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We compute the running of the mass of a neutral boson and of its self-coupling in a simple model
describing the self-interaction of three scalars, one of them neutral and the other two electrically charged,
subject to the effects of a magnetic field, as functions of the field strength, at one-loop order. We resort to the
environmentally friendly renormalization group approach, where the flow variable is taken as that describing
the environmental conditions, in this case, the strength of the magnetic field. We find the magnetic field
dependent mass and coupling beta functions and use them to set up the differential equations satisfied by the
neutral scalar mass and coupling. We solve the resulting system of coupled equations both numerically and
also analytically in the small-mass approximation. We find that the neutral scalar mass increases, while the
coupling decreases with increasing field strength. The study is intended to set up the ideas to later use them
in more sophisticated theories such as QED and QCD.

DOIL: 10.1103/jcvp-2w1n

I. INTRODUCTION

When particles are immersed in a medium, their proper-
ties are modified. The medium can be described, for
example, in terms of a statistical ensemble, such as in
the case of a finite temperature or density environment.
However, in general, this environment can also be provided
by an external agent, such as a magnetic field. Examples of
systems of particles where the effects of these fields can be
important include the early Universe [1], the interior of
compact astrophysical objects [2,3], and relativistic heavy-
ion collisions [4-6]. For these systems, an interesting
question to address is how to describe from a field
theoretical point of view the magnetic field induced changes
on the particles properties, such as their masses and
couplings as functions of the magnetic field strength. For
strongly interacting theories, the running of masses and
couplings in either a thermal, magnetized, and thermo-
magnetic medium have been studied in the context of QED,

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2026/113(5)/056009(10)

056009-1

QCD and effective QCD models; see, for example,
Refs. [7-34].

A convenient field theoretical framework for studying the
running of the masses and couplings is provided by the
renormalization group (RG) approach. The essential physi-
cal observation in this context is that bare masses and
couplings are fixed once and for all and are therefore
independent of the energy scale—called the subtraction
point—feeding into a given Green’s function. From this
observation, one deduces the usual Callan-Symanzik equa-
tion for Green’s functions of the theory [35,36]. This
approach has been followed in Refs. [37,38] to compute
the running of the QCD coupling taking as the subtraction
point large values of the magnetic strength and temperature
in a thermo-magnetic environment. A similar description for
the running of the strong coupling with the magnetic field
has been used in Refs. [39,40] (see also Ref. [41]) to
compute the QCD pressure in a strong magnetic field in the
cold-dense and hot cases.

The RG flow of masses and couplings expresses how
Green’s functions change when the arbitrary subtraction
point is varied. This flow is encoded into the beta functions
of the theory. However, when a system of particles is
immersed in an environment, the question of interest is not
necessarily how the RG flow happens when the subtraction
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point is varied, but instead, for a fixed subtraction point,
how the RG flow happens as a function of the environment
variables. This is the essence of the environmentally
friendly renormalization group (EFRG) [42-45]. The
EFRG chooses the physical environmental parameter (tem-
perature, density, field strength, etc.) as the RG scale and
imposes renormalization conditions at a given environmen-
tal scale. As the environment changes, the renormalized
parameters run, and the beta functions encode the running of
these parameters with the environmental scale.

In this work, we use the ideas of the EFRG to study the
running of the coupling and the mass of a theory consisting
of neutral and charged scalars with a quartic self-interaction
in the presence of constant and uniform magnetic field for
arbitrary values of field. The calculation is intended to gain
insight and to present the method to later apply these ideas
to the more sophisticated cases of QED and QCD. For this
reason, we do not perform the analysis for the charged
bosons mass, which we intent to perform, including the
interaction between bosons and fermions in an upcoming
study. The work is organized as follows: In Sec. II, we set up
the field theory of study described by a Lagrangian for a
triplet of scalars, one neutral and the other two electrically
charged, in the presence of a background magnetic field,
and show the results of the computation of the neutral scalar
two- and four-point functions up to one-loop order. The
effects of the magnetic field are accounted for by consid-
ering the charged scalar propagators in the loop in terms of
the Schwinger proper time representation [46]. In Sec. III,
we identify the lowest order one-loop expressions for the
coupling and mass beta functions. The solutions for the
coupling and the mass are given in terms of two coupled
integral equations that we solve both numerically and in the
approximation where the vacuum scalar mass is small, for
which an analytical solution for the running with the
magnetic field strength for both parameters exists. We
finally present a summary and conclusions of our findings
in Sec. IV and leave for the appendices the explicit
computation of the two- and four-point functions.

