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I. INTRODUCTION AND CONCLUSIONS

Superspace formulations of supersymmetric field theo-
ries provide explicit off shell realizations of the Poincaré
superalgebra, whose closure does not require the equations
of motion. Such formulations are particularly advantageous
for models with extended supersymmetry, since hyper-
multiplet matter theories require an infinite number of
auxiliary fields off shell, which naturally emerge within the
harmonic [1,2] and projective [3,4] superspace approaches.
Being complementary [5], these two formalisms are espe-
cially useful for constructing classical actions of higher-
spin field theories with extended supersymmetry [6–15].
GeneralizingN ¼ 2 supersymmetric field theory to the 4D
anti de-Sitter background (AdS4), however, represents a
nontrivial problem, as the corresponding geometry in the
harmonic superspace has not yet been fully developed.
Although general supergravity theories were formulated in
4D N ¼ 2 harmonic superspace (see Refs. [1,16–21]), the
specific features of N ¼ 2 AdS4 harmonic superspace
remain insufficiently explored, and the construction of
classical actions for gauge and matter theories in these
superspaces has not yet been properly addressed. In
contrast, the analytic action principle in the AdS5 harmonic
superspace was developed in the works [22,23].
An important step toward formulating field theories in

N ¼ 2 AdS4 harmonic superspace was taken in Ref. [24],
where the analytic superspace measure was explicitly
constructed. This measure plays a central role in building
superfield actions for matter hypermultiplets and their

interaction vertices with gauge superfields. The approach
of Ref. [24], however, is coordinate specific and provides
limited insight into the underlying AdS4j8 superspace geom-
etry. In the present paper, we extend the construction of
Ref. [24] by developing an analytic action principle inN ¼ 2
AdS4 harmonic superspace in a coordinate-independent and
manifestly covariant form. As an application, we derive the
component structure of the free q-hypermultiplet model in
N ¼ 2 AdS4 harmonic superspace.
Despite the progress achieved in formulating field the-

ories in N ¼ 2 AdS4 harmonic superspace in the present
paper and in Ref. [24], the problem remains far from
complete. The approach of Ref. [24] is based on manifestly
analytic superfields and employs the so-called analytic basis
in superspace. In the present work, we use the central basis,
in which analyticity is not manifest but is instead imposed
through superfield constraints. This latter formulation is,
however, fully covariant and explicitly geometric, owing to
the developments in Refs. [25–32] where AdS4j8 superspace
was obtained as a particular solution of N ¼ 2 superfield
supergravity. In general N ¼ 2 supergravity, these two
coordinate bases are related by the so-called bridge super-
field, originally constructed in Ref. [20]. The explicit
construction of this bridge superfield for the N ¼ 2
AdS4 harmonic superspace background remains an impor-
tant open problem, which will be addressed elsewhere.
The rest of the paper is organized as follows. In the next

section, we present some background information about the
geometry of the AdS4j8 superspace and its isometry
generated by the Killing vectors. In Sec. III we extend
this superspace with harmonic variables and introduce
analytic superspace projectors. In Sec. IV we show that
these projectors may be used for construction a superfield
action for an analytic Lagrangian in the harmonic super-
space. We develop also the analytic action principle in a
fully covariant and coordinate independent form. Then we
apply this action principle for calculating the component
structure of the classical action in the free q-hypermultiplet
model. In our work, we follow superspace conventions
adopted in Refs. [25–27].
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II. ISOMETRIES OF AdS4j8 SUPERSPACE

Consider a curved 4D N ¼ 2 superspace parametrized
by local coordinates zM¼ðxm;θμi ; θ̄iμ̇Þ, where m¼0, 1, 2, 3,
μ ¼ 1, 2, μ̇ ¼ 1, 2, and i ¼ 1, 2. The Grassmann variables
are related to each other by the complex conjugation,
θμi ¼ θμ̇i. The supergravity structure group is chosen to be
SOð3; 1Þ × SUð2Þ, and the covariant derivatives have the
form,

