
Scattering off Chamblin-Reall branes

Dongsheng Ge 1,2 and Christopher P. Herzog3
1Yau Mathematical Sciences Center, Tsinghua University, Beijing 100084, China

2Department of Physics, The University of Osaka, Machikaneyama-Cho 1-1, Toyonaka 560-0043, Japan
3Department of Mathematics, King’s College London, The Strand WC2R 2LS, England

(Received 26 June 2026; accepted 21 August 2026; published 25 September 2026)

We study the linearized scattering of dilaton-graviton waves from a thin brane in three-dimensional
spacetime. Holographically, the setup models scattering from an interface in a family of strongly coupled
theories related to dimensional reductions of higher ðdþ 2Þ-dimensional anti-de Sitter (AdSdþ2) gravity.
Unlike the pure AdS3 case, for d > 1 the physical bulk mode allows incident radiation to be redistributed
into reflected, transmitted, and evanescent components. For the d ¼ 2 background, we obtain a controlled
solution in which the interface acts like a rough translucent window, producing diffuse angular scattering
and absorption into surface modes. From the dual perspective, the scattering process is suggestive of
dissipative flow toward the infrared. For d ¼ 4, the same analysis reveals a sensitivity to the infrared
boundary condition, suggesting that the singular zero-temperature geometry must be regulated in order to
have a well-defined scattering process. The structure of the equations nevertheless suggests that a regulated
d ¼ 4 problem may exhibit the same qualitative redistribution of incident flux.
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I. INTRODUCTION

Scattering from interfaces is one of the simplest dynami-
cal probes of a defect quantum field theory. In
two-dimensional conformal field theories, reflection and
transmission coefficients are constrained by stress-tensor
two-point functions [1,2], and the same process has a
holographic realization in which gravitational perturbations
scatter from a thin brane in three-dimensional anti-de Sitter
(AdS3) spacetime [3]. Motivated by this example, we ask
how the scattering problem changes when the bulk dual is
no longer pure three-dimensional gravity but includes a
propagating scalar degree of freedom.
Interfaces and defects are especially well understood in

two-dimensional conformal field theory, where conformal
symmetry and, in some examples, integrability give power-
ful constraints on scattering and transport (see e.g. [4–6]).
Much less is known once conformal symmetry is broken, or
when one asks for higher-dimensional analogs. Holography
provides a tractable setting in which such questions can be
reformulated as classical gravitational scattering problems.
Our goal here is to construct one such problem in a simple
deformation of the AdS3 thin brane setup.1

In particular, we study this question in three-dimensional
Chamblin-Reall (CR) dilaton gravity [9]. The model is a
deformation of the AdS3 thin brane setup: one adds a dilaton
with an exponential potential, and constructs a thin brane
separating two Chamblin-Reall regions with different length
scales. These backgrounds are useful because they can also be
obtained by dimensional reduction of pure gravity with
negative cosmological constant from AdSdþ2 [9]. Thus the
samecalculation admits twocomplementary interpretations: as
scattering in a nonconformal 1þ 1-dimensional holographic
model with hyperscaling violation [10], or as a reduced
description of a higher-dimensional conformal problem.
The key difference from the pureAdS3 case is the spectrum

of linearized fluctuations. Pure three-dimensional gravity has
no propagating gravitons; the modes scattered in the AdS3
interface problem are boundary-graviton-like gauge modes
whose near boundary behavior changes the boundary stress
tensor. In the Chamblin-Reall model, by contrast, the linear-
ized spectrum contains a physical mixed dilaton-graviton
wave. Scattering this mode from the brane produces a richer
optical problem, with reflected and transmitted radiation,
angular redistribution, and evanescent surface modes.2

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1See [7,8] for different nonconformal deformations. 2Few works in general relativity refer explicitly to evanescent
gravitational waves. Reference [11] explores their effect on test
masses and their relevance for subwavelength gravitational wave
sources. The graviton bound state on a Randall-Sundrum–brane
[12,13] is arguably another example of an evanescent gravita-
tional wave although this terminology is not standard in that
context.
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The universality discussed in [2] relies on the Virasoro
constraints of two-dimensional conformal field theories
(with qualifications when extended symmetries are
present). Those assumptions do not apply to the dimen-
sionally reduced Chamblin-Reall theory considered here:
the reduced theory is nonconformal, and its three-dimen-
sional bulk dual contains the physical propagating mixed
dilaton–graviton mode just described. Consequently, an
incident state can populate a continuum of bulk propaga-
tion angles as well as evanescent channels, rather than
being characterized only by the state-independent reflec-
tion and transmission coefficients of the two-dimensional
conformal field theory (CFT) setting.
Our main result, presented in Sec. IV, is an analysis of the

scattering problem for the d ¼ 2 and d ¼ 4Chamblin-Reall
backgrounds (which have uplifts to AdS4 and AdS6,
respectively). For d ¼ 2, the scattering problem admits a
clean optical interpretation: an incident dilaton-graviton
wave is redistributed into reflected, transmitted, and evan-
escent components. Rather than producing only specular
reflection and direct transmission, the brane emits reflected
and transmitted radiation over a range of angles that we
determine explicitly. From the dual perspective, the scatter-
ing transfers support from modes localized near a fixed RG
scale into modes propagating toward the infrared, sug-
gesting a form of dissipative relaxation. For d ¼ 4, the
same formalism exposes a sensitivity to the IR boundary
condition, suggesting that the zero-temperature Chamblin-
Reall singularity must be regulated before the scattering
problem is fully well defined. The structure of the equations
nevertheless suggests that a regulated d ¼ 4 problem should
exhibit the same qualitative redistribution of incident flux.
There are two important limitations to our analysis. The

Chamblin-Reall spacetimes have curvature singularities.
While these singularities are of a “good kind” and can be
screened by black hole event horizons (or dually by
introducing a nonzero temperature to the field theory)
[14], our analysis in this work is at zero temperature.
Despite the presence of these singularities, there has been a
great deal written about these geometries in the applied
AdS/CFT community over the years (for a sampling of the
literature, see e.g. [15–21]). Next, because the calculation is
performed in a three-dimensional reduced geometry, the
scattering angle is an angle in the ρx plane rather than an
incidence angle along independent field-theory spatial
directions. A higher-dimensional uplift would be needed
to study more general field-theory kinematics.
An outline of the paper is as follows. In Sec. II, we

review the Chamblin-Reall geometries in three-dimen-
sional dilaton gravity and their uplifts to AdSdþ2. We
further construct thin branes that separate two such geom-
etries characterized by different length scales l. In Sec. III,
fixing a radial gauge, we completely characterize the
linearized fluctuations about these geometries. There is a
dilaton-graviton wave in addition to three residual gauge

transformations that preserve the radial gauge choice. We
also write down an effective action for the dilaton-graviton
waves and from it construct a conserved flux. Finally in
Sec. IV, we solve the Israel junction condition and other
continuity conditions across the thin brane in order to
characterize the scattering of dilaton-graviton waves off of
the thin brane at linearized order. Appendixes provide some
supporting details for the calculation in the main body of
the paper. Appendix A provides a one-variable effective
action for the brane angle. This effective action allows us to
deduce a stability condition that is useful for cutting down
the physical parameter space of our scattering process.
Appendix B provides a formalized way of carrying out
linearized perturbation theory on the Israel junction con-
dition. Appendix C records the embedding-function sol-
utions induced by the dilaton-graviton waves. Appendix D
lists the roots of a cubic equation important in character-
izing solutions for the d ¼ 4 case.

II. REVIEW OF CR GEOMETRY

Domain walls in the geometries we consider were
studied in detail by Chamblin and Reall [9] over two
decades ago. There are, however, important differences in
aims and approach. While their solutions exist for general
spacetime dimension D, here we fix D ¼ 3 to keep the
scattering calculation to come manageable. Their interest
was in modeling time-dependent cosmologies through
placing moving domain walls in static backgrounds.
They further assume a reflection symmetry of the bulk
spacetime about the domain wall. Our setup instead
generalizes the static domain walls of Ref. [3] to theories
with an additional dilaton. These static domain walls glue
two different spacetimes together and are the targets from
which the dilaton-graviton waves of Sec. III scatter.
Before getting to the domain walls, we spend some time

reviewing the spacetime in the absence of a domain wall
but in the presence of a black-brane horizon, which
introduces a nonzero temperature to the dual field theory.
Although the scattering calculation below uses the zero-
temperature geometry, the nonzero temperature solution is
useful for two reasons. First, it explicates the parameter d,
connecting the range of d to the range of black-brane
solutions with positive specific heat and also to the uplifted
AdSdþ2 spacetimes. Second, it allows us to argue that the
singularities in these geometries are of a “good kind” that
can be shielded by a horizon.
The starting point for both us and Ref. [9] is a three-

dimensional Einstein-Hilbert plus dilaton action with an
exponential potential for the dilaton,

Sbulk ¼
1

2κ2

Z
d3x

ffiffiffiffiffiffi
−g

p �
R −

1

2
ð∂ϕÞ2 − 1

l2
V0eγϕ

�
: ð1Þ

We will see below the thermodynamically stable range is
0 < γ <

ffiffiffi
2

p
with γ ¼ 0 understood as the AdS3 limit and
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the endpoint γ ¼ ffiffiffi
2

p
corresponding to taking d → ∞. The

quantity l sets a length scale, and κ sets the gravitational
coupling strength.
While we ultimately will use geometries without a black-

brane horizon, to get a better sense of the physics governing
these systems, we start by looking for solutions with a
horizon,

ds2 ¼ e2AðrÞð−fðrÞdt2 þ dx2Þ þ e2BðrÞ
l2dr2

fðrÞ : ð2Þ

The horizon by construction sits at r ¼ r0 such that
fðr0Þ ¼ 0. In our conventions, r and ϕ are dimensionless
but t and x have dimensions of length. Making the gauge
choice ϕðrÞ ¼ r, there are solutions of the form

AðrÞ ¼ −
r
γ
; BðrÞ ¼ −

γr
2
; V0 ¼

1

2
−

2

γ2
; ð3Þ

fðrÞ ¼ 1 − eð
2
γ−

γ
2
Þðr−r0Þ: ð4Þ

Provided 0 < γ < 2, the horizon can be removed by taking
r0 → ∞. This behavior of the horizon suggests r → ∞ is
the interior of the geometry and r → −∞ is the boundary.
In the special case γ ¼ ffiffiffi

2
p

, the warp factors A and B
become identical. Without the black-brane horizon, there is
a naked curvature singularity in the Ricci scalar, R ∼ erγ, in
the limit r → ∞.
Let us explore the thermodynamics of this black-brane

solution in more detail. Using the standard trick that in the
Wick rotated version of this spacetime t ¼ −iτ, the horizon
r ¼ r0 should be a smooth point in the geometry, perio-
dicity in Euclidean time τ reveals the Hawking temperature
to be

T ¼ 1

β
¼ ð4 − γ2Þ

8πγl
e−r0ð

1
γ−

γ
2
Þ: ð5Þ

The entropy should go as the horizon area, and so the
entropy density scales as

s ∼ eAðr0Þ ¼ e−r0=γ ∼ T
2

2−γ2 : ð6Þ

Positive specific heat of the geometry thus requires γ <
ffiffiffi
2

p
,

which is the thermodynamically stable range we will use
below. That the presence of any slightly nonzero temper-
ature introduces a horizon which shields the singularity
makes these singularities “good” in the sense of Ref. [14].
In the language of AdS/CFT, we can attach these

thermodynamic quantities to a dual field theory living at
the boundary of the spacetime. Or alternatively, we could
try to work on a stretched horizon close to the actual event
horizon. In either case, compactifying the x coordinate,
there is an associated spatial volume V (really just a length)

we can associate with the geometry, and a total entropy
S ¼ sV. Using the thermodynamic relation between the
entropy and the Helmholtz free energy S ¼ − ∂F

∂T, F should
scale as

F ¼ −
2 − γ2

4 − γ2
ST ∼ T

4−γ2

2−γ2 : ð7Þ

Note the free energy is directly a product of the pressure
and the volume F ¼ −pV in the thermodynamic limit
where we work. By definition ϵþ p ¼ sT. Thus the energy
density is ϵ ¼ 2

4−γ2 sT. The speed of sound squared is

c2s ¼
∂p
∂ϵ

¼ 1 −
γ2

2
; ð8Þ

which is greater than zero given the bound γ <
ffiffiffi
2

p
.

