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We formulate a light-front model for the pion that explicitly incorporates the gluonic degree of freedom.
In this framework, high-energy scattering off the pion is described by an active gluon, while the remaining
constituents are treated as a spectator system with an effective mass. The mass spectrum and light-front
wave functions (LFWFs) of the pion are determined by solving two Schrödinger-like equations derived
from quantum chromodynamics: the light-front holographic equation in the chiral limit and the ’t Hooft
equation. Using the resulting LFWFs, we compute the gluon distributions within pion, including the parton
distribution functions in comparison with the available global fits, generalized parton distributions, and
transverse momentum-dependent distributions. The present analysis is restricted to the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi domain of the pion’s gluon generalized parton distribution, without explicit
construction of the Efremov-Radyushkin-Brodsky-Lepage region. Consequently, the polynomiality
condition for full Mellin moments is not satisfied by construction. Furthermore, we demonstrate that
the obtained LFWFs provide a good description of the gravitational form factors of pion when compared
with the recent lattice QCD results.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is the fundamental
theory of the strong force [1], describing hadrons as
bound states of quarks and gluons. Despite its successes,
key aspects of hadron structure—particularly the role of
gluons—remain poorly understood. Gluons are essential
for binding quarks and generating mass, yet their distri-
bution inside light mesons such as the pion is still not well
determined.
The pion plays a unique role in QCD: It is the lightest

meson, a quark-antiquark bound state, and the Nambu-
Goldstone boson of spontaneously broken chiral symmetry
[2,3]. Its simplicity makes it an ideal system for probing
nonperturbative QCD. While most theoretical studies have
focused on valence quark structure or incorporated gluons
only perturbatively [4–24], recent advances in lattice QCD
[25,26] and phenomenological models [27–31] now

explicitly account for gluon dynamics, underscoring their
importance in pion structure.
Light-front quantization offers a powerful framework for

studying hadrons through light-front wave functions
(LFWFs) [32], which encode partonic configurations and
enable the calculation of hadronic matrix elements for both
inclusive and exclusive processes [33]. This approach is
well suited for investigating the partonic structure of
hadrons.
In this work, we compute gluon-related observables

in the pion including the parton distribution functions
(PDFs), generalized parton distributions (GPDs), and trans-
verse momentum-dependent distributions (TMDs). PDFs
describe the longitudinal momentum distribution of par-
tons, while GPDs extend this framework to include spatial
and momentum correlations. They depend on the longi-
tudinal momentum fraction x, the skewness ξ ¼ −Δþ=2P̄þ,
and the squared momentum transfer t ¼ Δ2 ¼ −Q2 < 0,
where P̄ ¼ ðP0 þ PÞ=2 is the average pion momentum and
Δ ¼ P0 − P is themomentum transfer. Their moments relate
to gravitational form factors (GFFs), revealing insights into
hadron mass, pressure, and energy distributions [34–37].
TMDs further enrich this picture by resolving transverse
parton momenta.
Global analyses of pion PDFs, primarily using Drell-Yan

(DY), J=ψ production, and direct photon data [27,38–40],
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have advanced our understanding of its structure. However,
the gluon and sea-quark content remains less constrained
than in the nucleon due to limited experimental data.
Upcoming facilities like Jefferson Lab [41] and future
electron-ion colliders [42,43] aim to probe pion PDFs via
the Sullivan process [44]. The COMPASSþþ=AMBER
program will further explore pion structure using high-
intensity pion beams [45].
Experimental access to GPDs is challenging but pro-

gressing through deeply virtual Compton scattering
(DVCS) and vector meson production [46–48], with data
from H1, ZEUS, and HERMES [49–55] already providing
constraints. Near-threshold photo- and leptoproduction of
charmonium and bottomonium provides a powerful probe
of the hadron’s gluonic structure [56–63]. Future electron-
ion colliders are expected to extend these studies [42,43],
while Jefferson Lab has already reported promising results
from near-threshold J=ψ production [62–66].
While TMDs have been extensively studied for the

proton via semi-inclusive deep inelastic scattering, DY,
and eþe− annihilation [46], pion TMDs remain less
explored, with only limited extractions from DY data
[67–69]. Theoretical investigations of pion TMDs have
been pursued in Refs. [7,9,10,14,70–73], but further
experimental and theoretical efforts are required.
Recent progress on gluon structure has largely focused

on the nucleon. Active-gluon spectator approaches have
been employed to investigate gluon PDFs and TMDs
[74–76], extended to GPDs at nonzero skewness in
the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
region [77], and more recently to gluon contributions to
GFFs [78] and generalized transverse-momentum depen-
dent parton distributions [79]. In parallel, Hamiltonian-
based methods such as basis light-front quantization
(BLFQ) [28,80–83], and Bethe-Salpeter and Dyson-
Schwinger equation approaches [30,84,85] dynamically
generate higher Fock components and have been applied
to gluon distributions in the proton, pion, and spin-1
mesons. Recent string-based holographic QCD work also
treats nucleon GPDs in both the DGLAP and Efremov-
Radyushkin-Brodsky-Lepage (ERBL) regions [86–88].
Complementary developments within the holographic
QCD framework have further addressed gluon PDFs,
GFFs, and GPDs for both the proton and the pion [89,90].
In this work, we develop a light-front model of the pion

that explicitly incorporates gluonic degrees of freedom,
providing a framework to explore the pion’s gluonic
structure. In this approach, high-energy scattering proc-
esses involving the pion are modeled as being mediated by
an active gluon, while the remaining constituents form an
effective spectator system with spin one and an effective
mass, motivated by the gluon-spectator model for the
nucleon [74,75]. The mass and LFWFs of the pion are
determined self-consistently by solving two complemen-
tary equations rooted in QCD: the light-front holographic
Schrödinger equation, which captures the transverse
dynamics and confinement mechanism in the chiral

limit [91], and the ’t Hooft equation, which governs the
longitudinal momentum structure of mesons in the large-Nc
limit [92]. Together, these equations offer a three-dimen-
sional description of the pion’s bound-state dynamics,
incorporating both the transverse and longitudinal aspects
of confinement. This unified framework provides predic-
tions for gluon-sensitive observables, including the gluon
PDFs, GPDs, TMDs, and GFFs of the pion. The model
predictions show good agreement with recent lattice QCD
results and the available global fits, demonstrating its
effectiveness in capturing both the momentum and spatial
structure of the pion.

