
Gross-Llewellyn Smith sum rule from lattice QCD

K. U. Can ,1 J. A. Crawford ,1 R. Horsley ,2 P. E. L. Rakow ,3 T. G. Schar ,1 G. Schierholz ,4 H. Stüben ,5

R. D. Young ,1 and J. M. Zanotti 1

(QCDSF Collaboration)

1CSSM, Department of Physics, The University of Adelaide, Adelaide, South Australia 5005, Australia
2School of Physics and Astronomy, University of Edinburgh, Edinburgh EH9 3JZ, United Kingdom

3Theoretical Physics Division, Department of Mathematical Sciences, University of Liverpool,
Liverpool L69 3BX, United Kingdom

4Deutsches Elektronen-Synchrotron DESY, Notkestraße 85, 22607 Hamburg, Germany
5Regionales Rechenzentrum, Universität Hamburg, 20146 Hamburg, Germany

(Received 6 March 2025; accepted 15 May 2025; published 10 June 2025)

We compute the Gross-Llewellyn Smith sum rule, i.e., the lowest odd moment of the parity-violating
structure function, F3, of the nucleon from a lattice QCD calculation of the Compton amplitude. Our
calculations are performed on 483 × 96 lattices at the SUð3Þ symmetric point for two lattice spacings. We
extract the moments for several values of the current momenta in the range 0.5≲Q2 ≲ 10 GeV2, covering
both the nonperturbative and perturbative regimes. We compare our moments to the Gross-Llewellyn Smith
sum rule and discuss the implications for higher-twist effects, a determination of αsðQ2Þ from a hadronic
quantity complementing the phenomenological and other lattice approaches, and electroweak box
contributions crucial for Cabibbo–Kobayashi–Maskawa matrix unitarity studies.
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I. INTRODUCTION

The parity-odd structure function, F3, accessible via
neutrino deep-inelastic scattering (νDIS), plays a signifi-
cant role in understanding processes involving QCD and
electroweak sectors. Its first moment defines the Gross-
Llewellyn Smith (GLS) sum rule [1]

IGLSðQ2Þ ¼ 1

2

Z
1

0

dx½Fνp
3 þ Fν̄p

3 �ðx;Q2Þ; ð1Þ

which in the quark-parton model counts the number of
valence quarks in a proton, and the perturbatively calcu-
lable radiative corrections provide a significant test of
the validity of QCD as the theory of strong interactions.
While the charged-current interaction, e.g.,W-exchange, is
directly proportional to the number of valence quarks, the
neutral-current interaction, e.g., the γZ interference, has an
analogous sum rule where the number of valence quarks are
weighted by electroweak charges of the quarks, therefore
carrying equivalent information as the GLS sum rule.

Thanks to F3 being a nonsinglet quantity, the GLS sum
rule is theoretically clean, i.e., it has a vanishing anomalous
dimension at leading order in QCD [2]. The GLS sum rule
is unique in the sense that the nucleon matrix element
of leading twist, which is the vector charge, is known
analytically, and the Wilson coefficient is known to next-to-
next-to-next-to-leading order (N3LO) [3,4], which makes it
the ideal laboratory for studying higher twist [5]. This also
makes the GLS sum rule, along with the Bjorken sum rule,
an ideal laboratory for determining αs [6,7] at the brink of
the nonperturbative regime and also for a nonperturbative
definition of the strong coupling via an effective charge
approach analogous to QED (see [8,9] for reviews). A first-
principles calculation is highly desirable to provide insights
into the interplay between the perturbative and nonpertur-
bative regimes, and an additional determination of the
strong coupling based on a hadronic observable.
Beyond the GLS sum rule, the F3 structure function holds

vital importance for electroweak radiative corrections, which
remain one of the main sources of theoretical uncertainty in
the determination of the Cabibbo–Kobayashi–Maskawa
(CKM) matrix elements and the weak mixing angle at
low scales [10–13]. These radiative corrections are directly
proportional to the contribution of the electroweak box
diagrams, e.g., the γZ, or γW� interference, which are
sensitive to processes involving hadronic scales. Modern
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dispersive treatments of the box diagrams [14–18] (and
see [13,19] for reviews) provide a connection to the (first
moment of) parity-odd structure function, hence require
experimental input. However, the coverage of available
experimental data is rather poor, where it either does not
cover the low-Q2 region relevant for the hadronic scales or
is available for a different isospin channel, which would
require modeling to relate it to the necessary structure
function. In light of this, a nonperturbative approach comes
as a powerful tool to determine the box diagram contribu-
tions, and recent lattice QCD calculations [20–24] have
indeed provided valuable input to studying CKM unitarity.
The Feynman-Hellmann approach has proven to be an

effective technique to extract the Compton amplitude in
lattice QCD [25], with applications to the calculations of
the moments of unpolarized [26,27] and polarized [28]
parity-conserving nucleon structure functions, and gener-
alized parton distributions [29,30]. Building upon previous
work, we compute the GLS sum rule by calculating the first
moment of the γZ interference structure function, FγZ

3 .
The rest of this paper is organized as follows: in Sec. II,

we show the Lorentz decomposition of the Compton
amplitude and the kinematics we choose to isolate the
parity-odd Compton amplitude. The Feynman-Hellmann
approach employed to calculate the Compton amplitude
is explained in Sec. III, followed by the details of our
lattice calculations and analyses in Sec. IV. We present
and discuss our results in Sec. V before providing a
summary and our concluding remarks in Sec. VI. Some
further details of our calculations are collected in
Appendices B and C.

II. PARITY-ODD COMPTON AMPLITUDE

The starting point of the calculation is the time-ordered
product of vector and axial-vector currents sandwiched
between nucleon states, forming the Compton tensor,

Tμνðp; qÞ ¼ iρss0
Z

d4zeiq·zhp; s0jT fJμðzÞJAν ð0Þgjp; si;

ð2Þ

where p (q) is the nucleon (current) momentum, and ρss0 is
the spin density matrix with the vector and axial-vector
currents, defined as

JμðxÞ ¼
X
f¼u;d

Qfψ̄fðxÞγμψfðxÞ; ð3Þ

JAν ðyÞ ¼
X
f¼u;d

gfAψ̄fðyÞγμγ5ψfðyÞ; ð4Þ

whereQf is the electric charge of the quark of flavor f, and

gfA ¼ �1=2 is the axial charge for an up- and down-type
quark, respectively.