DA ¼ EA þ 1

2
ΩA

bcMbc þΦA
klJkl; ð1Þ

where EA ¼ EA
M
∂M is the super vielbein andMab ¼ −Mba

are Lorentz group generators with commutation relations,

½Mab;Mcd� ¼ 2ηc½aMb�d − 2ηd½aMb�c: ð2Þ

They act on vectors and spinors by the rule,

½Mab;Dc� ¼ 2ηc½aDb�; ð3aÞ

½Mαβ;Di
γ� ¼ εγðαDi

βÞ; ð3bÞ

½M̄α̇ β̇; D̄
i
γ̇� ¼ εγ̇ðα̇D̄i

β̇Þ: ð3cÞ

We use the following conventions for the relations
between the Lorentz generators with vector and spinor
indices:

Mab ¼ ðσabÞαβMαβ − ðσ̃abÞα̇ β̇M̄α̇ β̇; ð4aÞ

Mαβ ¼
1

2
ðσabÞαβMab; ð4bÞ

M̄α̇ β̇ ¼ −
1

2
ðσ̃abÞα̇ β̇Mab: ð4cÞ

The SUð2Þ generators obey

½Jij; Jkl� ¼ δilJ
k
j − δkjJ

i
l; ð5Þ

and

½Jkl;Di
α� ¼ −δiðkDαlÞ; ½Jkl; D̄α̇

i � ¼ −εiðkD̄α̇
lÞ: ð6Þ

AdS4j8 superspace may be considered as a particular
solution of the N ¼ 2 supergravity with covariant deriv-
atives obeying the following graded commutation relations:

fDi
α;D

j
βg ¼ 4SijMαβ þ 2εαβε

ijSklJkl; ð7aÞ

fD̄α̇i; D̄β̇jg ¼ −4SijM̄α̇ β̇ þ 2εα̇ β̇εijS
klJkl; ð7bÞ

fDi
α; D̄

β̇
jg ¼ −2iδijðσcÞαβ̇Dc; ð7cÞ

½Da;D
j
β� ¼

i
2
ðσaÞβγ̇SjkD̄γ̇

k; ð7dÞ

½Da; D̄
β̇
j � ¼

i
2
ðσaÞαβ̇SjkDk

α; ð7eÞ

½Da;Db� ¼ −S2Mab; ð7fÞ

where S2 ¼ 1
2
SklSkl, and the SUð2Þ connection obeys the

constraints,

DASij ¼ 0; Sij ¼ Sij: ð8Þ

In Ref. [25], it was shown that one can impose a special
gauge on the SUð2Þ connection such that the torsion Sij

becomes a constant, Sij ¼ cij ¼ const. These constants cij

play a central role in the construction of the AdS4 harmonic
superspace in Ref. [24]. In the present work, we do not
impose this gauge and therefore keep the torsion Sij

covariantly constant.
The isometry group of AdS4j8 is OSpð2j4Þ. The infini-

tesimal isometry transformations are generated by the
Killing supervector ξA ¼ ðξa; ξαi ; ξ̄iα̇Þ such that the operator

ξ ¼ ξADA ¼ ξaDa þ ξαiD
i
α þ ξ̄iα̇D̄

α̇
i ð9Þ

obeys

½δξ;DA� ¼
�
ξþ 1

2
λabMab þ λijJij;DA

�
¼ 0; ð10Þ

for some real antisymmetric tensor λcdðzÞ ¼ −λdcðzÞ and
real symmetric tensor λij ¼ λij.
In Ref. [25], it was shown that the parameters λij may be

expressed via a single superfield ρ. Indeed, Sij being a
component of supertorsion should be invariant under the
isometry transformation, ½δξ; Sij� ¼ 0. Since in the AdS4j8

superspace this supertorsion is covariantly constant, see
Eq. (8), we find that Sij is invariant under the SUð2Þ action
of λijJij, which implies λij ¼ ρSij. This superfield, as well
as other components of the Killing vector ξA obey a number
of constraints which follow from Eq. (10):

Di
αξ

β
j − ρSijδ

β
α − λα

βδij ¼ 0; ð11aÞ

D̄α̇
i ξ

β
j −

i
2
Sijξβα̇ ¼ 0; ð11bÞ

D̄α̇
i ξ

b þ 2iðσbÞβα̇ξβi ¼ 0; ð11cÞ

Di
αλ

cd − 4Sijξβj ðσcdÞαβ ¼ 0; ð11dÞ

Di
αρ − 2ξiα ¼ 0: ð11eÞ
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These equations imply that all the components of the
Killing vector and λ-parameters are expressed via a single
real scalar superfield ρ [25],

