(a) Signed magnetization m (b) |m|
1.01 HMC 2.0 HMC
—— Our method (IMH) —— Our method (IMH)
0.8 4
1.51
2 0.6 2
£ £1.01
< 0.41 °
0.2 0.5
0.0 1 0.0 1
T T T T T T T v T T .
-1.0 -0.5 0.0 0.5 1.0 0.00 0.25 0,50 0.75 1.00 1.25
m Im|
(c) Action per site S/V (d) Two-point function C(t)
15.04 0681 o —$— Our method (IMH)
12.5 1 0.66 1 \ HMC _
1004 0.644 \ /
Y HMC 20627 ) g
Z 75+ S \ P,
8 —— Our method (IMH) | G 0.60 \ 4
5.0 0.58 . P
. P
2.5 0.56 1 ., o
0.0 0.54 e
. T T T . T T T T y T y
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Siv t

FIG. 4. Observables at the finest lattice (L = 32, x.) by our
method (blue) and HMC (orange): (a) signed magnetization m,
(b) absolute magnetization |m|, (c) action density S/V and (d) the
connected two-point function C(f) of the time-slice field com-
puted from configurations drawn from the model by independent
Metropolis-Hastings sampling (acceptance ~0.76).

where w; is defined in Eq. (19). Figure 5 shows the IS
efficiency ESS/N at N = 10° samples for all four methods.
Our method maintains ESS/N > 66% up to L = 64 and
24% and 0.8% at L = 128, 256, respectively, while SR-NF
drops to 0.4% at L =128 and collapses to 0.04% at
L =256. Dense CNF is competitive up to L = 64
(ESS/N = 0.71) but cannot be trained at larger volumes.
Hutch CNF achieves near-zero efficiency even at small L
(0.5% at L = 16) reflecting noisier training signal from the
stochastic log determinant.

E. Time to match HMC precision

As practical performance of a sampler depends not only
on sample quality but also on how quickly samples can be

100 4
10-! 4

=

(%)

(%]

i

5, 1072 4

[9)

=]

L

S

& 1079 5

® .., —@— Our method AN

%) * \

= -m- SR-NF “\
1074 4 —&- Dense CNF N

¢ Hutch CNF ‘m
Ideal (ESS=1)
107° T T T T T
16 32 64 128 256

Lattice size L

FIG. 5. 1S efficiency ESS/N vs L at k. = 0.2705. Evaluations
use N = 103 IS samples per method. Our method (blue circles)
maintains high efficiency across all evaluated sizes; SR-NF
(orange squares) collapses at large L; Dense CNF (green
triangles) is limited to L < 64; Hutch CNF (purple diamonds)
suffers from stochastic-estimator noise.
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FIG. 6. Wall-clock time required to match the effective number
of independent samples obtained in the HMC reference run, as a
function of lattice size L [Eq. (27)]. The black line shows the
actual HMC wall-clock time.

generated, both ESS and the sample-generation rate must
be taken into account when assessing a generative sampler.
To capture this trade-off, we measure the wall-clock time
required by each method to produce the same effective
number of independent samples as the HMC reference run.

At each lattice size L, the HMC reference uses Ny
steps (2 x 10° for L < 128, 3 x 10° for L = 256), corre-
sponding to

N
NEMC = _HMC 26
eff 2 Tint ( )

effectively independent samples. For a generative method
with IS efficiency ESS/N and sample-generation rate I', the
time required to accumulate the same number of effective
samples is

NHMC

r= (ES§f;N)F' 27)

The HMC wall-clock time

Tyme = NHMCtstep (28)

is measured on the same CPU hardware used for the
reference chains, with 7., benchmarked from 500 HMC
steps at each lattice size.

Figure 6 compares the wall clock time of generating
samples with the HMC reference. Across these lattice sizes,
the generative methods stay below the HMC baseline,
suggesting a practical computational advantage. Our method
achieves speedups of 106 at L = 16, 1653 at L = 64, and
211x at L = 256 relative to HMC. SR-NF is competitive
at small L but rises close to the HMC line at L. = 128 and
256, where its ESS drops to 0.4% and 0.04% respectively.

The inference-time comparison above excludes the one-
time offline training cost. GPU training times for all
methods and lattice sizes are reported in Table VI
(Appendix B 7). At the largest lattice considered, our

method requires 11.5 GPU hours at L = 256. The evolu-
tion of the training ESS/N as a function of GPU time for
our method and SR-NF is shown in Fig. 11 (Appendix E),
demonstrating that our masked architecture reaches higher
ESS in less training time at both L = 64 and L = 128.
Dense CNF remains faster than HMC for L <64 but
cannot be trained beyond that scale; the memory scaling
underlying this limitation is analyzed in Appendix F.

F. Performance across a wider range of action
parameters

We perform a broader scan in x and compare the
importance-sampling efficiency of our multilevel sampler
with the SR-NF baseline at L. = 32 across 11 values of «,
spanning the symmetric phase, the critical point
k. = 0.2705, and the broken phase (Fig. 7). Seven values
are chosen around the critical region, where the correlation
length is largest and sampling is most challenging,
while four additional values probe the deep symmetric
phase (k = 0.24, 0.2505) and the deep broken phase
(x = 0.2905, 0.30).

Our multilevel sampler achieves a higher ESS/N than
SR-NF near criticality, and across the entire near-critical
region. The improvement is most pronounced where long-
range correlations are strongest; for example, ESS/N =
0.84 for our multilevel compared with 0.67 for SR-NF at k.,
and 0.95 compared with 0.81 at x = 0.2505.

