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We explore exclusive scalar meson electroproduction off a scalar target in the (3þ 1)-dimensional scalar
field model. This model analysis is a straightforward extension of the previous (1þ 1)-dimensional model
analysis presented in Choi et al. [Phys. Rev. D 105, 096014 (2022)]. In contrast to the (1þ 1)-dimensional
model, the (3þ 1)-dimensional model allows us to compute the beam spin asymmetry (BSA), which is
proportional to the imaginary part of the product of the two Compton form factors (CFFs) that appear in the
hadronic current of the present scalar meson electroproduction process. We compute both real and
imaginary parts of the CFFs and note that the BSA is detectable for −t=Q2 ≳ 0.1, although it gets quite
small in the kinematic region −t=Q2 ≪ 0.1, where the factorization of the generalized parton distribution
(GPD) is attainable. We find the analytic forms of the leading-twist GPD for the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) and Efremov-Radyushkin-Brodsky-Lepage (ERBL) regions in the
(3þ 1)-dimensional scalar field model, confirming its uniqueness independent of the hadronic current
component. While we verify that the GPD sum rule for the total result of summing the DGLAP and ERBL
regions holds for all components of the hadronic current, we note that the respective correspondence of the
DGLAP and ERBL regions to the valence and nonvalence parts of the electromagnetic form factor holds
only for the light-front plus component of the hadronic current but not for any other components of the
hadronic current. We discuss the polynomiality of the GPD up to the second moments and remark on
accessible ranges of kinematics to measure the BSA and CFFs with respect to the future experimental
efforts of extracting the leading-twist GPDs.
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I. INTRODUCTION

Current and planned facilities such as Jefferson
Laboratory’s 12 GeV upgrade [1–3] and the future
Electron-Ion Collider (EIC) [4] are designed to map the

multidimensional quark and gluon structure of hadrons.
Exclusive meson electroproduction plays a central role in
this program, providing access to Compton form factors
(CFFs) [5], beam spin asymmetries (BSAs), generalized
parton distributions (GPDs) [6–17], electromagnetic form
factors (EMFs), and gravitational form factors (GFFs)
[18–21] that encode the fundamental information of
hadron dynamics in QCD.
In this lepton-hadron scattering process, the exchanged

virtual photon produces a meson off the target. A salient
advantage of this process is the absence of the Bethe-
Heitler (BH) mechanism that complicates deeply virtual
Compton scattering. Without involving the BH amplitude,
the reaction factorizes [22] rather cleanly into leptonic and
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hadronic currents, which enables the underlying hadronic
correlation amplitudes to be accessed with minimal
contamination.
The coherent electroproduction of pseudoscalar

(JPC ¼ 0−þ) or scalar (0þþ) mesons off a scalar target—
such as the 4He nucleus [3]—provides a fertile testing
ground for exploring the hadron structure without compli-
cations from spin degrees of freedom. In Ref. [23], we
presented the most general formulation of the differential
cross sections for the 0−þ or 0þþ meson production process
which involves only one or two hadronic form factors,
respectively, when the target is scalar. In particular, we
noted that the BSA of the coherent pseudoscalar (e.g., π0)
meson electroproduction off a scalar target (e.g., the 4He
nucleus) should vanish, as the hadronic tensor is symmetric
due to a single hadronic form factor while the leptonic
tensor including the electron beam polarization is totally
antisymmetric. As we discussed, however, the BSA of the
coherent scalar [e.g., f0ð980Þ] meson electroproduction off
the same scalar target does not vanish due to the two
independent hadronic form factors F 1 and F 2, which are
complex, in general. These two hadronic form factors,
commonly called F 1 and F 2 CFFs, are the main ampli-
tudes that we analyze in the present (3þ 1)-dimensional
scalar field model.
In the earlier work [24], we investigated f0ð980Þ pro-

duction in a (1þ 1)-dimensional scalar field-theory model.
In that case, however, the two CFFs F 1 and F 2 are not
linearly independent due to the apparent reduction of
the dimensionality from 3þ 1D to 1þ 1D, namely, only
the light-front plus and minus (�) components but not the
transverse (⊥) components are available. The effective
reduction of two CFFs to a single CFF renders the BSA
identically zero.
Our aim in this work is to extend the previous 1þ 1D

analysis [24] to the 3þ 1D analysis, where both CFFs are
present and can be independently extracted. In this ð3þ 1ÞD
scalar field-theory framework, the hadronic current is
computed to find the two CFFs, providing the most general
Lorentz and gauge invariant formulation [23]. Using our
field-theoretic model, we explicitly demonstrate that the
BSA is nonzero when both CFFs are present. The extraction
of the CFFs is made by utilizing the general formulation of
the hadronic currents presented in Ref. [23]. Indeed, the
BSA can be expressed in terms of the two CFFs as

BSA ∝ F−
12 ≡ F �

1F 2 − F 1F �
2 ¼ 2i ImðF �

1F 2Þ:

This requires that at least one of the two CFFs has a
nonvanishing imaginary part with a relative phase between
F 1 and F 2. Measuring the BSA, therefore, provides a clean
and testable probe of the dynamics involving two CFFs.
We employ the same scalar model Lagrangian used in the

previous work [24], now extended to 3þ 1D for the
computations of the BSA as well as the two independent

CFFs. Our strategy is to evaluate the exact CFFs from the
four-point function and compare them with the single-CFF
description that emerges in the deeply virtual meson
production (DVMP) [25–29] limit, where the amplitude
factorizes in terms of the leading-twist GPD. This com-
parison is performed at generic momentum transfer Δ≡
p − p0 ¼ q0 − q (with t≡ Δ2), including frames with a
nonzero transverse component Δ⊥ ≠ 0, so that the extrac-
tion of the leading-twist GPD does not rely on the forward
limit. Here, p and p0 denote the four-momenta of the initial
and final scalar target states, respectively, while q and q0
represent the momenta of the incoming virtual photon and
the produced meson, respectively. We identify the kinematic
regions where finite Q2 (with Q2 ¼ −q2) or beyond-
leading-twist effects generate a sizable BSA and assess
deviations from the DVMP-limit expectation.
In this work, we present a detailed anatomy of the

contributions from each light-front (LF) time-ordered
amplitude to the hadronic current in 3þ 1D. We start from
the covariant four-point diagram, perform the LF time-
ordered decomposition, and compute the exact two CFFs at
the one-loop level of the scalar field model [24]. Both real
and imaginary parts of the two CFFs are analyzed within the
LF time-ordered framework. These are then reduced in the
DVMP limit to extract the single CFF from the leading-twist
GPD. Here, the light-front dynamics plays a crucial role in
providing both the skewness ζð¼ Δþ=pþÞ and the LF
longitudinal momentum fraction x of the parton struck by
the probing virtual photon off the target.
For the GPD analysis, we derive the analytic form

of the ordinary parton distribution function (PDF) in
the forward limit ðζ; tÞ → 0, as well as the analytic
expression for the GPD Hðζ; x; tÞ at nonzero skewness
ζ. The latter is separated into contributions from
the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
[30–32] region, HDGLAPðζ ≤ x ≤ 1Þ, and the Efremov-
Radyushkin-Brodsky-Lepage (ERBL) [33–35] region,
HERBLð0 ≤ x ≤ ζÞ. We then verify the GPD sum rules
through the first and second Mellin moments. In particular,
we show that the second Mellin moment satisfies the
polynomiality property in the skewness parameter and
extract the two generalized form factors corresponding to
the GFFs. The analysis carried out here is of particular
relevance to the forthcoming development of the EIC and
its program to provide the 3D tomography of the hadron
structure.
Our paper is organized as follows. In Sec. II, we

introduce the general formulation of exclusive meson
electroproduction and the kinematics of the VMP process
off a scalar target, γ� þ 4He → f0ð980Þ þ 4He. Section III
is devoted to the derivation of the exact form of the CFF in
the VMP process within the one-loop level of the scalar
field model in (3þ 1)-dimensional spacetime. Complete
analyses for various LF time-ordered diagrams involved in
the VMP process are presented as well. In Sec. IV, we
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extract the GPD, PDF, and the EM form factor as the first
Mellin moment in the DVMP limit. The polynomiality of
the second Mellin moment is explicitly shown, and the two
generalized form factors corresponding to the GFFs of the
scalar target are obtained. Section V presents our numerical
results for the CFFs, BSA, PDF, GPD, and the first and
second Mellin moments of the GPD. We summarize and
conclude in Sec. VI.