There is a strong connection between these Chamblin-
Reall spacetimes and AdSdþ2 geometries. As noted by
Chamblin and Reall [9], the dilaton geometries can be
obtained by compactifying a pure (dþ 2)-dimensional
gravity action with negative cosmological constant along
a (d − 1)-dimensional torus. We can deduce the relation
between d and our parameters in the following way.
From an AdS/CFT standpoint, a black-brane geometry
in AdSdþ2 should have a dual description as a thermal
(dþ 1)-dimensional conformal field theory. In that context,
the speed of sound is restricted by the tracelessness of the
stress tensor to always be c2s ¼ 1

d. (We distinguish the
dimension of the spacetime geometry D ¼ 3 from the
parameter d which characterizes the dimension of the
higher-dimensional conformal field theory before torus
reduction.)
In what follows, it is convenient to parametrize our

solutions by d instead of γ or cs:

γ ¼
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − c2s

q
; c2s ¼

1

d
: ð9Þ

There are two special limits. The first is d → 1 in which we
recover pure three-dimensional gravity with no dilaton and
a negative cosmological constant. Another special limit is
d → ∞, where we recover the upper bound γ ¼ ffiffiffi

2
p

. In this
second case, the zero temperature metric becomes con-
formally flat in the gauge where the dilaton is linear in r.
The d ¼ 1 case was the original inspiration for this
study [3]. We do not consider the d → ∞ limit further
here [21,22]. In later Sections we focus on d ¼ 2 and
d ¼ 4, where there should be a relation between the results
we obtain and uplifted solutions for AdS4 and AdS6 which
in turn should have dual descriptions in terms of three-
dimensional or five-dimensional conformal field theories.
The reason for the specialization to d ¼ 2 and 4 is a special
simplification that happens for fluctuations around these
two spacetimes, as we will see later.
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Having introduced the black brane through the function
fðrÞ in order to understand the physics of our setup more
deeply, we now discard it. We will work with a solution
with fðrÞ ¼ 1, safe in the knowledge that the singularity at
r → ∞ can be screened with a small temperature and that
there is a sense in which what we find should be related to
similar problems in AdSdþ2 geometries. In what comes
next, we design an interface geometry and study fluctua-
tions inside of it. The interface will be simplest to construct
using coordinates that make manifest the geometry is
conformally flat. Also, as the fluctuations travel along
lightlike geodesics, their description will be simpler with
such coordinates.
To make things conformally flat, we must give up the

gauge where ϕ ¼ r,

dρ ¼ eB−Aldr ⇒ ρ ¼ lγd exp

�
r
γd

�
: ð10Þ

In this coordinate system, the conformally flat line element
and dilaton are

ds2 ¼
�
γld
ρ

�
2d
ð−dt2 þ dx2 þ dρ2Þ; ð11Þ

ϕðρÞ ¼ γd log

�
ρ

lγd

�
: ð12Þ

Unfortunately, the solution in this form makes the d → 1
limit obscure. To recover it, one must simultaneously send
l → ∞ and γ → 0 while keeping γl fixed. With this
procedure implemented, the dilaton vanishes, and we
recover AdS3 in the Poincaré patch, as expected. To make
the d → 1 limit more straightforward, and also to make the
notation more compact, we redefine the length scale at this
point

l≡ lγd: ð13Þ

We use l only in the intermediate black-brane parametriza-
tion and use l throughout the rest of this work. With
this definition, the conformal factor remains finite in the
d → 1 limit.

A. The interface

Our interfaces sit at a fixed angle in the ρx plane and are
designed to separate metrics with different values of l,
lR ≠ lL. To construct these interfaces, we add a thin brane
with the two-dimensional action

Sbrane ¼
1

2κ2

Z
I
d2x

ffiffiffiffiffiffi
−h

p
ð2ðKR − KLÞ þ μeαϕÞ; ð14Þ

where μ is a scale governing the strength of the dilaton-
dependent brane tension and α is a dimensionless number

fixing its growth with ϕ. KR and KL are the traces of the
extrinsic curvature on either side. The induced metric on
the brane is hab. To make the notation more compact, we
use a bracket to indicate the difference between the right
and left sides of the interface in what follows:

½X�≡ XR − XL: ð15Þ

There are several matching conditions. The first two are
continuity of the metric and the dilaton, ϕL ¼ ϕR and
ðhLÞab ¼ ðhRÞab, at the interface. More precisely, continu-
ity of the metric means that the brane metrics ðhR=LÞab
induced from the bulk metrics on the right- and left-hand
sides agree. The second two matching conditions are
imposed by having a good variational principle for the
classical action. On the metric, we have the Israel junction
condition, and on the dilaton, a jump condition on the
normal derivative. Assembled, the four matching condi-
tions, written with the bracket notation, are

½hab� ¼ 0; ½ϕ� ¼ 0; ð16Þ

½Kab − habK� ¼
μ

2
eαϕhab; ½∂nϕ� ¼ μαeαϕ: ð17Þ

The unit normals nμL=R are defined with a sign convention to
be compatible with these difference relations.
Our interface sits at a constant angle in the xρ plane,

beginning at ðx; ρÞ ¼ ð0; 0Þ and stretching into the positive
ρ direction (see Fig. 1). We pass from the ðt; x; ρÞ
coordinate system to the polar coordinates σ2 ¼ ρ2 þ x2

and tan θL ¼ x
ρ ¼ − tan θR. The conventions, where the

FIG. 1. Basic scattering setup. The red arrow represents the
incident wave on the left and its directly transmitted continuation
on the right, while the blue arrow represents the reflected wave.
The thick black lines form the boundary of the spacetime, and the
thin black line extending into the bulk is the interface. The
interface is spanned by ðt; σÞ, where σ measures distance from its
endpoint, and is oriented at fixed angles θL and θR relative to the
spacetime boundary in the left and right ðx; ρÞ coordinate patches.
The angles αI , αR, and αT specify the incident, reflected, and
transmitted directions, respectively.
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angle measures the deviation of the interface from the ρ
direction, are consistent with Ref. [3]. Positive θR and θL
correspond to opening angles greater than 90 degrees.
Continuity already strongly constrains the interface

geometry. The dilaton and metric depend only on the
radial coordinate through the combination ρ=l. Along the
brane in polar coordinates, we are led to compare
ρ=l ¼ ðσ=lÞ cos θ. The dilaton for example becomes

ϕ ¼ γd log

�
σ cos θ

l

�
: ð18Þ

Continuity of the dilaton (and also the metric) then implies

cos θL
lL

¼ cos θR
lR

≡ 1

lB
; ð19Þ

where we have introduced a common brane length scale lB.
To satisfy the remainder of the conditions—Israel junction
and dilaton jump—we tune the dilaton-dependent brane
tension such that

α ¼ γ

2
; μ ¼ 2d

lB
ðtan θR þ tan θLÞ: ð20Þ

The value of α is fixed by requiring that the equations scale
homogeneously as a power of σ.3 Positive tension requires
m≡ tan θR þ tan θL > 0. In Appendix A, we describe an
additional stability criterion, which further restricts the
useful region of parameter space.
It is useful to record one consistency check on the

matching problem. The metric continuity and Israel equa-
tions appear to give DðD − 1Þ conditions, and the dilaton
adds two more. However, not all of these conditions are
independent. The tangential divergence of the Israel equa-
tion is fixed by the mixed normal-tangential Einstein
equation Gna and gives the momentum-balance equation
for the interface stress tensor. In the present scalar system
this balance equation follows from dilaton continuity
together with the jump condition for ∂nϕ. Thus the junction
conditions should not be viewed as an arbitrary over-
determined set of equations; their tangential divergence is
constrained by the bulk equations of motion.
To see why the divergence of the Israel condition is a

constraint on the conditions, recall that in an ADM
decomposition of the metric the Gan portion of the
Einstein equations can be written in the form

∇b½Kba − hbaK� ¼ ½Tna�: ð21Þ
The Israel condition on the other hand implies

∇b½Kba − hbaK� ¼ ∇b μ

2
eαϕhba; ð22Þ

which in turn tells us that

½Tna� ¼ ∇b μ

2
eαϕhba: ð23Þ

This μ
2
eαϕhab is really the interface stress tensor. This last

condition is nothing but momentum conservation: the
divergence of the interface stress tensor is accounted for
by momentum leakage into the bulk. In this particular case,
one can check the last statement by inserting the specific
bulk form for the stress tensor Tna ∼ ð∂nϕÞð∂aϕÞ and
observing that this momentum balance constraint follows
from dilaton continuity and the dilaton jump condition.

III. DILATON-GRAVITON WAVES IN CR
GEOMETRY

The result of this Section is that radial gauge leaves three
residual gauge modes and one physical propagating mode.
The residual gauge modes are needed later to satisfy the
interface matching conditions near ρ ¼ 0, while the physi-
cal mode is the dilaton-graviton wave whose flux is
scattered by the brane. More precisely, our radial gauge
choice sets δgρμ ¼ 0, and the three residual gauge trans-
formations preserve this condition. These four classes of
solution can be viewed as small perturbations around the
conformally flat metric (11) and dilaton solution (12)
found above.
A direct approach is to expand Einstein’s equations and

the equation of motion for the dilaton to first order in the
fluctuations and solve them. To understand the physical
meaning of the four resulting classes ofmodes, however, it is
more illuminating to investigate the residual gauge solutions
directly and then to establish, via a quadratic action, a
physical flux associated with the dilaton-graviton waves.

A. Solving the equations of motion

Fixing radial gauge δgμρ ¼ 0 and given translational
invariance in the x and t direction, we look for plane wave
solutions of the form δϕ ¼ e−iωtþikxφðρÞ, δgtt ¼
ðgþðρÞ þ g−ðρÞÞe−iωtþikx, δgxx¼ðgþðρÞ−g−ðρÞÞe−iωtþikx,
and δgxt ¼ g2ðρÞe−iωtþikx. In this notation, g− is the trace
degree of freedom of the metric. For those wishing to skip
ahead, a quick summary is given by the solutions (31), (33),
(36), and (37) for the fluctuations g2, gþ, φ, and g−,
respectively. The constants c2, cþ, and c1 multiply residual
gauge transformations while c multiplies the physical
dilaton-graviton wave.
In more detail, the linearized equations of motion about

the background have the form

EOMφ ¼ ρd
�
φ0

ρd

�0
−
γd
ρ

��
ρ

l

�
2d
g−

�0

þ
�
ω2 − k2 þ 2ðd2 − 1Þ

ρ2

�
φ; ð24Þ3The choice of α also guarantees the uplifted-brane in AdSdþ2

has constant tension.
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EOMtt ¼
i

ωρd
ðρdEOMtρÞ0 −

k
ω
EOMtx; ð25Þ

EOMtx ¼
1

2ρ2
ðρ2g002 þ 3dρg02 þ γ2d2g2Þ; ð26Þ

EOMtρ¼
iω
2

�
1

ρ2d

�
ρ2d

�
g−−gþ−

k
ω
g2

��0
−
γd
ρ

�
l
ρ

�
2d
φ

�
;

ð27Þ

EOMxx ¼ −
i

ωρd
ðρdEOMtρÞ0 þ

k
ω
EOMtx

þ 1

ρ2
ðρ2g00þ þ 3dρg0þ þ γ2d2gþÞ; ð28Þ

EOMxρ ¼ −
ik
2

�
1

ρ2d

�
ρ2d

�
g− þ gþ þ ω

k
g2

��0

−
γd
ρ

�
l
ρ

�
2d
φ

�
; ð29Þ

EOMρρ ¼ −
d
ρ
g0− þ γd

2

�
l2d

ρ2dþ1

�
φ0 þ 1

2

�
ω2 − k2 −

4d2

ρ2

�
g−

þ γdðdþ 1Þ
2

l2d

ρ2dþ2
φ − ωkg2 −

1

2
ðω2 þ k2Þgþ:

ð30Þ

Each of these expressions must vanish, and 0 indicates ∂ρ.
The tx equation fixes the off-diagonal metric component. A
particular linear combination of the tρ and xρ equations

then fixes gþ. The remaining coupled scalar-trace sector
gives the physical dilaton-graviton waves.
The EOMtx equation can immediately be solved to give

g2 ¼ c2ðω2 − k2Þρ−2d þ 2ωkc1ρ−dþ1; ð31Þ

where c1 and c2 are integration constants that we will see in
the next Subsection control the amplitude of residual gauge
transformations. We have included ω- and k-dependent
factors to simplify subsequent expressions. Note that

