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We compute the running of the mass of a neutral boson and of its self-coupling in a simple model
describing the self-interaction of three scalars, one of them neutral and the other two electrically charged,
subject to the effects of a magnetic field, as functions of the field strength, at one-loop order. We resort to the
environmentally friendly renormalization group approach, where the flow variable is taken as that describing
the environmental conditions, in this case, the strength of the magnetic field. We find the magnetic field
dependent mass and coupling beta functions and use them to set up the differential equations satisfied by the
neutral scalar mass and coupling. We solve the resulting system of coupled equations both numerically and
also analytically in the small-mass approximation. We find that the neutral scalar mass increases, while the
coupling decreases with increasing field strength. The study is intended to set up the ideas to later use them
in more sophisticated theories such as QED and QCD.
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I. INTRODUCTION

When particles are immersed in a medium, their proper-
ties are modified. The medium can be described, for
example, in terms of a statistical ensemble, such as in
the case of a finite temperature or density environment.
However, in general, this environment can also be provided
by an external agent, such as a magnetic field. Examples of
systems of particles where the effects of these fields can be
important include the early Universe [1], the interior of
compact astrophysical objects [2,3], and relativistic heavy-
ion collisions [4–6]. For these systems, an interesting
question to address is how to describe from a field
theoretical point of view the magnetic field induced changes
on the particles properties, such as their masses and
couplings as functions of the magnetic field strength. For
strongly interacting theories, the running of masses and
couplings in either a thermal, magnetized, and thermo-
magnetic medium have been studied in the context of QED,

QCD and effective QCD models; see, for example,
Refs. [7–34].
A convenient field theoretical framework for studying the

running of the masses and couplings is provided by the
renormalization group (RG) approach. The essential physi-
cal observation in this context is that bare masses and
couplings are fixed once and for all and are therefore
independent of the energy scale—called the subtraction
point—feeding into a given Green’s function. From this
observation, one deduces the usual Callan-Symanzik equa-
tion for Green’s functions of the theory [35,36]. This
approach has been followed in Refs. [37,38] to compute
the running of the QCD coupling taking as the subtraction
point large values of the magnetic strength and temperature
in a thermo-magnetic environment. A similar description for
the running of the strong coupling with the magnetic field
has been used in Refs. [39,40] (see also Ref. [41]) to
compute the QCD pressure in a strong magnetic field in the
cold-dense and hot cases.
The RG flow of masses and couplings expresses how

Green’s functions change when the arbitrary subtraction
point is varied. This flow is encoded into the beta functions
of the theory. However, when a system of particles is
immersed in an environment, the question of interest is not
necessarily how the RG flow happens when the subtraction
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point is varied, but instead, for a fixed subtraction point,
how the RG flow happens as a function of the environment
variables. This is the essence of the environmentally
friendly renormalization group (EFRG) [42–45]. The
EFRG chooses the physical environmental parameter (tem-
perature, density, field strength, etc.) as the RG scale and
imposes renormalization conditions at a given environmen-
tal scale. As the environment changes, the renormalized
parameters run, and the beta functions encode the running of
these parameters with the environmental scale.
In this work, we use the ideas of the EFRG to study the

running of the coupling and the mass of a theory consisting
of neutral and charged scalars with a quartic self-interaction
in the presence of constant and uniform magnetic field for
arbitrary values of field. The calculation is intended to gain
insight and to present the method to later apply these ideas
to the more sophisticated cases of QED and QCD. For this
reason, we do not perform the analysis for the charged
bosons mass, which we intent to perform, including the
interaction between bosons and fermions in an upcoming
study. The work is organized as follows: In Sec. II, we set up
the field theory of study described by a Lagrangian for a
triplet of scalars, one neutral and the other two electrically
charged, in the presence of a background magnetic field,
and show the results of the computation of the neutral scalar
two- and four-point functions up to one-loop order. The
effects of the magnetic field are accounted for by consid-
ering the charged scalar propagators in the loop in terms of
the Schwinger proper time representation [46]. In Sec. III,
we identify the lowest order one-loop expressions for the
coupling and mass beta functions. The solutions for the
coupling and the mass are given in terms of two coupled
integral equations that we solve both numerically and in the
approximation where the vacuum scalar mass is small, for
which an analytical solution for the running with the
magnetic field strength for both parameters exists. We
finally present a summary and conclusions of our findings
in Sec. IV and leave for the appendices the explicit
computation of the two- and four-point functions.

