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We compute relativistic Lindblad torques for circular, equatorial extreme-mass-ratio inspirals (EMRIs)
embedded in relativistic thin accretion discs, including spinning black hole configurations. We find that
relativistic effects can amplify the magnitude of these torques by orders of magnitude in the strong-field
regime, and that the torque can even reverse direction as the EMRI approaches the innermost stable circular
orbit (ISCO). However, we show that the location of this reversal is highly spin-dependent, shifting
progressively closer to the ISCO, where gravitational-wave emission completely dominates the inspiral, as
the spin of the central black hole increases. Spin also modifies the radial dependence of the Lindblad
torques. We investigate whether Lindblad torques can be approximated by parametrized power laws of the
form TLR ¼ Aðrs=10MÞnr (or combinations thereof), and find significant spin- and disc-dependent
variations in the slope parameter nr. For instance, for spin a=M ¼ 0.9, we find nr ¼ 3.6 in the strong-field
regime, compared to the Newtonian value of nr ¼ 4.5. Given current forecasts of parameter recovery for
“golden,” loud EMRIs in accretion discs (Δnr ∼ 0.5), we predict LISA could distinguish between different
disc configurations through their relativistic Lindblad torque signatures, providing the first direct probe of
the midplane structure of the inner region of accretion discs, which is inaccessible to electromagnetic
observations.
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I. INTRODUCTION

Dense astrophysical environments at the centers of
galaxies—such as nuclear clusters [1,2], the discs of active
galactic nuclei (AGN) [3], and dark-matter overdensities
[4–6]—have assumed growing interest in gravitational-
wave (GW) astronomy. It is now well established that these
structures can significantly influence the formation, evo-
lution, and GW signature of compact binaries across the
entire GW spectrum [7–21]. This increased activity is
partially driven by the recognition that relativistic effects
are crucial to accurately model the interaction between
binaries and their astrophysical surroundings [22–34].
Extreme-mass-ratio inspirals (EMRIs) are particularly

promising candidates to detect environmental effects in
GWs. EMRIs consist of a secondary stellar-mass compact

object—typically a black hole (BH) with mass
μ ∼ 10–100M⊙—slowly inspiralling into a primary mas-
sive black hole (MBH) with M ≳ 105M⊙ at the center of a
galaxy [35,36]. EMRIs are unique probes of strong-field
gravity, as they execute tens of thousands of relativistic
orbits while in the frequency band accessible to the Laser
Interferometer Space Antenna (LISA), a space-based GW
observatory planned for launch in 2035 [37], as well as to
the proposed missions Taiji and TianQin [38]. The highly
asymmetric mass ratio in EMRIs renders standard tech-
niques developed for comparable-mass binaries inadequate.
Instead, the relativistic two-body problem is addressed by
the self-force program, which employs BH perturbation
theory to expand the Einstein equations in the small mass
ratio q ¼ μ=M [39,40].
To extend the self-force framework to nonvacuum back-

grounds, one can introduce an additional expansion param-
eter encoding the energy density of the surroundingmedium
[27–31]. The Einstein equations are then solved self-con-
sistently alongside the equations governing thematter fields,
enabling the systematic inclusion of processes such as
accretion, dynamical friction, and back-reaction on the
environment. Applications of this method to EMRIs in
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dark-matter overdensities have revealed that relativistic
corrections substantially strengthen binary-environment
interactions compared to Newtonian predictions [24,29,30].
The relativistic modeling of EMRIs in accretion discs

remains far less developed. This is primarily due to the
complexity of modeling strong gravity together with the
challenging microphysics of discs, including radiation
transport, viscosity, and magnetic fields [3]. Nonetheless,
EMRIs in AGN discs represent a compelling science case
for LISA, offering a potential window into accretion
processes near MBHs [9,17–19,25,41,42]. Intriguingly,
indirect evidence for such systems may already exist in
the form of quasiperiodic eruptions (QPEs)—sharp, recur-
rent x-ray bursts observed in galactic centers on timescales
of hours to days. QPEs have been interpreted as signatures
of a compact object periodically crossing an accretion disc,
exciting shocks or density perturbations that modulate the
x-ray flux [43–45].
A key property of accretion discs is their differential

rotation. At specific radii, particles within the disc can orbit
with frequencies that are integer multiples of the time-
varying gravitational potential induced by the EMRI. These
resonant conditions enable an efficient exchange of angular
momentum, giving rise to Lindblad resonances, whose
associated torques play a central role in shaping the coupled
evolution of the system. Lindblad torques have been
extensively investigated in Newtonian gravity, particularly
in the context of disc-planet interactions [46–51]. In such
systems, the net torque generated by Lindblad resonances
drives the evolution of the planet’s orbit, causing migration
either inward or outward depending on the relative strengths
of the inner and outer Lindblad torques. These Newtonian
results have been directly applied to the study of EMRIs
embedded in accretion discs. It was shown that they are the
dominant environmental effect for these systems [7], and
they could be measurable by LISA [9,25,52]. Neglecting
these torques in waveform modeling can lead to substantial
biases in parameter estimation, introducing systematic
errors, causing signals to be missed or misinterpreted as
deviations from general relativity (GR) [9,53].
Earlier studies already suggested that accurate EMRI

waveform templates would require relativistic models. In
2011, Hirata [54,55] (henceforth referred to as Hirata I [54]
and Hirata II [55]) extended the computation of Lindblad
torques into the fully relativistic regime, calculating
Lindblad resonances as a perturbative correction to the
Kerr spacetime surrounded by an arbitrarily thin disc.1 The
disc is assumed to be a two-dimensional, pressureless
collection of particles in circular geodesics around the
primary MBH. Hirata’s analyses demonstrated that general

relativistic effects systematically enhance the magnitude of
these torques compared toNewtonian predictions. However,
this pioneeringwork focused primarily on the formalism and
only calculated the torque mode by mode for small multi-
poles normalized by the local disc density. It did not compute
the total disc torque exerted on the EMRI and its implica-
tions for GW observations. Another limitation of Hirata’s
model is that it does not include disc pressure, which is
responsible for maintaining the disc’s vertical structure and
propagating density waves in the disc. As we will see,
without pressure corrections, the total Lindblad torque
exerted on the EMRI diverges.
In this work, we extend Hirata’s approach in three main

ways: (i) we compute the Lindblad torques for higher-order
multipoles (i.e., larger azimuthal mode numbers m), which
are numerically challenging because the computational cost
increases rapidly with m; (ii) we explicitly include pressure
effects, which regularize the total torque by introducing a
minimum cutoff length scale below which disc material in
the immediate vicinity of the secondary no longer contrib-
utes to resonant Lindblad torques; and (iii) we combine the
relativistic computation of the Lindblad torques with a fully
relativistic disc structure, adopting the Novikov-Thorne
solution for the disc profile [56].
The paper is structured as follows. Sec. II summarizes

the three main conclusions of our work. Section III reviews
Hirata’s formalism and highlights the divergence of mode
sums without pressure. Section IV introduces our pressure
regularization and applies it to several disc models, yielding
the results of Fig. 1. We conclude with implications for GW
astronomy. Unless otherwise stated, we adopt G ¼ c ¼ 1,
and use primes to denote radial derivatives.

II. EXECUTIVE SUMMARY

Our main results are summarized in Fig. 1, which
compares the relativistic and Newtonian torque strengths
across different disc models (the relativistic Novikov-
Thorne profiles at various spins, and the Newtonian
Shakura-Sunyaev profile, with the same accretion rate
and viscosity).
We highlight three novel conclusions of our work:
(1) Relativistic effects substantially amplify accretion

torques. Both relativistic corrections to the binary–
disc interaction and to the disc structure itself, which
had not been considered before, can increase torque
amplitudes by orders of magnitude;

(2) The torque scaling with orbital radius is altered.
Lindblad torques can still be described by power
laws of the form TLR ¼ Aðrs=r0Þnr , but the slope nr
is spin-dependent and consistently smaller than the
Newtonian prediction, particularly in the strong-field
regime, implying Lindblad torques are more relevant
for small orbital separations than previously ex-
pected (see Fig. 6);

1The series’ first paper [54] does not specify that the primary
BH is Kerr, or the disc being thin; it simply restricts to
axisymmetric, time-stationary spacetime with a plane of
symmetry.
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(3) Near the ISCO, torques can reverse sign (shown by
the dotted lines in Fig. 1). This reversal is associated
with the accumulation of inner Lindblad resonances
closer to the secondary than the outer resonances as
the orbit approaches the ISCO. The reversal radius
depends on the MBH spin, occurring closer to the
ISCO for higher spins.

Additional remarks on physical configurations. For
clarity, we briefly comment on two extensions discussed
in our response to the referee.
As we were finalizing this work, we became aware of

independent efforts [57,58] pursuing the same problem
through a (semi)analytical Hamiltonian approach, improv-
ing on Hirata’s original formulation. The methodologies
differ: our work focuses on numerically evaluating
small multipoles and extrapolating to large ones, whereas
Refs. [57,58] derive analytical expressions at large multi-
poles and extrapolates downward. Our findings are con-
sistent, reinforcing the robustness of these results.

III. RELATIVISTIC LINDBLAD TORQUES IN
PRESSURELESS 2D DISCS

We start by summarizing Hirata’s seminal results on
relativistic Lindblad resonances for pressureless 2D discs in
axisymmetric and stationary spacetimes. Throughout, we
assume that the disc is aligned with the spin of the central
BH and neglect its backreaction on the Kerr geometry. Both
assumptions are well justified in the inner disc region,
where alignment is expected from the Bardeen-Petterson or
magnetic spin-alignment mechanisms [59–61], and the

disc’s self-gravity is negligible [62]. Additionally, we focus
on prograde EMRI circular orbits, since interactions with
the disc are expected to align their angular momentum
orientation and damp eccentricity before the inspiral
reaches the inner regions relevant to the LISA band
(although residual eccentricity could survive in-band
[63,64]). We refer the reader to Refs. [54,55] for complete
details.