At the four points farthest from criticality, both models
perform well, as expected, since the correlation length is of
the order of the lattice spacing. In the deep symmetric
phase, at kx = 0.24 and x = 0.2505, our method outper-
forms SR-NF, whereas in the deep broken phase, at x =
0.2905 and x = 0.30, SR-NF gives a higher ESS/N.
Nevertheless, both methods remain effective in these
regimes. The main motivation for the multilevel construc-
tion, however, is to capture long-range correlations through
hierarchical coarse-to-fine generation and thereby alleviate

1.0 =
*—e critical: region
AT e
= 0.6 :
~ H
) i
2] i
M 0.4 :
ke
0.2 SR-NF ;
® Our method
0-0 T T T T T T T T T T T
PP (SN X S S IR
Q()) Q(» Q{} 0('» QQ) Q/} Q(‘» Qq) Q())
deep k deep
symmetric broken
FIG. 7. Importance-sampling efficiency ESS/N at L =32

across different values of x, comparing our method to the
SR-NF baseline.
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critical slowing down. This is precisely where our method
shows its main advantage: in the near-critical region, where
the correlation length becomes large, it consistently out-
performs the SR-NF baseline. We do not include compar-
isons with other baseline models, as these approaches are
not designed to scale systematically to larger lattice sizes.

G. A qualitative picture of the performance gain

Reproducing long-range correlations is one of the central
challenges that our sampler is designed to address near
criticality. Although SR-NF also follows a multilevel
coarse-to-fine strategy, at each refinement level it replicates
the coarse configuration onto the finer lattice, adds noise,
and applies a flow that updates the entire field without
further forcing the mean zero constraint. The inherited
coarse values are therefore not preserved, and the long-
wavelength structure may need to be transported again at
every level, including on the finest lattice. In our con-
struction, the coarse sites are instead embedded into the
finer lattice and kept fixed, while masked flows generate
only the newly introduced sites conditioned on their frozen
coarse neighborhood. Long-range correlations established
on the coarse lattice are thus inherited directly, leaving each
refinement flow to model primarily the local conditional
structure or UV fluctuations.

In our sampler, each refinement level is further divided
into two stages, center sites are generated first, followed by
edge sites conditioned on both the frozen coarse field and the
newly generated center sites as shown in Fig. 1. In contrast,
the single-step upsampling used in SR-NF requires a single
flow to reconstruct the full fine-lattice structure at once,
which we find difficult to stabilise with a small number of
ODE steps. The ablation studies in Appendix C show that
the conditional GMM prior plays an important role in
stabilising this training. By placing the newly introduced
sites close to their conditional target distributions before the
flow acts, the GMM prior enables stable and efficient
sampling with a relatively small ODE integration budget.

Overall, these results show that our hierarchical coarse-
to-fine construction provides a substantial computational
advantage near criticality when both sampling efficiency
and generation cost are taken into account.

H. Multilevel Monte Carlo variance reduction

A key advantage of our hierarchical construction is that it
naturally enables MLMC estimation. Now we compare the
MLMC estimator defined in (21) against plain importance
sampling (IS) at equal wall-clock budget,

TABLE II.
equal computational budget 7.

T = NISCL’

with Nig = 10°, where c; is the measured per-sample cost
at the finest level. Per-level costs ¢, and correction
variances o2 are estimated from a probe run, and the
allocation of the sample number is then chosen according to
the standard MLMC rule

NfO( \/Gé/Cf. (29)

As an observable, we use absolute magnetization |m|. We
compute our estimator for L = 32 and L = 64, with the
coarsest level fixed at Ly = 2. Table II summarizes the
results of our estimator. The MLMC estimator achieves
lower variance than plain IS at the same computational
budget at both lattice sizes. At L = 32, the variance
reduction corresponds to a 38% savings in wall-clock time
for a fixed precision target. At L = 64, the speedup is 20%
and the lower gain at L = 64 can be traced to the reduction
in the finest-level of ESS, from ESS/N = 85% at L = 32
to 66% at L = 64. The achievable gain is currently limited
by the quality of the finest-level model, indicating that
further improvements in fine-level modeling could directly
enhance the MLMC speedup. So, maintaining a sufficiently
high ESS at larger volumes is therefore necessary to obtain
a scalable MLMC improvement. Note that in SR-NF the
observables at adjacent levels do not couple as strongly as
in our decomposition, and hence the MLMC estimator does
not provide any computational gain over the plain IS
estimator. The possibility of applying MLMC to SR-NF
is discussed in Appendix G 2.

V. CONCLUSION

We have introduced a multiscale generative sampling
framework for continuous lattice field theories near criti-
cality. The method combines a hierarchical coarse-to-fine
factorization of the target distribution with learned
local conditional priors and flow-based refinement across
resolutions. The important long-range correlation is mod-
eled at coarse levels, whereas finer resolutions are gen-
erated through conditional GMM priors and continuous
normalizing flows that refine the newly introduced varia-
bles while preserving the embedded coarse sites.

Applied to the two-dimensional scalar theory ¢* near
criticality, the proposed method shows clear advantages over
all flow-based baselines considered in this work. It achieves
substantially lower integrated autocorrelation times at the
large lattice sizes, while maintaining higher ESS than

Comparison of plain IS and MLMC estimators for (|m|) using our method at x, = 0.2705, evaluated at

L T (s) IS estimate MLMC estimate Variance reduction
32 614 0.7143 + 0.00085 0.7130 £ 0.00067 38%
64 1266 0.5982 + 0.00102 0.5996 + 0.00091 20%

074515-10



SCALABLE GENERATIVE SAMPLING AND MULTILEVEL ...

PHYS. REV. D 114, 074515 (2026)

baseline generative models. This advantage is also
reflected in wall-clock efficiency, where among all gen-
erative baselines considered, our method requires the least
time to match the effective precision of the HMC refer-
ence, with the benefit becoming most pronounced at large
lattice sizes. Physical observables are reproduced in
statistical agreement with long HMC reference simula-
tions across all tested lattice sizes. In addition, the
hierarchical construction enables the use of an MLMC
estimator, which provides variance reduction near criti-
cality beyond plain importance sampling.