ξαi ¼
1

2
Dα

i ρ; ξαβ̇ ¼
i

2S2
SijDi

αD̄
j
β̇
ρ; ð12Þ

λij ¼ ρSij; λαβ ¼
1

4
Dk

αDβkρ: ð13Þ

The superfield ρ obeys the following constraints:

ðDαiDj
α þ 4SijÞρ ¼ 0; ð14aÞ

�
Di

αD̄
j
β̇
−

1

2S2
SijSklDk

αD̄l
β̇

�
ρ ¼ 0; ð14bÞ

Daρ ¼ 0: ð14cÞ

By definition, a superfield Φ [with Lorentz and SUð2Þ
indices suppressed] on AdS4j8 transforms under the isom-
etry by the rule,

δξΦ ¼
�
ξþ 1

2
λabMab þ ρSijJij

�
Φ: ð15Þ

Below we will generalize these transformations to the
superfields in the harmonic superspace.

III. INTRODUCING HARMONICS

Consider SUð2Þ harmonic variables with defining proper-
ties uþiu−j − u−iuþj ¼ δij, u

þiuþi ¼ u−iu−i ¼ 0. Associated
with the harmonic coordinates are the covariant harmonic
derivatives Dþþ, D−−, and D0 with commutation relations
of the suð2Þ Lie algebra,

½Dþþ; D−−� ¼ D0; ð16aÞ

½D0; Dþþ� ¼ 2Dþþ; ð16bÞ

½D0; D−−� ¼ −2D−−: ð16cÞ

Following the routine of the harmonic superspace
approach [1], with every iso-tensor superfield with no
Lorentz indices,

Φi1…imþnðzÞ ¼ Φði1…imþnÞðzÞ; ð17Þ

we associate a harmonic superfield

Φðm;nÞðz; uÞ ¼ uþi1…uþimu
−
imþ1

…u−imþn
Φi1…imþnðzÞ: ð18Þ

By construction this superfield hasUð1Þ charge q ¼ m − n,

D0Φðm;nÞ ¼ ðm − nÞΦðm;nÞ; ð19Þ

and, thus, it is a smooth function over the homogeneous
space S2 ≃ SUð2Þ=Uð1Þ. More generally, given a set of
superfields with arbitrary number of SUð2Þ indices of the
type (17), we define a general harmonic superfield with a
given Uð1Þ charge q,

ΦðqÞðz; uÞ ¼

8><
>:

P
n≥0

Φðnþq;nÞðz; uÞ q ≥ 0

P
n≥0

Φðn;n−qÞðz; uÞ q < 0;
ð20Þ

D0ΦðqÞ ¼ qΦðqÞ: ð21Þ

By construction, the harmonic variables are invariant
under the AdS4j8 isometry,

δξu�i ¼ 0: ð22Þ

This means that they are inert under the SUð2Þ generator
Jij. As a consequence, the Uð1Þ generator SijJij acting on
the harmonic superfields (20) is represented by the follow-
ing operator:

JΦðqÞ ≔ SijJijΦðqÞ

¼ ðS−−Dþþ − SþþD−− þ Sþ−D0ÞΦðqÞ; ð23Þ

where

S�� ¼ u�i u
�
j S

ij: ð24Þ

Equation (15) implies the transformation law of the
harmonic superfield ΦðqÞ with no Lorentz indices under the
isometry of AdS4j8,

δξΦðqÞ ¼ ðξaDa − ξþαD−
α þ ξ−αDþ

α

− ξ̄−α̇ D̄
þα̇ þ ξ̄þα̇ D̄−α̇ þ ρJ ÞΦðqÞ; ð25Þ

where ξ�α ¼ u�i ξ
αi, ξ̄�̇α ¼ u�i ξ̄

i
α̇, D�

α ¼ u�i D
i
α and

D̄�̇
α ¼ u�i D̄

i
α̇.