A. Location of the resonances

Let us start by discussing the radial location of the
resonance in the disc for a given radius of the circular orbit
of the secondary. Assuming that disc particles follow
approximately circular geodesics in the background space-
time, a particle that is radially displaced will undergo
oscillations about its original orbit at a frequency referred to
as the (radial) epicyclic frequency. In the limit of small
eccentricities, this epicyclic frequency coincides with the
radial orbital frequency. Lindblad resonances arise at
locations where the epicyclic frequency of the disc is
commensurate with the perturbation frequency from the
secondary object. More precisely, these resonances can be
identified by the vanishing of the resonant detuning
function

D½r� ≔ mðΩ½r� − ΩsÞ∓ κ½r�; m∈N ð1Þ

where the subscript s refers to the secondary, Ω is the
orbital frequency for circular equatorial, prograde geo-
desics in Kerr

Ω½r� ¼ M1=2

r3=2 þM1=2a
; ð2Þ

with a the spin parameter, and κ is the (prograde) radial
epicyclic frequency in Kerr,

κ½r� ¼ Ω½r�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

6M
r

þ 8aM1=2

r3=2
−
3a2

r2

s
: ð3Þ

The − sign version of the detuning function identifies inner
(with respect to the secondary) Lindblad resonances,
whereas theþ version identifies outer Lindblad resonances.
For any given Ωs, there are infinitely many inner and outer
Lindblad resonance positions (rILR and rOLR respectively)
that satisfy D½rLR� ¼ 0, one for each value of m. Outer
Lindblad resonances are responsible for inward migration,
while inner ones lead to outward migration.
In Fig. 2, we plot the locations of Lindblad resonances as

a function of the secondary’s orbital radius rs, for various
values ofm and primary spin parameter a. In the Newtonian
regime (large rs), the outer Lindblad resonances lie closer
to the secondary than the inner ones. For a disc with a
constant surface density profile, this naturally causes the

FIG. 1. Ratio of the relativistic Lindblad torques to the
gravitational-wave torques for an equatorial, circular EMRI
embedded in different disc configurations, shown as a function
of orbital separation rs and for representative disc models with
the same viscosity and accretion rate (see Fig. 5). For spinning
primaries, we use the relativistic Novikov-Thorne disc model.
Dotted segments indicate regions where the Lindblad torque
becomes negative.

EXTREME-MASS-RATIO INSPIRALS IN RELATIVISTIC … PHYS. REV. D 113, 084028 (2026)

084028-3



outer resonances to dominate at large radii, resulting in a
net inward Lindblad torque on the EMRI—thus accelerat-
ing its inspiral compared to one driven by vacuum GW
emission.
As the secondary moves inward and rs decreases, this

pattern reverses: the inner Lindblad resonances move closer
to the secondary than the outer ones, and the net disc torque
may become outward. If GW emission dominates the
evolution, this slows down the inspiral with respect to
vacuum. If migration torques compete with or dominate
over GW emission, the inspiral can be stalled, forming a
migration trap for the EMRI. The critical radius where the
inner and outer resonance locations switch proximity is spin-
dependent—it occurs at smaller rs for higher a. Specifically,
for a nonspinning primary, a ¼ 0, this transition happens at
rs ∼ 18M, while for a rapidly spinning one, a ¼ 0.9M, it is
shifted inward to approximately rs ∼ 10M. This feature is
also present in the analysis of Refs. [57,58].
This switch radius also depends on the resonance indexm:

it shifts to smaller values for larger m, but saturates in the
m → ∞ limit, with the inner and outer Lindblad resonances
becoming equidistant from the secondary. Note also that the
inner resonances never fall below the ISCO. Additionally,
higher-m resonances always lie closer to the secondary,
which causes them to contribute more strongly to the total
Lindblad torque (when summing over all m). Naively, this
sumwould diverge, but as wewill discuss in later sections, it
is regularized by including disc pressure effects, which were
absent in Hirata’s original treatment.

B. Mode by mode torque amplitudes

The Lindblad torque corresponds to the cycle-averaged
mechanical exchange of energy and angular momentum at

a resonance between the secondary and the disc, which is
analogous to the Newtonian theory of disc-satellite cou-
pling [46]. Hirata’s main result was to show this resonant
exchange can be expressed in terms of solutions to the
Teukolsky equation [65,66], which governs linear pertur-
bations to the Weyl curvature tensor, i.e., provide a
complete, gauge-invariant description of (linear) gravita-
tional perturbations in Kerr. These solutions are typically
associated with GWemission, as they describe the radiative
degrees of freedom of gravity at both null infinity and the
BH horizon. However, they also describe the components
of the near-zone perturbed gravitational field, which is what
is exploited in Hirata’s framework.

1. Definitions: The Kerr metric, circular geodesics, and
Teukolsky formalism

To make this section self-contained, we introduce defi-
nitions of the Kerr metric [67] and the Teukolsky formalism
[65,66]. For comprehensive reviews, see Refs. [40,68]. The
explicit form of the line element of the Kerr metric in Boyer-
Lindquist coordinates ðt; r;ϑ;φÞ is

ds2 ¼ −
�
1 −

2Mr
jρj2

�
dt2 −

4Mar
jρj2 sin2 ϑdtdφ

þ jρj2
Δ

dr2 þ jρj2dϑ2

þ ðr2 þ a2Þ2 − Δa2 sin2 ϑ
jρj2 sin2 ϑdφ2; ð4Þ

where

Δ ¼ r2 − 2Mrþ a2; jρj2 ¼ r2 þ a2cos2ϑ: ð5Þ

FIG. 2. Radial location of Lindblad resonances, rLR, as a function of the secondary orbital radius, rs, for different azimuthal mode
numbers m and primary BH spin a. In the large-m limit, the inner and outer Lindblad resonances become equidistant and close to the
secondary. For large orbital radii, outer Lindblad resonances are consistently located closer to the secondary than their inner counterparts
(for the same m), but this hierarchy reverses at smaller rs. The critical radius at which this switch occurs is spin-dependent, decreasing
with increasing BH spin parameter a.
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From this, one can obtain the contravariant metric coef-
ficients

gtt ¼ −
ðr2 þ a2Þ2 − Δa2 sin2 ϑ

Δjρj2 ; ð6Þ

gtφ ¼ −
2aMr
Δjρj2 ; gφφ ¼ Δ − a2 sin2 ϑ

Δjρj2 sin2 ϑ ; ð7Þ

grr ¼ Δ
jρj2 ; gϑϑ ¼ 1

jρj2 : ð8Þ

Equatorial circular geodesics in Kerr spacetime are
described by the four velocity wα, with

wt ¼ dt
dτs

¼ −gttEþ gtφLz; ð9Þ

wr ¼ 0; ð10Þ

wθ ¼ 0; ð11Þ

wϕ ¼ dϕ
dτs

¼ −gtϕEþ gϕϕLz; ð12Þ

where τs is the secondary’s proper time, and E and Lz are,
respectively, its energy and angular momentum, given by

E ¼ r3=2 − 2Mr1=2 þ aM1=2

r3=4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r3=2 − 3Mr1=2 þ 2aM1=2

p ; ð13Þ

Lz ¼
M1=2r2 − aM1=2ð2r −MÞ
r3=2 − 2Mr1=2 þ aM1=2 : ð14Þ

The emission of GWs by an EMRI in Kerr (to first-order
in the mass ratio) is governed by the Teukolsky equation for
the Newman-Penrose Weyl scalar ψ4 [69]

−2O½ψ4� ¼ T; ð15Þ

where −2O is a second-order differential operator and T
represents a point-particle source—the secondary or a
particle in the disc—that scales linearly with the mass-
ratio q ¼ μ=M. ψ4 is directly related to the gravitational
wave polarizations at infinity,

ψ4 →
1

2

d2

dt2
ðhþ − ih×Þ as r → ∞: ð16Þ

The Teukolsky equation is separable in the frequency
domain with the decomposition

ψ4 ¼
1

ρ4

Z
∞

−∞
dω

X∞
l¼2

Xl
m¼−l

Rlmðr;ωÞ−2Slmðϑ; χÞeiðmφ−ωtÞ;

ð17Þ

where

χ ¼ aω; ρ ¼ r − ia cos ϑ: ð18Þ

Here, −2Slm are the spin-weighted spheroidal harmonics
with spin-weight s ¼ −2, which satisfy the eigenvalue
equation

−2Oϑφ½−2Slm� ¼ −2Elm−2Slm; ð19Þ

where −2Oϑφ is a second-order differential operator con-
taining only derivatives in ϑ and φ, while −2Elm are the
corresponding eigenvalues, which in Kerr are frequency
dependent.
The radial function Rlm satisfies the inhomogeneous

radial Teukolsky equation

Δ2
d
dr

�
Δ−1 dR

dr

�
− VR ¼ −T ; ð20Þ

where T represents the source term, V ¼ Vðr;ω; λlmÞ is
the effective potential, and

λlm ¼ −2Elm − 2mϖ þϖ2 − 2; ð21Þ

with the frame-dragging shifted frequency

ϖ ¼ ω −mΩH; ð22Þ

where ΩH is the angular velocity of the horizon

ΩH ¼ a
2rþ

; ð23Þ

and rþ is the event horizon radius

rþ ¼ M þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
: ð24Þ

The physical solutions of Eq. (20) correspond to out-
going waves at infinity and ingoing ones at the horizon

R∞
lmðrÞ → Z∞

lmωr
3eiωr� ; r → ∞; ð25Þ

RH
lmðrÞ → ZH

lmωΔe−iϖr� ; r → rþ; ð26Þ

where r� is the tortoise radial coordinate
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dr�
dr

¼ r2 þ a2

Δ
: ð27Þ

For generic EMRIs (inclined and eccentric orbits), the
amplitudes Z∞;H

lmω admit a multimodal decomposition [70]

Z∞;H
lmω ¼

X∞
k¼−∞

X∞
n¼−∞

Z∞;H
lmnkδðω − ωmnkÞ; ð28Þ

where

ωmnk ¼ mΩφ þ nΩr þ kΩϑ; ð29Þ
and where Ωφ;Ωr;Ωϑ are the fundamental frequencies for
bound motion in the azimuthal, radial, and polar direction,
respectively. For equatorial orbits, there is no motion in ϑ
and thus we set k ¼ 0. Similarly, for circular orbits n ¼ 0.
The power emitted in GWs to infinity relates to the
Teukolsky amplitudes by [65,66]

