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Near-extremal black membranes with topological (baryonic) Uð1ÞB charge of M theory compactified on
the coset space M1;1;0 are stable. M1;1;0 coset is a Z2-invariant truncation of a larger Q1;1;1 coset, with
diagonal Uð1ÞB ≡ Uð1ÞB;þ ⊂ Uð1Þ2B symmetry of the latter. We show that the baryonic black membranes

of M-theory M1;1;0 compactifications are unstable to Z2-odd gravitational bulk gauge and scalar
fluctuations, but only if this bulk scalar is identified with the holographically dual 2þ 1-dimensional
superconformal gauge theory operator of conformal dimensionΔ ¼ 1. The instability is associated with the
unstable charge transport of the off-diagonal Uð1ÞB;− ⊂ Uð1Þ2B symmetry.

DOI: 10.1103/jhby-p5xf

I. INTRODUCTION AND SUMMARY

Near-extremal black branes with finite entropy density in
the limit of vanishing temperature T → 0, ubiquitous in the
holographic correspondence [1,2], recently gained renewed
interest as laboratories of quantum gravity [3]. The best
explored holographic example is that of the strongly coupled
N ¼ 4 supersymmetric Yang-Mills plasma in four space-
time dimensions. Here, the equilibrium states of the gauge
theory plasma, with the same chemical potential μ for all
Uð1Þ factors of the maximal Abelian subgroup Uð1Þ3 ⊂
SUð4Þ R symmetry, reach the quantum critical regime as
T
μ → 0. In the gravitational dual, such states are represented
by aReissner-Nordströmblack brane in asymptoticallyAdS5
spacetime. Unfortunately, in the extremal limit, the black
branes typically suffer from a variety of instabilities: the
nonperturbative “Fermi-seasickness” instability [4], the per-
turbative “superconducting” instability [5], or the perturba-
tive “charge-clumping” instability [6]—any one of which
precludes reaching the interesting quantum critical regime.
With the goal of constructing reliable (and stable)

extremal horizons, the authors of [7,8] focused on holo-
graphic models from compactifications of string theory and
M theory on AdSpþ2 × Y manifolds with nonzero pth Betti
number bp, leading to Uð1Þbp “baryonic” global symmetry.
Nonsupersymmetric extremal quantum states supported by
the baryonic Uð1Þbp chemical potentials do not have
superconducting instabilities. As an example, consider
strongly coupled N ¼ 1 SUðNÞ × SUðNÞ gauge theory

in four spacetime dimensions, the Klebanov-Witten (KW)
model [9]. The theory has Uð1ÞR ×Uð1ÞB global sym-
metry, which supports quantum critical states charged
under either of the Uð1Þ’s. The R-symmetry charged
quantum critical states are unstable due to the condensation
of the chiral primaryOF ≡ TrðW2

1 þW2
2Þ, whereWi are the

gauge superfields corresponding to the two gauge group
factors of SUðNÞ × SUðNÞ quiver [10]. The gauge-
invariant operators of the KW theory charged under
Uð1ÞB have conformal dimensions of order1 N, with the
charge-to-mass ratio too small to trigger the superconduct-
ing instability [7]. Nonetheless, quantum critical states with
a baryonic charge of the KW theory are unstable [11]: even
though such states have zero R-symmetry charge density, at
low temperatures R charge starts “clumping,” breaking the
homogeneity of Uð1ÞB charged thermal equilibrium state.2

So far, the only known example of the stable non-
supersymmetric extremal horizon of string theory and
M theory is realized in a membrane theory of Klebanov,
Pufu, and Tesileanu (KPT) [8]. The KPT model is a
holographic example of a three-dimensional supercon-
formal gauge theory arising from compactification of
M theory on regular seven-dimensional Sasaki-Einstein

manifold—SUð3Þ×SUð2Þ
SUð2Þ×Uð1Þ coset, known as M1;1;0. Much like

the KW theory, the holographic membrane model of M
theory on M1;1;0 has Uð1ÞR ×Uð1ÞB global symmetry.
Here, there are three distinct near-extremal regimes: one
supported by the Uð1ÞR charge density and the other two
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1The smallest such operators involve determinants of the
bifundamental matter fields of the KW quiver gauge theory.
This justifies the nomenclature “baryonic symmetry.”

