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We explore exclusive scalar meson electroproduction off a scalar target in the (3 4 1)-dimensional scalar
field model. This model analysis is a straightforward extension of the previous (1 + 1)-dimensional model
analysis presented in Choi et al. [Phys. Rev. D 105, 096014 (2022)]. In contrast to the (1 + 1)-dimensional
model, the (3 + 1)-dimensional model allows us to compute the beam spin asymmetry (BSA), which is
proportional to the imaginary part of the product of the two Compton form factors (CFFs) that appear in the
hadronic current of the present scalar meson electroproduction process. We compute both real and
imaginary parts of the CFFs and note that the BSA is detectable for —¢/Q? > 0.1, although it gets quite
small in the kinematic region —t/Q? < 0.1, where the factorization of the generalized parton distribution
(GPD) is attainable. We find the analytic forms of the leading-twist GPD for the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) and Efremov-Radyushkin-Brodsky-Lepage (ERBL) regions in the
(3 + 1)-dimensional scalar field model, confirming its uniqueness independent of the hadronic current
component. While we verify that the GPD sum rule for the total result of summing the DGLAP and ERBL
regions holds for all components of the hadronic current, we note that the respective correspondence of the
DGLAP and ERBL regions to the valence and nonvalence parts of the electromagnetic form factor holds
only for the light-front plus component of the hadronic current but not for any other components of the
hadronic current. We discuss the polynomiality of the GPD up to the second moments and remark on
accessible ranges of kinematics to measure the BSA and CFFs with respect to the future experimental

efforts of extracting the leading-twist GPDs.
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I. INTRODUCTION

Current and planned facilities such as Jefferson
Laboratory’s 12 GeV upgrade [1-3] and the future
Electron-lIon Collider (EIC) [4] are designed to map the

“Contact author: ajlundee @ncsu.edu
“Contact author: crji@ncsu.edu
*Contact author: sunctchoi@gmail.com
SContact author: homyoung @knu.ac.kr

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2026,/113(1)/016003(18)

016003-1

multidimensional quark and gluon structure of hadrons.
Exclusive meson electroproduction plays a central role in
this program, providing access to Compton form factors
(CFFs) [5], beam spin asymmetries (BSAs), generalized
parton distributions (GPDs) [6—17], electromagnetic form
factors (EMFs), and gravitational form factors (GFFs)
[18-21] that encode the fundamental information of
hadron dynamics in QCD.

In this lepton-hadron scattering process, the exchanged
virtual photon produces a meson off the target. A salient
advantage of this process is the absence of the Bethe-
Heitler (BH) mechanism that complicates deeply virtual
Compton scattering. Without involving the BH amplitude,
the reaction factorizes [22] rather cleanly into leptonic and
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hadronic currents, which enables the underlying hadronic
correlation amplitudes to be accessed with minimal
contamination.

The coherent electroproduction of pseudoscalar
(JP€ = 07*) or scalar (0**) mesons off a scalar target—
such as the “He nucleus [3]—provides a fertile testing
ground for exploring the hadron structure without compli-
cations from spin degrees of freedom. In Ref. [23], we
presented the most general formulation of the differential
cross sections for the 0+ or 0" meson production process
which involves only one or two hadronic form factors,
respectively, when the target is scalar. In particular, we
noted that the BSA of the coherent pseudoscalar (e.g., 7°)
meson electroproduction off a scalar target (e.g., the “He
nucleus) should vanish, as the hadronic tensor is symmetric
due to a single hadronic form factor while the leptonic
tensor including the electron beam polarization is totally
antisymmetric. As we discussed, however, the BSA of the
coherent scalar [e.g., f((980)] meson electroproduction off
the same scalar target does not vanish due to the two
independent hadronic form factors | and JF,, which are
complex, in general. These two hadronic form factors,
commonly called F; and F, CFFs, are the main ampli-
tudes that we analyze in the present (3 + 1)-dimensional
scalar field model.

In the earlier work [24], we investigated f((980) pro-
duction in a (1 + 1)-dimensional scalar field-theory model.
In that case, however, the two CFFs F; and F, are not
linearly independent due to the apparent reduction of
the dimensionality from 3 + 1D to 1 + 1D, namely, only
the light-front plus and minus (+) components but not the
transverse (L) components are available. The effective
reduction of two CFFs to a single CFF renders the BSA
identically zero.

Our aim in this work is to extend the previous 1 + 1D
analysis [24] to the 3 + 1D analysis, where both CFFs are
present and can be independently extracted. In this (3 + 1)D
scalar field-theory framework, the hadronic current is
computed to find the two CFFs, providing the most general
Lorentz and gauge invariant formulation [23]. Using our
field-theoretic model, we explicitly demonstrate that the
BSA is nonzero when both CFFs are present. The extraction
of the CFFs is made by utilizing the general formulation of
the hadronic currents presented in Ref. [23]. Indeed, the
BSA can be expressed in terms of the two CFFs as

This requires that at least one of the two CFFs has a
nonvanishing imaginary part with a relative phase between
F and F,. Measuring the BSA, therefore, provides a clean
and testable probe of the dynamics involving two CFFs.
We employ the same scalar model Lagrangian used in the
previous work [24], now extended to 3+ 1D for the
computations of the BSA as well as the two independent

CFFs. Our strategy is to evaluate the exact CFFs from the
four-point function and compare them with the single-CFF
description that emerges in the deeply virtual meson
production (DVMP) [25-29] limit, where the amplitude
factorizes in terms of the leading-twist GPD. This com-
parison is performed at generic momentum transfer A =
p—p =q —q (with t=A?), including frames with a
nonzero transverse component A | # 0, so that the extrac-
tion of the leading-twist GPD does not rely on the forward
limit. Here, p and p’ denote the four-momenta of the initial
and final scalar target states, respectively, while ¢ and ¢’
represent the momenta of the incoming virtual photon and
the produced meson, respectively. We identify the kinematic
regions where finite Q? (with Q> = —¢?) or beyond-
leading-twist effects generate a sizable BSA and assess
deviations from the DVMP-limit expectation.

In this work, we present a detailed anatomy of the
contributions from each light-front (LF) time-ordered
amplitude to the hadronic current in 3 + 1D. We start from
the covariant four-point diagram, perform the LF time-
ordered decomposition, and compute the exact two CFFs at
the one-loop level of the scalar field model [24]. Both real
and imaginary parts of the two CFFs are analyzed within the
LF time-ordered framework. These are then reduced in the
DVMP limit to extract the single CFF from the leading-twist
GPD. Here, the light-front dynamics plays a crucial role in
providing both the skewness {(= A"/p") and the LF
longitudinal momentum fraction x of the parton struck by
the probing virtual photon off the target.

For the GPD analysis, we derive the analytic form
of the ordinary parton distribution function (PDF) in
the forward limit ({,7) — 0, as well as the analytic
expression for the GPD H({,x, ) at nonzero skewness
{. The latter is separated into contributions from
the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
[30-32] region, Hpgrap(¢{ <x < 1), and the Efremov-
Radyushkin-Brodsky-Lepage (ERBL) [33-35] region,
Hegpr (0 < x <¢). We then verify the GPD sum rules
through the first and second Mellin moments. In particular,
we show that the second Mellin moment satisfies the
polynomiality property in the skewness parameter and
extract the two generalized form factors corresponding to
the GFFs. The analysis carried out here is of particular
relevance to the forthcoming development of the EIC and
its program to provide the 3D tomography of the hadron
structure.

Our paper is organized as follows. In Sec. II, we
introduce the general formulation of exclusive meson
electroproduction and the kinematics of the VMP process
off a scalar target, y* + “He — £(980) + “He. Section III
is devoted to the derivation of the exact form of the CFF in
the VMP process within the one-loop level of the scalar
field model in (3 + 1)-dimensional spacetime. Complete
analyses for various LF time-ordered diagrams involved in
the VMP process are presented as well. In Sec. IV, we
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extract the GPD, PDF, and the EM form factor as the first
Mellin moment in the DVMP limit. The polynomiality of
the second Mellin moment is explicitly shown, and the two
generalized form factors corresponding to the GFFs of the
scalar target are obtained. Section V presents our numerical
results for the CFFs, BSA, PDF, GPD, and the first and
second Mellin moments of the GPD. We summarize and
conclude in Sec. VL.

II. FORMULATION OF EXCLUSIVE MESON
ELECTROPRODUCTION

A. Amplitude, cross section, and beam spin asymmetry

We examine exclusive scalar meson electroproduction
off a scalar target under the one-photon exchange mecha-
nism

e(l) +h(p) = ¢(I') + m(q) + W (p"), (1)

where the exchanged virtual photon carries momentum
qg=1-1. Here, h(p) and h'(p’) denote the initial and
final scalar hadron (target) states with four-momenta p and
p', respectively, while m(g’) represents the produced scalar
meson with four-momentum ¢’. A schematic of the
momentum flow is shown in Fig. 1.