P∞ ¼
X
l;m;n

jZ∞
lmnj2

2ω2
mn

; ð30Þ

and the power absorbed at the horizon is

PH ¼
X
l;m;n

α
jZH

lmnj2
2ω2

mn
; ð31Þ

where

α ¼ 8192rþϖðϖ2 þ Γ2Þðϖ2 þ 4Γ2Þω3

jCj2 ; ð32Þ

Γ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p

a2 þ r2þ
; ð33Þ

jCj2¼½ðλlmþ2Þ2þ4mϖ−4ϖ2�½λ2lmþ36mϖ−36ϖ2�
þ48ð2λlmþ3Þϖð2ϖ−mÞþ144ω2ð1−a2Þ: ð34Þ

Hirata exploited a known relation [71] between ingoing
and outgoing Teukolsky amplitudes, reducing the number
of amplitudes that must be computed. The outgoing
solution, Eq. (25), can be expressed in terms of its near-
horizon amplitude via connection coefficients c13 and c14

R∞
lmðrÞ→ZH

lmω

�
c13r3eiωr� þc14

e−iωr�

r

�
; r→∞; ð35Þ

which are complex constants that can be determined numeri-
cally. The power of the outgoing wave, Eq. (30), is then

P∞ ¼
X
l;m

jc13ZH
lmωj2

2ω2
: ð36Þ

2. Relativistic Lindblad torques formalism

The Hirata’s Lindblad torque strength is given by [54]

TðmÞ
LR ¼ ∓ 2π2m

jD0ðrLRÞj
rLRwtZΣjSðmÞj2; ð37Þ

where all quantities are evaluated at the resonance rLR, and
Z is the specific epicyclic impedance,

Z ¼
ffiffiffiffiffiffiffiffiffi
C020

C002

s ����
r¼rLR

; ð38Þ

with

C002 ¼
grr

wt ; ð39Þ

C020 ¼ gφφ
�
gφφ − gtt

ðwtÞ3
��

dLz

dr

�
2

−
�
dΩ
dr

��
dLz

dr

�
: ð40Þ

Here, Σ is the surface density of the 2D disc (at the
resonance), and SðmÞ are the resonant amplitudes.2

The resonant amplitudes can be related to a power

amplitude [55], PðmÞ
LR ,

SðmÞ ¼ lim
e→0

2i
mΩsμZLRerLR

PðmÞ
LR ðeÞ; ð41Þ

where μ is the mass of the disc particle and e is the (small)
eccentricity of the test particle in the disc. The power

amplitude PðmÞ
LR characterizes the cycle-averaged work that

the metric perturbation from the secondary would do on a
test particle on an orbit with a small eccentricity, e, when
the epicyclic frequency is commensurate with the secon-
dary’s perturbation frequency. In the limit of small e, the
power amplitude is linear in e, and the resonant amplitudes
are independent of the actual value of e.
Hirata demonstrated, using a (relativistic) Hamiltonian

framework, that this power amplitude PðmÞ
LR can be

expressed in terms of the same Teukolsky amplitudes
mentioned above for computing GW fluxes. Importantly,
this reformulation does not imply that Lindblad torques are
a consequence of gravitational radiation. It should instead
be interpreted as a linear gravitational coupling coefficient
between the secondary’s perturbation and the disc response,
rather than as a radiative energy loss. The resonant
interaction can therefore be computed through interference
terms between Teukolsky modes sourced by the secondary
at r ¼ rs in circular motion (with n ¼ 0) and a particle in
the disc on a slightly eccentric orbit (with mode number

2Our definition of TðmÞ
LR is derived from Hirata I Eq. (92)

integrated against r; this should not be confused with T in Hirata I
Eq. (92).
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n ¼ �1) at r ¼ rLR, where the þ (−) corresponds to outer
(inner) Lindblad resonances. Constructive interference
occurs only at Lindblad resonance radii, where the pertur-
bations induced by the EMRI are phase-coherent with the
disc particle’s orbital motion. In the Newtonian and near-
zone limits, the EMRI’s GW fluxes vanish, but the same
interference structure continues to encode the local
exchange of energy and angular momentum between the
secondary and the disc.
Then, for inner Lindblad resonances, the power ampli-

tude is the negative of the power due to constructive
interference of Teukolsky modes at infinity and down
the horizon; i.e.,

X
m

PðmÞ
ILR ¼ −δP∞ − δPH; ð42Þ

δP∞ ¼ Re
X
lm

c13ZH
lm0ðZ∞

lm−1Þ�
ðmΩsÞ2

; ð43Þ

δPH ¼ Re
X
lm

αZH
lm0ðZH

lm−1Þ�
ðmΩsÞ2

: ð44Þ

Here, the n ¼ 0 solutions are evaluated with the secondary
as source term, while the n ¼ −1 solutions are evaluated
with the test particle in a slightly eccentric orbit as source
term. Using symmetry arguments between coefficients and
amplitudes with �m, the power associated with inner
Lindblad resonances can be written as

PðmÞ
ILR ¼ −

1

ðmΩsÞ2
X∞
l≥m

ZH
lm0ðc13Z∞�

lm−1 þ αZH�
lm−1Þ: ð45Þ

Following a similar procedure, the power associated with
the outer Lindblad resonances is

PðmÞ
OLR ¼ −

1

ðmΩsÞ2
X∞
l≥m

Z∞
lm0ðZ∞�

lm1 − c�13Z
H�
lm1Þ: ð46Þ

One key aspect of Eq. (41) is that the energy (and angular
momentum) in the disc is invariant under the Lindblad
resonance at leading order. This follows from Hirata’s
assumptions that the disc particles follow circular geodesics
of the Kerr spacetime, and the Lindblad resonances only
perturb the orbit to linear order in eccentricity. Because, to
linear order in e, circular and slightly eccentric orbits in
Kerr have the same energy and angular momentum,
Lindblad resonances do not change the energy and angular
momentum of the disc under Hirata’s assumptions.
Note that the power amplitude is not itself the power

dissipated by a Lindblad resonance—that quantity arises
only at second order, after the disc develops an eccentric
response. This distinction explains why the torque strength,
Eq. (37), scales as jPðmÞ

LR j2: the first power amplitude factor

comes from the perturbing force, while the second comes
from the disc particle’s radial displacement, which is itself
proportional to the forcing amplitude. As mentioned above,
in this senseHirata’s “power amplitude” should beviewed as
a linear coupling coefficient, whose square determines the
true resonant torque.
We now have all the necessary ingredients to calculate

the variable of interest, the torque strength, Eq. (37). It is
often useful to calculate the normalized Lindblad resonance
torque strength,N ðmÞ, where the disc density is normalized
out. This is given by [55]

N ðmÞ ¼ TðmÞ
LR

2πrLRΣðrLRÞ
¼ � πmwtZLR

jD0ðrLRÞj
jSðmÞj2; ð47Þ

which is independent of rs in the Newtonian limit, rs ≫ rþ.

3. Results

With the theoretical formalism established, the compu-
tation of Lindblad torques requires only a numerical
Teukolsky solver. We employ the publicly available
PYBHPT Python package [72], which provides all the neces-
sary amplitudes and coefficients to evaluate Eq. (47). We
verified that our results recover those presented in Table 2
of Hirata II [55]. In Eqs. (45) and (46), we typically sum up
to lmax ¼ 10ðm − 1Þ to obtain converging results. In [73],
we provide a simplified tutorial notebook with our numeri-
cal implementation, as described below.
In Fig. 3, we plot the normalized torque strengths as a

function of the secondary orbital radius for different values of
m and primary spin a. As noted in Hirata’s original work,
relativistic effects enhance the torque strength by a factor of a
fewwith respect to theNewtonian limit (i.e., the constant value
thatN approaches at large r).Also, as anticipated inSec. III A,
the inner Lindblad torques become stronger than the outer
ones at small rs, as the location of the inner resonance moves
closer to the secondary. However, note that this switch in
torque strengths does not occur exactly at the switch in the
resonant radius, which we attribute to relativistic effects in the
torque amplitude. Also, from Eq. (47) we expect that the
additional radial dependence in the actual torque TLR (e.g.,
through the disc density) will also affect the switch radius. The
difference between inner and outer torque strengths becomes
smaller for largerm because, asmentioned, resonances tend to
become equidistant from the secondary.
From the right panel of Fig. 3 we see that, on a given

(prograde) orbit, the primary spin reduces the relativistic
enhancement of the torque strengths. Note, however, that
torque strengths will be further enhanced by the primary
spin when the orbit is retrograde, see [55]. As also
anticipated from the resonance locations in Fig. 2, the
switch between outer and inner torques happens at smaller
radii for rapidly spinning primaries.
Since the larger them, the closer the resonant radius is to

the secondary, the amplitude of the torques grows with m.
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In Fig. 4, we present this growth for a representative orbital
radius of the companion and primary BH spin. We find that
the growth of the inner and outer Lindblad torques with m
for fixed secondary radius is quadratic already at small m,
and the total normalized Lindblad torque (i.e., their sum) is
approximately linear (Refs. [57,58] presents an analytical
derivation of this scaling in the large m limit). We verified
this happens for any spin and even at larger orbital radii.
This quadratic scaling provides a substantial computational
advantage in evaluating the total Lindblad torque at a given
radius (summed over m). Rather than computing high-m
modes, which require prohibitively many l-modes, it
suffices to calculate the torques at small m, perform a
quadratic fit, and extrapolate to larger m. Without this
simplification, obtaining the total torques would be

numerically infeasible, as solving the Teukolsky equation
at large l is challenging.
It is evident that, even in the Newtonian limit, the sum

over m for the total Lindblad torque diverges as m → ∞.
This divergence, well known in the migration literature, is
nonphysical and is regularized when pressure effects are
considered, as we discuss in the next section.

IV. RELATIVISTIC LINDBLAD TORQUES WITH
PRESSURE CORRECTIONS

A. Pressure cutoff

Astrophysical thin accretion discs are not strictly two-
dimensional but possess a vertical structure characterized
by the scale height H (or, equivalently, the aspect ratio

FIG. 4. Left panel: variation of the mode-by-mode inner and outer normalized Lindblad torques with m. The growth becomes
quadratic for any secondary radius rs and spin a at relatively small m. Right panel: same as in the left panel but for the total torque, i.e.,
the sum of the inner and outer contributions. In this case, the growth is approximately linear withm because the quadratic components of
the outer and inner torques cancel each other.