Several directions remain open. The decrease in ESS at
the largest volumes suggests that further gains may be
possible through larger models or improved training at the
finest levels, which would likely also enhance the attainable
MLMC speedup. More broadly, the present results estab-
lish hierarchical generative sampling as a promising strat-
egy for continuous lattice systems in the critical regime. An
important next step is the extension of this framework to
continuous group-valued theories such as lattice gauge
theories. A natural extension would be to formulate the
coarse-to-fine hierarchy directly in terms of plaquette, or
field-strength variables rather than link variables. This
would preserve the desirable feature that each lattice site
carries only a small number of local degrees of freedom,
allowing the same masked, level-wise refinement strategy
to be applied. The main conceptual challenge is to adapt the
construction to group-valued variables while consistently
enforcing the associated gauge constraints; we leave this
development to future work.
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APPENDIX A: HMC SIMULATION: CRITICAL
SLOWING DOWN AND SCALING

1. Simulation details

For L €{8,16,32,64,128,256} we run HMC chains
with molecular-dynamics trajectory length 7y = 1. For
L <64 we use ny,, = 10 leapfrog steps (¢ = 0.1); at the

TABLE III. HMC acceptance rate and wall-clock time for the
reference chains at k. = 0.2705, 4 =0.022, typ =1 (nyeqp
retuned per volume for L > 128; see text).

L Chain length Acceptance Wall-clock time
8 2 x 10° 98% 0.5h
16 2 x 10° 96% 0.5h
32 2 x 10° 91% 0.7 h
64 2 x 10° 85% 1.5h
128 2 x 10° 85% 55h
256 3 x 10° 82% 55.8 h

largest volumes the integrator is retuned to maintain a
280% acceptance, using nje,, = 14 (€~ 0.071) at L = 128
and nye,, = 20 (e = 0.05) at L = 256, consistent with the

expected € « V~!/* scaling. All simulations are performed
at k. = 0.2705, 1 = 0.022 (acceptance rates in Table III).

The integrated autocorrelation time 7;,(|m|), shown in
Table 1V, is estimated from each chain using the
Wolff method [8,70], the Sokal automatic windowing
procedure.

2. Power-law fit

Table IV collects the measured 7, (|m|) values. The
dynamical critical exponent zgy, is extracted by fitting the
power-law ansatz z;,, = AL in the log-log space using a
maximum likelihood fit (with the Gaussian noise model) to
six measured points at L€ {8,16,32,64, 128,256} as
shown in Fig. 8§,

Zdyn =181+ 010, A= 014’ (Al)

where the uncertainty is a bootstrap standard deviation
(50,000 resamples). This is consistent with the theoretically
expected value z4,~2 for HMC applied to scalar
field theories [69], and with other measurements [7,62].
The L = 256 measurement (z;,, = 8,410 + 1, 991) has a
relative uncertainty of 24%, reflecting the ESS
Neg = 3 x 10°/(2 x 8,410) ~ 178.

TABLE IV. HMC integrated autocorrelation time z;,(|m|) at
k. = 0.2705, 2 = 0.022, measured by the Wolff method [8].

L Chain length Tine(Im]) Note

8 2 x 10° 229403

16 2 x 10° 64.6+1.3

32 2 x 100 22849 Ty o L18150.14
64 2 x 10° 1370 £ 120
128 2 % 10° 4416 £ 928
256 3 % 10 8,410 £ 1991 N ~ 178
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FIG. 8. HMUC integrated autocorrelation time 7;,,(|m|) vs L on a
log-log scale at k. = 0.2705. Filled circles: measured values

(Table IV). Red line: power-law fit 7y, = 0.37L'38!
(zayn = 1.81 £0.14), fitted to six points.

APPENDIX B: MODEL ARCHITECTURE
DETAILS AND HYPERPARAMETERS

1. Our multilevel method

Overall structure. Our method is a hierarchical coarse-
to-fine sampler. It starts from a coarse 8 x 8 lattice and
applies K = log,(L/8) successive upsampling steps, each
doubling the linear lattice size. The full model therefore
consists of a standalone coarse-level CNF followed by K
upsampling modules, where each upsampling module is
composed of two conditional GMM and two masked
convolutional CNFs.

Coarse-level CNF. The coarse 8 x 8 field is generated by
a plain Dense CNF, whose architecture follows [30] with
different hyperparameters. It uses an FFT-based vector
field, integrated with the RK4 solver for ngis® = 40
function evaluations (when considered as baseline, in the
Dense CNF we have used 50 steps). The vector field is
conditioned on a Fourier basis with ng, = 15 sine har-
monics and n;,. = 8 time-kernel features; bond (nearest-

neighbor) interactions are encoded with npod = 18 and

nfond = 18. Although this coarse CNF acts on only 64 sites,
it is expressive enough to capture the long-wavelength
modes, the dominant source of critical slowing down as the
lattice at this scale is small enough for a single dense flow
to learn global correlations directly.

Upsampling step. When refining an L, x L, lattice to
2L, x 2L,, the fine lattice is partitioned into even-even
coarse sites (which carry the already-sampled coarse field),
odd-odd body-center sites, and edge sites (2i 4 1,2;) and
(2i,2j + 1). The even-even sites remain fixed throughout
the upsampling step, while the odd-odd and edge sites are
generated sequentially (see Fig. 1):

(1) Body-center generation. A conditional GMM

produces a local proposal for each body-centre
site, conditioned on its nearest coarse neighbors.

A masked convolutional CNF then refines the full
fine lattice, with its vector field masked to zero on
the even-even and edge sites so that only body-
center values are modified by the ODE flow.

(2) Edge generation. The same procedure is applied to
the edge sites, conditioned on the now-complete
coarse and body-center variables. Again, the CNF
vector field is masked to zero everywhere except on
edge sites.