For this process, the transition amplitude takes the form

62
il =L, (2)
q

where we define the leptonic and hadronic currents,
respectively, by

L =g (s ue(ls) 3)
and
J4= (W' (p)m(q)|j*(q. A, p)lr*(9)h(p)).  (4)
e(l)
FIG. 1. Momentum assignments for exclusive meson electro-

production. Here, p and p’ denote the four-momenta of the initial
and final scalar target states, respectively, while ¢ and ¢’ represent
the momenta of the incoming virtual photon and the produced
meson, respectively.

Here, the hadronic current J# encodes all the information
about the target and produced meson structure, with j*
containing the relevant dynamical degrees of freedom.

Specializing to scalar (0™) meson production off a
scalar target, j* depends on three independent momenta, g,
A=p-p,and p = p + p’. From the Lorentz and gauge
invariance, one finds two independent form factors.
Following [23],

T = (g*A = q - Ag")Fy + (P qA" — q - Ap*) T,
= A"F\ + BAF,. (5)

The form factors F; and F,, commonly called CFFs,
depend on the invariants Q? = —¢?, x, = %, and r = A2,
The leptonic tensor £ = L™V is given [23] by

LM = PN + 2ide LI, (6)

where A¥ = g + % (I 4 I'""") denotes the symmetric
leptonic tensor and 4 is the electron helicity. The hadronic

tensor is H,, = J;JD, so that the spin-averaged squared
amplitude becomes

4
e
<|'//|2> = ?C}HJH}UJ‘ (7)

This clean factorization without the Bethe-Heitler contri-
butions allows a direct separation of electron kinematics
from the hadronic structure, neglecting the higher-order
corrections beyond the e* electromagnetic coupling.

-

In the target rest frame (TRF), where p* = (M, 0), with
M the target mass and the z axis chosen along g, the only
nonvanishing spatial components of the symmetric leptonic
tensor A*¥ are

Axx:AT(1+€)7 A”:AT(I_e)’

yy AZZ = 2AT€L,

A, =N, =-2A;

1
Z EEL (1 + 6) ’ (8)
where Ay = % (Ayx +A,,) is the overall transverse
strength and the transverse (¢) and longitudinal (e;)
polarization parameters of the virtual photon are defined,
respectively, as

€= A = Ayy
B AXX + A.V.V ,
AZZ
€ =—. 9
FT AL A, ®)

Here, the off-diagonal component A, encodes the inter-
ference between the in-plane transverse (x) and longi-
tudinal (z) virtual-photon polarizations, and A*H,,
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Leptonic plane (% — z)

Hadronic plane

FIG. 2. Schematic of the target rest frame, where ¢ = —|q|2 so
that we have a spacelike virtual photon with g* = ¢° + ¢*> < 0.
Note that the red arrows point in the X, —9, and —Z directions.

reproduces the standard transverse-longitudinal interfer-
ence term in the virtual-photon density-matrix formalism
with the assignment given by Eq. (8).

In the TRF [36], as illustrated in Fig. 2, the incoming
and scattered electron four-momenta are chosen, respec-
tively, as

I =E|(1,sin ,0,—cos a),

I'=Ey(1,sin(a+y),0,—cos(a+y)), (10)

where E; and Ey = E; — v are the incoming and scattered
electron energies, respectively, v is the energy transfer, and
a and y are the scattering angles defined in Fig. 2. In this
frame, the virtual photon is ¢* = I* — I'" = (1,0,0, |q]),
so that

E; sin a = Ey sin(a+y). (11)
Combining this with
Q*=—q* =4EE; sinzg, (12)

one finds

§ X
e cos’ 7 (13)

sin(a + y) sin a =

Using these relations, one obtains the standard expressions
for the virtual-photon polarization parameters:

1
€ = P s
121+ 5 )an24
2
€r :Q—ze. (14)
14

Inserting these into the definitions of Eq. (8), the spatial
components of the symmetric leptonic tensor A** can be
written explicitly in terms of (e, ¢;) as

1+¢€ € ¢
A = — A, =—1 A, =-2— 1
=  Aw==2090 (19)

with A, = A_, given by Eq. (8). With this normalization,
one has A, = 2.

In this frame, the fivefold differential electroproduction
cross section is given by

o AP, (6
dydxAdth)q d¢lr
with
1
K= — b , (17)
(27) 320° +(2MQ,XA)2

where X4 = 2Q— is the scaling variable and y = ”_’1 = EL, =

1- E represents the fractional energy transfer in the TRF.

For a polarized electron beam, the squared amplitude
separates into contributions from different photon polar-
izations and beam helicity [36]:

2
(0P} = [P ey + 2iemn ] 1)

where the transverse polarization can be written in terms of

HU%% 1 with z2 = M2/Q? in the TRF.

Contracting the symmetric leptonic tensor and hadronic
tensor yields

yase =

1 €
<|Tfi|2> = 5 (Hxx + Hyy) + E (Hxx - Hyy) + GLHZZ

B %q(l +e)(Hy, + He). (19)

This decomposition enables the differential cross section
to be expressed in a Rosenbluth-type form, isolating
transverse (7)), longitudinal (L), interference (LT), and
BSA contributions. While the BSA term vanishes for
pseudoscalar meson production due to the presence of
only a single CFF, it does not vanish for scalar meson
production, where two independent CFFs F; and F, are
involved. In this case, the BSA provides a direct probe of
the imaginary parts of 7 and F,.

The differential cross section for scalar meson produc-
tion can be written

do;, = dor(1 + € cos(2¢)) + doe;.

1
—+ dGLT COS ¢ —€L(1 + 6) +ﬂ'dGBSA' (20)

It should be noted that the BSA term dofg, is proportional
to FF;—F,F], as derived in [23]. The explicit
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expression for the BSA in coherent scalar meson electro-
production off a scalar target is given by

do;— 1 —do)—_;
do;—1+do,—,
dogsa
dor[l +ecos(2¢)| +doye; +doyr cos ¢

—eL(l—Fe).
(21)

The primary focus of this model calculation is to identify
kinematics that yields a sizable BSA signal. For further
details on the construction of these expressions, we refer
the reader to [23].

B. Kinematics

We start by describing the kinematics of the process in
which a virtual photon scatters off a scalar target h,
resulting in the production of a scalar meson m, as
illustrated in Fig. 1:

r*(q) +h(p) > m(q") +h'(p). (22)

To describe the momenta, we employ the light-front
dynamics variables, where a four-momentum p is repre-
sented as p = (p*, p~.p.). Here, p* = p° + p? denotes
the longitudinal LF momentum, p~ = p® — p? corresponds
to the LF energy, and p, = (p', p?) represents the trans-
verse momentum components. We adopt the Minkowski
metric convention, under which the inner product of two
four-vectors is given by a-b=4%(a"b~+a"b")—a, -b,.
Extending the previous (1 + 1)-dimensional analysis
[24] of meson production in a scalar field model to the
present (3 + 1)-dimensional case, we define the momenta
of the target and the momentum transfer A = p — p’ as

M2
p - <p+’_170l)’
p

A::<Cp+t27fl,AL> (23)

where { = A" /p™ is the skewness parameter. The squared
momentum transfer then reads

$IM7 4+ A3

r=A2=2p-A=— . €i<o (24)

which also allows us to express ¢ in terms of ¢ as

- N

AME(t + A?)
2M2 '

with 0 < { < 1. From Eq. (24), one can see that the
transverse component of A satisfies

AL =1/(C- 1)t =M7, (26)

where the absolute minimum |f.;,| of the momentum
transfer ¢ is determined by setting |A | =0 [see also
Eq. (24)] for given ¢ as follows:

CZMZ
|t 2 |tin| = >—L 2 0. (27)
1-¢
For the momenta ¢’ and ¢, where ¢> = —Q? and ¢"> = M3

with Mg the mass of the produced scalar meson, we work in
the g, = 0 frame (see Fig. 2), so that ¢, = A, . In this
frame, it is convenient to parametrize ¢'~ as being propor-
tional to Q?/p™. Introducing a scale parameter 1/¢, we
write

M3+ A%

q = (usé’p+, ,
usC'p*

Al>, (28)

where pg = M%/Q?. Then, the four-momentum ¢ =g¢'— A
can be written as

q=(pT(a=1),q7,0.), (29)

where a = ug % Since the virtual photon carries the fixed

virtuality ¢ = —Q?% ¢~ = ¢'~ — A~ should satisfy

_ My AL AL 0 g
usC'pt pt {pt(l-a)
Defining ps = (M%+ A%)/0Q* and 7 = —(r+ A%)/Q?

with 7 = —t/Q?, we obtain from Eq. (30) the relation
between ¢ and ¢':

g 71 31
usC T ) G

Solving Eq. (31) for the ratio {'/{, we find

¢ 2us/Hs
E ltps—7+ /(1 +7 ) -4

(32)

We choose the solution with the + sign in the denominator
to ensure that, in the forward limit (A, — 0, t — 0), the
ratio ¢’ /£ approaches unity, as required by consistency with
elastic kinematics (p? = p’?> = M%). Moreover, under our
chosen convention g < 0, the kinematics impose the
constraint 0 < ugl’ < ¢ <1, which guarantees that the
virtual photon carries negative longitudinal LF momentum,
consistent with our chosen frame. In the forward limit, our
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X
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0.9 2 4 6 8
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FIG. 3. Scaling variable x, as a function of —¢ for A| = 0 and
various Q? values in GeV?, using (M7, Mg) = (3.7,0.98) GeV
to model f(980) production off a “He target.

expression also reproduces the result found in [23] for the
1 4 1D case.