II. FORMULATION OF EXCLUSIVE MESON
ELECTROPRODUCTION

A. Amplitude, cross section, and beam spin asymmetry

We examine exclusive scalar meson electroproduction
off a scalar target under the one-photon exchange mecha-
nism

eðlÞ þ hðpÞ → e0ðl0Þ þmðq0Þ þ h0ðp0Þ; ð1Þ

where the exchanged virtual photon carries momentum
q ¼ l − l0. Here, hðpÞ and h0ðp0Þ denote the initial and
final scalar hadron (target) states with four-momenta p and
p0, respectively, whilemðq0Þ represents the produced scalar
meson with four-momentum q0. A schematic of the
momentum flow is shown in Fig. 1.
For this process, the transition amplitude takes the form

iM ¼ e2

q2
LμJμ; ð2Þ

where we define the leptonic and hadronic currents,
respectively, by

Lμ ¼ ūe0 ðl0; s0Þγμueðl; sÞ ð3Þ

and

Jμ ¼ hh0ðp0Þmðq0Þjjμðq;Δ; p̄Þjγ�ðqÞhðpÞi: ð4Þ

Here, the hadronic current Jμ encodes all the information
about the target and produced meson structure, with jμ

containing the relevant dynamical degrees of freedom.
Specializing to scalar (0þþ) meson production off a

scalar target, jμ depends on three independent momenta, q,
Δ ¼ p − p0, and p̄ ¼ pþ p0. From the Lorentz and gauge
invariance, one finds two independent form factors.
Following [23],

Jμ ¼ ðq2Δμ − q · ΔqμÞF 1 þ ðp̄ · qΔμ − q · Δp̄μÞF 2

≡ AμF 1 þ BμF 2: ð5Þ

The form factors F 1 and F 2, commonly called CFFs,

depend on the invariants Q2 ¼ −q2, xA ≡ Q2

2p·q, and t ¼ Δ2.

The leptonic tensor Lμν ¼ L†μLν is given [23] by

Lμν ¼ q2Λμν þ 2iλϵμναβlαl0β; ð6Þ

where Λμν ¼ gμν þ 2
q2 ðlμl0ν þ l0μlνÞ denotes the symmetric

leptonic tensor and λ is the electron helicity. The hadronic
tensor is Hμν ¼ J†μJν, so that the spin-averaged squared
amplitude becomes

hjM j2i ¼ e4

q4
LμνHμν: ð7Þ

This clean factorization without the Bethe-Heitler contri-
butions allows a direct separation of electron kinematics
from the hadronic structure, neglecting the higher-order
corrections beyond the e4 electromagnetic coupling.
In the target rest frame (TRF), where pμ ¼ ðMT; 0⃗Þ, with

MT the target mass and the z axis chosen along q⃗, the only
nonvanishing spatial components of the symmetric leptonic
tensor Λμν are

Λxx ¼ ΛTð1þ ϵÞ; Λyy ¼ ΛTð1− ϵÞ; Λzz ¼ 2ΛTϵL;

Λxz ¼ Λzx ¼ −2ΛT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ϵLð1þ ϵÞ

r
; ð8Þ

where ΛT ≡ 1
2
ðΛxx þ ΛyyÞ is the overall transverse

strength and the transverse (ϵ) and longitudinal (ϵL)
polarization parameters of the virtual photon are defined,
respectively, as

ϵ≡ Λxx − Λyy

Λxx þ Λyy
;

ϵL ≡ Λzz

Λxx þ Λyy
: ð9Þ

Here, the off-diagonal component Λxz encodes the inter-
ference between the in-plane transverse (x) and longi-
tudinal (z) virtual-photon polarizations, and ΛμνHμν

FIG. 1. Momentum assignments for exclusive meson electro-
production. Here, p and p0 denote the four-momenta of the initial
and final scalar target states, respectively, while q and q0 represent
the momenta of the incoming virtual photon and the produced
meson, respectively.
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reproduces the standard transverse-longitudinal interfer-
ence term in the virtual-photon density-matrix formalism
with the assignment given by Eq. (8).
In the TRF [36], as illustrated in Fig. 2, the incoming

and scattered electron four-momenta are chosen, respec-
tively, as

l ¼ Elð1; sin α; 0;− cos αÞ;
l0 ¼ El0 ð1; sinðαþ χÞ; 0;− cosðαþ χÞÞ; ð10Þ

where El and El0 ¼ El − ν are the incoming and scattered
electron energies, respectively, ν is the energy transfer, and
α and χ are the scattering angles defined in Fig. 2. In this
frame, the virtual photon is qμ ¼ lμ − l0μ ¼ ðν; 0; 0; jq⃗jÞ,
so that

El sin α ¼ El0 sinðαþ χÞ: ð11Þ

Combining this with

Q2 ≡ −q2 ¼ 4ElEl0 sin2
χ

2
; ð12Þ

one finds

sinðαþ χÞ sin α ¼ Q2

ν2 þQ2
cos2

χ

2
: ð13Þ

Using these relations, one obtains the standard expressions
for the virtual-photon polarization parameters:

ϵ ¼ 1

1þ 2
�
1þ ν2

Q2

�
tan2 χ

2

;

ϵL ¼ Q2

ν2
ϵ: ð14Þ

Inserting these into the definitions of Eq. (8), the spatial
components of the symmetric leptonic tensor Λμν can be
written explicitly in terms of ðϵ; ϵLÞ as

Λxx ¼ −
1þ ϵ

1− ϵ
; Λyy ¼ −1; Λzz ¼ −2

ϵ

ϵL

ϵ

1− ϵ
; ð15Þ

with Λxz ¼ Λzx given by Eq. (8). With this normalization,
one has gμνΛμν ¼ 2.
In this frame, the fivefold differential electroproduction

cross section is given by

dσ ¼ d5σ
dydxAdtdϕq0dϕl0

¼ κhjM j2i; ð16Þ

with

κ ¼ 1

ð2πÞ5
yxA

32Q2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
2MTxA

Q

�
2

r ; ð17Þ

where xA ¼ Q2

2p·q is the scaling variable and y≡ p·q
p·l ¼ ν

El
¼

1 − El0
El

represents the fractional energy transfer in the TRF.
For a polarized electron beam, the squared amplitude

separates into contributions from different photon polar-
izations and beam helicity [36]:

hjM j2i ¼ e4

q4

�
2q2

ϵ − 1
hjτfij2i þ 2iλϵμναβlαl0βHμν

�
; ð18Þ

where the transverse polarization can be written in terms of

y as ϵ ¼ ð2−yÞ2
1þð1−yÞ2þ2x2Ay

2z2 − 1 with z2 ≡M2
T=Q

2 in the TRF.

Contracting the symmetric leptonic tensor and hadronic
tensor yields

hjτfij2i ¼
1

2
ðHxx þHyyÞ þ

ϵ

2
ðHxx −HyyÞ þ ϵLHzz

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ϵLð1þ ϵÞ

r
ðHxz þHzxÞ: ð19Þ

This decomposition enables the differential cross section
to be expressed in a Rosenbluth-type form, isolating
transverse (T), longitudinal (L), interference (LT), and
BSA contributions. While the BSA term vanishes for
pseudoscalar meson production due to the presence of
only a single CFF, it does not vanish for scalar meson
production, where two independent CFFs F 1 and F 2 are
involved. In this case, the BSA provides a direct probe of
the imaginary parts of F 1 and F 2.
The differential cross section for scalar meson produc-

tion can be written

dσλ ¼ dσTð1þ ϵ cosð2ϕÞÞ þ dσLϵL

þ dσLT cos ϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ϵLð1þ ϵÞ

r
þ λdσBSA: ð20Þ

It should be noted that the BSA term dσSBSA is proportional
to F 1F �

2 − F 2F �
1, as derived in [23]. The explicit

FIG. 2. Schematic of the target rest frame, where q⃗ ¼ −jq⃗jẑ so
that we have a spacelike virtual photon with qþ ¼ q0 þ q3 < 0.
Note that the red arrows point in the x̂, −ŷ, and −ẑ directions.
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expression for the BSA in coherent scalar meson electro-
production off a scalar target is given by

dσλ¼þ1−dσλ¼−1

dσλ¼þ1þdσλ¼−1

¼ dσBSA

dσT ½1þ ϵcosð2ϕÞ�þdσLϵLþdσLT cos ϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
ϵLð1þ ϵÞ

q :

ð21Þ

The primary focus of this model calculation is to identify
kinematics that yields a sizable BSA signal. For further
details on the construction of these expressions, we refer
the reader to [23].

B. Kinematics

We start by describing the kinematics of the process in
which a virtual photon scatters off a scalar target h,
resulting in the production of a scalar meson m, as
illustrated in Fig. 1:

γ�ðqÞ þ hðpÞ → mðq0Þ þ h0ðp0Þ: ð22Þ

To describe the momenta, we employ the light-front
dynamics variables, where a four-momentum p is repre-
sented as p ¼ ðpþ; p−; p⊥Þ. Here, pþ ¼ p0 þ p3 denotes
the longitudinal LF momentum, p− ¼ p0 − p3 corresponds
to the LF energy, and p⊥ ¼ ðp1; p2Þ represents the trans-
verse momentum components. We adopt the Minkowski
metric convention, under which the inner product of two
four-vectors is given by a ·b¼ 1

2
ðaþb−þa−bþÞ−a⊥ ·b⊥.