Because the CNF velocity field vanishes on the previously
sampled coordinates, those values are preserved exactly
under the ODE integration, and the restriction ¢+ —
#'¥) obtained by reading off the even-even positions
recovers the coarse sample without error. This exact
restriction is what enables the MLMC estimator in
Sec. IV H.

Role of the GMM prior. At each upsampling level, the
GMM provides a conditional prior for the newly introduced
variables. It is fully factorized across the new sites, i.e. the
sites @) are conditionally independent given the already-
sampled coarse field ¢(<~"). Each site distribution is a
K-component mixture of Gaussians whose parameters

(n,(ciz, ;4,(3, aiff )Y are output by a small convolutional net-

work that sees only a local patch of the coarse field around
x. This design has two benefits. First, it concentrates the
bulk of the short-distance variability into a cheap, tractable,
closed-form density that can be sampled and evaluated in
parallel across all sites. Second, it supplies the subsequent
CNF with a sample already close to the correct local
distribution, so the CNF only needs to learn the residual
intersite correlations.

Gradient estimation for the conditional GMM prior. At
each refinement level the newly introduced sites z are
drawn from a conditional Gaussian mixture prior

M)~

q0(zlc) = ) m(c;ON (z:py(e:0).07(c:0)).,  (BI)

k=1

whose weights 7, means p;, and standard deviations o}, are
produced by a shared network conditioned on the coarse
field c.

Sampling proceeds in two steps. A component
index is first drawn from the categorical weights,
k~Cat(x,,...,mg), via a hard inverse-CDF draw.
Conditional on k, the value is generated by reparameteri-
zation,

2= (c;0) + o4 (c; 0)e, e~N(0,1I), (B2)
so that pathwise gradients reach y; and oy.

The model is trained by minimizing the reverse
Kullback-Leibler objective L(6) = E.,,[£o(¢)] with
Co(p) =1logqy(dp) + S(¢) (up to an additive constant).
Because the sampling distribution depends on € through
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both the continuous parameters and the discrete component
index, its gradient contains two contributions,

VoL = E[VoZo(¢)] + E[(Zo(¢p) — b)zva log 7 (c; 0)].,
————

levels
pathwise ves

score function (weights)

(B3)

where 7y = sg[log qo(¢) + S(¢)] is the per-sample objec-
tive used as a detached reward, sg[-] denotes the stop
gradient, and b = (£,) is a batch-mean baseline. We use
unit weight on the score term, so that Eq. (B3) is precisely
the gradient VL of the reverse-KL objective; the baseline
b is a zero-mean control variate (E[bV,log ;] = 0) that
reduces its variance without biasing the estimator.

To limit the variance introduced by the score-function
term, we apply it only to the mixture-weight readout head:
the logits are computed from a detached copy of the shared
trunk features, = head(sg[h]) with 7 = softmax(y), so
the REINFORCE gradient updates the weight head without
perturbing the shared representation used by the means,
standard deviations, and the downstream flow.

Why small convolutional CNFs still scale. The upsam-
pling CNFs use relatively shallow convolutional vector
fields with small kernels (Table V) and only nge,, = 20
ODE steps. Individually, such networks have limited
receptive field and cannot directly represent long-range
correlations on the fine lattice. Scalability is recovered by
the hierarchical decomposition where long-wavelength
structure is already encoded in the coarse field by the
coarse-level CNF, and each subsequent upsampling level
only needs to introduce short-distance fluctuations on top
of it.

GMM and CNF hyperparameters. The GMM network at
each upsampling level uses two convolutional layers, 32
hidden channels, and kernel size 5 x 5, with H = 6 mixture
components at intermediate levels and H = 12 at the finest
level. The body-center and edge CNFs use convolutional
vector fields with periodic boundary conditions, the same
Fourier-basis conditioning as the coarse CNF, and RK4

integration with ng,, = 20. Kernel sizes follow the sched-
ule in Table V.

2. SR-NF

SR-NF follows the coarse-to-fine upsampling architec-
ture of [66], with the HMC-based coarsest sampler of the
original proposal replaced by the same Dense CNF used in
our method (RK4, 40 steps). At each upsampling step, the
coarse field is naively block-replicated on a 2 x 2 grid,
Gaussian block noise is injected, and a full-lattice
(unmasked) CNF refines all L2 1 sites jointly.

The hyperparameter choices for SR-NF are dictated by a
sequence of coupled constraints. First, with the coarse
lattice set at L, = 8 (to match our method), we observed
that SR-NF training became unstable: the ESS initially
rose, then collapsed as the loss diverged irreversibly (see
Appendix F for details). Training stability was recovered
only by pushing the coarse lattice down to Ly, = 2, which
replaces each large-stride upsampling step with a deeper
chain of smaller 2 x 2 refinements [K = log,(L/2) levels,
compared to log,(L/8) for our method]. Second, this
deeper hierarchy increases peak training memory substan-
tially; to fit on an A100 80 GB GPU at L = 128, 256 we
had to reduce the convolutional kernel size (see Table V).
Because the receptive field compounds across the extra
levels, the effective receptive field on the finest lattice
remains comparable to that of our method despite the
smaller per-level kernels. Finally, the number of ODE steps
is ngeps = 70 at all sizes except L = 256, where ng,, = 60
was needed for memory constraint.

3. Dense CNF

Dense CNF [30] is a single-scale baseline: one CNF acts
directly on the full L x L lattice, starting from an isotropic
Gaussian prior. The vector field is a dense single-layer FFT-
based parametrization in which each spatial mode interacts
with all others, with O(L*) parameters. It is integrated with
RK4 for ngeps = 50 evaluations. A richer Fourier basis is

. — — bond _ bond _
used: ngy, =49, nime = 11, ng2e® = 20, ngid = 20. The

O(L*) memory cost of the exact log determinant makes
training infeasible beyond L = 64. Dense CNF was run at

TABLE V. Per-size hyperparameters at k. = 0.2705. Our method uses L, = 8; SR-NF uses L, = 2. K denotes the
number of upsampling levels. ngey is the fine-level ODE budget per upsampling CNF; the coarse Dense CNF

always uses 40 steps.