EOMk ≡ kEOMtρ þ ωEOMxρ

¼ 1

iρ2d

�
ρ2d

�
kωgþ þ 1

2
ðω2 þ k2Þg2

��0
ð32Þ

which immediately allows us to solve for gþ,

gþ ¼ −c1ðω2 þ k2Þρ−dþ1 þ cþðω2 − k2Þρ−2d; ð33Þ

and cþ is another integration constant, which controls the
amplitude of the third residual gauge transformation. Note
this solution for gþ is consistent with the EOMxx equation
of motion,

gEOMxx ≡ 1

ρ2
ðρ2g00þ þ 3dρg0þ þ γ2d2gþÞ: ð34Þ

The three constants ci parametrize the residual gauge
degrees of freedom that preserve the condition δgμρ ¼ 0,
as we will make clear below.
Before we proceed, note that the dilaton equation of

motion can be expressed in terms of the Einstein equations,

γEOMφ ¼ 2ρ

dl2d ðρ2dEOMρρÞ0 −
4i

ωl2d ρ
dðρdEOMtρÞ0 þ

2iρ2dþ1

ωdl2d ðω2 − k2ÞEOMtρ

þ 4k
ω

ρ2d

l2d EOMtx þ 2
ρ2d

l2d
gEOMxx þ

2ik
ω

ρ2dþ1

dl2d EOMk: ð35Þ

The physical fluctuations are encoded in the solutions for
g− and φ. Given the analysis so far, to solve for g− and φ, it
suffices to consider only EOMtρ and EOMρρ. These two
first order equations can be combined to give either a
second order equation for g− or a second order equation for
φ. When the dust settles, we find the Hankel functions,

φ ¼ c

ffiffiffi
π

2

r
ðω2 − k2Þ14ρdþ1

2 Hð1Þ
d−3
2

ðρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − k2

p
Þ þ c:c:; ð36Þ

g−¼c

ffiffiffi
π

2

r
γdðω2−k2Þ−1

4

�
l
ρ

�
2d
ρ
d−1
2 Hð1Þ

d−1
2

ðρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2−k2

p
Þþc:c:;

ð37Þ

setting the c1, c2 and cþ to zero. Here c:c: means complex
conjugation and c is an integration constant. The fluctua-
tions for d∈ 2N are particularly simple because in this case

the Hankel functions reduce to plane waves eiρ
ffiffiffiffiffiffiffiffiffiffi
ω2−k2

p
times

polynomials in ρ. Among these even cases, d ¼ 2 and d ¼ 4

are simpler still because Hð1Þ
�1

2

ðxÞ ∼ x−
1
2eix. In any case, for

large ρ, because of the asymptotic form of the Hankel
functions, these wave solutions reduce, up to a redshift
factor, to a planewave traveling along a lightlike geodesic in
the geometry. For real ω, when k2 > ω2, the radial wave
number becomes imaginary and the solution is evanescent in
ρ. We will encounter complex continuations of the angular
variable that realize these evanescent branches in
Sec. IV.
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If we include the gauge solutions, they modify these
waves with the additions

φ → φ − c1γdðdþ 1Þl−2dρd−1; ð38Þ

g− → g− þ 2c2ωkρ−2d þ cþðω2 þ k2Þρ−2d
− c1ρ−d−1ð2dðdþ 1Þ þ ρ2ðω2 − k2ÞÞ: ð39Þ

There have been attempts in the literature to build a
holographic dictionary around the ρ → 0 limit of these
fluctuations (see e.g. [19,21]). As the metric scales as ρ−2d,
we associate this behavior in the metric fluctuations as a
source term in the dual field theory which alters the
background metric. The dilaton-graviton waves and the
c1-type gauge fluctuations have a ρ−dþ1 behavior as well.
Following the usual holographic interpretation, this falloff
has the natural interpretation as an expectation value for the
dual stress tensor, which should have scaling dimension
dþ 1 in the dual field theory, at least after uplifting from
two to dþ 1 spacetime dimensions. More precisely, to
properly identify the coefficient of the ρ−dþ1 falloff, one
must tune the c1 residual gauge transformation to zero out
the leading ρ−d−1 term in g−. This tuning will in general
modify the subleading ρ−dþ1 dependence. (In fact this step
is critical in order to get an off-diagonal component of the
stress tensor in this dynamical system.) As our holographic
interpretation is for the most part qualitative, we will be
content to set c1 ¼ 0.

B. Residual gauge transformations

Here we establish that the integration constants c2, cþ,
and c1 introduced above control the amplitude of the
residual gauge transformations that preserve δgμρ ¼ 0.
Consider the infinitesimal coordinate transformation:

xμ → xμ þ
X3
i¼1

aiξ
μ
ðiÞ ð40Þ

where ai are numbers and ξμðiÞ ¼ vμðiÞe
−iωtþikx. If the

coordinate transformation is a linear combination of the
following three vectors, the radial gauge condition δgρμ ¼ 0

is preserved,

vμð1Þ ¼ f1; 0; 0g; vμð2Þ ¼ f0; 1; 0g; ð41Þ

vμð3Þ ¼
�
iωρdþ1

ρd0
;
ikρdþ1

ρd0
;−

ðdþ 1Þρd
ρd0

�
: ð42Þ

The constant ρ0, which can be absorbed into the normali-
zation of a3, is an arbitrary reference scale inserted to make
the components dimensionally homogeneous.
In the d ¼ 1 case, one of these gauge transformations

played the role of the wave scattered by the interface. It was

the “relativistic” combination

ωvð1Þ − kvð2Þ þ
iρ0ω2

2
vð3Þ; ð43Þ

where furtherω ¼ k. Themetric fluctuations take the simple
form δgtt ¼ −δgtx ¼ δgxx ∼ l2ω4e−iωtþikx with no ρ depen-
dence. Despite their origin as a coordinate transformation,
the metric falloff at the boundary is order one, δgab ∼Oð1Þ,
in a small ρ expansion, and thus it contributes to the stress
tensor in the dual field theory description of the system.
In our case d > 1, the nature of this special gauge

transformation at the boundary is completely different. It
will have incommensurate falloffs of order Oðρ−2dÞ,
Oðρ−d−1Þ, and Oðρ−dþ1Þ. In the d ¼ 1 case, the Oðρ−2dÞ
and Oðρ−d−1Þ are tuned to cancel each other, which cannot
be done more generally. These gauge modes alone do not
appear to furnish a consistent scattering problem.
Consistent with the matching analysis of Sec. II, the scalar
matching condition is an essential part of the junction
problem, and the physical dilaton-graviton mode supplies
the needed dynamical degree of freedom.
We will only have use for one particular gauge trans-

formation in what follows, the combination

ωvð1Þ − kvð2Þ ð44Þ

which produces a purely diagonal metric fluctuation of the
form

k2δgtt ¼ −ω2δgxx ¼ ω2k2ρ−2de−iωtþikx; ð45Þ

leaves the dilaton invariant, and corresponds to the solutions
associated with the integration constant cþ in the previous
Subsection. This coordinate transformation will be useful to
make the brane embedding functions continuous at ρ ¼ 0.
The coordinate transformation kvð1Þ − ωvð2Þ on the other
hand corresponds to the integration constant c2 above while
the slower-falloff gauge solution associated with c1 corre-
sponds to the coordinate transformation vð3Þ.
The three vector fields above exhaust the residual

diffeomorphisms preserving radial gauge. Comparing their
induced metric and dilaton variations with the general
solution of Sec. III A shows that they account precisely for
the constants c1, c2 and cþ. The remaining integration
constant c therefore cannot be removed by a residual
gauge transformation. It labels the physical dilaton-grav-
iton wave.

C. Flux carried by the dilaton-graviton waves

To identify the flux carried by the physical dilaton-
graviton waves, we restrict the quadratic action to the
scalar-trace sector: δϕ and the trace component δg≡ δgtt ¼
−δgxx of the metric. Although the metric and dilaton
perturbations are real, it is convenient to work with
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complex mode functions; the physical perturbation is
obtained by taking the real part. The current below should
therefore be understood not as a Noether current of the full
nonlinear real theory, but as the conserved Wronskian, or
symplectic product, of two linearized solutions.
Equivalently, it is the bilinear current obtained by pairing
a mode with its complex conjugate.
The Lagrangian density expanded out to second order in

these fluctuations takes the form

L ¼ L0 þ L1 þ L2 þ � � � ; ð46Þ

where at zeroth and first order we find

L0 ¼ −
1

2κ2
2dðdþ 1Þld

ρdþ2
; ð47Þ

L1 ¼
1

2κ2

�
2∂ρ

��
ρ

l

�
d
∂ρδg

�
þ 2d∂ρ

��
ρ

l

�
d δg
ρ

�

− γd∂ρ

��
l
ρ

�
d δϕ

ρ

�
þ
�
ρ

l

�
d
ð∂2xδg − ∂

2
t δgÞ

�
: ð48Þ

As expected for a solution to the equations ofmotion at zeroth
order, the first order term in the expansion is a total derivative.
At second order, the expression is complicated but

manageable,

L2 ¼
ffiffiffiffiffiffi−gp

2κ2

�
−
1

2
ð∂μδϕÞð∂μδϕÞ þ

d2 − 1

l2
eγϕðδϕÞ2 þ eγϕ

8l2
ρ2ð∂ρδgaaÞ2 −

dγρ
2l2

eγϕδgaa∂ρδϕþ γdðdþ 1Þ
2l2

eγϕδgaaδϕ

�
: ð49Þ

This restricted action reproduces the dynamical equations
EOMφ and EOMtt in the scalar-trace sector, but not the
constraint equations EOMtρ and EOMρρ associated with the
fields that have been set to zero. To remedy this potential
issue, in evaluating the current below, we use the solutions
of EOMtρ and EOMρρ.
There is a subtle point here about whether one should

trust a current derived from a quadratic action that does not
reproduce the first-order constraints. The relevant obser-
vation is that the physical branch used below is obtained
from the full linearized equations with c1 ¼ c2 ¼ cþ ¼ 0.
On this branch gþ ¼ g2 ¼ 0, while g− and φ obey the radial
constraints EOMtρ and EOMρρ. Thus any term in the full
symplectic current containing gþ, g2, or their derivatives
vanishes on the physical branch. Even though we derive the
current using a reduced action, it should correspond to the
current derived from the full second order action.
Given this quadratic action, we may compute a flux in

the ρ, t, and x directions. We define the conjugate momenta

Θμ
ϕ ≡ ∂L2

∂∂μδϕ
; Θμ

g ≡ ∂L2

∂∂μδg
: ð50Þ

We can then compute the flux

Πμ ¼ iðΘμ
ϕδϕþ Θμ

gδg − c:c:Þ: ð51Þ

Equivalently, this expression is the conserved Wronskian
current evaluated on a complex mode and its conjugate. We
find

Πρ ¼ 1

κ2
ldðω2 − k2Þ1=2jcj2; ð52Þ

Πt¼ 1

κ2
ωldðω2−k2Þ1=2π

2
ρ
			Hð1Þ

d−3
2



ρ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2−k2

p �			2jcj2; ð53Þ

Πx¼ 1

κ2
kldðω2−k2Þ1=2π

2
ρ
			Hð1Þ

d−3
2



ρ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2−k2

p �			2jcj2: ð54Þ

For d ¼ 2 and d ¼ 4, the Hankel-function dependence
cancels from the longitudinal flux components, leaving the
same ðω; kÞ dependence as a flat-space plane wave,