The most general Lorentz decomposition of the
Compton tensor in Minkowski space for the spin-averaged
case is [31,32]

Tμνðp; qÞ ¼ −gμνF 1ðω; Q2Þ þ pμpν

p · q
F 2ðω; Q2Þ

þ iεμναβ
pαqβ
2p · q

F 3ðω; Q2Þ þ qμqν
p · q

F 4ðω; Q2Þ

þ pfμqνg
p · q

F 5ðω; Q2Þ þ p½μqν�
p · q

F 6ðω; Q2Þ; ð5Þ

where ε0123 ¼ 1, ω ¼ 2p · q=Q2, Q2 ¼ −q2, and pfμqνg ¼
ðpμqν þ pνqμÞ=2 and p½μqν� ¼ ðpμqν − pνqμÞ=2 denote
the symmetrization and antisymmetrization of the indices.
We focus on the F 3 term since the rest can be eliminated
for certain choices of kinematics. The analyticity of the
Compton tensor along with crossing symmetry and the
optical theorem, ImF 3ðω; Q2Þ ¼ 2πF3ðx ¼ 1=ω; Q2Þ,
allows a connection between the Compton structure func-
tion F 3 and the unpolarized parity-violating physical
structure function F3 through the dispersion relation,

F 3ðω; Q2Þ ¼ 4ω

Z
1

0

dx
F3ðx;Q2Þ
1 − x2ω2

: ð6Þ

Upon expanding the geometric series, ð1 − x2ω2Þ−1, we
arrive at

F 3ðω; Q2Þ
ω

¼ 4
X

n¼1;2;…

ω2n−2Mð3Þ
2n−1ðQ2Þ; ð7Þ

with the odd Mellin (Cornwall-Norton) moments of F3

defined as

Mð3Þ
2n−1ðQ2Þ ¼

Z
1

0

dx x2n−2F3ðx;Q2Þ; ð8Þ

for n ¼ 1; 2; 3;…. Previous studies that extract the
lowest even Mellin moment of F1 required a polynomial
fit in ω [26], however, the lowest Mellin moment of F3,

Mð3Þ
1 ðQ2Þ, is directly accessible at ω ¼ 0, i.e., for a nucleon

at rest, thus can be determined directly from the Compton
amplitude without a polynomial fit in ω, noting that the rhs
of Eq. (7) is well defined at ω ¼ 0.

III. FEYNMAN-HELLMANN APPROACH

A computation of the Compton amplitude requires the
evaluation of a matrix element that involves two currents,
which is a four-point correlation function. However, this
is a challenging calculation to undertake on the lattice
because of the rapid deterioration of the signal for large
time separations and the contamination due to excited states
that are harder to control compared to two- or three-point
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correlators. The application of the Feynman-Hellmann
theorem, on the other hand, reduces the problem to a
simpler analysis of two-point correlation functions using
the established techniques of spectroscopy.
The Compton tensor, Eq. (2), involves the product of a

vector and an axial-vector current, which requires a
generalization of the Feynman-Hellmann technique pre-
sented in [26] to include mixed currents. We follow the
generalization applied in [29]. It is clear from Eq. (5) that
the F 3 Compton structure function lives in the antisym-
metric part of the tensor. In this case, we introduce two
spatially oscillating background fields to the fermion
action,

Sðλ; qÞ ¼ S0 þ λ1

Z
d4zðeiq·z þ e−iq·zÞJ μðzÞ

− iλ2

Z
d4yðeiq·y − e−iq·yÞJ A

ν ðyÞ; ð9Þ

where S0 is the unperturbed action, and λ≡ ðλ1; λ2Þ denote
the strengths of the couplings between the quarks and the
external fields. The currents J μðzÞ ¼ ZV ψ̄fðzÞγμψfðzÞ and
J A

ν ðyÞ ¼ ZAψ̄fðyÞγ5γνψfðyÞ are the renormalized vector
and axial-vector currents coupling to the quarks of flavor f
along the μ and ν directions. Here, q ¼ ðq; 0Þ is the external
momentum inserted by the currents and q4 ¼ 0 by con-
struction in the Feynman-Hellmann approach [26], while
ZV;A are the renormalization constants for the local vector
and axial-vector currents. An advantage of our approach
is that the renormalization is trivial, i.e., we only need
a multiplicative renormalization with known constants
ZV;A [33]. The perturbation is introduced on the valence
quarks only, hence only quark-line connected contributions
are taken into account in this work. The perturbation of
sea quarks has been addressed in [34] in the context of
disconnected diagram contributions to the nucleon spin.
Following the derivation presented in [26], we arrive at

the Feynman-Hellmann relation between the second-order
energy shift and the Compton amplitude,

∂
2ENλ

ðp;qÞ
∂λ1∂λ2

����
λ¼0

¼ i
Tμνðp; qÞ − Tμνðp;−qÞ

2ENðpÞ
; ð10Þ

where Tμν is defined in Eq. (2), and ENλ
ðp;qÞ is the

perturbed nucleon energy with momentum p and depends
on the current insertion of momentum q. The i factor and
the minus sign in Eq. (10) are due to the second perturba-
tion term added in Eq. (9). We note that Eq. (10) renders
a relation between the second-order energy shift and the
Compton amplitude, and in order to isolate the F 3

Compton structure function we make a certain choice of
kinematics (discussed in Sec. IV). An independent deri-
vation of the relation between the energy shift and the
Compton amplitude, based on an expansion of the

Lagrangian in terms of a periodic external source [35],
can be found in [36].

A. Flavor decomposition and extracting
the energy shifts

The Feynman-Hellmann implementation we have briefly
described above corresponds to the insertion of an external
current to a quark line when the quark propagator is
computed with the perturbed action, Eq. (9). Therefore,
the flavor decomposition is achieved by computing the
propagator with the perturbed action, while the action of
the spectator quark is left unmodified. When both currents
are inserted onto the same quark, we evaluate the flavor-
diagonal uu or dd contributions to the Compton amplitude.
It is also possible to isolate the mixed-flavor higher-twist
ud piece by using positive and negative λ pairs [27,37]. We
note that both the flavor-diagonal and mixed-flavor con-
tributions correspond to the γZ interference since there is
no flavor change for the uu, dd, and ud contributions. For
the ud piece, unlike the naming convention might suggest,
the currents act on the individual u- and d-quarks in the
nucleon.
The asymptotic behavior of the perturbed two-point

correlator at large Euclidean time takes the familiar form

Gð2Þ
λ ðp;q; tÞ ≃ Aλðp;qÞe−ENλ

ðp;qÞt; ð11Þ

where ENλ
is the perturbed energy of the ground state

nucleon in the presence of an external field and Aλ is the
corresponding overlap factor. In order to extract the second-
order energy shift, we calculate the following combination
of perturbed energies:

ΔENλ
ðp;qÞ ¼ 1

4

�
ENðþλ1 ;þλ2Þ

ðp;qÞ þ ENð−λ1 ;−λ2Þ
ðp;qÞ

− ENðþλ1 ;−λ2Þ
ðp;qÞ − ENð−λ1 ;þλ2Þ

ðp;qÞ�; ð12Þ

where this corresponds to the term of interest

ΔENλ
ðp;qÞ ¼ λ1λ2

∂
2ENλ

ðp;qÞ
∂λ1∂λ2

����
λ¼0

þOðλ1λ32Þ þOðλ31λ2Þ; ð13Þ

appearing on the lhs of Eq. (10) associated with the
interference of the currents J μ and J A

ν . In terms of
perturbed correlators, the second-order energy shift is
isolated via the ratio

Rλðp;q; tÞ≡
Gð2Þ

þλ1;þλ2
ðp;q; tÞGð2Þ

−λ1;−λ2ðp;q; tÞ
Gð2Þ

þλ1;−λ2ðp;q; tÞG
ð2Þ
−λ1;þλ2

ðp;q; tÞ
⟶
t≫0

A0
λðp;qÞe−4ΔENλ

ðp;qÞt; ð14Þ
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where we have collected all overlap factors into a single
constant A0

λðp;qÞ, which is irrelevant for our discussion
of energy shifts. This ratio isolates the energy shift only
at even orders of λ, e.g., Oðλn1λm2 Þ with nþm even and
n, m ≥ 0.