Our method SR-NF
L K Kernel sizes Rgieps Batch K Kernel sizes Rgieps Batch
16 1 [7] 20 256 3 [9,9, 7] 70 200
32 2 [9, 7] 20 128 4 [9,9,9,7] 70 128
64 3 [9,9, 7] 20 100 5 [9,9,9,9, 7] 70 100
128 4 [9,9,7,7] 20 80 6 [7,7,7,7,17,7] 70 32
256 5 [9,9,7,7,17] 20 22 7 [5,5,5,5,5,5,5] 60 12
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Le{16,32,64} with batch size
3,000,5,000,10,000 epochs.

256,128,64 and

4. Hutch CNF

Hutch CNF is also a single-scale baseline acting directly
on the full lattice. Its vector field is a three-layer convolu-
tional network with 32 hidden channels, 7 x 7 kernels, and
GELU activations. The divergence is estimated with the
Hutchinson stochastic trace. The ODE is solved with a
fixed-step RK4 integrator at nge,, =40, and gradient
checkpointing is used to reduce memory. The same
Fourier basis as our method is used (ng, =15,
Ngme = 8). Hutch CNF was run at L € {16, 32} with batch
size 256,128 and 3,000,5,000 epochs.

5. Training

All methods are trained end-to-end with the reverse-KL
objective using the Adam optimizer [75] (f; = 0.8,
P> = 0.9). Our method and SR-NF use initial learning rate
1072; Dense CNF uses 5x 1073 as in Ref. [30]. All
methods apply an exponential learning-rate decay with y =
0.9994 and minimum 10~*. Gradient norms are clipped at
0.5 for our method, SR-NF, and Hutch CNF, and at 1.0 for
Dense CNF. All runs use a single NVIDIA A100 GPU.

6. Hyperparameters

Table V lists hyperparameters that vary with target lattice
size L for the two hierarchical methods.

7. Training and sampling time

Table VI reports the total GPU time consumed during
training for each method and lattice size, all on a single
NVIDIA A100 80 GB GPU. Our method and SR-NF scale
moderately with L, reaching 11.5 and 23.3 GPU hours at
L = 256, respectively. Hutch CNF is disproportionately
expensive at L = 32 (4.1 GPU hours) relative to its model
capacity, reflecting the high memory and compute over-
head of the graph-retention divergence estimator discussed
in Appendix F. Dense CNF is cheap at small L but cannot
be trained beyond L = 64.

Table VII reports the raw sampling throughput (gener-
ated samples per second) for each method at k. = 0.2705,

TABLE VI. Training cost in GPU-hours (NVIDIA A100
80 GB) at k. = 0.2705, A = 0.022. Dashes indicate the lattice
sizes for which training is infeasible.

L Our method SR-NF Dense CNF Hutch CNF
16 0.3 0.8 0.3 0.6
32 0.8 2.2 0.5 4.1
64 2.3 5.3 1.5 e
128 7.8 18.3 e
256 11.5 233

TABLE VII. Raw sampling throughput [samples/s] at
k. = 0.2705, A = 0.022. Measured during IS evaluation with
N = 100000 samples (batch size 256 for L < 64, 128 for
L = 128, 64 for L = 256). Dashes indicate the lattice sizes for
which training is infeasible.

L Our method SR-NF Dense CNF Hutch CNF
16 995 310 1750 516
32 677 277 877 336
64 337 160 321 e
128 103 21 s
256 30 9

measured during the importance-sampling evaluation on an
NVIDIA A100 80 GB GPU.

APPENDIX C: ABLATION STUDY

We evaluate the main architectural and numerical com-
ponents of the sampler at the critical point k., = 0.2705 on
an L = 32 lattice. Unless stated otherwise, all hyperpara-
meters are kept fixed. The resulting importance-sampling
efficiencies, ESS/N, are reported in Fig. 9 and Table VIIL
We examine five components.

Full model. We evaluate the ESS of the full model using
different numbers of ODE integration steps in the CNF. The
ESS remains sufficiently higher 56% even with as few as
ten ODE steps, far above the value obtained without the
conditional prior 0.09 indicating that the combined model
is numerically stable and robust to a relatively coarse ODE
discretization.

Flow refinement: GMM only. Removing the masked
flow and sampling the newly introduced sites solely from
the conditional Gaussian mixture reduces the ESS from
0.83 to 0.09. This demonstrates that the flow refinement is
essential for capturing the residual correlations among the
newly generated sites that are not described by the
Gaussian-mixture prior.

CNF only, without the GMM prior. With a sufficiently
large number of ODE steps, the CNF can learn most of the
required transformation and provides the dominant con-
tribution to the model accuracy. However, the ESS
decreases sharply as the number of ODE steps is reduced.
In contrast, the full model maintains an ESS approximately
86% down to 15 steps and 56% at ten steps of ode. This
shows that the conditional GMM provides an effective prior
for the CNF and stabilizes the model when a coarse ODE
discretization is used.

The benefit of GMM becomes considerably larger as the
hierarchy deepens, at L = 64, the efficiency decreases from
0.71 with the conditional GMM to 0.50 without it as shown
in Table VIII. The difference also grows as the ODE
integration budget is reduced. At L = 32, for example,
decreasing the number of steps from 20 to 10 retains an
efficiency of 0.56 with the GMM, whereas the efficiency
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(a) Component ablations

(b) Coarse lattice Lg
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FIG.9. Ablation studies at k. = 0.2705 on an L = 32 lattice. The reported efficiency is ESS/N, and the error bars show the per-epoch
variation of the ESS over the converged training window. (a) Removing individual components shows that both the masked CNF
refinement and the masking structure are essential and GMM plays an important role in cost reduction by achieving high ESS at lowered
numbers of ode steps. (b) The dependence on the initial coarse lattice L, is weak. (c) The efficiency saturates at approximately 15 fine
ODE steps per flow. (d) The unmasked full-lattice model is unstable, its ESS initially rises and then collapses, whereas the masked

model converges stably.

without it falls to 0.09. The conditional prior therefore
enables efficient training at a substantially lower integra-
tion cost.