Extending the previous (1þ 1)-dimensional analysis
[24] of meson production in a scalar field model to the
present (3þ 1)-dimensional case, we define the momenta
of the target and the momentum transfer Δ ¼ p − p0 as

p ¼
�
pþ;

M2
T

pþ ; 0⊥
�
;

Δ ¼
�
ζpþ;

tþ Δ2⊥
ζpþ ;Δ⊥

�
; ð23Þ

where ζ ¼ Δþ=pþ is the skewness parameter. The squared
momentum transfer then reads

t ¼ Δ2 ¼ 2p · Δ ¼ −
ζ2M2

T þ Δ2⊥
1 − ζ

≤ 0; ð24Þ

which also allows us to express ζ in terms of t as

ζ ¼ tþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 − 4M2

Tðtþ Δ2⊥
p

Þ
2M2

T
; ð25Þ

with 0 ≤ ζ ≤ 1. From Eq. (24), one can see that the
transverse component of Δ satisfies

jΔ⊥j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðζ − 1Þt − ζ2M2

T

q
; ð26Þ

where the absolute minimum jtminj of the momentum
transfer t is determined by setting jΔ⊥j ¼ 0 [see also
Eq. (24)] for given ζ as follows:

jtj ≥ jtminj ¼
ζ2M2

T

1 − ζ
≥ 0: ð27Þ

For the momenta q0 and q, where q2 ¼ −Q2 and q02 ¼ M2
S

withMS the mass of the produced scalar meson, we work in
the q⊥ ¼ 0 frame (see Fig. 2), so that q0⊥ ¼ Δ⊥. In this
frame, it is convenient to parametrize q0− as being propor-
tional to Q2=pþ. Introducing a scale parameter 1=ζ0, we
write

q0 ¼
�
μSζ

0pþ;
M2

S þ Δ2⊥
μSζ

0pþ ;Δ⊥
�
; ð28Þ

where μS ¼ M2
S=Q

2. Then, the four-momentum q¼q0−Δ
can be written as

q ¼ ðζpþðα − 1Þ; q−; 0⊥Þ; ð29Þ

where α ¼ μS
ζ0
ζ . Since the virtual photon carries the fixed

virtuality q2 ¼ −Q2, q− ¼ q0− − Δ− should satisfy

q− ¼ M2
S þ Δ2⊥
μSζ

0pþ −
tþ Δ2⊥
ζpþ ¼ Q2

ζpþð1 − αÞ : ð30Þ

Defining μ0S ≡ ðM2
S þ Δ2⊥Þ=Q2 and τ0 ≡ −ðtþ Δ2⊥Þ=Q2

with τ ¼ −t=Q2, we obtain from Eq. (30) the relation
between ζ and ζ0:

μ0S
μSζ

0 þ
τ0

ζ
¼ 1

ζð1 − αÞ : ð31Þ

Solving Eq. (31) for the ratio ζ0=ζ, we find

ζ0

ζ
¼ 2μ0S=μS

1þ μ0S − τ0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ τ0 þ μ0SÞ2 − 4τ0

p : ð32Þ

We choose the solution with the þ sign in the denominator
to ensure that, in the forward limit (Δ⊥ → 0, t → 0), the
ratio ζ0=ζ approaches unity, as required by consistency with
elastic kinematics (p2 ¼ p02 ¼ M2

T). Moreover, under our
chosen convention qþ < 0, the kinematics impose the
constraint 0 ≤ μSζ

0 ≤ ζ ≤ 1, which guarantees that the
virtual photon carries negative longitudinal LF momentum,
consistent with our chosen frame. In the forward limit, our
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expression also reproduces the result found in [23] for the
1þ 1D case.

The scaling variable xA ¼ Q2

2p·q in our chosen reference
frame is given by

xA ¼ 2ðtþ Δ2⊥Þ
tKS −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t½t − 4M2

Tð1þ Δ2⊥=tÞ�ðK2
S − 4τ0Þp ; ð33Þ

where KS ≡ 1þ μ0S þ τ0. In Fig. 3, we plot xA as a function
of −t for Δ⊥ ¼ 0 and various Q2 values, using the
parameter sets ðMT;MSÞ ¼ ð3.7; 0.98Þ GeV to represent
scalar meson f0ð980Þ production off a 4He target. This
figure illustrates the allowed ranges of xA for given ð−t; Q2Þ
values; the lines indicate the upper bounds on physical
values of xA for each kinematic setting.

III. MODEL CALCULATION OF FOUR-POINT
FUNCTION

In this section, we compute the matrix element of the
hadronic current Jμ [see Eq. (5)] for scalar meson electro-
production off a scalar target—composed of two scalar
constituents—using a 3þ 1-dimensional scalar field
model.
Our model Lagrangian is given by

L ¼ ð∂μϕ1 þ ie1Aμϕ1Þ†ð∂μϕ1 þ ie1Aμϕ1Þ −m2
1ϕ

†
1ϕ1

þ ð∂μϕ2 þ ie2Aμϕ2Þ†ð∂μϕ2 þ ie2Aμϕ2Þ −m2
2ϕ

†
2ϕ2

−
1

2
ðM2

TΦ2 þM2
SΦ2

M − ∂μΦ∂
μΦ − ∂μΦM∂

μΦMÞ
þ gΦðϕ†

1ϕ2 þ ϕ†
2ϕ1Þ þ ΓΦMðϕ†

1ϕ1 þ ϕ†
2ϕ2Þ; ð34Þ

where ϕ1;2 are the scalar constituent fields that compose the
target in our effective two-body model and carry charges
e1;2 and masses m1;2. In this work, we investigate the
electroproduction process of a scalar meson off a scalar

target in the one-loop level of the (3þ 1)-dimensional scalar
field model extended from the conventional Wick-Cutkosky
model. The same scalar field model was previously applied
to the analysis of the same process in ð1þ 1ÞD [24]. In this
model, the wave function is obtained as the solution of the
covariant Bethe-Salpeter equation in the ladder approxima-
tion with a relativistic version of the contact interactions
[37,38]. The covariant model wave function is a product of
two free single-particle propagators, the Dirac delta function
for the overall momentum conservation, and a constant
vertex function. Consequently, all our Compton form factor
calculations show various ways of evaluating the Feynman
box diagrams in the scalar field model taken in the present
work as well as in our previous ð1þ 1ÞD work [24]. While
we simulate γ� þ 4He → f0ð980Þ þ 4He as an example, the
internal structure of the real 4He nucleus is far more
complicated, involving four nucleons (or, at a more funda-
mental level, 12 quarks). In this sense, the two scalar
constituents should be understood as effective degrees of
freedom that reproduce the quantum numbers of the scalar
target 4He. We consider that each scalar constituent carries
effectively the charge of the proton and the mass of two
nucleons, i.e., a pair of proton and neutron. As the average
binding energy per nucleon in 4He is around 7 MeV, we take
the mass of each scalar constituent as 1.865 GeV to yield the
total binding energy as 30 MeV for the scalar target 4He
mass 3.7 GeV. While a literal description of the actual 4He
awaits for the QCD computation of nuclear systems, we
take our model Lagrangian Eq. (34) to analyze “bare-bone”
structures in the one-loop amplitudes including both the
“handbag” and “cat-ears” contributions and examine their
contributions in the broad kinematics of the electroproduc-
tion of a scalar meson off a scalar target. Our aim in this
work is to investigate the BSA in ð3þ 1ÞD within the same
effective model used previously in ð1þ 1ÞD [24].
The field Aμ represents the virtual photon, while Φ is the

scalar field describing the initial or final hadron target of
mass MT , and ΦM denotes the electroproduced meson of
mass MS. The coupling constant g has the unit of mass and
reflects the binding strength of the constituents inside the
target hadron. The parameter Γ governs the coupling of the
meson field to the scalar constituents, effectively encoding
the meson-constituent vertex. Since the meson is itself a
composite particle, we can more generally model this vertex
by allowing Γ to include momentum-dependent structure,
such as Γ ¼ ES þ FS=q0 þ GS=kþHSσ

μνq0μkν. While we
note that additional terms can contribute due to the
composite nature of the meson, we simply take Γ to be
the identity in this work.

A. Neutral scalar target case

For a neutral scalar target (total charge eN ¼ e1þ
e2 ¼ 0), composed of two constituents Q1 and Q2 repre-
sented by the fields ϕ1 and ϕ2 with masses and charges

FIG. 3. Scaling variable xA as a function of −t for Δ⊥ ¼ 0 and
various Q2 values in GeV2, using ðMT;MSÞ ¼ ð3.7; 0.98Þ GeV
to model f0ð980Þ production off a 4He target.
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ðm1; e1Þ and ðm2; e2Þ, respectively, the covariant one-loop
contributions to the hadronic current Jμ are illustrated in
Fig. 4, where the thin and thick lines represent ϕ1 and ϕ2

fields, respectively. The diagrams correspond to the S-
channel (a), U-channel (b), and the so-called “cat-ears” or
C-channel (c) contributions. The Mandelstam variables s ¼
ðpþ qÞ2 and u ¼ ðp − q0Þ2 are defined in the usual way,
and the inclusion of the C channel is essential to maintain
gauge invariance.
According to our model Lagrangian and these diagrams,

the total one-loop (four-point) contribution to the hadronic
current decomposes as

Jμ ¼ JμS þ JμU þ JμC; ð35Þ

with

JμS ¼ ie1N
Z

d4k
ð2πÞ4

ð2kþ qÞμ
NkNkþqNk−ΔDk−p

;

JμU ¼ ie1N
Z

d4k
ð2πÞ4

ð2k − 2q0 þ qÞμ
NkNk−q0Nk−ΔDk−p

;

JμC ¼ ie2N
Z

d4k
ð2πÞ4

ð2k − 2p − qÞμ
NkNk−q0Dk−p−qDk−p

; ð36Þ

where the denominators arise from the intermediate scalar
propagators in Fig. 4. Here,

