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We compute the Gross-Llewellyn Smith sum rule, i.e., the lowest odd moment of the parity-violating
structure function, F3, of the nucleon from a lattice QCD calculation of the Compton amplitude. Our
calculations are performed on 483 x 96 lattices at the SU(3) symmetric point for two lattice spacings. We
extract the moments for several values of the current momenta in the range 0.5 < Q% < 10 GeV?, covering
both the nonperturbative and perturbative regimes. We compare our moments to the Gross-Llewellyn Smith
sum rule and discuss the implications for higher-twist effects, a determination of a,(Q?) from a hadronic
quantity complementing the phenomenological and other lattice approaches, and electroweak box
contributions crucial for Cabibbo—Kobayashi—-Maskawa matrix unitarity studies.
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I. INTRODUCTION

The parity-odd structure function, F3, accessible via
neutrino deep-inelastic scattering (vDIS), plays a signifi-
cant role in understanding processes involving QCD and
electroweak sectors. Its first moment defines the Gross-
Llewellyn Smith (GLS) sum rule [1]

1 /1 _
las(0) = [ Ry + P 0. ()

which in the quark-parton model counts the number of
valence quarks in a proton, and the perturbatively calcu-
lable radiative corrections provide a significant test of
the validity of QCD as the theory of strong interactions.
While the charged-current interaction, e.g., W-exchange, is
directly proportional to the number of valence quarks, the
neutral-current interaction, e.g., the yZ interference, has an
analogous sum rule where the number of valence quarks are
weighted by electroweak charges of the quarks, therefore
carrying equivalent information as the GLS sum rule.
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Thanks to F'5 being a nonsinglet quantity, the GLS sum
rule is theoretically clean, i.e., it has a vanishing anomalous
dimension at leading order in QCD [2]. The GLS sum rule
is unique in the sense that the nucleon matrix element
of leading twist, which is the vector charge, is known
analytically, and the Wilson coefficient is known to next-to-
next-to-next-to-leading order (N*LO) [3,4], which makes it
the ideal laboratory for studying higher twist [5]. This also
makes the GLS sum rule, along with the Bjorken sum rule,
an ideal laboratory for determining «; [6,7] at the brink of
the nonperturbative regime and also for a nonperturbative
definition of the strong coupling via an effective charge
approach analogous to QED (see [8,9] for reviews). A first-
principles calculation is highly desirable to provide insights
into the interplay between the perturbative and nonpertur-
bative regimes, and an additional determination of the
strong coupling based on a hadronic observable.

Beyond the GLS sum rule, the F5 structure function holds
vital importance for electroweak radiative corrections, which
remain one of the main sources of theoretical uncertainty in
the determination of the Cabibbo—Kobayashi-Maskawa
(CKM) matrix elements and the weak mixing angle at
low scales [10—13]. These radiative corrections are directly
proportional to the contribution of the electroweak box
diagrams, e.g., the yZ, or yW* interference, which are
sensitive to processes involving hadronic scales. Modern
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dispersive treatments of the box diagrams [14—18] (and
see [13,19] for reviews) provide a connection to the (first
moment of) parity-odd structure function, hence require
experimental input. However, the coverage of available
experimental data is rather poor, where it either does not
cover the low-Q? region relevant for the hadronic scales or
is available for a different isospin channel, which would
require modeling to relate it to the necessary structure
function. In light of this, a nonperturbative approach comes
as a powerful tool to determine the box diagram contribu-
tions, and recent lattice QCD calculations [20-24] have
indeed provided valuable input to studying CKM unitarity.

The Feynman-Hellmann approach has proven to be an
effective technique to extract the Compton amplitude in
lattice QCD [25], with applications to the calculations of
the moments of unpolarized [26,27] and polarized [28]
parity-conserving nucleon structure functions, and gener-
alized parton distributions [29,30]. Building upon previous
work, we compute the GLS sum rule by calculating the first
moment of the yZ interference structure function, F gz.

The rest of this paper is organized as follows: in Sec. II,
we show the Lorentz decomposition of the Compton
amplitude and the kinematics we choose to isolate the
parity-odd Compton amplitude. The Feynman-Hellmann
approach employed to calculate the Compton amplitude
is explained in Sec. III, followed by the details of our
lattice calculations and analyses in Sec. IV. We present
and discuss our results in Sec. V before providing a
summary and our concluding remarks in Sec. VI. Some
further details of our calculations are collected in
Appendices B and C.

II. PARITY-ODD COMPTON AMPLITUDE

The starting point of the calculation is the time-ordered
product of vector and axial-vector currents sandwiched
between nucleon states, forming the Compton tensor,

To(p.q) = ipsy / d*2e4 (p, S| T {1, (2)J20)} . 5).

)

where p (g) is the nucleon (current) momentum, and p,y is
the spin density matrix with the vector and axial-vector
currents, defined as

Ju(x) = Z Qs (x)y, s (x), (3)
f=ud

TAO) =D ghwr9)varsws(y), 4)
f=ud

where Q is the electric charge of the quark of flavor f, and

gﬁ; = 41/2 is the axial charge for an up- and down-type
quark, respectively.

The most general Lorentz decomposition of the
Compton tensor in Minkowski space for the spin-averaged
case is [31,32]

Puly
Tﬂv(p’ q) = _gyyfl(w’ QZ) + p#_'qu(aL Q2)
+ ighva zp‘ﬂﬂ(w, 02 + 2% £ (w, 02)
P-4 pP-q

Plu

+

W Fo.0?) + %mo, 0. (5)

where gip3 = 1,0 =2p - ¢/ Q% Q° = —¢*, and py,q,, =
(pu('Zv + py‘]ﬂ)/z and p[ﬂ(h] = (puqv - pl/Q/l)/Q' denote
the symmetrization and antisymmetrization of the indices.
We focus on the F73 term since the rest can be eliminated
for certain choices of kinematics. The analyticity of the
Compton tensor along with crossing symmetry and the
optical theorem, ImF3(w, Q%) = 2zF3(x = 1/w, 0?),
allows a connection between the Compton structure func-
tion F3 and the unpolarized parity-violating physical
structure function F5 through the dispersion relation,

F3(x, 0%)

1
R

0 1—x
Upon expanding the geometric series, (1 —x?w?)~!, we
arrive at

2
ROy 5 om0, )

@ n=12....

with the odd Mellin (Cornwall-Norton) moments of F;
defined as

1
MY (0% = A AR (x, 0Y, (8)

for n=1,2,3,.... Previous studies that extract the
lowest even Mellin moment of F required a polynomial
fit in w [26], however, the lowest Mellin moment of Fj,

M 53) (Q?), is directly accessible at @ = 0, i.e., for a nucleon
at rest, thus can be determined directly from the Compton
amplitude without a polynomial fit in @, noting that the rhs
of Eq. (7) is well defined at @ = 0.

III. FEYNMAN-HELLMANN APPROACH

A computation of the Compton amplitude requires the
evaluation of a matrix element that involves two currents,
which is a four-point correlation function. However, this
is a challenging calculation to undertake on the lattice
because of the rapid deterioration of the signal for large
time separations and the contamination due to excited states
that are harder to control compared to two- or three-point
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correlators. The application of the Feynman-Hellmann
theorem, on the other hand, reduces the problem to a
simpler analysis of two-point correlation functions using
the established techniques of spectroscopy.

The Compton tensor, Eq. (2), involves the product of a
vector and an axial-vector current, which requires a
generalization of the Feynman-Hellmann technique pre-
sented in [26] to include mixed currents. We follow the
generalization applied in [29]. It is clear from Eq. (5) that
the 73 Compton structure function lives in the antisym-
metric part of the tensor. In this case, we introduce two
spatially oscillating background fields to the fermion
action,

S(A,q) = Sy + 4 /d4z(eiq'z + e71%) T ,(z)
—m/wWW—wmzw» (9)

where S is the unperturbed action, and A = (41, 4,) denote
the strengths of the couplings between the quarks and the
external fields. The currents J,(z) = Zyy (z)y,ys(z) and
T (y) = Zap s (y)ysr.ys(y) are the renormalized vector
and axial-vector currents coupling to the quarks of flavor f
along the y and v directions. Here, ¢ = (q, 0) is the external
momentum inserted by the currents and g, = 0 by con-
struction in the Feynman-Hellmann approach [26], while
Zy 4 are the renormalization constants for the local vector
and axial-vector currents. An advantage of our approach
is that the renormalization is trivial, i.e., we only need
a multiplicative renormalization with known constants
Zy 4 [33]. The perturbation is introduced on the valence
quarks only, hence only quark-line connected contributions
are taken into account in this work. The perturbation of
sea quarks has been addressed in [34] in the context of
disconnected diagram contributions to the nucleon spin.

Following the derivation presented in [26], we arrive at
the Feynman-Hellmann relation between the second-order
energy shift and the Compton amplitude,

0’Ey,(p.q)
04104 |10

o l.T;w(p’ Q) - T/u/(pv _Q)
B 2EN(p) » (19

where 7, is defined in Eq. (2), and Ey (p.q) is the
perturbed nucleon energy with momentum p and depends
on the current insertion of momentum q. The i factor and
the minus sign in Eq. (10) are due to the second perturba-
tion term added in Eq. (9). We note that Eq. (10) renders
a relation between the second-order energy shift and the
Compton amplitude, and in order to isolate the Fj
Compton structure function we make a certain choice of
kinematics (discussed in Sec. IV). An independent deri-
vation of the relation between the energy shift and the
Compton amplitude, based on an expansion of the

Lagrangian in terms of a periodic external source [35],
can be found in [36].