Πt ¼ 1

κ2
ldωjcj2; Πx ¼ 1

κ2
ldkjcj2: ð55Þ

For larger, even d, the flux in the t and x directions becomes
polynomial in ρ and is no longer the same as a plane wave
in flat space.
In the pure AdS3 interface problem of ref. [3], the

scattered modes are boundary-graviton-like gauge modes.
Their amplitudes directly determine the stress-tensor one-
point functions on the two sides of the interface, and the
bulk matching condition between the incident, reflected,
and transmitted wave amplitudes I ¼ Rþ T has the imme-
diate interpretation of energy-flux conservation in the dual
CFT. The present Chamblin-Reall problem is different. For
d > 1, the scattered excitation is a physical propagating
dilaton-graviton wave. The coefficients I, R, and T are
therefore coefficients of bulk wave solutions rather than
directly normalized boundary energy fluxes. Moreover, the
brane redistributes a single incident wave into a continuum
of reflected, transmitted, and evanescent channels. For
these reasons, we introduce a conserved bilinear flux for
the physical bulk mode. This flux is the conserved wave
flux in the scattering problem. Its precise decomposition
into dual stress-tensor and scalar one-point functions
requires a more complete holographic dictionary for these
Chamblin-Reall backgrounds, which we leave for
future work.
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IV. LINEARIZED SCATTERING PROBLEM

The linearized matching problem has two stages. First,
continuity of the induced metric and dilaton constrains the
brane embedding functions and relates the incident,
reflected, and transmitted amplitudes. Second, the Israel
and dilaton normal-jump conditions impose additional
compatibility relations. For d ¼ 1, the system can be solved
with a single incoming, reflected, and transmitted ray [3].
For d > 1, a finite set of rays is insufficient: the interface
redistributes the incident wave into a continuum of out-
going angles and evanescent surface modes, taking full
advantage of the new physical bulk degrees of freedom that
are not present in the d ¼ 1 case.
A useful cartoon of the d > 1 process is scattering from a

rough translucent window: an incident beam is partly
transmitted, partly reflected, and partly converted into
evanescent surface modes. The dilaton profile, which
changes the effective tension of the brane as a function
of the radial coordinate ρ, appears to be enough to
produce the effect of roughness in the interface, as we
will see.
To keep things simple at first, we allow for just a single

incident angle of dilaton-graviton waves, a single reflected
angle, and a single transmitted angle. As the equations are
linear, we can always take a linear superposition of the
modes later on. Eventually, we will want to sum over all
angles, and even continue these angles into the complex
plane in order to capture the evanescent modes.
In the d ¼ 2 and d ¼ 4 cases which will be the focus

here, the Hankel functions describing the dilaton-graviton
waves reduce to simple exponentials, as we saw in Sec. III.
In the xρ-coordinate system, we identify angles αI , αR, and
αT associated with the incoming, reflected and transmitted
radiation respectively (see Fig. 1). Assuming a wave
profile e−iωtþikx, the angles are defined through the wave
vectors as

kI ¼ωsinαI; kR¼−ωsinαR; kT ¼ωsinαT: ð56Þ

We also include the gauge solution associated with the
integration constant cþ or equivalently the infinitesimal
coordinate transformation ωvð1Þ − kvð2Þ. While it is not
a priori clear these gauge solutions need to have the same
kI , kR, and kT as the physical waves, it turns out we do not
need to introduce different wave vectors for these gauge
solutions to impose our boundary conditions.
In deriving the linearized waves and gauge solutions in

Sec. III, we characterized them with the amplitudes c and
cþ. To distinguish the different types of waves, we now
distinguish these constants through the following relabel-
ling:

cþ → ðlLÞ3d2 IG; ðlLÞ3d2RG; or ðlRÞ3d2 TG; ð57Þ

c → ðlLÞ−d
2I; ðlLÞ−d

2R; or ðlRÞ−d
2T; ð58Þ

where the factors of lL and lR are added for later
convenience.
Let the coordinates on the interface be ðτ; σÞ. From the

point of view of the left ðtL; xL; ρLÞ or right ðtR; xR; ρRÞ
coordinate system, we can think of the location of the
interface as a map from R2 → R3. The fluctuations will
induce small corrections of order ϵ in the embedding map
such that

t ¼ τ þ ϵe−iτωλðσÞ; ð59Þ

u ¼ ϵe−iτωδðσÞ; ð60Þ

v ¼ σ þ ϵe−iτωζðσÞ: ð61Þ

We work in a rotated coordinate system where
ρ ¼ u cos θ þ v sin θ and x ¼ −v cos θ þ u sin θ and the
unperturbed interface sits at u ¼ 0. The θL=R angles defined
previously are θ ¼ π

2
þ θL and θ ¼ π

2
− θR in terms of θ. We

can then insert R=L subscripts on the quantities t, x, ρ, ζ, λ
and δ as needed when referring to the right or left side of the
interface. Reparametrization invariance on the interface
means that two of these six functions are superfluous.
Indeed, we will find the solution depends only on the
differences ζL − ζR and λL − λR.
To construct the extrinsic curvature, we take the cross

product of the two vectors ∂τðt; u; vÞ and ∂σðt; u; vÞ. This
object naturally has a lower index. From it, we can
construct a unit normalized normal vector nμ. The extrinsic
curvature is then the covariant derivative Kμν ¼ hλμh

ρ
ν∇λnρ

projected onto the interface with hμν ¼ gμν − nμnν. Finding
the continuity and junction conditions at linear order is then
a tedious perturbative expansion. With a computer algebra
package, the expansion can be done by brute force although
details have been formalized in the literature (see for
example [23,24]). We review some of these details in
Appendix B.
The solution strategy is as follows. Continuity of the

metric at the interface imposes

hττ∶ iωλþ d
Δ
σ
¼ � � � ; ð62Þ

hτσ∶ λ0 þ iωζ ¼ � � � ; ð63Þ

hσσ∶ ζ0 − d
Δ
σ
¼ � � � ð64Þ

where Δ ¼ − tan θLδL − tan θRδR þ ζ, δ ¼ δL − δR,
ζ ¼ ζL − ζR, λ ¼ λL − λR. The ellipses on the right-hand
side are source terms that depend linearly on the reflection
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and transmission coefficients I, R, T, IG, RG, and TG.
Dependence on λL þ λR and ζR þ ζL drops out. From
this system, we get a set of coupled first order ordinary
differential equations (ODEs) for λ and ζ and a way to
solve algebraically for Δ from λ. In the absence of sources,
this system supports a homogeneous solution which
corresponds to a plane wave on the brane.
In fact, there is a problem at this point. If we also impose

continuity of the dilaton, then we immediately get a
solution for Δ which also turns off the homogeneous
solution. The brane, in the presence of the dilaton, is rigid.
More than that, we find two distinct ways to solve for ζ0.
Their compatibility gives a constraint on the amplitudes I,
R and T. In the particular case d ¼ 2, that constraint is

0 ¼ þe−iσω cosðαI−θLÞIðsec θL cos αI − iσω sin2ðαI − θLÞÞ
þ eiσω cosðαRþθLÞRðsec θL cos αR − iσω sin2ðαR þ θLÞÞ
− eiσω cosðαTþθRÞTðsec θR cos αT − iσω sin2ðαT þ θRÞÞ:

ð65Þ

Next we move on to the Israel junction conditions. The
Kτσ condition provides a solution for δ0ðσÞ in terms of
sources. In the d ¼ 1 case, this relation essentially com-
pletes the matching problem. The Kττ condition, which can
be reduced to an equation involving only δ00 and δ0 using
metric continuity, is automatically satisfied. The Kσσ

condition, which can be reduced to an equation involving
only δ0 and δ using metric continuity, is satisfied provided
I ¼ Rþ T. We return to the metric continuity relations and
solve for ζ and λ. Appropriate boundary conditions (waves
moving purely into the geometry along the interface) then
yield T and R independently.

For d > 1, there is another obstruction. We can again
solve for δ0 from Kτσ. The Kττ relation then provides a
solution for λ. (The function λ shows up in this Israel
junction condition with coefficient d − 1.) Moving to Kσσ,
we solve for δ, which now provides an independent way of
computing δ0. That consistency relation takes the following
form in d ¼ 2,

0 ¼ þe−iσω cosðαI−θLÞ sinðαI − θLÞI
− eiσω cosðαRþθLÞ sinðαR þ θLÞR
− e−iσω cosðαTþθRÞ sinðαT þ θRÞT: ð66Þ

The key new obstruction for d > 1 is that the matching
equations produce two independent functional constraints.
[In d ¼ 2, they are (65) and (66).] A single reflected and a
single transmitted ray do not provide enough freedom to
satisfy both constraints for all σ. To solve this system, we
swap T with

R
TðαTÞdαT , R with

R
RðαRÞdαR, and I withR

IðαIÞdαI . We have not been able to solve the general
d > 1 case, but we have solved the d ¼ 2 and d ¼ 4 cases,
which are instructive.

A. The d = 2 case

The d ¼ 2 case provides a clean solution to this
linearized scattering problem, with a clear choice of
boundary conditions that leads to physics that is familiar
both from a bulk and dual field theory perspective.
Promoting T →

R
TðαTÞdαT , R →

R
RðαRÞdαR, and

I →
R
IðαIÞdαI converts the two constraints (65) and

(66) to the following pair of integral equations:

0 ¼ þ
Z

θLþπ

θL

e−iσω cosðαI−θLÞðsec θL cos αI − iσω sin2ðαI − θLÞÞIðαIÞdαI

þ
Z

π−θL

−θL
eiσω cosðαRþθLÞðsec θL cos αR − iσω sin2ðαR þ θLÞÞRðαRÞdαR

−
Z

−θRþπ

−θR
eiσω cosðαTþθRÞðsec θR cos αT − iσω sin2ðαT þ θRÞÞTðαTÞdαT; ð67Þ

0 ¼ þ
Z

θLþπ

θL

e−iσω cosðαI−θLÞ sinðαI − θLÞIðαIÞdαI

−
Z

π−θL

−θL
eiσω cosðαRþθLÞ sinðαR þ θLÞRðαRÞdαR

−
Z

−θRþπ

−θR
eiσω cosðαTþθRÞ sinðαT þ θRÞTðαTÞdαT: ð68Þ

We have not yet introduced an evanescent contribution to
the solution. Such an evanescent contribution could be

included by continuing the integral into the complex plane.
We will return to this possibility below.
We solve this system of integral equations by introducing

a new common angle, ψ ¼ αI − θL − π
2
, ψ ¼ − π

2
þ αR þ

θL, and ψ ¼ − π
2
þ αT þ θR, with respect to which all the

plane wave factors become the same. This choice leads to
the relation

αI − θL ¼ αR þ θL; ð69Þ
which is the condition that the angle of incidence equals the
angle of reflection. Similarly we have
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αI − θL ¼ αT þ θR; ð70Þ

which means the angle of incidence equals the angle of
transmission (relative to the geometry set up by the inter-
face, not the boundary). Equivalently, the matching con-
ditions enforce conservation of the wave-vector component
parallel to the interface.
Defining ĨðψÞ≡Iðπ

2
þψþθLÞ, R̃ðψÞ≡ Rðπ

2
þ ψ − θLÞ,

and T̃ðψÞ≡ Tðπ
2
þ ψ − θRÞ, the pair of integral equations

simplifies substantially to

0¼
Z

π=2

−π=2
e−iσω sinψðĨðψÞðsinðθL þψÞ secθL þ iσω cos2 ψÞ

− R̃ðψÞðsinðθL − ψÞ secθL − iσωcos2 ψÞ
þ T̃ðψÞðsinðθR − ψÞ secθR − iσω cos2 ψÞÞdψ ; ð71Þ

0 ¼
Z

π=2

−π=2
e−iσω sinψ cosψðĨðψÞ − R̃ðψÞ − T̃ðψÞÞdψ : ð72Þ

The first constraint we can integrate by parts to put the
σω dependence purely in the plane wave factor,

0 ¼
Z

π=2

−π=2
e−iσω sinψ cosψðĨ0ðψÞ þ R̃0ðψÞ − T̃ 0ðψÞ

þ ĨðψÞ tan θL − R̃ðψÞ tan θL þ T̃ðψÞ tan θRÞdψ
− ðĨðψÞ þ R̃ðψÞ − T̃ðψÞÞ cosψ jψ¼π

2

ψ¼−π
2
; ð73Þ

where we have included the boundary terms even though
they nominally vanish at ψ ¼ � π

2
.

The integral constraints need to be true mode by Fourier
mode, which converts these integral equations into an
algebraic and a first order differential constraint on ĨðψÞ,
R̃ðψÞ, and T̃ðψÞ.