Np1
¼ p2

1 −m2
1 þ iϵ; p1 ∈ fk; kþ q; k − Δ; k − q0g;

Dp2
¼ p2

2 −m2
2 þ iϵ; p2 ∈ fk − p; k − p − qg; ð37Þ

with ei and mi (i ¼ 1, 2) denoting the charge and mass of
the ith constituent in the target. The factor N contains the
g2 coupling and other normalization constants.
To proceed, we first express the covariant diagrams as an

equivalent sum of their LF time-ordered diagrams. The
advantage of the LF calculation is that one can readily
identify diagrams corresponding to valence (diagonal

S-matrix elements in Fock-space) and nonvalence (off-
diagonal) contributions.
In terms of the LF variables, Eq. (36) can be rewritten as

JμS ¼
ie1N
2ð2πÞ4

Z
dkþdk−d2k⊥

CS

×
ð2kþ qÞμ

ðk− − k−i Þðk− − k−f Þðk− − k−t Þðk− − k−b Þ
;

JμU ¼ ie1N
2ð2πÞ4

Z
dkþdk−d2k⊥

CU

×
ð2k − 2q0 þ qÞμ

ðk− − k−i Þðk− − k−f Þðk− − k−u Þðk− − k−b Þ
;

JμC ¼ ie2N
2ð2πÞ4

Z
dkþdk−d2k⊥

CC

×
ð2k − 2p − qÞμ

ðk− − k−i Þðk− − k−c Þðk− − k−u Þðk− − k−b Þ
; ð38Þ

where CS ¼ kþðkþ þ qþÞðkþ − ΔþÞðkþ − pþÞ, CU ¼
kþðkþ − q0þÞðkþ − ΔþÞðkþ − pþÞ, and CC ¼ kþðkþ −
q0þÞðkþ − pþ − qþÞðkþ − pþÞ are the overall LF longi-
tudinal momentum factors for each channel, with
kþ ¼ xpþ. The on-shell LF energies are given by

k−i ¼ k2⊥þm2
1

kþ
−
iϵ
kþ

;

k−f ¼Δ−þðk−ΔÞ2⊥þm2
1

kþ−Δþ −
iϵ

kþ−Δþ ;

k−t ¼−q−þðkþ qÞ2⊥þm2
1

kþ þqþ
−

iϵ
kþ þqþ

;

k−b ¼ p−þðk− pÞ2⊥þm2
2

kþ−pþ −
iϵ

kþ−pþ ;

k−u ¼ q0−þðk− q0Þ2⊥þm2
1

kþ−q0þ
−

iϵ
kþ −q0þ

;

k−c ¼ p−þq−þðk− p− qÞ2⊥þm2
2

kþ −pþ−qþ
−

iϵ
kþ −pþ −qþ

: ð39Þ

We then integrate over the k− component, thereby placing
each particle on-mass-shell with increasing LF time xþ
from left to right in the diagrammatic representation. This
yields four LF time-ordered diagrams for each scattering
amplitude, leading to a total of 12 LF time-ordered
diagrams, as was illustrated in our previous work [24]
for the (1þ 1)-dimensional analysis. For completeness, we
display them again in Fig. 5.
For the S-channel contribution JμS, performing the

Cauchy integration over k− isolates three distinct LF time
(xþ)-ordered residues. These arise from the momentum
intervals S1 (Δþ < kþ < pþ), S2 (−qþ < kþ < Δþ), and
S3 (0 < kþ < −qþ), respectively. The region S1 aligns
with the DGLAP domain [30–32], whereas S2 and S3 fall

(a)

(c)

(b)

FIG. 4. Relevant covariant diagrams for the reaction
γ�ðqÞ þ hðPÞ → mðq0Þ þ h0ðP0Þ: (a) S channel, (b) U channel,
and (c) “cat-ears” diagram (denoted as C channel).
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within the ERBL regime [33–35]. Physically, the DGLAP
region reflects valence processes that conserve particle
number, while the ERBL region encompasses nonvalence
dynamics associated with particle-number-changing
transitions.
In the DGLAP kinematic domain labeled S1, defined by

Δþ < kþ < pþ, the integral over k− in Eq. (38) picks up its
contribution from the pole at k− ¼ k−b , which lies in the
upper half of the complex k− plane, while the remaining
three poles are situated in the lower half. Performing the
Cauchy integration over k− in this region yields

JμS;hand ¼
−e1N
2ð2πÞ3

Z
pþ

Δþ

dkþd2k⊥
CS

2kμbþqμ

ðΔk−biÞðΔk−bfÞðΔk−btÞ
; ð40Þ

where we use the shorthand notation Δk−jk ¼ k−j − k−k for
the energy differences. This term represents the so-called
“handbag” contribution and is illustrated by the diagram in
Fig. 5(d) within the S channel.
In contrast, within the ERBL domain S2, where

−qþ < kþ < Δþ, the pole structure changes: Two poles,
k−i and k−t , are located in the lower half of the complex
plane, while the other two, k−b and k−f , lie in the upper half.
Evaluating the integral by taking the residues at k−b and k−f ,
one finds

Z
dk−

1

ðk− − k−i Þðk− − k−f Þðk− − k−t Þðk− − k−b Þ

¼ 2πi

�
1

ðΔk−biÞðΔk−bfÞðΔ−
btÞ

þ 1

ðΔk−fiÞðΔk−fbÞðΔ−
ftÞ

�
; ð41Þ

and, by employing partial fraction identities such as

1

Δk−fiΔk−fb
¼ −

1

Δk−bi

�
1

Δk−fi
þ 1

Δk−bf

�
;

1

Δk−bfΔk−tf
¼ −

1

Δk−bt

�
1

Δk−ft
þ 1

Δk−bf

�
; ð42Þ

we identify two distinct LF time-ordered contributions in
this interval:

JμS;stret ¼
−e1N
2ð2πÞ3

Z
Δþ

−qþ

dkþd2k⊥
CS

2kμi þqμ

ðΔk−biÞðΔk−fiÞðΔk−tfÞ
;

JμS;open ¼
−e1N
2ð2πÞ3

Z
Δþ

−qþ

dkþd2k⊥
CS

2kμbþqμ

ðΔk−biÞðΔk−btÞðΔk−tfÞ
: ð43Þ

Here, JμS;stret and JμS;open represent the “stretched box” and
“open diamond” configurations, as depicted in Figs. 5(b)
and 5(c) for the S channel.
In the other ERBL region, denoted as S3 and defined by

0 < kþ < −qþ, the integral over k− in JμS picks up its

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

FIG. 5. LF time-ordered diagrams (a)–(d), (e)–(h), and (i)–(l), corresponding to the scattering amplitudes ðJþS ; JþU; JþCÞ for the S-, U-,
and C-channel processes, respectively.
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contribution from the pole at k− ¼ k−i , which is located in
the lower half of the complex k− plane, while the remaining
three poles reside in the upper half. Performing the Cauchy
integration over k− in this region yields

JμS;twist ¼
e1N
2ð2πÞ3

Z
−qþ

0

dkþd2k⊥
CS

2kμi þqμ

ðΔk−ibÞðΔk−ifÞðΔk−itÞ
; ð44Þ

which corresponds to what we refer to as the “twisted
stretched box” configuration, depicted in Fig. 5(a) for the
S channel.
Similarly, we can obtain the LF time-ordered amplitudes

for JμU of Figs. 5(e)–5(h) in the U channel and JμC of Figs. 5
(i)–5(l) in the C channel. Their explicit expressions read

JμU;twist ¼
e1N
2ð2πÞ3

Z
q0þ

0

dkþd2k⊥
CU

2kμi − 2q0μþqμ

ðΔk−ifÞðΔk−iuÞðΔk−ibÞ
;

JμU;stret ¼
−e1N
2ð2πÞ3

Z
Δþ

q0þ

dkþd2k⊥
CU

2kμi − 2q0μþqμ

ðΔk−ibÞðΔk−fiÞðΔk−fuÞ
;

JμU;open ¼
−e1N
2ð2πÞ3

Z
Δþ

q0þ

dkþd2k⊥
CU

−2kμbþ 2q0μ−qμ

ðΔk−ubÞðΔk−fuÞðΔk−ibÞ
;

JμU;hand ¼
−e1N
2ð2πÞ3

Z
pþ

Δþ

dkþd2k⊥
CU

2kμb − 2q0μþqμ

ðΔk−bfÞðΔk−buÞðΔk−biÞ
ð45Þ

and

JμCðiÞ ¼
e2N
2ð2πÞ3

Z
q0þ

0

dkþd2k⊥
CC

2kμi −2pμ−qμ

ðΔk−ibÞðΔk−icÞðΔk−iuÞ
;

JμCðjÞ ¼
−e2N
2ð2πÞ3

Z
pþþqþ

q0þ

dkþd2k⊥
CC

−2kμi þ2pμþqμ

ðΔk−biÞðΔk−ciÞðΔk−cuÞ
;

JμCðkÞ ¼
−e2N
2ð2πÞ3

Z
pþþqþ

q0þ

dkþd2k⊥
CC

−2kμbþ2pμþqμ

ðΔk−biÞðΔk−buÞðΔk−cuÞ
;

JμCðlÞ ¼
−e2N
2ð2πÞ3

Z
pþ

pþþqþ

dkþd2k⊥
CC

2kμb−2pμ−qμ

ðΔk−bcÞðΔk−buÞðΔk−biÞ
; ð46Þ

where CU ¼ kþðkþ − q0þÞðkþ − ΔþÞðkþ − pþÞ and CC ¼
kþðkþ − q0þÞðkþ − pþ − qþÞðkþ − pþÞ.