II. FIELD THEORY OF ONE NEUTRAL AND TWO
CHARGED BOSONS IN A MAGNETIC FIELD

We work with a Lagrangian describing the interaction of
one neutral and two charged scalars by means of a coupling
A, which in vacuum have a common mass, and where the
latter are also influenced by the presence of constant and

uniform magnetic field B =Bz,

£ = (D) (D7) 5 (0,m0) (0°m,)

m’ oy _ A 2\2
-5 (2ztn + n5) — 1 2zt 4+ x5 (1)

with

FIG. 1. Feynman diagram representing the interaction Lagran-
gian between two neutral (dashed lines) and two charged (solid
lines) scalar fields and its corresponding factor to use for the
Feynman rules.

D”T[i = (0, F iqAﬂ)ﬂi, (2)

where the vector potential A, gives rise to the magnetic
field. Notice that the interaction term can be written as

A
Line = 2 (27[+”_ + ﬂ(z))z
A
=-7 4zt ) +4ntand + 13), (3)

from where the symmetry factors for Feynman diagram
calculations can be read off. In particular, the interaction
term to construct the neutral pion two- and four-point
function is

atn
0 _ _)pto—m2
L ' =—-Artnmg. (4)

The corresponding Feynman rule to use in perturbative
calculations is shown in Fig. 1. The calculation of the
neutral scalar self-energy, depicted in Fig. 2, is shown in
detail in Appendix A; here, we just quote the result

_MD)
2
m? [1 u b? 1 1 m?
A=—|-4+In|— || ——h|—=I'(z+=]]|. (5
472 [€+ n(zbzﬂ 22" L/zﬂ <2+2b2>] )
where we have defined b*> = |¢B|.

We now turn to the computation of the four-point
function for the neutral scalar. The contributing Feynman
diagrams are depicted in Fig. 3. Since for the analysis, the
flow parameter is b, we take the other energy scales, namely
m and p* as small compared to b. For the ease of the

calculation, we take the external momentum flowing
through the loop as p* = 0. The calculation is shown in

IT A(m(b),b),

FIG. 2. Feynman diagram representing the neutral scalar
(dashed line) self-energy. The solid line represents a charged
scalar in the loop.
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FIG. 3. Sum of Feynman diagrams contributing to the neutral
scalar four-point function. From left to right, the diagrams
correspond to the s-, 7-, and u-channels, respectively. The dashed
lines represent the neutral scalars, whereas the solid lines
represent the charged scalars in the loop.

detail in Appendix B; here, we just quote the result

A= —%ﬂz(b)c(m(b), b)

1 J1 1 m? 2b>
= |- — — —_— —1 _—
c=amlevlaram) () ©

where y is the digamma function. In Egs. (5) and (6), u
represents the dimensional renormalization ultraviolet scale
introduced to balance the dimensions; note that y only
appears inside the logarithmic functions, whose arguments
are ratios of this scale and b.

ITII. MASS AND COUPLING RUNNING
WITH THE MAGNETIC FIELD STRENGTH

Recall that the general relation between the bare-mass

squared m% and the renormalized mass, defined at the

renormalization group scale b, is
my = m?(b) + 6m? (b)), (7)

where 6m?(b) is the counterterm. The renormalization
condition states that for a given value b

T (pt = 0,m?(b), A(b). b) = m*(b), (8)

this means that at the scale b, the renormalized two-point
function at zero momentum equals the renormalized mass
m?(b). From Eq. (A16), the one-loop two-point function is
given by

r® = m2(b) + @A(m(b), b) + 6m>(b),  (9)

Imposing the renormalization condition

A(b)

m?(b) = m*(b) + 5

A(m(b),b) +m?(b),  (10)
we can cancel m?(b) on both sides, a condition that means
om?(b) = ——=>A(m(b),b). (11)

From Eq. (7), we get

m% = m?(b) — TA(m(b), D). (12)