2This is a direct consequence of the thermodynamic insta-
bilities of the underlying thermal states [12]. For charged plasma
this was originally explained in [6,13].
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supported by the Uð1ÞB charge density. The reason for the
distinct baryonic near-criticality comes from the fact that
the dual gravitational backgrounds have nontrivial support
from the bulk scalar with m2L2 ¼ −2, corresponding to an
operator of conformal dimension Δ ¼ ð2; 1Þ. Depending
on whether one uses a normal or an alternative quantiza-
tion [14], one obtains either of two field theory duals, each
with a near-extremal regime. It was shown in [15] that only
the baryonic black membranes are stable: extremal hori-
zons supported by Uð1ÞR charge density suffer from both
the (threshold) superconducting and Uð1ÞB charge clump-
ing instabilities.3

In this paper we further explore instabilities of the KPT
baryonic membranes. There is a larger consistent truncation

of M theory on SUð2Þ3
Uð1Þ2 coset, known as Q1;1;1, which is a

Uð1Þ fibration over CP1 × CP1 × CP1. This manifold has
the second Betti number b2 ¼ 2, so that the corresponding
boundary superconformal theory has Uð1ÞR ×Uð1Þ2B
global symmetry. The KPT model is a consistent truncation
of Q1;1;1 M-theory compactification where the two Betti
vector multiples of Q1;1;1 are identified. From this per-
spective the KPT model is a Z2-even sector of Q1;1;1 model
under the interchange of the Betti multiples, and its
baryonic symmetry Uð1ÞB ≡UB;þ is a diagonal sub-
group of Uð1Þ2B of this larger model. We present
detailed analysis of the hydrodynamic transport of the
off-diagonal Uð1ÞB;− ⊂ Uð1Þ2B charge density fluctuations.
This Z2-odd sector of the gravitational dual fluctuations
includes a massless Betti vector A− and a scalar v− with
m2L2 ¼ −2, corresponding to an operatorO− of conformal
dimension Δ ¼ ð2; 1Þ. Here, once again we can use either a
normal dimO− ¼ 2 or an alternative dimO− ¼ 1 quanti-
zation. We find that the diffusion coefficient DB;− of the
charge density fluctuations associated with Uð1ÞB;− sym-
metry becomes negative below some critical temperature
Tcrit, relative to the Uð1ÞB;þ-charge chemical potential μB
of the near-critical thermal equilibrium states of KPT
plasma, provided dimO− ¼ 1; DB;− > 0 at any temper-
ature if dimO− ¼ 2:

8>><
>>:

DB;− > 0; T
μB

> T
μB
jcrit; dimO− ¼ 1;

DB;− < 0; T
μB

< T
μB
jcrit; dimO− ¼ 1;

DB;− > 0; T
μB

is any; dimO− ¼ 2:

ð1:1Þ

WheneverDB;− < 0, theUð1ÞB;− charge density is unstable
to clumping: indeed, in the hydrodynamic4 q → 0 limit, the
dispersion relation characterizing the charge diffusion is

w ¼ −iDB;−q2 þOðq2Þ; ð1:2Þ

and, thus,

DB;− < 0 ⇔ Im½w� > 0: ð1:3Þ

The precise value of the critical temperature in (1.1)
depends on the quantization of the m2L2 ¼ −2 scalar
supporting the background geometry.
The rest of the paper is organized as follows. In the next

section we summarize5 the relevant effective action for the
M-theory flux compactifications on Q1;1;1. We review the
background geometry describing baryonic black branes. In
Sec. III we compute DB;− for different quantizations of the
background scalar supporting the near-extremal baryonic
black branes and for different quantizations of the Z2-odd
bulk scalar v−. Additionally, in Sec. IV, we argue that there
are no homogeneous and isotropic equilibrium phases of
the baryonic black branes with spontaneously broken Z2

symmetry. Appendixes A and B collect technical details
necessary to reproduce the claims of the paper.
The main conceptual point of the paper is that the onset

of instabilities in the extremal limit of the boundary CFTs,
with the same global symmetries and the conserved
currents, depends on the details of their operator spectra,
i.e., on the identification of the bulk scalar v− with the
operator O− either of the conformal dimension dimO− ≡
dimOð−Þ

− ¼ 1 or dimO− ≡ dimOðþÞ
− ¼ 2. The CFT with a

Oð−Þ
− operator is unstable in the extremal limit, while a CFT

with a OðþÞ
− operator is stable in the extremal limit.

Interestingly,6 both CFTs are related by a holographic
RG flow, triggered by a relevant double-trace deformation
[16–19]

R
fðOð−Þ

− Þ2. Thus, there is a potential for a new
critical phenomenon, where the onset of the dynamical
instability depends on how large the double-trace mass
scale f is compare to the Uð1ÞB;þ baryonic chemical
potential μB. We will present such analysis elsewhere.
We leave open for the future work the study of the

end point of the identified instability in the CFT with a
Oð−Þ

− operator in the spectrum: while there are multiple
occurrences of the related instabilities in other models
[6,11,13,15], their ultimate fate is unknown (and, unfortu-
nately, likely to be difficult to analyze). There is also
currently no understanding what underlying physics makes
some models stable in the extremal limit and the other
ones not.

II. M THEORY ON Q1;1;1 AND NEAR-EXTREMAL
BARYONIC BLACK BRANES

Effective four-dimensional action of N ¼ 2 gauged
supergravity describing flux compactifications of M theory3The Uð1ÞB charge transport instability sets in at higher

temperatures.
4We use notations w≡ w

2πT and q≡ jk⃗j
2πT where e−iwtþik⃗·x⃗ is the

profile of the hydrodynamic perturbation.