IV. CALCULATION AND ANALYSIS DETAILS

Our calculations are performed on QCDSF’s
2þ 1-flavor gauge configurations generated with a stout-
smeared nonperturbatively OðaÞ-improved Wilson action
for the dynamical up/down and strange quarks and a tree-
level Symanzik-improved gauge action [38]. We use two
ensembles with volume V ¼ 483 × 96, and couplings
β ¼ ½5.65; 5.95� corresponding to the lattice spacings
a ¼ ½0.068; 0.052� fm, respectively. Quark masses are
tuned to the SUð3Þ symmetric point, where the masses of
all three quark flavors, u, d, and s, are set to approximately
the physical flavor-singlet mass, m̄ ¼ ðms þ 2mlÞ=3
[39,40], yielding mπ ≈ 415 MeV. Details of the gauge
configurations we employ are listed in Table I. We carry
out our calculations with several values of current
momenta, Q2, in the range 0.5≲Q2 ≲ 10 GeV2 (see
Table II). A valence quark propagator is computed for
each combination of λ and q. To increase statistics (mostly
for low-Q2 values), we perform up to Oð103Þ measure-
ments by employing up to two sources on the ensembles of
size Oð500Þ configurations.
To isolate the F 3 term in Eq. (5), we choose μ ¼ 1,

ν ¼ 3, and q1 ¼ 0, q2 ≠ 0, for a nucleon at rest,
p ¼ ð0; 0; 0Þ. This imposes the remaining indices to be
α ¼ 4 and β ¼ 2 to have a nonvanishing result, considering
that q4 ¼ 0 in the Feynman-Hellmann approach. Hence, we
rewrite Eq. (10) as

F 3ðω; Q2Þ
ω

¼ Q2

q2

∂
2ENλ

ðp;qÞ
∂λ1∂λ2

����
λ¼0

: ð15Þ

Here, we remind the reader that in practice, we determine
the rhs of Eq. (15), which has no singularity at ω ¼ 0. A
further note is on the kinematic factor, which is obtained
through a continuum formulation, however, we replace this
factor with its lattice equivalent, as will be discussed
later on.
We determine the energy shift, ΔENλ

ðp;qÞ, by perform-
ing a fit to the plateau region of the ratio given in Eq. (14)
for each q, excluding those indicated by italics in Table II.
Italicized q-momenta are analyzed via direct fits to the

perturbed correlators, as described later. We note that only
the connected diagrams are calculated for the correlators
since the disconnected contribution vanishes for the lead-
ing-twist part of the lowest moment of F3. In order to
control the uncertainty arising due to the choice of fit
windows, ½tmin; tmax�, we follow the weighted-averaging
procedure outlined in [41]. Several single exponential,
Eq. (11), fits are performed with fixed tmax and varying
tmin, where we demand tmax − tmin ≥ 3a. The weight on
each fit is calculated by [41]

wf ¼ pfðδOfÞ−2P
f0 pf0 ðδOf0 Þ−2 ; ð16Þ

where pf ¼ 2 minðCDF; 1 − CDFÞ is the two-sided
p-value of a χ2 distribution calculated with the cumu-
lative distribution function CDFðNd.o.f.=2; χ2f=2Þ ¼
ΓðNd.o.f.=2; χ2f=2Þ=ΓðNd.o.f.=2Þ. Here, f denotes the choice
of fit window, and O is an unbiased estimator of a generic

TABLE I. Details of the gauge ensembles used in this work.

Nf β a [fm] cSW κl κs L3 × T mπ [MeV] mπL ZV ZA Ncfg

2þ 1 5.65 0.068 2.48 0.122005 0.122005 483 × 96 412 6.9 0.8615 0.8754 535
2þ 1 5.95 0.052 2.22 0.123460 0.123460 483 × 96 418 5.3 0.8856 0.8983 507

TABLE II. Multiple q ¼ ðq1; q2; q3Þ values that we consider in
this work given in lattice and physical units. Note that we have set
q1 ¼ 0. The momenta for which we perform a multiexponential
analysis, as described in Sec. III, are indicated by italics.

β ¼ 5.65 β ¼ 5.95

q½2π=L� Q2 [GeV2] q½2π=L� Q2 [GeV2]

� � � � � � (0, 1, 1) 0.49
(0, 2, 0) 0.57 (0, 2, 0) 0.98
(0, 1, 2) 0.71 (0, 1, 2) 1.23
(0, 2, 1) 0.71 (0, 2, 1) 1.23
(0, 2, 2) 1.14 (0, 2, 2) 1.97
(0, 3, 0) 1.29 (0, 1, 3) 2.46
(0, 1, 3) 1.43 (0, 3, 1) 2.46
(0, 3, 1) 1.43 (0, 2, 3) 3.20
(0, 2, 3) 1.86 (0, 3, 2) 3.20
(0, 2, 4) 2.86 (0, 1, 4) 4.18
(0, 3, 4) 3.57 (0, 4, 1) 4.18
(0, 4, 3) 3.57 (0, 3, 3) 4.43
(0, 5, 0) 3.57 (0, 2, 4) 4.92
(0, 1, 5) 3.71 (0, 4, 2) 4.92
(0, 3, 5) 4.86 (0, 3, 4) 6.15
(0, 5, 3) 4.86 (0, 4, 3) 6.15
(0, 2, 6) 5.72 (0, 5, 0) 6.15
(0, 1, 7) 7.14 (0, 2, 5) 7.13
(0, 7, 1) 7.14 (0, 5, 2) 7.13
(0, 1, 8) 9.29 (0, 1, 6) 9.10
(0, 4, 7) 9.29 � � � � � �
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quantity, e.g., the energy shift extracted from the ratio. δOf

is the statistical uncertainty on Of estimated by a bootstrap
analysis. Lastly, the final estimate of the quantity of
interest, Ō, and its uncertainty, δŌ, are calculated via