The scaling variable x, = % in our chosen reference
frame is given by
2(t+ A7)

ST ey e M

where Kg = 1 + u + 7. In Fig. 3, we plot x, as a function
of —t for A, =0 and various Q? values, using the
parameter sets (Mg, Mg) = (3.7,0.98) GeV to represent
scalar meson f,(980) production off a “He target. This
figure illustrates the allowed ranges of x, for given (—¢, Q%)
values; the lines indicate the upper bounds on physical
values of x, for each kinematic setting.

III. MODEL CALCULATION OF FOUR-POINT
FUNCTION

In this section, we compute the matrix element of the
hadronic current J# [see Eq. (5)] for scalar meson electro-
production off a scalar target—composed of two scalar
constituents—using a 3 + 1-dimensional scalar field
model.

Our model Lagrangian is given by

L= (0,1 +ie\A,p)) (") + i\ A'd)) — mip|eh,
+ (0,02 + ie2A,h2) (0 + i€ A y) — M3l s
- % (M7®? + M3®3, — 0,00'D — 0,D),0"Dy,)
+ gO(P| s + Pip1) + Ty (P + Bihs).  (34)

where ¢, , are the scalar constituent fields that compose the
target in our effective two-body model and carry charges
e;, and masses m;,. In this work, we investigate the
electroproduction process of a scalar meson off a scalar

target in the one-loop level of the (3 + 1)-dimensional scalar
field model extended from the conventional Wick-Cutkosky
model. The same scalar field model was previously applied
to the analysis of the same process in (1 + 1)D [24]. In this
model, the wave function is obtained as the solution of the
covariant Bethe-Salpeter equation in the ladder approxima-
tion with a relativistic version of the contact interactions
[37,38]. The covariant model wave function is a product of
two free single-particle propagators, the Dirac delta function
for the overall momentum conservation, and a constant
vertex function. Consequently, all our Compton form factor
calculations show various ways of evaluating the Feynman
box diagrams in the scalar field model taken in the present
work as well as in our previous (1 + 1)D work [24]. While
we simulate y* + *He — £,(980) + *He as an example, the
internal structure of the real “He nucleus is far more
complicated, involving four nucleons (or, at a more funda-
mental level, 12 quarks). In this sense, the two scalar
constituents should be understood as effective degrees of
freedom that reproduce the quantum numbers of the scalar
target “He. We consider that each scalar constituent carries
effectively the charge of the proton and the mass of two
nucleons, i.e., a pair of proton and neutron. As the average
binding energy per nucleon in “He is around 7 MeV, we take
the mass of each scalar constituent as 1.865 GeV to yield the
total binding energy as 30 MeV for the scalar target “He
mass 3.7 GeV. While a literal description of the actual “He
awaits for the QCD computation of nuclear systems, we
take our model Lagrangian Eq. (34) to analyze “bare-bone”
structures in the one-loop amplitudes including both the
“handbag” and “cat-ears” contributions and examine their
contributions in the broad kinematics of the electroproduc-
tion of a scalar meson off a scalar target. Our aim in this
work is to investigate the BSA in (3 + 1)D within the same
effective model used previously in (1 + 1)D [24].

The field A* represents the virtual photon, while @ is the
scalar field describing the initial or final hadron target of
mass My, and ®,, denotes the electroproduced meson of
mass M. The coupling constant ¢ has the unit of mass and
reflects the binding strength of the constituents inside the
target hadron. The parameter I" governs the coupling of the
meson field to the scalar constituents, effectively encoding
the meson-constituent vertex. Since the meson is itself a
composite particle, we can more generally model this vertex
by allowing I" to include momentum-dependent structure,
such as I' = Eg + Fgf' + Ggf + Hgo" g, k,. While we
note that additional terms can contribute due to the
composite nature of the meson, we simply take I" to be
the identity in this work.

A. Neutral scalar target case

For a neutral scalar target (total charge ey = e;+
e, = 0), composed of two constituents Q; and Q, repre-
sented by the fields ¢; and ¢, with masses and charges
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(@) (b)
q k+q q q k—d q
-> — > —
k k—A k—A k
P k—p i P k—p P
(c)
q q
——
k—dq
» k—p—q o
FIG. 4. Relevant covariant diagrams for the reaction

v*(q) + h(P) > m(q') + W'(P'): (a) S channel, (b) U channel,
and (c) “cat-ears” diagram (denoted as C channel).

(my, e;) and (m,, e,), respectively, the covariant one-loop
contributions to the hadronic current J# are illustrated in
Fig. 4, where the thin and thick lines represent ¢; and ¢,
fields, respectively. The diagrams correspond to the S-
channel (a), U-channel (b), and the so-called “cat-ears” or
C-channel (c) contributions. The Mandelstam variables s =
(p+q)? and u = (p — ¢')* are defined in the usual way,
and the inclusion of the C channel is essential to maintain
gauge invariance.

According to our model Lagrangian and these diagrams,
the total one-loop (four-point) contribution to the hadronic
current decomposes as

J”:J§+J’,'j+]”, (35)
with

d*k 2k
1e|N/ (2k+q)"

277 Nka+qu N p

d*k (2k — 24’
1e|N/ g +a)"

27[ Nka q/Nk ADk p

d*k (2k—2p -
162/\// p-aqr . (306)

Nka_ ¢ Di—p—¢Di—p

where the denominators arise from the intermediate scalar
propagators in Fig. 4. Here,

prE€{k,k+q. k—Ak—q'},
pr€{k—p.k—p—gq}. (37)

pi—mi + e,
_ 2 2
p, = D3 — M5 + €,

with e; and m; (i = 1, 2) denoting the charge and mass of
the ith constituent in the target. The factor A contains the
g* coupling and other normalization constants.

To proceed, we first express the covariant diagrams as an
equivalent sum of their LF time-ordered diagrams. The
advantage of the LF calculation is that one can readily
identify diagrams corresponding to valence (diagonal

S-matrix elements in Fock-space) and nonvalence (off-
diagonal) contributions.
In terms of the LF variables, Eq. (36) can be rewritten as

. ielN  [dktdk~d’k
S 202n) Cs
» (2k + q)*
(k= k) (k= k) (k= k) (k™ —k;)
u iel./\/ /kordk_dsz_

v 202n) Cy
" (2k—24"+ q)"
=k -k -k —K)
o iex N [ dktdk~dk |
€ 2(27)* Ce
2k —=2p —q)*
"
(k™ = k) (k™ = k) (k™ — k) (k™ — k)

where Cg=k"(kt +¢") (k" = AT)(kt = pT), Cy=
kt (kT =g ) (kT = AT) (kT —pt), and Cc=k" (kT —

"kt —pt —q")(kt — pT) are the overall LF longi-
tudinal momentum factors for each channel, with
k™ = xp*. The on-shell LF energies are given by
= — k3 +m? e

i k+ k+ s

_ o (k=AY +m? i€
kp=A4 K — At kF At

_ _ (kt+qi+m? ie
ky=— ,

! 7+ K gt kt+gq"

_ _ (k-p)3 +m2 i€
ky=p~+ K — Tk —pt
- ,_+(k—q’)i+m%_ ie

w=49 K =gt =gt

- (k-p- q) +mz ie
kZ = . (39

e s . S e (39)

We then integrate over the k= component, thereby placing
each particle on-mass-shell with increasing LF time x*
from left to right in the diagrammatic representation. This
yields four LF time-ordered diagrams for each scattering
amplitude, leading to a total of 12 LF time-ordered
diagrams, as was illustrated in our previous work [24]
for the (1 + 1)-dimensional analysis. For completeness, we
display them again in Fig. 5.

For the S-channel contribution J¥, performing the
Cauchy integration over k™ isolates three distinct LF time
(x*)-ordered residues. These arise from the momentum
intervals S1 (AT <kt < pt), $2 (—¢" < kT < A™), and
S3 (0 < k™ < —g™), respectively. The region S1 aligns
with the DGLAP domain [30-32], whereas S2 and S3 fall
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0<kt<-—g"

AT <kt <pt

FIG.5. LF time-ordered diagrams (a)—(d), (e)—(h), and (i)—(1), corresponding to the scattering amplitudes (J;r J 2’, J g) for the S-, U-,

and C-channel processes, respectively.

within the ERBL regime [33-35]. Physically, the DGLAP
region reflects valence processes that conserve particle
number, while the ERBL region encompasses nonvalence
dynamics associated with particle-number-changing
transitions.