II. FIELD THEORY OF ONE NEUTRAL AND TWO
CHARGED BOSONS IN A MAGNETIC FIELD

We work with a Lagrangian describing the interaction of
one neutral and two charged scalars by means of a coupling
λ, which in vacuum have a common mass, and where the
latter are also influenced by the presence of constant and
uniform magnetic field B⃗ ¼ Bẑ,

L ¼ ðDμπ
þÞðDμπ−Þ þ 1

2
ð∂μπ0Þð∂μπ0Þ

−
m2

2
ð2πþπ− þ π20Þ −

λ

4
ð2πþπ− þ π20Þ2; ð1Þ

with

Dμπ
� ¼ ð∂μ ∓ iqAμÞπ�; ð2Þ

where the vector potential Aμ gives rise to the magnetic
field. Notice that the interaction term can be written as

Lint ¼ −
λ

4
ð2πþπ− þ π20Þ2

¼ −
λ

4
ð4ðπþπ−Þ2 þ 4πþπ−π20 þ π40Þ; ð3Þ

from where the symmetry factors for Feynman diagram
calculations can be read off. In particular, the interaction
term to construct the neutral pion two- and four-point
function is

L
πþπ−π2

0

int ¼ −λπþπ−π20: ð4Þ

The corresponding Feynman rule to use in perturbative
calculations is shown in Fig. 1. The calculation of the
neutral scalar self-energy, depicted in Fig. 2, is shown in
detail in Appendix A; here, we just quote the result

Π¼ λðbÞ
2

AðmðbÞ;bÞ;

A¼ m2

4π2

�
1

ϵ
þ ln

�
μ2

2b2

��
−

b2

2π2
ln

�
1ffiffiffiffiffiffi
2π

p Γ
�
1

2
þ m2

2b2

��
; ð5Þ

where we have defined b2 ¼ jqBj.
We now turn to the computation of the four-point

function for the neutral scalar. The contributing Feynman
diagrams are depicted in Fig. 3. Since for the analysis, the
flow parameter is b, we take the other energy scales, namely
m and pμ as small compared to b. For the ease of the
calculation, we take the external momentum flowing
through the loop as pμ ¼ 0. The calculation is shown in

FIG. 1. Feynman diagram representing the interaction Lagran-
gian between two neutral (dashed lines) and two charged (solid
lines) scalar fields and its corresponding factor to use for the
Feynman rules.

FIG. 2. Feynman diagram representing the neutral scalar
(dashed line) self-energy. The solid line represents a charged
scalar in the loop.
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detail in Appendix B; here, we just quote the result

Λ ¼ −
3

2
λ2ðbÞCðmðbÞ; bÞ

C ¼ 1

4π2

�
1

ϵ
− ψ

�
1

2
þ m2

2b2

�
− ln

�
2b2

μ2

��
; ð6Þ

where ψ is the digamma function. In Eqs. (5) and (6), μ
represents the dimensional renormalization ultraviolet scale
introduced to balance the dimensions; note that μ only
appears inside the logarithmic functions, whose arguments
are ratios of this scale and b.