5See Ref. [15] for additional details.
6I am grateful to a referee for raising this issue.
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on Q1;1;1 is given by [15,20]

SQ1;1;1 ¼ 1

κ24

Z
M4

�
1

2
R4 ⋆ 1 − fð∂ϕÞ2 þ gij∂ti∂t̄jg ⋆ 1 −

1

4
e−4ϕdB ∧⋆ dB

þ 1

4
ImN IJFI ∧ ⋆FJ þ 1

4
ReN IJFI ∧ FJ −

1

2
e0dB ∧ A0 − VQ1;1;1 ⋆ 1

�
;

VQ1;1;1 ¼ e4ϕK ·
X
i

v−2i − 8e2ϕ ·
X
i

v−1i þ e4ϕ

4
K−1 ·

X
k

�X
ij

Kijkbimjvk

�
2

þ e4ϕ

4
K−1 ·

�
e0 þ

1

2

X
i;j;k

Kijkbibjmk

�
2

; ð2:1Þ

with ti ≡ vi þ ibi. Here,
(i) fI; Jg ¼ f0; 1; 2; 3g, fi; j; kg ¼ f1; 2; 3g, and

mI ¼ f0; 2; 2; 2g. The constant e0 sets the radius
L of the asymptotic AdS4 spacetime; in what follows
we will choose e0 ¼ 6 ⇒ L ¼ 1

2
.

(ii) B is a 2-form onM4; AI are the 1-forms onM4 with
the field strength F I ≡ dAI , and the generalized
field strengths FI are defined as FI ¼ F I −mIB. ti

and ϕ are 0-forms on M4.
(iii) Explicit expression for the gauge kinetic matrix is

ReN 00 ¼ −
1

3
Kijkbibjbk; ReN 0i ¼

1

2
Kijkbjbk; ReN ij ¼ −Kijkbk;

ImN 00 ¼ −Kð1þ 4gijbibjÞ; ImN 0i ¼ 4Kgijbj; ImN ij ¼ −4Kgij; ð2:2Þ

where Kijk ¼ 1 for i ≠ j ≠ k and 0 otherwise,
K ¼ Q

i vi, and gij ¼ 1
4
v−2i δij.

Consistent subtruncation of the effective action (2.1)
SQ1;1;1 → SM1;1;0 identifies the Betti vector multiples

fA3; t3g≡ fA1; t1g: ð2:3Þ

Near-extremal black membranes with a Uð1ÞB chemical
potential are homogeneous and isotropic solutions of the
effective action SM1;1;0 with [8,15]

A0 ≡ 0; bi ≡ 0; B≡ 0; ð2:4Þ

the background 4D metric on M4 and the remaining
2-form field strengths fF 1;F 2g as

ds24 ¼ −
4α2f
r2

dt2 þ 4α2

r2
dx2 þ s2

4r2f
dr2;

F 1 ¼ qαs
v2

dr ∧ dt; F 2 ¼ −
2v22
v21

F 1; ð2:5Þ

where α and q are constant coefficients and f; s; v1; v2;
g≡ eϕ are all functions of the radial coordinate

r∈ ð0; 1Þ: ð2:6Þ

The asymptotic AdS4 boundary is located as r → 0þ,
requiring

lim
r→0þ

ff; s; v1; v2; ggðrÞ ¼ 1; ð2:7Þ

and the regular Schwarzschild horizon is located at a simple
root of the blackening factor f, with all the other bulk fields
being finite. Using a constant rescaling of a radial coor-
dinate r → λr we can always assume that the horizon is as
r → 1−, thus requiring

lim
x→1−

fðrÞ ¼ 0; lim
r→1−

fs; v1; v2; ggðrÞ ¼ finite: ð2:8Þ

The constant α in (2.5) is a scale resulting from fixing the
horizon location as in (2.8); it is necessary to define the
temperature T ∝ jαj and the chemical potential μB ∝ α
of the boundary superconformal theory thermal state, dual
to a baryonic black membrane geometry (2.5). This
constant will drop out from all the dimensionless thermo-
dynamic ratios, e.g., T