In the DGLAP kinematic domain labeled S1, defined by
AT < kT < p*, the integral over k™ in Eq. (38) picks up its
contribution from the pole at k= = &/, which lies in the
upper half of the complex k= plane, while the remaining
three poles are situated in the lower half. Performing the
Cauchy integration over k~ in this region yields

—eIN pt kordsz

S = 2k, + 4"
S.hand 2(271,)3 A+ CS

(Aky) (Aky ) (Aky,)”

(40)

where we use the shorthand notation Aky = k7 — ki for
the energy differences. This term represents the so-called
“handbag” contribution and is illustrated by the diagram in
Fig. 5(d) within the S channel.

In contrast, within the ERBL domain S2, where
—gT <kt < AT, the pole structure changes: Two poles,
ki and ki, are located in the lower half of the complex
plane, while the other two, k; and k7, lie in the upper half.
Evaluating the integral by taking the residues at k;, and k7,
one finds

_ 1
/ M= -~ )k =k
1 1
(8K, (AK;) (A7) (AKG)(Ak,) (A7)

= 2,;1'[ ] (41)

and, by employing partial fraction identities such as

1 1 < 1 1 >
— —_ = - — — + _ )
Ak;Ak;, Ak \Aky, | Ak,

1 1 /1 1
L) e
Ak, Ak, Ak, \Ak;, Ak,

we identify two distinct LF time-ordered contributions in
this interval:

w_meN & dktd’k | 2k +q"
S,stret — 2(27[)3 gt Cq (Ak;i> (Ak}i) (Aka‘) ’
" —el N [8dktd k) 2k, + ¢

= 43
S,open 2(2”)3 gt CS ( )

(8k;,)(Ak;,)(Ak,)
Here, J o and J§ ., represent the “stretched box” and
“open diamond” configurations, as depicted in Figs. 5(b)
and 5(c) for the S channel.

In the other ERBL region, denoted as S3 and defined by
0 < k* < —q™", the integral over k= in J picks up its
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contribution from the pole at k<~ = k7, which is located in
the lower half of the complex k™ plane, while the remaining
three poles reside in the upper half. Performing the Cauchy
integration over k~ in this region yields

. aN /—q*dk*dzkl 2 + gt ()

SRC2(22)° o Cs  (Aky)(Aky)(Ak;)"

which corresponds to what we refer to as the “twisted
stretched box” configuration, depicted in Fig. 5(a) for the
S channel.

Similarly, we can obtain the LF time-ordered amplitudes
for J%, of Figs. 5(¢)-5(h) in the U channel and J%. of Figs. 5
(1)-5(1) in the C channel. Their explicit expressions read

o eN /q’+ dktd*k, 2K 24"+ q"
gt 2 (27)° Cy (D) (Ak)(AKG)

P —elN [Adktdky 2K —24" + ¢

st T202a) Jyr Cu (ki) (AK;)(AKS,)
JH _—elN [adktdky =2k, +24" — ¢

U.open 2(27r)3 ¢ Cu  (Bky,)(Aky,)(AKy)

. —ey\N [rrdkTd’k, 2K, —2qg" +q"
JU hand — 3 - - " (45)

2(27)° Ja+ Cy (Akbf)(Akbu)(Akbi)

and

i) 2(2x)? Ce  (Aky)(Aky)(AKG,)

w _meN [rradictdk, -2k +2p"+ 4"

W 2(2m)3 J o Ce  (Aky)(AKG)(AkG,)
oo —eoN [ri+at dktdk, 2K, +2p+q*

€~ 2(27)3 Ce  (Aky)(AKk,,)(AKZ,)
po —eoN dktd’k, 2K -2pt—g* (46)

W 202n) Jprig Coo (Bk) (MK, ) (Aky)'
where Cyy = kT (kT —¢'7)(k" — AT)(k* — p*) and Cc =
€ — g ) = p* = gk = p),

B. Charged scalar target case

In case of a neutral target, characterized by
ey = €1 + e, = 0, gauge invariance is automatically sat-
isfied through the condition g -Ji, =0 when the total
current is given by the sum Ji, = J + Ji, + J%.

However, for targets carrying net charge, such as a
“heliumlike” scalar system with ey = —2e, the gauge
invariance requires additional contributions. These come
in the form of so-called effectively tree (ET) level diagrams,
where the external photon couples directly to the charged
target line. The ET current decomposes as

77% /\; LL% %

2 A A pt gt =kt p"

(©)

FIG. 6. LF time-ordered effective tree diagrams in the S and U
channels for a charged target. (a) and (b) show the valence and
nonvalence contributions to J’;ET, respectively, while (c) and
(d) illustrate the corresponding contributions to J%, pr.

J%T = Jl_;’,ET + JI{/.ET’ (47)

with the associated LF time-ordered diagrams illustrated in
Fig. 6. Explicitly, the covariant expressions for these
contributions are given by [24]

ieNN d4k

JsEr = 52

(2’”)4 Nka—q/Dk—p—q '
d*k 2pt + g* = 2q"*

JH = , (48)
UET 7 52 (27)* N¢Ni_yDi_,

where 52 = s> — M;? and @? = s> — M.

In the LF framework, carrying out the Cauchy integration
over k= in Eq. (48) yields two distinct LF time-ordered
contributions associated with the residue evaluations. For
the term J%;, these contributions emerge from two
separate kT intervals: the valence region given by
(¢ <kt < pT+g"), depicted in Fig. 6(a), and the
nonvalence region (0 < k™ < ¢'"), shown in Fig. 6(b).
Similarly, for J7; gy, the two contributions originate from the
valence interval (¢t < k* < p™) [Fig. 6(c)] and the non-
valence interval (0 < k™ < ¢'*) [Fig. 6(d)]. In these inte-
grals, the poles contributing the residues differ by region:
For Jggr, the valence term picks up the pole at k= = k;
(upper half), while the nonvalence piece involves k= = k;
(lower half). Similarly, for J%, ., residues are taken at
k=™ =k, in the valence case and k= = k; in the non-
valence case.

Performing these contour integrations over k~, we get

g exN e dk Pk 2pF 4 g
SETval = 227382 J v Cs (Al )(AKG)’
g N [CdE R gt
SELnon = 0(m)s Jo o C o (Ak;,)(AkG)

and
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J" _eyN /p+ dk*d’k | 2pH + gt —2q"
VELl 200y Je Gy (Bky)(Bk,)
ey N d*dktd?k | 2p* 4 gt = 2q™*
‘]U ET.,non 2(2 3-2 C/ A (AL ’ (50)
7)’u” Jo U ( iu)( ih)
where Cy=k"(kt —¢")(kt —pT —¢g") and C} =

kK (kT =g ") (k" = p*).

We note that the full amplitudes also include the exch-
ange diagrams with Q; < Q,, as shown in Figs. 4-6,
which can be readily derived by substituting Q; <> Q, in
the expressions above. These contributions, along with all
permutations over the distinguishable constituents (Q;, Q-)
and their respective masses and charges, are fully incorpo-
rated in our numerical evaluations.

Accordingly, the total matrix elements of the hadronic
current J# for neutral and charged targets can be compactly
written as

J ﬁeutral Z Ji @ (permutations),
a=S,U,C

chdrged Z Ja @ Z Jh wET D (permutations), (51)
a=S.U.C a=S.U

where J4 and J/, ; each encompass the LF time-ordered
diagrams displayed in Figs. 5 and 6.

Once J* is calculated within our model, the CFFs F and
F, can be extracted in a straightforward manner. This is
done by contracting J# given by Eq. (5) with the two

independent momenta A and p:
A-J=(A-A)F;+ (B-A)F,,
p-J=(A-p)Fi+ (B-p)F,. (52)

Solving this coupled linear system for F; and F, is
straightforward, as all other quantities are determined c
numbers for the chosen kinematics. The real and imaginary
parts of the CFFs follow directly.

To identify which diagrams contribute to the imaginary
part of the CFFs, consider, for example, the S-channel
handbag amplitude shown in Fig. 5(d). An inspection of the
pole structure of the energy denominators reveals that they
do not all reside on the same side of the complex k™ plane.
The simultaneous appearance of the k+ ¢ and p —k
propagators in a light-front-time cut guarantees that the
energy denominator Ak, becomes critical for generating
an imaginary component.