III. MASS AND COUPLING RUNNING
WITH THE MAGNETIC FIELD STRENGTH

Recall that the general relation between the bare-mass
squared m2

B and the renormalized mass, defined at the
renormalization group scale b, is

m2
B ¼ m2ðbÞ þ δm2ðbÞ; ð7Þ

where δm2ðbÞ is the counterterm. The renormalization
condition states that for a given value b

Γð2Þðpμ ¼ 0; m2ðbÞ; λðbÞ; bÞ ¼ m2ðbÞ; ð8Þ

this means that at the scale b, the renormalized two-point
function at zero momentum equals the renormalized mass
m2ðbÞ. From Eq. (A16), the one-loop two-point function is
given by

Γð2Þ ¼ m2ðbÞ þ λðbÞ
2

AðmðbÞ; bÞ þ δm2ðbÞ; ð9Þ

Imposing the renormalization condition

m2ðbÞ ¼ m2ðbÞ þ λðbÞ
2

AðmðbÞ; bÞ þ δm2ðbÞ; ð10Þ

we can cancel m2ðbÞ on both sides, a condition that means

δm2ðbÞ ¼ −
λðbÞ
2

AðmðbÞ; bÞ: ð11Þ

From Eq. (7), we get

m2
B ¼ m2ðbÞ − λðbÞ

2
AðmðbÞ; bÞ: ð12Þ

Since the bare mass is fixed once and for all, the
renormalized mass must run with b to compensate for
the b dependence of the loop term. This condition means
that

dm2
B

db
¼ 0

dm2

db
−
1

2

d
db

½λA� ¼ 0

dm2

db
−
1

2

�
dλ
db

Aþ λ
dA
db

�
¼ 0; ð13Þ

where for simplicity of the notation, we have omitted the
dependence on mðbÞ and b of the functions involved.
Notice the following book-keeping counting in powers
of λ:

(i) A is a function of m and λ so it is OðλÞ,
(ii) λðbÞ is OðλÞ,
(iii) βMðbÞ≡ bdm2ðbÞ=db starts at one-loop order and

thus is OðλÞ,
(iv) The beta function for the coupling, βλ starts

at Oðλ2Þ.
Therefore,

(i) ðdλðbÞ=dbÞAðmðbÞ; bÞ is Oðλ2Þ,
(ii) λðbÞðdAðmðbÞ; bÞ=dbÞ is OðλÞ,
(iii) dm2ðbÞ=db is OðλÞ.

Since we are computing βM to one-loop order, we can drop
the Oðλ2Þ term ðdλ=dbÞA, and thus from Eq. (13),

dm2ðbÞ
db

¼ λðbÞ
2

dAðmðbÞ; bÞ
db

: ð14Þ

From the definition of the βM function, we have

βMðbÞ ¼
λðbÞ
2

b
dAðmðbÞ; bÞ

db
: ð15Þ

Notice that this expression is still written in terms of a total
derivative. However, we can use that AðmðbÞ; bÞ depends
both explicitly and implicitly on b, the latter through the
dependence of the running mass, namely,

dA
db

¼ ∂A
∂b

þ ∂A
∂m2

dm2

db
: ð16Þ

Notice that since we extracted a factor of λ to write the self-
energy in terms of the function A, this function is
independent of λ and so is ∂A=∂m2, while dm2=db is
OðλÞ. This means that

FIG. 3. Sum of Feynman diagrams contributing to the neutral
scalar four-point function. From left to right, the diagrams
correspond to the s-, t-, and u-channels, respectively. The dashed
lines represent the neutral scalars, whereas the solid lines
represent the charged scalars in the loop.
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dA
db

¼ ∂A
∂b

þOðλÞ;
dm2

db
¼ λ

2

�
∂A
∂b

þOðλÞ
�
: ð17Þ

Therefore, to lowest order in λ,

dm2

db
¼ λ

2

∂A
∂b

; ð18Þ

and therefore, the mass beta function becomes

βM ¼ λ

2
b
∂A
∂b

: ð19Þ

We now proceed in the same way for the coupling beta
function. At one-loop, according to Eq. (B10), the renor-
malized four-point function looks like

Γð4Þð0; m2ðbÞ; λðbÞ; bÞ ¼ λðbÞ − 3

2
λ2ðbÞCðmðbÞ; bÞ þ δλ;