μB
. The dimensionless parameter q

in (2.5) is related to a baryonic chemical potential:
specifically, the conserved Uð1ÞB current of the boundary
2þ 1-dimensional superconformal gauge theory is holo-
graphically dual to a bulk 1-form gauge potential A1,

dA1 ¼ F 1 ¼ qαs
v2

dr ∧ dt ⇒
dA1

t

dr
¼ qαs

v2
; ð2:9Þ

and, thus, we require

lim
r→0þ

A1
t ðrÞ ¼ μB; lim

r→1−
A1
t ðrÞ ¼ 0: ð2:10Þ
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The holographic spectroscopy relates the bulk scalars
fv1; v2; gg to the boundary gauge theory operators OΔ
of conformal dimension Δ as in Table I.
The bulk scalar ln½v1v−12 � can be identified either with the

operator O2, the normal quantization, or with the operator
O1, the alternative quantization. Each of the identifications
allows for a nonsingular extremal limit of the baryonic
black membrane (2.5) M4 → AdS2 ×R2, i.e., the limit of
vanishing of its Hawking temperature T → 0. Notice that at
extremality the Bekenstein entropy density s of the mem-
brane remains finite:

s ¼ 2π

κ24
lim
r→1−

4α2

r2
¼ 8πα2

κ24
; ð2:11Þ

while the dimensionless α-independent ratio s
T2 → ∞.

The equations of motion for the baryonic black mem-
brane background fields ff; s; v1; v2; gg derived from the
effective action SM1;1;0 are collected in Appendix A, along
with the near-boundary r → 0þ and the near-horizon
r → 1− asymptotic expansions, enforcing the boundary
conditions (2.7) and (2.8). Explicit expressions for T and
μB are given by (A19) and (A20). As the baryonic black
membrane temperature varies as T

μB
∈ ð0;∞Þ, parameter

q∈ ð0; qcrit ¼ 215=4=35=4Þ, with [15]

lim
q→0

T
μB

¼ ∞; lim
q→qcrit

T
μB

∝
�
1 −

q
qcrit

�
→ 0: ð2:12Þ

III. Z2-ODD FLUCTUATIONS AND THE
Uð1ÞB; − CHARGE TRANSPORT

In this section we consider fluctuations about the
baryonic black membrane solution (2.4) and (2.5) that
are odd with respect to the interchange of the Betti vector
multiples of the effective action SQ1;1;1 ,

fA3; t3g ↔ fA1; t1g: ð3:1Þ

Specifically, we introduce linearized fluctuation
fδv−; δb−; δA−g as

t1 ¼ v1e
1
2
δv− þ i

1

2
δb−; t3 ¼ v

−1
2
δv−

1 − i
1

2
δb−;

A1 → A1 þ 1

2
δA−; A3 → A1 −

1

2
δA−; ð3:2Þ

so that, under (3.1),

fδv−; δb−; δA−g → −fδv−; δb−; δA−g: ð3:3Þ

As the fluctuations of all the other fields of the baryonic
black membranes within SQ1;1;1 are even7 under (3.1),
Z2-odd modes will decouple, governed by the quadratic
action S−fδv−; δb−; δA−g≡ SQ1;1;1 − SM1;1;0 :

S− ¼ 1

κ24

Z
M4

�
−
�

1

8v21
ð∂δb−Þ2 þ

1

8
ð∂δv−Þ2

�
⋆ 1

−
v2
8
δF− ∧ ⋆δF− −

v2
4
ðδv−Þ2F 1 ∧ ⋆F 1

þ v2
2
δv−δF− ∧ ⋆F 1 þ 1

4
δb−δF− ∧ F 2 −V−⋆ 1

�
;

V− ¼ g2ðg2v1v2 − 2Þ
v1

ðδv−Þ2 þ
g4ðv21 − 3Þ
2v2v21

ðδb−Þ2;

δF− ≡ dA−: ð3:4Þ

Within the effective action (3.4), we further consider
fluctuations to be functions of t, x2, and r as follows:

δA− ¼ e−iwtþikx2ðAtdtþA2dx2 þArdrÞ;
fδv−; δb−g ¼ e−iwtþikx2fV;Bg; ð3:5Þ

where fAt;2;r;V;Bg are functions of the radial coordinate r.
We use the bulk gauge transformations of Betti vectors A1

and A3 to set8

Ar ¼ 0: ð3:6Þ

The equations of motion for the fluctuations are collected in
Appendix B. Following [20], the holographic spectroscopy
relates the (pseudo)scalar modes fV;Bg to the boundary
gauge theory operators δOV

Δ; δO
B
Δ, of conformal dimension

Δ as in Table II. Here again, we have the choice to quantize
the fluctuations so that they correspond either to boundary

TABLE II. Holographic spectroscopy of Z2-odd
(pseudo)scalars.

Mass eigenstate m2L2 Δ

b1 − b3 −2 (2, 1)
ln½v1v−13 � −2 (2, 1)

TABLE I. Holographic spectroscopy of the bulk scalars sup-
porting baryonic black membranes [20].