FIG. 3. Normalized Lindblad torques as a function of the EMRI radius for different modes m. For large rs ≫ rþ,N ðmÞ approaches its
constant Newtonian limit. For smaller rs, the inner resonances become stronger than the outer ones, as anticipated from their location in
Fig. 2. For largem, the amplitudes of the inner and outer torques become comparable, as the resonances tend to become equidistant from
the secondary. Increasing primary spin leads to smaller normalized Lindblad torques.
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h ¼ H=r). This thickness is maintained by pressure sup-
port, which also governs the propagation of density waves
throughout the disc. Lindblad resonances excite such
density waves.
When summing over different Lindblad resonances at

varying m, a key assumption is that their associated
wavelengths and positions remain sufficiently distinct to
avoid interference. Intuitively, this approximation fails once
the wavelength of the perturbation becomes comparable to,
or shorter than, the spacing between consecutive Lindblad
resonances, leading to destructive interference and a
weakened effective coupling between the perturber and
the disc. In addition, pressure alters the angular velocity of
disc particles, whose motion is no longer purely geodesic
(or Keplerian in the Newtonian limit).
In the Newtonian regime, accounting for pressure

modifies the resonance detuning function to [47,74]

Dpressure
Newt: ½r� ¼ mðΩ½r� −ΩsÞ∓ κNewt:½r�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξ½r�2

q
; ð48Þ

where the dimensionless pressure parameter is

ξ ¼ m
cs
Ωr

¼ m
H
r
¼ mh; ð49Þ

and cs is the local sound speed. In the second equality, we
used the fact that for a locally isothermal disc in vertical
hydrostatic equilibrium, cs ¼ HΩ.
As a result of this modification, Lindblad resonances no

longer asymptotically converge to the secondary’s orbital
radius as m → ∞. Instead, they saturate at a finite sepa-
ration set by the disc scale height [47]

rLR → rs �
2H
3

: ð50Þ

Relativistic effects are expected to slightly shift these
saturation distances, but the correction should remain
small since the effect is local to the secondary. For
reference, thin accretion discs typically have aspect ratios
h ∼ 0.01–0.1 [75].
These pressure-induced modifications were first system-

atically studied in the seminal work of Goldreich and
Tremaine on disc–planet interactions [76], and later refined
by Artymowicz [47]. In practice, torque amplitudes for
modes satisfying

ξ≳ 1 ⇔ m≳ 1=h ∼ 10 − 100; ð51Þ

are strongly suppressed, due both to the displacement of the
resonance locations and to pressure effects on the excitation
amplitudes themselves.
This suppression produces a cutoff function for the

torque that combines polynomial and exponential decay.
In particular, we adopt the following mode-by-mode

prescription for the pressure cutoff3

TðmÞ
LR;pressure ¼

�
2

1þ eξ

��
1

1þ 4ξ2

�
TðmÞ
LR : ð52Þ

The numerical coefficients here may be tuned to match
hydrodynamical simulations, though variations are
expected to be only of order unity. With this decay, the
total Lindblad torque summed over modes converges,
enabling the use of Hirata’s formalism to assess the
implications of relativistic Lindblad torques for GW
astronomy.

B. Disc models

To compute the total torque, we need to specify a model
for the disc density and scale height profiles. In this work,
we use the relativistic model for a thin disc by Novikov and
Thorne [77]. For comparison, we also employ the non-
relativistic Shakura-Sunyaev model [78].

1. Shakura–Sunyaev
The Shakura–Sunyaev α-disc describes a geometrically

thin, optically thick, radiatively efficient disc with axisym-
metric, stationary flow on Keplerian circular orbits. In this
regime, the surface density Σ and the disc scale height (or
aspect ratio) h≡H=r can be represented by simple power
laws

ΣðrÞ ¼ Σ0

�
r

10M

�
−Σp

; ð53Þ

hðrÞ ¼ h0

�
r

10M

�ð2Σp−1Þ=4
: ð54Þ

The exponent Σp is set by the dominant pressure and
opacity sources, while the normalizations Σ0 and h0 are
fixed by global properties such as the accretion rate and
viscosity. The aspect-ratio scaling is chosen so that the
accretion rate is radially constant in steady state. In the
inner disc (r≲ 102M), where radiation pressure dominates
and electron scattering sets the opacity, one has
Σp ¼ −3=2, implying Σ ∝ r3=2 and h ∝ r−1.

2. Novikov-Thorne

The Novikov-Thorne model is the general-relativistic
extension of the Shakura-Sunyaev thin disc, incorporating
orbital dynamics in the Kerr metric, including frame
dragging, and adopting the ISCO as the inner boundary
of the thin disc. In the standard prescription, the viscous
torque is set to vanish at the ISCO, motivated by the rapid
inward plunge; in practice, fluid elements can complete

3Alternative, one can introduce a cutoff at ξ ¼ 1, as done in
Refs. [57,58].
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several orbits inside the ISCO, yielding a small but nonzero
stress in the plunging region. For discs without a dynami-
cally important net magnetic field, the Novikov-Thorne
solution accurately describes the radial profiles outside the
ISCO, in particular for r≳ rISCO þM [79].
The Novikov-Thorne inner-disc profiles are given

explicitly in Sec. 5.3 of Ref. [3] (see Eq. (99) therein).
We plot their radial behavior in Fig. 5 for two values of the
central BH spin. We use as primary mass M ¼ 106M⊙,
accretion rate in terms of the Eddington ratio Ṁ=ṀEdd ¼
0.1 and the viscosity parameter α ¼ 0.1. These choices are
consistent with current observational constraints [80],
which, however, only probe the surface/atmosphere density
of AGN discs and not the midplane where the secondary is
located. Changing these values alters the overall normali-
zation of the profiles but not their radial dependence. We
extend the plot to very large radii, to normalize all profiles
to the same value in the Newtonian limit as r → ∞. For
comparison, we overlay the Shakura-Sunyaev power-law.
The figure shows that, across the radii relevant for

EMRIs in the LISA band, relativistic corrections to the
disc structure are already significant, and the Novikov-
Thorne profiles should be used in place of purely
Newtonian scalings when studying the effects of migration
torques. In particular, the density profiles are not captured
by simple power laws and thus neither should migration
torques, as they occur in Newtonian theory. We also stress
that these are steady-state profiles, but AGN discs are
expected to exhibit periods of turbulent flows, which can
severely alter their stationary matter distribution configu-
ration and impact the torques derived within the linear
theory [81].

C. Results on total torques

We compute the Lindblad torque acting on the EMRI
using the density and aspect-ratio profiles shown in Fig. 5.
The torque is obtained by evaluating Eq. (52) and summing
over all azimuthal modes required for the pressure-cor-
rected expression to converge (typically up tommax ∼ 3=h).
The results are displayed in Fig. 6. A key feature, also

highlighted in the recent works [57,58], is that relativistic
torques in relativistic discs can differ by orders of magni-
tude from their Newtonian counterparts. In our Fig. 6, part
of this variation arises from the normalization of the disc
profiles in Fig. 5: while these profiles coincide in the
Newtonian limit (r → ∞), they differ substantially in the
strong-field regime. This discrepancy is not only due to
differences in surface densities but also in scale heights,
which determine the pressure cutoff and thus the number of
contributing Lindblad resonances. Choosing an alternative
normalization, e.g., matching both surface densities and
aspect ratios at a smaller radius (such as the ISCO,
r ¼ 10M), still yields large differences in torque ampli-
tudes at other radii.
The radial dependence of the torque within each con-

figuration is also noteworthy. As anticipated in the previous
section, the Lindblad torque can change sign when the
inner Lindblad contribution dominates over the outer one.
In this regime, the net migration torque drives outward
motion (as also noted in Ref. [57]). For the disc models
considered here, however, GW emission remains the
dominant driver of evolution (see Fig. 1): although
Lindblad torques act outward, the binary will still inspiral,
albeit more slowly than in vacuum. Near the ISCO, the
inner Lindblad torque diverges and could, in principle,

FIG. 5. Surface density (left) and aspect ratio (right) radial profiles for the Novikov–Thorne disc model at different BH spins. The
physical parameters of the system areM ¼ 106M⊙ for the primary mass, Ṁ=ṀEdd ¼ 0.1 for the accretion rate in terms of the Eddington
limit, and α ¼ 0.1 for the phenomenological parameter controlling viscosity. Changing these values alters the overall normalization of
the profiles but not their radial dependence. Dashed blue curves show the corresponding Shakura–Sunyaev power law profiles. Profiles
are plotted to large radius, beyond the inner disc region—where radiation pressure dominates—illustrating that relativistic effects are
noticeable already for r≲ 250M.
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exceed GW losses, but our disc and torque prescriptions are
not valid at such radii. We therefore restrict our results to
r > rISCO þ 2M. The radius at which the torque changes
sign depends on the disc profile, and in Novikov–Thorne
discs, it also depends on the primary spin. Increasing spin
shifts the inversion radius inward toward the ISCO; for
a=M ¼ 0.9 no inversion occurs within the range of radii
shown (though one may appear at smaller separations).
We also explored whether Lindblad torques can be

approximated by power laws of the form TLR ¼
Aðrs=10MÞnr . Such parametrizations are valuable: given
the wide range of possible physical models for environmental
effects, it is unlikely that all physicallymotivated prescriptions
can be implemented in LISA data analysis pipelines. Power-
law fits provide a practical, model-agnostic description that
can later be mapped onto more detailed models [9]. In
Newtonian theory [48,50]

TNewt
LR ¼ c1MΣ

r
h2

; ð55Þ

with c1 a constant calibrated to simulations and dependent
on density and height gradients. For the Shakura-Sunyaev
profile (53)–(54), the inner-disc scaling (Σp ¼ −3=2) yields
TNewt:
LR ∝ r9=2.
To compare with this prediction, we fit our numerical

torques to power laws in two regimes: (i) all radii with
rs < 100M (left panel of Fig. 6), and (ii) the strong-field
region rs < 30M (right panel), where we used a sum of two
power-laws, TLR ¼ Aðrs=10MÞnAr þ Bðrs=10MÞnBr , to cap-
ture the transition across the torque sign change. Fit
parameters are listed in Table I.