In particular, for the S-channel handbag diagram, the
amplitude is given by Eq. (40), where the integral runs over
AT <kt < p*, or, equivalently, { < x < 1. The denom-
inator Ak, is quadratic in x and necessarily has a root
within this interval. This ensures that, irrespective of the
specific kinematics, the integral over this region always
encounters a zero in the energy denominator, thereby
producing an imaginary contribution to the amplitude.

In contrast, for the S-channel open diamond diagram, the
integral is over the range —g* < k™ < A™, or, equivalently,
(1 — g %) < x < { [see Egs. (29)-(32)]. While Ak}, still
has two roots for x, one of these roots always lies within
{ <x <1, and the other may or may not fall inside
C(1 = py %) <x </{. Consequently, the contribution
J’;‘ open
external kinematics: The integral over {(1 — u; %) <x<¢

to the imaginary part depends sensitively on the

yields an imaginary part only if this second root happens to
lie within the integration bounds.

In total, there are four such diagrams—two in the S
channel and two in the C channel—arising from the four-
point function that can contribute imaginary components to
the CFFs, depending on the interplay between their
quadratic pole structures and the specific integration
domains set by the kinematics.

IV. CFFS IN THE DEEPLY VIRTUAL LIMIT

In the DVMP limit, where Q? is much larger than all
other relevant mass-squared scales, only the leading terms
in Q? are retained, while contributions suppressed by
powers of 1/Q? are neglected. More explicitly, in the

regime Q%> (M7, M%,—t), one has ¢~ ~¢'~ = % and
the ratios (y(s), 7)) vanish. This implies ¢ = ¢'.
In this limit, the scaling variable x, becomes'
2
Xy = lim -2 ~¢, (53)

A. CFFs in DVMP limit

The Lorentz factors A# and B* for the hadronic current
= A*F| + B*F, given by Eq. (§) reduce in this DVMP
limit to

Al =(A-q)q" - N

2
Q2 (2¢" —q") = ADVMP’
B = (A-q)p" — (p-q)A”
Q2
= _? (A" =¢pt) = DVMP' (54)

Here, we have used A-g~Q?/2 and p-q=
(2 -¢)Q?/(2¢), as obtained from Eq. (23) to leading order
in Q2.

'In deep inelastic scattering, the Bjorken variable xp =
0?/(2Myv) is conventionally defined with respect to the nucleon
mass M. For a target of mass My, this convention leads to the
relation Myxp = Myxy,.
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Thus, the scattering amplitude in the DVMP limit may be
written as

J /ll)VMP = A%VMPf ?VMP + B/l;VMPf ]2)VMP- (55)

Taking this limit greatly reduces the number of nonvanish-
ing next-to-leading-order diagrams; the four-point function
of the surviving diagrams reduces to a three-point function
via the operator product expansion of the O(Q?)
propagators.

In the leading-twist approximation, the amplitude J5\p
that predominantly contributes to meson production in the
deeply virtual region arises from the S and U channels, i.e.,

J %VMP =J l.;.DVMP +J /Z/,DVMP' (56)
|

The propagators corresponding to the hard scattering
subprocess in the S and U channels [see Eq. (36)] simplify
in the DVMP limit:

2k/’4 + q.u
(k+ q)* —m} + ie
2k = 2g" + g =\ (2k—q' = AW
(k—q')?> —m? +ie

(57)

where we have used the kinematic identities 2k + g =
2k+q' —A and 2k—2¢'+q=2k—-q —A. Starting
from Eq. (36), we, thus, obtain

T o b [ Ak (Qk+q —A) (2k-q - A) !
=1e — -
DVMP 1 02 ] 2n)* x—C+ e x —ie NiNg_aDy—p
L[ dk ! ! 5
= = — , 58
NGt | Gy \s=fric " x—ie) MNeaDy, o

where we have defined S# = (2k — A)* + % g™ . For the
LF components, uy = + and —, we find ST = 2x - {)p*

and §~ = 259C = 0% §¥ in the DVMP limit. Compar-
ing with Eqgs. (54) and (55) together with Eq. (58), we
obtain

(o*p*
J $VMP 7 F Il)VMP

, (59)

QZ
pVMP = ) Jbvmp
Q4 2(_:M2
=357 FOVMP 4 o LFDVMPI - (60)

Solving Egs. (59) and (60), we find

2
FPVMP = ot Thvwp

28 [ d% 1 1
B ze,/\/?/ (2x)* (x—C—l— ie x- ie)

(2x-=¢)
NiNy_aDy_p’

(61)

and FPYMP = in this DVMP limit. Thus, for the y = +
components in the DVMP limit, we arrive at a single CFF,

[
obtained in a manner that is independent of the specific
current component.”

In terms of LF variables, the covariant integral for the
three-point function in Eq. (61),

d*k 1
I, = =17 1 , 62
3 / (27) NyNraDi_, poLap + Ierprs  (62)

yields two nonzero contributions from the Cauchy inte-
gration over k: (I) for 0 < k* < A* (ERBL region), with
the residue at the pole k= = k; in the lower half plane, and
(1) for A* < k™ < p™ (DGLAP region), with the residue
at k= = k; in the upper half plane.

Explicitly, we obtain

r*dktd’k | 1
I k™ =ky) =i ’
paLAp( b) I/A+ 2(2x)? C3(Ak;i)(Ak;f)
A dktd*hk 1
TgrpL (k™ = k) = —i ’
ERBL( P lA 2(27)* C3(Ak;,)(Ak;y)
(63)

where C3 = kT (kT — AT) (kT = p™).

*While we choose a reference frame such that 0? flows
entirely along the longitudinal direction, i.e., ¢, = 0, one can
likewise show that in a more general frame, where both ¢~ and g |
are nonzero, our conclusion remains valid when derived from the
u = 1 component.
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@ (b)

p+ p+ — k+ P p+ p+ — k.+ p’+

FIG. 7. Diagrams for GPDs in the DVMP limit. The sum
JEpviP +J$E¥$P gives the valence contribution (a) in the

DGLAP ({ <x <1) region, while J{DYMP 4 jrDVMP oiyeq

S, twist U ,stret
the nonvalence contribution (b) in the ERBL (0 < x < {) region.

The small white blob denotes the nonlocal constituent-gauge-
boson vertex.

In this way, we obtain the factorized form of the single
CFF FPYMP and the corresponding DVMP amplitude
Jhymp in the DVMP limit. Hence, FPVMP is directly
related to the leading-twist GPD, as we discuss in the next
subsection.

B. Leading-twist GPD

As discussed above, the amplitude Jjy\p factorizes
into hard and soft parts, allowing F?VMP to be directly
related to the leading-twist GPD. In this context, it is
instructive to compare with the reduced three-point
function associated with the electromagnetic (EM) form
factor Fgy(z) of the charged target, defined via
Jim = (p + p')#Fey(t = —A?), where the EM current
is given by

Pk S(x =kt pt)(2k — A
JE z./\// , 64
EM = NNeaDr, (64)

where &(x —k*/p™) represent the nonlocality of the
struck constituent-gauge-boson vertex shown in Fig. 7.

Since J{ymp  Jfy, the leading-twist GPD can be
extracted from the plus component of the current, i.e.,
(2k—A)" = (2x={)p™, and is, thus, related to the CFF
F . Explicitly, the leading-twist DVMP amplitude takes the
factorized form

eIC 1 1
J$VMP:E dx< T

x—(+ie x-—ie

)H<x, L) (69)

where

dk-d’k, (2k—A)*
H = iNp*
(e.61) = iNp / 2(2”)4 NiNi_aDi—,

defines the leading-twist GPD. After the integration over
k~, the current can be written as the sum of the two LF
time-ordered diagrams (see Fig. 7), i.e.,

(66)

H_{HERBL(X»ZJ»I) for 0 <x <¢, (67)
a Hpgrap(x.¢. 1) for { <x <1,
where
o =N(Ex-D) / &Pk, 1
PO (k=) (x=1)p* ) 2(27) (Ak3,) (Akyy)’
O N(2x=0) &Pk, |
o= 2| 200 (ak)) (Bky) Y

The analytic forms of the GPDs H(x,{, t) in the equal-
mass case (m; = m, = m) are given by

N (1-92x-9/(1-0

H =
POAR 220\ f(ap — bp ) + apcs,
X {—tanh‘l < p —bp )
\/(aD —bp)* + apci,
+ tanh™! ( 2ap — bp) +¢p )}
2\/(‘10 - bD>2 +apcy
FRL 2(2n)? \/(aE >+ agc
X {—tanh"( E_Z;E 2)
V(ag —bg)? + agc,
2 -b 2
+ tanh™! < (g E)2+ = 2) } (69)
2\/(% — bg)” + agci
where

ap = ag =m?> —x(1 - x)M%,

(1= x)[PM7 = {(xM7F + 1) + x(AT +1)]
b, = m? ,
D= {1-9)
2 _
by = e AL D =01,
1=
er=27¢lALl  cp=23lAL] (70)

We should note that |A || = /(¢ — 1)t = {*M3.