Since the bare mass is fixed once and for all, the
renormalized mass must run with » to compensate for
the b dependence of the loop term. This condition means
that

dmlzg
2B _ o
db
dm* 1d
—_— i ——— A p—
db Zdb[/1 J=0
dm?* 1 [d) dA
5 "3 [dbA_Flldb] =0, (13)

where for simplicity of the notation, we have omitted the
dependence on m(b) and b of the functions involved.
Notice the following book-keeping counting in powers
of A:
(i) A is a function of m and 4 so it is O(1),
(i) A(b) is O(2),
(iii) By (b) = bdm?*(b)/db starts at one-loop order and
thus is O(4),
(iv) The beta function for the coupling, f, starts
at O(2%).
Therefore,
(i) (dA(b)/db)A(m(b).b) is O(),
(i) A(D)(dA(m(b),b)/db) is O(4),
(i) dm?(b)/db is O(2).
Since we are computing /), to one-loop order, we can drop
the O(4?) term (dA/db)A, and thus from Eq. (13),

dm?(b) _ A(b)dA(m(b), b) (14)
db 2 db
From the definition of the /), function, we have
_Ab), dA(m(b), D)
Pulb) =22y (15)

Notice that this expression is still written in terms of a total
derivative. However, we can use that A(m(b), b) depends
both explicitly and implicitly on b, the latter through the
dependence of the running mass, namely,

dA 0A = 0A dm? 16
dbiab—i—am2 db - (16)
Notice that since we extracted a factor of A to write the self-
energy in terms of the function A, this function is
independent of A and so is 0A/dm?, while dm?/db is
O(4). This means that
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dA 0A

2 =9 O(4),

dm? 1 [0A

%_5<£+0u)). (17)

Therefore, to lowest order in A,

dm?> 10A
db " 2ab (18)

and therefore, the mass beta function becomes

A OA
==b

Pu=5b5. (19)

We now proceed in the same way for the coupling beta
function. At one-loop, according to Eq. (B10), the renor-
malized four-point function looks like

40, m?(b), A(b),b) = A(b) — %lz(b)c(m(b), b) + 84,
(20)

where 04 is the coupling counterterm. The renormalization
condition is

A(b) = A(b) - %/lz(b)C(m(b), b) + 6
51 = 2 22(B)C(m(b), b). (21)

2

We write the relation between the renormalized and bare
coupling as

g = A(b) + 84(D)

Ap = A(b) + %/Iz(b)c(m(b), b). (22)

Since the bare coupling does not run, we have

dig
B _ o
db
i 3d
Ty =0
di 3[,.di ., dC
%+§[u%c+z E] =0, (23)

where for simplicity of notation, we have omitted the
dependence on m(b) and b of the functions involved.
Recall that

(i) A(b) is O(4),

(i) f; is O(2)?,

(iii) C is the one-loop integral and, as a function of 4, it

is O(0).

Therefore,

Q) di/db is O2),
(i) 22(dA/db)C is O,
(iii) 4*(dC/db) is O(2?).
Keeping terms up to O(4?), Eq. (23) becomes

di 3 ,dC

— 4+ 2—==0. 24
db + 2 db (24)
Recall that
di
=h— 25
ﬂi db ’ ( )
and therefore,
3, dc
=—=1*(b)b—. 26

The function C(m(b), b) depends on b explicitly and also
implicitly through its dependence on the running mass;
therefore,

dC oC oC dm?

— =t ——. 27

db  0b * om?* db (27)
Notice that since we extracted a factor A% to write the vertex
correction in terms of the function C, this function is
independent of 1 and so are dC/db and dC/dm?, whereas
om?/0b is O(2). Thus,

dc oC
b~ T OV
dA 3.,(0C
“z - 2
& 24<%+Ou0, (28)
which means that
3., oC
pu(b) = —5/1 (b)bﬁ- (29)

We thus find that the flow equations are

dm®> 1 0A
@ 205 ")
dA 3 ,0C

Equations (30) consist of a system of two coupled first-
order ordinary differential equations. To solve it, we need to
choose a reference value of the magnetic field b,. At this
scale, we fix

A(bo) = Ao, (31)
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which are chosen to reproduce a given physical input. Let
us see how to formally go about solving the system. First,
integrate the second of Egs. (30) from b, to some b

awdy 3 oc,
A@ /172__2/ dbab/( (b)’b)’

1 1 3 oC
L b). b’
b) %+2L0 oy (B B).