II. THEORETICAL FRAMEWORK

Holographic light-front QCD (hLFQCD) is formulated in
the chiral limit of light-front QCD and establishes a corre-
spondence between strongly coupled (3þ 1)-dimensional
light-front QCD and weakly coupled string modes in a
(4þ 1)-dimensional anti–de Sitter (AdS) space. For a
comprehensive review of hLFQCD, see Ref. [91]. A central
prediction of hLFQCD is that the pion, as the lightest bound
state, becomes massless in the chiral limit. Moreover, the
model predicts that meson masses lie on universal Regge
trajectories, in agreement with experimental observations.
The slopes of these trajectories are governed by the strength
of the confining potential, characterized by the parameter κ.
In this framework, the confining potential in physical
spacetime emerges from a dilaton field that breaks the
conformal symmetry of AdS space. Specifically, a quadratic
dilaton profile in the fifth dimension leads to a light-front
harmonic oscillator potential, which has proven to be
phenomenologically successful. The scale parameter κ is
fixed by fitting the experimentally measured slopes of Regge
trajectories across various meson families, yielding a uni-
versal value of κ ≃ 0.5 GeV for light mesons [91].
The minimal Fock state of a meson consists exclusively

of a valence quark-antiquark pair. When higher Fock
sectors are included, the meson wave function acquires
additional components involving gluons and sea quark-
antiquark pairs. In our simplified model, we describe the
meson as a composite system made up of an active gluon
(mass m1 and spin λg) and an effective spin-1 spectator
(mass m2 and spin λs). We work in standard light-front
coordinates, where v� ¼ 1ffiffi

2
p ðv0 � v3Þ and v⊥ ¼ ðv1; v2Þ.

The longitudinal momentum fraction of the active gluon is
denoted by x ¼ kþ=Pþ, with kþ and Pþ the light-front
momenta of the gluon and the pion, respectively. The
transverse separation between the gluon and the spectator
is represented by b⃗⊥ ¼ b⊥eiφ. The LFWFΨðx; b⃗⊥Þ provides
a Lorentz-invariant description of the gluon-spectator
dynamics in terms of these light-front variables. To establish
a connection with AdS space, the holographic variable

ζ⃗ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞ

p
b⃗⊥ ¼ ζeiφ ð1Þ
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is introduced. This allows the LFWF to be expressed in a
factorized form in terms of x, ζ, and φ as

Ψðx; ζ;φÞ ¼ ϕðζÞffiffiffiffiffiffiffiffi
2πζ

p eiLφXðxÞ; ð2Þ

where ϕðζÞ and XðxÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞp

χðxÞ represent the trans-
verse and longitudinal modes, respectively.
The hLFQCD, defined in the chiral limit of QCD and

containing only the dynamical transverse mode, is
governed by a holographic Schrödinger-like equation
[91,93–95]:

�
−

d2

dζ2
þ 4L2 − 1

4ζ2
þ UhLF⊥ ðζÞ

�
ϕðζÞ ¼ M2⊥ϕðζÞ; ð3Þ

where the transverse confinement potential is given by

UhLF⊥ ðζÞ ¼ κ4ζ2 þ 2κ2ðJ − 1Þ; ð4Þ

with J ¼ Lþ S (where L≡ jLmax
z j) denoting the total

angular momentum of the meson. The functional form
of UhLF⊥ ðζÞ is uniquely determined [96] by the underlying
conformal symmetry and the holographic correspondence
to AdS5, where the light-front variable ζ is identified with
the fifth dimension of AdS space. The mass scale parameter
κ defines both the confinement strength and the meson
mass spectrum in the chiral limit. The Schrödinger equa-
tion (3) can be solved analytically, yielding the mass
eigenvalues

M2⊥ðn⊥; J; LÞ ¼ 4κ2
�
n⊥ þ J þ L

2

�
ð5Þ

and the corresponding transverse wave functions

ϕn⊥LðζÞ ∝ ζ1=2þL exp

�
−
κ2ζ2

2

�
LL
n⊥ðκ2ζ2Þ: ð6Þ

A notable prediction of Eq. (5) is that the lowest-lying
bound state, corresponding to n⊥ ¼ L ¼ S ¼ 0, is mass-
less. This naturally identifies the pion as the chiral-limit
Goldstone boson in QCD.
In contrast, the longitudinal mode χðxÞ is not dynamical

in hLFQCD and is typically set to a constant, χðxÞ ¼ 1,
leading to XðxÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp
. This choice is validated by

the holographic mapping of the pion’s electromagnetic and
gravitational form factors between physical spacetime and
AdS5 [97,98].
Substituting Eq. (6) into Eq. (2) yields the chiral-limit

LFWF for the pion:

Ψπ
cðx; ζ2Þ ∝

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞ

p
exp

�
−
κ2ζ2

2

�
: ð7Þ

Applying a two-dimensional Fourier transform to Eq. (7)
gives the corresponding momentum-space LFWF:

Φπ
cðx; k2⊥Þ ∝

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞp exp

�
−

k2⊥
2κ2xð1 − xÞ

�
; ð8Þ

where k⃗⊥ denotes the transverse momentum of the quark,
Fourier conjugate to the transverse separation b⃗⊥.
Beyond the chiral limit, Brodsky and de Téramond

proposed a prescription for the longitudinal mode based
on the invariant mass [99]. While this approach has two
notable limitations—it does not satisfy the Gell-Mann-
Oakes-Renner relation and assigns the same longitudinal
mode to all radially excited states—it has nonetheless
been successfully applied to describe various properties
of both light and heavy mesons [12–14,91,99–104]. An
alternative approach to modeling the longitudinal dynamics
uses the ’t Hooft equation [92] from large-Nc QCD in
(1þ 1) dimensions, which has been shown to reproduce the
full meson mass spectrum, including the pion [105], ρ
meson [100], and both heavy-light and heavy-heavy
systems [23]. The idea of replacing the invariant mass
prescription with the ’t Hooft equation was first introduced
in Ref. [106], which focused on predicting meson decay
constants and parton distribution functions. In parallel,
recent studies [101,107] have employed a phenomenologi-
cal longitudinal confinement potential, initially proposed in
Ref. [108] within the BLFQ framework. Although these
works primarily address the chiral limit and chiral sym-
metry breaking, Ref. [101] also explores applications to
ground-state heavy mesons and connects their approach to
the ’t Hooft equation. These developments reflect a grow-
ing interest in incorporating longitudinal dynamics into
hLFQCD [22,101,107,109–111].
Starting from the QCD Lagrangian in (1þ 1) dimen-

sions and applying the large-Nc approximation, ’t Hooft
derived a Schrödinger-like equation for the meson wave
function [92]:

�
m2

1

x
þ m2

2

1 − x

�
χðxÞ þ UkðxÞχðxÞ ¼ M2

kχðxÞ; ð9Þ

where m1 and m2 denote the masses of the constituents,
here the gluon and the spectator, respectively, and the
longitudinal potential is given by