Ō ¼
X
f

wfOf; ð17aÞ

δstatŌ2 ¼
X
f

wfðδŌfÞ2; ð17bÞ

δsysŌ2 ¼
X
f

wfðOf − ŌÞ2; ð17cÞ

δŌ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δstatŌ2 þ δsysŌ2

q
: ð17dÞ

The quantity of interest in our case is the Compton
amplitude, which is obtained from a fit to the λ dependence
of the energy shifts. To estimate the amplitude we calculate
the ratio for jλ1j ¼ jλ2j ¼ jλj, for two values of jλj ¼
0.0125 and 0.025, and perform fits of the form of
Eq. (13) to determine the second-order energy shift,
∂
2ENλ

ðpÞ
∂λ1∂λ2

j
λ¼0

, for each fit window, f, within their respective
bootstrap samples. Evaluating two values of jλj allows us to
assess the effect of higher-order terms in Eq. (13). We
provide a further stability check in Appendix A. Multiplied
by the kinematic factor, Eq. (15), the extracted second-
order energy shift gives the Compton structure function.
A representative effective energy plot analog for the ratio

for a nucleon at rest, p ¼ ð0; 0; 0Þ 2πL , at q ¼ ð0; 1; 3Þ 2πL is
shown in Fig. 1. The corresponding λ fit is shown in Fig. 2.
We have plotted the weighted-average results in Figs. 1 and
2 to illustrate the intermediate steps, but in practice we carry
the analysis through the bootstrap samples until estimating
the amplitude. In propagating the uncertainty for weighted
averaging, we use the p-values calculated with the χ2 of the
ratio fits for a fixed λ. Since we employ two λ values in our
analysis, choosing the p-values associated with any one of
the λ presents an additional source of systematic error.
However, we do not find any significant difference among
the p-values with respect to λ. On this note, we show the F 3

Compton structure function, as calculated using the energy
shifts extracted on several fit windows, along with the
weight of each estimate in Fig. 3.
While the ratio method described in Sec. III and further

discussed in this section is the preferred method and
utilized for the majority of the calculation, we follow a
different approach for the q-momenta indicated by italics in
Table II for which the ratios do not exhibit a clear plateau.
In those cases, we extract the perturbed energies directly
from the perturbed correlators via a Bayesian approach
using a multiexponential fit ansatz,

Gð2Þ
λ ðp;q; tÞ ¼

X2
i¼0

AðiÞ
λ ðp;qÞe−E

ðiÞ
Nλ

ðp;qÞt; ð18Þ

where Eð0Þ
Nλ
ðp;qÞ is the perturbed ground state energy we

are interested in. We choose flat priors for Að0Þ
λ and Eð0Þ

Nλ

with support in range [0, 1], and truncated Gaussian priors

with support for positive real numbers only for AðiÞ
λ and EðiÞ

Nλ

centered at zero with widths σ ¼ 1. A hierarchy of energies,

Eð2Þ
Nλ

> Eð1Þ
Nλ

> Eð0Þ
Nλ

> 0, is enforced by choosing the energy
priors of consecutive states to be bounded from below by
the previous energy state. No hierarchy is assumed for the

overlap factors AðiÞ
λ .

Once the individual perturbed ground state energies are
extracted for the correlators appearing in Eq. (14), we
determine the energy shift via

FIG. 1. Effective energy plot analogue for the ratio, Eq. (14),
normalized by λ2 (jλ1j ¼ jλ2j ¼ jλj, for λ ¼ 0.0125, and 0.025).
The extracted energy shifts, Eq. (17a), and their uncertainties,
Eq. (17d), are shown by the dashed lines and shaded bands
respectively. We are showing the results for the uu contribution
obtained on the β ¼ 5.95 ensemble for ðp;qÞ ¼ ðð0; 0; 0Þ;
ð0; 1; 3ÞÞ 2π

L corresponding to ω ¼ 0 at Q2 ∼ 2.5 GeV2.

FIG. 2. λ dependence of the energy shift for the same
kinematics given in Fig. 1.
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ΔENλ
ðp;qÞ ¼ 1

4

h
Eð0Þ
Nðþλ1 ;þλ2Þ

ðp;qÞ þ Eð0Þ
Nð−λ1 ;−λ2Þ

ðp;qÞ

− Eð0Þ
Nðþλ1 ;−λ2Þ

ðp;qÞ − Eð0Þ
Nð−λ1 ;þλ2Þ

ðp;qÞ
i
; ð19Þ

where the unperturbed ground state energy, Eð0Þ
N ðpÞ, is also

extracted in the same Bayesian analysis framework. Further
details of this approach and a comparison to the ratio
method are collected in Appendix A.
Before we present our results, we remark on our

reduction of discretization errors arising due to broken
rotational symmetry on the lattice. The Compton amplitude
is related to the Compton structure function F 3, and
consequently to the moments of F3, by the kinematic
factor given in Eq. (15). However, this relation starts from a
continuum expression, Eq. (5), and naturally receives
corrections in a lattice formulation. Based on a lattice
perturbation theory (LPT) inspired procedure [42,43],
we derive a correction factor for a free fermion (see
Appendix B) and apply this correction to obtain the
LPT-improved structure function at ω ¼ 0. The improve-
ment is achieved by replacing the kinematic factor,

Q2

q2
→

P
i sin

2qi þ ½Pið1 − cos qiÞ�2
sin q2

; ð20Þ

appearing in Eq. (15). We show the effect of this improve-
ment in Fig. 4 for a few illustrative cases. At fixed q2, the
Compton structure function calculated using different q
geometries will receive different discretization errors and

hence will give different results, as apparent for the raw
points in Fig. 4, and especially pronounced for the larger q2.
In the continuum limit, however, using different q geom-
etries should lead to the same result. The LPT-improved
points in Fig. 4 show that the correction factor works to
reduce the effect of this discretization error due to broken
rotational symmetry, however, residual discretization arti-
facts are still evident.

V. RESULTS AND DISCUSSION

Our main result is the lowest odd Mellin moment of F3

determined following the analysis procedure outlined in
Sec. IV from the F 3 Compton structure function at ω ¼ 0,

Mð3Þ
1;qqðQ2Þ ¼ lim

ω→0

F qq
3 ðω ¼ 0; Q2Þ

4ω
; ð21Þ

for each Q2 given in Table II. Here, qq labels the flavor-
diagonal uu or dd pieces.
We show our LPT-improved moments obtained on the

two lattice ensembles in Fig. 5 for the uu and dd
contributions. For the first time, we see lattice moments
for the GLS sum rule covering a wide range of Q2 from the
perturbative to the nonperturbative regime. Therefore, it is
instructive to consider different Q2 regions where different
physical effects are at play, although the boundaries
between these regions are not definite.
The high-Q2 region, Q2 ≳ 4 GeV2, is dominated by the

leading-twist parton distribution functions and well
described by perturbative QCD. In the quark-parton model,
the lowest odd moment of F3 is given by [44]

FIG. 3. The F 3 Compton structure function obtained via
Eq. (15) for the same kinematics given in Fig. 1. The uu
contribution determined on the β ¼ 5.95 ensemble is shown.
tmax ¼ 24a for this case, and we dropped the tmin > 19a points
for clarity since their weights vanish due to low fit quality. The
bars associated with the right y-axis denote the weight, Eq. (16),
of each point. The final estimate, Eq. (17a), is shown by the
solid line, and the inner and outer shaded bands denote the
statistical, Eq. (17b), which are dominant, and the total, Eq. (17d),
uncertainties.