4o

Ab) = .
O = T30 I dbl 5 (m(5). )

(32)

Now let us look at the first of Egs. (30) integrating from by,
to some b

0A

o m(p).b). (33)

1
m?(b) = m} + ~ / db' (D)
2 /b,

Given the explicit expressions for A and C, the problem
reduces to finding the solutions for the system of equations
that relate m?(b) and A(b). In order to get intuition, before
presenting the numerical solution, we first work with the
small mass approximation for which

C(m(b),b) = C(0,D), (34)

ignoring the (magnetic field independent) divergent part,
which is taken care by the counterterm

b2
A(0.5) =, 51n(2)

cwn- L) o)} o

which implies that

oA b
b 22

oc 1

©_ 1 36
ob _ 22% (36)

Plugging these expressions into Eqs. (32) and (33), we
obtain

2
AMb) = —— 20—
1+ 3250 [ 9
A
Ab) = > (37)

[+ doIn(®)’

and

In(2 b b’
mz(b) = m% + n(z) /10/ db) —— . (38)
by

4r L+ 27 In(2)

The integral in Eq. (38) can be found analytically, albeit in
terms of transcendental functions

872
47? ble 42

b/
db) —————— =
AO 1 +&/10 ln(l’j—o) 3/10
872
ExpIntE
< [Bome (37
87 2 b2
_EprntEl<3/1 +1In <b2>>} (39)

where ExpIntEi is the exponential integral function Ei.
Expanding up to O(4), we get

b b
/ v’ 3 AN
by 1+ ml@ ln(b—o)

y (bz—b3)+2b21n<l;0>]. (40)

1 3
(P2 =p2)+——
2( °>+16n2/1°

Therefore, keeping terms up to O(4), we get

In(2)
872

m?(b) = m3 + (b = b3) . (41)

The analysis shows that the coupling A(¢B) decreases,
while the mass squared m?(gB) increases as the field
strength ¢B increases. The numerical solution of Egs. (32)
and (33), compared to the small mass approximate
solutions of Eqgs. (37) and (41), are shown in Figs. 4
and 5, respectively. For the computation, we have
taken dg = A(bg = m,) = 1 and my = m(by) = m,, with
m, = 0.14 GeV. The comparison between the exact and

0.95¢

A(qB)
Ao

0.85f

0.0 0.2 0.4 0.6 0.8 1.0
9B (GeV?)

FIG. 4. Magnetic field dependence of the boson self-coupling,
normalized to Ay. The solid curve represents the numerical
solution, while the dashed curve represents the approximate
solution. For the calculation, we have taken 1y = A(by = m,) =
1 and my = m(by) = m,, with m, = 0.14 GeV.
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0.0 0.2 0.4 0.6 0.8 1.0
gB (GeV?)

FIG. 5. Magnetic field dependence of the neutral boson mass
2

squared, normalized to mg. The solid curve represents the
numerical solution, while the dashed curve represents the approxi-
mate solution. For the calculation, we have taken 1y = A(by =
m,) = 1 and my = m(by) = m,, with m, = 0.14 GeV.

the approximate results shows that the qualitative behavior
of the mass and the coupling is well captured by the
approximation. Notice also that the parameter x4 drops out
of the analysis, as it should, because being inside the
logarithms, it comes as a ratio with b. Since the compu-
tation of the corresponding beta function requires the
derivative of these logarithms with respect to b, the
dependence on u goes away upon deriving the logarithms.

IV. SUMMARY AND CONCLUSIONS

The study of the change of particle properties under the
influence of environmental effects, such as temperature,
density, and external fields, has been a subject of intense
scrutiny in recent times. Different approaches have been
used to extract this information, but among them, only a few
have resorted to studying the RG flow with the environ-
mental scale. In this work, we have made use of the ideas of
the EFRG approach, which consist of fixing the subtraction
scale (the momentum feeding into a given Green’s function)
and using the scale associated with the environment as the
flow variable. We have explored such an approach in a
simple field theoretical model describing the self-interaction
of three scalars, one of them being neutral and the other two
being electrically charged, in the presence of a magnetic
field, to study the running of the neutral scalar mass and
coupling with the field strength at one-loop order. We have
computed the magnetic field dependent mass and coupling
beta functions and used them to set up the differential
equations satisfied by the neutral scalar mass and coupling.
The equations turn out to form a set of coupled first-order
ordinary differential equations that we have solved both
numerically and analytically in the small-mass approxima-
tion. We have found that the coupling decreases, while the
neutral boson mass increases as the field strength increases.