0 ¼ ĨðψÞ − R̃ðψÞ − T̃ðψÞ; ð74Þ

0 ¼ Ĩ0ðψÞ þ R̃0ðψÞ − T̃ 0ðψÞ
þ ĨðψÞ tan θL − R̃ðψÞ tan θL þ T̃ðψÞ tan θR: ð75Þ

Remarkably, these relations have coefficients
which are independent of ψ . This ψ independence persists
for the d ¼ 4 case, but we were not able to find such a
simple presentation of the relations for higher, even d. The
coefficients are also independent of ω, which means the
behavior of the reflection and transmission in this system is
independent of the energy of the incoming rays. (For odd d,
the Hankel functions do not simplify, and we have made
little progress in solving the constraints.)
Indeed, the constraints allow us to determine R̃ðψÞ and

T̃ðψÞ in terms of ĨðψÞ up to a single integration constant C,

R̃ðψÞ ¼ e
mψ
2

�
Cþm

2

Z π
2

ψ
e−

ms
2 ĨðsÞds

�
; ð76Þ

T̃ðψÞ ¼ ĨðψÞ − R̃ðψÞ; ð77Þ

where we have defined m≡ tan θL þ tan θR. Note that
waves with ψ ¼ π

2
travel parallel to the interface and toward

the ρ ¼ 0 boundary while waves with ψ ¼ − π
2
travel

parallel but away from the boundary. The AdS/CFT
intuition here suggests choosing a “causal” boundary
condition where the wave propagates into the geometry
and away from the interface, thus setting C ¼ 0. (When we
pass to the d ¼ 4 case, we will have to loosen this
requirement.)
If we choose a distributional form for ĨðψÞ ¼ δðψ − αÞ,

such a choice leads to the following solution for R̃ðψÞ with
the C ¼ 0 boundary condition:

R̃ðψÞ ¼ m
2
em

ψ−α
2 Θðα − ψÞ: ð78Þ

Note this boundary condition is choosing the exponentially
damped solution, which seems physically reasonable in the
cases where the tension may be very large and the
exponential growth can get very big as ψ → π

2
. It also

zeroes out support for the reflected and transmitted ampli-
tude for waves traveling into the boundary, which meshes
with AdS/CFT intuition that causal boundary conditions
are associated with waves propagating away from the
boundary and into the interior of the geometry. As
mentioned above, the d ¼ 4 case will require a more
general boundary condition.
A more careful take on boundary conditions requires

looking at the evanescent waves and considering the total
flux. From the discussion in Sec. III C, there should be a
flux associated with these waves that is proportional to jIj2,
jRj2 and jTj2. Flux conservation would require

Z
jĨj2dψ −

Z
jR̃j2dψ −

Z
jT̃j2dψ ¼ 0: ð79Þ

Using (74), the left-hand side can be rewritten as

Z
½R̃�ðĨ − R̃Þ þ R̃ðĨ� − R̃�Þ�dψ : ð80Þ

On the other hand, combining (74) and (75) gives the single
first order equation for just R̃ and Ĩ [which is how we
obtained (76)],

R̃0ðψÞ ¼ ðR̃ðψÞ − ĨðψÞÞm: ð81Þ

Thus the integral (80) is actually a total derivative,
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−
1

m

Z
d
dψ

jR̃ðψÞj2dψ : ð82Þ

Provided R̃ðψÞ vanishes at the endpoints, the flux is
conserved. While we chose our ψ ¼ π

2
boundary condition

to set R̃ðπ
2
Þ ¼ 0, in the other direction R̃ð− π

2
Þ does not

vanish. The amount by which flux fails to be conserved, in
the delta function case, is

1

m

				R̃
�
−
π

2

�				2 ¼ m
4
e−mðαþπ

2
Þ; ð83Þ

which is exponentially small for positive tension interfaces
but not zero.
Where does this extra flux go? The endpoint term has a

natural interpretation as flux carried by evanescent surface
modes. These modes are obtained by continuing the
angular variable into the complex plane ψ ¼ π

2
− iχ or

ψ ¼ − π
2
þ iχ, χ > 0, where the transverse momentum

becomes imaginary. Along these complex portions of the
contour, the plane wave factor −iσω sinψ ¼∓ iσω cosh χ
in the integral continues to be consistent with a wave
traveling along the brane, with smaller and smaller wave-
length as χ grows. Further the branch with ψ ¼ π

2
− iχ

would be traveling toward the ρ ¼ 0 boundary and
ψ ¼ − π

2
þ iχ away from it. In the bulk, the reflected waves

should have a component e−iuω cosψ while the transmitted
ones a factor of eiuω cosψ . Continuing onto either evanescent
branch ψ ¼∓ π

2
� iχ, the reflected waves will damp as

euω sinh χ as u decreases from the interface location at zero,
while the transmitted ones damp as e−uω sinh χ as u grows
from zero. Introducing a very small imaginary part to the
exponential behavior m → mþ iϵ will kill the reflected
and transmitted amplitudes in the limit ψ → − π

2
þ i∞ and

forces us to choose the boundary conditions above so that

the solution will not blow up in the other limit
ψ → π

2
− i∞.4

The delta function source for Ĩ is idealized. To get a
better sense of what the interface actually does, it is perhaps
useful to look at a Gaussian source instead. The result is
plotted as Fig. 2.
We focused above on the flux, which from a bulk

perspective should be conserved. Given the constraint
(77), Ĩ ¼ R̃þ T̃, we may try to give a physical interpre-
tation of the amplitudes themselves, as was done in the
d ¼ 1 case for pure AdS3 [3] where a similar constraint was
found and interpreted as energy conservation in the dual
field theory. We can calculate the total reflected amplitude,Z π

2

−π
2

R̃ðψÞdψ ¼ 1 − exp

�
−
�
π

2
þ α

�
m
2

�
; ð84Þ

and also the total transmitted amplitude,

Z π
2

−π
2

T̃ðψÞdψ ¼ exp

�
−
�
π

2
þ α

�
m
2

�
: ð85Þ

Keeping the tension positive m > 0 means the exponent
will always be negative in the range − π

2
< α < π

2
and

hence the transmitted and reflected amplitudes will be
between zero and one, which seems sensible. Negative-
tension–branes are unstable and may amplify the reflected

(a) (b)

FIG. 2. d ¼ 2 scattering: (a) Radiation pattern in the d ¼ 2 case. The solid blue segment along the interface indicates the evanescent
surface contribution. (b) Choosing ĨðψÞ to be a Gaussian wave packet (blue), the resultant transmitted T̃ðψÞ (green) and reflected R̃ðψÞ
(orange) distributions are plotted.

4There are two other potentially natural boundary conditions in
this model. We could have set R̃ð−π=2Þ ¼ 0. We would find then
that jR̃j2 þ jT̃j2 > jĨj2, which looks like stimulated emission by
the interface, converting evanescent waves into traveling waves.
Also, we could tune the system such that jR̃ðπ=2Þj ¼ jR̃ð−π=2Þj
in which case the flux would balance. Both of these cases involve
surface modes traveling away from the singularity and toward the
boundary. This sensitivity to the physics of the singularity
suggests they be discarded.
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and transmitted amplitudes, which here would correspond
to magnitudes larger than one. Curiously the ratio of the
transmitted and reflected amplitudes has the form of a
Bose-Einstein-like distribution

R π
2

−π
2
T̃ðψÞdψR π

2

−π
2
R̃ðψÞdψ

¼ 1

eðπ2þαÞm
2 − 1

: ð86Þ

The process becomes purely transmissive in the limit
α → − π

2
, where the incoming beam of light is aimed

almost tangent to the interface and away from the ρ ¼ 0
boundary.
For completeness, we give the full solution for the

embedding function λ, ζ, and δ along with some details
of the gauge modes in Appendix C.

B. The d = 4 case

For this d ¼ 4 case, we will eventually be faced with
two competing boundary-condition choices, one of which
is appealing from an optics perspective but produces
sensitivity to the singularity in the bulk spacetime, the
other of which makes sense holographically but introdu-
ces an exponentially growing evanescent mode moving
toward the singularity that does not satisfy the naïve
boundary conditions established in the course of the
derivation below. As we will argue, our preference is
for the holographic choice which we believe can even-
tually be put on a firmer footing through introducing a
black-brane horizon to the geometry, although we do not
do that here.
We take advantage of our experience with the d ¼ 2 case

to employ immediately the angle ψ and make the redefi-
nitions ĨðψÞ≡ Iðπ

2
þ ψ þ θLÞ, R̃ðψÞ≡ Rðπ

2
þ ψ − θLÞ, and

T̃ðψÞ≡ Tðπ
2
þ ψ − θRÞ. The integral constraints are

0 ¼
Z π

2

−π
2

dψe−iσω sinψððtan θL þ iσω cosψÞĨðψÞ þ ðtan θL − iσω cosψÞR̃ðψÞ þ ðtan θR − iσω cosψÞT̃ðψÞÞ; ð87Þ

0 ¼
Z π

2

−π
2

dψe−iσω sinψ ðð−σ2ω2 cos2 ψ þ iσωðsinψ þ 3 cosψ tan θLÞ − 2þ 3 sec2 θLÞĨðψÞ

þ ð−σ2ω2 cos2 ψ þ iσωðsinψ − 3 cosψ tan θLÞ − 2þ 3 sec2 θLÞR̃ðψÞ
þ ðσ2ω2 cos2 ψ − iσωðsinψ − 3 cosψ tan θRÞ þ 2 − 3 sec2 θRÞT̃ðψÞÞ: ð88Þ

By restricting to real ψ , we are for the moment ignoring the contributions from the evanescent modes. As in the d ¼ 2 case
we must integrate by parts. The first integral equation leads to the first order differential equation

0 ¼ Ĩ0ðψÞ − R̃0ðψÞ − T̃ 0ðψÞ þ tan θLĨðψÞ þ tan θLR̃ðψÞ þ tan θRT̃ðψÞ
− ðĨðψÞ − R̃ðψÞ − T̃ðψÞÞðδðψ − ψfÞ − δðψ − ψ iÞÞ; ð89Þ

where we have converted the boundary terms created by integration by parts into Dirac delta function contributions to the
differential equation, where ψ i ¼ − π

2
and ψf ¼ π

2
. The second integral constraint requires several integrations by parts,

0 ¼ Ĩ00ðψÞ þ R̃00ðψÞ − T̃ 00ðψÞ þ 3 tan θLĨ0ðψÞ − 3 tan θLR̃0ðψÞ þ 3 tan θRT̃ 0ðψÞ
þ ð−2þ 3 sec2 θLÞĨðψÞ þ ð−2þ 3 sec2 θLÞR̃ðψÞ þ ð2 − 3 sec2 θRÞT̃ðψÞ
− ððĨ0ðψÞ þ R̃0ðψÞ − T̃ 0ðψÞ þ 3 tan θLĨðψÞ − 3 tan θLR̃ðψÞ þ 3 tan θRT̃ðψÞÞ
− iσω cosψðĨðψÞ þ R̃ðψÞ − T̃ðψÞÞÞðδðψ − ψfÞ − δðψ − ψ iÞÞ: ð90Þ

Here the evanescent waves will play an important role in
making sure these boundary terms vanish, once we extend
the ψ contour into the complex plain. In extending the
contour, we will push ψ i and ψf past − π

2
and π

2
respectively

and into the complex plane.
To solve the differential equations, we reduce them

to a single third order equation for either one of the
amplitudes,

ET ≡Dð3ÞT̃ðψÞ − Ĩ000ðψÞ − Ĩ0ðψÞ ¼ 0; ð91Þ

ER ≡Dð3ÞR̃ðψÞ þmĨ00ðψÞ − 3

2
mpĨ0ðψÞ

−
m
8
ð4 − 3p2 þ 3m2ÞĨðψÞ ¼ 0; ð92Þ

where
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Dð3Þ ≡ ð∂ψ Þ3 − 2mð∂ψÞ2 þ
�
3m2

2
þ 1

�
∂ψ

−
1

8
mð4 − 3p2 þ 3m2Þ: ð93Þ

We have defined m ¼ tan θR þ tan θL as before and
p ¼ tan θR − tan θL. There are homogeneous solutions to
this third order equation eκψ where κ is a root of the cubic
polynomial

QðκÞ ¼ κ3 − 2mκ2 þ
�
3m2

2
þ 1

�
κ −

1

8
mð4− 3p2 þ 3m2Þ:

ð94Þ

Using these homogeneous solutions, we can construct a
Green’s function to get a general solution. The behavior of
these roots will be important in establishing the physical
properties of the solution, and we write them explicitly in
Appendix D.
The general idea is as follows. Consider a third order

inhomogeneous ODE with constant coefficients and a
source term sðψÞ,

y000ðψÞ þ ay00ðψÞ þ by0ðψÞ þ cyðψÞ ¼ sðψÞ: ð95Þ

To this ODE, we associate the cubic polynomial
QðψÞ ¼ ψ3 þ aψ2 þ bψ þ c ¼ Q

3
i¼1ðψ − κiÞ. We have

the following identities:

X3
i¼1

1

Q0ðκiÞ
¼ 0;

X3
i¼1

κi
Q0ðκiÞ

¼ 0;
X3
i¼1

κ2i
Q0ðκiÞ

¼ 1;

X3
i¼1

κ3i
Q0ðκiÞ

¼
X3
i¼1

κi: ð96Þ

From these identities, the general solution

yðψÞ ¼
X3
i¼1

eκiψ
�
ai þ

Z
ψ sðφÞ
Q0ðκiÞ

e−κiφdφ

�
; ð97Þ

follows, with integration constants ai.
For the transmitted and reflected amplitudes, we

have then

T̃ðψÞ ¼
X3
i¼1

eκiψ
�
ti þ

Z
ψ Ĩ000ðφÞ þ Ĩ0ðφÞ

Q0ðκiÞ
e−κiφdφ

�
; ð98Þ

R̃ðψÞ ¼
X3
i¼1

eκiψ
�
ri þ

Z
ψ mðð4 − 3p2 þ 3m2ÞĨðφÞ þ 12pĨ0ðψÞ − 8Ĩ00ðφÞÞ

8Q0ðκiÞ
e−κiφdφ

�
: ð99Þ

Integrating by parts, we can rewrite these expressions as

T̃ðψÞ ¼
X3
i¼1

eκiψ
�
ti þ

Z
ψ
ĨðφÞ AðκiÞ

Q0ðκiÞ
e−κiφdφ

�
þ ĨðψÞ;

ð100Þ

R̃ðψÞ ¼
X3
i¼1

eκiψ
�
ri þ

Z
ψ
ĨðφÞ BðκiÞ

Q0ðκiÞ
e−κiφdφ

�
; ð101Þ

where we have defined the auxiliary polynomials,

AðκÞ≡ κ3 þ κ;

BðκÞ≡m
8
ðð4 − 3p2 þ 3m2Þ þ 12pκ − 8κ2Þ: ð102Þ

The boundary terms for the upper limits can mostly be
ignored because of the identities (96). The boundary terms
from the lower limits can be absorbed into the integration
constants ti and ri. These auxiliary polynomials obey the
identity

AðκÞ
�
κ −

1

2
ðpþmÞ

�
þ BðκÞ

�
κ þ 1

2
ðp −mÞ

�

¼
�
κ −

1

2
ðp −mÞ

�
QðκÞ: ð103Þ

In particular, evaluated at a root,

AðκiÞ
�
κi −

1

2
ðpþmÞ

�
þ BðκiÞ

�
κi þ

1

2
ðp −mÞ

�
¼ 0;

ð104Þ

the combination vanishes.
Of course we do not really have six integration constants

here. The first order differential equation (89) constrains
half the ri and ti in terms of the others. Using the identity
(104), the first order equation (89) reduces from

Ĩ0 þ 1

2
ðm − pÞĨ ¼ T̃ 0 −

1

2
ðpþmÞT̃ þ R̃0 þ 1

2
ðp −mÞR̃

ð105Þ

to
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0 ¼
X3
i¼1

eκiψ
��

κi −
1

2
ðpþmÞ

�
ti þ

�
κi þ

1

2
ðp −mÞ

�
ri

�
:

ð106Þ

Thus we find that the weighted sum of ti and ri must vanish
in the same way that the combination of AðκiÞ and BðκiÞ in
(104) vanishes,�

κi −
1

2
ðpþmÞ

�
ti ¼ −

�
κi þ

1

2
ðp −mÞ

�
ri:

If we take ĨðψÞ ¼ δðψ − αÞ to be a Dirac delta function,
then

T̃ðψÞ¼ δðα−ψÞþ
X3
i¼1

�
AðκiÞ
Q0ðκiÞ

eκiðψ−αÞΘðψ −αÞþ tieκiψ
�
;

ð107Þ

R̃ðψÞ ¼
X3
i¼1

�
BðκiÞ
Q0ðκiÞ

eκiðψ−αÞΘðψ − αÞ þ rieκiψ
�
: ð108Þ

In the d ¼ 4 case, the evanescent rays are important. If we
were to treat the boundary conditions corresponding to the
Dirac delta function terms in (89) and (90) literally, we
would have too many boundary conditions (four) for the
number of integration constants (three) at ψ ¼ � π

2
. By

including the evanescent modes, we can push the boundary
conditions off to ψ ¼ � π

2
∓ i∞ where the boundary

conditions can be satisfied by arranging for the more
generic condition that the transmitted and reflected ampli-
tudes die to zero. Let us call this choice the “optics
boundary condition.”
In more detail, for any real κi, we follow the same

strategy as in the d ¼ 2 case, adding a small imaginary part
iϵ such that the mode falls to zero exponentially in the limit
ψ → − π

2
þ i∞ and we choose the integration constant such

that the mode is exactly zero for ψ > α and along the
ψ ¼ π

2
− iχ branch. We know the complex κi roots will

come in complex conjugate pairs because the cubic
equation is real. We arrange the integration constants such
that the one with positive imaginary part persists along the
− π

2
þ iχ contour and dies to zero exponentially as χ → ∞.

Correspondingly, the one with negative imaginary part
naïvely should be zeroed out on the ψ < α part of the
contour but allowed to persist along the other half π

2
> ψ >

α and ψ ¼ π
2
− iχ where it too will eventually die off

exponentially to zero. We will see in a moment that this
naive prescription for κi introduces some problems. A
curious aspect of this setup is that depending on the precise
properties of the roots κi, the reflected and transmitted
amplitudes may grow exponentially for a brief period along
the real part of the contour − π

2
< ψ < π

2
, leading effectively

to something that resembles stimulated emission by the
interface. The incoming radiation produces an excess of
transmitted and reflected radiation.
If we need to set the κi mode to zero for ψ > α, we

choose ri ¼ 0 ¼ ti. If on the other hand we require the
mode to vanish for ψ < α, then we can set

ti ¼ −
AðκiÞ
Q0ðκiÞ

e−κiα ð109Þ

to ensure T̃ðψÞ contribution vanishes here. The identity
(104) then implies

ri ¼ −
BðκiÞ
Q0ðκiÞ

e−κiα ð110Þ

and correspondingly that the R̃ðψÞ contribution also van-
ishes in this region. In the case when the mode vanishes for
ψ < α, the mode contribution to R̃ and T̃ can be written
more compactly as

−
AðκiÞ
Q0ðκiÞ

eκiðψ−αÞΘðα− ψÞ or −
BðκiÞ
Q0ðκiÞ

eκiðψ−αÞΘðα− ψÞ:

ð111Þ

Let us try and understand the qualitative behavior of the
roots as a function of m and p. Note

Q0ðκÞ ¼ 3κ2 − 4mκ þ
�
3m2

2
þ 1

�
:

The determinant of this quadratic is −2m2 − 12 < 0. Thus
the quadratic has no real roots, and we can conclude from
the behavior at large κ that Q0ðκÞ > 0. Thus QðκÞ can have
at most one real root. If we shift the variable κ ¼ xþm=2,
we find the new polynomial

x
�
x2 −

m
2
xþ 1

4
ð4þm2Þ

�
þ 3p2m

8
:

The quadratic x2 − m
2
xþ 1

4
ð4þm2Þ also has a negative

discriminant −4 − 3m2

4
and hence no real roots. Thus it is

always positive, as is 3p2m=8. The allowed roots of this
shifted cubic must be x� ≤ 0. The maximum value x� ¼ 0 is
attainedwhenp ¼ 0. (We insist thatm > 0.) In otherwords,
the real root κ� < m

2
. For the complex roots, we have that

κ� þ 2Reðκ�Þ ¼ 2m. Thus Reðκ�Þ > 3m
4
. As we show in

Appendix A, 4 − 3p2 þ 3m2 ¼ 4þ 12 tan θL tan θR must
be positive for stability of the effective potential. Thus we
conclude that κ� > 0 as well since the product of the three
roots must be positive.
Putting this new information together with the “optics”

boundary conditions above, we see that Reðκ�Þ > 0 and
Reðκ�Þ > 0 are always positive. The proposed solution has
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the form

T̃ðψÞ ¼ δðα − ψÞ −
�
Aðκ�Þ
Q0ðκ�Þ

eκ�ðψ−αÞ þ AðκþÞ
Q0ðκþÞ

eκþðψ−αÞ
�
Θðα − ψÞ þ Aðκ−Þ

Q0ðκ−Þ
eκ−ðψ−αÞΘðψ − αÞ; ð112Þ

R̃ðψÞ ¼ −
�
Bðκ�Þ
Q0ðκ�Þ

eκ�ðψ−αÞ þ BðκþÞ
Q0ðκþÞ

eκþðψ−αÞ
�
Θðα − ψÞ þ Bðκ−Þ

Q0ðκ−Þ
eκ−ðψ−αÞΘðψ − αÞ: ð113Þ

Here we give the real root a small, positive imaginary part
κ� → κ� þ iϵ such that its amplitude dies out on the
evanescent branch ψ ¼ − π

2
þ iχ of the solution. The

complex root κþ naturally dies there as well. However,
the complex conjugate root κ− has negative imaginary part
and naively should be extended along the ψ ¼ π

2
− iχ

branch, corresponding to an evanescent surface mode
traveling in from the singularity and toward the boundary
at ρ ¼ 0. While consistent with the boundary conditions
that emerged in our derivation and that we wrote as contact
terms in (89) and (90), the result is that the incident light
hitting the interface appears to be amplified by flux coming
in from the singularity. Given an incoming Gaussian
distribution, the reflected and transmitted amplitudes are
plotted in Fig. 3b and are clearly larger in amplitude than
the incoming radiation. These “optics” boundary condi-
tions are sensitive to the presence of the singularity in the
geometry and should be treated with caution and perhaps
discarded.
There is an alternative way to set boundary conditions

which produces a more physical looking plot [Fig. 3(a)]
where the thin brane absorbs flux from the incident
radiation and the evanescent rays are all ingoing, away
from the ρ ¼ 0 boundary. We call these boundary con-
ditions “holographic.” For a delta function ĨðψÞ, the
solution then takes the more compact form

T̃ðψÞ ¼ δðα − ψÞ −
X
i

AðκiÞ
Q0ðκiÞ

eκiðψ−αÞΘðα − ψÞ; ð114Þ

R̃ðψÞ ¼ −
X
i

BðκiÞ
Q0ðκiÞ

eκiðψ−αÞΘðα − ψÞ: ð115Þ

This type of ingoing boundary condition is familiar from
the AdS/CFT literature where it produces causal Green’s
functions. This choice, however, also has a problem. If we
let the κ− root persist along the ψ ¼ − π

2
þ iχ branch instead

of the ψ ¼ π
2
− iχ branch, its amplitude does not die off but

instead grows exponentially with χ. In other words, we are
not satisfying for this mode the natural boundary conditions
(89) and (90) that emerged from our derivation. We suspect
the correct interpretation here is to imagine that we have
regulated the singularity by introducing a very small black-
brane horizon. This horizon then enforces a purely ingoing
boundary condition that removes the boundary constraints
in (89) and (90). This exponential growth is reminiscent of
the radial growth of quasinormal-mode wave functions near
a horizon, where the physically relevant condition is
ingoing behavior rather than pointwise decay of the mode
function.
In summary, the d ¼ 2 problem gives a controlled

scattering solution in which the interface redistributes a
localized incident wave into a diffuse reflected/transmitted
distribution together with evanescent surface modes. In
d ¼ 4, the same matching equations expose a sensitivity to
the singularity: enforcing strict evanescent damping leads
to amplification sourced from the singularity, while impos-
ing ingoing behavior toward a regulated horizon gives a
more physical redistribution but requires relaxing the zero-
temperature endpoint conditions.