ð20Þ

where δλ is the coupling counterterm. The renormalization
condition is

λðbÞ ¼ λðbÞ − 3

2
λ2ðbÞCðmðbÞ; bÞ þ δλ

δλ ¼ 3

2
λ2ðbÞCðmðbÞ; bÞ: ð21Þ

We write the relation between the renormalized and bare
coupling as

λB ¼ λðbÞ þ δλðbÞ

λB ¼ λðbÞ þ 3

2
λ2ðbÞCðmðbÞ; bÞ: ð22Þ

Since the bare coupling does not run, we have

dλB
db

¼ 0

dλ
db

þ 3

2

d
db

½λ2C� ¼ 0

dλ
db

þ 3

2

�
2λ

dλ
db

Cþ λ2
dC
db

�
¼ 0; ð23Þ

where for simplicity of notation, we have omitted the
dependence on mðbÞ and b of the functions involved.
Recall that

(i) λðbÞ is OðλÞ,
(ii) βλ is OðλÞ2,
(iii) C is the one-loop integral and, as a function of λ, it

is Oð0Þ.
Therefore,

(i) dλ=db is Oðλ2Þ,
(ii) 2λðdλ=dbÞC is Oðλ3Þ,
(iii) λ2ðdC=dbÞ is Oðλ2Þ.

Keeping terms up to Oðλ2Þ, Eq. (23) becomes

dλ
db

þ 3

2
λ2

dC
db

¼ 0: ð24Þ

Recall that

βλ ≡ b
dλ
db

; ð25Þ

and therefore,

βλ ¼ −
3

2
λ2ðbÞb dC

db
: ð26Þ

The function CðmðbÞ; bÞ depends on b explicitly and also
implicitly through its dependence on the running mass;
therefore,

dC
db

¼ ∂C
∂b

þ ∂C
∂m2

dm2

db
: ð27Þ

Notice that since we extracted a factor λ2 to write the vertex
correction in terms of the function C, this function is
independent of λ and so are ∂C=∂b and ∂C=∂m2, whereas
∂m2=∂b is OðλÞ. Thus,

dC
db

¼ ∂C
∂b

þOðλÞ;
dλ
db

¼ −
3

2
λ2
�
∂C
∂b

þOðλÞ
�
; ð28Þ

which means that

βλðbÞ ¼ −
3

2
λ2ðbÞb ∂C

∂b
: ð29Þ

We thus find that the flow equations are

dm2

db
¼ λ

2

∂A
∂b

ðmðbÞ; bÞ;
dλ
db

¼ −
3

2
λ2

∂C
∂b

ðmðbÞ; bÞ: ð30Þ

Equations (30) consist of a system of two coupled first-
order ordinary differential equations. To solve it, we need to
choose a reference value of the magnetic field b0. At this
scale, we fix

m2ðb0Þ ¼ m2
0;

λðb0Þ ¼ λ0; ð31Þ
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which are chosen to reproduce a given physical input. Let
us see how to formally go about solving the system. First,
integrate the second of Eqs. (30) from b0 to some b

Z
λðbÞ

λ0

dλ0

λ02
¼ −

3

2

Z
b

b0

db0
∂C
∂b0

ðmðb0Þ; b0Þ;

1

λðbÞ ¼
1

λ0
þ 3

2

Z
b

b0

db0
∂C
∂b0

ðmðb0Þ; b0Þ;

λðbÞ ¼ λ0
1þ 3

2
λ0

R
b
b0
db0 ∂C

∂b0 ðmðb0Þ; b0Þ : ð32Þ

Now let us look at the first of Eqs. (30) integrating from b0
to some b

m2ðbÞ ¼ m2
0 þ

1

2

Z
b

b0

db0λðb0Þ ∂A
∂b0

ðmðb0Þ; b0Þ: ð33Þ

Given the explicit expressions for A and C, the problem
reduces to finding the solutions for the system of equations
that relate m2ðbÞ and λðbÞ. In order to get intuition, before
presenting the numerical solution, we first work with the
small mass approximation for which

AðmðbÞ; bÞ ¼ Að0; bÞ
CðmðbÞ; bÞ ¼ Cð0; bÞ; ð34Þ

ignoring the (magnetic field independent) divergent part,
which is taken care by the counterterm