The ideas discussed in this work serve as a test ground to
later be used in more sophisticated theories, such as QED
and QCD. Perhaps even at a more immediate reach is the
study of how the evolution of the running of the neutral
scalar and the coupling changes when the analysis includes
the evolution of the charged scalars mass and the theory
includes fermions. Recall that fermions may drive the
magnetic field dependence of the neutral bosons in the
opposite direction than the charged bosons. A simple
framework could be to introduce a Yukawa type coupling
between fermions and bosons to simultaneously look at the
running of the neutral boson mass together with the
Yukawa coupling as well as the mass of the charged states,
both fermion and scalars. Temperature effects mixed with
magnetic effects are rather interesting to study in view of
the inverse magnetic catalysis phenomenon, and the present
approach may shed light on the possible interplay between
these two environmental scales. These ideas are currently
being pursued and will be reported soon elsewhere.
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APPENDIX A: TWO-POINT FUNCTION

Since the one-loop contribution to the neutral scalar self-
energy is momentum independent, we can perform the
calculation directly in Euclidean space where the relation
between the dressed propagator A, the free propagator A,
and the self-energy II is given by

Al = Az 4TI, (A1)

where
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~—

o cosh(gBs)

where @, are boson Matsubara frequencies, B is the

external magnetic field, k= (12 1, k3) the loop momentum,
and m and g, the boson mass and electric charge,
respectively. The expression for the one-loop self-energy
is given by

(A3)

&k
= 2/1T; WAB

Since the loop starts and ends at the same point, the
Schwinger phase vanishes. Performing the sum over
Matsubara frequencies and keeping only the purely mag-
netic contribution, one gets

|qB|> /dk3 1
= -2
< Z 2r /I3 + (21 + 1

This expression is logarithmically divergent. To isolate the
divergence, we resort to using dimensional regularization.
The dimension is shifted from d = 1 to d = 1-2¢, and a
parameter p, with energy dimensions, is included to keep
the overall expression dimensionally correct. It then fol-
lows that

- (|qBI>(ﬂ)

Z/ d'ks 1
Q) \/IG+ 21+ 1)|gB| + m*’

)|gB| + m?
(A4)

(AS)

Performing the integration over k3 for which we use the
expression

a’l 1 (=)' T(n=9) /1%

(g - 2 x) - (A6)
) (P+ A" (4r)¥? T(n) \A

where I'(x) is the gamma function, we obtain
981 .
= =21 €F
<8 IZ 20+ 1 qB| )
(A7)

In Eq. (A7), we recognize the Riemann-Hurwitz Zeta
function:

(A8)

= 1
) =2 Gra

so the self-energy becomes

A r(eb )

We expand each function separately around ¢ — 0. First,
the gamma function reads

1

['(e) ~~—yg;

; (A10)

where y is the Euler-Mascheroni constant. Second, the
Riemann-Hurwitz Zeta function becomes

1 m? 1 m?
éV<€’5+2|6115’) NC(O’EJFZQBI)
1 1 m?
bl o

and finally the factor with the € in the exponent becomes

2\ € 2
(4_71;4 ) ~1+eln (4_”ﬂ >
lgB| B

Taking the limit € — 0 and using the MS regularization
scheme where u?> — p’e’t/4rx, the self-energy can be
written as

- —1img [98 I{ <
e—0 472

T e

(A13)

(A12)

Notice that when s = 0, the Riemann-Hurwitz Zeta func-
tion is simply given by

1 m? m?
C(O + ) ;
2 2(qB|) ~  2|qB]

hence, we have the following expression for the self-

energy:
B 1 2
= liml— 45| LS MY L
e—0 4ﬂ' 2|qB| 2|qB|

"G}

2 \2  2[qB| ’

which shows that the UV divergence is magnetic field
independent.