B. Charged scalar target case

In case of a neutral target, characterized by
eN ¼ e1 þ e2 ¼ 0, gauge invariance is automatically sat-
isfied through the condition q · Jμtot ¼ 0 when the total
current is given by the sum Jμtot ¼ JμS þ JμU þ JμC.
However, for targets carrying net charge, such as a

“heliumlike” scalar system with eN ¼ −2e, the gauge
invariance requires additional contributions. These come
in the form of so-called effectively tree (ET) level diagrams,
where the external photon couples directly to the charged
target line. The ET current decomposes as

JμET ¼ JμS;ET þ JμU;ET; ð47Þ

with the associated LF time-ordered diagrams illustrated in
Fig. 6. Explicitly, the covariant expressions for these
contributions are given by [24]

JμS;ET ¼ ieNN
s̄2

Z
d4k
ð2πÞ4

2pμ þ qμ

NkNk−q0Dk−p−q
;

JμU;ET ¼ ieNN
ū2

Z
d4k
ð2πÞ4

2pμ þ qμ − 2q0μ

NkNk−q0Dk−p
; ð48Þ

where s̄2 ¼ s2 −MT
2 and ū2 ¼ s2 −MT

2.
In the LF framework, carrying out the Cauchy integration

over k− in Eq. (48) yields two distinct LF time-ordered
contributions associated with the residue evaluations. For
the term JμS;ET, these contributions emerge from two
separate kþ intervals: the valence region given by
ðq0þ < kþ < pþ þ qþÞ, depicted in Fig. 6(a), and the
nonvalence region ð0 < kþ < q0þÞ, shown in Fig. 6(b).
Similarly, for JμU;ET, the two contributions originate from the
valence interval ðq0þ < kþ < pþÞ [Fig. 6(c)] and the non-
valence interval ð0 < kþ < q0þÞ [Fig. 6(d)]. In these inte-
grals, the poles contributing the residues differ by region:
For JS;ET, the valence term picks up the pole at k− ¼ k−c
(upper half), while the nonvalence piece involves k− ¼ k−i
(lower half). Similarly, for JμU;ET, residues are taken at
k− ¼ k−b in the valence case and k− ¼ k−i in the non-
valence case.
Performing these contour integrations over k−, we get

JμS;ET;val ¼
eNN

2ð2πÞ3s̄2
Z

pþþqþ

q0þ

dkþd2k⊥
C0
S

2pμ þ qμ

ðΔk−icÞðΔk−cuÞ
;

JμS;ET;non ¼
eNN

2ð2πÞ3s̄2
Z

q0þ

0

dkþd2k⊥
C0
S

2pμ þ qμ

ðΔk−iuÞðΔk−icÞ
ð49Þ

and

(a) (b)

(c) (d)

FIG. 6. LF time-ordered effective tree diagrams in the S and U
channels for a charged target. (a) and (b) show the valence and
nonvalence contributions to JμS;ET, respectively, while (c) and
(d) illustrate the corresponding contributions to JμU;ET.
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JμU;ET;val¼
eNN

2ð2πÞ3ū2
Z

pþ

q0þ

dkþd2k⊥
C0
U

2pμþqμ−2q0μ

ðΔk−ibÞðΔk−buÞ
;

JμU;ET;non¼
eNN

2ð2πÞ3ū2
Z

q0þ

0

dkþd2k⊥
C0
U

2pμþqμ−2q0μ

ðΔk−iuÞðΔk−ibÞ
; ð50Þ

where C0
S ¼ kþðkþ − q0þÞðkþ − pþ − qþÞ and C0

U ¼
kþðkþ − q0þÞðkþ − pþÞ.
We note that the full amplitudes also include the exch-

ange diagrams with Q1 ↔ Q2, as shown in Figs. 4–6,
which can be readily derived by substituting Q1 ↔ Q2 in
the expressions above. These contributions, along with all
permutations over the distinguishable constituents ðQ1; Q2Þ
and their respective masses and charges, are fully incorpo-
rated in our numerical evaluations.
Accordingly, the total matrix elements of the hadronic

current Jμ for neutral and charged targets can be compactly
written as

Jμneutral ¼
X

a¼S;U;C

Jμa ⊕ ðpermutationsÞ;

Jμcharged ¼
X

a¼S;U;C

Jμa ⊕
X
a¼S;U

Jμa;ET ⊕ ðpermutationsÞ; ð51Þ

where Jμa and Jμa;ET each encompass the LF time-ordered
diagrams displayed in Figs. 5 and 6.
Once Jμ is calculated within our model, the CFFsF 1 and

F 2 can be extracted in a straightforward manner. This is
done by contracting Jμ given by Eq. (5) with the two
independent momenta Δ and p̄:

Δ · J ¼ ðA · ΔÞF 1 þ ðB · ΔÞF 2;

p̄ · J ¼ ðA · p̄ÞF 1 þ ðB · p̄ÞF 2: ð52Þ

Solving this coupled linear system for F 1 and F 2 is
straightforward, as all other quantities are determined c
numbers for the chosen kinematics. The real and imaginary
parts of the CFFs follow directly.
To identify which diagrams contribute to the imaginary

part of the CFFs, consider, for example, the S-channel
handbag amplitude shown in Fig. 5(d). An inspection of the
pole structure of the energy denominators reveals that they
do not all reside on the same side of the complex k− plane.
The simultaneous appearance of the kþ q and p − k
propagators in a light-front-time cut guarantees that the
energy denominator Δk−bt becomes critical for generating
an imaginary component.
In particular, for the S-channel handbag diagram, the

amplitude is given by Eq. (40), where the integral runs over
Δþ < kþ < pþ, or, equivalently, ζ < x < 1. The denom-
inator Δk−bt is quadratic in x and necessarily has a root
within this interval. This ensures that, irrespective of the
specific kinematics, the integral over this region always
encounters a zero in the energy denominator, thereby
producing an imaginary contribution to the amplitude.

In contrast, for the S-channel open diamond diagram, the
integral is over the range−qþ < kþ < Δþ, or, equivalently,
ζð1 − μs

ζ0
ζÞ < x < ζ [see Eqs. (29)–(32)]. While Δk−bt still

has two roots for x, one of these roots always lies within
ζ < x < 1, and the other may or may not fall inside
ζð1 − μs

ζ0
ζÞ < x < ζ. Consequently, the contribution

JμS;open to the imaginary part depends sensitively on the

external kinematics: The integral over ζð1 − μs
ζ0
ζÞ < x < ζ

yields an imaginary part only if this second root happens to
lie within the integration bounds.
In total, there are four such diagrams—two in the S

channel and two in the C channel—arising from the four-
point function that can contribute imaginary components to
the CFFs, depending on the interplay between their
quadratic pole structures and the specific integration
domains set by the kinematics.

IV. CFFS IN THE DEEPLY VIRTUAL LIMIT

In the DVMP limit, where Q2 is much larger than all
other relevant mass-squared scales, only the leading terms
in Q2 are retained, while contributions suppressed by
powers of 1=Q2 are neglected. More explicitly, in the

regime Q2 ≫ ðM2
T;M

2
S;−tÞ, one has q− ≃ q0− ¼ Q2

ζpþ and

the ratios ðμð0ÞS ; τð0ÞÞ vanish. This implies ζ ¼ ζ0.
In this limit, the scaling variable xA becomes1

xA ¼ lim
Q2→∞

Q2

2p · q
≃ ζ: ð53Þ

A. CFFs in DVMP limit

The Lorentz factors Aμ and Bμ for the hadronic current
Jμ ¼ AμF 1 þ BμF 2 given by Eq. (5) reduce in this DVMP
limit to

Aμ ¼ ðΔ · qÞqμ − q2Δμ

≃
Q2

2
ð2q0μ − qμÞ≡ Aμ

DVMP;

Bμ ¼ ðΔ · qÞp̄μ − ðp̄ · qÞΔμ

≃ −
Q2

ζ
ðΔμ − ζpμÞ≡ Bμ

DVMP: ð54Þ

Here, we have used Δ · q ≃Q2=2 and p̄ · q ≃
ð2 − ζÞQ2=ð2ζÞ, as obtained from Eq. (23) to leading order
in Q2.