For analytic superfields obeying

Dþ
αΦ

ðqÞ
A ¼ D̄þ

α̇Φ
ðqÞ
A ¼ 0; ð26Þ

the variation (25) simplifies to

δξΦ
ðqÞ
A ¼ ðξaDa − ξþαD−

α þ ξ̄þα̇ D̄−α̇ þ ρJ ÞΦðqÞ
A : ð27Þ

Note that the analyticity constraint (26) is preserved by

the isometry transformations in AdS4j8, Dþ
α δξΦ

ðqÞ
A ¼

D̄þ
α̇ δξΦ

ðqÞ
A ¼ 0. This property follows from the definition

of the Killing vector (10) and the condition (22).
The algebra of covariant derivatives (7) may be rewritten

in terms of covariant derivatives D�
α and D̄�̇

α . Among these
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(anti)commutation relations we will need the following
ones:

fDþ
α ; D̄−

α̇g ¼ −2iσaαα̇Da; ð28aÞ

fDþ
α ;D

þ
β g ¼ 4SþþMαβ; ð28bÞ

fD̄þ
α̇ ; D̄

þ
β̇
g ¼ −4SþþM̄α̇ β̇; ð28cÞ

fDþ
α ;D−

β g ¼ 4Sþ−Mαβ − 2εαβJ ; ð28dÞ

fD̄þ
α̇ ; D̄

−
β̇
g ¼ −4Sþ−M̄α̇ β̇ þ 2εα̇ β̇J ; ð28eÞ

½Da;D�
α � ¼

i
2
ðσaÞαα̇ðS�þD̄−α̇ − S�−D̄þα̇Þ; ð28fÞ

½Da; D̄�̇
α � ¼

i
2
ðσaÞαα̇ðS�þD−α − S�−DþαÞ: ð28gÞ

The anticommutators (28b) and (28c) imply the follow-
ing identities for a general unconstrained harmonic super-
field of the form (20),

Dþ
α ½ðDþÞ2 þ 4Sþþ�ΦðqÞ ¼ 0; ð29Þ

D̄þ
α̇ ½ðD̄þÞ2 þ 4Sþþ�ΦðqÞ ¼ 0: ð30Þ

Hence, the operator

Πðþ4Þ ¼ 1

16
½ðDþÞ2 þ 4Sþþ�½ðD̄þÞ2 þ 4Sþþ� ð31Þ

maps any full-superspace superfield to an analytic one.
As a corollary, the operator

b□ ≔
1

32
½ðDþÞ2 þ 4Sþþ�½ðD̄þÞ2 þ 4Sþþ�D−−D−− ð32Þ

preserves the analyticity and maps any analytic superfield
to another analytic superfield. Using the algebra of covar-
iant derivatives (28) it is possible to derive the following
representation for this operator when it acts on an analytic
superfield with Uð1Þ charge q,

b□ΦðqÞ
A ¼

�
DaDa −

1

4
SþþðD−Þ2 − 1

4
SþþðD̄−Þ2

þ 1

2
SþþSþþD−−D−−

þ J ðJ þ SþþD−− − 3Sþ−Þ
�
ΦðqÞ

A : ð33Þ

This operator is an AdS4 counterpart of the flat N ¼ 2
harmonic superspace d’Alembert operator introduced
in Ref. [33].

IV. ANALYTIC ACTION PRINCIPLE

Given a real superfield Lagrangian L ¼ Lðx; θ; uÞ in
the full harmonic superspace, it is possible to write the
invariant action in the standard form,

S ¼
Z

d4j8zE
Z

duL; ð34Þ

where E ¼ Ber−1EA
M is the Berezinian of the inverse super

vielbein. The nontrivial problem is, however, to construct
invariant action in the analytic subspace.
Using the fact that the superspace integral of the full

derivative is vanishing,Z
d4j8zEDi

αΨα
i ¼

Z
d4j8zED̄α̇

i Ψ̄i
α̇ ¼ 0; ð35Þ

the action (34) may be expressed via the analytic projector
(31),

S ¼
Z

d4j8zE
Z

du
Lðþ4Þ

ðSþþÞ2 ; ð36Þ

where

Lðþ4Þ ¼ 1

16
½ðDþÞ2 þ 4Sþþ�½ðD̄þÞ2 þ 4Sþþ�L

¼ Πðþ4ÞL ð37Þ

is an analytic Lagrangian. It obeys the reality condition
under the tilde-conjugation in the harmonic super-
space [2], L̃ðþ4Þ ¼ Lðþ4Þ.
The analytic action principle in the form (36) was

derived in the general setup of N ¼ 2 supergravity matter
theory in the harmonic superspace in Ref. [20]. It was
proved there that this action is free from harmonic
singularities for arbitrary covariantly analytic Lagrangian
Lðþ4Þ despite the fact that it contains the charged harmonic
superfield ðSþþÞ2 in the denominator. Here we apply the
same action principle for matter theories on the particular
AdS4j8 background with the covariantly constant torsion
superfield Sij.
More generally, the action principle for an analytic