(a) (b)

FIG. 3. Choosing ĨðψÞ to be a Gaussian wave packet (blue), the resultant transmitted T̃ðψÞ (green) and reflected R̃ðψÞ (orange)
distributions are plotted in the d ¼ 4 case. (a) holographic boundary conditions; (b) optics boundary conditions.
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The full solution for the embedding functions can be
found in Appendix C. Before proceeding to the Discussion,
we first demonstrate flux conservation in the d ¼ 4 case,
which is substantially more involved than for d ¼ 2. For
completeness, we also discuss integrated amplitudes,
although in absence of a Ĩ ¼ R̃þ T̃ condition, the rel-
evance of these integrated quantities is not clear.

1. Flux conservation for d = 4

The flux conservation relation on Ĩ2 − R̃2 − T̃2 is sub-
stantially more intricate in this case, at least in the form we
have derived it. As we did in the d ¼ 2 case, the first step is
to replace T̃ðψÞ with R̃ðψÞ and ĨðψÞ. The two differential
equations (89) and (90) can be reassembled to show that

T̃ðψÞ ¼ ð4þ 5m2 − 6mpþ p2ÞðĨ þ R̃Þ þ 8mĨ0 þ ð4p − 12mÞR̃0 þ 8R̃00

4þm2 þ 2mpþ p2
: ð116Þ

Inserting this expression into Ĩ2 − R̃2 − T̃2, we then try to
express the result as a total derivative up to the equation of
motion for R̃,

dF
dψ

þ ΛER; ð117Þ

where ER is the third order differential equation (92)
satisfied by R̃. Let us define the vector of amplitudes
Vi ¼ ðR̃; Ĩ; R̃0; Ĩ0; R̃00Þ. We claim there are F and Λ of the
form

F ¼
X
i≤j

aijViVj;Λ ¼
X
i

biVi ð118Þ

where aij and bj are ψ independent constants such that

Ĩ2 − R̃2 − T̃2 ¼ dF
dψ

þ ΛER: ð119Þ

The resulting expressions for the aij and bj are messy.

2. Integrated amplitudes

The total transmitted and reflected amplitudes are
obtained by integrating over ψ. Using the holographic
boundary conditions, the nonevanescent pieces of the
amplitude integrate to

Z π
2

−π
2

T̃ðψÞdψ ¼
X3
i¼1

AðκiÞ
κiQ0ðκiÞ

eκið−π
2
−αÞ; ð120Þ

Z π
2

−π
2

R̃ðψÞdψ ¼ −1þ
X3
i¼1

BðκiÞ
κiQ0ðκiÞ

eκið−π
2
−αÞ: ð121Þ

Note

X3
i¼1

AðκiÞ
κiQ0ðκiÞ

¼
X3
i¼1

BðκiÞ
κiQ0ðκiÞ

¼ 1:

V. DISCUSSION

We have analyzed the linearized scattering of dilaton-
graviton waves from a thin Chamblin-Reall brane. For
d ¼ 2, the problem is controlled: scattering redistributes an
incident wave into reflected, transmitted, and evanescent
components. For d ¼ 4, the same matching problem can be
solved formally, but the answer is sensitive to the boundary
condition at the spacetime singularity. The gravitational
process shares some features with light scattering off a
rough, translucent window. A direct, transmitted compo-
nent remains, while the rest of the incident ray is converted
into diffuse reflected and transmitted radiation as well as
evanescent waves traveling along the interface. In particu-
lar, see (77), (78), (114), and (115) for the precise form of
the reflected and transmitted radiation.
The cleanest interpretation is obtained in the d ¼ 2 case:

the reflected and transmitted radiation is distributed over a
cone of angles between the specularly reflected ray and the
directly transmitted ray [see Fig. 2(a)]. The d ¼ 4 case
appears qualitatively similar, but is sensitive to boundary
conditions at the singularity. The optics boundary con-
dition, which demands exponential damping of evanescent
amplitudes at large wave vector, forces some surface modes
to propagate from the singularity toward the boundary. The
resulting amplification of outgoing flux suggests that this
prescription is sensitive to, and probably contaminated by,
the singularity. The holographic boundary condition, in
which all modes propagate away from the ρ ¼ 0 boundary
and toward the singularity, avoids this flux amplification
and gives a radiation pattern closer to the d ¼ 2 result [see
Fig. 3(a)]. Its cost is an exponentially growing evanescent
amplitude. We interpret this growth as an artifact of
imposing an ingoing condition in a zero-temperature
singular geometry, and expect that a small black-brane
horizon would provide the appropriate regulator.
While the holographic dictionary is less certain for these

Chamblin-Reall spacetimes than for AdS, we can deduce
qualitative features of the scattering in the dual field
theories. Given that θL, θR > 0, and focusing on the d ¼
2 case where the choice of boundary conditions was
unambiguous, the scattering produces something resem-
bling thermalization. Conventionally, the radial coordinate
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ρ should be a measure of renormalization group scale. If
αI ¼ π

2
, then the incoming radiation travels parallel to the

ρ ¼ 0 boundary and can be associated with a fixed RG
scale. However, after the scattering process, all of the
radiation—the reflected, transmitted and evanescent radi-
ation—heads away from the boundary and toward ρ → ∞,
which should correspond to the infrared and a decrease in
RG scale. The heuristic picture is of radiation relaxing
toward the infrared after the scattering event, although a
precise statement would require a sharper holographic
dictionary.
The physics is very different from the behavior in the

d ¼ 1 (pure AdS3) case [3]. There, the field theory dual and
the interface preserve conformal symmetry. The modes
excited in the scattering process are boundary gravitons and
have no ability to propagate into the bulk. They hug the
boundary, and there is no analogous bulk channel into
which they can dissipate. Like in our d ¼ 2 case, the
amplitudes satisfy a conservationlike constraint condition
Ĩ ¼ T̃ þ R̃, but there is no need to take a sum over angles—
the modes all travel parallel to the boundary. Instead of
evanescent modes, the thin brane in Ref. [3] is less rigid in
the conformal case and supports a massless bending mode.
This work opens up a number of avenues for future

research. The most immediate challenge is to resolve the
boundary condition issues in the d ¼ 4 case, where the
most promising direction is the addition of a black-brane
horizon. More broadly, the d ¼ 4 analysis raises a classical
boundary-condition problem for evanescent gravitational
modes in singular spacetimes. Although the boundary
conditions were never at issue for the pure AdS3 case, a
black-brane was already considered there for other reasons
[25,26]. Black-branes open up additional opportunities,
allowing us to consider the effects of temperature and
energy current flows in the dual field theory. Instead of
shooting gravitons at the interface, one may consider steady
state currents and their associated shocks and rarefaction
waves, like in [27–31].
Although the analytic simplifications used here occur for

even d, physically interesting uplifts include both d ¼ 2
and d ¼ 3, corresponding to three- and four-dimensional
CFTs, respectively. (Note however that the d ¼ 3 case
likely requires solving integral equations directly rather
than reducing them to finite-order ODEs.) Finding explicit
uplifted AdS4 and AdS5 geometries could cure the IR
singularities at ρ → ∞ and also provide a more straightfor-
ward field theory interpretation, through the canonical
AdS/CFT dictionary, as scattering in three and four
spacetime dimensional CFTs. Additionally a higher-dimen-
sional perspective would allow us to consider more general
scattering processes, where the waves impinge on the
interface at an angle in the field theory directions. (The
angles in our work are in the ρx plane, which has an
interpretation as RG flow, but is less straightforward to
interpret in the field theory.) Alternately, one may try to

glue our hyperscaling violating geometries to an asymp-
totically AdS3 region like in [21], in order to be able to
invoke the standard AdS/CFT dictionary and give the
results here a firmer field theory interpretation.
There are also straightforward technical generalizations

of our work. Indeed, we did not fully characterize this
linearized scattering process for all values of the parameter
d. In the d ¼ 2 and d ¼ 4 cases, the linearized fluctuations
took a particularly nice, plane wave form. The most
obvious and perhaps easiest extension of this work is to
d ¼ 6 and higher even dimensional cases, where the
Hankel functions reduce to plane waves times polynomials
in the radial coordinate instead of just plane waves. We
looked at the d ¼ 6 and d ¼ 8 cases in the hopes of being
able to provide a general even d solution. As expected, the
scattering process is governed by two differential equations
for the scattering amplitudes Ĩ, R̃, and T̃, like (74) and (75)
in the d ¼ 2 case or (89) and (90) in the d ¼ 4 case. The
differential equations appear to follow a pattern where their
order is ðd

2
− 1; d

2
Þ. A crucial difference however is that the

coefficients are no longer constant and instead depend on
the angle, at least in the forms that we explored, making
them more challenging to solve. This structural change for
the constraining differential equations across dimensions
suggests d ¼ 4 as a sort of critical dimension for the
gravitational scattering problem.5

If one managed to solve this linearized scattering
problem for all even, positive d, that would lend credence
to the possibility that all odd d and indeed all real d > 1
could be tackled as well. In the even d case, the fact that the
Hankel functions decomposed into plane waves times
polynomials meant we could integrate by parts the integral
constraint equations [e.g. (87) and (88) in the d ¼ 4 case] in
order to convert them into ordinary differential equations.
For general d, the integral equations do not have a similar
Fourier decomposition, and it naïvely looks like we would
have to solve them directly. If no clever analytic approach
reveals itself, perhaps a numerical solution could be useful.
It would also be interesting to explore d analytically in
various limits, for example d near one (the pure AdS3 case)
and d → ∞ (see e.g. [21,22]).
Further directions include studying multiple thin branes

and/or thick interfaces, like in [32,33]. Multiplying the
number of interfaces and/or giving them a thickness may
allow for resonant behavior. Related boundary-CFT exam-
ples, including the c ¼ 1 boundary sine-Gordon theory
[34], are known to describe critical dissipative quantum
mechanics and barriers in quantum wires. Understanding
whether the diffuse angular and evanescent surface chan-
nels found here admit a similarly sharp field-theory
scattering interpretation would be an interesting direction.

5If we may be allowed to speculate, perhaps the change could
be related to the nonexistence of CFTs in higher than five
spacetime dimensions, in the uplifted holographic picture.
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To conclude, the main lesson is that once the pure AdS3
boundary-graviton problem is deformed into a Chamblin-
Reall dilaton-gravity problem, interface scattering becomes
a genuinely bulk process. The brane’s partition of stress-
tensor flux depends on more than a single number; there is a
redistribution into angular and evanescent sectors. In d ¼ 2
this redistribution is controlled, while in d ¼ 4 the full story
likely requires a black-brane horizon which through intro-
ducing a temperature cuts off the infrared in the dual field
theory.
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APPENDIX A: EFFECTIVE ACTION

It is possible to construct an effective action that is a
function just of θL (and where θR is fixed automatically in
terms of θL by continuity of the metric and dilaton). This
effective action is not meant to replace the physical
variational principle used to derive the junction conditions.
It is an auxiliary on-shell functional of the brane angle,
designed to reproduce the static interface condition and
diagnose stability within the family of scale-covariant
embeddings. The point of this construction is to have a
simple way where we can evaluate

d2S
dθ2L

;

and thus whether the solution is a local minimum or
maximum in parameter space. However, to find such an
effective action, the variational problem needs to be
modified. Previously, we set up the variational problem
in the canonical way where we varied only gab and ϕ.
Indeed, the variations of gab and ϕwill depend on θL and so
by the chain rule δgab ¼ ð∂θgabÞδθ and δϕ ¼ ð∂θϕÞδθ, we
can expect the equations of motion to kill some portions of
the total derivative dS

dθ. However, there are new direct terms
in this derivative that did not appear in the original
variational problem that come from shifting the range of

integration in the classical action. We expect to pick up a
factor of the Lagrangian density as well as needing to adjust
δgab and δϕ by their Lie derivatives in the normal direction
to account for the change in position of the interface. These
new terms will generically not vanish and thus need to be
removed to construct an effective action.
These extra terms can be canceled by choosing an

auxiliary boundary functional with adjusted coefficients.
We search for an effective action of the form

S ¼ Sbulk þ
1

2κ2

Z
I
d2x

ffiffiffiffiffiffi
−h

p
ðcKðKR − KLÞ þ cμμeαϕÞ:

ðA1Þ

The choice cK ¼ 2 and cμ ¼ 1 that we used for the old
variational problem does not work. However, if we choose

cK ¼ dþ 1; cμ ¼ d; ðA2Þ

then we get an effective action whose variation dS
dθL

¼ 0 is
zerowhen θL and the tension μ are related in the appropriate
way (20). Moreover, we find that at the critical point

d2S
dθ2L

¼ d2ðdþ 1Þld
B tan

2 θL
Rdþ1κ2

ðcot θL þ cot θRÞ: ðA3Þ

(In evaluating S, we are focusing on the θL dependent pieces
and ignoring formally infinite but θL independent contri-
butions from the ρ ¼ 0 boundary that need further
regularization.) Thus the action is convex when
cot θR þ cot θL > 0. Paired with positivity of the tension
tan θL þ tan θR > 0, stability requires the angles to lie in the
range 0 ≤ θL; θR < π

2
. In other words, the opening angle

between the boundary and the interfacemust be between 90°
and 180° on both sides. (A similar result was obtained in the
pure AdS3 case in Ref. [35]. Note also that for AdS3, d ¼ 1
and the constants cK and cμ take their canonical values.)
Some identities that underlie this choice of cK and cμ are

as follows (focusing on just one side of the interface):

ðd − 1ÞðKμν − hμνKÞKμν ¼ −dð∂θϕÞð∂θϕÞ; ðA4Þ

∂θð
ffiffiffiffiffiffi
−h

p
KÞ þ ffiffiffiffiffiffi

−g
p ðKμν − hμνKÞKμν

¼ 2dld

Rdþ1 cosdþ2 θ
¼ −

2κ2

dþ 1
Lbulk; ðA5Þ

where in the last equality, we introduced the bulk
Lagrangian density Lbulk. Taking ∂θ of the Gibbons-
Hawking term, like in the second equality above, produces
two terms, one of which can be canceled against ∂θ of the
bulk action, which is just the bulk LagrangianLbulk, and the
other can be converted into an expression in terms of the
dilaton ϕ and canceled against the tension term in the
action, using the on-shell value of θL.
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APPENDIX B: LINEARIZED GEOMETRIC
QUANTITIES ON THE INTERFACE

We provide a linearized formulation of the gluing
problem, following the discussions in [23]. A different
formulation appeared in [24], where the geometric quan-
tities were perturbed to second order. This Appendix fixes
the geometric conventions used to expand the induced
metric and extrinsic curvature on the perturbed CR-brane.
Collecting the results [23] here makes the sign and
embedding conventions in Sec. IV explicit.
Before perturbing the background, we have an embed-

ding surface xμðζaÞ indicating the location of the interface,
an embedding frame eμa, an induced metric hab and an
extrinsic curvature Kab

eμa¼∂xμ

∂ζa
; hab¼eμaeνbgμν; Kab¼eμaeνb∇μnν¼

1

2
eμaeνbLngμν:

ðB1Þ

Given a general metric fluctuation gμν → gμν þ δgμν, the
interface has to be deformed xμðζaÞ → xμðζaÞ þ ξμðζaÞ to
allow for a possible gluing. The surface deformation
parameter ξμ and the metric fluctuation δgμν are treated
as the same order of perturbation. At linearized order, those
quantities are found to be

δeμa¼ −Lξe
μ
a ¼ −ðξν∇νe

μ
a − eνa∇νξ

μÞ; ðB2Þ

δhab ¼ ξα∂αðeμaeνbgμνÞ þ δðeμaeνbÞgμν þ eμaeνbδgμν

¼ eμaeνbðLξgμν þ δgμνÞ; ðB3Þ

δKab ¼
1

2
eμaeνbðLξLngμν þ∇μδnν þ∇νδnμ − 2nαδΓαμνÞ;

ðB4Þ

with the perturbed quantities

δnμ ¼
1

2
nμnνnγδgνγ − hμνeνahabnγδe

γ
b; hμν ¼ eμahabeνb;

ðB5Þ

δΓαμν ¼
1

2
ðδgαμ;ν þ δgαν;μ − δgμν;αÞ: ðB6Þ

Substituting the explicit form of δeμa, the variation of the
normal vector can be further expressed as

δnμ ¼
1

2
nμnνnγδgνγ − ðgμν − nμnνÞðξα∇αnν þ nα∇νξαÞ

¼ −Lξnμ þ nμnαnβ
�
∇αξβ þ

1

2
δgαβ

�
; ðB7Þ

while the double Lie derivative term in (B4) can be
expanded using the commutating relation between the
Lie and covariant derivatives [36]

½Lξ;∇μ�nν ¼ −nα∇μ∇νξ
α þ nαRλμν

αξλ; ðB8Þ

giving an explicit form of the variation of the extrinsic
curvature [23,24],

δKab¼
1

2
nμnνðδgμνþ2ξμ;νÞKab

−
1

2
nλeμaeνb½2δΓλμνþξλ;μνþξλ;νμþðRαμλνþRανλμÞξα�:

ðB9Þ

APPENDIX C: EMBEDDING FUNCTION
SOLUTIONS

The main text determines the angular amplitudes R̃ and
T̃. Here we record the corresponding embedding functions
and gauge-mode choices. These expressions are not needed
for the flux discussion but verify that the full linearized
junction problem can be solved with continuous embed-
ding data at ρ ¼ 0.

1. Solutions for d = 2

We have not provided the actual solutions for the
embedding functions or discussed the gauge solutions.
Regarding the gauge solutions, if we choose the kG wave
vectors to be the same as the physical ones,6 we can make ζ,
λ, and δ continuous at σ ¼ 0 if we set

IG¼
i

ω3cosαI
I; RG¼

i
ω3cosαR

R; TG¼
i

ω3cosαT
T:

ðC1Þ

With these choices Δ ∼Oðσ2Þ, δ ∼OðσÞ, λ ∼Oðσ2Þ,
ζ ∼OðσÞ. NoteΔ already vanishes toOðσ2Þwithout tuning
the gauge solution.
The final solutions for the embedding functions are

6There appears to be some arbitrariness in our solution. The
resolution we describe above is the shortest and simplest. Another
strategy would be to tune the wave vector of the gauge solution
such that when projected onto the interface, it has the same
Fourier component as the physical fluctuations. However, it is not
possible to make the embedding functions continuous at the ρ ¼
0 boundary with this alternate choice. That said, if we also
include the gauge solutions corresponding to the c2 integration
constant, we can ensure continuity, but the solutions begin to look
very messy.
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dλ
dψ

¼ e−iωσ sinψ

lBω
2

ðð−iσω − ð1 − eiσω cos θL sinðθLþψÞÞ cscðθL þ ψÞ sec θLÞĨ

þ ð−iσωþ ð1 − e−iσω cos θL sinðθL−ψÞÞ cscðθL − ψÞ sec θLÞR̃
þ ðiσω − ð1 − e−iσω cos θR sinðθR−ψÞÞ cscðθR − ψÞ sec θRÞT̃Þ; ðC2Þ

dζ
dψ

¼ e−iωσ sinψ

lBω
2

ðð−iσω sinψ þ ð1 − eiσω cos θL sinðθLþψÞÞ cotðθL þ ψÞ tan θLÞĨ

þð−iσω sinψ þ ð1 − e−iσω cos θL sinðθL−ψÞÞ cotðθL − ψÞ tan θLÞR̃
þðiσω sinψ − ð1 − e−iσω cos θR sinðθR−ψÞÞ cotðθR − ψÞ tan θRÞT̃Þ; ðC3Þ

dδ
dψ

¼ e−iωσ sinψ

lBω
2

ðð1 − eiσω cos θL sinðθLþψÞÞ cotðθL þ ψÞĨ þ ð1 − e−iσω cos θL sinðθL−ψÞÞ cotðθL − ψÞR̃

þ ð1 − e−iσω cos θR sinðθR−ψÞÞ cotðθR − ψÞT̃Þ; ðC4Þ

dΔ
dψ

¼ 1

2lB
σ2e−iωσ sinψð−Ĩ − R̃þ T̃Þ: ðC5Þ

these functions all have engineering dimensions of length, as anticipated. Note the e−iσω cos θ sinðθ−ψÞ dependence in the
solution above does not have nice growth on the evanescent branch as σ → ∞. As this plane wave factor comes from the
gauge modes, the growth appears to be a gauge artifact.

2. Solutions for d = 4

The actual solution in this case takes the form

dλ
dψ

¼ e−iσω sinψ

γω3l2
B

ðð−ω2σ2 þ 3iσω cscðθL þ ψÞ sec θL þ 3ð1 − eiσω cos θL sinðθLþψÞÞ cscðθL þ ψÞ2 sec2θLÞĨ

þ ð−ω2σ2 − 3iσω cscðθL − ψÞ sec θL þ 3ð1 − e−iσω cos θL sinðθL−ψÞÞ cscðθL − ψÞ2 sec2θLÞR̃
þ ðω2σ2 þ 3iσω cscðθR − ψÞ sec θR − 3ð1 − e−iσω cos θR sinðθR−ψÞÞ cscðθR − ψÞ2 sec2θRÞT̃Þ; ðC6Þ

dζ
dψ

¼ e−iσω sinψ

γω3l2
B

ððiσωð1þ iσω sinψÞ − 3iσω cotðθL þ ψÞ tan θL
− 3ð1 − eiσω cos θL sinðθLþψÞÞ cotðθL þ ψÞ cscðθL þ ψÞ sec θL tan θLÞĨ
þ ðiσωð1þ iσω sinψÞ − 3iσω cotðθL − ψÞ tan θL
þ 3ð1 − e−iσω cos θL sinðθL−ψÞÞ cotðθL − ψÞ cscðθL − ψÞ sec θL tan θLÞR̃
þ ð−iσωð1þ iσω sinψÞ þ 3iσω cotðθR − ψÞ tan θR
− 3ð1 − e−iσω cos θR sinðθR−ψÞÞ cotðθR − ψÞ cscðθR − ψÞ sec θR tan θRÞT̃Þ; ðC7Þ

dδ
dψ

¼ e−iσω sinψ

γω3l2
B

ð3 cotðθL þ ψÞð−iσω − ð1 − eiσω cos θL sinðθLþψÞÞ cscðθL þ ψÞ sec θLÞĨ

þ 3 cotðθL − ψÞð−iσωþ ð1 − e−iσω cos θL sinðθL−ψÞÞ cscðθL − ψÞ sec θLÞR̃
þ 3 cotðθR − ψÞð−iσωþ ð1 − e−iσω cos θR sinðθR−ψÞÞ cscðθR − ψÞ sec θRÞT̃Þ; ðC8Þ

dΔ
dψ

¼ e−iσω sinψ

4γl2
B

iσ3ðĨ cos θL þ R̃ cos θL − T̃ cos θRÞ: ðC9Þ
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Note all these functions have engineering dimensions of length, as required. The gauge solution has been chosen such that

IG ¼ i
2γ

ω4 cos2 αI
I; RG ¼ i

2γ

ω4 cos2 αR
R; TG ¼ i

2γ

ω4 cos2 αT
T; ðC10Þ

and the embedding functions are continuous at ρ ¼ 0. Near ρ ¼ 0, these functions behave as λðρÞ ¼ Oðρ2Þ, ζðρÞ ¼ OðρÞ,
δðρÞ ¼ Oðρ2Þ, and ΔðρÞ ¼ Oðρ3Þ.

APPENDIX D: ROOTS OF A CUBIC

The roots listed here are those of the characteristic cubic governing the d ¼ 4 angular response functions in Sec. IV B.
The solutions to the cubic equation (94) can be written explicitly,

κ1 ¼
2

3
m − 2λ; κ2 ¼

2

3
mþ λþ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

6
þ 3λ2

r
; κ3 ¼

2

3
mþ λ − i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

6
þ 3λ2

r
; ðD1Þ

where λ∈R is the real solution of the cubic equation

λ3 þ 1

24
λðm2 þ 6Þ − mD

1728
¼ 0; D ¼ 7m2 þ 81p2 þ 36; ðD2Þ

of which the real one is given as

λ ¼
ffiffiffiffi
Δ3

p

24
−
m2 þ 6

3
ffiffiffiffi
Δ3

p ; Δ ¼ 4

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D2m2 þ 32ðm2 þ 6Þ3
q

þDm
�
: ðD3Þ
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