Mass eigenstate m2L2 Δ

ln½v1v−12 � −2 (2, 1)
ln½v21v2g3� 4 4
ln½v21v2g−4� 18 6

7These modes were studied in detail in [15].
8This would lead to the first-order constraint (B1).
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CFT operators of dimension 2 (the normal quantization) or
to operators of dimension 1 (the alternative quantization).
This choice is independent from the choice of quantization
for the background solution.
We find that the fluctuations fAt;A2;Vg decouple from

B—the former describe theUð1ÞB;− charge transport, while
the latter can lead to potential threshold instabilities (to be
further discussed in Sec. IV). To proceed with the Uð1ÞB;−
charge transport we introduce

Z≡ qAt þwA2: ð3:7Þ

We use the constraint (B1) to obtain from (B2)–(B4) a
decoupled set of the second-order equations for

fZ;Vg: ð3:8Þ

Solutions of the resulting equations with appropriate
boundary conditions determine the spectrum of Uð1ÞB;−
charged quasinormal modes of the baryonic black mem-
branes—equivalently the Z2-odd subsector of physical
spectrum of linearized fluctuations in membrane gauge
theory plasma with a baryonic chemical potential.
Following [21,22] we impose the incoming-wave boundary
conditions at the black membrane horizon and “normal-
izability” at the asymptotic AdS4 boundary. Focusing on
the Re½w� ¼ 0 diffusive branch and introducing

Z ¼ ð1− rÞ−iw=2z; V ¼ ð1− rÞ−iw=2u; w ¼ −ivq;

ð3:9Þ

we solve the fluctuation equations subject to the
asymptotics:

In the UV, i.e., as r → 0þ, and with the identifications9

ln½v1v−12 � ⇔ O2 and u ⇔ δOV
2 ,

z ¼ qr −
1

2
q2vr2 þOðr3Þ;

u ¼ u2r2 −
1

2
qvu2r3 þOðr4Þ; ð3:10Þ

specified, for a fixed background and a momen-
tum q, by

fv; u2g; ð3:11Þ

In the IR, i.e., as y≡ 1 − r → 0þ,

z ¼ zh0 þOðyÞ; u ¼ uh0 þOðyÞ; ð3:12Þ

specified by

fzh0; uh0g: ð3:13Þ

Note that in total we have 2þ 2 ¼ 4 parameters—see
(3.11) and (3.13)—which is precisely what is neces-
sary to identify a solution of a coupled system of two
second-order ordinary differential equations for
fz; ug. Furthermore, since the equations are linear
in the fluctuations, we can, without loss of generality,
normalize the solutions so that

lim
r→0

dz
dr

¼ q: ð3:14Þ

Once we fix the background and solve the fluctuation
equations of motion, we obtain v ¼ vðqÞ. Given v we
extract the Uð1ÞB;−-charge diffusion coefficient DB−

, as

w ¼ −i · 2πTDB;−|fflfflfflfflffl{zfflfflfflfflffl}
≡DB;−

· q2 þOðq3Þ; DB;− ≡ dv
dq

				
q¼0

:

ð3:15Þ

For general values of q we have to solve the fluctuation
equations numerically. At q ¼ 0, an analytic solution is
possible in the limit q → 0—which is precisely what is
needed to extract DB;− [15]:

DB;−

				
q¼0

¼ 3

2
: ð3:16Þ

For q∈ ð0; qcritÞ the Uð1ÞB;−-charge diffusion coefficient
of the baryonic membrane theory plasma is computed
numerically; see Fig. 1. Black curves correspond to the
background scalar quantization as ln½v1v−12 � ⇔ O2,
while the blue curves correspond to the quantization
ln½v1v−12 � ⇔ O1. Furthermore, the solid curves represent
Z2-odd scalar ln½v1v−13 � quantization as δ ln½v1v−13 � ⇔ δOV

2 ,
while the dashed curves represent δ ln½v1v−13 � ⇔ δOV

1 . In
the latter case (the dashed curves), there is the Uð1ÞB;−
charge clumping instability for q > qunstable (correspond-
ingly T

μB
< T

μB
jcrit), represented by vertical red lines:

fO;δOVg Fig:1curve style qunstable=qcrit T=μBjcrit
fO2;δO

V
1 g ðblack;dashedÞ 0.597ð6Þ 0.251ð5Þ

fO1;δO
V
1 g ðblue;dashedÞ 0.547ð1Þ 0.276ð2Þ

ð3:17Þ

To compute T
μB
jcrit for a given value of qunstable

qcrit
we use (A19)

and (A20).