UkðxÞχðxÞ ¼
g2

π
P
Z

dy
χðxÞ − χðyÞ
ðx − yÞ2 ; ð10Þ

with g denoting the longitudinal confinement scale and P
representing the Cauchy principal value. Unlike the holo-
graphic light-front Schrödinger equation, the ’t Hooft
equation does not admit an analytical solution and must
be solved numerically. Here, we follow the matrix method
outlined in Ref. [106].
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Combining the holographic Schrödinger equation for the
transverse mode with the ’t Hooft equation for the longi-
tudinal mode, the meson mass spectrum is given by

M2ðn⊥; nk; J; LÞ ¼ 4κ2
�
n⊥ þ J þ L

2

�
þM2

kðnk; m1; m2; gÞ; ð11Þ

where nk is the longitudinal quantum number. For the
ground state (n⊥ ¼ L ¼ S ¼ nk ¼ 0), this formula repro-
duces the physical pion mass, in contrast to Eq. (5), where
the pion is massless in the chiral limit. This shows that the ’t
Hooft equation accounts for the full mass of the pion.

III. PION MASS SPECTROSCOPY
AND LIGHT-FRONT WAVE FUNCTIONS

We employ a physical gluon mass, setting m1 ¼ 0. To
fit the spectroscopic data of the pion family, we fix the
three free parameters of our model: the longitudinal
confinement scale g, the transverse confinement scale κ,
and the spectator mass m2. We take m2 ¼ 0.092 GeV,
which is twice the light quark mass used in hLFQCD
with the Brodsky–de Téramond ansatz [91]. For the trans-
verse confinement scale, we use the universal value
κ ¼ 0.523 GeV, consistent across the full hadron spectrum
[23]. In contrast, the longitudinal confinement scale g is not
universal; here, we use g ¼ 0.109 GeV [23]. Following
Refs. [22,23,105], the parity and charge conjugation
quantum numbers of mesons are given, respectively, by

P ¼ ð−1ÞLþ1; C ¼ ð−1ÞLþSþnk : ð12Þ

We present the computed masses of the pion and its
excitations in Table I. Our results (last column) show good
agreement with experimental values (second column, in
parentheses). Notably, the condition nk ≥ n⊥ þ L [23],
observed in Table I, appears to hold throughout the hadron

spectrum. The corresponding Regge trajectories for the
pion family are shown in Fig. 1.
Although the longitudinal mode χðxÞ cannot be deter-

mined analytically, it can be well approximated by

χðxÞ ≈ a0 þ a1xþ a2x2 þ a3x3 þ a4x4 þ a5x5; ð13Þ

where ai are constituent-mass-dependent parameters that
vanish in the chiral limit except a0ð¼ 1Þ. With the chosen
parameters, we find that for the pion ground state, fa0; a1;
a2; a3; a4; a5g ≈ f1.57;−0.49;−2.47; 1.53; 0.50;−0.62g.
Figure 2 illustrates the dynamical longitudinal wave func-
tion of the ground-state pion: XðxÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp
χðxÞ,

where x is momentum fraction carried by the gluon.
Incorporating both the transverse mode from the light-

front Schrödinger equation and the longitudinal mode from
the ’t Hooft equation, the spin-independent LFWF of the
meson takes the form

0 1 2 3

0

2

4

6

8

FIG. 1. Our Regge trajectories for the pion family using
the physical gluon mass m1 ¼ 0, the spectator mass m2 ¼
0.092 GeV, g ¼ 0.109 GeV, and κ ¼ 0.523 GeV.

TABLE I. Quantum numbers and masses of the pion family.
The transverse mass M⊥ and longitudinal mass Mk are obtained
by solving the holographic Schrödinger equation and the ’t Hooft
equation, respectively. The total mass M of the system is then
computed using Eq. (11).

JPðCÞ Name n⊥ nk L M⊥ (MeV) Mk (MeV) M (MeV)

0− πð140Þ 0 0 0 0 135 135
0−þ πð135Þ 0 0 0 0 135 135
1þ− b1ð1235Þ 0 2 1 1046 303 1089
0−þ πð1300Þ 1 2 0 1046 303 1089
2−þ π2ð1670Þ 0 4 2 1479 409 1534
0−þ πð1800Þ 2 4 0 1479 409 1534
2−þ π2ð1880Þ 1 6 2 1811 492 1877

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

x

X
(x
)

FIG. 2. The longitudinal wave function XðxÞ of gluon in the
pion.

SATVIR KAUR and CHANDAN MONDAL PHYS. REV. D 112, 114015 (2025)

114015-4



Φπðx; k2⊥Þ ¼ N
χðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞp exp

�
−

k2⊥
2κ2xð1 − xÞ

�
; ð14Þ

where χðxÞ is the longitudinal mode obtained from the ’t
Hooft equation and N is a normalization constant.
In our gluon-spectator model, we assume that the

spectator has spin 1, the same as the gluon. The
two-particle Fock-state expansion for the pion’s orbital
angular momentum component, Lz ¼ 0, in a frame
where the pion’s transverse momentum vanishes, i.e.,
P≡ ðPþ; 0⃗⊥; M

2

PþÞ, is expressed as [27]

jπðPÞi ¼
Z

dxd2k⃗⊥
16π3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞp

× ½ψπ
−1;þ1ðx; k⃗⊥Þj − 1;þ1; xPþ; k⃗⊥i

þ ψπ
þ1;−1ðx; k⃗⊥Þj þ 1;−1; xPþ; k⃗⊥i�: ð15Þ

For nonzero transverse momentum of the pion, i.e., P⃗⊥ ≠ 0,
the physical transverse momenta of the gluon and spectator
are given by p⃗g

⊥ ¼ xP⃗⊥ þ k⃗⊥ and p⃗s⊥ ¼ ð1 − xÞP⃗⊥ − k⃗⊥,
respectively, where k⃗⊥ represents the relative transverse
momentum of the gluon. The LFWFs, denoted by
ψπ
λg;λs

ðx; k⃗⊥Þ ¼ Φπðx; k⃗⊥Þλgδλg;−λs , correspond to the two-

particle state jλg; λs; xPþ; k⃗⊥i, with the gluon’s helicity
λg ¼ �1, and the spectator’s helicity λs ¼ �1. The LFWF
is normalized as follows:

X
λg;λs

Z
dxd2k⃗⊥
16π3

jψπ
λg;λs

ðx; k⃗⊥Þj2 ¼ 1: ð16Þ

IV. GLUON GENERALIZED PARTON
DISTRIBUTIONS

The pion gluon GPDs are defined through the off-
forward matrix elements of the bilocal gluon tensor
operator between pion states [112]:

Hg
πðx; ξ; tÞ ¼ 1

P̄þ

Z
dz−

2π
eixP̄

þz−

×

�
πðP0ÞjFþi

�
−
z
2

�
Fþi

�
z
2

�
jπðPÞ

�����
zþ¼0

z⊥¼0

;

ð17Þ

where FþμðzÞ ¼ ∂
þAμðzÞ corresponds to the gluon field

tensor in the light-cone gauge Aþ ¼ 0. In the symmetric
frame, the average momentum of pion P̄ ¼ 1

2
ðP0 þ PÞ,

while momentum transfer Δ ¼ ðP0 − PÞ. The initial and
final four momenta of the pion are then given by

P≡
�
ð1þ ξÞP̄þ;

M2 þ Δ2⊥=4
ð1þ ξÞPþ ;−Δ⃗⊥=2

�
;

P0 ≡
�
ð1 − ξÞP̄þ;

M2 þ Δ2⊥=4
ð1 − ξÞPþ ; Δ⃗⊥=2

�
; ð18Þ

where ξ ¼ −Δþ=2P̄þ and t ¼ Δ2. One can derive the
following relation explicitly from Δ−:

−t ¼ 4ξ2M2 þ Δ2⊥
ð1 − ξ2Þ : ð19Þ

The overlap representation of the GPD in terms of the
LFWFs is expressed as

Hg
πðx; ξ; tÞ ¼

X
λg;λs

Z
½dXdK⊥�ψπ�

λg;λs
ðx00; k⃗00⊥Þψπ

λg;λs
ðx0; k⃗0⊥Þ;

ð20Þ

where

½dXdK⊥�≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 − ξ2

p
ð

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
Þ−1

Y2
i¼1

�
dxid2k⃗i⊥
16π3

	

× δðx − x1Þ16π3δ
�
1 −

X2
i¼1

xi

�
δ2
�X2

i¼1

k⃗i⊥
�
;

and the light-front momenta are x01 ¼ x1þξ
1þξ ; k⃗

0
1⊥ ¼ k⃗1⊥ þ

ð1 − x0Þ Δ⃗⊥
2
for the initial gluon (i ¼ 1) and x0i ¼ xi

1þξ ; k⃗
0
i⊥ ¼

k⃗i⊥ − x0i
Δ⃗⊥
2

for the initial spectator (i ≠ 1), and x001 ¼ x1−ξ
1−ξ ;

k⃗001⊥ ¼ k⃗1⊥ − ð1 − x00Þ Δ⃗⊥
2

for the final gluon and x00i ¼
xi
1−ξ ; k⃗

00
i⊥ ¼ k⃗i⊥ þ x00i

Δ⃗⊥
2

for the final spectator. Note that,
in this work, we limit ourselves to the DGLAP region,
ξ < x < 1, where the number of partons in the initial and
the final states remains conserved.
We present the pion’s gluon GPD as a function of x and

−t at fixed ξ ¼ 0.15 in the left panel in Fig. 3. Physically,
this corresponds to probing the pion off forward, so the
distribution is shifted toward configurations where the
gluon carries slightly different longitudinal momentum
after the interaction, leading to a skewed distribution.
The distribution peaks when there is no transverse momen-
tum transfer and the gluon carries less than 50% of the
pion’s longitudinal momentum. As −t increases, the peak
shifts to higher x values, and the overall magnitude
decreases. At large x, the GPDs decay and become nearly
independent of −t. This behavior is consistent with trends
observed in gluon GPDs [77,80,81,83] and quark GPDs in
both the proton [113–119] and the pion [73,120].
The right panel in Fig. 3 shows the pion’s gluon GPD

as a function of x and ξ at fixed t ¼ −0.5 GeV2. The
distribution peaks at low x (<0.5) and shifts toward higher
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x with increasing ξ, while the peak height diminishes. At
large x, the distributions again become insensitive to ξ.
These features are model and parton independent and
consistent with parton distributions across various QCD-
inspired models [114–119,121,122].
We emphasize that the current study is limited to the

DGLAP region of the gluon GPD, and the ERBL domain
has not been reconstructed. Therefore, the polynomiality
property of Mellin moments is not exactly fulfilled within
the present framework, and any comparisons relying on full
x-support moments extend beyond our current scope.
To illustrate the impact of the missing ERBL contribu-

tion, we perform a minimal extension by embedding our
DGLAP-region GPD into a simple double-distribution (DD)
model supplemented with a phenomenological D term. This
construction approximately restores the polynomial behavior
of theMellin moments, as shown in Fig. 15 in the Appendix,

confirming the internal consistency of our DGLAP input and
providing a useful baseline for future work incorporating a
complete ERBL description.

A. Gluon PDF

In the forward limit, the gluon GPD reduces to the
unpolarized gluon PDF, Hg

πðx; 0; 0Þ ¼ xfgπðxÞ [112]. The
gluon PDF at the model scale is shown in the left panel in
Fig. 4. We also perform QCD evolution using the next-to-
next-to-leading-order DGLAP equations to obtain the PDF
at the scale μ2 ¼ 5 GeV2, enabling comparison with global
fits [38–40], a phenomenological model [27], and theo-
retical predictions from the Hamiltonian-based BLFQ
approach [30]. We determine the model scale μ0 by
requiring that the evolved gluon distribution reproduces
the first moment obtained from lattice QCD simulations,

FIG. 3. The gluon GPD of the pion in the DGLAP region (ξ < x < 1) as a function of (a) x and −t [in GeV2] at fixed skewness,
ξ ¼ 0.15, and (b) x and ξ at fixed −t ¼ 0.5 GeV2.

(a) (b)

FIG. 4. The pion’s gluon PDF at (a) the model scale (μ20 ¼ 0.176 GeV2) and (b) the scale μ2 ¼ 5 GeV2 evolved via DGLAP, varying
the model scale within 0.144 < μ20 < 0.211 GeV2. The evolved results are compared with global QCD fits: JAM [38] (orange band),
xFitter [39] (cyan band), Fantômas [40] (gray band), a phenomenological model by the MAP Collaboration [27] (red band), and a
Hamiltonian-based BLFQ framework [30] (magenta band).
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hxigπ ¼ 0.61� 0.09 at μ2 ¼ 4 GeV2 [26]. This constraint
yields a model scale of μ0 ¼ 0.42� 0.04 GeV. In solving
the DGLAP equations, we impose the condition that the
running coupling αsðμ2Þ saturates in the infrared, with a
maximum cutoff value of maxfαsg ∼ 1 [16,24].
The right panel in Fig. 4 shows our results for the