FIG. 4. The raw (filled pentagons) and LPT-improved (empty
triangles) F 3 Compton structure function at ω ¼ 0 for a few
representative kinematics obtained on the β ¼ 5.65 ensemble for
the uu contribution. We label the points with their corresponding
q ¼ ðq1; q2; q3Þ. Note that the q2 is not evenly distributed, as
indicated by the nonlinear scale on the horizontal axis. Points are
shifted for clarity.
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Mð3Þ;QPM
1;qq ðQ2Þ ¼

Z
1

0

dxðq − q̄Þðx;Q2Þ

¼ Nq; ð22Þ

where qðx;Q2Þ and q̄ðx;Q2Þ denote the leading-twist quark
and antiquark parton distribution functions, respectively,
and, therefore, Nq is the number of valence quarks of
flavor q.
In QCD, the quark-parton model value receives pertur-

bative corrections, which is calculated to N3LO [3,4],

Mð3Þ
1;qqðQ2Þ ¼ Nq

�
1 −

X4
i¼1

CiaisðQ2Þ
�
þ ΔHT

q

Q2
þ � � � ; ð23Þ

where Nq ¼ 2 and 1 for the uu and dd contributions,
respectively, the coefficients are C1 ¼ 1, C2 ¼ 55

12
− 1

3
nf,

C3 ¼ 41.440 − 8.020nf þ 0.177n2f, and C4¼ 479.4−
117.6nfþ7.464n2f−0.1037n3f [3,4], where we take nf ¼ 3,
asðQ2Þ≡ αsðQ2Þ=π, and ΔHT denotes the coefficient of
the leading higher-twist term, with ellipses denoting the
neglected higher-order power corrections. Note that there
are additional corrections to the GLS sum rule arising from
strange quark distributions and from charge symmetry-
violating parton distributions [45], and heavy flavors [46],
however, we do not incorporate these corrections to our
current analysis at this stage. The γZ analog of the GLS
sum rule for νDIS can be constructed via

Mð3Þ;γZ
1;qq ðQ2Þ ¼

X
q¼u;d

2Qqg
q
AM

ð3Þ;QPM
1;qq ðQ2Þ; ð24Þ

where Qq and gqA are the electric and axial charges of the
quark q.

FIG. 5. The uu and dd contributions to the lowest oddMellin moment of the F3 structure function as a function ofQ2. We compare our
lattice results from coarse (blue circles) and fine ensembles (red diamonds) to the perturbative QCD (pQCD) predictions estimated to
N3LO [Eq. (23) without the higher-twist term].
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The scale dependence of this expression is trivial, i.e., it is
carried by the scaling of αs only, given that the anomalous
dimensions of the γμ operator vanish at leading order in
operator product expansion [2]. The solid bands in Fig. 3
show the leading-twist moment with perturbative corrections,
Eq. (23), calculated using αsðQ2Þ estimated to four-loop
accuracy in the MS scheme following the PDG definition

[44] and with the three-flavor Λð3Þ
MS

¼ 338ð10Þ MeV quoted
by the Flavor Lattice Averaging Group [47] based on the
determinations from Refs. [48–57].
Our moments are in good agreement with the perturba-

tive QCD curve in the perturbative region. The leading-
twist matrix element in the operator product expansion is of
the γ0 operator, which is reflected in the first moment being
proportional to the number of valence quarks. Therefore,
we do not expect to have a quark-mass dependence in our
lattice moments since Nq does not depend on the quark
masses. Then, in principle, these moments can be used to
estimate the strong coupling constant at a fixed Q2 by
solving Eq. (23) for αs. Such an approach, however, would
be premature before a continuum extrapolation since it does
not provide a handle to control the mild residual discre-
tization artifacts that we observe.
The mid-Q2 region, 0.5≲Q2 ≲ 4 GeV2, is relevant

for higher-twist effects where they start to have a non-
negligible contribution. The higher-twist corrections have
been addressed in model calculations before [58–61] and
indicate ΔHT < 0 for the GLS sum rule, albeit with low
precision. We already see a clear deviation between our
moments and the perturbative curve starting around
Q2 ∼ 4 GeV2. The discrepancy between our results and
the perturbative estimate indicates that we haveΔHT

q > 0, in
contrast to the model calculations.

Lower Q2 values are expected to be dominated by the
elastic pole [14],

Fel
3;qðx;Q2Þ ¼ −Gq

AðQ2ÞGq
MðQ2Þδð1 − xÞ; ð25Þ

where Gq
A and Gq

M are the axial-vector and magnetic Sachs
form factors, respectively, of the quark q. We adopt the
normalization Gq

Að0Þ≡ −gqA following PDG definitions
[44], where gqA is the axial charge with guA > 0 and
gdA < 0. The δð1 − xÞ factor ensures that the only contribu-
tion to the dispersion integral, Eq. (6), comes from x ¼ 1,
hence for a nucleon at rest (the ω ¼ 0 case), Eq. (25) gives

the elastic contribution to the lowest moment, Mð3Þ;el
1 ðQ2Þ.

Assuming a dipole parametrization for both the axial-
vector and magnetic form factors, the elastic contribution
scales as 1=Q8, making it highly suppressed relative to the
leading higher-twist contribution, however, it would still
constitute a contamination. In order to estimate the leading
1=Q2 higher-twist contribution, the elastic contribution
needs to be subtracted. We subtract the elastic contribution
from our moments,

Mð3Þ;inel
1;qq ðQ2Þ ¼ Mð3Þ

1;qqðQ2Þ −Mð3Þ;el
1;qq ðQ2Þ; ð26Þ

for qq ¼ uu and dd, using the form factors determined on
the same set of lattice ensembles [62,63] considering only
the connected diagrams, since there are no contributions
from disconnected diagrams to the leading-twist part of
the F3 structure function. We adopt a dipole form for the
axial-vector form factors and parametrize the Sachs mag-
netic form factors using a Padé approximant following
Kelly [64]. Further details of our calculations for the elastic
contribution are given in Appendix C.