9Likewise, we develop the UV expansions for the alternative
quantization of either the background, ln½v1v−12 �, or the fluc-
tuation scalar, u: fO2; δO

V
1 g, fO1; δO

V
2 g, and fO1; δO

V
1 g.
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IV. THRESHOLD INSTABILITIES FROM CONDENSATION OF fδv − ; δb−g
Consider spatially homogeneous and isotropic fluctuations of the bulk (pseudo)scalars V and B about baryonic black

membrane of Sec. II. The corresponding equations of motion can be obtained from (B1)–(B5) in the limit

fw; kg → 0; ð4:1Þ

provided we set A2 ¼ 0. We find two decoupled sets.
(i) fV; a≡A0

tg:

0 ¼ a0 −
2qs
v2

V 0 þ
�ðv02Þ2r

v22
þ 2ðv01Þ2r

v21
þ 4ðg0Þ2r

g2
þ 4v02

v2

�
a
4
; ð4:2Þ

0 ¼ V 00 þ
�
s2ðv41 þ 2v21v

2
2 þ 9Þ

4rfv2v21
g4 −

2s2ðv1 þ 2v2Þ
v1rfv2

g2 þ s2q2r3ðv21 þ 2v22Þ
8fv2v21

þ 1

r

�
V 0

þ
�
−
2s2v2
fr2

g4 þ 4s2

v1fr2
g2 þ s2q2r2

2fv2

�
V −

saqr2

2f
; ð4:3Þ

(ii) fBg:

0 ¼ B00 þ
�
s2ðv41 þ 2v21v

2
2 þ 9Þ

4rfv2v21
g4 −

2s2ðv1 þ 2v2Þ
v1rfv2

g2 þ s2q2r3ðv21 þ 2v22Þ
8fv2v21

−
2v01
v1

þ 1

r

�
B0 −

s2Bg4ðv21 − 3Þ
v2fr2

: ð4:4Þ

In the UV, i.e., as r → 0þ, and with the identification10 ln½v1v−12 � ⇔ O2,

a ¼ 2qu1rþ 2qu2r2 þOðr3Þ; V ¼ u1rþ u2r2 þOðr4Þ;
B ¼ B1rþ B2r2 þOðr4Þ: ð4:5Þ

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.5

1.0

1.5

q

d

FIG. 1. Uð1ÞB;−-charge dimensionless diffusion coefficient DB;− ¼ 2πTDB;− of the baryonic membrane theory plasma for different
quantizations of the gravitational dual scalars fln½v1v−12 �; δ ln½v1v−13 �g: fO2; δO

V
2 g (black, solid), fO2; δO

V
1 g (black, dashed), fO1; δO

V
2 g

(blue, solid), and fO1; δO
V
1 g (blue, dashed). At q ¼ 0, DB;− ¼ 3

2
(3.16), while it vanishes in the quantum critical regime q → qcrit,

DB;− ∝ T
μB

→ 0. Independent of the background scalar ln½v1v−12 � quantization, there is an onset of the Uð1ÞB;− charge clumping

instability for δ ln½v1v−13 � ⇔ δOV
1 quantization (the dashed curves), represented by vertical red lines.

10Likewise, we develop the UV expansions for the alternative quantization of the background scalar ln½v1v−12 � ⇔ O1.
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Notice that limr→0 a ¼ 0—this ensures that the fluc-
tuations fV; ag have the vanishing Uð1ÞB;− charge. In
the quantization where V (or B) is identified with the
boundary gauge theory operator δOV

2 (correspond-
ingly δOB

2 ) the coefficient u1 (correspondingly B1) is
the source, while in the identification V ⇔ δOV

1 (or
B ⇔ δOB

1 ) the source term is u2 (correspondingly B2).
In the IR, i.e., as y≡ 1 − r → 0,

V ¼ uh0 þOðyÞ; a ¼ ah0 þOðyÞ;
B ¼ Bh

0 þOðyÞ: ð4:6Þ

Following [23], e.g., to identify the onset of the
instability associated with the condensation of δOV

2

we keep fixed the source term of the operator, u1 ¼ 1,
and scan q (correspondingly T

μB
), looking for a diver-

gence of the expectation value of the corresponding

operator hδOV
2 i ∝ u2. A divergence signals the pres-

ence of a homogeneous and isotropic normalizable
mode of the fluctuations of V—the threshold for the
instability. We performed all such scans, for both
quantizations of the background scalar ln½v1v−12 � and
independently for both quantizations of the Z2-odd
(pseudo)scalars V and B—there are no divergences of
the expectation values of the corresponding operators.
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APPENDIX A: BACKGROUND EQUATIONS OF MOTION AND THE ASYMPTOTIC EXPANSIONS

