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We consider the most general form of soft and collinear factorization for hard-scattering amplitudes to all
orders in perturbative quantum chromodynamics. Specifically, we present the generalization of collinear
factorization to configurations with several collinear directions, where the most singular behavior is
encoded by generalized collinear splitting amplitudes that manifestly embed the breaking of strict collinear
factorization in spacelike collinear configurations. We also extend the analysis to the simultaneous soft-
collinear factorization with multiple collinear directions where naive multiplicative factorization does not
hold. As an illustrative example of factorization breaking, we present explicit results at the one-loop level in
the soft-collinear limit.
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Introduction. Hard-scattering amplitudes in perturbative
quantum chromodynamics (QCD) are singular if the energy
of one or more partons, quarks and gluons is negligibly
small and/or if two or more parton momenta are parallel to
each other. The singular behavior in these kinematic con-
figurations is factorized [1,2] and encoded in process-
independent factors such as collinear splitting amplitudes
and soft currents. Based on the lowest-order versions of soft
and collinear factorization [3,4], general algorithms for
predicting jet cross sections at next-to-leading order (NLO)
were proposed in the famous works in Refs. [5–8]. In
the last twenty years, tremendous efforts have been made
to advance to next-to-NLO (NNLO) and next-to-NNLO,
and there are now a variety of different methodological
approaches (see, e.g., the reviews in Refs. [9–11]) capable
of achieving high perturbative orders. Also, resummed
calculations to all perturbative orders have achieved next-
to-next-to-next-to-leading logarithmic accuracy in some
specific cases (see, Refs. [12–14] and references therein).
All these advances rely on the detailed knowledge of the
underlying QCD factorization properties of hard-scattering
amplitudes in the soft and collinear limits.
At Oðα2SÞ, soft factorization at tree level is studied in

Refs. [15–17] and at one loop with single soft emission in

Refs. [18–22]. At the next perturbative order, i.e., Oðα3SÞ,
the triple-soft limit of hard-scattering amplitudes at tree
level is calculated in Refs. [23–25], the double-soft limit of
one-loop amplitudes is computed in Refs. [26–28], and the
two-loop case with single soft emission is analyzed in
Refs. [29–31]. Furthermore, at Oðα4SÞ a few explicit results
are recently presented in Refs. [32–34].
Collinear factorization is considered universal and

process independent for theory predictions at high-energy
colliders. Strictly speaking, the singular factors arising in
scattering amplitudes from collinear configurations are
expected to depend only on the momenta and quan-
tum numbers of the external partons involved in the
collinear splitting process, and this aspect is known in
the literature as strict collinear factorization (SCF). At
Oðα2SÞ, tree-level collinear splitting processes are studied in
Refs. [16,17,35–37], while double-collinear splitting proc-
esses at one loop are analyzed in Refs. [19,20,38–40]. At
the next perturbative order, i.e., Oðα3SÞ, the quadruple-
collinear limit of hard-scattering amplitudes is calculated in
Refs. [41–45], while the triple-collinear limit of one-loop
amplitudes is discussed in Refs. [39,46–50], and the two-
loop case with double-collinear emission is analyzed in
Refs. [51–53]. At Oðα4SÞ, double-collinear splitting proc-
esses at three loops are recently presented in Ref. [54].
A seminal paper [39] led by Stefano Catani showed,

however, that SCF is not valid beyond the tree level in
perturbation theory. In particular, SCF remains true for
configurations where all collinear partons are produced in
the physical final state termed as timelike (TL) collinear but
it is broken for other kinematic collinear configurations
generally denoted as spacelike (SL) collinear. This effect
has a purely quantum field theory origin from Feynman
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loop diagrams and it is related to the intriguing color
coherence properties of QCD. In particular, the soft modes
in the loop couple the collinear partons in the final state to
noncollinear ones in the initial state that are far apart in
phase-space kinematics. As a consequence, in the SL
collinear region, QCD scattering amplitudes fulfil a gen-
eralized factorization, in which the singular factors retain
certain dependence on the momenta and quantum numbers
of the noncollinear external partons.
The SCF breaking effects have more general implications

in the context of perturbative QCD predictions for jet
production at colliders. The resummation of large logarith-
mic terms produced by collinear parton evolution is affected
by the breaking of SCF: parton evolution gets tangled up
with the color and kinematic structure of the hard-scattering
subprocess, and this leads to the appearance of entangled
large logarithms. Indeed, the physical mechanism that
generates the breaking of SCF is directly related to the
mechanism that produces superleading logarithms [55–59]
in jet cross sections. A recent study of the intricacies of the
soft photon theorem in QCD can be found in Ref. [60].
The purpose of this Letter is to disseminate Stefano

Catani’s ideas on the generalization of soft and collinear
factorization that apply to both TL and SL domains to all
orders in QCD perturbation theory. A blackboard hand-
written summary is presented in Fig. 1.