A. Flavor decomposition and extracting
the energy shifts

The Feynman-Hellmann implementation we have briefly
described above corresponds to the insertion of an external
current to a quark line when the quark propagator is
computed with the perturbed action, Eq. (9). Therefore,
the flavor decomposition is achieved by computing the
propagator with the perturbed action, while the action of
the spectator quark is left unmodified. When both currents
are inserted onto the same quark, we evaluate the flavor-
diagonal uu or dd contributions to the Compton amplitude.
It is also possible to isolate the mixed-flavor higher-twist
ud piece by using positive and negative A pairs [27,37]. We
note that both the flavor-diagonal and mixed-flavor con-
tributions correspond to the yZ interference since there is
no flavor change for the uu, dd, and ud contributions. For
the ud piece, unlike the naming convention might suggest,
the currents act on the individual u- and d-quarks in the
nucleon.

The asymptotic behavior of the perturbed two-point
correlator at large Euclidean time takes the familiar form

G2 (p.q,1) = Ay (p, q)e PO, (11)

where Ey, is the perturbed energy of the ground state
nucleon in the presence of an external field and A, is the
corresponding overlap factor. In order to extract the second-
order energy shift, we calculate the following combination
of perturbed energies:

I
AEy,(P.@) =7 [Eng, . (P @) + Ex, , (P.0)

- EN(+AI._}‘2) (p’q) _EN(—A|A+/12)(p’ q)]’ (12)
where this corresponds to the term of interest

OEy,(p.q)
AE ,q) = W AHh——"——=
NA(P q) 142 PYI A A

+ O A) + O(431,), (13)

appearing on the lhs of Eq. (10) associated with the
interference of the currents J 4 and J f. In terms of
perturbed correlators, the second-order energy shift is
isolated via the ratio

2 2
G ..(p.a.0G") _, (p.q.1)

2 2
G%) _.(p.a.0G% ., (p.q.1)

>0

= Al (p. q)e Empa)r, (14)

Ru(p.q.1)
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where we have collected all overlap factors into a single
constant A (p,q), which is irrelevant for our discussion
of energy shifts. This ratio isolates the energy shift only
at even orders of 4, e.g., O(A]445") with n 4+ m even and
n, m>0.

IV. CALCULATION AND ANALYSIS DETAILS

Our calculations are performed on QCDSF’s
2 + 1-flavor gauge configurations generated with a stout-
smeared nonperturbatively O(a)-improved Wilson action
for the dynamical up/down and strange quarks and a tree-
level Symanzik-improved gauge action [38]. We use two
ensembles with volume V =483 x 96, and couplings
B =[5.65,5.95] corresponding to the lattice spacings
a = [0.068,0.052] fm, respectively. Quark masses are
tuned to the SU(3) symmetric point, where the masses of
all three quark flavors, u, d, and s, are set to approximately
the physical flavor-singlet mass, m = (mg + 2m;)/3
[39,40], yielding m, ~ 415 MeV. Details of the gauge
configurations we employ are listed in Table I. We carry
out our calculations with several values of current
momenta, Q?, in the range 0.5 < Q% <10 GeV? (see
Table II). A valence quark propagator is computed for
each combination of 4 and q. To increase statistics (mostly
for low-Q? values), we perform up to O(10%) measure-
ments by employing up to two sources on the ensembles of
size O(500) configurations.

To isolate the F5 term in Eq. (5), we choose u =1,
v=3, and ¢, =0, ¢, #0, for a nucleon at rest,
p = (0,0,0). This imposes the remaining indices to be
a = 4 and = 2 to have a nonvanishing result, considering
that ¢, = 0 in the Feynman-Hellmann approach. Hence, we
rewrite Eq. (10) as

Fi(0.0%) _ Q*PEy,(p.q)
@ q» 04104, /1:0'

(15)

Here, we remind the reader that in practice, we determine
the rhs of Eq. (15), which has no singularity at @ = 0. A
further note is on the kinematic factor, which is obtained
through a continuum formulation, however, we replace this
factor with its lattice equivalent, as will be discussed
later on.

We determine the energy shift, AEy, (p. q), by perform-
ing a fit to the plateau region of the ratio given in Eq. (14)
for each q, excluding those indicated by italics in Table II.
Italicized q-momenta are analyzed via direct fits to the

TABLEII. Multiple q = (g, g2, g3) values that we consider in
this work given in lattice and physical units. Note that we have set
g; = 0. The momenta for which we perform a multiexponential
analysis, as described in Sec. III, are indicated by italics.

B =565 B =595
q27/L] 0? [GeV?] q27/L) 0? [GeV?]
0,1, 1) 0.49
(0, 2, 0) 0.57 ©, 2, 0) 0.98
o, 1, 2) 0.71 ©, 1, 2) 1.23
0,2, 1) 0.71 ©,2, 1) 1.23
0, 2, 2) 1.14 ©, 2, 2) 1.97
0, 3, 0) 1.29 o, 1, 3) 2.46
o, 1, 3) 1.43 ©,3, 1) 2.46
©, 3, 1) 1.43 ©, 2, 3) 3.20
, 2, 3) 1.86 ©, 3, 2) 3.20
0, 2, 4) 2.86 O, 1, 4) 4.18
©, 3, 4) 3.57 ©, 4, 1) 4.18
0, 4, 3) 3.57 ©, 3, 3) 4.43
, 5, 0) 3.57 ©, 2, 4) 4.92
o, 1, 5) 371 , 4, 2) 4.92
, 3, 5) 4.86 0, 3, 4) 6.15
©, 5, 3) 4.86 (0, 4, 3) 6.15
, 2, 6) 572 ©, 5, 0) 6.15
o, 1, 7) 7.14 ©, 2, 5) 7.13
0,7, 1) 7.14 ©, 5, 2) 7.13
O, 1, 8) 9.29 ©, 1, 6) 9.10
©, 4, 7) 9.29

perturbed correlators, as described later. We note that only
the connected diagrams are calculated for the correlators
since the disconnected contribution vanishes for the lead-
ing-twist part of the lowest moment of F3. In order to
control the uncertainty arising due to the choice of fit
windows, [fyin, fmax)» We follow the weighted-averaging
procedure outlined in [41]. Several single exponential,
Eq. (11), fits are performed with fixed f,,, and varying
tmin» Where we demand ?,,,x — fin = 3a. The weight on
each fit is calculated by [41]

;o pf<50f)_2
wh = = . a2’
> pp (307

where p; =2 min(CDF,1— CDF) is the two-sided
p-value of a y? distribution calculated with the cumu-
lative  distribution  function CDF(Ng,r./2,27/2) =

T'(Ngor/2, )(?/ 2)/T'(Ngor./2). Here, f denotes the choice
of fit window, and O is an unbiased estimator of a generic

(16)

TABLE 1. Details of the gauge ensembles used in this work.

Ny B a [fm] Csw K K, L3xT m, [MeV] m,L Zy Zs Nty
2+1 5.65 0.068 2.48 0.122005 0.122005 483 x 96 412 6.9 0.8615 0.8754 535
2+1 5.95 0.052 222 0.123460 0.123460 483 x 96 418 53 0.8856 0.8983 507
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quantity, e.g., the energy shift extracted from the ratio. 60/
is the statistical uncertainty on O/ estimated by a bootstrap
analysis. Lastly, the final estimate of the quantity of
interest, O, and its uncertainty, 50, are calculated via

O=> wo, (17a)
f

5stat@2 = wa(5(_9f)2’ (17b)
7

8y O* =D W/ (0 = D), (17¢)
f

80 = /64 O* + 84, O (17d)

The quantity of interest in our case is the Compton
amplitude, which is obtained from a fit to the 1 dependence
of the energy shifts. To estimate the amplitude we calculate
the ratio for |A| = || = 4|, for two values of || =
0.0125 and 0.025, and perform fits of the form of
Eq. (13) to determine the second-order energy shift,
OEy, (p)
“Shoh iy
bootstrap samples. Evaluating two values of |1| allows us to
assess the effect of higher-order terms in Eq. (13). We
provide a further stability check in Appendix A. Multiplied
by the kinematic factor, Eq. (15), the extracted second-
order energy shift gives the Compton structure function.

A representative effective energy plot analog for the ratio
for a nucleon at rest, p = (0,0,0) % atq=(0,1,3 2L—” is
shown in Fig. 1. The corresponding 4 fit is shown in Fig. 2.
We have plotted the weighted-average results in Figs. 1 and
2 to illustrate the intermediate steps, but in practice we carry
the analysis through the bootstrap samples until estimating
the amplitude. In propagating the uncertainty for weighted
averaging, we use the p-values calculated with the y? of the
ratio fits for a fixed 1. Since we employ two A values in our
analysis, choosing the p-values associated with any one of
the A1 presents an additional source of systematic error.
However, we do not find any significant difference among
the p-values with respect to A. On this note, we show the F3
Compton structure function, as calculated using the energy
shifts extracted on several fit windows, along with the
weight of each estimate in Fig. 3.

While the ratio method described in Sec. III and further
discussed in this section is the preferred method and
utilized for the majority of the calculation, we follow a
different approach for the q-momenta indicated by italics in
Table II for which the ratios do not exhibit a clear plateau.
In those cases, we extract the perturbed energies directly
from the perturbed correlators via a Bayesian approach
using a multiexponential fit ansatz,

for each fit window, f, within their respective

— 18+ A
@ @ $ 0.0125
—20} § 0.025
L e
SE-24
®lg )
- % L i
—I% —28 '3 %% % [ @
—30
§=(0,1,3)2n/L
_39f F=1(0,0,0)27/L
0 2 4 6 8 10 12 14 16 18 20 22 24 26
t/a
FIG. 1. Effective energy plot analogue for the ratio, Eq. (14),

normalized by A% (|4, = |4, = |4], for 2 = 0.0125, and 0.025).
The extracted energy shifts, Eq. (17a), and their uncertainties,
Eq. (17d), are shown by the dashed lines and shaded bands
respectively. We are showing the results for the uu contribution
obtained on the f =5.95 ensemble for (p,q)=((0,0,0),
(0,1,3)) 2% corresponding to @ = 0 at Q> ~ 2.5 GeV?.