Að0; bÞ → b2

4π2
lnð2Þ

Cð0; bÞ → 1

4π2

�
ψ

�
1

2

�
þ ln

�
2b2

μ2

��
; ð35Þ

which implies that

∂A
∂b

¼ b
2π2

lnð2Þ
∂C
∂b

¼ 1

2π2b
: ð36Þ

Plugging these expressions into Eqs. (32) and (33), we
obtain

λðbÞ ¼ λ0
1þ 3

4π2
λ0

R
b
b0

db0
b0

λðbÞ ¼ λ0
1þ 3

4π2
λ0 lnð bb0Þ

; ð37Þ

and

m2ðbÞ ¼ m2
0 þ

lnð2Þ
4π2

λ0

Z
b

b0

db0
b0

1þ 3
4π2

λ0 lnðb0b0Þ
: ð38Þ

The integral in Eq. (38) can be found analytically, albeit in
terms of transcendental functions

Z
b

b0

db0
b0

1þ 3
4π2

λ0 lnðb0b0Þ
¼−

4π2

3λ0
b20e

−8π2

3λ0

×

�
ExpIntEi

�
8π2

3λ0

�

−ExpIntEi

�
8π2

3λ0
þ ln

�
b2

b20

���
; ð39Þ

where ExpIntEi is the exponential integral function Ei.
Expanding up to OðλÞ, we get

Z
b

b0

db0
b0

1þ 3
4π2

λ0 lnðb0b0Þ
→

1

2
ðb2−b20Þþ

3

16π2
λ0

×

�
ðb2 −b20Þþ 2b2 ln

�
b0
b

��
: ð40Þ

Therefore, keeping terms up to OðλÞ, we get

m2ðbÞ ¼ m2
0 þ

lnð2Þ
8π2

ðb2 − b20Þλ0: ð41Þ

The analysis shows that the coupling λðqBÞ decreases,
while the mass squared m2ðqBÞ increases as the field
strength qB increases. The numerical solution of Eqs. (32)
and (33), compared to the small mass approximate
solutions of Eqs. (37) and (41), are shown in Figs. 4
and 5, respectively. For the computation, we have
taken λ0 ¼ λðb0 ¼ mπÞ ¼ 1 and m0 ¼ mðb0Þ ¼ mπ , with
mπ ¼ 0.14 GeV. The comparison between the exact and

FIG. 4. Magnetic field dependence of the boson self-coupling,
normalized to λ0. The solid curve represents the numerical
solution, while the dashed curve represents the approximate
solution. For the calculation, we have taken λ0 ¼ λðb0 ¼ mπÞ ¼
1 and m0 ¼ mðb0Þ ¼ mπ , with mπ ¼ 0.14 GeV.
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the approximate results shows that the qualitative behavior
of the mass and the coupling is well captured by the
approximation. Notice also that the parameter μ drops out
of the analysis, as it should, because being inside the
logarithms, it comes as a ratio with b. Since the compu-
tation of the corresponding beta function requires the
derivative of these logarithms with respect to b, the
dependence on μ goes away upon deriving the logarithms.

IV. SUMMARY AND CONCLUSIONS

The study of the change of particle properties under the
influence of environmental effects, such as temperature,
density, and external fields, has been a subject of intense
scrutiny in recent times. Different approaches have been
used to extract this information, but among them, only a few
have resorted to studying the RG flow with the environ-
mental scale. In this work, we have made use of the ideas of
the EFRG approach, which consist of fixing the subtraction
scale (the momentum feeding into a given Green’s function)
and using the scale associated with the environment as the
flow variable. We have explored such an approach in a
simple field theoretical model describing the self-interaction
of three scalars, one of them being neutral and the other two
being electrically charged, in the presence of a magnetic
field, to study the running of the neutral scalar mass and
coupling with the field strength at one-loop order. We have
computed the magnetic field dependent mass and coupling
beta functions and used them to set up the differential
equations satisfied by the neutral scalar mass and coupling.
The equations turn out to form a set of coupled first-order
ordinary differential equations that we have solved both
numerically and analytically in the small-mass approxima-
tion. We have found that the coupling decreases, while the
neutral boson mass increases as the field strength increases.