1In deep inelastic scattering, the Bjorken variable xB ¼
Q2=ð2MNνÞ is conventionally defined with respect to the nucleon
mass MN . For a target of mass MT , this convention leads to the
relation MNxB ¼ MTxA.
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Thus, the scattering amplitude in the DVMP limit may be
written as

JμDVMP ¼ Aμ
DVMPF

DVMP
1 þ Bμ

DVMPF
DVMP
2 : ð55Þ

Taking this limit greatly reduces the number of nonvanish-
ing next-to-leading-order diagrams; the four-point function
of the surviving diagrams reduces to a three-point function
via the operator product expansion of the OðQ2Þ
propagators.
In the leading-twist approximation, the amplitude JμDVMP

that predominantly contributes to meson production in the
deeply virtual region arises from the S and U channels, i.e.,

JμDVMP ¼ JμS;DVMP þ JμU;DVMP: ð56Þ

The propagators corresponding to the hard scattering
subprocess in the S and U channels [see Eq. (36)] simplify
in the DVMP limit:

2kμ þ qμ

ðkþ qÞ2 −m2
1 þ iϵ

≃
�

ζ

x − ζ þ iϵ

� ð2kþ q0 − ΔÞμ
Q2

;

2kμ − 2q0μ þ qμ

ðk − q0Þ2 −m2
1 þ iϵ

≃
�

−ζ
x − iϵ

� ð2k − q0 − ΔÞμ
Q2

; ð57Þ

where we have used the kinematic identities 2kþ q ¼
2kþ q0 − Δ and 2k − 2q0 þ q ¼ 2k − q0 − Δ. Starting
from Eq. (36), we, thus, obtain

JμDVMP ¼ ie1N
ζ

Q2

Z
d4k
ð2πÞ4

�ð2kþ q0 − ΔÞμ
x − ζ þ iϵ

−
ð2k − q0 − ΔÞμ

x − iϵ

�
1

NkNk−ΔDk−p

¼ ie1N
ζ

Q2

Z
d4k
ð2πÞ4

�
1

x − ζ þ iϵ
−

1

x − iϵ

�
Sμ

NkNk−ΔDk−p
; ð58Þ

where we have defined Sμ ¼ ð2k − ΔÞμ þ ð2x−ζÞ
ζ q0μ. For the

LF components, μ ¼ þ and −, we find Sþ ¼ ð2x − ζÞpþ

and S− ≃ ð2x−ζÞQ2

ζ2pþ ¼ Q2

ðζpþÞ2 S
þ in the DVMP limit. Compar-

ing with Eqs. (54) and (55) together with Eq. (58), we
obtain

JþDVMP ¼
ζQ2pþ

2
FDVMP

1 ; ð59Þ

J−DVMP ≃
Q2

ðζpþÞ2 J
þ
DVMP

¼ Q4

2ζpþ

�
FDVMP

1 þ 2ζM2
T

Q2
FDVMP

2

�
: ð60Þ

Solving Eqs. (59) and (60), we find

FDVMP
1 ¼ 2

ζQ2pþ JþDVMP

¼ ie1N
2ζ2

Q4

Z
d4k
ð2πÞ4

�
1

x − ζ þ iϵ
−

1

x − iϵ

�

×
ð2x − ζÞ

NkNk−ΔDk−p
; ð61Þ

and FDVMP
2 ¼ 0 in this DVMP limit. Thus, for the μ ¼ �

components in the DVMP limit, we arrive at a single CFF,

obtained in a manner that is independent of the specific
current component.2

In terms of LF variables, the covariant integral for the
three-point function in Eq. (61),

I3 ≡
Z

d4k
ð2πÞ4

1

NkNk−ΔDk−p
¼ IDGLAP þ IERBL; ð62Þ

yields two nonzero contributions from the Cauchy inte-
gration over k−: (I) for 0 < kþ < Δþ (ERBL region), with
the residue at the pole k− ¼ k−i in the lower half plane, and
(II) for Δþ < kþ < pþ (DGLAP region), with the residue
at k− ¼ k−b in the upper half plane.
Explicitly, we obtain

IDGLAPðk− ¼ k−b Þ ¼ i
Z

pþ

Δþ

dkþd2k⊥
2ð2πÞ3

1

C3ðΔk−biÞðΔk−bfÞ
;

IERBLðk− ¼ k−i Þ ¼ −i
Z

Δþ

0

dkþd2k⊥
2ð2πÞ3

1

C3ðΔk−ibÞðΔk−ifÞ
;

ð63Þ

where C3 ¼ kþðkþ − ΔþÞðkþ − pþÞ.

2While we choose a reference frame such that Q2 flows
entirely along the longitudinal direction, i.e., q⊥ ¼ 0, one can
likewise show that in a more general frame, where both q− and q⊥
are nonzero, our conclusion remains valid when derived from the
μ ¼ ⊥ component.
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In this way, we obtain the factorized form of the single
CFF FDVMP

1 and the corresponding DVMP amplitude
JþDVMP in the DVMP limit. Hence, FDVMP

1 is directly
related to the leading-twist GPD, as we discuss in the next
subsection.

B. Leading-twist GPD

As discussed above, the amplitude JþDVMP factorizes
into hard and soft parts, allowing FDVMP

1 to be directly
related to the leading-twist GPD. In this context, it is
instructive to compare with the reduced three-point
function associated with the electromagnetic (EM) form
factor FEMðtÞ of the charged target, defined via
JμEM ¼ ðpþ p0ÞμFEMðt ¼ −Δ2Þ, where the EM current
is given by

JμEM ¼ iN
Z

d4k
ð2πÞ4

δðx − kþ=pþÞð2k − ΔÞμ
NkNk−ΔDk−p

; ð64Þ

where δðx − kþ=pþÞ represent the nonlocality of the
struck constituent-gauge-boson vertex shown in Fig. 7.
Since JμDVMP ∝ JμEM, the leading-twist GPD can be

extracted from the plus component of the current, i.e.,
ð2k − ΔÞþ ¼ ð2x − ζÞpþ, and is, thus, related to the CFF
F 1. Explicitly, the leading-twist DVMP amplitude takes the
factorized form

JþDVMP ¼
e1ζ
Q2

Z
dx

�
1

x − ζ þ iϵ
−

1

x − iϵ

�
Hðx; ζ; tÞ; ð65Þ

where

Hðx; ζ; tÞ ¼ iNpþ
Z

dk−d2k⊥
2ð2πÞ4

ð2k − ΔÞþ
NkNk−ΔDk−p

ð66Þ

defines the leading-twist GPD. After the integration over
k−, the current can be written as the sum of the two LF
time-ordered diagrams (see Fig. 7), i.e.,

H ¼
	
HERBLðx; ζ; tÞ for 0 ≤ x ≤ ζ;

HDGLAPðx; ζ; tÞ for ζ ≤ x ≤ 1;
ð67Þ

where

HDGLAP¼
−N ð2x−ζÞ

xðx−ζÞðx−1Þpþ

Z
d2k⊥
2ð2πÞ3

1

ðΔk−biÞðΔk−bfÞ
;

HERBL¼
N ð2x−ζÞ

xðx−ζÞðx−1Þpþ

Z
d2k⊥
2ð2πÞ3

1

ðΔk−ifÞðΔk−ibÞ
: ð68Þ

The analytic forms of the GPDs Hðx; ζ; tÞ in the equal-
mass case (m1 ¼ m2 ¼ m) are given by

HDGLAP ¼
N

2ð2πÞ2
ð1 − xÞð2x − ζÞ=ð1 − ζÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðaD − bDÞ2 þ aDc2D
p

×

	
−tanh−1

�
aD − bDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðaD − bDÞ2 þ aDc2D
p

�

þ tanh−1
�

2ðaD − bDÞ þ c2D
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaD − bDÞ2 þ aDc2D

p
�


;

HERBL ¼ N
2ð2πÞ2

xð2x − ζÞ=ζffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaE − bEÞ2 þ aEc2E

p

×

	
−tanh−1

�
aE − bEffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðaE − bEÞ2 þ aEc2E
p

�

þ tanh−1
�

2ðaE − bEÞ þ c2E
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaE − bEÞ2 þ aEc2E

p
�


; ð69Þ

where

aD ¼ aE ¼ m2 − xð1 − xÞM2
T;

bD ¼ m2 þ ð1 − xÞ½ζ2M2
T − ζðxM2

T þ tÞ þ xðΔ2⊥ þ tÞ�
ζð1 − ζÞ ;

bE ¼ m2 þ x½xðΔ2⊥ þ tÞ − ζt�
ζ2

;

cD ¼ 2
1 − x
1 − ζ

jΔ⊥j; cE ¼ 2
x
ζ
jΔ⊥j: ð70Þ

We should note that jΔ⊥j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðζ − 1Þt − ζ2M2

T

p
.

If we take the reference frame where Δ⊥ ¼ 0, then ζ and
t are not independent but connected through −t ¼ jtminj ¼
ζ2M2

T=ð1 − ζÞ. In this case, the GPD can be expressed in
terms of Hðx; ζðtminÞÞ, yielding

HDGLAPðx; ζðtminÞÞ ¼
N ðζ − 1Þð2x − ζÞ logAD

8πζM2
T ½ðζ − 2Þxþ 1� ;

HERBLðx; ζðtminÞÞ ¼
N ðζ − 1Þð2x − ζÞ logAE

8πζM2
T ½ðζ − 2Þxþ 1� ; ð71Þ

where

(a) (b)

FIG. 7. Diagrams for GPDs in the DVMP limit. The sum
JþDVMP
S;hand þ JþDVMP

U;hand gives the valence contribution (a) in the
DGLAP (ζ ≤ x ≤ 1) region, while JþDVMP

S;twist þ JþDVMP
U;stret gives

the nonvalence contribution (b) in the ERBL (0 ≤ x ≤ ζ) region.
The small white blob denotes the nonlocal constituent-gauge-
boson vertex.
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AD ¼ ðζ − 1Þ2ðm2 −M2
Txð1 − xÞÞ

ðζ − 1Þ2m2 þM2
Tðx − 1Þðx − ζÞ ;

AE ¼ ðζ − 1Þðm2 −M2
Txð1 − xÞÞ

ðζ − 1Þm2 þM2
Txðx − ζÞ ; ð72Þ

and the range 0 ≤ ζðtminÞ ≤ 1 corresponds to 0 ≤
jtminj < ∞.