0.000
o
—~ —0.005} b
o
g
~
z —0.010t
S
<4
—0.015}
G=(0,1,3)2nx/L -
7= (0,0,0) 27/L
0.000 0.005 0.010 0.015 0.020 0.025
A

FIG. 2. 1 dependence of the energy shift for the same
kinematics given in Fig. 1.

2

i ~E\ (p.
G,(f)(qu’ t) _ ZA/(l)(P"De ENA(p,qh’ (18)
i=0

where Eﬁ\?j (p, q) is the perturbed ground state energy we

are interested in. We choose flat priors for Agf]) and EE\(,)B

with support in range [0, 1], and truncated Gaussian priors
with support for positive real numbers only for AE{) and El(\l,l
centered at zero with widths ¢ = 1. A hierarchy of energies,
Eg\i) > EI(\}B > Eg\(,)l) > (), is enforced by choosing the energy
priors of consecutive states to be bounded from below by
the previous energy state. No hierarchy is assumed for the
overlap factors Ay).

Once the individual perturbed ground state energies are
extracted for the correlators appearing in Eq. (14), we
determine the energy shift via
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0,1,3) 2w/L
0,0,0) 27/L 10.20

qg=
p=

3
=)
—e—i
—e—i
—e—i

111l

Fi(w =0,Q%/w
o
©
—e—
—e—
——

———
o =
[ -
o o
‘Weights

6.8 I
0.05
6.7
6 7 & o 10 11 12 13 14 15 16 17 18 19 >0
tmin/a
FIG. 3. The F3; Compton structure function obtained via

Eq. (15) for the same kinematics given in Fig. 1. The wuu
contribution determined on the f = 5.95 ensemble is shown.
tmax = 24a for this case, and we dropped the #,,;, > 19a points
for clarity since their weights vanish due to low fit quality. The
bars associated with the right y-axis denote the weight, Eq. (16),
of each point. The final estimate, Eq. (17a), is shown by the
solid line, and the inner and outer shaded bands denote the
statistical, Eq. (17b), which are dominant, and the total, Eq. (17d),
uncertainties.

(0)

1
AEy,(p.q) = [E(O) (p.a) +Ey_, _, (P.q)

T4 NGy )

(0) (0)
B EN(+11~—12) (P, q) B EN(-41~+’~2) (p’ q>] ’ (19)

where the unperturbed ground state energy, E,(\(,)) (p), is also

extracted in the same Bayesian analysis framework. Further
details of this approach and a comparison to the ratio
method are collected in Appendix A.

Before we present our results, we remark on our
reduction of discretization errors arising due to broken
rotational symmetry on the lattice. The Compton amplitude
is related to the Compton structure function F3, and
consequently to the moments of F3, by the kinematic
factor given in Eq. (15). However, this relation starts from a
continuum expression, Eq. (5), and naturally receives
corrections in a lattice formulation. Based on a lattice
perturbation theory (LPT) inspired procedure [42,43],
we derive a correction factor for a free fermion (see
Appendix B) and apply this correction to obtain the
LPT-improved structure function at @ = 0. The improve-
ment is achieved by replacing the kinematic factor,

Q_2 R >_isin’g; + [Xo:(1 = cos g;)]?

q2 sin g,

, (20)

appearing in Eq. (15). We show the effect of this improve-
ment in Fig. 4 for a few illustrative cases. At fixed ¢, the
Compton structure function calculated using different ¢
geometries will receive different discretization errors and

Q? [GeV?]
86 7.14

1.43 4. 9.29
7.4 ¢ Raw
A LPT improved
7.2
3 (0,3,1)
27 gungfors s
6.8 (0,5,3) '
S & N (0,1,7)
I 6.6 2059 i " £0.4.7)
3 £(0,7,1)
i”ﬁ'4 #(0,3,5) %(0,1,7) &9
6.2
3(0.5.3)
6.0 2(0.7,1) w047
5.8
10 34 50 65
q* [2m/L)?

FIG. 4. The raw (filled pentagons) and LPT-improved (empty
triangles) F3; Compton structure function at @ = 0 for a few
representative kinematics obtained on the f = 5.65 ensemble for
the uu contribution. We label the points with their corresponding
q = (91,92, q3). Note that the q? is not evenly distributed, as
indicated by the nonlinear scale on the horizontal axis. Points are
shifted for clarity.

hence will give different results, as apparent for the raw
points in Fig. 4, and especially pronounced for the larger ¢°.
In the continuum limit, however, using different ¢ geom-
etries should lead to the same result. The LPT-improved
points in Fig. 4 show that the correction factor works to
reduce the effect of this discretization error due to broken
rotational symmetry, however, residual discretization arti-
facts are still evident.

V. RESULTS AND DISCUSSION

Our main result is the lowest odd Mellin moment of F;
determined following the analysis procedure outlined in
Sec. IV from the F3 Compton structure function at @ = 0,

9400 02
M@,q(Qz) — hmw (1)

w—0 4w ’

for each Q? given in Table II. Here, gq labels the flavor-
diagonal uu or dd pieces.

We show our LPT-improved moments obtained on the
two lattice ensembles in Fig. 5 for the uu and dd
contributions. For the first time, we see lattice moments
for the GLS sum rule covering a wide range of Q2 from the
perturbative to the nonperturbative regime. Therefore, it is
instructive to consider different Q2 regions where different
physical effects are at play, although the boundaries
between these regions are not definite.

The high-Q? region, Q> = 4 GeV?, is dominated by the
leading-twist parton distribution functions and well
described by perturbative QCD. In the quark-parton model,
the lowest odd moment of F5 is given by [44]
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2.4} ---Parton model
—pQCD (N®LO)
2.2¢
2.0
3
231.8}
= "
1.6 g
1.4}
Our results
1.2t $ B =5.65 (a = 0.068 fm)
¥ B =5.95(a = 0.052 fm)
% 2 4 6 8 10
Q? [GeV?
1.1
---Parton model
—pQCD (N3LO
1.0 pQCD ( )
0.9
=3
VEH 0.8
0.71
Our results
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0.5 . . . -
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FIG. 5.
lattice results from coarse (blue circles) and fine ensembles (red
N3LO [Eq. (23) without the higher-twist term].

3),QPM
l .49

(0?) = / " ix(g - )(x. %)

0
=N, (22)
where g(x, Q%) and g(x, Q%) denote the leading-twist quark
and antiquark parton distribution functions, respectively,
and, therefore, N, is the number of valence quarks of
flavor q.

In QCD, the quark-parton model value receives pertur-
bative corrections, which is calculated to N°LO [3,4],

HT

l qq(Q2

P—ZCaQ]

Q2 +- (23)

where N =2 and 1 for the uu and dd contributions,

respectlvely, the coefficients are C; =1, C, = 12 nf,

11

The uu and dd contributions to the lowest odd Mellin moment of the F5 structure function as a function of Q*. We compare our

diamonds) to the perturbative QCD (pQCD) predictions estimated to

C; =41.440 - 8.020n, + 0.177n%, and C,=4794-
117.6n;+ 7.464nj2f - 0.1037nj3¢ [3,4], where we take ny =3,

a,(Q*) = a,(Q*)/x, and AT denotes the coefficient of
the leading higher-twist term, with ellipses denoting the
neglected higher-order power corrections. Note that there
are additional corrections to the GLS sum rule arising from
strange quark distributions and from charge symmetry-
violating parton distributions [45], and heavy flavors [46],
however, we do not incorporate these corrections to our
current analysis at this stage. The yZ analog of the GLS
sum rule for vDIS can be constructed via

).QPM
q

= 3"20,9iMPIIM (@), (24)

q=u,d

qu

where Q, and gl are the electric and axial charges of the
quark gq.
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---Parton model —pQCD (N°LO) ¥ Exp
3.0 =
*
—~2.5
S
32
= -
£292.0
1.57 Our results Ml(?izrf;d
fi B = 5.65 (a = 0.068 fm)
£ 8=5.95 (a = 0.052 fm)
Q? [GeV?

FIG. 6. The inelastic part of the GLS sum rule, Eq. (1), as a function of Q. We compare our results, M ﬂ;}fj{ 4+ to the experimentally
determined elastic-subtracted GLS sum rule [6] and the parton model and perturbative QCD (pQCD) predictions estimated to N*LO

[Eq. (23), with N, = N, + N, and higher-twist terms neglected].

The scale dependence of this expression is trivial, i.e., it is
carried by the scaling of a only, given that the anomalous
dimensions of the y, operator vanish at leading order in
operator product expansion [2]. The solid bands in Fig. 3
show the leading-twist moment with perturbative corrections,
Eq. (23), calculated using a,(Q?) estimated to four-loop
accuracy in the MS scheme following the PDG definition

[44] and with the three-flavor A% = 338(10) MeV quoted

by the Flavor Lattice Averaging Group [47] based on the
determinations from Refs. [48-57].