pion’s gluon PDF after QCD evolution. The error bands
reflect a 10% uncertainty in the initial scale. As shown,
our results show similar behavior to existing global fits
[38–40] and phenomenological predictions [27,30], with
better agreement observed with the JAM21 global QCD
analysis [38].
Figure 5 shows the pion’s gluon PDF after QCD

evolution to the scale μ2 ¼ 5 GeV2, with the error bands
representing uncertainties from different IR-freezing pre-
scriptions. In Fig. 5(a), we display the results obtained by
varying the maximum value of the coupling, αmax

s , within
the range π

4
< αmax

s < 1.5, while evolving the pion’s gluon
distribution from the model scale μ20 ¼ 0.176 GeV2 to
μ2 ¼ 5 GeV2. Figure 5(b) illustrates the corresponding
effects when varying the freeze scale in the range
0.08 < μ2f < 0.36 GeV2. The resulting variations remain
moderate and lie within the overall model uncertainty.
Furthermore, we perform the QCD evolution of the

pion’s gluon GPD, Hg
πðx; 0; tÞ, to a higher scale μ2

following the same prescriptions used for the gluon
PDF. The evolved GPD results are shown in Fig. 6 for a
momentum transfer of −t ¼ 1 GeV2 and compared with
the corresponding evolved PDF case, i.e., −t ¼ 0.
As the gluon is probed at shorter distances and the

momentum transfer −t increases, the distribution shifts
toward lower values of x and decreases in magnitude. We
also observe a pronounced enhancement at small x,
indicating that gluons increasingly dominate the low-x
region as the scale evolves.

B. Gluon distributions in transverse position space

We compute the gluon distribution in transverse impact-
parameter space by taking the two-dimensional Fourier
transform of the momentum-space GPD with respect to the
transverse momentum transfer [123,124]:

Hg
πðx; ξ; b⊥Þ ¼

1

ð1 − ξ2Þ
Z

d2Δ⃗⊥
ð2πÞ2 e

−i Δ⃗⊥
ð1−ξ2Þ·b⃗⊥

×Hg
π

�
x; ξ; t ¼ −

Δ2⊥ þ 4ξ2M2

1 − ξ2

�
; ð21Þ

where the mapping ðx; Δ⃗⊥=ð1 − ξ2ÞÞ → ðx; b⃗⊥Þ accounts
for the Lorentz-invariant skewness parameter ξ and its
kinematic relation to the momentum transfer Δ⃗⊥ [112,125].
Here, b⊥ ¼ jb⃗⊥j denotes the transverse distance of the
gluon relative to the center of momentum of the pion and
provides a spatial image of the gluon distribution.
The left panel in Fig. 7 shows the pion’s gluon GPD in

the transverse position space, when the pion transfers 15%
of the longitudinal momentum to its final state, i.e., at
ξ ¼ 0.15. The right panel in Fig. 7 shows the behavior of
the gluon GPD as a function of skewness ξ and the
transverse impact parameter b⊥, for a fixed momentum
fraction x ¼ 0.6, meaning the gluon carries 60% of the
pion’s longitudinal momentum.
As ξ increases, the overall magnitude of the gluon GPD

decreases uniformly across all b⊥, while its shape in
transverse space stays essentially unchanged. This behavior
reflects the fact that a larger longitudinal momentum
transfer suppresses the GPD amplitude without altering
its spatial extent. As ξ ¼ x, the distribution vanishes, as the
active gluon in the initial state carries the entire longitudinal
momentum and no momentum remains to be transferred.
This behavior of the pion’s gluon GPD in transverse

(a) (b)

FIG. 5. Gluon PDF of the pion at the scale 5 GeV2 evolved via DGLAP with different IR-freezing prescriptions: (a) varying αmax
s in

the range π
4
< αmax

s < 1.5 and (b) varying the freeze scale μ2f in 0.08 < μ2f < 0.36 GeV2. Results are compared with global QCD fits
JAM [38] (orange), xFitter [39] (cyan), and Fantômas [40] (gray), as well as the MAP model [27] (red) and BLFQ framework [30]
(magenta).
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(a) (b)

(c)

FIG. 6. Gluon GPD of the pion at the scale 5 GeV2 evolved via DGLAP with different model scale and IR-freezing prescriptions:
(a) varying the model scale μ20 in 0.144 < μ20 < 0.211 GeV2; (b) varying αmax

s in the range π
4
< αmax

s < 1.5; and (c) varying the freeze
scale μ2f in 0.08 < μ2f < 0.36 GeV2. The blue and red bands correspond to the results for −t ¼ 0 and −t ¼ 1 GeV2, respectively.

FIG. 7. The gluon GPD of the pion in transverse position space, restricted to the DGLAP region (ξ < x < 1), as a function of (a) x and
b⊥ at fixed skewness, ξ ¼ 0.15, and (b) ξ and b⊥ at fixed x ¼ 0.6.
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position space is broadly consistent with trends observed in
gluon GPDs [77,83], as well as quark GPDs in both the
proton [117] and the pion [120].

C. Gluon distributions in boost-invariant
longitudinal position space

The longitudinal momentum transfer ξPþ is Fourier
conjugate to the longitudinal distance 1

2
b−, making ξ con-

jugate to the boost-invariant longitudinal impact parameter
σ ¼ 1

2
b−Pþ. Fourier transforming theGPDswith respect to ξ

yields distributions in the boost-invariant longitudinal coor-
dinate σ, where the DVCS amplitude exhibits a diffraction
pattern [126,127], reminiscent of optical diffraction. This
makes the study of GPDs in longitudinal impact-parameter
space particularly compelling.
The GPDs in longitudinal impact-parameter space are

defined through a Fourier transform with respect to the
skewness variable ξ:

Hðx; σ; tÞ ¼
Z

ξf

0

dξ
2π

eiξσHðx; ξ; tÞ; ð22Þ

where the upper integration limit, denoted as ξf , plays a role
analogous to the slit width in diffraction, setting the condition
necessary for the appearance of the diffraction pattern. Since
the region of interest is ξ < x < 1, the upper limit of the
integration is given by ξf ¼ minðx; ξmaxÞ. For a fixed value of
−t, the maximum value of ξ is determined by [128]

ξmax ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4M2

−t

q : ð23Þ

We present the gluon GPD in longitudinal position
space, Hðx; σ; tÞ, as a function of the longitudinal impact
parameter σ, at fixed x ¼ 0.3 and for different values of
momentum transfer squared, −t in the left panel in Fig. 8.