FIG. 6. The inelastic part of the GLS sum rule, Eq. (1), as a function of Q2. We compare our results, Mð3Þ;inel
1;uuþdd, to the experimentally

determined elastic-subtracted GLS sum rule [6] and the parton model and perturbative QCD (pQCD) predictions estimated to N3LO
[Eq. (23), with Nq ¼ Nu þ Nd and higher-twist terms neglected].
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In order to make a comparison to experimental deter-
minations of the GLS sum rule, we consider the uuþ dd

moment, Mð3Þ
1;uuþddðQ2Þ≡Mð3Þ

1;uuðQ2Þ þMð3Þ
1;ddðQ2Þ, and

show our elastic-subtracted uuþ dd moments, Mð3Þ;inel
1;uuþdd,

in Fig. 6. The experimental measurements are taken from
Ref. [6] with the quasielastic contributions subtracted and
quoted errors added in quadrature. Our results are in good
agreement with the experimental points where the agree-
ment gets better as the lattice spacing gets smaller.
We note that the discrepancy between our elastic-

subtracted moments and the perturbative curve toward
the low-Q2 region is a genuine higher-twist effect, modulo
target-mass corrections. Our approach here paves the way
for an extraction of the higher-twist coefficient from a fully
nonperturbative calculation for each flavor. A caveat is that
the higher-twist term in Eq. (23) is intricately connected
to the divergence of the perturbative series, and great care
needs to be taken in defining ΔHT for a rigorous estimation
due to renormalon ambiguity mimicking a Λ2

QCD=Q
2

behavior [5,65–69]. Qualitatively, our results indicate a
positive higher-twist correction, as opposed to the negative
estimations of model calculations [58–61].

VI. SUMMARY

We provided a lattice QCD computation of the Gross-
Llewellyn Smith sum rule by extracting the first moment of
the parity-violating structure function of the nucleon from a
direct calculation of the forward Compton amplitude based
on a Feynman-Hellmann approach. Calculations are per-
formed on two lattice ensembles with volume 483 × 96 and
lattice spacings a ¼ 0.068 and 0.052 fm. Both ensembles
have the quark masses tuned to the SUð3Þ symmetric point,
yielding mπ ≈ 415 MeV. Our results cover the 0.5≲Q2 ≲
10 GeV2 range, which includes the nonperturbative and
perturbative regions. In computing the Compton amplitude,
we have considered a weighted-averaging method to
control the systematic errors arising due to the choice of
fit windows in a standard two-point function analysis.
Additionally, we have improved our results by correcting
for one of the discretization errors using a lattice perturba-
tion theory estimation. We achieve percent-level statistical
precision for our Q2 ≳ 1 GeV2 moments. Our results are
compared to the Gross-Llewellyn Smith sum rule and a
good agreement is obtained in the perturbative region,
whereas we see clear deviations toward lower Q2 values,
indicating the presence of power corrections. We also find
very good agreement with an experimental determination
of the GLS sum rule. This work shows the feasibility of
calculating the GLS sum rule on the lattice. A natural
direction to take is quantifying the lattice systematics with
further calculations using additional ensembles with vary-
ing lattice spacings, volumes, and pion masses. Therefore,
our calculation here provides an intermediate step toward

(i) studying the higher-twist effects in the GLS sum rule in
more depth, (ii) a determination of αs from a hadronic
observable, and (iii) a direct ab initio estimation of the
electroweak box diagrams relevant for the determinations
of Vud and the weak mixing angle, with controlled lattice
systematic errors.
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APPENDIX A: FURTHER DETAILS OF THE
MULTIEXPONENTIAL ANALYSIS AND A
COMPARISON TO THE RATIO METHOD

As described in Sec. IV, we perform a multiexponential
analysis for the perturbed correlators to extract the second-
order energy shift, as opposed to the ratio method for two
Q2 points. In this appendix we provide further details for
q ¼ ð0; 1; 2Þ 2πL performed on the β ¼ 5.95 ensemble. The
reason we choose this momentum is because the ratio
method still gives reliable estimates and, at the same time, it
is close to the momenta where the ratio method breaks
down. Therefore, while we illustrate the multiexponential
analysis, we also provide a comparison of the ratio and
multiexponential methods to show that both give consistent
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results. Additionally, a further stability check is performed
for the λ fits by including two more λ values to the analysis.
Using Eq. (18), we determine the unperturbed and

perturbed energies for λ ¼ ½0.00625; 0.0125; 0.01875;
0.025� in a Bayesian analysis, as described in Sec. IV.
Effective energy plot analogs for the resulting fits are
shown in Fig. 7. We show the effective energy for the
unperturbed correlator in the top panel, while the following
panels show the effective energy difference obtained via

ΔGð2Þ
ðλ1;λ2Þðp;q; tÞ ¼

Gð2Þ
ðλ1;λ2Þðp;q; tÞ

Að0ÞðpÞe−Eð0Þ
N ðpÞt

ðA1Þ

for each perturbed correlator, Gð2Þ
ðλ1;λ2Þ, that appears in

Eq. (14). Here, Að0Þ and Eð0Þ
N are the overlap factor and

the energy of the unperturbed ground state nucleon
determined from a multiexponential fit to the unperturbed
correlator, respectively. We note that we fit Eq. (18) directly
to the perturbed correlators, and the effective energy

differences shown in Fig. 7 are for a clearer illustration.
The effective energy and effective energy difference are
defined as

Eeffðp; tÞ ¼
1

a
log

Gð2Þðp; tÞ
Gð2Þðp; tþ 1Þ ; ðA2Þ

ΔEeffðp;q; tÞ ¼
1

a
log

ΔGð2Þ
ðλ1;λ2Þðp;q; tÞ

ΔGð2Þ
ðλ1;λ2Þðp;q; tþ 1Þ

; ðA3Þ

respectively, where Gð2Þðp; tÞ is the unperturbed correlator.

Having determined the perturbed [Eð0Þ
Nλ1 ;λ2

ðp;qÞ] and

unperturbed [Eð0Þ
N ðpÞ] ground state energies, we calculate

the energy shifts following Eq. (19) for each λ. Sub-
sequently, we perform fits quadratic (bλ2) and quadratic-
plus-quartic (b0λ2 þ cλ4) in λ to extract the second-order

energy shift,
∂
2ENλ

ðpÞ
∂λ1∂λ2

j
λ¼0

, which are denoted by b and b0,
respectively.

In Fig. 8 we show the Mð3Þ
1;uu moment determined from

the second-order energy shifts calculated via the method-
ologies listed in Table III. Fits 1–3 utilize the ratio method
discussed in Sec. III to extract the energy shifts from a
single fit window fixed for all λ values. We see a good
agreement between all determinations. The agreement
between the Fits 1 and 3 (or 2 and 3) is within 1σ
uncertainty, which shows that there is no statistically
significant contamination due to the neglected Oðλ1λ32Þ
and Oðλ31λ2Þ terms in Eq. (13). The same statement holds
for the multiexponential fits as well.
We conclude that the multiexponential analysis gives

consistent results in comparison to the ratio method and
can be used to reliably determine the energy shifts

FIG. 7. Effective energy plot analogs for the multiexponential
fits to the unperturbed (top panel) and perturbed (bottom four
panels) correlators. See the discussion in text for the perturbed
results. The blue empty circles indicate the unperturbed corre-
lator, while the results for different λ values are denoted by empty
red diamonds (λ ¼ 0.00625), purple squares (λ ¼ 0.0125), green
upward-oriented triangles (λ ¼ 0.0375), and orange right-
oriented triangles (λ ¼ 0.025).