For the Shakura–Sunyaev disc, neither fit reproduces the
Newtonian index 9=2 exactly, but the deviation is only at
the ∼1% level. In the strong-field case, the two-power-law
model does not perfectly capture the transition radius,
though less strongly than for Novikov–Thorne profiles. For
the latter, fitting over rs < 100M can underestimate the
strong-field torque by nearly an order of magnitude,
especially at low spin, with power-law indices differing
by ∼10–50% depending on fit domain. The fitted indices
also vary significantly with spin and are consistently
smaller than the Newtonian value. Restricting to the
strong-field region further reduces the index. For example,

FIG. 6. Left panel: relativistic Lindblad torque exerted on an equatorial, circular EMRI with radius rs embedded in different accretion
disc profiles. Distinct spin values correspond to different Novikov-Thorne discs, normalized as in Fig. 5 (the same normalization is
applied to the Shakura-Sunyaev profile). Dotted curves denote opposite sign values of TLR, where inner resonances dominate over outer
ones, driving outward migration (though the EMRI still inspirals, since GW emission dominates its evolution). Dashed lines show
power-law fits of the form TLR ¼ Aðr=10MÞnAr . Same as in the left panel, but restricted to numerical data in the strong-field regime
(rs < 30M). Here, the Lindblad torque is fitted with a superposition of two power laws, TLR ¼ Aðr=10MÞnAr þ Bðr=10MÞnBr , to attempt
capturing the transition between positive and negative TLR.

TABLE I. Coefficients of power-law fits TLR ¼ Aðr=10MÞnAr
(or TLR ¼ Aðr=10MÞnAr þ Bðr=10MÞnBr ) to the numerical data for
Lindblad torques shown in Fig. 6. Shak-Suny. denotes the
Shakura-Sunyaev model.

a=M Fit domain A½10−9� nAr −B½10−9� −nBr
0 All rs 2.33 3.57 - -

rs ≤ 30M 11.4 2.30 19.5 17.5

0.3 All rs 1.69 3.66 - -
rs ≤ 30M 6.35 2.61 0.383 16.7

0.6 All rs 1.16 3.77 - -
rs ≤ 30M 3.06 3.02 4.59E-4 18.4

0.9 All rs 0.721 3.92 - -
rs ≤ 30M 1.13 3.56 - -

Shak-Suny. All rs 0.176 4.39 - -
rs ≤ 30M 0.124 4.65 9.24E-5 18.17
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in Novikov–Thorne discs we obtain TLR ∝ r3.92 (r3.56) for
a=M ¼ 0.9 (a=M ¼ 0) when fitting all radii, and TLR ∝
r3.96 (r2.3) in the strong-field range.
Finally, we explored different values of viscosity and

accretion rate, which set the overall normalization of the
surface density and scale height. We found that modifying
the relation between Σ and h does not affect the rising
power-law dependence of the torques with r, but it can
slightly shift the radius at which the torque changes sign.
This shift, however, is only of order OðMÞ.

D. Consequences for GW astronomy

The natural follow-up question to the previous section is
how the relativistic enhancement of Lindblad torques in
accretion discs impacts LISA observations of EMRIs.
Building on earlier work, some qualitative conclusions
can already be drawn.
Using state-of-the-art circular, equatorial EMRI wave-

forms in a fully Bayesian LISA data analysis, Ref. [25]
showed that for a “golden” EMRI with M ¼ 106M⊙,
μ ¼ 50M⊙, a=M ¼ 0.9, initial separation r0 ≈ 15.5M,
and four years of observation beforemerger (at a sky location
yielding SNR ¼ 50), Newtonian Lindblad torques modeled
as TLR ¼ Arnr could be constrained with relative uncertain-
ties of∼15% on the amplitudeA and∼6% on the slope nr for
typical astrophysical disc configurations. Since relativistic
corrections systematically enhance Lindblad torques relative
to GW emission, we expect these constraints to improve,
allowing LISA to probe a broader range of disc models.
Importantly, the relative error on the slopenr is comparable

to the differences found in our strong-field power-law fits
(right panel of Fig. 6). Moreover, because the slope depends
on the spin of the central BH—measurable with exquisite
precision in EMRI observations (errors ∼10−5)—LISA
should be able to distinguish between relativistic Lindblad
torques arising from different disc configurations. More
quantitative conclusions require repeating the Bayesian
inference studies of Refs. [9,25] with relativistic torques
injected into the waveforms and recovered with power-law
models. We leave this investigation to future work.
A key caveat is the sign reversal of the Lindblad torque

as the EMRI inspirals. Reference [9] (albeit with less
accurate waveforms than Ref. [25]) found that for
Newtonian torques, the parameters A and nr are strongly
correlated. This arises because the environmental effect is
largest early in the inspiral, so GW observations are most
sensitive to the combination TLR ≈ Arnr0 . This assumption
holds provided there is only one stage of the inspiral where
the relative contribution of Lindblad torques peaks. In the
relativistic case, however, the situation is more subtle: the
torque can change sign and increase in magnitude near the
ISCO, so a single power-law may not suffice. To assess
this, Fig. 1 compares relativistic Lindblad torques with GW
torques (computed using few [82]) as a function of orbital
radius. For the golden EMRI described above, only in low-

spin Novikov–Thorne discs (a=M ¼ 0 and a=M ¼ 0.3) do
the negative Lindblad torques near plunge become
comparable (in relative magnitude) to those at the start
of the inspiral (rs ≳ 15M). For higher spins, we expect the
conclusions of Ref. [9] to hold, while at low spin the torque
evolution is more complex and may require inference with
multiple power laws. Observations and theory both suggest
that luminous AGNs are typically powered by rapidly
spinning SMBHs (a=M ≳ 0.7), though low-spin configu-
rations remain possible in scenarios dominated by chaotic
accretion or recent SMBH mergers [83,84].

V. DISCUSSION

We showed that relativistic corrections to Lindblad
torques exerted on EMRIs embedded in accretion discs
—both through modifications to the binary–disc interaction
and to the disc structure—can amplify the torque amplitude
by several orders of magnitude compared to Newtonian
predictions. Moreover, relativistic torques display a differ-
ent radial dependence, which itself varies with the primary
BH spin. Together with previous studies on the detect-
ability of accretion disc effects with LISA, our findings
suggest that EMRI observations could, in principle, accu-
rately measure disc properties and distinguish between
different disc configurations.
As one of the first investigations of relativistic Lindblad

torques on EMRIs—together with [57,58], to which our
model should be quantitatively compared in the future—
our work has some limitations.

A. Disc modeling

The torque model we adopted, following Hirata’s work,
assumes a pressureless disc. As we discussed, this
assumption leads to a divergence in the total torque. To
regularize it, we introduced a phenomenological cutoff
function inspired by Newtonian studies. However, a more
rigorous treatment of pressure effects in relativistic discs is
needed for more accurate predictions of disc torques. One
promising approach, explored in a simplified disc configu-
ration in [85]—is to adapt the methodology developed in
Ref. [30] for EMRIs in superradiant scalar clouds: first
reconstruct the perturbed spacetime metric from solutions
of the (sourced) Teukolsky equation, and then solve the
relativistic hydrodynamics equations (e.g., the Euler equa-
tion) for the disc in this background. This yields fluid
perturbations that encode Lindblad torques self-consis-
tently, and, at the same time, capture additional effects
absent from our treatment, such as accretion and coorbital
resonant torques near the secondary, which can compete
with Lindblad resonances.
We also assumed a stationary background disc model,

whereas real AGN discs are expected to be turbulent and
time-dependent. Strong turbulence could, in principle,
invalidate linear perturbation theory estimates; but, formilder
fluctuations, one can still capture the dominant physical
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effects [81]. In such cases, the main consequence would be
small biases in the inferred environmental parameters, rather
than the vacuum EMRI ones [86]. Developing a better
understanding of the regime of validity of linear estimates
across the parameter space will be necessary for robust
astrophysical inferences. Numerical simulation will play a
key role in that.
Another interesting scenario is to consider retrograde

discs, which although less favored astrophysically due to
spin-alignment mechanisms [59], can still form in AGNs
with episodes of chaotic accretion (i.e., with random matter
inflow directions), or after recent merger episodes [87]. In
these systems, EMRIs fall into two broad classes: (1) the
EMRI orbits prograde with respect to the MBH but
counterrotates relative to the disc; (2) the EMRI and disc
are corotating, while both are retrograde with respect to the
MBH spin. Case (1) is astrophysically disfavored for the
same reasons given to consider only prograde systems in
this work. The interaction with the disc as the EMRI
migrates inward from the nuclear cluster tends to align its
angular momentum with the disc. Moreover, Lindblad
torques are strongly suppressed in counter-rotating sys-
tems, since the resonance condition cannot be satisfied; the
interaction instead resembles gas dynamical friction, with a
wake trailing the EMRI [88]. In case (2), the local EMRI–
disc configuration is effectively prograde, and standard
Lindblad resonances operate, which can be treated within
Hirata’s framework. Disc torques are therefore expected to
be comparable in magnitude to those in prograde systems.

B. Orbital configurations

Our analysis was restricted to prograde, equatorial, circular
orbits. Disc interactions are expected to damp inclination and
drive circularization by the time the EMRI enters the LISA
band. Nonetheless, some residual eccentricity may survive
[63,64]. Newtonian studies have shown that eccentricity
enhances the detectability of disc effects with LISA [41].
Extending the relativistic analysis to eccentric orbits would
therefore be a natural next step. This is conceptually straight-
forward: the perturber’s motion (and the associated source
terms in the Teukolsky equation) can be decomposed into
harmonics of the fundamental frequencies of the eccentric
orbit, as done generically in Eqs. (28)–(29), and the disc
response and torque can then be computed mode-by-mode
and summed over harmonics. This has recently been explored
in the context of three-body resonances [89].