The distribution exhibits a diffractionlike pattern resulting
from the Fourier transform with respect to the skewness
variable ξ. As −t increases, the amplitude of the oscillations
in σ gradually decreases, indicating a suppression of the
distribution. This diminishing pattern reflects reduced
coherence between the initial and final states at higher
momentum transfers, while the overall shape of the dis-
tribution remains largely unchanged. The observation
suggests that gluonic contributions to the longitudinal
structure become less prominent as the momentum transfer
grows.
We also present the gluon GPDs in longitudinal position

space, Hðx; σ; tÞ, as a function of the longitudinal impact
parameter σ, for a fixed value of momentum transfer
squared t ¼ −0.5 GeV2 and at different values of the
longitudinal momentum fraction x in the right panel in
Fig. 8. As x increases, the diffraction pattern becomes more
pronounced, with sharper peaks and a more localized
distribution in σ. This indicates that gluons carrying a
larger fraction of the pion’s longitudinal momentum are
more tightly localized in longitudinal position space.
Conversely, for smaller x, the distribution appears broader,
reflecting a more delocalized gluonic structure. This
behavior highlights the strong correlation between the
momentum fraction and the spatial location of the partons
encoded in the GPDs. Note that similar features have also
been observed in the gluon GPDs of the proton [80], as well
as in DVCS amplitudes, coordinate-space parton distribu-
tions, and Wigner distributions across a range of models
[117,118,120,122,126,127,129–134].

D. Pion gravitational form factor

The GFFs are connected to the matrix elements of the
energy-momentum tensor, while the moment of GPDs also
yields the GFFs. The moment of the Hg

πðx; 0; tÞ gives the
GFF Ag

πð−t ¼ Δ2⊥Þ. The LFWF representation of the pion
GFF AðQ2Þ can be written as

(a) (b)

FIG. 8. The gluon GPDs of the pion in longitudinal position space, restricted to the DGLAP region (ξ < x < 1), as a function of σ
(a) at different values of −t [in GeV2], and (b) at different values of x.
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(a) (b)

FIG. 9. Our prediction for the GFF of the pion, showing separate contributions from the gluon (black dashed line) and the spectator
(orange dot-dashed line) at the model scale: (a) AðQ2Þ and (b) Q2AðQ2Þ. The total GFF (blue solid line) is compared with the lattice
QCD results [135].

(a) (b)

(c)

FIG. 10. Gluon (magenta bands) and spectator (orange bands) contributions to the pion GFF AπðQ2Þ at the scale 4 GeV2 evolved via
DGLAP with different model scale and IR-freezing prescriptions: (a) varying the model scale μ20 in 0.144 < μ20 < 0.211 GeV2;
(b) varying αmax

s in the range π
4
< αmax

s < 1.5; and (c) varying the freeze scale μ2f in 0.08 < μ2f < 0.36 GeV2. Our results for the gluon
GFF Ag

πðQ2Þ are compared with the lattice QCD simulations (solid square [26] and solid circle [135]).
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AπðQ2Þ ¼
X
λg;λs

Z
dxd2k⃗⊥
16π3

ψλg;λsðx; k⃗⊥Þ

× ½ð1 − xÞψ�
λg;λs

ðx; k⃗⊥ − xΔ⃗⊥Þ
þ xψ�

λg;λs
ðx; k⃗⊥ þ ð1 − xÞΔ⃗⊥Þ�; ð24Þ

where Q2 ¼ Δ2⊥. Figure 9 shows the GFF AðQ2Þ of the
pion, including separate contributions from the gluon and
the spectator at the model scale.
We emphasize that the decomposition into “gluon” and

“spectator” contributions is a model partition arising from
the adopted LFWFs; it does not correspond to a unique,
field-theoretic separation of QCD energy-momentum oper-
ators. By construction, the normalization of our wave
functions ensures

Aπð0Þ ¼ Ag
πð0Þ þ As

πð0Þ ¼ 1; ð25Þ

preserving momentum conservation at zero momentum
transfer. At the model scale, we observe that the spectator
contribution strongly dominates over the gluonic contribu-
tion. We compare our total result AπðQ2Þ with the latest
lattice QCD simulations [135] and find good agreement.
From this result, we extract the pion’smass (or matter) radius
as r2m ¼ −6A0ð0Þ=Að0Þ ¼ ð0.46 fmÞ2, which is very close to
the corresponding latticeQCDvalue r2m ¼ ð0.41 fmÞ2 [135].
While the total GFFs are renormalization-scheme and

scale independent, the individual gluonic and spectator
contributions, which can be interpreted as moments of the
corresponding GPDs, are scale dependent. We therefore
perform the QCD evolution of the pion’s gluon GFF,
Ag
πðQ2Þ, to the relevant lattice-QCD scale, μ2 ¼ 4 GeV2,

following the same prescriptions used for the gluon PDF.
The evolved GFF results for the gluon and spectator
contributions are presented in Fig. 10. Our results for
the gluon GFF are compared with lattice-QCD simulations
[26,135], showing good agreement between the two.

V. TRANSVERSE MOMENTUM-DEPENDENT
GLUON DISTRIBUTIONS

As three-dimensional distribution functions, TMDs offer
probabilistic insight into finding a parton with longitudinal
momentum fraction x and transverse momentum squared
k2⊥. At equal light-front time zþ ¼ 0, the unpolarized TMD
is defined through a correlator involving two gluon fields
evaluated at different spacetime positions [136,137]:

fg1πðx; k2⊥Þ ¼
1

xP̄þ

Z
dz−d2z⃗⊥
ð2πÞ3 eixP̄

þz−

×

�
πðPÞjFþi

�
−
z
2

�
Fþi

�
z
2

�
jπðPÞ

�����
zþ¼0

:

ð26Þ

The gluon TMDs can be expressed in terms of overlaps of
LFWFs as follows [74]:

fg1πðx; k2⊥Þ ¼
1

16π3
X
λg;λs

���ψπ
λg;λs

ðx; k⃗⊥Þ
���2: ð27Þ

In Fig. 11, we present the gluon TMD in the pion,
weighted by the momentum fraction x. This quantity
represents the probability density of finding a gluon inside
the pion with a given longitudinal momentum fraction x
and transverse momentum k⃗⊥. The figure reveals key
features of the gluonic structure of the pion in momentum
space. As expected from the general behavior of gluon
distributions in hadrons, the density is largest at small x,
reflecting the dominant role of soft gluons in the non-
perturbative regime of QCD. These low-x gluons are
abundant due to gluon radiation and the steep growth of
gluon densities at small momentum fractions, a trend
commonly observed in both global fits and theoretical
models.
In the transverse momentum direction, the distribution

exhibits a peak near k⃗⊥ ¼ 0, indicating that gluons are
more likely to be found with low transverse momenta. The
density falls off monotonically with increasing k⃗⊥, even-
tually vanishing at large k⃗⊥, as expected in a confined
system where high-momentum components are sup-
pressed. This behavior is consistent with confinement
dynamics and the absence of free gluons in the hadronic
spectrum.
The suppression of gluon TMDs at large x and large k⃗⊥

reflects the fact that high-momentum gluons are less likely
to emerge from a predominantly valencelike structure at
the model scale. Furthermore, the shape of the distribution
can serve as an input for QCD evolution equations, such
as the Collins-Soper-Sterman formalism [138], to make