QCD factorization in IR limits. Let us consider a generic
scattering process with n external partons, massless quarks
and gluons, together with an arbitrary number of non-QCD
particles, particles that are color singlet, such as Higgs
bosons, vector bosons, leptons, photons, etc. The scattering
amplitude for this process is denoted by Mðp1;…; pnÞ,
where pi is the momentum of the parton with flavor
aiðai ¼ g; q or q̄Þ, while the dependence on non-QCD
particles is implicitly understood. The external QCD
particles are on shell ðp2

i ¼ 0Þ and have physical spin
polarizations. Here, the scattering amplitude is defined in
an arbitrary number of space-time dimensions.

In the context of QCD perturbation theory, the scattering
amplitudeMðp1;…; pnÞ is expanded to higher loop orders
as follows:

Mðp1;…; pnÞ ¼
X
i¼0

MðiÞðp1;…; pnÞ; ð1Þ

where Mð0Þ denotes the lowest-order contribution, Mð1Þ
denotes the one-loop contribution, and so on.
We will consider kinematic configurations where subsets

of the external particles become soft or collinear. To
simplify the presentation, we will denote by s the subset
of soft partons and their momenta, by cI a subset of
collinear partons, where the subindex I could label collin-
ear subsets in different collinear directions, and by h the
remaining hard partons.

Soft factorization: We are interested in the behavior of a
hard-scattering amplitude M in the kinematic configura-
tion where m massless external partons become soft. This
limit is formally obtained by first scaling all the momenta
of the soft partons by a factor λ and then considering the
limit λ → 0. In this limit, the leading singular behavior is
captured as follows:

Mðλs; hÞjλ→0 ∼
1

λm
mod ðlnrλÞ þ � � � : ð2Þ

The powerlike behavior λ−m on the right-hand side in
Eq. (2) determines the dominant singular terms of M, the
logarithmic factor lnr λ indicates a break in the naive
scaling behavior due to higher-order quantum loop con-
tributions, and the dots denote the subdominant singular
behavior of relative suppression Oð ffiffiffi

λ
p Þ at least.

The emission of soft partons has no influence on the
kinematics, spins and flavors of the hard partons present in
the scattering process. However, they influence the color
structure, since the emission of a soft parton always carries
color charges and these do not depend on its softness. As
a result, in QCD, there are color correlations, and the
scattering amplitude is not fully factorized, in contrast to
Abelian theories such as quantum electrodynamics, where
the contribution of soft photons factorizes from the rest of
the scattering amplitude.
In this multiparticle soft limit, the dominant singular

behavior ofMðs; hÞ is expressed by the following process-
independent factorization [16–18,20,21,61]

jMðs; hÞi ≃ Jðs; hÞjMðhÞi; ð3Þ
where the factor Jðs; hÞ on the right-hand side of Eq. (3) is
the multiparticle soft current that embodies the dominant
singular behavior, the reduced scattering amplitude jMðhÞi
is simply obtained from the full amplitude on the left-hand
side by removing the m external legs with soft parton
momenta, and the symbol ≃ indicates that the subdominant
singular terms are neglected.

FIG. 1. Footage of original handwritten blackboard discussion
by Stefano Catani, September 2023, Sesto Fiorentino,
Firenze, Italy.
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It is important to note that the soft current Jðs; hÞ depends
on both soft and hard partons through their momenta and
quantum numbers, such as color. We also note that the soft
current is proportional to the unit operator in the spin
subspace of the hard partons. Despite its dependence on
the hard partons, the soft current is universal, i.e., it does not
depend on the specific hard-scattering amplitude and the
corresponding specific physical process.
The soft current J in Eq. (3) can be expressed in pertur-

bative QCD, by a loop expansion analogous to Eq. (1),

Jðs; hÞ ¼
X
i¼0

JðiÞðs; hÞ; ð4Þ

where Jð0Þ is the tree-level soft current, Jð1Þ is the one-loop
soft current, and so forth.