C. Corotation torques

In this work we ignored the interaction of the EMRI with
disc particles in its corotation region, which do not
contribute to Lindblad torques due to the pressure cutoff
effects discussed. However, they can still contribute to the
so called corotation torques, which arise from gas executing
horseshoe orbits in this region. They can be important when
the disc has strong vortensity and/or entropy gradients

across the horseshoe region, provided that viscosity and/or
thermal diffusion prevent saturation (i.e., phase mixing)
[90]. In AGN discs, turbulence driven by the magneto-
rotational instability is expected to provide efficient dif-
fusion to maintain an unsaturated corotation torque.
However, simulations also show that turbulence induces
stochastic fluctuations on timescales comparable to the
orbital period, which are much shorter than the libration
time of disc particles across the horseshoe region (typically
∼10–100 orbital periods). These fluctuations destroy phase
coherence and effectively smooth vortensity/entropy gra-
dients across the horseshoe region, weakening the net
corotation torque even when it remains formally unsatu-
rated [91,92]. This would make the magnitude of this effect
for EMRIs in AGN discs strongly model-dependent, and
thus we leave a detailed relativistic analysis of corotation
torques for future work.

D. Implications for LISA data analysis

Finally, a crucial direction for future work is to determine
how to incorporate environmental effects such as those
studied here into LISA data analysis pipelines. A system-
atic survey across the relevant parameter space and for a
range of disc models is needed to assess whether para-
metrized, agnostic waveform models can effectively cap-
ture the true physical signals. If the answer is positive, one
could then establish a mapping between the agnostic
waveforms and the physical models. Moreover, LISA is
expected to detect∼107 overlapping signals, which must be
extracted simultaneously through a global fit. An open
question is whether small deviations from vacuum GR,
including environmental effects, must be included directly
in the global fit, or whether they can instead be studied in
postprocessing using a catalog of sources obtained from
vacuum-only templates. Addressing this will require accu-
rate and physically well-motivated environmental models.

ACKNOWLEDGMENTS

We thank Abhishek Hegade K. R., Nicolás Yunes, and
Conor Dyson for fruitful discussions and for generously
sharing their results prior to publication. We also thank
Zachary Nasipak for his guidance in the use of the package
PYBHPT, which was essential for efficiently computing the
relativistic Lindblad torques. We thank Diogo Ribeiro for
valuable discussions on numerical implementations. We
thank Thomas Spieksma and Conor Dyson for carefully
reading the manuscript and providing valuable feedback.
We thank the anonymous referee for several insightful
comments that helped improve the quality of an early
version of the manuscript. R. V. gratefully acknowledges
the support of the Dutch Research Council (NWO) through
an Open Competition Domain Science-M grant, Project
Number OCENW.M.21.375. A. S. acknowledges support
from the STFC Consolidated Grant No. ST/V005596/1.
L. S. acknowledges support from the UKRI Horizon

EXTREME-MASS-RATIO INSPIRALS IN RELATIVISTIC … PHYS. REV. D 113, 084028 (2026)

084028-13



guarantee funding (Project No. EP/Y023706/1). L. S. is
also supported by a University of Nottingham Anne
McLaren Fellowship. L. S. would like to thank the
TAPIR group at Caltech for their kind hospitality during
the initial stages of this work.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

[1] N. Neumayer, A. Seth, and T. Boeker, Nuclear star clusters,
Astron. Astrophys. Rev. 28, 4 (2020).

[2] M. C. Miller and V. M. Lauburg, Mergers of stellar-mass
black holes in nuclear star clusters, Astrophys. J. 692, 917
(2009).

[3] M. A. Abramowicz and P. C. Fragile, Foundations of black
hole accretion disk theory, Living Rev. Relativity 16, 1
(2013).

[4] P. Gondolo and J. Silk, Dark matter annihilation at the
galactic center, Phys. Rev. Lett. 83, 1719 (1999).

[5] R. Brito, V. Cardoso, and P. Pani, Superradiance: New
frontiers in black hole physics, Lect. Notes Phys. 906, 1
(2015).

[6] L. Hui, Wave dark matter, Annu. Rev. Astron. Astrophys.
59, 247 (2021).

[7] B. Kocsis, N. Yunes, and A. Loeb, Observable signatures of
EMRI black hole binaries embedded in thin accretion disks,
Phys. Rev. D 84, 024032 (2011).

[8] E. Barausse, V. Cardoso, and P. Pani, Environmental effects
for gravitational-wave astrophysics, J. Phys. Conf. Ser. 610,
012044 (2015).

[9] L. Speri, A. Antonelli, L. Sberna, S. Babak, E. Barausse,
J. R. Gair, and M. L. Katz, Measuring accretion-disk effects
with gravitational waves from extreme mass ratio inspirals,
Phys. Rev. X 13, 021035 (2023).

[10] P. S. Cole, G. Bertone, A. Coogan, D. Gaggero, T. Karydas,
B. J. Kavanagh, T. F. M. Spieksma, and G. M. Tomaselli,
Distinguishing environmental effects on binary black hole
gravitational waveforms, Nat. Astron. 7, 943 (2023).

[11] Y. Chen et al. (NANOGrav Collaboration), Galaxy tomog-
raphy with the gravitational wave background from super-
massive black hole binaries, arXiv:2411.05906.

[12] M. Garg, A. Derdzinski, L. Zwick, P. R. Capelo, and L.
Mayer, The imprint of gas on gravitational waves from
LISA intermediate-mass black hole binaries Mon. Not. R.
Astron. Soc. 517, 1339 (2022).

[13] G. Caneva Santoro, S. Roy, R. Vicente, M. Haney, O. J.
Piccinni, W. Del Pozzo, and M. Martinez, First constraints
on compact binary environments from LIGO-Virgo data,
Phys. Rev. Lett. 132, 251401 (2024).

[14] S. Roy and R. Vicente, Compact binary coalescences in
dense gaseous environments can pose as ones in vacuum,
Phys. Rev. D 111, 084037 (2025).

[15] L. Zwick, J. Takátsy, P. Saini, K. Hendriks, J. Samsing, C.
Tiede, C. Rowan, and A. A. Trani, Environmental effects in
stellar mass gravitational wave sources I: Expected fraction
of signals with significant dephasing in the dynamical and
AGN channels, Astrophys. J. 991, 131 (2025).

[16] G. M. Tomaselli, Scattering of wave dark matter by super-
massive black holes, Phys. Rev. D 111, 063075 (2025).

[17] R. Chen, R. S. Chandramouli, F. Pozzoli, R. Buscicchio, and
E. Barausse, Muffled murmurs: Environmental effects in the
LISA stochastic signal from stellar-mass black hole bina-
ries, Phys. Rev. D 112, 084053 (2025).

[18] L. Zwick, A. Derdzinski, M. Garg, P. R. Capelo, and L.
Mayer, Dirty waveforms: Multiband harmonic content of
gas-embedded gravitational wave sources, Mon. Not. R.
Astron. Soc. 511, 6143 (2022).

[19] A. Derdzinski, D. D’Orazio, P. Duffell, Z. Haiman, and A.
MacFadyen, Evolution of gas disc–embedded intermediate
mass ratio inspirals in the LISA band, Mon. Not. R. Astron.
Soc. 501, 3540 (2021).

[20] J. S. Santos, V. Cardoso, J. Natário, and M. van de Meent,
Gravitational waves from b-EMRIs: Doppler shift and
beaming, resonant excitation, helicity oscillations and
self-lensing, Phys. Rev. Lett. 135, 211402 (2025).

[21] L. Hu, R.-G. Cai, and S.-J. Wang, Distinctive gwbs from
eccentric inspiraling SMBH binaries with a DM spike, J.
Cosmol. Astropart. Phys. 02 (2025) 067.

[22] E. Barausse, Relativistic dynamical friction in a collisional
fluid, Mon. Not. R. Astron. Soc. 382, 826 (2007).

[23] V. Cardoso, K. Destounis, F. Duque, R. P. Macedo, and A.
Maselli, Black holes in galaxies: Environmental impact on
gravitational-wave generation and propagation, Phys. Rev.
D 105, L061501 (2022).

[24] R. Vicente, T. K. Karydas, and G. Bertone, A fully relativ-
istic treatment of emris in collisionless environments, Phys.
Rev. Lett. 135, 211401 (2025).

[25] H. Khalvati, A. Santini, F. Duque, L. Speri, J. Gair, H. Yang,
and R. Brito, Impact of relativistic waveforms in LISA’s
science objectives with extreme-mass-ratio inspirals, Phys.
Rev. D 111, 082010 (2025).

[26] R. Brito and S. Shah, Extreme mass-ratio inspirals into
black holes surrounded by scalar clouds, Phys. Rev. D 108,
084019 (2023).

[27] V. Cardoso, K. Destounis, F. Duque, R. Panosso Macedo,
and A. Maselli, Gravitational waves from extreme-mass-
ratio systems in astrophysical environments, Phys. Rev.
Lett. 129, 241103 (2022).

[28] S. Datta, Probing horizon scale quantum effects with Love,
Classical Quantum Gravity 39, 225016 (2022).

[29] F. Duque, C. F. B. Macedo, R. Vicente, and V. Cardoso,
Axion weak leaks: Extreme mass-ratio inspirals in ultra-
light dark matter, Phys. Rev. Lett. 133, 121404 (2024).