FIG. 11. The x-weighted gluon TMD, fg1πðx; k2⊥Þ, in the pion as
a function of x and k2⊥.
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predictions at higher scales relevant for experimental
observables in gluon-sensitive processes, such as pion-
induced quarkonium production, DY, and dijet production.
Furthermore, we compute the first and second transverse

momentum moments of the pion’s gluon TMD fg1π , which
characterize the average and the spread of the gluon’s
transverse motion inside the pion. These moments are
defined as [9]

hkn⊥igπðxÞ ¼
R
d2k⃗⊥kn⊥f

g
1πðx; k2⊥ÞR

d2k⃗⊥fg1πðx; k2⊥Þ
; ð28Þ

where n denotes the order of the moment. Figure 12 shows
the x dependence of the first (n ¼ 1) and second (n ¼ 2)
transverse momentum moments. We observe that both
hkn⊥igπ display a strong dependence on the gluon’s longi-
tudinal momentum fraction x, peaking around x ¼ 0.5 and
exhibiting approximate symmetry about this point. This
behavior reflects the underlying symmetry of the pion’s
internal structure in our model. The peak at intermediate x
suggests that gluons carrying a moderate fraction of the
pion’s momentum are more likely to possess significant
transverse motion. These transverse momentum moments
offer valuable insight into the interplay between longi-
tudinal and transverse dynamics of gluons and are essential
inputs for TMD phenomenology and small-x physics.
In addition to the x-dependent moments, we also

compute the first and second transverse momentum
moments of the gluon TMD integrated over the full range
of the gluon’s longitudinal momentum fraction. These x-
integrated moments quantify the overall transverse motion
of gluons inside the pion and are defined as [9]

hkn⊥igπ ¼
R
1
0 dx

R
d2k⃗⊥kn⊥f

g
1πðx; k2⊥ÞR

1
0 dx

R
d2k⃗⊥fg1πðx; k2⊥Þ

: ð29Þ

These global observables offer a complementary per-
spective to the x-dependent moments, providing an aver-
aged measure of gluon transverse dynamics across all

momentum fractions. Numerically, we find the average
transverse momentum and its square to be

hk⊥igπ ¼ 0.175 GeV; hk2⊥igπ ¼ 0.043 GeV2;

respectively, indicating that gluons inside the pion typically
carry modest transverse momentum at the model scale.
These integrated moments are also useful benchmarks for
comparing different theoretical models and lattice extrac-
tions of TMDs.

VI. CONCLUSIONS

We have developed a light-front framework to study the
gluonic structure of the pion by explicitly incorporating
gluon degrees of freedom. In this model, high-energy
interactions are mediated by an active gluon, while the
rest of the pion is described as a spectator system with an
effective mass. The mass spectrum and LFWFs of the pion
are simultaneously determined by solving the light-front
holographic equation in the chiral limit for transverse
dynamics and the ’t Hooft equation for longitudinal
confinement. The resulting mass spectrum is consistent
with experimental data, validating the predictive power of
our framework.
Using the LFWFs, we computed a range of gluon

distributions in the pion, including the PDFs, GPDs at
nonzero skewness in the DGLAP region, and TMDs. Our
study focuses on the DGLAP region of the pion’s gluon
GPD, with the ERBL domain not explicitly constructed. As
a result, exact polynomiality of Mellin moments is not
satisfied. A minimal extension using a double-distribution
model with a D term illustrates that the DGLAP input is
consistent and provides a baseline for future work including
the full ERBL region. The extracted gluon PDF shows
good agreement with global fits such as JAM and xFitter,
while the gravitational form factor AðtÞ is found to be in
close agreement with recent lattice QCD results. These
observables, particularly the GPDs and TMDs, provide
essential insights into the three-dimensional gluonic struc-
ture of the pion and serve as predictions for upcoming
experiments at facilities such as the Electron-Ion Collider in
the United States and China, Jefferson Lab, etc. These
findings highlight the effectiveness of our approach in
providing a coherent, relativistic, and QCD-based descrip-
tion of pion structure.
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APPENDIX: FORWARD LIMITS,
NORMALIZATION, END POINT BEHAVIOR,

AND POLYNOMIALITY CHECKS

In this appendix, we explicitly demonstrate the forward
limits, normalization, end point behavior, and polynomial-
ity properties of the pion’s gluon distributions. All deriva-
tions are based on the same single LFWF employed
throughout this work.
The gluon GPD is written as an overlap of the pion

LFWFs:

Hg
πðx; ξ; tÞ ¼

X
λg;λs

Z
½dXdK⊥�ψπ�

λg;λs
ðx00; k⃗00⊥Þψπ

λg;λs
ðx0; k⃗0⊥Þ;

ðA1Þ
where the integration measure is defined as

½dXdK⊥�≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 − ξ2

p
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p Y2
i¼1

�
dxid2k⃗i⊥
16π3

	
δðx − x1Þ16π3

× δ

�
1 −

X2
i¼1

xi

�
δ2
�X2

i¼1

k⃗i⊥
�
: ðA2Þ

1. Forward limit: Hg
πðx; 0; 0Þ= xf gπðxÞ

In the forward limit, ξ ¼ 0 and t ¼ 0, the shifted
momenta satisfy x0 ¼ x00 ¼ x and k⃗0⊥ ¼ k⃗00⊥ ¼ k⃗⊥. Then
the GPD reduces to

Hg
πðx; 0; 0Þ ¼ x

X
λg;λs

Z
d2k⊥
16π3

jψπ
λg;λs

ðx;k⊥Þj2

¼ xfgπðxÞ; ðA3Þ
where fgπðxÞ is the unpolarized gluon PDF at the
model scale.
This relation demonstrates that the forward limit of the

GPD reproduces the PDF, as expected from general
principles.

2. End point behavior and consistency tests

We have performed several checks to verify that our
constructed pion gluon GPDs satisfy basic theoretical
constraints at the model scale.

(i) Support. By construction, the gluon GPDHg
πðx; ξ; tÞ

and its forward limit fgπðxÞ are defined through con-
volution integrals over internal light-front momentum
fractions, ensuring support in the physical region
0 < x < 1. This property has been verified numeri-
cally for all t and ξ, as illustrated in Figs. 3 and 6.