Conceptually, the unconditional Gaussian is farther
from the target distribution of the newly introduced sites

TABLE VIII. Importance-sampling efficiency ESS/N at k. =
0.2705 with and without the conditional GMM prior. The lattice-
size comparison is performed using 20 ODE steps per flow, while
the ODE-step comparison is performed at L = 32.

Configuration With GMM Without GMM
(a) Lattice size at 20 ODE steps per flow

L =32 0.86 0.83

L =064 0.71 0.50

(b) ODE steps per flow at L = 32

5 0.02 0.02

10 0.56 0.09

15 0.86 0.50

20 0.86 0.82

conditioned on the coarse field. Each flow must conse-
quently perform a larger and more difficult transport,
increasing the possibility of deviating from the desired
conditional structure and destabilizing training. By initial-
izing the new sites closer to their target conditional
distribution, the conditional GMM reduces the transport
required at each refinement level. Its advantage is therefore
most pronounced for larger lattices and smaller ODE
budgets, where it improves both sampling efficiency and
training stability.

Masking. Replacing the two parity-restricted flows by a
single flow acting on the entire fine lattice destabilizes
training. The efficiency initially increases but subsequently
collapses irreversibly [Fig. 9(d)], with a peak below ~0.2.
Preserving the inherited coarse sites exactly is therefore
crucial for maintaining long-range correlations in the
hierarchy and ensuring stable training.

Coarse lattice L. Varying the initial coarse resolution
over Ly€2, 4, 8 changes ESS/N only from approx-
imately 0.81 to 0.83 [Fig. 9(b)]. Thus, within this range,
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the long-wavelength modes are captured comparably
well and the final efficiency depends only weakly on
the choice of L.

Fine ODE steps. The efficiency saturates at approxi-
mately 15 integration steps per flow [Fig. 9(c)]. Increasing
the budget beyond this value produces little additional
improvement, whereas reducing it to 10 steps lowers the
efficiency and can destabilize training, as indicated by the
superscript *.

Overall, the dominant performance gain comes from
combining the coarse-to-fine hierarchy with masked flow-
based refinement. The precise coarse resolution is com-
paratively unimportant, while the conditional prior plays a
more subtle but essential role in reducing the integration
cost and stabilizing training.

APPENDIX D: RELATION TO
RENORMALIZATION-GROUP BLOCKING

Our construction follows a Kadanoff blocking coarse-
to-fine hierarchy, but the continuous normalizing flows
used at each level are not themselves RG transforma-
tions. A Wilsonian RG transformation integrates out
short-distance degrees of freedom and produces an
effective action with scale-dependent couplings. In
contrast, our CNFs transport samples while the original
fine-lattice action remains fixed. Rather than construct-
ing the generally intractable conditional densities
p(@9)|p=r=D), we approximate them with learned
conditional models ¢,, consisting of a conditional
GMM prior followed by a masked CNF.

(a) Magnetization

[ ] —@- Our method (raw)
0.76 1 HMC (blocked)
0.75 T
= 0.74 A
£
0.73 1
0.72 1
0.71 ~
T T T T T
2 4 8 16 32
block level L

The masking structure nevertheless provides a natural
RG-inspired diagnostic. Because the inherited coarse sites
are preserved exactly during refinement, the restriction

R(g1=0) = g0~ (o1)
is deterministic and exact. The marginal distribution
produced by the model at each coarse level can there-
fore be compared directly with an HMC ensemble
obtained by applying the same restriction to fine-lattice
configurations. This comparison requires neither an
explicit coarse action nor a parametrization of effective
couplings.

We perform this test at k. using the model with Ly, = 2,
whose hierarchy contains L €{2,4,8,16,32}. Starting
from an HMC ensemble at L = 32, we repeatedly retain
the even—even sublattice, 32 - 16 —» 8 - 4 — 2, match-
ing exactly the decimation used by the model. At every
level, we compare the raw, unreweighted model samples
with the corresponding decimated HMC ensemble using
the absolute magnetization (|m|) and the connected
susceptibility

Xconn = L2(<m2> - <|m‘>2) (DZ)
Uncertainties are estimated by bootstrap resampling for our
method and by blocked jackknife for HMC.

As shown in Fig. 10, the model reproduces both
observables across all five resolutions. The values of
(lm|) agree within their combined uncertainties, while
Xeonn agrees to within a few percent. At L =32, for
example, we obtain (|m|) = 0.7112 4+ 0.0008 compared

(b) Susceptibility

—&— Our method (raw) (]
HMC (blocked)

-mw =

block level L

FIG. 10. Comparison of the learned coarse marginals with even—even decimated HMC ensembles at k. for Ly, = 2. Raw model
samples and blocked HMC results are shown at L € 2, 4, 8, 16, 32 for (a) (|m|) and (b) yconn- Agreement is observed at all levels without

importance reweighting.
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with 0.7173 £ 0.0066 from HMC, and y ., = 66.0 0.3
compared with 62.9 4 2.0. Similar agreement is observed
at every coarser level.

The small systematic offset in the raw model results—
slightly lower (|m|) and slightly higher y,,—reflects the
remaining mismatch between the learned distribution and
the target, consistent with ESS/N ~ 0.81. We deliberately
use unreweighted samples here so that the agreement is not
enforced by importance reweighting. The comparison
therefore shows directly that the learned hierarchy produces
coarse marginals consistent with genuine decimations of
the fine-lattice target ensemble.