FIG. 8. The Mð3Þ
1;uu moment determined using methodologies

listed in Table III. We show the results for q ¼ ð0; 1; 2Þ 2πL
obtained on the β ¼ 5.95 ensemble.
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when the ratio method fails, albeit with increased statistical
uncertainty.

APPENDIX B: DETAILS OF LATTICE
PERTURBATION THEORY CALCULATION

We follow the work presented in [42,43] to derive the
correction factor discussed in the main text. To make a
connection to the Lorentz decomposition of the Compton
tensor [Eq. (5)], we work in Minkowski space in this
appendix. On the lattice, usingWilson fermions with r ¼ 1,
the tree-level Compton amplitude of a quark for mixed
local vector and axial-vector currents Jμ ¼ q̄γμq and
JAμ ¼ q̄γ5γμq, respectively, is given by

TVA
μν ðk; qÞ ¼ ūðk; s0Þγ5γνD−1

W ðk; qÞγμuðk; sÞ
þ ðμ ↔ ν; q → −qÞ; ðB1Þ

where we have defined the propagator as the inverse of the
Dirac term,

DWðk; qÞ ¼ iγρ sin ðkþ qÞρ þ m̄ðk; qÞ; ðB2Þ

m̄ðk; qÞ ¼
X
ρ

½1 − cos ðkþ qÞρ� þm; ðB3Þ

with m being the mass of the quark. The terms in Eq. (B1)
correspond to the normal and crossed diagrams shown in
Fig. 9, respectively.
Expanding for small m, and making use of the formula

for the inverse of linear combinations of gamma matrices,

ðiγμbμ þ aIÞ−1 ¼ −iγμbμ þ aIP
μ b

2
μ þ aI

; ðB4Þ

we rewrite the propagator

D−1
W ðk; qÞ ¼ D̄Wðk; qÞ

Q̃2ðk; qÞ þOðmÞ; ðB5Þ

where

D̄Wðk;qÞ ¼ iγρ sin ðkþ qÞρ þ
X
ρ

½1− cos ðkþ qÞρ�; ðB6Þ

Q̃2ðk; qÞ ¼
X
ρ

sin2ðkþ qÞρ þ
�X

ρ
½1 − cos ðkþ qÞρ�

	
2

:

ðB7Þ

We can simplify the gamma matrix combinations in the
numerator using the relations

γμγργνγ5 ¼
1

2
ðγμγργνγ5 − γνγργμγ5Þ ¼ −εμρναγα; ðB8Þ

γμγνγ5 ¼
1

2
ðγμγν − γνγμÞγ5 ¼ −iσμνγ5; ðB9Þ

γμγργαγνγ5 ¼ 2iϵμρανγ5γ5 ¼ 2iεμνρσ; ðB10Þ

where σμν ¼ i
2
½γμ; γν�, and in writing the last line we have

used γ5 ¼ i
2
εabcdγaγbγcγd. Working out the numerator

algebra and writing the amplitude in a more compact form,

TVA
μν ðk; qÞ ¼ ūðk; s0Þ½mð0Þ þOðmÞ�uðk; sÞ

þ ðμ ↔ ν; q → −qÞ; ðB11Þ

where

mð0Þ ¼ 1

Q̃2ðk; qÞ
�
iεμνραγα sin ðkþ qÞρ

þ iσμνγ5
X
σ



1 − cos ðkþ qÞσ

��
; ðB12Þ

we see that we pick up a term with a tensor structure, which
might be a concern. However, this tensor structure vanishes
for a particle at rest and we are left with the simpler vector
structure, as we show below. From here on, we drop the
OðmÞ term to simplify the notation.
Now, we choose μ ¼ 1, ν ¼ 3, ρ ¼ 2, α ¼ 0, and

consider k ¼ ð0; 0; 0Þ and q0 ¼ 0. Additionally, we use
the following relations [72]:

TABLE III. Details of the methodologies used to determine

Mð3Þ
1;uu. For example, Fit 3 indicates that we have used four energy

shifts, extracted via the ratio method for each λ given in brackets,
to perform the λ fit using the quadratic-plus-quartic function,
b0λ2 þ cλ4.

Fit λ Function Method

1. [0.0125, 0.025] bλ2 Ratio
2. [0.00625, 0.0125, 0.01875, 0.025] bλ2 Ratio
3. [0.00625, 0.0125, 0.01875, 0.025] b0λ2 þ cλ4 Ratio
4. [0.0125, 0.025] bλ2 Multi-exp
5. [0.00625, 0.0125, 0.01875, 0.025] bλ2 Multi-exp
6. [0.00625, 0.0125, 0.01875, 0.025] b0λ2 þ cλ4 Multi-exp

FIG. 9. Diagrams relevant for Compton scattering.
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ūðk0; ·Þγ0uðk; ·Þ ¼
�
s0sþ k0 · k

s0s

	
I

þ i
s0s

ðk0 × kÞ · σ⃗; ðB13Þ

ūðk0; ·Þσijγ5uðk; ·Þ ¼ εijk

��
s0

s
k −

s
s0
k0
	
I

þ i

��
s0

s
kþ s

s0
k0
	
× σ⃗

�
k



; ðB14Þ

where sðkÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EðkÞ þm

p
, and ðσ⃗Þσ0σ ¼ σe3δσ0;σ þ ðe1 þ

iσe2Þδσ0;−σ with σ ¼ �1. Then, for our choice of
k0 ¼ k ¼ ð0; 0; 0Þ, Eqs. (B13) and (B14) reduce to

ūð0; ·Þγ0uð0; ·Þ ¼ 2mI; ðB15Þ

ūð0; ·Þσijγ5uð0; ·Þ ¼ 0; ðB16Þ

which simplifies the amplitude

TVA
13 ðk; qÞ ¼ 4iε0123m

sin q2
Q̃2ðqÞ ; ðB17Þ

with

Q̃2ðqÞ ¼
X
i

sin2qi þ
�X

i
ð1 − cosqiÞ

�
2

; ðB18Þ

and the summation is understood to be running through
spatial components.
In the continuum formulation, the amplitude for a

structureless fermion is

TVA
13 ðk; qÞ ¼ iε0123m

q2
Q2

F 3ðω ¼ 0Þ
ω

¼ 4iε0123m
q2
Q2

; ðB19Þ

where we have made use of the dispersion relation, Eq. (6),
in writing the second line. Finally, comparing Eqs. (B17)
and (B19), the correction becomes

q2
Q2

→
sin q2
Q̃2ðqÞ : ðB20Þ

Since this correction is kinematical, it is universal, i.e.,
the same for a hadron with an internal structure, although
higher-order corrections would require a calculation of
relevant matrix elements.
We show the effect of the correction in Fig. 10 for a

free (almost) massless quark. The raw points are the
Compton structure function calculated on a free-field
gauge configuration [i.e., SU(3) gauge links are set to I],

FFQ
3 ðω ¼ 0; q2Þ, following the analysis outlined in Sec. IV

(with a single-window plateau fitting instead of weighted
averaging) at the almost-chiral limit, κ ¼ 0.1249
(amq ¼ 0.003). The LPT improvement shifts the results
toward the expected continuum value and remedies the
error due to broken rotational symmetry.