If we take the reference frame where A | = 0, then { and
t are not independent but connected through —¢ = |#,,;,| =
?M2/(1 = ¢). In this case, the GPD can be expressed in
terms of H(x,{(tyin)), yielding

_ N -1)(2x = {)logAp
Hpgrap(*, {(tmin)) = RaMA(C—2)x +1]
_NE-1D(2x={)logA
Higpr (%, {(tmin)) = 82 M[(C — 2)x+1]E’ (71)

where
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(= 1)2("12 - Mix(1 - x))

A )
PP A M (x - D)(x Q)
(¢ =1)(m* = M7x(1 - x))
A T M= 0) 7
and the range 0 < {(tyn) <1 corresponds to 0 <
|tmin| < 0.

C. PDF and lowest moment of GPD

In the limit ({,7) — 0, we recover the ordinary PDF
q(x), ie., H(x,0,0) = HpgLap(x,0,0) = g(x). For the
case of equal constituent masses, m; = m, = m, we obtain
the analytic form

N x(1=x)
= . 73
1) = 3o X =M — (73)
The normalization constant A is fixed by
1
/ dxg(x) = 1, (74)
0

which imposes unit probability to find the scalar constituent
in the target within this two-body model. Since the two
scalar fields ¢; and ¢, have equal mass and share the total
momentum symmetrically, the first moment satisfies
Jo dxxg(x) = 1/2 for each constituent, and, therefore,
the total momentum fraction carried by the two constituents
fulfills >°7 | [J dxxg;(x) = 1.

The same normalization constant AV is consistently used
in the analyses of the CFFs and BSA. For comparison, the
corresponding PDF in (1 4 1) dimensions is given by [24]

[x(l _X)(C;A;%x)_ mz]z . (75)

q(x)

It is also well known that the lowest moment, i.e., the
first Mellin moment, of the leading-twist GPD provides the
electromagnetic form factor of the target meson as given by

Fou(f) = / 1 l_d’éi/zmx, L), (76)

This well-known GPD sum rule for the total result of
summing the DGLAP and ERBL regions holds for all
components of the hadronic current as one may understand
from J{y\p & Jiy- However, one should note that the
respective correspondence of the DGLAP and ERBL
regions to the valence and nonvalence parts of the electro-
magnetic form factor holds only for the light-front plus
component of the hadronic current but not for any other
components of the hadronic current. This point was already
addressed in our previous work [24], noting that the
decomposition of the form factor between the valence

and nonvalence contributions depends on which component
of the current is used for the calculation. Therefore, the
correspondence between the DGLAP vs ERBL regions and
the valence vs nonvalence parts of the electromagnetic form
factor should be understood with great care in taking the
component of the hadronic current.

D. Polynomiality of higher moments

In discussing the polynomiality of the second and higher
Mellin moments of GPDs, it is advantageous to introduce
the symmetric variables (X,&) rather than (x,¢). This
notation renders the underlying kinematic relations more
transparent and facilitates a direct comparison with the
conventional form of the polynomiality condition.

For this analysis, we follow the symmetric notation for
the GPDs [8,13,18,19]:

¢ k=g
T X 77)

where 0 < £ < 1 and the supportis —1 < X < 1. The GPD
corresponding to H(x,¢, 1) is then defined as

E+X 28

Reflection about X =0 yields the symmetric rela-
tion H(X,¢, 1) = H(-X, &, 1).

The polynomiality conditions [8,13,18,19,39] follow
from the Lorentz invariance, time reversal, and
Hermiticity. In general, the polynomiality conditions for
the moments of the GPDs, defined by

n

> AL,

m=0,even

FiO(g. 1) = / i AX X"VH(X, & 1) =
(79)

require that the highest power of & in the polynomial
expression of Fin («f t) does not exceed n [7,11,16], where
A, (2) are the generalized form factors. The first (n = 1)
moment corresponds to the EM form factor, ie.,

(D(&,1) = Fpy(—1), which is independent &. The second
(n = 2) moment satisfies the &-dependent polynomiality
relation

@&, 1) = Ay (1) + EAx(1), (80)
where A,y(f) = F?)(0,7) and Ay (f) correspond to the
GFFs of the scalar target. In the following section, we
explicitly demonstrate that our model satisfies the poly-
nomiality condition of Eq. (80).
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100 g = 30 Mev

== g(x)in1+1D
— q(x)in3+1D
8,
<
T
X
FIG. 8. Ordinary PDF g¢(x) of a He-like target

with mass My = 3.7 GeV and binding energy egg = 30 MeV
(i.e., m; = my = m = 1.865 GeV).

V. NUMERICAL RESULTS

In this numerical section, we first fix the normalization
constant A from the ordinary PDF ¢(x) and then use the
same value of N\ for all other physical quantities. In our
numerical analysis, we take m; = m, = m = 1.865 GeV
and My = 3.7 GeV for the scalar He-like target, but the
method can be readily generalized to unequal constituent
masses. This choice corresponds to a weakly bound two-
body system with binding energy egg = (m; + m,) —
My =30 MeV (corresponding to about 7 MeV per
nucleon) and serves as a He-like scalar target in our
effective model framework.

A. PDF, GPD, and Mellin moments

Figure 8 shows the PDF of a He target, compared to
the result in (1 4 1)D [24]. We observe that the PDF in
(I +1)D is more sharply peaked at the center (x = 1/2)
and more strongly suppressed at the end points than its
(3+ 1)D counterpart. This sharper peak arises from the
analytic structure of the denominator in the (1+ 1)D
expression and the absence of transverse momentum
degrees of freedom, which enhances end point suppression.
In contrast, in (3 + 1)D, the integration over transverse
momentum k; spreads the probability distribution more
broadly in x, reducing the peak at x = 1/2 and increasing
the relative weight near the end points. In particular, for
the weakly bound He-like state considered here, the PDF
shows a nonrelativistic, peak-dominated shape centered at
x = 1/2, similar to the peaking-approximation trend most
pronounced in (1 + 1)D. As the binding energy increases,
this peak broadens, reflecting the stronger relativistic spread
in the LF momentum distribution.

Figure 9 shows the three-dimensional (3D, top) and two-
dimensional (2D, bottom) GPDs at fixed —¢ = 0.1 GeV?
obtained from Eq. (69), i.e., in the A | # 0 frame. The green
and red regions in the 3D plot show the contributions from
the Hpgrap(x,¢, 1) and the Hggpp(x, ¢, 1), respectively.

50 ¢=0
=03
4t 7=05
= =08
"R 3
X
T2
1 L
ot B PO et ]
0.0 0.2 0.4 0.6 0.8 1.0

FIG.9. Three-dimensional (3D, top) and two-dimensional (2D,
bottom) GPDs at fixed —t = 0.1 GeV? obtained from Eq. (69),
i.e., in the A # 0 frame.

The corresponding GPDs in the 2D plot are shown by solid
and dashed lines, respectively.

Our model satisfies the continuity of DGLAP and ERBL
GPDs at x = . We also note that in the ERBL region
(0 < x < {) the GPD takes negative values over part of the
x range. Such sign changes are physically admissible, since
the ERBL domain describes gg correlation amplitudes3
rather than probability densities, and arise naturally from
interference between valence and nonvalence contributions,
while all formal constraints such as continuity at x = ¢ and
polynomiality are preserved, as discussed later.

If we take A = 0, the variables { and ¢ are no longer
independent but related through —¢ = |t | = M2/ (1=¢).
In this case, the GPD can be written as H(x,{(t)) or,
equivalently, H(x,#({)) over the full range 0 < {(¢) <1,
corresponding to 0 < —f < o0, as given in Eq. (71). The

Here, “correlation amplitude” refers to the LF overlap
between the initial hadron state and a final state containing the
hadron plus a ¢g pair, i.e., the emission and subsequent
reabsorption of the pair. As an amplitude rather than a probability
density, it may take negative values due to interference between
different LF time-ordered contributions.
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FIG. 10. GPD H(x,{(t)) (top) and H(x,t({)) (bottom) for
A, =0, where ¢ and ¢ are related by —¢ = {>M3%/(1 = ¢).

results for H(x,{(#)) (top) and H(x,#({)) (bottom) are
shown in Fig. 10.

In Fig. 11, we show the valence (DGLAP, dotted line)
and nonvalence (ERBL, dashed line) contributions to the
first Mellin moment (EM form factor, solid line) for { = 0,
0.3, and 0.7. For { = 0, the result arises solely from the
valence contribution and coincides with the total. For
nonzero ¢, the sum of the valence and nonvalence con-
tributions reproduces the total result.