Determining the effective action associated with these
coarse marginals would require a separate inverse-RG
analysis. The exact blocked action is generally nonlocal
and generates an increasingly large operator basis, as
indicated in Eq. (7). Reconstructing its couplings and
following their evolution across scales is beyond the scope
of this work, whose objective is an efficient and asymp-
totically unbiased sampler.

APPENDIX E: TRAINING EFFICIENCY: ESS VS
GPU TIME

Figure 11 shows the evolution of the training ESS/N
(20-epoch moving average) as a function of wall-clock
GPU time, clipped to a 4-hour budget, for our method and
SR-NF at L = 64 and L = 128.

For L = 64, our method completes its full training
schedule (10,000 epochs) in =2.3 GPU-hours, reaching
ESS/N ~ 0.67. In contrast, SR-NF requires ~5.3 GPU-
hours for the same number of epochs and achieves only
ESS/N = 0.29 at the 4-h mark.

For L = 128, the training time gap widens: our method
processes each epoch roughly 2.3x faster than SR-NF.
Within 4 GPU-hours, our method achieves ESS/N = 0.30,
exceeding SR-NF’s value of ~0.13, with a steeper improve-
ment trajectory. The full run of our method (20,000 epochs,
7.8 GPU-hours) reaches ESS/N =~ 0.34, whereas SR-NF at
its full run (20,000 epochs, 18.3 GPU-hours) plateaus
at ~0.15.

10 L=64 L=128
" | — our method —— Our method
— = SR-NF — — SR-NF
0.8
=2
2
4] 0.6
j=
g
5 044
I
&
0.2 I 1
.r-..WN“f-"*"
0.0 —_— R
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.000.0 05 10 15 20 25 3.0 35 4.0
GPU hours GPU hours
FIG. 11. Training ESS/N (Moving Average-20) vs GPU hours,

clipped to 4 h, for our method (solid blue) and SR-NF (dashed
orange) at L = 64 (left) and L = 128 (right). Filled circles mark
the ESS at the end of the clipped window.

APPENDIX F: COMPUTATIONAL SCALING
ANALYSIS

Let N = L? denote the number of lattice sites and B the
batch size. We analyze the peak training memory and
explain why the baseline methods fail to scale to large
lattices.

In common implementations, all models are trained by
backpropagating through the full ODE integration trajec-
tory, rather than using the reverse integration method. As a
result, the complete computation graph over all evaluations
of the ODE functions must be retained in memory during
training. For an RK4 integrator with ng.,, steps, this
corresponds to storing activations from evaluations of
functions 4ng.

1. Dense CNF

The Dense CNF vector field is a dense operator that is
translationally and Dj-equivariant acting on the entire
lattice. With the FFT implementation [30], the number
of independent parameters scales as O(N/8) due to orbit
reduction, while the forward cost per ODE evaluation
scales as

ngse ~ O(FyysisN 1og N), (F1)
where
Fbasis = Ngin X Niime = 49 x 11 = 539. (FZ)

The divergence is available in closed form and is therefore
relatively cheap; the dominant bottleneck is memory. At
each ODE evaluation the model materializes a basis-
expansion tensor of shape

[B9 N, Fbasis]v (F3)
so the peak training memory scales as
Mpense ~ Angeps X B X N X Fyo X sizeof (float32),  (F4)

where the leading factor of four accounts for the four stages
of the RK4 integrator, each of which must retain its
activations for backpropagation. For L = 64 (N = 4096,
B = 64, ngeps = 50), this gives

4 x50 x 64 x 4096 x 539 x 4B ~ 113 GB, (F5)
which already exceeds the 80 GB hardware limit and
explains why, at L = 64, Dense CNF had to be trained with
batch size B = 64, whereas the hierarchical methods use
B = 100 at the same lattice size Table V. The memory cost
of exact divergence evaluation prevents Dense CNF from
reaching the same batch size. At L = 128 (N = 16384), the
lattice volume quadruples, driving the memory requirement
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to approximately 450 GB, far beyond available hardware.
Thus the effective scaling limitation of Dense CNF is

Mpense ~ O(FbasisnstepsBN)v (F6)

with a very large prefactor that makes the method memory
infeasible beyond L = 64 even at reduced batch sizes.

2. Hutch CNF

Hutch CNF replaces the exact divergence by a stochastic
estimator. The vector field is a three-layer convolutional
network with parameter count independent of L, and the
forward cost per ODE evaluation scales as

Chwd ~ O(DHK®N), (F7)

which is formally well behaved in lattice volume.
However, the stochastic divergence estimator requires
differentiating through an additional Jacobian-based quan-
tity at every ODE evaluation. This introduces a substantial
memory overhead beyond the forward pass. The peak
training memory therefore scales approximately as

MHutch ~ 4nsteps X BxN x (Fbasis +D x H) X Cdiv, (FS)

where cg;, > 1 represents the extra graph-storage cost of
the stochastic divergence evaluation. In practice, despite the
smaller parameter count, this makes the peak training
memory comparable to Dense CNF: L = 16 remains
feasible on a 40 GB GPU, but already L = 32 requires
80 GB-class hardware.

The second limitation is statistical rather than memory
related. The stochastic divergence estimate has variance
that grows with system size,

Var[div(v)] & N? o L4, (F9)

so the gradient signal-to-noise ratio deteriorates rapidly
with L. The combined effect of increased memory use and
increasingly noisy training limits Hutch CNF to small
lattices. Both SR-NF and our method are hierarchical
models based on convolutional CNF components and have
the same asymptotic O(L 2) memory scaling

3. Empirical observation and discussion on SR-NF vs
our method

Both SR-NF and our method are hierarchical models
based on convolutional CNF components and the same
asymptotic memory scaling O(L?). The difference is
therefore not the formal scaling law but the amount of
work performed per level and the resulting statistical
efficiency.