Our moments are in good agreement with the perturba-
tive QCD curve in the perturbative region. The leading-
twist matrix element in the operator product expansion is of
the y, operator, which is reflected in the first moment being
proportional to the number of valence quarks. Therefore,
we do not expect to have a quark-mass dependence in our
lattice moments since N, does not depend on the quark
masses. Then, in principle, these moments can be used to
estimate the strong coupling constant at a fixed Q° by
solving Eq. (23) for a,. Such an approach, however, would
be premature before a continuum extrapolation since it does
not provide a handle to control the mild residual discre-
tization artifacts that we observe.

The mid-Q? region, 0.5 < Q% <4 GeV?, is relevant
for higher-twist effects where they start to have a non-
negligible contribution. The higher-twist corrections have
been addressed in model calculations before [58-61] and
indicate AHT < O for the GLS sum rule, albeit with low
precision. We already see a clear deviation between our
moments and the perturbative curve starting around
Q? ~4 GeV?. The discrepancy between our results and
the perturbative estimate indicates that we have AlT > 0, in
contrast to the model calculations.

Lower Q? values are expected to be dominated by the
elastic pole [14],

F5,(x. Q%) = =G4(0*)G},(@*)8(1 —x).  (29)
where G¥ and G}, are the axial-vector and magnetic Sachs
form factors, respectively, of the quark g. We adopt the
normalization G%(0) = —g% following PDG definitions
[44], where g% is the axial charge with ¢4 >0 and
g4 < 0. The §(1 — x) factor ensures that the only contribu-

tion to the dispersion integral, Eq. (6), comes from x = 1,
hence for a nucleon at rest (the @ = 0 case), Eq. (25) gives

the elastic contribution to the lowest moment, M (13)’61(Q2).

Assuming a dipole parametrization for both the axial-
vector and magnetic form factors, the elastic contribution
scales as 1/Q8, making it highly suppressed relative to the
leading higher-twist contribution, however, it would still
constitute a contamination. In order to estimate the leading
1/0Q? higher-twist contribution, the elastic contribution
needs to be subtracted. We subtract the elastic contribution
from our moments,

3),inel 3 3).el
MY (2 = MY (0% - M (0%),

(26)

for gg = uu and dd, using the form factors determined on
the same set of lattice ensembles [62,63] considering only
the connected diagrams, since there are no contributions
from disconnected diagrams to the leading-twist part of
the F3 structure function. We adopt a dipole form for the
axial-vector form factors and parametrize the Sachs mag-
netic form factors using a Padé approximant following
Kelly [64]. Further details of our calculations for the elastic
contribution are given in Appendix C.
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In order to make a comparison to experimental deter-
minations of the GLS sum rule, we consider the uu + dd
M3 saa(@) = MY, (Q7) + MY 3y(Q%). and
show our elastic-subtracted uu + dd moments, M ﬁ)ﬁ:]f(lzd’
in Fig. 6. The experimental measurements are taken from
Ref. [6] with the quasielastic contributions subtracted and
quoted errors added in quadrature. Our results are in good
agreement with the experimental points where the agree-
ment gets better as the lattice spacing gets smaller.

We note that the discrepancy between our elastic-
subtracted moments and the perturbative curve toward
the low-Q? region is a genuine higher-twist effect, modulo
target-mass corrections. Our approach here paves the way
for an extraction of the higher-twist coefficient from a fully
nonperturbative calculation for each flavor. A caveat is that
the higher-twist term in Eq. (23) is intricately connected
to the divergence of the perturbative series, and great care
needs to be taken in defining AHT for a rigorous estimation
due to renormalon ambiguity mimicking a Agcp/Q’
behavior [5,65-69]. Qualitatively, our results indicate a
positive higher-twist correction, as opposed to the negative
estimations of model calculations [58-61].

moment,

VI. SUMMARY

We provided a lattice QCD computation of the Gross-
Llewellyn Smith sum rule by extracting the first moment of
the parity-violating structure function of the nucleon from a
direct calculation of the forward Compton amplitude based
on a Feynman-Hellmann approach. Calculations are per-
formed on two lattice ensembles with volume 48* x 96 and
lattice spacings a = 0.068 and 0.052 fm. Both ensembles
have the quark masses tuned to the SU(3) symmetric point,
yielding m, ~ 415 MeV. Our results cover the 0.5 < Q? <
10 GeV? range, which includes the nonperturbative and
perturbative regions. In computing the Compton amplitude,
we have considered a weighted-averaging method to
control the systematic errors arising due to the choice of
fit windows in a standard two-point function analysis.
Additionally, we have improved our results by correcting
for one of the discretization errors using a lattice perturba-
tion theory estimation. We achieve percent-level statistical
precision for our Q% > 1 GeV? moments. Our results are
compared to the Gross-Llewellyn Smith sum rule and a
good agreement is obtained in the perturbative region,
whereas we see clear deviations toward lower Q? values,
indicating the presence of power corrections. We also find
very good agreement with an experimental determination
of the GLS sum rule. This work shows the feasibility of
calculating the GLS sum rule on the lattice. A natural
direction to take is quantifying the lattice systematics with
further calculations using additional ensembles with vary-
ing lattice spacings, volumes, and pion masses. Therefore,
our calculation here provides an intermediate step toward

(1) studying the higher-twist effects in the GLS sum rule in
more depth, (ii) a determination of @, from a hadronic
observable, and (iii) a direct ab initio estimation of the
electroweak box diagrams relevant for the determinations
of V,, and the weak mixing angle, with controlled lattice
systematic errors.
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APPENDIX A: FURTHER DETAILS OF THE
MULTIEXPONENTIAL ANALYSIS AND A
COMPARISON TO THE RATIO METHOD

As described in Sec. IV, we perform a multiexponential
analysis for the perturbed correlators to extract the second-
order energy shift, as opposed to the ratio method for two
Q? points. In this appendix we provide further details for
q = (0,1,2) 2 performed on the # = 5.95 ensemble. The
reason we choose this momentum is because the ratio
method still gives reliable estimates and, at the same time, it
is close to the momenta where the ratio method breaks
down. Therefore, while we illustrate the multiexponential
analysis, we also provide a comparison of the ratio and
multiexponential methods to show that both give consistent
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0-6 differences shown in Fig. 7 are for a clearer illustration.
% The effective energy and effective energy difference are
<04 defined as
R
0.2
_ 1 G?(p,1)
= [ A ) (A1, A2) = (+,+) EC ’t — _10 4” A2
b‘: 0.1 % gggz:s ff(p ) a gG(2) (p’ t + 1) ( )
) 0.0 T 0.01875
% O F 0.025
5
! oa 1 AGE? )P4 1)
= o1l Gu2a) : (-, -) AEg(p.q.1) = ZIOg ) > , (A3)
: AG()P- a1+ 1)
;ﬂ% 0.0
4 o respectively, where G*?) (p, 1) is the unperturbed correlator.
—0. . . (0)
= odl v () Having determined the perturbed [E Ny (p,q)] and
; unperturbed [Es\(,)) (p)] ground state energies, we calculate
L S o s ) o A the energy shifts following Eq. (19) for each A. Sub-
4 oa sequently, we perform fits quadratic (b4*) and quadratic-
o e plus-quartic (b'A? + c¢A*) in A to extract the second-order
= 01 hal AT 2
: . energy shift, 0012,—3;:)) | 4o Which are denoted by b and b,
;é 0.0 respectively.
< 01 In Fig. 8 we show the M (133,4 moment determined from
70 2 4 6 8 10 12 14 16 18 20 22 24 26 28 :

t/a

FIG. 7. Effective energy plot analogs for the multiexponential
fits to the unperturbed (top panel) and perturbed (bottom four
panels) correlators. See the discussion in text for the perturbed
results. The blue empty circles indicate the unperturbed corre-
lator, while the results for different A values are denoted by empty
red diamonds (1 = 0.00625), purple squares (1 = 0.0125), green
upward-oriented triangles (4 = 0.0375), and orange right-
oriented triangles (1 = 0.025).

results. Additionally, a further stability check is performed
for the A fits by including two more A values to the analysis.

Using Eq. (18), we determine the unperturbed and
perturbed energies for A = [0.00625,0.0125,0.01875,
0.025] in a Bayesian analysis, as described in Sec. IV.
Effective energy plot analogs for the resulting fits are
shown in Fig. 7. We show the effective energy for the
unperturbed correlator in the top panel, while the following
panels show the effective energy difference obtained via

AGY

(i) (PG 1) = (A1)

for each perturbed correlator, Ggl) PRY that appears in

Eq. (14). Here, A and Ez(\(/)> are the overlap factor and
the energy of the unperturbed ground state nucleon
determined from a multiexponential fit to the unperturbed
correlator, respectively. We note that we fit Eq. (18) directly
to the perturbed correlators, and the effective energy

the second-order energy shifts calculated via the method-
ologies listed in Table III. Fits 1-3 utilize the ratio method
discussed in Sec. III to extract the energy shifts from a
single fit window fixed for all A values. We see a good
agreement between all determinations. The agreement
between the Fits 1 and 3 (or 2 and 3) is within lo
uncertainty, which shows that there is no statistically
significant contamination due to the neglected O(4,43)
and O(131,) terms in Eq. (13). The same statement holds
for the multiexponential fits as well.

We conclude that the multiexponential analysis gives
consistent results in comparison to the ratio method and
can be used to reliably determine the energy shifts

2.4

2.2

1.6
1.4
1.2 2 3 4 5 6
Fit
FIG. 8. The M(li)m moment determined using methodologies

listed in Table III. We show the results for q = (0,1,2)2"
obtained on the f = 5.95 ensemble.
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TABLE III
M Qu For example, Fit 3 indicates that we have used four energy
shifts, extracted via the ratio method for each A given in brackets,
to perform the A fit using the quadratic-plus-quartic function,

b' 22+ cA*.