The self-energy contributes to the two-point function

I"?). We choose the subtraction point as p* = 0, where p*
is the neutral scalar four-momentum. Therefore, we have

(Al14)

(A15)
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Alb
r'® = m?(b) + %A(m(b), b) + ém*(b),  (Al6)
where we have introduced the notation b*> = |¢B| and have
factored out the coupling from the expression of the self-

energy defining

A= (N S [ (L
C4n? e 2h? 272 |V2x \2  2b2) |
(A17)

We now impose the EFRG renormalization condition such
that at a given value b, the two-point function coincides
with a known value of m?(b), namely

AD
m?(b) = m?(b) + %A(m(b), b) +ém*(b). (A18)
Canceling m(b) from the left- and right-hand sides of the
above equation, we obtain the explicit expression for the

counterterm

sm*(b) = — (A19)

APPENDIX B: FOUR-POINT FUNCTION

Considering the case where p# =0, the contribution
from the three crossed channels, depicted in Fig. 3, is the
same; therefore, the vertex correction at one-loop level is

given by
3(2i4)? / d*k
2! (27)*

where Ap is given by Eq. (A2). Notice that Eq. (B1) is
logarithmically UV divergent. Also, since the particles
circling the loop have the same charge, the Schwinger
phase vanishes. The momentum components are denoted
by ki = kj + k3 and k% = ki + k3. Combining the expo-
nentials from both propagators, we obtain

A(0;gB) =

Ap(k)Ap(k),  (BI)

_ 2, g tanh(gBs)) o) (2 5 tanh(gBsy) | o
e (ku”ﬁ aBs; T )e s2\Kj k1355 )

2o )
V(K2 1 _ sinh(gB(s;+57))
_ e—(flﬂz)(kﬁm )e_q_Bcosh(qul)cosh(quz)'

(B2)

We can perform a Gaussian integration over k; and find

BZ
A(0; gB) = — 4 A/ dsl/ ds,

/ koH e—(s|+52)(ku+m)
(27)* sinh(gB(s) + 52))

(B3)

Once again, we perform a Gaussian integration, this time

over k”, and obtain
3 B2
q / ds, / ds;

s]+s2

s +s2>smh<qB<s1 F52))

A(0;9B) =

(B4)

Now, to integrate over s; and s,, we make a change of
variables s = 51 + s, and u = s,/(s| + 5,). The Jacobian
of the transformation is given by s. Therefore, we can write

3qB/12
B
/ / dusmh (gBs)’ (B3)

The u integral just gives 1. Now, to evaluate the s integral,
notice there is a divergence when s = 0, so to isolate it, we
regulate it with the dimension of s, as

A(0:¢B) =

2 . 2
) e~sm ) s€e—sm
ds ————— 2e ds —————.
A g sinh(gBs) oK A g sinh(¢Bs)
where u has dimensions of energy. The integral in Eq. (B6)
yields

9 oods s€e—sm
K /) sinh(gBs)

B + m?
— 120=¢(gB)~1=¢T'(1 1+ (7
ez (qn) T+ g (14 ) (B)

(B6)

Now, we can expand each function separately around
€ — 0. First, the Riemann-Hurwitz Zeta reads

gB + m? 1 gB + m?
l+e,———)=-——y|———). (B8
C( e 2gB > e v 2gB (B8)

where y(a) is the digamma function. Second, because of
the relation I'(e + 1) = eI'(¢), we can use Eq. (A10) for the
I" function. The factor with € in the exponential is obtained
using the general expression a~¢ =~ 1 — ¢In(a). Therefore,
putting it all together, the expression for the one-loop vertex
correction reads as

32 [1 b? + m? 2b?
22—y ) -m( =), B
sele v () (r)) @

Notice that also for the case of the vertex correction, the UV
divergence is magnetic field independent. The four-point
function, with the three-level and coupling counterterm,
can be written as

A(0;b) =

' = A(b) = Z2%(b)C(m(b), b) + SA(D), (B10)

3
2

with C given by

056009-8
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11 b* + m? 2b? we finally obtain that the counterterm is given by
C= ——y|l———)-Inl—)|. (BII)
2 b2 2

€

Imposing the renormalization condition

A(b) = A(b) — %lz(b)c(m(b), b)+5i(b),  (B12)

2 2(B)C(m(b), b).

5(b) =5

(B13)
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