At level 7, our method transports only the newly
introduced sites, i.e. %Nf, whereas SR-NF transports all

N, sites. In addition, SR-NF need 70-100 ODE steps per
level for stable training, while for our method 20 ODE steps
are sufficient. As a result, SR-NF is several times more
expensive per refinement level, although both methods
have the same asymptotic O(L?) scaling.

The more important difference is statistical. In our
method, the masked CNF leaves the coarse sites
unchanged, so the restriction R(¢(=9)) = ¢(=/~1) is exact.
Each refinement level therefore only has to learn the
conditional distribution of the newly introduced sites given
the coarse field. The associated per-level log-weight vari-
ance 0% remains controlled as L grows.

In SR-NF, by contrast, the full-lattice CNF updates all
sites at every level, including the coarse ones. Each level
must therefore both correct the newly introduced variables
and re-correct the coarse field. This makes the task
progressively harder as the lattice becomes larger, so that
0% increases with L,. Since the overall IS efficiency
behaves as

ESS 1

T X eXp (— 5 ;6;) ) (FIO)
the accumulated variance across levels leads to an expo-
nential deterioration of ESS with depth. Furthermore,
unlike our method with the GMM prior, local correlation
must be learned independently for each site, which can
be achieved by CNF but with less statistical efficiency.
This factor leads to the observed growth of the induced
autocorrelation time from 7, = 186(L = 128) to
Tine = 3615(L = 256).

Also as in SR-NF single-step upsampler is used, we find
that it is difficult to stabilize the training with a small
number of ODE steps. The ablation studies in Appendix C
show that the conditional GMM prior plays an important
role in stabilizing this training. By placing the newly
introduced sites close to their conditional target distribu-
tions before the flow acts, the GMM prior enables stable
and efficient sampling with a relatively small ODE inte-
gration budget. In summary, Dense CNF fails because of
the large memory footprint of its dense exact-divergence
architecture, Hutch CNF fails because of both memory
overhead and rapidly growing gradient noise, and SR-NF
fails because its unmasked hierarchical transport and lacks
of systemical structure capturing local conditions across
lattice sites causes strong deterioration in ESS. Our method
is the only one that avoids all three failure modes simulta-
neously in the tested regime.

APPENDIX G: MLMC ESTIMATOR

1. Per-level budget allocation

Table IX gives the per-level costs and optimal sample
counts for MLMC applied to our method at L = 32 and
L = 64, derived from a probe run of 10* samples per level.
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TABLE IX. Per sample cost ¢, (us/sample at level /) and
optimal sample count N, [Eq. (29)] for MLMC at equal wall-
clock budget T = Nig x ¢, with Nig = 10°.

L, L =32 run L = 64 run
cr (ps) Ng cr (ps) Ng

2 13.9 476 x 10° 6.5 6.85 x 10°
4 34.4 2.46 x 10° 17.8 3.51 x 10°
8 135.3 6.32 x 10° 73.2 9.08 x 10°
16 406.6 1.53 x 10° 238.2 223 x 10°
32 6286 5.24 x 10* 1003.6 5.13 x 10*
64 12812 7.83 x 10*

The coarser levels are sampled with orders-of-magnitude
more configurations than the finest level, concentrating the
fine-level budget on the coarser levels which have high
variance. Figure 12 compares the variances of the MLMC
and plain IS estimators at equal computational budget for
our method at L = 32 and L = 64.

2. Possibility to apply MLMC to SR-NF

MLMC requires an exact restriction map, i.e., given a
fine sample (=%, the restriction R(¢=9)) = ¢~V recov-
ers the coarse sample actually used to generate it. For our
decomposition, R is trivial, as we preserve coarse sites at
the each level. For SR-NF this property does not hold and
the upsampling CNF acts on the full fine lattice and
displaces every site, so a naive projection of the fine output
onto the coarse sublattice yields a configuration that
was never drawn from ¢~V and the level-# MLMC
correction

Aglf) — O (¢£lsf)) _ O(f—l)(¢£$f—l))’

Hi " = R, (@1
is biased. The exact coarse ancestor in SR-NF can be
recovered either by integrating the level-£ CNF backward

for each fine sample or by caching ¢Sf’“”‘” during forward
generation; the former costs one extra full-lattice ODE per
level and eliminates any MLMC advantage on its own,
while the latter trades memory for computational cost and is
the variant we adopt below.

However, unbiasedness alone is not enough. MLMC
delivers a speedup only when Var[O) — -] «

1x107 L=32 1x10°% L=64

~
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FIG. 12. MLMC vs plain IS variance at equal budget T =

105¢; for our method at L =32 and L = 64. MLMC (blue)
achieves lower variance than IS (red) at both sizes. (Table II).

Var[0¥)], which requires strong cross-level correlation.
Figure 13 compares plain IS against MLMC for SR-NF and
for our method at L = 32, x = 0.2705, at equal wall-clock
budget Tig: both estimators are asymptotically unbiased
within one standard deviation, but SR-NF shows no
computational benefit over plain IS, whereas our method
reduces the required compute by roughly 38% for the same
statistical precision. A plausible explanation is the nature of
the interlevel step where in SR-NF, the transition from
¢ — 1 to ¢ injects fresh Gaussian noise on the new sites and
the observables are weakly coupled between adjacent levels.
Our method avoids this by construction, as coarse sites are
preserved across levels and the interlevel coupling is strong.

MLMC vs plain IS at L =32, k =0.2705
1x10°¢ ({(Im]), equal-budget comparison)

g
b

= Plain IS
| = mimc 1.00x

I
N

=
=]

0.84

0.6

0.4+

Estimator variance at Tis

0.2

0.0-

Our method SR-NF

FIG. 13. MLMC versus plain IS at L = 32, x = 0.2705, for
(|ml), at equal wall-clock budget Ti5. Both estimators are
asymptotically unbiased. SR-NF offers no computational benefit
over plain IS, while MLMC applied to our method reduces the
computational cost required for equivalent precision by
roughly 38%.
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