Collinear factorization: Scattering amplitudes in QCD also
factorize when two or more external on-shell momenta
become collinear to each other. Collinear factorization and
the corresponding splitting processes are classified into two
categories: TL and SL, as discussed above.
We are interested in the behavior of the scattering

amplitude M in the kinematic configuration in which m
of the n external partons become parallel to each other.
Without loss of generality, we assume that the collinear
momenta are p1;…; pm and define their sum as p1…m.
Since the decaying parent particle is generally off shell
ðs1…m ≡ p2

1…m ≠ 0Þ, we define an on-shell vector

p̃μ ¼ pμ
1…m −

s1…m

2n · p1…m
nμ; ð5Þ

such that it fulfils p̃2 ¼ 0. Then we introduce the Sudakov
parametrization for the collinear momenta [17,39] as
follows:

pμ
i ¼ xip̃μ þ kμ⊥i −

k2⊥i

xi

nμ

2n · p̃
; i∈c≡ f1;…;mg; ð6Þ

where the vector p̃μ denotes the collinear direction and
the lightlike auxiliary vector nμ (n2 ¼ 0) is necessary to
specify how the collinear direction is approached or,
equivalently, to specify the transverse components k⊥i

(k⊥i · p̃ ¼ k⊥i · n ¼ 0, with k2⊥i < 0).
Now, the m-parton collinear limit is precisely defined by

scaling the transverse momenta kμ⊥i with an overall factor λ,
and then setting the limit λ → 0. If we keep the most
singular terms in λ and neglect subdominant terms, we
obtain the following amplitude-level factorization [39]:

jMðc; hÞi ≃ Spðc; p̃ÞjMðp̃; hÞi: ð7Þ
The factorization in Eq. (7) relates the original scattering
amplitude with n partons on the left-hand side to a reduced
scattering amplitude with n −mþ 1 partons on the right-
hand side. The latter is obtained by replacing the m

collinear partons a1;…; am by a single parent parton whose
momentum is p̃μ and whose flavor a is determined by
flavor conservation.
The process dependence of Eq. (7) is fully taken into

account in the amplitudes on both sides. The factor Spðc; p̃Þ
is called the splitting amplitude, which encodes the dominant
singular behavior in the collinear limit and depends only on
the momenta and quantum numbers such as color, flavor and
spin of the partons involved in the collinear splitting process
a → a1 þ � � � þ am. This property of collinear factorization
is also referred to in the literature as SCF.
As found in a highly regarded paper [39] by Catani et al.

(see also Refs. [62,63]), SCF is only valid in the
so-called TL collinear region and breaks down for loop
amplitudes in the SL collinear region. In the SL collinear
region, the splitting amplitude depends on both the col-
linear and noncollinear partons through their momenta and
quantum numbers. The modified factorization valid for
both TL and SL regions is as follows [39]:

jMðc; hÞi ≃ Spðc; p̃; hÞjMðp̃; hÞi: ð8Þ
Analogous to the soft current in Eq. (4), the splitting
amplitude Sp can be predicted in perturbative QCD and its
loop expansion is as follows:

Spðc; p̃; hÞ ¼ Spð0Þðc; p̃Þ þ
X
i¼1

SpðiÞðc; p̃;hÞ; ð9Þ

where Spð0Þ is the splitting amplitude at tree level, Spð1Þ is
the one-loop splitting amplitude, and so on. The splitting
amplitude at tree level, Spð0Þ, fulfils SCF and is independent
of the hard partons both in the TL and SL regions.

Soft-collinear factorization: We now analyze the scattering
amplitudeMðs; c; hÞ for the limiting case in which a subset
of partons become soft and at the same time another subset
of partons become collinear to each other. We also consider
the special case where a subset of collinear partons are soft.
We focus for now on the TL collinear limit, i.e., all collinear
particles are produced in the physical final state. When
examining this soft-collinear limit, we neglect soft con-
figurations that are uniformly of OðpiÞ when pi → 0 and
collinear configurations that are uniformly of Oðk⊥iÞ when
k⊥i → 0. Their contributions are accounted for on the
basis of the soft and collinear factorizations described in
sections “Soft factorization” and “Collinear factorization”.
Analogous to Eqs. (3) and (7), the singular behavior of
the hard-scattering amplitude is factorized in this multi-
partonic soft-collinear limit and expressed by the following
factorization [17]:

jMðs; c; hÞi ≃ Spðc; p̃ÞJðs; p̃; hÞjMðp̃; hÞi; ð10Þ
and when some of the collinear partons are soft, the
Eq. (10) reduces to
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jMðs ⊂ c; hÞi ≃ Spðs ⊂ c; p̃ÞjMðp̃; hÞi; ð11Þ
where the perturbative loop expansion for the splitting
amplitude Sp is identical to Eq. (9) without the dependence
on the hard noncollinear partons within the argument. The
loop expansion for the soft current Jðs; p̃; hÞ is analogous
to Eq. (4). Note that the effective interaction of the soft
current with the collinear partons occurs only through the
parent parton due to color coherence. In the following
section, we extend the factorization described in sections
“Collinear factorization” and “Soft-collinear factorization”
to the most general kinematics.

Generalized collinear and soft-collinear factorization. In
this section, we disseminate Stefano Catani’s new ideas on
the generalization of QCD factorization of hard-scattering
amplitudes in the collinear and simultaneous soft-collinear
limits. The generalization of collinear factorization in
Eq. (7), to two sets of collinear partons, denoted by cA
and cB, with parent momenta p̃A and p̃B, respectively, is as
follows:

jMðcA; cB; hÞi ≃ SpðcA; p̃AÞSpðcB; p̃BÞjMðp̃A; p̃B; hÞi:
ð12Þ

Strictly speaking, Eq. (12) is valid to all orders in pertur-
bation theory only in the TL collinear region (see Fig. 2).
However, as discussed in section “Collinear factorization”,
collinear factorization must be modified for a general
kinematics that includes the SL collinear region [39].
The generalization of collinear factorization to more than
one collinear direction, e.g., two collinear directions, does
not correspond to the naive multiplicative expectation, i.e.,
the product of two splitting amplitudes encoding each
collinear splitting according to Eq. (8). Rather, it is given
by a single nonfactorizable splitting amplitude acting
on the reduced hard-scattering amplitude. The generalized
factorization is as follows:

jMðcA; cB; hÞi ≃ SpðcA; cB; p̃A; p̃B; hÞjMðp̃A; p̃B; hÞi
ð13Þ

and is illustrated in Fig. 3. Recently, the first evidence of
this generalized factorization was observed in Ref. [64] in

N ¼ 4 super Yang-Mills theory. The collinear factorization
in Eq. (13) can now easily be extended to any number of
collinear directions. Analogous to Eq. (9), the splitting ampli-
tude SpðcA; cB; p̃A; p̃B; hÞ has a perturbative expansion,
where the splitting amplitude at the tree level fulfills SCF

Spð0ÞðcA; cB; p̃A; p̃BÞ ¼ Spð0ÞðcA; p̃AÞSpð0ÞðcB; p̃BÞ: ð14Þ

Based on Eq. (10), soft-collinear factorization for two
sets of collinear partons and a set of soft partons in the TL
collinear region reads as

jMðs; cA; cB; hÞi≃ SpðcA; p̃AÞSpðcB; p̃BÞ
× Jðs; p̃A; p̃B;hÞjMðp̃A; p̃B; hÞi; ð15Þ

where the soft current effectively interacts with the parent
partons of the two collinear splittings (see Fig. 4). However,
for a general kinematics that includes the SL collinear
region, the strict factorization in Eq. (10) breaks down and
the new soft-collinear factorization is as follows:

jMðs; c; hÞi ≃ Spðc; p̃; s; hÞjMðp̃; hÞi; ð16Þ
where Spðc; p̃; s; hÞ is the generalized soft-collinear split-
ting amplitude, where again only the tree-level component
of its perturbative expansion is strictly factorized

Spð0Þðc; p̃; s; hÞ ¼ Spð0Þðc; p̃ÞJð0Þðs; p̃; hÞ: ð17Þ
If some of the collinear partons are soft, Eq. (16) reduces to

jMðs ⊂ c; hÞi ≃ Spðs ⊂ c; p̃; hÞjMðp̃; hÞi: ð18Þ

The soft-collinear factorization in Eq. (16) can now
easily be generalized to any number of collinear directions.

FIG. 2. TL collinear factorization with two collinear directions.

FIG. 3. SL collinear factorization with two collinear directions.