Lagrangian Lðþ4Þ may be written as follows:

S ¼
Z

d4j8zE
Z

du
U

Πðþ4ÞU
Lðþ4Þ; ð38Þ

where U is an arbitrary nowhere vanishing superfield and
Πðþ4ÞU is its analytic projection. Integrating the covariant
derivatives by parts, one can show that this action is
independent of the particular choice of U,

δUS ¼ 0: ð39Þ
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Thus the superfield U is pure gauge and the action (38)
reduces to (36) forU ¼ 1. In Ref. [20], it was shown that this
superfield U originates from the vector multiplet compen-
sator in the N ¼ 2 supergravity. See also Ref. [34] for a
review of covariant superspace approaches to N ¼ 2
supergravity.
The action (36) is a harmonic superspace counterpart of

the analogous action in the AdS4 projective superspace
proposed in Refs. [25,27] for an analytic Lagrangian Lþþ,

S ¼ 1

2π

I
ðuþduþÞ

Z
d4j8zE

Lþþ

ðSþþÞ2 : ð40Þ

Unlike the projective superspace approach, in the harmonic
superspace one, the factor ðSþþÞ−2 in the action (36) may
represent a potential problem because of harmonic singu-
larities. It is a nontrivial exercise to check that this factor
cancels out upon calculation of the component structure of
this action. As we will show below, there is an alternative
action principle for an analytic Lagrangian where this
problem does not occur.
Rather than further unfolding the action functional (36)

we switch to a bottom-up approach; starting from the
standard action principle in the flat harmonic superspace
for an analytic Lagrangian [2], we seek for its direct AdS4
harmonic superspace generalization. Indeed, given an
analytic Lagrangian Lðþ4Þ in the flat harmonic superspace,
the corresponding action may be written as S ¼ R

d4x×R
duðD−Þ4Lðþ4Þj, with flat superspace derivatives D−

α ; D̄−
α̇ ,

and ‘j’ standing for the θ ¼ 0 projection. In the curved
superspace, the flat superspace derivatives should be
replaced with the covariant ones, D−

α and D̄−
α̇ , and the

Lagrangian is represented by a covariantly analytic super-
field Lðþ4Þ. Then, considering the mass dimension of
torsion superfield S−− and balance of the Uð1Þ charge, it is
natural to search for an AdS4 generalization of the flat
superspace action within the following most general
ansatz:

S ¼ S0 þ a1S1 þ a2S2; ð41aÞ

S0 ¼
Z

d4xe
Z

duðD−Þ4Lðþ4Þj; ð41bÞ

S1 ¼
Z

d4xe
Z

du S−−½ðD−Þ2 þ ðD̄−Þ2�Lðþ4Þj; ð41cÞ

S2 ¼
Z

d4xe
Z

duðS−−Þ2Lðþ4Þj; ð41dÞ

where j stands for the projection θ ¼ 0, d4xe ¼ d4x
ffiffiffiffiffiffi−gp

is purely bosonic AdS4 invariant measure and

ðD−Þ4 ≔ 1

16
ðD−Þ2ðD̄−Þ2: ð42Þ

The coefficients a1 and a2 in (41a) are to be found from
the condition of invariance of this action under the
isometry of AdS4j8, δξS ¼ 0.
Since the Lagrangian is a scalar, it transforms under (15)

by the rule,

δξLðþ4Þ ¼ ðξþ ρJ ÞLðþ4Þ: ð43Þ

Using the following identities for the integration by parts
for a superfield Φ:Z

d4xe
Z

duDaΦaj ¼ 0; ð44aÞ
Z

d4xe
Z

duDþþΦ−−j ¼ 0; ð44bÞ
Z

d4xe
Z

duD−−Φþþj ¼ 0; ð44cÞ
Z

d4xe
Z

duJΦð0Þj ¼ 0; ð44dÞ

we can represent the variations of S0, S1 and S2 in the
forms,

δξS0 ¼
Z

d4xe
Z

duð−ξþαD−
α þ ξ−αDþ

α

− ξ̄−α̇ D̄
þα̇ þ ξ̄þα̇ D̄−α̇ÞðD−Þ4Lðþ4Þj; ð45aÞ

δξS1 ¼
Z

d4xe
Z

du S−−ð−ξþαD−
α þ ξ−αDþ

α − ξ̄−α̇ D̄
þα̇

þ ξ̄þα̇ D̄−α̇Þ½ðD−Þ2 þ ðD̄−Þ2�Lðþ4Þj; ð45bÞ

δξS2 ¼
Z

d4xe
Z

duðS−−Þ2ðξ̄þα̇ D̄−α̇ − ξþαD−
α ÞLðþ4Þj:

ð45cÞ

We will proceed by the following steps:
(1) Commute the derivatives Dþ

α and D̄þα̇ with ðD−Þ2
and ðD̄−Þ2 using the algebra of covariant derivatives
(28) and the analyticity of the Lagrangian,Dþ

αLðþ4Þ ¼
D̄þα̇Lðþ4Þ ¼ 0;

(2) Using the same algebra of covariant derivatives, in
the integrand pull the operators Da and J to the left
and use the rules of integration by parts (44);

(3) When the derivative Da hits the Killing spinors, the
following identities may be applied:

σaαα̇Daξ
−α ¼ 2iðS−−ξ̄þα̇ − Sþ−ξ̄−α̇ Þ; ð46Þ

ðσaÞαα̇Daξ̄
−
α̇ ¼ −2iðS−−ξþα − Sþ−ξ−αÞ: ð47Þ

These identities follow from Eq. (11c).
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As a result, we find the following expressions for the
variations (45):

δξS0 ¼
1

2

Z
d4xe

Z
du S−−½ξþαD−

α ðD̄−Þ2

− ξ̄þα̇ D̄−α̇ðD−Þ2 − 8S−−ξþαD−
α þ 8S−−ξ̄þα̇ D̄−α̇

þ 12Sþ−ξ−αD−
α − 12Sþ−ξ̄−α̇ D̄

−α̇�Lðþ4Þj; ð48Þ

δξS1 ¼ −
Z

d4xe
Z

du S−−½ξþαD−
α ðD̄−Þ2

− ξ̄þα̇ D̄−α̇ðD−Þ2 − 8S−−ξþαD−
α þ 8S−−ξ̄þα̇ D̄−α̇

þ 12Sþ−ξ−αD−
α − 12Sþ−ξ̄−α̇ D̄

−α̇�Lðþ4Þj: ð49Þ

Hence, for a1 ¼ 1=2 and a2 ¼ 0, the action (41) is invariant
under the isometry of AdS4j8, δξðS0 þ 1

2
S1Þ ¼ 0. Finally,

we write the action principle for an analytic Lagrangian
Lðþ4Þ in the form,

S ¼
Z

d4xe
Z

du

�
ðD−Þ4

þ 1

2
S−−½ðD−Þ2 þ ðD̄−Þ2�

�
Lðþ4Þj: ð50Þ

In this form, the analytic action principle is free from
harmonic singularities and is suitable for studying the
component structure of the analytic Lagrangian Lðþ4Þ.
The relation of this action to Eq. (36) will be studied
elsewhere.
Below, we demonstrate how the analytic action principle

(50) applies for calculation of the component structure in
the free q-hypermultiplet model.

V. EXAMPLE: COMPONENT STRUCTURE OF
THE FREE HYPERMULTIPLET ACTION

The free q-hypermultiplet model is described by the
following Lagrangian:

Lðþ4Þ ¼ −q̃þDþþqþ; ð51Þ

where qþ is an analytic superfield and q̃þ is its tilde-
conjugate,

Dþ
α qþ ¼ D̄þ

α̇ q
þ ¼ 0: ð52Þ

Note that this superfield is not required to be annihilated by
Dþþ and, thus, is, in general, represented by an infinite
series over the harmonic variables. This feature is crucial
for the off shell description of the q-hypermultiplet model
in the harmonic superspace.
To evaluate the component structure of the action (50)

with the Lagrangian (51), we proceed by the following
steps:
(1) We commute the derivatives D−

α and D̄−α̇ to the right
and act on qþ and q̃þ. The commutators ½D−

α ; Dþþ� ¼
−Dþ

α and ½D̄−α̇; Dþþ� ¼ −D̄þα̇ yields the derivatives
Dþ’s, which annihilate the analytic superfield qþ
according to Eq. (52);

(2) The operators Da and J are moved to the left by
using the rules for integration by parts (44).