' =0 (Total)

1.0
0.8 -+ {=0.3(DGLAP)]
?0.6- --. =03 (ERBL) ]
= ' =
204 . ) 7=0.7 (DGLAP) ]
02f Te--.___ v <2t =07 (ERBL). ]
00F-=-=-=-==-=~-=-"=--"=-"-"-—-"=-—--—---- -
0 2 4 6 8 10
—t [GeV?]
FIG. 11. The valence (DGLAP) and nonvalence (ERBL)

contributions to the first Mellin moment (EM form factor) for
{=0,0.3, and 0.7.

FIG. 12. 3D GPD H(X,¢&,t) in symmetric (X, &) variables.
As discussed earlier, for analyzing the polynomiality of
higher Mellin moments, the symmetric variables (X, &) are
more suitable than the asymmetric (x, ) variables. Using
these symmetric variables, we replot the 3D GPD H(X, &, 1)
in Fig. 12, where Hpgpap(X, &, t) corresponds to the ranges
ESX<I1 and —1 <X <—¢ and Hggrp (X, &, 1) corre-
sponds to the range —¢ < X < &. This GPD satisfies the
polynomiality conditions given by Eq. (79).

10 " £=0(Total)
R ... £20.3(DGLAP) ]
? 0.6t --. £=03(ERBL) ]
N— \
S N e =0U.
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o B o
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FIG. 13. First Mellin moment (n = 1), corresponding to the
EM form factor (top), as a function of ¢, and the normalized
second Mellin moment (n = 2, bottom) at fixed t =0 as a
function of the symmetric variable &.
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FIG. 14. Generalized form factors A,y(7) and A, (1).

Figure 13 shows the first (n = 1) Mellin moment (EM
form factor, top) and the normalized second (n = 2) Mellin
moment F(?)(&,1) (bottom) of the GPD. While the EM
form factor obtained from the (X, &) variables is essentially
identical to that from the (x,{) variables, the individual
DGLAP and ERBL contributions differ in appearance.
These vanish once the £-{ relation is taken into account.

For the second moment, we plot the normalized quantity
F?)(£,0)/F?(0,0) as a function of & at fixed ¢ =0,
namely,

F@(£0) Ap(0) _
71:(2)(0,0) =1+ §2A—20(0) =1+a(0)&, (81)

which provides a direct test of the polynomiality relation in
Eq. (80). We obtain a(0)~0.436, equal to the ratio
A (0)/A5(0). More generally, the normalized second
moment can be written in the same polynomial form,
FO(¢1)
F®(0.1)
of ¢, implying the relation A,q(¢) = a(#)A (). The result-
ing generalized form factors A,,() and A,,(¢) for the “He
target are displayed in Fig. 14.

In this model calculation, the values at r = 0 are found
to be

= 1 + a(t)&*, where the slope depends on the value

Ay(0) =1, Axn(0)=0.436. (82)

In our spin-0 (purely scalar) model, the mapping of the
second Mellin moment to the GFFs may involve the &
coefficient entering with a minus sign in the D term, in
which case one could write D(¢) = —cAx(t) with ¢ > 0,
so that a positive A,,(¢) would correspond to a negative
D(t). The precise value of ¢ and the exact sign relation can
depend on the normalization conventions for the Mellin
moments and the energy-momentum tensor. As a reference,
the authors in [20] reports D(t) = —1 for a free spin-0
(Klein-Gordon) theory and less negative values in strongly

x4 =005, t=-0.77 GeV?

05 10 15 20 25 30 35 4.0

0’[GeV?]
0.00
-0.01
(o]
B“—0.02
-0.03
-0.04 H H H H H H H
0.0 05 10 15 20 25 30 35 4.0
0’[GeV?]
FIG. 15. Real and imaginary parts of two Compton form factors

for given x4 = 0.05 and ¢ = —0.77 GeV?2.

interacting cases for h =z, K, 5, e.g., D, = —-0.91(1),
Dy = —0.77(15), and D, = —0.69(19).

To fully verify ¢ and the sign of the D term in our
framework, however, we will determine the GFFs directly
from the energy-momentum tensor matrix element calcu-
lation in a separate work.

B. CFFs and BSA

Using the same normalization constant A/ fixed from the
PDF normalization, we compute the two CFFs.

Figure 15 shows the real (solid line) and imaginary
(dashed line) parts of the exact CFFs F; (top) and F,
(bottom) from the VMP process as functions of Q2 for
x4 = 0.05 and 1 = —0.77 GeV?. For these kinematics, the
smallest accessible value of Q2 is Q2 ~0.445 GeV?. As
seen in the figure, the magnitude of F is larger than that of
F, by roughly an order of magnitude at small Q?, and their
relative difference decreases with increasing Q2. Since the
BSA is nonzero when at least the imaginary part of either
F or F, is nonzero, a finite BSA is obtained up to
intermediate Q2. In this kinematic regime, smaller Q2
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FIG. 16. Comparisons of the real and imaginary parts of the
Compton form factors obtained from the full calculation and
DVMP limit for the given x, = 0.05 and t = —0.77 GeV?.

values are more favorable for producing a sizable BSA than
larger Q2 values. In the DVMP limit, only a single CFF,
Fpovwmps corresponding to the CFF |, can be obtained.
Figure 16 compares the real (top) and imaginary (bottom)
parts of the exact CFF F, with those of Fpyyp. As Q?
increases, the difference between F; and Fpyyp becomes
progressively smaller.

Once the two CFFs are obtained for a given set of
kinematical parameters, they can be directly related to the
BSA, as outlined in Ref. [23]. Figure 17 presents the BSA,

Ary(o) = % as defined in Eq. (21), for various

values of r at x4, = 0.1, Q2 =4 GeV?, and y = 0.45. Here,
the inelasticity y = % denotes the fraction of the incoming

electron’s energy transferred to the target in the target rest
frame. The solid, dashed, and dot-dashed lines correspond
to —t/Q% =0.3, 0.2, and 0.1, respectively. As —t/Q?
decreases, the magnitude of BSA decreases, vanishing
entirely when ¢ = t,,,;, (dotted line).

x4=0.1, 0*=4GeV?2,y=045
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FIG. 17. Azimuthal angle ¢ dependence of the beam spin
asymmetry for various ¢ values (in GeV?) at fixed x, = 0.1,
Q% =4 GeV?, and y = 0.45.

VI. CONCLUSION AND OUTLOOK

In this work, we investigated the beam spin asymmetry
in the context of exclusive scalar meson production off a
scalar target nucleus, extending the previous (1 + 1)-
dimensional model analysis [24] to the present (3 + 1)-
dimensional model analysis. This exploration of computing
the BSA illuminated some of the bare-bone structure of
quantum chromodynamics involved in the scattering proc-
ess, providing valuable background information for QCD
phenomenology.

Our primary finding is that the BSA is nonvanishing for
scalar meson production. This result is significant, because
it contrasts with the prediction of the leading-twist GPD
formulation, which suggests a vanishing BSA due to the
reduction of the correlation amplitudes in the asymptotic
region where the factorization of the GPD is attainable.
Without the BH-Compton interference in the squared
amplitude, the underlying hadronic correlation amplitudes
could be accessed with minimal contamination. The dis-
crepancy in predicting the BSA highlights the comple-
mentary nature of our work to the GPD formulation,
indicating that the GPD formulation may not fully capture
the complexities of the process.

By exploring different —/Q? regions, we could sum-
marize the applicability of the leading-twist GPDs. Our
results show that the leading-twist GPD formulation is valid
for the helium-4 target in 3 + 1D when —t/Q? is on the
order of 1072 and smaller. This finding has implications for
the ongoing research at facilities like the Jefferson Lab
12 GeV electron beam and the future EIC, suggesting that
the EIC may be better suited to access the forward angle
kinematics necessary for the GPD formulation to be valid.

Building on this work, future research could explore the
next-to-leading-order GPD first moment, which is related
to the gravitational form factor. By extending our model to
include a derivative-type coupling, we could calculate the
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energy-momentum tensor and access the mass form factor
A, spin form factor B, and the D form factor related to the
deformation of the target. It would be particularly interest-
ing to determine the sign of the D term under this extended
model calculation, as it has implications for the stability of
the proton.

Another potential avenue for future investigation is the
inclusion of fermion loops in our calculations. This
extension would allow us to explore not only the chiral-
even leading-twist GPD, but also the chiral-odd GPD. It
would be also interesting to access the chiral-odd GPD
investigating a derivative coupling at the meson production
vertex. If the GPD prediction then provides a nonvanishing
BSA, it would suggest a significant contribution from the
chiral-odd GPD that overcomes the suppressing /—t/Q
factor. Further extensions of our work could involve
transverse-momentum-dependent distribution computa-
tions and associated explorations of the light-front wave
functions from the analyses of the light-front quark model.

ACKNOWLEDGMENTS

This work was supported in part by the U.S. Department
of Energy (Grant No. DE-FG02-03ER41260). The
National Energy Research Scientific Computing Center
(NERSC) supported by the Office of Science of the U.S.
Department of Energy under Contract No. DE-AC02-
05CH11231 is also acknowledged. Y.C. and H.-M. C.
were supported by the National Research Foundation of
Korea (NRF) grant funded by the Korea government
(MSIT) under Grants No. RS-2025-02634319 (Y.C.)
and No. RS-2023-NR076506 (H.-M. C.).