FIG. 4. TL soft-collinear factorization. The soft current effec-
tively interacts with the collinear parent partons.
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For example, in the case of two collinear directions (see
Fig. 5), we have

jMðs; cA; cB; hÞi ≃ SpðcA; cB; p̃A; p̃B; s; hÞ
× jMðp̃A; p̃B; hÞi; ð19Þ

where

Spð0ÞðcA; cB; p̃A; p̃B; s; hÞ ¼ Spð0ÞðcA; p̃AÞSpð0ÞðcB; p̃BÞ
× Jð0Þðs; p̃A; p̃B; hÞ: ð20Þ

The generalized splitting amplitude in Eq. (19) embeds the
soft interactions and retains some dependence on the hard
partons.
For an illustrative example of Eq. (18), we consider an

independent calculation of the double soft-gluon current at
one-loop in QCD [26,28,65] and investigate the triple-
collinear limit ðp1kq1kq2Þ, with q1 and q2 soft, in both TL
(p1 in the physical final state) and SL (p1 and an additional
hard parton p2 both in the physical initial state) regions. We
find the factorization breaking (FB) contribution

ΔSpð1Þa1a2FB ðq1; q2 ⊂ c; p̃; hÞ ¼ g̃4Sf
a1bdfa2cdεα11 ðq1Þεα22 ðq2Þ

�
Tb
1T

c
2Fα1α2ðq1; q2Þ þ Tb

2T
c
1Fα2α1ðq2; q1Þ

�
; ð21Þ

where

Fα1α2ðq1; q2Þ ¼ cΓeιπϵð2q1 · q2Þ−ϵ
��

2ιπ

ϵ
þ 2π2

�
Jð0Þα1α2ðq1; q2Þ þ ιπð� � �Þ þOðϵÞ

�
: ð22Þ

For notational details, we refer interested readers to
Supplemental Material [66]. To the best of our knowledge,
this is the first instance where a FB term ∝ π2 at Oðϵ0Þ is
identified, which contributes at the level of squared
amplitude. Further details are provided in Supplemental
Material [66] and in Ref. [65], where we also analyze the
double soft-gluon current at one loop in the SL region, with
p1 and p2 in the physical initial state, and p1kq1, p2kq2,
corresponding to Eq. (19).

Conclusion. The soft and collinear factorization properties
of hard-scattering amplitudes are crucial for understanding
the quantum imprints of scattering processes and for
developing the most sophisticated tools to achieve accurate
theoretical predictions for relevant measurable quantities at
high-energy colliders. In the limiting case with multiple
soft partons, the scattering amplitude factorizes into a soft
current, which controls the dominant singular behavior,
and the reduced amplitude, which is derived from the
original amplitude by simply removing the soft partons. As
expected, due to the long-range interactions of the soft
particles, the soft current depends on the momentum and
color of all partons involved in the scattering process.
In the collinear limit, factorization is generally under-

stood to be universal in the sense that the most singular
factors, the splitting amplitudes, depend only on the
momenta and degrees of freedom of the particles involved
in the specific collinear splitting process. This property is
called strict collinear factorization. The SCF is valid in the

TL collinear region to all perturbative orders. However, as
shown in the seminal paper [39], the SCF breaks down for
SL collinear configurations, for which a generalized fac-
torization has been derived.
In this Letter, we have extended the collinear and

simultaneous soft-collinear factorization to the most gen-
eral kinematics with multiple collinear directions. For
these configurations, which occur at high perturbative
orders, naive multiplicative factorization does not hold
in a general kinematics and the factorization needs to be
further generalized, including the process dependence on
the noncollinear partons. In the simultaneous soft-collinear
limit, the scattering amplitudes do not factorize into a soft-
collinear current and collinear splitting amplitudes. Instead,
the factorization contains a generalized splitting amplitude
that includes the effect of the dominant terms in the
soft limit.
The SCF breaking at one loop for two collinear partons is

anti-Hermitian [39] [see Eq. (3) of Supplemental Material
[66] for a similar effect from the double-parton collinear limit
of one loop single soft-gluon current] and therefore has no
effect on the squared scattering amplitude. At higher multi-
plicities and higher orders, the SCF breaking effects are
partially canceled also for squared amplitudes [39,62,67–69].
To the best of our knowledge, we have identified for the first
time a factorization breaking term ∝ π2 at Oðϵ0Þ in the SL
triple-collinear limit of one-loop double soft-gluon current,
which contributes at the level of squared amplitude. Further
details will be provided in Ref. [65].

FIG. 5. SL soft-collinear factorization. The generalized split-
ting amplitude embeds the soft interactions.
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