C. PDF and lowest moment of GPD

In the limit ðζ; tÞ → 0, we recover the ordinary PDF
qðxÞ, i.e., Hðx; 0; 0Þ ¼ HDGLAPðx; 0; 0Þ ¼ qðxÞ. For the
case of equal constituent masses, m1 ¼ m2 ¼ m, we obtain
the analytic form

qðxÞ ¼ N
2ð2πÞ2

xð1 − xÞ
xð1 − xÞM2

T −m2
: ð73Þ

The normalization constant N is fixed by

Z
1

0

dxqðxÞ ¼ 1; ð74Þ

which imposes unit probability to find the scalar constituent
in the target within this two-body model. Since the two
scalar fields ϕ1 and ϕ2 have equal mass and share the total
momentum symmetrically, the first moment satisfiesR
1
0 dxxqðxÞ ¼ 1=2 for each constituent, and, therefore,
the total momentum fraction carried by the two constituents
fulfills

P
2
i¼1

R
1
0 dxxqiðxÞ ¼ 1.

The same normalization constant N is consistently used
in the analyses of the CFFs and BSA. For comparison, the
corresponding PDF in (1þ 1) dimensions is given by [24]

qðxÞ ∝ xð1 − xÞ
½xð1 − xÞM2

T −m2�2 : ð75Þ

It is also well known that the lowest moment, i.e., the
first Mellin moment, of the leading-twist GPD provides the
electromagnetic form factor of the target meson as given by

FEMðtÞ ¼
Z

1

0

dx
1 − ζ=2

Hðx; ζ; tÞ: ð76Þ

This well-known GPD sum rule for the total result of
summing the DGLAP and ERBL regions holds for all
components of the hadronic current as one may understand
from JμDVMP ∝ JμEM. However, one should note that the
respective correspondence of the DGLAP and ERBL
regions to the valence and nonvalence parts of the electro-
magnetic form factor holds only for the light-front plus
component of the hadronic current but not for any other
components of the hadronic current. This point was already
addressed in our previous work [24], noting that the
decomposition of the form factor between the valence

and nonvalence contributions depends on which component
of the current is used for the calculation. Therefore, the
correspondence between the DGLAP vs ERBL regions and
the valence vs nonvalence parts of the electromagnetic form
factor should be understood with great care in taking the
component of the hadronic current.

D. Polynomiality of higher moments

In discussing the polynomiality of the second and higher
Mellin moments of GPDs, it is advantageous to introduce
the symmetric variables ðX; ξÞ rather than ðx; ζÞ. This
notation renders the underlying kinematic relations more
transparent and facilitates a direct comparison with the
conventional form of the polynomiality condition.
For this analysis, we follow the symmetric notation for

the GPDs [8,13,18,19]:

ξ ¼ ζ

2 − ζ
; X ¼ x − ζ=2

1 − ζ=2
; ð77Þ

where 0 ≤ ξ ≤ 1 and the support is −1 ≤ X ≤ 1. The GPD
corresponding to Hðx; ζ; tÞ is then defined as

HðX; ξ; tÞ ¼ H

�
ξþ X
ξþ 1

;
2ξ

ξþ 1
; t

�
: ð78Þ

Reflection about X ¼ 0 yields the symmetric rela-
tion HðX; ξ; tÞ ¼ Hð−X; ξ; tÞ.
The polynomiality conditions [8,13,18,19,39] follow

from the Lorentz invariance, time reversal, and
Hermiticity. In general, the polynomiality conditions for
the moments of the GPDs, defined by

FðnÞðξ; tÞ ¼
Z

1

−1
dX Xn−1HðX; ξ; tÞ ¼

Xn
m¼0;even

ξmAnmðtÞ;

ð79Þ

require that the highest power of ξ in the polynomial
expression of FðnÞðξ; tÞ does not exceed n [7,11,16], where
AnmðtÞ are the generalized form factors. The first (n ¼ 1)
moment corresponds to the EM form factor, i.e.,
Fð1Þðξ; tÞ ¼ FEMð−tÞ, which is independent ξ. The second
(n ¼ 2) moment satisfies the ξ-dependent polynomiality
relation

Fð2Þðξ; tÞ ¼ A20ðtÞ þ ξ2A22ðtÞ; ð80Þ

where A20ðtÞ ¼ Fð2Þð0; tÞ and A22ðtÞ correspond to the
GFFs of the scalar target. In the following section, we
explicitly demonstrate that our model satisfies the poly-
nomiality condition of Eq. (80).
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V. NUMERICAL RESULTS

In this numerical section, we first fix the normalization
constant N from the ordinary PDF qðxÞ and then use the
same value of N for all other physical quantities. In our
numerical analysis, we take m1 ¼ m2 ¼ m ¼ 1.865 GeV
and MT ¼ 3.7 GeV for the scalar He-like target, but the
method can be readily generalized to unequal constituent
masses. This choice corresponds to a weakly bound two-
body system with binding energy ϵBE ¼ ðm1 þm2Þ −
MT ¼ 30 MeV (corresponding to about 7 MeV per
nucleon) and serves as a He-like scalar target in our
effective model framework.

A. PDF, GPD, and Mellin moments

Figure 8 shows the PDF of a He target, compared to
the result in ð1þ 1ÞD [24]. We observe that the PDF in
ð1þ 1ÞD is more sharply peaked at the center ðx ¼ 1=2Þ
and more strongly suppressed at the end points than its
ð3þ 1ÞD counterpart. This sharper peak arises from the
analytic structure of the denominator in the ð1þ 1ÞD
expression and the absence of transverse momentum
degrees of freedom, which enhances end point suppression.
In contrast, in ð3þ 1ÞD, the integration over transverse
momentum k⊥ spreads the probability distribution more
broadly in x, reducing the peak at x ¼ 1=2 and increasing
the relative weight near the end points. In particular, for
the weakly bound He-like state considered here, the PDF
shows a nonrelativistic, peak-dominated shape centered at
x ¼ 1=2, similar to the peaking-approximation trend most
pronounced in ð1þ 1ÞD. As the binding energy increases,
this peak broadens, reflecting the stronger relativistic spread
in the LF momentum distribution.
Figure 9 shows the three-dimensional (3D, top) and two-

dimensional (2D, bottom) GPDs at fixed −t ¼ 0.1 GeV2

obtained from Eq. (69), i.e., in theΔ⊥ ≠ 0 frame. The green
and red regions in the 3D plot show the contributions from
the HDGLAPðx; ζ; tÞ and the HERBLðx; ζ; tÞ, respectively.

The corresponding GPDs in the 2D plot are shown by solid
and dashed lines, respectively.
Our model satisfies the continuity of DGLAP and ERBL

GPDs at x ¼ ζ. We also note that in the ERBL region
(0 < x < ζ) the GPD takes negative values over part of the
x range. Such sign changes are physically admissible, since
the ERBL domain describes qq̄ correlation amplitudes3

rather than probability densities, and arise naturally from
interference between valence and nonvalence contributions,
while all formal constraints such as continuity at x ¼ ζ and
polynomiality are preserved, as discussed later.
If we take Δ⊥ ¼ 0, the variables ζ and t are no longer

independent but related through −t¼ jtminj ¼ ζ2M2
T=ð1−ζÞ.

In this case, the GPD can be written as Hðx; ζðtÞÞ or,
equivalently, Hðx; tðζÞÞ over the full range 0 ≤ ζðtÞ ≤ 1,
corresponding to 0 ≤ −t < ∞, as given in Eq. (71). The

FIG. 9. Three-dimensional (3D, top) and two-dimensional (2D,
bottom) GPDs at fixed −t ¼ 0.1 GeV2 obtained from Eq. (69),
i.e., in the Δ⊥ ≠ 0 frame.

FIG. 8. Ordinary PDF qðxÞ of a He-like target
with mass MT ¼ 3.7 GeV and binding energy ϵEB ¼ 30 MeV
(i.e., m1 ¼ m2 ¼ m ¼ 1.865 GeV).

3Here, “correlation amplitude” refers to the LF overlap
between the initial hadron state and a final state containing the
hadron plus a qq̄ pair, i.e., the emission and subsequent
reabsorption of the pair. As an amplitude rather than a probability
density, it may take negative values due to interference between
different LF time-ordered contributions.
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results for Hðx; ζðtÞÞ (top) and Hðx; tðζÞÞ (bottom) are
shown in Fig. 10.
In Fig. 11, we show the valence (DGLAP, dotted line)

and nonvalence (ERBL, dashed line) contributions to the
first Mellin moment (EM form factor, solid line) for ζ ¼ 0,
0.3, and 0.7. For ζ ¼ 0, the result arises solely from the
valence contribution and coincides with the total. For
nonzero ζ, the sum of the valence and nonvalence con-
tributions reproduces the total result.