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

[1] V.D. Burkert et al., Nucl. Instrum. Methods Phys. Res.,
Sect. A 959, 163419 (2020).
[2] K. Kumericki, S. Liuti, and H. Moutarde, Eur. Phys. J. A 52,
157 (2016).
[3] M. Hattawy et al. (CLAS Collaboration), Phys. Rev. Lett.
119, 202004 (2017).
[4] R. Abdul Khalek ef al., Nucl. Phys. A1026, 122447 (2022).
[5] B. L. G. Bakker and C.-R. Ji, Few-Body Syst. 60, 41 (2019).
[6] X. Ji, Phys. Rev. Lett. 78, 610 (1997).
[71 X. Ji, W. Melnitchouk, and X. Song, Phys. Rev. D 56, 5511
(1997).
[8] X. Ji, J. Phys. G 24, 1181 (1998).
[9] A. V. Radyushkin, Phys. Lett. B 380, 417 (1996).
[10] A. V. Radyushkin, Phys. Rev. D 56, 5524 (1997).
[11] A. Radyushkin, Phys. Lett. B 449, 81 (1999).
[12] D. Miiller, D. Robaschik, B. Geyer, F.-M. Dittes, and J.
Hofejsi, Fortschr. Phys. 42, 101 (1994).
[13] M. V. Polyakov and C. Weiss, Phys. Rev. D 60, 114017
(1999).
[14] M. Diehl, Phys. Rep. 388, 41 (2003).
[15] A. Belitsky and A. Radyushkin, Phys. Rep. 418, 1 (2005).
[16] H.-M. Choi, C.-R. Ji, and L. S. Kisslinger, Phys. Rev. D 64,
093006 (2001).
[17] H.-M. Choi, C.-R. Ji, and L. S. Kisslinger, Phys. Rev. D 66,
053011 (2002).
[18] W. Broniowski and E. R. Arriola, Phys. Rev. D 78, 094011
(2008).
[19] M. V. Polyakov and P. Schweitzer, Int. J. Mod. Phys. A 33,
1830025 (2018).
[20] J. Hudson and P. Schweitzer, Phys. Rev. D 96, 114013
(2017).

[21] Y. Choi, H.-D. Son, and H.-M. Choi, Phys. Rev. D 112,
014043 (2025).

[22] J.C. Collins, L. Frankfurt, and M. Strikman, Phys. Rev. D
56, 2982 (1997).

[23] C.-R. Ji, H.-M. Choi, A. Lundeen, and B.L. G. Bakker,
Phys. Rev. D 99, 116008 (2019).

[24] Y. Choi, H.-M. Choi, C.-R. Ji, and Y. Oh, Phys. Rev. D 105,
096014 (2022).

[25] L. Favart, M. Guidal, T. Horn, and H. Moutarde, Eur. Phys.
J. A 52, 158 (2016).

[26] R. Tarrach, Nuovo Cimento Soc. Ital. Fis. 28A, 409 (1975).

[27] A.V. Belitsky and D. Miiller, Phys. Rev. D 79, 014017
(2009).

[28] K. KumeriAki and D. Ma(Eller, Nucl. Phys. B841, 1 (2010).

[29] B.L.G. Bakker and C.-R. Ji, Few-Body Syst. 55, 395
(2014).

[30] V. Gribov and L. Lipatov, Phys. Lett. 37B, 78 (1971).

[31] Y. L. Dokshitzer, Sov. J. Nucl. Phys. 46, 641 (1977).

[32] G. Altarelli and G. Parisi, Nucl. Phys. 126B, 298 (1977).

[33] A. Efremov and A. Radyushkin, Phys. Lett. 94B, 245
(1980).

[34] G. Peter Lepage and S.J. Brodsky, Phys. Lett. 87B, 359
(1979).

[35] G.P. Lepage and S.J. Brodsky, Phys. Rev. D 22, 2157
(1980).

[36] R. A. Williams, C.-R. Ji, and S.R. Cotanch, Phys. Rev. C
46, 1617 (1992).

[37] M. Sawicki, Phys. Rev. D 44, 433 (1991).

[38] M. Sawicki, Phys. Rev. D 46, 474 (1992).

[39] H.-D. Son and P. T. P. Hutauruk, Phys. Rev. D 111, 054007
(2025).

016003-18


https://doi.org/10.1016/j.nima.2020.163419
https://doi.org/10.1016/j.nima.2020.163419
https://doi.org/10.1140/epja/i2016-16157-3
https://doi.org/10.1140/epja/i2016-16157-3
https://doi.org/10.1103/PhysRevLett.119.202004
https://doi.org/10.1103/PhysRevLett.119.202004
https://doi.org/10.1016/j.nuclphysa.2022.122447
https://doi.org/10.1007/s00601-019-1509-9
https://doi.org/10.1103/PhysRevLett.78.610
https://doi.org/10.1103/PhysRevD.56.5511
https://doi.org/10.1103/PhysRevD.56.5511
https://doi.org/10.1088/0954-3899/24/7/002
https://doi.org/10.1016/0370-2693(96)00528-X
https://doi.org/10.1103/PhysRevD.56.5524
https://doi.org/10.1016/S0370-2693(98)01584-6
https://doi.org/10.1002/prop.2190420202
https://doi.org/10.1103/PhysRevD.60.114017
https://doi.org/10.1103/PhysRevD.60.114017
https://doi.org/10.1016/j.physrep.2003.08.002
https://doi.org/10.1016/j.physrep.2005.06.002
https://doi.org/10.1103/PhysRevD.64.093006
https://doi.org/10.1103/PhysRevD.64.093006
https://doi.org/10.1103/PhysRevD.66.053011
https://doi.org/10.1103/PhysRevD.66.053011
https://doi.org/10.1103/PhysRevD.78.094011
https://doi.org/10.1103/PhysRevD.78.094011
https://doi.org/10.1142/S0217751X18300259
https://doi.org/10.1142/S0217751X18300259
https://doi.org/10.1103/PhysRevD.96.114013
https://doi.org/10.1103/PhysRevD.96.114013
https://doi.org/10.1103/h7gf-f7p4
https://doi.org/10.1103/h7gf-f7p4
https://doi.org/10.1103/PhysRevD.56.2982
https://doi.org/10.1103/PhysRevD.56.2982
https://doi.org/10.1103/PhysRevD.99.116008
https://doi.org/10.1103/PhysRevD.105.096014
https://doi.org/10.1103/PhysRevD.105.096014
https://doi.org/10.1140/epja/i2016-16158-2
https://doi.org/10.1140/epja/i2016-16158-2
https://doi.org/10.1007/BF02894857
https://doi.org/10.1103/PhysRevD.79.014017
https://doi.org/10.1103/PhysRevD.79.014017
https://doi.org/10.1016/j.nuclphysb.2010.07.015
https://doi.org/10.1007/s00601-014-0820-8
https://doi.org/10.1007/s00601-014-0820-8
https://doi.org/10.1016/0370-2693(71)90576-4
https://doi.org/10.1016/0550-3213(77)90384-4
https://doi.org/10.1016/0370-2693(80)90869-2
https://doi.org/10.1016/0370-2693(80)90869-2
https://doi.org/10.1016/0370-2693(79)90554-9
https://doi.org/10.1016/0370-2693(79)90554-9
https://doi.org/10.1103/PhysRevD.22.2157
https://doi.org/10.1103/PhysRevD.22.2157
https://doi.org/10.1103/PhysRevC.46.1617
https://doi.org/10.1103/PhysRevC.46.1617
https://doi.org/10.1103/PhysRevD.44.433
https://doi.org/10.1103/PhysRevD.46.474
https://doi.org/10.1103/PhysRevD.111.054007
https://doi.org/10.1103/PhysRevD.111.054007

	(3+1)-dimensional scalar field model analysis of beam spin asymmetry in the electroproduction of a scalar meson off a scalar target
	I. INTRODUCTION
	II. FORMULATION OF EXCLUSIVE MESON ELECTROPRODUCTION
	A. Amplitude, cross section, and beam spin asymmetry
	B. Kinematics

	III. MODEL CALCULATION OF FOUR-POINT FUNCTION
	A. Neutral scalar target case
	B. Charged scalar target case

	IV. CFFS IN THE DEEPLY VIRTUAL LIMIT
	A. CFFs in DVMP limit
	B. Leading-twist GPD
	C. PDF and lowest moment of GPD
	D. Polynomiality of higher moments

	V. NUMERICAL RESULTS
	A. PDF, GPD, and Mellin moments
	B. CFFs and BSA

	VI. CONCLUSION AND OUTLOOK
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