0 ¼ f0 þ f

�
rv022
4v22

þ rv021
2v21

þ rg02

g2
−
3

r

�
−
s2r3ð2v22 þ v21Þq2

8v2v21
−
s2g4ð2v22v21 þ v41 þ 9Þ

4v2v21r
þ 2g2s2ð2v2 þ v1Þ

v2v1r
; ðA1Þ

0 ¼ s0 þ sr
4

�
v022
v22

þ 2v021
v21

þ 4g02

g2

�
; ðA2Þ

0 ¼ v001 −
v021
v1

þ v01

�
s2g4ð2v22v21 þ v41 þ 9Þ

4fv2v21r
−
2s2g2ð2v2 þ v1Þ

v1fv2r
þ s2r3q2ð2v22 þ v21Þ

8fv2v21
þ 1

r

�

−
s2g4ðv41 − 9Þ
2v1fv2r2

þ s2r2v2q2

2v1f
−
4s2g2

fr2
; ðA3Þ

0 ¼ v002 −
v022
v2

þ v02

�
s2g4ð2v22v21 þ v41 þ 9Þ

4fv2v21r
−
2s2g2ð2v2 þ v1Þ

v1fv2r
þ s2r3q2ð2v22 þ v21Þ

8fv2v21
þ 1

r

�

−
s2ð2v22v21 − v41 − 9Þg4

2fv21r
2

−
4s2g2

fr2
−
s2q2r2ð2v22 − v21Þ

4fv21
; ðA4Þ

0 ¼ g00 −
g02

g
þ g0

�
g4s2ð2v22v21 þ v41 þ 9Þ

4fv2v21r
−
2g2s2ð2v2 þ v1Þ

v1fv2r
þ s2r3q2ð2v22 þ v21Þ

8fv2v21
þ 1

r

�

−
s2g5ð2v22v21 þ v41 þ 9Þ

2fv2v21r
2

þ 2g3s2ð2v2 þ v1Þ
v1fv2r2

: ðA5Þ

Equations (A1)–(A5) should be solved numerically, subject to the following asymptotic expansion.
In the UV, i.e., as r → 0, and with the identification ln½v1v−12 � ⇔ O2, we have

f ¼ 1þ f3r3 þ
3

8
q2r4 −

1

6
v1;2q2r6 þOðr7Þ; s ¼ 1 −

3

2
v21;2r

4 þ 1

6
v1;2q2r6 þOðr7Þ; ðA6Þ

STABILITY OF BARYONIC BLACK MEMBRANES PHYS. REV. D 113, 066010 (2026)

066010-7



v1 ¼ 1þ v1;2r2 þ
�
v1;4 þ

�
24

35
v21;2 −

1

35
q2
�
ln r

�
r4 −

1

3
f3v1;2r5

þ
�
v1;6 þ

�
−

13

350
v1;2q2 þ

156

175
v31;2

�
ln r

�
r6 þOðr7 ln rÞ; ðA7Þ

v2 ¼ 1 − 2v1;2r2 þ
�
3

2
v21;2 þ v1;4 þ

1

8
q2 þ

�
24

35
v21;2 −

1

35
q2
�
ln r

�
r4 þ 2

3
f3v1;2r5

þ
�
v1;6 −

39

10
v1;2v1;4 þ

4647

3500
v31;2 −

653

3500
v1;2q2 þ

�
13

175
v1;2q2 −

312

175
v31;2

�
ln r

�
r6 þOðr7 ln rÞ; ðA8Þ

g ¼ 1þ
�
−

3

56
v21;2 þ

3

4
v1;4 þ

1

56
q2 þ

�
18

35
v21;2 −

3

140
q2
�
ln r

�
r4

þ
�
−v1;6 þ

13

10
v1;2v1;4 −

1549

3500
v31;2 −

37

1750
v1;2q2

�
r6 þOðr7 ln rÞ; ðA9Þ

i.e., the UV part of the solution is characterized (given q) by

ff3; v1;2; v1;4; v1;6g: ðA10Þ

In the UV, i.e., as r → 0, and instead with the identification ln½v1v−12 � ⇔ O1, we have