As a result, we obtain the following bosonic and fermionic
field contributions to the free hypermultiplet action,

Sq ¼ Sbos þ Sferm; ð53Þ

Sbos ¼ −
Z

d4xe
Z

du

�
ððD−Þ4q̃þÞDþþqþ þ q̃þDþþððD−Þ4qþÞ þ 1

4
ðD−βD̄−α̇q̃þÞDþþðD−

β D̄
−
α̇q

þÞ

þ 1

16
ððD̄−Þ2q̃þÞDþþððD−Þ2qþÞ þ 1

16
ððD−Þ2q̃þÞDþþððD̄−Þ2qþÞ

þ i
2
ðD−βD̄−α̇q̃þÞðDβα̇qþÞ −

i
2
ðDβα̇q̃þÞðD−βD̄−α̇qþÞ þ 1

4
ððD−Þ2q̃þ þ ðD̄−Þ2q̃þÞðJ þ 2S−−DþþÞqþ

þ 1

4
q̃þðJ þ 2DþþS−−ÞððD−Þ2qþ þ ðD̄−Þ2qþÞ þ 9S−−q̃þJ qþ

�				; ð54Þ

Sferm ¼ −
Z

d4xe
Z

du

�
1

8
ðD−αðD̄−Þ2q̃þÞDþþðD−

αqþÞ þ
1

8
ðD̄−

β̇
q̃þÞDþþðD̄−β̇ðD−Þ2qþÞ

þ 1

8
ðD̄−

β̇
ðD−Þ2q̃þÞDþþðD̄−β̇qþÞ þ 1

8
ðD−αq̃þÞDþþðD−

α ðD̄−Þ2qþÞ

þ i
2
ðD−αq̃þÞðDαβ̇D̄

−β̇qþÞ − i
2
ðD̄−β̇q̃þÞðDαβ̇D

−αqþÞ þ 1

2
ðD−αq̃þÞðJ þ 2Sþ− þ 2S−−DþþÞðD−

αqþÞ

þ 1

2
ðD̄−

β̇
q̃þÞðJ þ 2Sþ− þ 2S−−DþþÞðD̄−β̇qþÞ

�				: ð55Þ

Next, we define the bosonic and fermionic components of the hypermultiplet superfield with the following equations:
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qþj ¼ Fþðx; uÞ; q̃þj ¼ −F̄þðx; uÞ; ð56aÞ

D−
αqþj ¼ Ψαðx; uÞ; D̄−α̇q̃þj ¼ −Ψ̄α̇ðx; uÞ; ð56bÞ

D̄−α̇qþj ¼ Φ̄α̇ðx; uÞ; D−
α q̃þj ¼ Φαðx; uÞ; ð56cÞ

ðD−Þ2qþj ¼ −4M−ðx; uÞ;
ðD̄−Þ2q̃þj ¼ 4M̄−ðx; uÞ; ð56dÞ

ðD̄−Þ2qþj ¼ −4N−ðx; uÞ;
ðD−Þ2q̃þj ¼ 4N̄−ðx; uÞ; ð56eÞ

D−
β D̄

−
α̇q

þj ¼ −iσaβα̇A−
a ðx; uÞ ¼ −iA−

βα̇ðx; uÞ;
D−

β D̄
−
α̇ q̃

þj ¼ iσaβα̇Ā
−
a ðx; uÞ ¼ iĀ−

βα̇ðx; uÞ; ð56fÞ

D−
α ðD̄−Þ2qþj ¼ −4Λ−−

α ðx; uÞ;
D̄−α̇ðD−Þ2q̃þj ¼ 4Λ̄−−α̇ðx; uÞ; ð56gÞ

D̄−α̇ðD−Þ2qþj ¼ −4X̄−−α̇ðx; uÞ;
D−

α ðD̄−Þ2q̃þj ¼ −4X−−
α ðx; uÞ; ð56hÞ

ðD−Þ4qþj ¼ Pð−3Þðx; uÞ;
ðD−Þ4q̃þj ¼ −P̄ð−3Þðx; uÞ: ð56iÞ

These components enter the actions (54) and (55) as
follows:

Sbos ¼
Z

d4xe
Z

du

�
P̄ð−3ÞDþþFþ þ F̄þDþþPð−3Þ þ 1

2
Ā−
aDþþA−a þ 9S−−F̄þJFþ

þ M̄−DþþM− þ N̄−DþþN− − ĀaðDaFþÞ þ ðDaF̄þÞA−a

− ðM̄− þ N̄−ÞðJ þ 2S−−DþþÞFþ − F̄þðJ þ 2DþþS−−ÞðM− þ N−Þ
�
; ð57aÞ

Sferm ¼
Z

d4xe
Z

du

�
−
i
2
ΦαðDαβ̇Φ̄β̇Þ − i

2
Ψ̄β̇ðDαβ̇ΨαÞ

þ 1

2
X−−αDþþΨα −

1

2
Ψ̄α̇DþþX̄−−α̇ −

1

2
Λ̄−−
α̇ DþþΦ̄α̇ þ 1

2
ΦαDþþΛ−−

α

−
1

2
ΦαðJ þ 2Sþ− þ 2S−−DþþÞΨα þ

1

2
Ψ̄α̇ðJ þ 2Sþ− þ 2S−−DþþÞΦ̄α̇

�
: ð57bÞ

The corresponding equations of motion for these compo-
nent fields are

DþþFþ ¼ 0; ð58aÞ

DþþM− − ðJ þ 2S−−DþþÞFþ ¼ 0; ð58bÞ

DþþN− − ðJ þ 2S−−DþþÞFþ ¼ 0; ð58cÞ

DþþA−
a − 2DaFþ ¼ 0; ð58dÞ

DþþΨα ¼ 0; DþþΦα ¼ 0; ð58eÞ

DþþPð−3Þ −DaA−
a þ 9S−−JFþ

− ðJ þ 2DþþS−−ÞðM− þ N−Þ ¼ 0; ð58fÞ

DþþΛ−−
α − iDαβ̇Φ̄β̇ − ðJ þ 2Sþ− þ 2S−−DþþÞΨα ¼ 0;

ð58gÞ

DþþX−−
α þ iDαβ̇Ψ̄β̇ − ðJ þ 2Sþ− þ 2S−−DþþÞΦα ¼ 0:

ð58hÞ

Elimination of auxiliary fields from these equations follows
the standard procedure [2]; Eqs. (58a)–(58e) are purely
kinematic and so may be solved by expanding the series in
harmonic variables and comparing term by term, thus
eliminating most of the auxiliary fields. Equations (58f)–
(58h) represent a combination of kinematic and dynamic
equations and allow one to eliminate the rest of the
auxiliary fields, and are also responsible for putting the
physical fields on shell. For instance, Eq. (58a) implies
Fþðx; uÞ ¼ fiuþi ; Eqs. (58b)–(58d) imply M−ðx; uÞ ¼
MiðxÞu−i , N−ðx; uÞ ¼ NiðxÞu−i , A−

a ðx; uÞ ¼ Ai
aðxÞu−i , etc.,

Note that the fermionic fields Ψα and Φα are har-
monic independent, Ψαðx; uÞ ¼ ψαðxÞ, Φαðx; uÞ ¼ ϕαðxÞ.
Eliminating all remaining auxiliary fields via their equa-
tions of motion and evaluating integrals over harmonic
variables, we find the following actions for the physical
components:

ANALYTIC ACTION PRINCIPLE IN N ¼ 2 AdS4 … PHYS. REV. D 112, 125031 (2025)

125031-7



Sq ¼
Z

d4xe

�
Dmf̄iDmfi − 2S2f̄ifi

þ i
2
ϕ̄β̇Dαβ̇ϕ

α þ i
2
ψ̄ β̇Dαβ̇ψ

α

�
; ð59Þ

According to Eq. (7f), the Riemann curvature tensor in
the AdS4 space is Rab

cd ¼ −2S2δc½aδ
d
b�, and, hence, the

Ricci scalar is R ¼ −12S2. This allows us to match the
AdS4 mass term for the scalars in Eq. (59) with the one in
Ref. [24], −2S2 ¼ R=6.
In conclusion, it would be interesting to study whether the

superfield action (50) can be obtained by dimensional
reduction from the superfield theory on AdS5j8 developed

in Refs. [22,23]. In curved space, dimensional reduction is a
nontrivial problem and certainly merits future investigation.
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