As discussed earlier, for analyzing the polynomiality of
higher Mellin moments, the symmetric variables ðX; ξÞ are
more suitable than the asymmetric ðx; ζÞ variables. Using
these symmetric variables, we replot the 3D GPDHðX; ξ; tÞ
in Fig. 12, whereHDGLAPðX; ξ; tÞ corresponds to the ranges
ξ ≤ X ≤ 1 and −1 ≤ X ≤ −ξ and HERBLðX; ξ; tÞ corre-
sponds to the range −ξ ≤ X ≤ ξ. This GPD satisfies the
polynomiality conditions given by Eq. (79).

FIG. 10. GPD Hðx; ζðtÞÞ (top) and Hðx; tðζÞÞ (bottom) for
Δ⊥ ¼ 0, where ζ and t are related by −t ¼ ζ2M2

T=ð1 − ζÞ.

FIG. 11. The valence (DGLAP) and nonvalence (ERBL)
contributions to the first Mellin moment (EM form factor) for
ζ ¼ 0, 0.3, and 0.7.

FIG. 12. 3D GPD HðX; ξ; tÞ in symmetric ðX; ξÞ variables.

FIG. 13. First Mellin moment (n ¼ 1), corresponding to the
EM form factor (top), as a function of t, and the normalized
second Mellin moment (n ¼ 2, bottom) at fixed t ¼ 0 as a
function of the symmetric variable ξ.
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Figure 13 shows the first (n ¼ 1) Mellin moment (EM
form factor, top) and the normalized second (n ¼ 2) Mellin
moment Fð2Þðξ; tÞ (bottom) of the GPD. While the EM
form factor obtained from the ðX; ξÞ variables is essentially
identical to that from the ðx; ζÞ variables, the individual
DGLAP and ERBL contributions differ in appearance.
These vanish once the ξ-ζ relation is taken into account.
For the second moment, we plot the normalized quantity

Fð2Þðξ; 0Þ=Fð2Þð0; 0Þ as a function of ξ at fixed t ¼ 0,
namely,

Fð2Þðξ; 0Þ
Fð2Þð0; 0Þ ¼ 1þ ξ2

A22ð0Þ
A20ð0Þ

≡ 1þ að0Þξ2; ð81Þ

which provides a direct test of the polynomiality relation in
Eq. (80). We obtain að0Þ ≃ 0.436, equal to the ratio
A22ð0Þ=A20ð0Þ. More generally, the normalized second
moment can be written in the same polynomial form,
Fð2Þðξ;tÞ
Fð2Þð0;tÞ ¼ 1þ aðtÞξ2, where the slope depends on the value

of t, implying the relation A20ðtÞ ¼ aðtÞA22ðtÞ. The result-
ing generalized form factors A20ðtÞ and A22ðtÞ for the 4He
target are displayed in Fig. 14.
In this model calculation, the values at t ¼ 0 are found

to be

A20ð0Þ ¼ 1; A22ð0Þ ¼ 0.436: ð82Þ

In our spin-0 (purely scalar) model, the mapping of the
second Mellin moment to the GFFs may involve the ξ2

coefficient entering with a minus sign in the D term, in
which case one could write DðtÞ ¼ −cA22ðtÞ with c > 0,
so that a positive A22ðtÞ would correspond to a negative
DðtÞ. The precise value of c and the exact sign relation can
depend on the normalization conventions for the Mellin
moments and the energy-momentum tensor. As a reference,
the authors in [20] reports DðtÞ ¼ −1 for a free spin-0
(Klein-Gordon) theory and less negative values in strongly

interacting cases for h ¼ π, K, η, e.g., Dπ ¼ −0.91ð1Þ,
DK ¼ −0.77ð15Þ, and Dη ¼ −0.69ð19Þ.
To fully verify c and the sign of the D term in our

framework, however, we will determine the GFFs directly
from the energy-momentum tensor matrix element calcu-
lation in a separate work.

B. CFFs and BSA

Using the same normalization constantN fixed from the
PDF normalization, we compute the two CFFs.
Figure 15 shows the real (solid line) and imaginary

(dashed line) parts of the exact CFFs F 1 (top) and F 2

(bottom) from the VMP process as functions of Q2 for
xA ¼ 0.05 and t ¼ −0.77 GeV2. For these kinematics, the
smallest accessible value of Q2 is Q2

min ≈ 0.445 GeV2. As
seen in the figure, the magnitude of F 1 is larger than that of
F 2 by roughly an order of magnitude at small Q2, and their
relative difference decreases with increasing Q2. Since the
BSA is nonzero when at least the imaginary part of either
F 1 or F 2 is nonzero, a finite BSA is obtained up to
intermediate Q2. In this kinematic regime, smaller Q2

FIG. 14. Generalized form factors A20ðtÞ and A22ðtÞ.

FIG. 15. Real and imaginary parts of two Compton form factors
for given xA ¼ 0.05 and t ¼ −0.77 GeV2.
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values are more favorable for producing a sizable BSA than
larger Q2 values. In the DVMP limit, only a single CFF,
FDVMP, corresponding to the CFF F 1, can be obtained.
Figure 16 compares the real (top) and imaginary (bottom)
parts of the exact CFF F 1 with those of FDVMP. As Q2

increases, the difference between F 1 and FDVMP becomes
progressively smaller.
Once the two CFFs are obtained for a given set of

kinematical parameters, they can be directly related to the
BSA, as outlined in Ref. [23]. Figure 17 presents the BSA,

ALUðϕÞ ¼ dσλ¼þ1−dσλ¼−1
dσλ¼þ1þdσλ¼−1

as defined in Eq. (21), for various

values of t at xA ¼ 0.1, Q2 ¼ 4 GeV2, and y ¼ 0.45. Here,
the inelasticity y ¼ p·q

p·l denotes the fraction of the incoming

electron’s energy transferred to the target in the target rest
frame. The solid, dashed, and dot-dashed lines correspond
to −t=Q2 ¼ 0.3, 0.2, and 0.1, respectively. As −t=Q2

decreases, the magnitude of BSA decreases, vanishing
entirely when t ¼ tmin (dotted line).

VI. CONCLUSION AND OUTLOOK

In this work, we investigated the beam spin asymmetry
in the context of exclusive scalar meson production off a
scalar target nucleus, extending the previous (1þ 1)-
dimensional model analysis [24] to the present (3þ 1)-
dimensional model analysis. This exploration of computing
the BSA illuminated some of the bare-bone structure of
quantum chromodynamics involved in the scattering proc-
ess, providing valuable background information for QCD
phenomenology.
Our primary finding is that the BSA is nonvanishing for

scalar meson production. This result is significant, because
it contrasts with the prediction of the leading-twist GPD
formulation, which suggests a vanishing BSA due to the
reduction of the correlation amplitudes in the asymptotic
region where the factorization of the GPD is attainable.
Without the BH-Compton interference in the squared
amplitude, the underlying hadronic correlation amplitudes
could be accessed with minimal contamination. The dis-
crepancy in predicting the BSA highlights the comple-
mentary nature of our work to the GPD formulation,
indicating that the GPD formulation may not fully capture
the complexities of the process.
By exploring different −t=Q2 regions, we could sum-

marize the applicability of the leading-twist GPDs. Our
results show that the leading-twist GPD formulation is valid
for the helium-4 target in 3þ 1D when −t=Q2 is on the
order of 10−2 and smaller. This finding has implications for
the ongoing research at facilities like the Jefferson Lab
12 GeV electron beam and the future EIC, suggesting that
the EIC may be better suited to access the forward angle
kinematics necessary for the GPD formulation to be valid.
Building on this work, future research could explore the

next-to-leading-order GPD first moment, which is related
to the gravitational form factor. By extending our model to
include a derivative-type coupling, we could calculate the

FIG. 16. Comparisons of the real and imaginary parts of the
Compton form factors obtained from the full calculation and
DVMP limit for the given xA ¼ 0.05 and t ¼ −0.77 GeV2.

FIG. 17. Azimuthal angle ϕ dependence of the beam spin
asymmetry for various t values (in GeV2) at fixed xA ¼ 0.1,
Q2 ¼ 4 GeV2, and y ¼ 0.45.
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energy-momentum tensor and access the mass form factor
A, spin form factor B, and the D form factor related to the
deformation of the target. It would be particularly interest-
ing to determine the sign of the D term under this extended
model calculation, as it has implications for the stability of
the proton.
Another potential avenue for future investigation is the

inclusion of fermion loops in our calculations. This
extension would allow us to explore not only the chiral-
even leading-twist GPD, but also the chiral-odd GPD. It
would be also interesting to access the chiral-odd GPD
investigating a derivative coupling at the meson production
vertex. If the GPD prediction then provides a nonvanishing
BSA, it would suggest a significant contribution from the
chiral-odd GPD that overcomes the suppressing

ffiffiffiffiffi
−t

p
=Q

factor. Further extensions of our work could involve
transverse-momentum-dependent distribution computa-
tions and associated explorations of the light-front wave
functions from the analyses of the light-front quark model.
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