f ¼ 1þ f3r3 þ
3

8
q2r4 þ

�
−

9

20
v21;1f3 −

3

10
v1;1q2

�
r5 þ 37

120
v21;1q

2r6 þOðr7Þ; ðA11Þ

s ¼ 1 −
3

4
v21;1r

2 þ 489

800
v41;1r

4 þ
�
v51;1 þ

2

5
v21;1f3 þ

1

10
v1;1q2

�
r5

þ
�
5661

22400
v61;1 þ

1

8
v31;1f3 −

269

1680
v21;1q

2 þ 3

4
v21;1v1;4 þ

�
−
51

70
v61;1 −

3

140
v21;1q

2

�
ln r

�
r6 þOðr7 ln rÞ; ðA12Þ

v1 ¼ 1þ v1;1r −
1

5
v21;1r

2 −
31

20
v31;1r

3 þ
�
v1;4 þ

�
−
34

35
v41;1 −

1

35
q2
�
ln r

�
r4

þ
�
−
103

800
v51;1 þ

19

60
v21;1f3 þ

11

120
v1;1q2 þ

3

2
v1;1v1;4 þ

�
−

3

70
v1;1q2 −

51

35
v51;1

�
ln r

�
r5

þ
�
v1;6 þ

�
−
51

70
v61;1 −

3

140
v21;1q

2

�
ln r

�
r6 þOðr7 ln rÞ; ðA13Þ

v2 ¼ 1 − 2v1;1rþ
13

10
v21;1r

2 þ 1

10
v31;1r

3 þ
�
131

40
v41;1 þ

1

2
v1;1f3 þ v1;4 þ

1

8
q2

þ
�
−
34

35
v41;1 −

1

35
q2
�
ln r

�
r4 þ

�
−
4597

400
v51;1 −

14

15
v21;1f3 −

13

30
v1;1q2 − 3v1;1v1;4

þ
�
3

35
v1;1q2 þ

102

35
v51;1

�
ln r

�
r5 þ

�
166743

14000
v61;1 −

29

40
v31;1f3 þ

8061

14000
v21;1q

2 þ 39

20
v21;1v1;4 þ v1;6

þ
�
−
459

175
v61;1 −

27

350
v21;1q

2

�
ln r

�
r6 þOðr7 ln rÞ; ðA14Þ
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g ¼ 1 −
3

10
v21;1r

2 −
1

2
v31;1r

3 þ
�
2047

1400
v41;1 þ

1

8
v1;1f3 þ

3

4
v1;4 þ

1

56
q2

þ
�
−
51

70
v41;1 −

3

140
q2
�
ln r

�
r4 þ

�
−
73

40
v51;1 þ

1

10
v21;1f3

�
r5 þ

�
−

6761

14000
v61;1 þ

283

240
v31;1f3

þ 2837

21000
v21;1q

2 þ 19

40
v21;1v1;4 − v1;6 þ

�
187

700
v61;1 þ

11

1400
v21;1q

2

�
ln r

�
r6 þOðr7 ln rÞ; ðA15Þ

characterized (given q) by

fv1;1; f3; v1;4; v1;6g: ðA16Þ

In the IR, i.e., as y≡ 1 − r → 0, we have

f ¼ −
ðsh0Þ2

8vh2;0ðvh1;0Þ2


2ðgh0Þ4

�ðvh1;0Þ4 þ 2ðvh1;0Þ2ðvh2;0Þ2 þ 9
�
− 16ðgh0Þ2vh1;0ðvh1;0 þ 2vh2;0Þ

þ q2
�ðvh1;0Þ2 þ 2ðvh2;0Þ2

�

yþOðy2Þ;

s ¼ sh0 þOðyÞ; vi ¼ vhi;0 þOðyÞ; g ¼ gh0 þOðyÞ; ðA17Þ

characterized (given q) by

fsh0; vh1;0; vh2;0; gh0g: ðA18Þ

Given q, a numerical solution is characterized by (A10) [or (A16)] and (A18), which determine the black membrane
Hawking temperature T, and the baryonic chemical potential μB,

T
jαj ¼

sh0
8πvh2;0ðvh1;0Þ2



2ðgh0Þ2

�
8vh1;0ðvh1;0 þ 2vh2;0Þ − ðgh0Þ2

�ðvh1;0Þ4 þ 2ðvh1;0Þ2ðvh2;0Þ2 þ 9
��

−
�ðvh1;0Þ2 þ 2ðvh2;0Þ2

�
q2


; ðA19Þ

and [see (2.5)]

μB
α

¼ 1

α
A1
t

				
r¼0

¼ −
Z

1

0

qs
v2

dr: ðA20Þ

APPENDIX B: EQUATIONS OF MOTION FOR Z2-ODD FLUCTUATIONS OF THE BARYONIC
BLACK MEMBRANES

0 ¼ A0
2 þ

c22w
c21k

A0
t −

2Fc22w
c21k

V; ðB1Þ

0 ¼ A00
t þ

�
−
c03
c3

−
c01
c1

þ v02
v2

þ 2
c02
c2

�
A0

t −
c23k
c22

ðAtkþA2wÞ − 2ðFVÞ0 þ 2VF
�
c03
c3

þ c01
c1

−
2c02
c2

−
v02
v2

�
; ðB2Þ

0 ¼ A2
00 þ

�
−
c03
c3

þ c01
c1

þ v02
v2

�
A0

2 þ
c23w
c21

ðAtkþA2wÞ; ðB3Þ

0 ¼ V 00 þ
�
−
c03
c3

þ c01
c1

þ 2c02
c2

�
V 0 −

2Fv2
c21

A0
t þ

�
2v2F2

c21
−
c23ðc21k2 − c22w

2Þ
c21c

2
2

−
8g2c23ðg2v1v2 − 2Þ

v1

�
V; ðB4Þ
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0 ¼ B00 þ
�
c01
c1

þ 2c02
c2

−
2v01
v1

−
c03
c3

�
B0 −

�
4c23g

4ðv21 − 3Þ
v2

þ c23ðc21k2 − c22w
2Þ

c21c
2
2

�
B; ðB5Þ

where [compare with (2.5)]

c1 ¼
2α

ffiffiffi
f

p
r

; c2 ¼
2α

r
; c3 ¼

s
2r

ffiffiffi
f

p ; F ¼ qαs
v2

: ðB6Þ

We explicitly verified that (B1) is consistent with (B2)–(B4).
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