Details of the methodologies used to determine

Fit A Function = Method
1. [0.0125, 0.025] b2 Ratio
2. [0.00625, 0.0125, 0.01875, 0.025] bi? Ratio
3. [0.00625, 0.0125, 0.01875, 0.025] »'2% + cA* Ratio
4. [0.0125, 0.025] bA? Multi-exp
5. [0.00625, 0.0125, 0.01875, 0.025] b2 Multi-exp
6. [0.00625, 0.0125, 0.01875, 0.025] »'A2 + cA* Multi-exp

when the ratio method fails, albeit with increased statistical
uncertainty.

APPENDIX B: DETAILS OF LATTICE
PERTURBATION THEORY CALCULATION

We follow the work presented in [42,43] to derive the
correction factor discussed in the main text. To make a
connection to the Lorentz decomposition of the Compton
tensor [Eq. (5)], we work in Minkowski space in this
appendix. On the lattice, using Wilson fermions with » = 1,
the tree-level Compton amplitude of a quark for mixed
local vector and axial-vector currents J, = qy,q and

Jﬁ = qYsY,q. respectively, is given by

TV (k. q) = u(k,s')ysy, Dyl (k. q)y,u(k, s)

+ (1< v,q—> —q), (B1)

where we have defined the propagator as the inverse of the
Dirac term,
Dy(k,q) = iy,sin(k + q), + m(k, q), (B2)

m(k,q) = Z[l —cos (k+q),] +m,

(B3)

with m being the mass of the quark. The terms in Eq. (B1)
correspond to the normal and crossed diagrams shown in
Fig. 9, respectively.

Expanding for small m, and making use of the formula
for the inverse of linear combinations of gamma matrices,

_ —iyub, +dl

iy, b D! = A0 — B4
b+ ™ =t (B4)
we rewrite the propagator
Dyl (k.q) = Dy (k.4) +O(m) (B5)
YT Q% (k.q) ’

Iy JA

N/

9 -

T
+
ST

FIG. 9. Diagrams relevant for Compton scattering.

where

Dy (k,q) = iy,sin (k+q), + Z[l —cos(k+gq),], (B6)

0% (k,q) = Zsinz(k +4q),+ <Zp[1 —cos (k + q)l,])z.
(B7)

We can simplify the gamma matrix combinations in the
numerator using the relations

1
YulpVuls = E (yuprUyS - yuypyuyS) = ~Eupvala (BS)
1 .
Tarsts = 5 Wty = 1)rs = =iows, (B9)
Yulp¥a¥u¥s = 2i€ypau7575 = Ziglwpm (BIO)

where 6, = L1740 7,), and in writing the last line we have

used ys = 5€upca¥a¥p¥c¥q- Working out the numerator
algebra and writing the amplitude in a more compact form,

TVA(k.q) = u(k,s') [m© + O(m)]u(k, s)

+ o v.g——q), (B11)
where
0 = % {ieﬂwra sin (k+ q),
Q" (k. q)
+ iaﬂyy52(l —cos (k+q),)|. (B12)

we see that we pick up a term with a tensor structure, which
might be a concern. However, this tensor structure vanishes
for a particle at rest and we are left with the simpler vector
structure, as we show below. From here on, we drop the
O(m) term to simplify the notation.

Now, we choose u=1, v=3, p=2, a=0, and
consider k = (0,0,0) and g, = 0. Additionally, we use
the following relations [72]:
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k' -k
a(k',you(k,) = <s’s+ ; >I[
s's

i
— (k' xK) - &,
b xK) 5

(B13)

/
u(k',-)oysu(k,-) = 8i,‘k{ <s—k - i,k'>]I
' s s

+ iK%’k +§k'> x 3}/(}, (B14)

where s(k) = \/E(k) + m, and (5),, = €36, , + (e +
ice;)8, _, with o= +£1. Then, for our choice of
k' =k = (0,0,0), Egs. (B13) and (B14) reduce to

(0, )you(0,-) = 2ml, (B15)
(0. )oi7su(0.) = 0, (B16)
which simplifies the amplitude
TVA(k, q) = diggrpsm 92 (B17)
: M0 (g)

with
~ 2
0'(a) = Yosiva |3 (1 -cosa)| . B19)

and the summation is understood to be running through
spatial components.

In the continuum formulation, the amplitude for a
structureless fermion is

. Fi(w=0
T}%A(k, Q) = 1&y123M %%

— 4 q2
= 180123”1@,

(B19)
where we have made use of the dispersion relation, Eq. (6),
in writing the second line. Finally, comparing Eqs. (B17)
and (B19), the correction becomes

q> sin g,
—= > = . B20
0> 0%q) (B20)

Since this correction is kinematical, it is universal, i.e.,
the same for a hadron with an internal structure, although
higher-order corrections would require a calculation of
relevant matrix elements.

We show the effect of the correction in Fig. 10 for a
free (almost) massless quark. The raw points are the
Compton structure function calculated on a free-field
gauge configuration [i.e., SU(3) gauge links are set to I],

5.5 ® Raw 18
A LPT improved
5.0 ®(0,1,7)
34.5
=
&
o (0,2,6)
= 4.0/ yAY ~ 1?\ IX JAY
I ©(0,2,4)
3 3.5 5
= (05,0 ,3,5
<) '(0,4,2)0501&“; 0035
Wa.0 0049 ©ne
0(0,5,3) §(0,6,2) @0,7,1)
2.5
(0.8,1)g
2.0 (0,7, 4)g
20 30 0 50 60

q* 2n /L)

FIG. 10. Free-field Compton structure function for some of the
kinematics we consider in this work. The raw and LPT-improved
points are denoted by filled pentagons and empty triangles,
respectively. The LPT-improved points for the same g coincide
with each other. The dashed horizontal line denotes the expected
continuum value.

Fi(w = 0, ¢?), following the analysis outlined in Sec. TV
(with a single-window plateau fitting instead of weighted
averaging) at the almost-chiral limit, & = 0.1249
(am, = 0.003). The LPT improvement shifts the results
toward the expected continuum value and remedies the
error due to broken rotational symmetry.

APPENDIX C: ELASTIC CONTRIBUTION TO F;

The elastic contribution to the F structure function is
given by a combination of elastic form factors [14],
F5,(x. Q%) = =G4(0%)G},(@*)8(1 —x).  (CI)
where G and G}, are the axial-vector and magnetic Sachs
form factors, respectively, of a quark flavor g. Calculating
the form factors follows the standard three-point function
methodology. We summarize the main steps below for
completeness.
The matrix element of the electromagnetic current is
decomposed in terms of Dirac (F;) and Pauli (F,) form
factors. In Euclidean space, it reads

(N(p', s ) (@)IN(p.s)) = a(p',s") |:7;4F1(Q2)

q,
o,

P |up.5)
(C2)
where u(p,s) is a Dirac spinor with momentum p and

spin s, ¢ = p' — p, 0 = —¢*, and 0, = i[y,.7,]/2. The
electromagnetic current is defined as
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(C3)

The Sachs form factors are given by linear combinations
of the Dirac and Pauli form factors,

Grl0d) = Fi(0) - 2 Fa(ed). (e
Gu(0?) = F1(Q%) + F3(0P). (©s)

For the axial-vector current, the Lorentz decomposition
of the matrix element is given by axial (G4) and induced
pseudoscalar (Gp) form factors,

(N )IA, (@IN(p.s)) = (P o) [yﬂySGA<Q2>

q ~
+7s 21"/;N GP(QZ):| u(p,s),
(Co)
where
A, =iy, ysu+ Zlyﬂysd + e (C7)

The elastic form factors are calculated from ratios of
three- and two-point functions. For the magnetic Sachs
form factor G,;, we insert the local operators

Ju=wruy, foru=1,2734, (C8)
and for the axial and induced pseudoscalar form factors, G4
and Gp,

Ja =wrysw, foru=1,2734. (C9)
Matrix elements of these local operators are computed from

three-point correlation functions,

GO (p',t;q,7;T) = Z e~ X2 gl X af

X|.X)

X (p(%2. 1) O(x1,7)7,(0,0)).  (C10)
where y are the standard nucleon interpolating operators.
The local operator O is inserted at time slice 7 such that
t > 17> 0, where ¢ is the sink time. T is a spin-parity
projector, with 1—‘unpol = % (I + 74) and Fi = _% (I + y4)7iy5a
fori = 1, 2, 3. We only consider connected contributions to
the three-point functions in this analysis. We then construct
the following ratio with the two-point functions:

GO(p'.1;q.7:T)
G (p',7)
GO (p'. )G (p'. )GV (p.7 - 7)]*
G (p, )G (p,7)GA(p', 1 —7)
(C11)

R(q,z,;T) =

which, when assuming ground state dominance at large
Euclidean times, is proportional to the matrix element of
the inserted operator. In order to control excited state
contamination, we make use of a two-exponential ansatz
for the three-point function when fitting directly to the
ratio. The two-point functions are fit beforehand in order to
extract the ground state energy Ey and energy gap AE, also
using a two-exponential ansatz,

G (p,1) = Agge PN (1 + Ay e 8FP)) (C12)
where A, and A, are overlap factors. The three-point
function ansatz is then

GO (p'.7:q, ;)
= Aqge BV BN [By 4 BygemAER(0)

+ Bgje 2EP)T 4 B“e—AE(p)’(t’—r)e—AE(p)r)], (C13)
where A is an overlap factor, and By is proportional to
the ground state matrix element of interest. The terms By,
and Bj, are proportional to transition matrix elements
between the ground state and first excited state (and vice
versa), and the term B;; is proportional to the matrix
element between two nucleons in the first excited state.
Representative plots for the ratio are shown in Fig. 11 for
Gy and G, at a given Q7.