[30] C. Dyson, T. F. Spieksma, R. Brito, M. van de Meent, and
S. Dolan, Environmental effects in extreme mass ratio

DUQUE, SBERNA, SPIERS, and VICENTE PHYS. REV. D 113, 084028 (2026)

084028-14

https://doi.org/10.1007/s00159-020-00125-0
https://doi.org/10.1088/0004-637X/692/1/917
https://doi.org/10.1088/0004-637X/692/1/917
https://doi.org/10.12942/lrr-2013-1
https://doi.org/10.12942/lrr-2013-1
https://doi.org/10.1103/PhysRevLett.83.1719
https://doi.org/10.1007/978-3-319-19000-6
https://doi.org/10.1007/978-3-319-19000-6
https://doi.org/10.1146/annurev-astro-120920-010024
https://doi.org/10.1146/annurev-astro-120920-010024
https://doi.org/10.1103/PhysRevD.84.024032
https://doi.org/10.1088/1742-6596/610/1/012044
https://doi.org/10.1088/1742-6596/610/1/012044
https://doi.org/10.1103/PhysRevX.13.021035
https://doi.org/10.1038/s41550-023-01990-2
https://arXiv.org/abs/2411.05906
https://doi.org/10.1093/mnras/stac2711
https://doi.org/10.1093/mnras/stac2711
https://doi.org/10.1103/PhysRevLett.132.251401
https://doi.org/10.1103/PhysRevD.111.084037
https://doi.org/10.3847/1538-4357/adf6b8
https://doi.org/10.1103/PhysRevD.111.063075
https://doi.org/10.1103/w61d-3jk5
https://doi.org/10.1093/mnras/stac299
https://doi.org/10.1093/mnras/stac299
https://doi.org/10.1093/mnras/staa3976
https://doi.org/10.1093/mnras/staa3976
https://doi.org/10.1103/qq3m-6phh
https://doi.org/10.1088/1475-7516/2025/02/067
https://doi.org/10.1088/1475-7516/2025/02/067
https://doi.org/10.1111/j.1365-2966.2007.12408.x
https://doi.org/10.1103/PhysRevD.105.L061501
https://doi.org/10.1103/PhysRevD.105.L061501
https://doi.org/10.1103/s4wh-x6c4
https://doi.org/10.1103/s4wh-x6c4
https://doi.org/10.1103/PhysRevD.111.082010
https://doi.org/10.1103/PhysRevD.111.082010
https://doi.org/10.1103/PhysRevD.108.084019
https://doi.org/10.1103/PhysRevD.108.084019
https://doi.org/10.1103/PhysRevLett.129.241103
https://doi.org/10.1103/PhysRevLett.129.241103
https://doi.org/10.1088/1361-6382/ac9ae4
https://doi.org/10.1103/PhysRevLett.133.121404


inspirals: Perturbations to the environment in Kerr, Phys.
Rev. Lett. 134, 211403 (2025).

[31] L. Polcar and V. Witzany, Towards relativistic inspirals into
black holes surrounded by matter, Phys. Rev. D 112, 104003
(2025).

[32] S. Xin and E. R. Most, Relativistic scalar dark matter drag
forces on a black hole binary, arXiv:2507.18934.

[33] Y. Guo, Z. Zhong, Y. Chen, V. Cardoso, T. Ikeda, and L.
Zhou, Ultralight boson ionization from comparable-mass
binary black holes, arXiv:2509.09643.

[34] J. C. Aurrekoetxea, J. Marsden, K. Clough, and P. G.
Ferreira, Self-interacting scalar dark matter around binary
black holes, Phys. Rev. D 110, 083011 (2024).

[35] S. Babak, J. Gair, A. Sesana, E. Barausse, C. F. Sopuerta,
C. P. L. Berry, E. Berti, P. Amaro-Seoane, A. Petiteau, and
A. Klein, Science with the space-based interferometer
LISA. V: Extreme mass-ratio inspirals, Phys. Rev. D 95,
103012 (2017).

[36] D. Mancieri, L. Broggi, M. Vinciguerra, A. Sesana, and M.
Bonetti, Eccentricity distribution of extreme mass ratio
inspirals, Phys. Rev. D 113, 043062 (2026).

[37] M. Colpi et al., LISA definition study report, arXiv:2402.
07571.

[38] Y. Gong, J. Luo, and B. Wang, Concepts and status of
Chinese space gravitational wave detection projects, Nat.
Astron. 5, 881 (2021).

[39] A. Pound and B. Wardell, Black hole perturbation theory
and gravitational self-force, Handbook of Gravitational
Wave Astronomy (Springer, Singapore, 2022).

[40] A. Pound and B. Wardell, Black hole perturbation theory
and gravitational self-force, in Handbook of Gravitational
Wave Astronomy (Springer, Singapore, 2022).

[41] F. Duque, S. Kejriwal, L. Sberna, L. Speri, and J. Gair,
Constraining accretion physics with gravitational waves
from eccentric extreme-mass-ratio inspirals, Phys. Rev. D
111, 084006 (2025).

[42] H. Sun, Y.-P. Li, Z. Pan, and H. Yang, Probing formation
channels of extreme mass-ratio inspirals, arXiv:2509.00469.

[43] A. Franchini,M.Bonetti, A. Lupi, G.Miniutti, E. Bortolas,M.
Giustini, M. Dotti, A. Sesana, R. Arcodia, and T. Ryu, Quasi-
periodic eruptions from impacts between the secondary and a
rigidly precessing accretion disc in an extreme mass-ratio
inspiral system, Astron. Astrophys. 675, A100 (2023).

[44] I. Linial and B. D. Metzger, EMRI þ TDE ¼ QPE:
Periodic X-ray flares from star–disk collisions in galactic
nuclei, Astrophys. J. 957, 34 (2023).

[45] J. Chakraborty et al., Prospects for EMRI/MBH parameter
estimation using quasi-periodic eruption timings: Short-
timescale analysis, Astrophys. J. 992, 120 (2025).

[46] P. Goldreich and S. Tremaine, Disk-satellite interactions,
Astrophys. J. 241, 425 (1980).

[47] P. Artymowicz, On the wave excitation and a generalized
torque formula for Lindblad resonances excited by external
potential, Astrophys. J. 419, 155 (1993).

[48] H. Tanaka, T. Takeuchi, andW. R. Ward, Three-dimensional
interaction between a planet and an isothermal gaseous disk.
I. Corotation and Lindblad torques and planet migration,
Astrophys. J. 565, 1257 (2002).

[49] H. Tanaka and W. R. Ward, Three-dimensional interaction
between a planet and an isothermal gaseous disk. II.

Eccentricity waves and bending waves, Astrophys. J.
602, 388 (2004).

[50] H. Tanaka and K. Okada, Three-dimensional interaction
between a planet and an isothermal gaseous disk. III.
Locally isothermal cases, Astrophys. J. 968, 28 (2024).

[51] C. W. Fairbairn and R. R. Rafikov, Eccentric planet-disc
interactions: Orbital migration and eccentricity evolution,
Mon. Not. R. Astron. Soc. 537, 1779 (2025).

[52] N. Yunes, B. Kocsis, A. Loeb, and Z. Haiman, Imprint of
accretion disk-induced migration on gravitational waves
from extreme mass ratio inspirals, Phys. Rev. Lett. 107,
171103 (2011).

[53] S. Kejriwal, L. Speri, and A. J. K. Chua, Impact of corre-
lations on the modeling and inference of beyond vacuum-
GR effects in extreme-mass-ratio inspirals, Phys. Rev. D
110, 084060 (2024).

[54] C. M. Hirata, Lindblad resonance torques in relativistic
discs: I. Basic equations, Mon. Not. R. Astron. Soc. 414,
3198 (2011).

[55] C. M. Hirata, Lindblad resonance torques in relativistic
discs: II. Computation of resonance strengths, Mon. Not.
R. Astron. Soc. 414, 3212 (2011).

[56] I. D. Novikov and J. B. Zeldovich, Physics of relativistic
collapse, in International Conference on Relativistic The-
ories of Gravitation (London, 1965), Vol. 1, Report
No. AD-629097, AD-628885.

[57] A. Hegade K. R., C. F. Gammie, and N. Yunes, A relativistic
treatment of accretion disk torques on extreme mass-ratio
inspirals around non-spinning black holes, Phys. Rev. D
112, 124012 (2025).

[58] A. Hegade K. R., C. F. Gammie, and N. Yunes, A relativistic
treatment of accretion disk torques on extreme mass ratio
inspirals around spinning black holes, Phys. Rev. D 112,
124068 (2025).

[59] J. M. Bardeen and J. A. Petterson, The lense-thirring effect
and accretion disks around Kerr black holes, Astrophys. J.
Lett. 195, L65 (1975).

[60] P. Natarajan and J. E. Pringle, The alignment of disk and
black hole spins in active galactic nuclei, Astrophys. J. Lett.
506, L97 (1998).

[61] K. Chatterjee, N. Kaaz, M. Liska, A. Tchekhovskoy, and S.
Markoff, Misaligned magnetized accretion flows onto spin-
ning black holes: Magneto-spin alignment, outflow power,
and intermittent jets, Phys. Rev. D 112, 063013 (2025).

[62] A. Lobban and A. King, AGN light echoes and the accretion
disc self-gravity limit, Mon. Not. R. Astron. Soc. 511, 1992
(2022).

[63] T. F. M. Spieksma and E. Cannizzaro, In the grip of the disk:
Dragging the companion through an AGN, Mon. Not. R.
Astron. Soc. 546, stag021 (2026).

[64] Y. Wang, Z. Zhu, and D. N. C. Lin, Stellar/BH population in
AGN discs: Direct binary formation from capture objects in
nuclei clusters, Mon. Not. R. Astron. Soc. 528, 4958 (2024).

[65] S. A. Teukolsky, Rotating black holes: Separable wave
equations for gravitational and electromagnetic perturba-
tions, Phys. Rev. Lett. 29, 1114 (1972).

[66] S. A. Teukolsky, Perturbations of a rotating black hole. 1.
Fundamental equations for gravitational electromagnetic
and neutrino field perturbations, Astrophys. J. 185, 635
(1973).