The ideas discussed in this work serve as a test ground to
later be used in more sophisticated theories, such as QED
and QCD. Perhaps even at a more immediate reach is the
study of how the evolution of the running of the neutral
scalar and the coupling changes when the analysis includes
the evolution of the charged scalars mass and the theory
includes fermions. Recall that fermions may drive the
magnetic field dependence of the neutral bosons in the
opposite direction than the charged bosons. A simple
framework could be to introduce a Yukawa type coupling
between fermions and bosons to simultaneously look at the
running of the neutral boson mass together with the
Yukawa coupling as well as the mass of the charged states,
both fermion and scalars. Temperature effects mixed with
magnetic effects are rather interesting to study in view of
the inverse magnetic catalysis phenomenon, and the present
approach may shed light on the possible interplay between
these two environmental scales. These ideas are currently
being pursued and will be reported soon elsewhere.
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for the sabbatical stay during which this research was
carried out. Support for this work was received in part via
Secretaría de Ciencia, Humanidades, Tecnología e
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APPENDIX A: TWO-POINT FUNCTION

Since the one-loop contribution to the neutral scalar self-
energy is momentum independent, we can perform the
calculation directly in Euclidean space where the relation
between the dressed propagator Δ, the free propagator ΔB,
and the self-energy Π is given by

Δ−1 ¼ Δ−1
B þ Π; ðA1Þ

where

FIG. 5. Magnetic field dependence of the neutral boson mass
squared, normalized to m2

0. The solid curve represents the
numerical solution, while the dashed curve represents the approxi-
mate solution. For the calculation, we have taken λ0 ¼ λðb0 ¼
mπÞ ¼ 1 and m0 ¼ mðb0Þ ¼ mπ , with mπ ¼ 0.14 GeV.
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ΔB ¼ −
Z

∞

0

ds
coshðqBsÞ e

−sðω2
nþk2

3
þk2⊥

tanhðqBÞ
qBs þm2Þ; ðA2Þ

where ωn are boson Matsubara frequencies, B is the
external magnetic field, k⃗ ¼ ðk⃗⊥; k3Þ the loop momentum,
and m and q, the boson mass and electric charge,
respectively. The expression for the one-loop self-energy
is given by

Π ¼ 2λT
X
n

Z
d3k
ð2πÞ3ΔB: ðA3Þ

Since the loop starts and ends at the same point, the
Schwinger phase vanishes. Performing the sum over
Matsubara frequencies and keeping only the purely mag-
netic contribution, one gets

Π ¼ −2λ
�jqBj

4π

�X∞
l¼o

Z
dk3
2π

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k23 þ ð2lþ 1ÞjqBj þm2

p :

ðA4Þ

This expression is logarithmically divergent. To isolate the
divergence, we resort to using dimensional regularization.
The dimension is shifted from d ¼ 1 to d ¼ 1–2ϵ, and a
parameter μ, with energy dimensions, is included to keep
the overall expression dimensionally correct. It then fol-
lows that

Π ¼ −2λ
�jqBj

4π

�
ðμÞ1−d

×
X∞
l¼o

Z
ddk3
ð2πÞd

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k23 þ ð2lþ 1ÞjqBj þm2

p : ðA5Þ

Performing the integration over k3 for which we use the
expression

Z
ddl
ð2πÞd

1

ðl2 þ ΔÞn ¼
ð−1Þn
ð4πÞd=2

Γðn − d
2
Þ

ΓðnÞ
�
1

Δ

�
n−d

2

; ðA6Þ

where ΓðxÞ is the gamma function, we obtain

Π ¼ −2λ
�jqBj
8π2

�
ð4πμ2ÞϵΓðϵÞ

X∞
l¼0

1

½ð2lþ 1ÞjqBj þm�ϵ :

ðA7Þ

In Eq. (A7), we recognize the Riemann-Hurwitz Zeta
function:

ζðs; aÞ ¼
X∞
k¼0

1

ðkþ aÞs ; ðA8Þ

so the self-energy becomes

Π ¼ −λ
jqBj
4π2

�
4πμ2

jqBj
�

ϵ

ΓðϵÞζ
�
ϵ;
1

2
þ m2

2jqBj
�
: ðA9Þ

We expand each function separately around ϵ → 0. First,
the gamma function reads

ΓðϵÞ ≈ 1

ϵ
− γE; ðA10Þ

where γE is the Euler-Mascheroni constant. Second, the
Riemann-Hurwitz Zeta function becomes

ζ

�
ϵ;
1

2
þ m2

2jqBj
�
≈ ζ

�
0;
1

2
þ m2

2jqBj
�

þ ϵ ln

�
1ffiffiffi
2

p Γ
�
1

2
þ m2

2jqBj
��

; ðA11Þ

and finally the factor with the ϵ in the exponent becomes

�
4πμ2

jqBj
�

ϵ

≈ 1þ ϵ ln

�
4πμ2

jqBj
�
: ðA12Þ

Taking the limit ϵ → 0 and using the MS regularization
scheme where μ2 → μ2eγE=4π, the self-energy can be
written as

Π ¼ −lim
ϵ→0

λ
jqBj
4π2

�
ζ

�
0;
1

2
þ m2

2jqBj
�

×

�
1

ϵ
þ ln

�
μ2

2jqBj
��

þ ln

�
1ffiffiffiffiffiffi
2π

p Γ
�
1

2
þ m2

2jqBj
���

:

ðA13Þ

Notice that when s ¼ 0, the Riemann-Hurwitz Zeta func-
tion is simply given by

ζ

�
0;
1

2
þ m2

2jqBj
�

¼ −
m2

2jqBj ; ðA14Þ

hence, we have the following expression for the self-
energy:

Π ¼ lim
ϵ→0

λ
jqBj
4π2

�
m2

2jqBj
�
1

ϵ
þ ln

�
μ2

2jqBj
��

− ln

�
1ffiffiffiffiffiffi
2π

p Γ
�
1

2
þ m2

2jqBj
���

; ðA15Þ

which shows that the UV divergence is magnetic field
independent.
The self-energy contributes to the two-point function

Γð2Þ. We choose the subtraction point as pμ ¼ 0, where pμ

is the neutral scalar four-momentum. Therefore, we have
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Γð2Þ ¼ m2ðbÞ þ λðbÞ
2

AðmðbÞ; bÞ þ δm2ðbÞ; ðA16Þ

where we have introduced the notation b2 ¼ jqBj and have
factored out the coupling from the expression of the self-
energy defining

A ¼ m2

4π2

�
1

ϵ
þ ln

�
μ2

2b2

��
−

b2

2π2
ln

�
1ffiffiffiffiffiffi
2π

p Γ
�
1

2
þ m2

2b2

��
:

ðA17Þ

We now impose the EFRG renormalization condition such
that at a given value b, the two-point function coincides
with a known value of m2ðbÞ, namely

m2ðbÞ ¼ m2ðbÞ þ λðbÞ
2

AðmðbÞ; bÞ þ δm2ðbÞ: ðA18Þ

Canceling mðbÞ from the left- and right-hand sides of the
above equation, we obtain the explicit expression for the
counterterm

δm2ðbÞ ¼ −
λðbÞ
2

AðmðbÞ; bÞ: ðA19Þ

APPENDIX B: FOUR-POINT FUNCTION

Considering the case where pμ ¼ 0, the contribution
from the three crossed channels, depicted in Fig. 3, is the
same; therefore, the vertex correction at one-loop level is
given by

Λð0; qBÞ ¼ 3ð2iλÞ2
2!