Repeating the above analysis for a range of kinematics
onour f = 5.65 and # = 5.95 ensembles, we determine the
Q? dependence of the form factors. The Sachs magnetic
form factor is modeled via a Padé approximant inspired by
Kelly’s parametrization [64],

ag
Gy(Q?) =— 0
M(Q ) 1+b1’l’+b2T2

(C14)
where 7 = Q?/(2My)?, and a, and b, , are free fit para-
meters. We assume a dipole form for the axial form factor,

G4(0)

GA(QZ) = —(1 T Qz/Az)z’

(C15)

with G4(0) = —g, as the axial charge, following the PDG
definition [44], and A as the dipole mass. We fix G,(0) to
its respective (ensemble and flavor) values calculated in
Ref. [63] and determine the dipole mass in this analysis.
Our results for Gy, G, and F§. estimated via Eq. (C1) are
shown in Fig. 12 for a representative case.
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FIG. 11. Euclidean time dependence of the ratio in Eq. (C11) at three source-sink separations of #/ = 11 (blue circles), ¥ = 14 (red
diamonds), and ¥ = 17 (purple squares) for the operator ry,y (left) and the operator wysysy (right). Both plots make use of a fixed sink
momentum of p’ = (1,0,0) but different source momenta, such that a nonzero signal is obtained, whilst maintaining the same
0? = 0.14 GeV?. The left plot uses p = (1,0, 1) and the spin-parity projector I'j, while the right plot uses p = (1, 1,0) and the
projector I';. For these kinematics, the left (right) ratio is proportional to Gy, (G,). The ground state contribution is shown by the
black band.
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FIG. 12. The Q? dependence of elastic form factors G,, and G, along with the elastic contribution to the F5 structure function
[Eq. (C1)]. We show our results for the individual u- (G,,: blue circles, G 4: purple squares) and d-quark (G,: red diamonds, G4: green
triangles) contributions obtained on the # = 5.95 ensemble, considering the connected diagrams only. Note that the absolute value for
the d-quark contribution is shown for G,, and G, for clarity, and we plot —G, due to our choice of normalization, G (0) = —g,. The F§
is estimated using the parametric forms of Gy, Eq. (C14), and G,, Eq. (C15).

[1] D.J. Gross and C.H. Llewellyn Smith, High-energy [5] A.H. Mueller, Combining higher twist terms with finite

neutrino—nucleon scattering, current algebra and partons, order perturbative contributions, Phys. Lett. B 308, 355
Nucl. Phys. B14, 337 (1969). (1993).

[2] A.Retey and J. A. M. Vermaseren, Some higher moments of [6] J. H. Kim et al., Measurement of as(Qz) from the Gross—
deep inelastic structure functions at next-to-next-to-leading Llewellyn Smith sum rule, Phys. Rev. Lett. 81, 3595 (1998).
order of perturbative QCD, Nucl. Phys. B604, 281 (2001). [71 M. L. Mangano, S.I. Alekhin, M. Anselmino, R. D. Ball,

[3] S. A. Larin and J. A. M. Vermaseren, The o corrections to M. Boglione, U. D’Alesio, S. Davidson, D. Lellis, J.R.
the Bjorken sum rule for polarized electroproduction and to Ellis, S. Forte, P. Gambino, T. Gehrmann, A.L. Kataev,
the Gross-Llewellyn Smith sum rule, Phys. Lett. B 259, 345 A. Kotzinian, S.A. Kulagin, B. Lehmann-Dronke, P.
(1991). Migliozzi, F. Murgia, and G. Ridolfi, Physics at the front

[4] L. Hayen, Standard model O(a) renormalization of g4 and end of a neutrino factory: A quantitative appraisal, Reports
its impact on new physics searches, Phys. Rev. D 103, No. CERN-TH-2001-131, No. CERN-TH-2001-131, 2001,
113001 (2021). 10.5170/CERN-2004-002.185.

114505-14


https://doi.org/10.1016/0550-3213(69)90213-2
https://doi.org/10.1016/S0550-3213(01)00149-3
https://doi.org/10.1016/0370-2693(91)90839-I
https://doi.org/10.1016/0370-2693(91)90839-I
https://doi.org/10.1103/PhysRevD.103.113001
https://doi.org/10.1103/PhysRevD.103.113001
https://doi.org/10.1016/0370-2693(93)91297-Z
https://doi.org/10.1016/0370-2693(93)91297-Z
https://doi.org/10.1103/PhysRevLett.81.3595
https://doi.org/10.5170/CERN-2004-002.185
https://doi.org/10.5170/CERN-2004-002.185
https://doi.org/10.5170/CERN-2004-002.185

GROSS-LLEWELLYN SMITH SUM RULE FROM LATTICE QCD

PHYS. REV. D 111, 114505 (2025)

[8] A. Deur, S.J. Brodsky, and G.F. de Teramond, The QCD
running coupling, Prog. Part. Nucl. Phys. 90, 1 (2016).

[9] A. Deur, S.J. Brodsky, and C.D. Roberts, QCD running
couplings and effective charges, Prog. Part. Nucl. Phys. 134,
104081 (2024).

[10] J.C. Hardy and I.S. Towner, Superallowed 0" — O
nuclear f decays: 2014 critical survey, with precise results
for V,, and CKM unitarity, Phys. Rev. C 91, 025501 (2015).

[111 J.C. Hardy and LS. Towner, Superallowed 0t — 0
nuclear f decays: 2020 critical survey, with implications
for V,;, and CKM unitarity, Phys. Rev. C 102, 045501
(2020).

[12] K. S. Kumar, S. Mantry, W. J. Marciano, and P. A. Souder,
Low energy measurements of the weak mixing angle, Annu.
Rev. Nucl. Part. Sci. 63, 237 (2013).

[13] M. Gorchtein and C.Y. Seng, Superallowed nuclear beta
decays and precision tests of the standard model, Annu. Rev.
Nucl. Part. Sci. 74, 23 (2024).

[14] P. G. Blunden, W. Melnitchouk, and A. W. Thomas, New
formulation of yZ box corrections to the weak charge of the
proton, Phys. Rev. Lett. 107, 081801 (2011).

[15] W.J. Marciano and A. Sirlin, Improved calculation of
electroweak radiative corrections and the value of V,,,
Phys. Rev. Lett. 96, 032002 (2006).

[16] C.-Y. Seng, M. Gorchtein, H. H. Patel, and M. J. Ramsey-
Musolf, Reduced hadronic uncertainty in the determination
of V,4, Phys. Rev. Lett. 121, 241804 (2018).

[17] C. Y. Seng, M. Gorchtein, and M.J. Ramsey-Musolf,
Dispersive evaluation of the inner radiative correction in
neutron and nuclear § decay, Phys. Rev. D 100, 013001
(2019).

[18] K. Shiells, P. G. Blunden, and W. Melnitchouk, Electroweak
axial structure functions and improved extraction of the V4
CKM matrix element, Phys. Rev. D 104, 033003 (2021).

[19] J. Arrington, P. Blunden, and W. Melnitchouk, Review of
two-photon exchange in electron scattering, Prog. Part.
Nucl. Phys. 66, 782 (2011).

[20] X. Feng, M. Gorchtein, L.-C. Jin, P.-X. Ma, and C.-Y. Seng,
First-principles calculation of electroweak box diagrams
from lattice QCD, Phys. Rev. Lett. 124, 192002 (2020).

[21] P.-X. Ma, X. Feng, M. Gorchtein, L.-C. Jin, and C.-Y. Seng,
Lattice QCD calculation of the electroweak box diagrams
for the kaon semileptonic decays, Phys. Rev. D 103, 114503
(2021).

[22] P.-X. Ma, X. Feng, M. Gorchtein, L.-C. Jin, K.-F. Liu, C.-Y.
Seng, B.-G. Wang, and Z.-L. Zhang, Lattice QCD calcu-
lation of electroweak box contributions to superallowed
nuclear and neutron beta decays, Phys. Rev. Lett. 132,
191901 (2024).

[23] J.-S. Yoo, T. Bhattacharya, R. Gupta, S. Mondal, and B.
Yoon, Electroweak box diagrams on the lattice for pion and
neutron decay, Proc. Sci. LATTICE2022 (2023) 360
[arXiv:2212.12830].

[24] J.-S. Yoo, T. Bhattacharya, R. Gupta, S. Mondal, and B.
Yoon, Electroweak box diagram contribution for pion and
kaon decay from lattice QCD, Phys. Rev. D 108, 034508
(2023).

[25] A.J. Chambers, R. Horsley, Y. Nakamura, H. Perlt, P.E. L.
Rakow, G. Schierholz, A. Schiller, K. Somfleth, R.D.
Young, and J. M. Zanotti (QCDSF Collaboration), Nucleon

structure functions from operator product expansion on the
lattice, Phys. Rev. Lett. 118, 242001 (2017).

[26] K. U. Can, A. Hannaford-Gunn, R. Horsley, Y. Nakamura,
H. Perlt, P. E. L. Rakow, G. Schierholz, K. Y. Somfleth, H.
Stiiben, R. D. Young, and J. M. Zanotti (QCDSF/UKQCD/
CSSM Collaborations), Lattice QCD evaluation of the
Compton amplitude employing the Feynman-Hellmann
theorem, Phys. Rev. D 102, 114505 (2020).