APPENDIX C: ELASTIC CONTRIBUTION TO F3

The elastic contribution to the F3 structure function is
given by a combination of elastic form factors [14],

Fel
3;qðx;Q2Þ ¼ −Gq

AðQ2ÞGq
MðQ2Þδð1 − xÞ; ðC1Þ

where Gq
A and Gq

M are the axial-vector and magnetic Sachs
form factors, respectively, of a quark flavor q. Calculating
the form factors follows the standard three-point function
methodology. We summarize the main steps below for
completeness.
The matrix element of the electromagnetic current is

decomposed in terms of Dirac (F1) and Pauli (F2) form
factors. In Euclidean space, it reads

hNðp0; s0ÞjJμðqÞjNðp; sÞi ¼ ūðp0; s0Þ
�
γμF1ðQ2Þ

þ σμν
qν

2MN
F2ðQ2Þ

�
uðp; sÞ;

ðC2Þ

where uðp; sÞ is a Dirac spinor with momentum p and
spin s, q ¼ p0 − p, Q2 ¼ −q2, and σμν ¼ i½γμ; γν�=2. The
electromagnetic current is defined as

FIG. 10. Free-field Compton structure function for some of the
kinematics we consider in this work. The raw and LPT-improved
points are denoted by filled pentagons and empty triangles,
respectively. The LPT-improved points for the same q2 coincide
with each other. The dashed horizontal line denotes the expected
continuum value.
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Jμ ¼
2

3
ūγμu −

1

3
d̄γμdþ � � � : ðC3Þ

The Sachs form factors are given by linear combinations
of the Dirac and Pauli form factors,

GEðQ2Þ ¼ F1ðQ2Þ − Q2

4M2
N
F2ðQ2Þ; ðC4Þ

GMðQ2Þ ¼ F1ðQ2Þ þ F2ðQ2Þ: ðC5Þ

For the axial-vector current, the Lorentz decomposition
of the matrix element is given by axial (GA) and induced
pseudoscalar (G̃P) form factors,

hNðp0; s0ÞjAμðqÞjNðp; sÞi ¼ ūðp0; s0Þ
�
γμγ5GAðQ2Þ

þ γ5
qμ

2MN
G̃PðQ2Þ

�
uðp; sÞ;

ðC6Þ

where

Aμ ¼ ūγμγ5uþ d̄γμγ5dþ � � � : ðC7Þ

The elastic form factors are calculated from ratios of
three- and two-point functions. For the magnetic Sachs
form factor GM, we insert the local operators

jμ ¼ ψ̄γμψ ; for μ ¼ 1; 2; 3; 4; ðC8Þ

and for the axial and induced pseudoscalar form factors,GA
and GP,

jAμ ¼ ψ̄γμγ5ψ ; for μ ¼ 1; 2; 3; 4: ðC9Þ

Matrix elements of these local operators are computed from
three-point correlation functions,

Gð3Þðp0; t0;q; τ;ΓÞ ¼
X
x1;x2

e−ip
0·x2eiq·x1Γαβ

× hχβðx2; t0ÞOðx1; τÞχ̄αð0;0Þi; ðC10Þ

where χ are the standard nucleon interpolating operators.
The local operator O is inserted at time slice τ such that
t0 > τ > 0, where t0 is the sink time. Γ is a spin-parity
projector, with Γunpol ¼ 1

2
ðI þ γ4Þ and Γi ¼− i

2
ðIþ γ4Þγiγ5,

for i ¼ 1, 2, 3. We only consider connected contributions to
the three-point functions in this analysis. We then construct
the following ratio with the two-point functions:

Rðq; τ; t0;ΓÞ ¼ Gð3Þðp0; t0;q; τ;ΓÞ
Gð2Þðp0; t0Þ

×

�
Gð2Þðp0; t0ÞGð2Þðp0; τÞGð2Þðp; t0 − τÞ
Gð2Þðp; t0ÞGð2Þðp; τÞGð2Þðp0; t0 − τÞ

�1
2

;

ðC11Þ

which, when assuming ground state dominance at large
Euclidean times, is proportional to the matrix element of
the inserted operator. In order to control excited state
contamination, we make use of a two-exponential ansatz
for the three-point function when fitting directly to the
ratio. The two-point functions are fit beforehand in order to
extract the ground state energy EN and energy gapΔE, also
using a two-exponential ansatz,

Gð2Þðp; tÞ ¼ A2;0e−ENðpÞtð1þ A2;1e−ΔEðpÞtÞ; ðC12Þ

where A2;0 and A2;1 are overlap factors. The three-point
function ansatz is then

Gð3Þðp0; t0;q; τ;ΓÞ
¼ A3;0e−ENðp0Þðt0−τÞe−ENðpÞτ�B00 þ B10e−ΔEðp

0Þðt0−τÞ

þ B01e−ΔEðpÞτ þ B11e−ΔEðpÞ
0ðt0−τÞe−ΔEðpÞτÞ

�
; ðC13Þ

where A3;0 is an overlap factor, and B00 is proportional to
the ground state matrix element of interest. The terms B01

and B10 are proportional to transition matrix elements
between the ground state and first excited state (and vice
versa), and the term B11 is proportional to the matrix
element between two nucleons in the first excited state.
Representative plots for the ratio are shown in Fig. 11 for
GM and GA at a given Q2.
Repeating the above analysis for a range of kinematics

on our β ¼ 5.65 and β ¼ 5.95 ensembles, we determine the
Q2 dependence of the form factors. The Sachs magnetic
form factor is modeled via a Padé approximant inspired by
Kelly’s parametrization [64],

GMðQ2Þ ¼ a0
1þ b1τ þ b2τ2

; ðC14Þ

where τ ¼ Q2=ð2MNÞ2, and a0 and b1;2 are free fit para-
meters. We assume a dipole form for the axial form factor,

GAðQ2Þ ¼ GAð0Þ
ð1þQ2=Λ2Þ2 ; ðC15Þ

with GAð0Þ ¼ −gA as the axial charge, following the PDG
definition [44], and Λ as the dipole mass. We fix GAð0Þ to
its respective (ensemble and flavor) values calculated in
Ref. [63] and determine the dipole mass in this analysis.
Our results for GM, GA, and Fel

3 . estimated via Eq. (C1) are
shown in Fig. 12 for a representative case.
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