Z
d4k
ð2πÞ4ΔBðkÞΔBðkÞ; ðB1Þ

where ΔB is given by Eq. (A2). Notice that Eq. (B1) is
logarithmically UV divergent. Also, since the particles
circling the loop have the same charge, the Schwinger
phase vanishes. The momentum components are denoted
by k2k ¼ k20 þ k23 and k2⊥ ¼ k21 þ k22. Combining the expo-
nentials from both propagators, we obtain

e−s1
	
k2kþk2⊥

tanhðqBs1Þ
qBs1

þm2


e−s2

	
k2kþk2⊥

tanhðqBs2Þ
qBs2

þm2



¼ e−ðs1þs2Þðk2kþm2Þe−
k2⊥
qB

sinhðqBðs1þs2ÞÞ
coshðqBs1Þ coshðqBs2Þ: ðB2Þ

We can perform a Gaussian integration over k⊥ and find

Λð0; qBÞ ¼ −
3qBλ2

8π2

Z
∞

0

ds1

Z
∞

0

ds2

×
Z

d2kk
ð2πÞ2

e−ðs1þs2Þðk2kþm2Þ

sinhðqBðs1 þ s2ÞÞ
: ðB3Þ

Once again, we perform a Gaussian integration, this time
over kk, and obtain

Λð0;qBÞ¼−
3qBλ2

8π2

Z
∞

0

ds1

Z
∞

0

ds2

×
e−ðs1þs2Þm2

ðs1þ s2ÞsinhðqBðs1þ s2ÞÞ
: ðB4Þ

Now, to integrate over s1 and s2, we make a change of
variables s ¼ s1 þ s2 and u ¼ s1=ðs1 þ s2Þ. The Jacobian
of the transformation is given by s. Therefore, we can write

Λð0; qBÞ ¼ −
3qBλ2

8π2

Z
∞

0

ds
Z

1

0

du
e−sm

2

sinhðqBsÞ : ðB5Þ

The u integral just gives 1. Now, to evaluate the s integral,
notice there is a divergence when s ¼ 0, so to isolate it, we
regulate it with the dimension of s, as

Z
∞

0

ds
e−sm

2

sinhðqBsÞ → μ2ϵ
Z

∞

0

ds
sϵe−sm

2

sinhðqBsÞ ; ðB6Þ

where μ has dimensions of energy. The integral in Eq. (B6)
yields

μ2ϵ
Z

∞

0

ds
sϵe−sm

2

sinhðqBsÞ

¼ μ2ϵ2−ϵðqBÞ−1−ϵΓð1þ ϵÞζ
�
1þ ϵ;

qBþm2

2qB

�
: ðB7Þ

Now, we can expand each function separately around
ϵ → 0. First, the Riemann-Hurwitz Zeta reads

ζ

�
1þ ϵ;

qBþm2

2qB

�
¼ 1

ϵ
− ψ

�
qBþm2

2qB

�
; ðB8Þ

where ψðaÞ is the digamma function. Second, because of
the relation Γðϵþ 1Þ ¼ ϵΓðϵÞ, we can use Eq. (A10) for the
Γ function. The factor with ϵ in the exponential is obtained
using the general expression a−ϵ ≈ 1 − ϵ lnðaÞ. Therefore,
putting it all together, the expression for the one-loop vertex
correction reads as

Λð0; bÞ ¼ −
3λ2

8π2

�
1

ϵ
− ψ

�
b2 þm2

2b2

�
− ln

�
2b2

μ2

��
: ðB9Þ

Notice that also for the case of the vertex correction, the UV
divergence is magnetic field independent. The four-point
function, with the three-level and coupling counterterm,
can be written as

Γð4Þ ¼ λðbÞ − 3

2
λ2ðbÞCðmðbÞ; bÞ þ δλðbÞ; ðB10Þ

with C given by
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C ¼ −
1

4π2

�
1

ϵ
− ψ

�
b2 þm2

2b2

�
− ln

�
2b2

μ2

��
: ðB11Þ

Imposing the renormalization condition

λðbÞ ¼ λðbÞ − 3

2
λ2ðbÞCðmðbÞ; bÞ þ δλðbÞ; ðB12Þ

we finally obtain that the counterterm is given by

δλðbÞ ¼ 3

2
λ2ðbÞCðmðbÞ; bÞ: ðB13Þ
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