[27] M. Batelaan, K. U. Can, A. Hannaford-Gunn, R. Horsley, Y.
Nakamura, H. Perlt, P.E.L. Rakow, G. Schierholz, H.
Stiiben, R.D. Young, and J.M. Zanotti (QCDSF/
UKQCD/CSSM Collaborations), Moments and power cor-
rections of longitudinal and transverse proton structure
functions from lattice QCD, Phys. Rev. D 107, 054503
(2023).

[28] K. U. Can (QCDSF/UKQCD Collaborations), The Comp-
ton amplitude and nucleon structure functions, Proc. Sci.
LATTICE2022 (2023) 237 [arXiv:2212.09197].

[29] A. Hannaford-Gunn, K. U. Can, R. Horsley, Y. Nakamura,
H. Perlt, P. E. L. Rakow, H. Stiiben, G. Schierholz, R. D.
Young, and J. M. Zanotti (CSSM/QCDSF/UKQCD Collab-
orations), Generalized parton distributions from the oft-
forward Compton amplitude in lattice QCD, Phys. Rev. D
105, 014502 (2022).

[30] A.Hannaford-Gunn, K. U. Can, J. A. Crawford, R. Horsley,
P. E. L. Rakow, G. Schierholz, H. Stiiben, R. D. Young, and
J.M. Zanotti (CSSM/QCDSF/UKQCD Collaborations),
Reconstructing generalized parton distributions from the
lattice off-forward Compton amplitude, Phys. Rev. D 110,
014509 (2024).

[31] X. Ji, The nucleon structure functions from deep-inelastic
scattering with electroweak currents, Nucl. Phys. B402, 217
(1993).

[32] A.W. Thomas and W. Weise, The Structure of the Nucleon
(Wiley, Germany, 2001).

[33] M. Constantinou, R. Horsley, H. Panagopoulos, H. Perlt,
P.E. L. Rakow, G. Schierholz, A. Schiller, and J. M. Zanotti,
Renormalization of local quark-bilinear operators for
Ny =3 flavors of stout link nonperturbative clover fer-
mions, Phys. Rev. D 91, 014502 (2015).

[34] A.J. Chambers, R. Horsley, Y. Nakamura, H. Perlt, D.
Pleiter, P.E.L. Rakow, G. Schierholz, A. Schiller, H.
Stiiben, R.D. Young, and J.M. Zanotti (CSSM and
QCDSF/UKQCD Collaborations), Disconnected contribu-
tions to the spin of the nucleon, Phys. Rev. D 92, 114517
(2015).

[35] A. Agadjanov, U.-G. Meifiner, and A. Rusetsky, Nucleon in
a periodic magnetic field, Phys. Rev. D 95, 031502 (2017).

[36] C.-Y. Seng and U.-G. MeiBner, Toward a first-principles
calculation of electroweak box diagrams, Phys. Rev. Lett.
122, 211802 (2019).

[37] A. Hannaford-Gunn, R. Horsley, Y. Nakamura, H. Perlt,
P.E.L. Rakow, G. Schierholz, K. Somfleth, H. Stiiben,
R.D. Young, and J. M. Zanotti (QCDSF-UKQCD-CSSM
Collaborations), Scaling and higher twist in the nucleon
Compton amplitude, Proc. Sci. LATTICE2019 (2020) 278
[arXiv:2001.05090].

[38] N. Cundy, M. Gockeler, R. Horsley, T. Kaltenbrunner,
A.D. Kennedy, Y. Nakamura, H. Perlt, D. Pleiter, P. E. L.
Rakow, A. Schiifer, G. Schierholz, A. Schiller, H. Stiiben,

114505-15


https://doi.org/10.1016/j.ppnp.2016.04.003
https://doi.org/10.1016/j.ppnp.2023.104081
https://doi.org/10.1016/j.ppnp.2023.104081
https://doi.org/10.1103/PhysRevC.91.025501
https://doi.org/10.1103/PhysRevC.102.045501
https://doi.org/10.1103/PhysRevC.102.045501
https://doi.org/10.1146/annurev-nucl-102212-170556
https://doi.org/10.1146/annurev-nucl-102212-170556
https://doi.org/10.1146/annurev-nucl-102622-020726
https://doi.org/10.1146/annurev-nucl-102622-020726
https://doi.org/10.1103/PhysRevLett.107.081801
https://doi.org/10.1103/PhysRevLett.96.032002
https://doi.org/10.1103/PhysRevLett.121.241804
https://doi.org/10.1103/PhysRevD.100.013001
https://doi.org/10.1103/PhysRevD.100.013001
https://doi.org/10.1103/PhysRevD.104.033003
https://doi.org/10.1016/j.ppnp.2011.07.003
https://doi.org/10.1016/j.ppnp.2011.07.003
https://doi.org/10.1103/PhysRevLett.124.192002
https://doi.org/10.1103/PhysRevD.103.114503
https://doi.org/10.1103/PhysRevD.103.114503
https://doi.org/10.1103/PhysRevLett.132.191901
https://doi.org/10.1103/PhysRevLett.132.191901
https://doi.org/10.22323/1.430.0360
https://arXiv.org/abs/2212.12830
https://doi.org/10.1103/PhysRevD.108.034508
https://doi.org/10.1103/PhysRevD.108.034508
https://doi.org/10.1103/PhysRevLett.118.242001
https://doi.org/10.1103/PhysRevD.102.114505
https://doi.org/10.1103/PhysRevD.107.054503
https://doi.org/10.1103/PhysRevD.107.054503
https://doi.org/10.22323/1.430.0237
https://doi.org/10.22323/1.430.0237
https://arXiv.org/abs/2212.09197
https://doi.org/10.1103/PhysRevD.105.014502
https://doi.org/10.1103/PhysRevD.105.014502
https://doi.org/10.1103/PhysRevD.110.014509
https://doi.org/10.1103/PhysRevD.110.014509
https://doi.org/10.1016/0550-3213(93)90642-3
https://doi.org/10.1016/0550-3213(93)90642-3
https://doi.org/10.1103/PhysRevD.91.014502
https://doi.org/10.1103/PhysRevD.92.114517
https://doi.org/10.1103/PhysRevD.92.114517
https://doi.org/10.1103/PhysRevD.95.031502
https://doi.org/10.1103/PhysRevLett.122.211802
https://doi.org/10.1103/PhysRevLett.122.211802
https://doi.org/10.22323/1.363.0278
https://arXiv.org/abs/2001.05090

K.U. CAN et al.

PHYS. REV. D 111, 114505 (2025)

and J. M. Zanotti, Non-perturbative improvement of stout-
smeared three flavour clover fermions, Phys. Rev. D 79,
094507 (2009).

[39] W. Bietenholz et al. (QCDSF-UKQCD Collaborations),
Tuning the strange quark mass in lattice simulations, Phys.
Lett. B 690, 436 (2010).

[40] W. Bietenholz, V. Bornyakov, M. Gockeler, R. Horsley,
W. G. Lockhart, Y. Nakamura, H. Perlt, D. Pleiter, P. E. L.
Rakow, G. Schierholz, A. Schiller, T. Streuer, H. Stiiben, F.
Winter, and J. M. Zanotti (QCDSF-UKQCD Collabora-
tions), Flavour blindness and patterns of flavour symmetry
breaking in lattice simulations of up, down and strange
quarks, Phys. Rev. D 84, 054509 (2011).

[41] S.R. Beane, W. Detmold, R. Horsley, M. Illa, M. Jafry, D. J.
Murphy, Y. Nakamura, H. Perlt, P.E.L. Rakow, G.
Schierholz, P. E. Shanahan, H. Stiiben, M. L. Wagman, F.
Winter, R.D. Young, and J.M. Zanotti (NPLQCD and
QCDSF Collaborations), Charged multihadron systems in
lattice QCD + QED, Phys. Rev. D 103, 054504 (2021).

[42] M. Gockeler, R. Horsley, H. Perlt, P.E.L. Rakow, G.
Schierholz, and A. Schiller (QCDSF Collaboration), Oper-
ator product expansion on the lattice: Analytic Wilson
coefficients, Proc. Sci. LAT2006 (2006) 119 [arXiv:hep-
1at/0610064].

[43] K. U. Can, A. Hannaford-Gunn, R. Horsley, P. E. L. Rakow,
T. Schar, G. Schierholz, H. Stiiben, R. D. Young, and J. M.
Zanotti, A lattice QCD calculation of the Compton ampli-
tude subtraction function, Phys. Rev. D 111, 094513 (2025).

[44] S. Navas et al. (Particle Data Group), Review of particle
physics, Phys. Rev. D 110, 030001 (2024).

[45] J. T. Londergan and A. W. Thomas, Additional corrections
to the Gross-Llewellyn Smith sum rule, Phys. Rev. D 82,
113001 (2010).

[46] J. Blimlein, G. Falcioni, and A. De Freitas, The complete
O(a?) non-singlet heavy flavor corrections to the structure
functions 7% (x, 0%), F{, (x. 0?), P9 (x,0%) and the
associated sum rules, Nucl. Phys. B910, 568 (2016).

[47] Y. Aoki et al. (Flavour Lattice Averaging Group (FLAG)),
FLAG review 2024, arXiv:2411.04268.

[48] K. Maltman, D. Leinweber, P. Moran, and A. Sternbeck,
The realistic lattice determination of o, (M) revisited, Phys.
Rev. D 78, 114504 (2008).