(ii) Large-x behavior. At large x, the gluon PDF follows
a falloff consistent with the perturbative QCD
counting-rule expectation for a spin-0 hadron:

fgπðxÞ ∼ ð1 − xÞβg ; βg ≃ 2ns − 1 ¼ 3; ðA4Þ
where ns ¼ 2 is the number of spectator quarks
within the qq̄g Fock component. A fit to our model
result, shown in Fig. 13, yields βg ≈ 1.81, which is
lower compared to that in Eq. (A4). The smaller βg
value is expected, as the qq̄ pair is treated as an
effective diquark spectator in our approach.

(iii) Small-x behavior. No explicit Regge-like input is
introduced in the model. The moderate rise of
xfgπðx; μ2Þ toward small x (Figs. 4 and 5) emerges
dynamically through DGLAP evolution from the
valencelike input at μ20. Thus, the small-x enhance-
ment is entirely generated by QCD evolution.

(iv) Positivity bounds. We have verified that the gluon
GPD satisfies the standard positivity inequality for a
spin-0 target in the DGLAP region [139]:

jHg
πðx; ξ; tÞj ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 − ξ2

1 − ξ2
fgπ

�
xþ ξ

1þ ξ

�
fgπ

�
x − ξ

1 − ξ

�s
;

ðA5Þ
within numerical accuracy. This relation provides a
nontrivial cross-check of the internal consistency of
our GPD construction. Representative results are
shown in Fig. 14.

FIG. 13. Large-x behavior of our pion’s gluon PDF at the model
scale.
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3. Minimal double-distribution completion
and polynomiality check

To illustrate the effect of the missing ERBL contribution
and verify the consistency of our DGLAP-region result, we
embed the obtained gluon GPD into a minimal double-
distribution (DD) ansatz supplemented by a phenomeno-
logical D term. The gluon GPD can be expressed in the
standard DD representation as [112]

Hg
πðx; ξ; tÞ ¼

Z
1

0

dy
Z

1−y

−1þy
dzδðx − y − ξzÞFg

πðy; z; tÞ

þ θðjxj < ξÞjξjDg
π

�
x
ξ
; t

�
; ðA6Þ

where Fg
πðy; z; tÞ denotes the double distribution and

Dg
πðx=ξ; tÞ is the so-calledD term, which contributes solely

in the ERBL region (jxj < ξ).
For a minimal completion, we model the double dis-

tribution as a factorized form:

Fg
πðy; z; tÞ ¼ gπðy; tÞ

3

4

ð1 − yÞ2 − z2

ð1 − yÞ3 ; ðA7Þ

where gπðy; tÞ is the gluon GPD in the DGLAP domain
obtained from our calculation. The simple profile function
in Eq. (A7) ensures smooth matching between the DGLAP
and ERBL regions. The D term is modeled as

Dg
π

�
x
ξ
; t

�
¼ d0ðtÞ

�
1 −

x2

ξ2

�
2

; ðA8Þ

with d0ðtÞ adjusted such that the Mellin moments satisfy
the polynomiality condition. Here we employ the dipole
form of d0ðtÞ adopted from lattice QCD [135]:

d0ðtÞ ¼
5

4
Dg

π ¼ 5

4

α

ð1 − t
m2Þ2 ; ðA9Þ

with α ¼ −1.2 and m ¼ 1.24 GeV.

The corresponding sum rule of the GPD reads [112]Z
1

0

dxxn−1Hg
πðx; ξ; tÞ ¼

Xn
i¼0
even

ð2ξÞiAg
nþ1;iðtÞ

þmod ðn; 2Þð2ξÞnþ1Cg
nþ1ðtÞ:

ðA10Þ
For n ¼ 1, the above equation leads toZ

1

0

dxHg
πðx; ξ; tÞ ¼ Ag

πðtÞ þ ξ2Dg
πðtÞ; ðA11Þ

where 4Cg
2ðtÞ ¼ Dg

πðtÞ.
Using this construction, we verified that the first moment

of Hg
πðx; ξ; tÞ follows the expected ξ dependence within

numerical precision, as shown in Fig. 15, confirming that
our DGLAP input is consistent with a well-behaved DD
completion.

4. Transverse-momentum integration of the TMD

The unpolarized gluon TMD is defined as

fg1πðx; k2⊥Þ ¼
X
λg;λs

1

16π3
jψπ

λg;λs
ðx;k⊥Þj2: ðA12Þ

Integration over k⊥ reproduces the PDF:Z
d2k⊥fg1ðx;k2⊥Þ ¼

X
λg;λs

Z
d2k⊥
16π3

jψπ
λg;λs

ðx;k⊥Þj2

¼ fgπðxÞ: ðA13Þ

FIG. 15. Verification of the polynomiality property of the pion’s
gluon GPD. The first Mellin moment of the gluon GPD follows a
second-order polynomial in ξ, of the form Ag

πðtÞ þ ξ2Dg
πðtÞ;

see Eq. (A11). The solid magenta line shows the result obtained
using our DGLAP-region GPD embedded into the ERBL region
through a modeled D term. The blue dashed line represents
the result based on the standard DD representation. The red
dot-dashed line corresponds to the reference polynomial
Ag
πðtÞ þ ξ2Dg

πðtÞ, where Ag
πðtÞ is calculated within our model

and Dg
πðtÞ is adopted from lattice QCD [135].

FIG. 14. The positivity bounds of the pion’s gluon GPDs versus
x at fixed for different −t values.
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5. Gravitational form factor normalization: Aπð0Þ = 1
The gluon contribution to the gravitational form factor is

given by the Drell-Yan-frame overlap:

AπðQ2Þ ¼
X
λg;λs

Z
dxd2k⃗⊥
16π3

ψλg;λsðx; k⃗⊥Þ

× ½ð1 − xÞψ�
λg;λs

ðx; k⃗⊥ − xΔ⃗⊥Þ
þ xψ�

λg;λs
ðx; k⃗⊥ þ ð1 − xÞΔ⃗⊥Þ�; ðA14Þ

where Δ⃗⊥ is the transverse momentum transfer and
t ¼ −Δ2⊥. The weighting factors (1 − x) and x account

for the momentum fractions carried by the spectator and
active gluon, respectively.
At zero momentum transfer, Δ⃗⊥ ¼ 0, we obtain

Aπð0Þ ¼
X
λg;λs

Z
1

0

dx
Z

d2k⊥
16π3

jψπ
λg;λs

ðx;k⊥Þj2

¼ 1: ðA15Þ

This demonstrates that the LFWF correctly reproduces the
momentum sum rule and normalizes the GFF at zero
momentum transfer.
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