EXTREME-MASS-RATIO INSPIRALS IN RELATIVISTIC … PHYS. REV. D 113, 084028 (2026)

084028-15

https://doi.org/10.1103/PhysRevLett.134.211403
https://doi.org/10.1103/PhysRevLett.134.211403
https://doi.org/10.1103/79w6-s8sk
https://doi.org/10.1103/79w6-s8sk
https://arXiv.org/abs/2507.18934
https://arXiv.org/abs/2509.09643
https://doi.org/10.1103/PhysRevD.110.083011
https://doi.org/10.1103/PhysRevD.95.103012
https://doi.org/10.1103/PhysRevD.95.103012
https://doi.org/10.1103/vq2j-kbhs
https://arXiv.org/abs/2402.07571
https://arXiv.org/abs/2402.07571
https://doi.org/10.1038/s41550-021-01480-3
https://doi.org/10.1038/s41550-021-01480-3
https://doi.org/10.1103/PhysRevD.111.084006
https://doi.org/10.1103/PhysRevD.111.084006
https://arXiv.org/abs/2509.00469
https://doi.org/10.1051/0004-6361/202346565
https://doi.org/10.3847/1538-4357/acf65b
https://doi.org/10.3847/1538-4357/ae003b
https://doi.org/10.1086/158356
https://doi.org/10.1086/173469
https://doi.org/10.1086/324713
https://doi.org/10.1086/380992
https://doi.org/10.1086/380992
https://doi.org/10.3847/1538-4357/ad410d
https://doi.org/10.1093/mnras/staf117
https://doi.org/10.1103/PhysRevLett.107.171103
https://doi.org/10.1103/PhysRevLett.107.171103
https://doi.org/10.1103/PhysRevD.110.084060
https://doi.org/10.1103/PhysRevD.110.084060
https://doi.org/10.1111/j.1365-2966.2011.18617.x
https://doi.org/10.1111/j.1365-2966.2011.18617.x
https://doi.org/10.1111/j.1365-2966.2011.18619.x
https://doi.org/10.1111/j.1365-2966.2011.18619.x
https://doi.org/10.1103/9src-p7sp
https://doi.org/10.1103/9src-p7sp
https://doi.org/10.1103/g83s-jdld
https://doi.org/10.1103/g83s-jdld
https://doi.org/10.1086/181711
https://doi.org/10.1086/181711
https://doi.org/10.1086/311658
https://doi.org/10.1086/311658
https://doi.org/10.1103/hgj9-v4fk
https://doi.org/10.1093/mnras/stac155
https://doi.org/10.1093/mnras/stac155
https://doi.org/10.1093/mnras/stag021
https://doi.org/10.1093/mnras/stag021
https://doi.org/10.1093/mnras/stae321
https://doi.org/10.1103/PhysRevLett.29.1114
https://doi.org/10.1086/152444
https://doi.org/10.1086/152444


[67] R. P. Kerr, Gravitational field of a spinning mass as an
example of algebraically special metrics, Phys. Rev. Lett.
11, 237 (1963).

[68] S. Chandrasekhar, The Mathematical Theory of Black Holes
(Clarendon Press Oxford, 1992), reprint: 2009.

[69] S. A. Teukolsky and W. Press, Perturbations of a rotating
black hole. III-interaction of the hole with gravitational and
electromagnetic radiation, Astrophys. J. 193, 443 (1974).

[70] S. A. Hughes, N. Warburton, G. Khanna, A. J. K. Chua, and
M. L. Katz, Adiabatic waveforms for extreme mass-ratio
inspirals via multivoice decomposition in time and fre-
quency, Phys. Rev. D 103, 104014 (2021).

[71] M. Sasaki and H. Tagoshi, Analytic black hole perturbation
approach to gravitational radiation, Living Rev. Relativity 6,
6 (2003).

[72] Z. Nasipak, Metric reconstruction and the Hamiltonian for
eccentric, precessing binaries in the small-mass-ratio limit,
arXiv:2507.07746.

[73] https://github.com/FranciscoDuque/Relativistic-Lindblad-
Torques

[74] W. R. Ward, Protoplanet migration by nebula tides, Icarus
126, 261 (1997).

[75] D. Gangardt, A. A. Trani, C. Bonnerot, and D. Gerosa,
pAGN: The one-stop solution for AGN disc modeling, Mon.
Not. R. Astron. Soc. 530, 3689 (2024).

[76] P. Goldreich and S. Tremaine, The excitation of density
waves at the Lindblad and corotation resonances by an
external potential., Astrophys. J. 233, 857 (1979).

[77] I. D. Novikov and K. S. Thorne, Astrophysics and
black holes, in Astrophysics of Black Holes (1973),
pp. 343–550, https://ui.adsabs.harvard.edu/abs/1973blho
.conf..343N/abstract.

[78] N. I. Shakura and R. A. Sunyaev, Black holes in binary
systems. Observational appearance, Astron. Astrophys. 24,
337 (1973), https://ui.adsabs.harvard.edu/abs/1973A%26A.
...24..337S/abstract.

[79] W. J. Potter, A full relativistic thin disc—the physics of the
plunging region and the value of the stress at the ISCO,
Mon. Not. R. Astron. Soc. 503, 5025 (2021).

[80] J. A. García, A. C. Fabian, T. R. Kallman, T. Dauser, M. L.
Parker, J. E. McClintock, J. F. Steiner, and J. Wilms, High-
density effects in X-ray reflection models from accretion
disks, Mon. Not. R. Astron. Soc. 462, 751 (2016).

[81] Y. Wu, Y.-X. Chen, and D. N. C. Lin, Chaotic type I
migration in turbulent discs, Mon. Not. R. Astron. Soc.
528, L127 (2023).

[82] C. E. A. Chapman-Bird et al., The fast and the frame-
dragging: Efficient waveforms for asymmetric-mass eccen-
tric equatorial inspirals into rapidly spinning black holes,
Phys. Rev. D 112, 104023 (2025).

[83] E. Berti and M. Volonteri, Cosmological black hole spin
evolution by mergers and accretion, Astrophys. J. 684, 822
(2008).

[84] A. R. King, J. E. Pringle, and J. A. Hofmann, The evolution
of black hole mass and spin in active galactic nuclei, Mon.
Not. R. Astron. Soc. 385, 1621 (2008).

[85] C. Dyson and D. J. D’Orazio, Spiral density waves and
torque balance in the Kerr geometry, arXiv:2601.19123.

[86] L. Copparoni, E. Barausse, L. Speri, L. Sberna, and A.
Derdzinski, Implications of stochastic gas torques for
asymmetric binaries in the LISA band, Phys. Rev. D 111,
104079 (2025).

[87] P. F. Hopkins and E. Quataert, An analytic model of angular
momentum transport by gravitational torques: From gal-
axies to massive black holes, Mon. Not. R. Astron. Soc. 415,
1027 (2011).

[88] F. J. Sánchez-Salcedo, R. O. Chametla, and A. Santillán,
Torques on low-mass bodies in retrograde orbit in gaseous
disks, Astrophys. J. 860, 129 (2018).

[89] M. Silva, H. G. Blake-Goszyk, and C. M. Hirata, Resonant
interactions from dynamical perturbers on generic orbits
around an extreme mass ratio inspiral, Phys. Rev. D 112,
084012 (2025).

[90] S.-J. Paardekooper, C. Baruteau, and W. Kley, A torque
formula for non-isothermal type I planetary migration—II.
Effects of diffusion, Mon. Not. R. Astron. Soc. 410, 293
(2011).

[91] R. P. Nelson and J. C. B. Papaloizou, The interaction of
giant planets with a disc with MHD turbulence—IV.
Migration rates of embedded protoplanets, Mon. Not. R.
Astron. Soc. 350, 849 (2004).

[92] C. Baruteau, S. Fromang, R. P. Nelson, and F. Masset,
Corotation torques experienced by planets embedded in
weakly magnetized turbulent discs, Astron. Astrophys. 533,
A84 (2011).

DUQUE, SBERNA, SPIERS, and VICENTE PHYS. REV. D 113, 084028 (2026)

084028-16

https://doi.org/10.1103/PhysRevLett.11.237
https://doi.org/10.1103/PhysRevLett.11.237
https://doi.org/10.1086/153180
https://doi.org/10.1103/PhysRevD.103.104014
https://doi.org/10.12942/lrr-2003-6
https://doi.org/10.12942/lrr-2003-6
https://arXiv.org/abs/2507.07746
https://github.com/FranciscoDuque/Relativistic-Lindblad-Torques
https://github.com/FranciscoDuque/Relativistic-Lindblad-Torques
https://github.com/FranciscoDuque/Relativistic-Lindblad-Torques
https://doi.org/10.1006/icar.1996.5647
https://doi.org/10.1006/icar.1996.5647
https://doi.org/10.1093/mnras/stae1117
https://doi.org/10.1093/mnras/stae1117
https://doi.org/10.1086/157448
https://ui.adsabs.harvard.edu/abs/1973blho.conf..343N/abstract
https://ui.adsabs.harvard.edu/abs/1973blho.conf..343N/abstract
https://ui.adsabs.harvard.edu/abs/1973blho.conf..343N/abstract
https://ui.adsabs.harvard.edu/abs/1973blho.conf..343N/abstract
https://ui.adsabs.harvard.edu/abs/1973blho.conf..343N/abstract
https://ui.adsabs.harvard.edu/abs/1973blho.conf..343N/abstract
https://ui.adsabs.harvard.edu/abs/1973blho.conf..343N/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://doi.org/10.1093/mnras/stab636
https://doi.org/10.1093/mnras/stw1696
https://doi.org/10.1093/mnrasl/slad183
https://doi.org/10.1093/mnrasl/slad183
https://doi.org/10.1103/scbp-75pf
https://doi.org/10.1086/590379
https://doi.org/10.1086/590379
https://doi.org/10.1111/j.1365-2966.2008.12943.x
https://doi.org/10.1111/j.1365-2966.2008.12943.x
https://arXiv.org/abs/2601.19123
https://doi.org/10.1103/PhysRevD.111.104079
https://doi.org/10.1103/PhysRevD.111.104079
https://doi.org/10.1111/j.1365-2966.2011.18542.x
https://doi.org/10.1111/j.1365-2966.2011.18542.x
https://doi.org/10.3847/1538-4357/aac494
https://doi.org/10.1103/cfmw-qfmy
https://doi.org/10.1103/cfmw-qfmy
https://doi.org/10.1111/j.1365-2966.2010.17442.x
https://doi.org/10.1111/j.1365-2966.2010.17442.x
https://doi.org/10.1111/j.1365-2966.2004.07406.x
https://doi.org/10.1111/j.1365-2966.2004.07406.x
https://doi.org/10.1051/0004-6361/201117227
https://doi.org/10.1051/0004-6361/201117227

	Extreme-mass-ratio inspirals in relativistic accretion discs
	I. INTRODUCTION
	II. EXECUTIVE SUMMARY
	III. RELATIVISTIC LINDBLAD TORQUES IN PRESSURELESS 2D DISCS
	A. Location of the resonances
	B. Mode by mode torque amplitudes
	1. Definitions: The Kerr metric, circular geodesics, and Teukolsky formalism
	2. Relativistic Lindblad torques formalism
	3. Results


	IV. RELATIVISTIC LINDBLAD TORQUES WITH PRESSURE CORRECTIONS
	A. Pressure cutoff
	B. Disc models
	1. Shakura-Sunyaev
	2. Novikov-Thorne

	C. Results on total torques
	D. Consequences for GW astronomy

	V. DISCUSSION
	A. Disc modeling
	B. Orbital configurations
	C. Corotation torques
	D. Implications for LISA data analysis

	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