[49] S. Aoki, K. I. Ishikawa, N. Ishizuka, T. Izubuchi, D. Kadoh, K.
Kanaya, Y. Kuramashi, K. Murano, Y. Namekawa, M. Okawa,
Y. Taniguchi, A. Ukawa, N. Ukita, and T. Yoshié (PACS-CS
Collaboration), Precise determination of the strong coupling
constant in Ny =2 + 1 lattice QCD with the Schrodinger
functional scheme, J. High Energy Phys. 10 (2009) 053.

[50] C. McNeile, C. T. H. Davies, E. Follana, K. Hornbostel, and
G. P. Lepage (HPQCD Collaboration), High-precision ¢ and
b masses, and QCD coupling from current-current correla-
tors in lattice and continuum QCD, Phys. Rev. D 82, 034512
(2010).

[51] B. Chakraborty, C. T. H. Davies, B. Galloway, P. Knecht, J.
Koponen, G. C. Donald, R.J. Dowdall, G. P. Lepage, and C.
McNeile (HPQCD Collaboration), High-precision quark
masses and QCD coupling from n; = 4 lattice QCD, Phys.
Rev. D 91, 054508 (2015).

[52] M. Bruno, M. Dalla Brida, P. Fritzsch, T. Korzec, A. Ramos,
S. Schaefer, H. Simma, S. Sint, and R. Sommer (ALPHA

Collaboration), QCD coupling from a nonperturbative
determination of the three-flavor A parameter, Phys. Rev.
Lett. 119, 102001 (2017).

[53] A. Bazavov, N. Brambilla, X. Garcia i Tormo, P. Petreczky,
J. Soto, A. Vairo, and J. H. Weber (TUMQCD Collabora-
tion), Determination of the QCD coupling from the static
energy and the free energy, Phys. Rev. D 100, 114511
(2019).

[54] C. Ayala, X. Lobregat, and A. Pineda, Determination of
a(M,) from an hyperasymptotic approximation to the
energy of a static quark-antiquark pair, J. High Energy
Phys. 09 (2020) 016.

[55] S. Cali, K. Cichy, P. Korcyl, and J. Simeth, Running
coupling constant from position-space current-current cor-
relation functions in three-flavor lattice QCD, Phys. Rev.
Lett. 125, 242002 (2020).

[56] M. Dalla Brida, R. Hollwieser, F. Knechtli, T. Korzec, A.
Nada, A. Ramos, S. Sint, and R. Sommer (ALPHA
Collaboration), Determination of a,(m;) by the non-
perturbative decoupling method, Eur. Phys. J. C 82, 1092
(2022).

[57] P. Petreczky and J. H. Weber, Strong coupling constant from
moments of quarkonium correlators revisited, Eur. Phys. J.
C 82, 64 (2022).

[58] V.M. Braun and A. V. Kolesnichenko, Power corrections to
Bjorken and Gross-Llewellyn Smith sum rules in QCD,
Nucl. Phys. B283, 723 (1987).

[59] G.G. Ross and R.G. Roberts, Improved QCD sum rule
estimates of the higher twist contributions to polarized and
unpolarized nucleon structure functions, Phys. Lett. B 322,
425 (1994).

[60] M. Dasgupta and B.R. Webber, Power corrections and
renormalons in deep inelastic structure functions, Phys. Lett.
B 382, 273 (1996).

[61] J. Balla, M. V. Polyakov, and C. Weiss, Nucleon matrix
elements of higher twist operators from the instanton
vacuum, Nucl. Phys. B510, 327 (1998).

[62] M. Batelaan, R. Horsley, Y. Nakamura, H. Perlt, D. Pleiter,
P.E. L. Rakow, G. Schierholz, H. Stuben, R. D. Young, and
J. Zanotti (QCDSF-UKQCD-CSSM Collaborations),
Nucleon form factors from the Feynman-Hellmann method
in lattice QCD, Proc. Sci. LATTICE2021 (2022) 426,
[arXiv:2202.01366].

[63] R. E. Smail et al. (QCDSF/UKQCD/CSSM Collaborations),
Constraining beyond the standard model nucleon isovector
charges, Phys. Rev. D 108, 094511 (2023).

[64] J.J. Kelly, Simple parametrization of nucleon form factors,
Phys. Rev. C 70, 068202 (2004).

[65] G. Martinelli and C. T. Sachrajda, On the difficulty of comput-
ing higher twist corrections, Nucl. Phys. B478, 660 (1996).

[66] M. Beneke, Renormalons, Phys. Rep. 317, 1 (1999).

[67] M. Beneke and V.M. Braun, Renormalons and power
corrections, in At the Frontier of Particle Physics/Handbook
of QCD, edited by M. Shifman (World Scientific,
Singapore, 2001).

[68] V.M. Braun, Higher twists, EPJ] Web Conf. 274, 01012
(2022).

[69] A.S. Kronfeld, Factorial growth at low orders in perturba-
tive QCD: Control over truncation uncertainties, J. High
Energy Phys. 12 (2023) 108.

114505-16


https://doi.org/10.1103/PhysRevD.79.094507
https://doi.org/10.1103/PhysRevD.79.094507
https://doi.org/10.1016/j.physletb.2010.05.067
https://doi.org/10.1016/j.physletb.2010.05.067
https://doi.org/10.1103/PhysRevD.84.054509
https://doi.org/10.1103/PhysRevD.103.054504
https://doi.org/10.22323/1.032.0119
https://arXiv.org/abs/hep-lat/0610064
https://arXiv.org/abs/hep-lat/0610064
https://doi.org/10.1103/PhysRevD.111.094513
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.82.113001
https://doi.org/10.1103/PhysRevD.82.113001
https://doi.org/10.1016/j.nuclphysb.2016.06.018
https://arXiv.org/abs/2411.04268
https://doi.org/10.1103/PhysRevD.78.114504
https://doi.org/10.1103/PhysRevD.78.114504
https://doi.org/10.1088/1126-6708/2009/10/053
https://doi.org/10.1103/PhysRevD.82.034512
https://doi.org/10.1103/PhysRevD.82.034512
https://doi.org/10.1103/PhysRevD.91.054508
https://doi.org/10.1103/PhysRevD.91.054508
https://doi.org/10.1103/PhysRevLett.119.102001
https://doi.org/10.1103/PhysRevLett.119.102001
https://doi.org/10.1103/PhysRevD.100.114511
https://doi.org/10.1103/PhysRevD.100.114511
https://doi.org/10.1007/JHEP09(2020)016
https://doi.org/10.1007/JHEP09(2020)016
https://doi.org/10.1103/PhysRevLett.125.242002
https://doi.org/10.1103/PhysRevLett.125.242002
https://doi.org/10.1140/epjc/s10052-022-10998-3
https://doi.org/10.1140/epjc/s10052-022-10998-3
https://doi.org/10.1140/epjc/s10052-022-09998-0
https://doi.org/10.1140/epjc/s10052-022-09998-0
https://doi.org/10.1016/0550-3213(87)90295-1
https://doi.org/10.1016/0370-2693(94)91175-4
https://doi.org/10.1016/0370-2693(94)91175-4
https://doi.org/10.1016/0370-2693(96)00674-0
https://doi.org/10.1016/0370-2693(96)00674-0
https://doi.org/10.1016/S0550-3213(98)81017-1
https://doi.org/10.22323/1.396.0426
https://arXiv.org/abs/2202.01366
https://doi.org/10.1103/PhysRevD.108.094511
https://doi.org/10.1103/PhysRevC.70.068202
https://doi.org/10.1016/0550-3213(96)00415-4
https://doi.org/10.1016/S0370-1573(98)00130-6
https://doi.org/10.1051/epjconf/202227401012
https://doi.org/10.1051/epjconf/202227401012
https://doi.org/10.1007/JHEP12(2023)108
https://doi.org/10.1007/JHEP12(2023)108

GROSS-LLEWELLYN SMITH SUM RULE FROM LATTICE QCD PHYS. REV. D 111, 114505 (2025)

[70] T.R. Haar, Y. Nakamura, and H. Stuben, An update on the [72] M. Batelaan, K. U. Can, R. Horsley, Y. Nakamura, P. E. L.

BQCD hybrid Monte Carlo program, EPJ Web Conf. 175, Rakow, G. Schierholz, H. Stiiben, R.D. Young, and
14011 (2018). J.M. Zanotti (QCDSF-UKQCD-CSSM Collaborations),

[71] R. G. Edwards and B. Jo6 (SciDAC, LHPC, and UKQCD Feynman-Hellmann approach to transition matrix elements
Collaborations), The Chroma software system for lattice and quasidegenerate energy states, Phys. Rev. D 108,
QCD, Nucl. Phys. B, Proc. Suppl. 140, 832 (2005). 034507 (2023).

114505-17


https://doi.org/10.1051/epjconf/201817514011
https://doi.org/10.1051/epjconf/201817514011
https://doi.org/10.1016/j.nuclphysbps.2004.11.254
https://doi.org/10.1103/PhysRevD.108.034507
https://doi.org/10.1103/PhysRevD.108.034507

	Gross-Llewellyn Smith sum rule from lattice QCD
	I. INTRODUCTION
	II. PARITY-ODD COMPTON AMPLITUDE
	III. FEYNMAN-HELLMANN APPROACH
	A. Flavor decomposition and extracting the energy shifts

	IV. CALCULATION AND ANALYSIS DETAILS
	V. RESULTS AND DISCUSSION
	VI. SUMMARY
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: FURTHER DETAILS OF THE MULTIEXPONENTIAL ANALYSIS AND A COMPARISON TO THE RATIO METHOD
	APPENDIX B: DETAILS OF LATTICE PERTURBATION THEORY CALCULATION
	APPENDIX C: ELASTIC CONTRIBUTION TO F3
	References


