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Response of interferometers to the vacuum of quantum gravity
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It has recently been suggested that exotic quantum gravity effects could lead to large vacuum fluctuations,
potentially observable with realistic detectors. Experiments are currently being built to search for these
signals. Here we analyze the minimal model of quantum gravity at low energies—the usual effective quantum
field theory of gravitons—and show that it unambiguously predicts an unobservably small variation in the
measured interferometer length AL ~ £, ~ 107> m. In particular, there are no divergences signaling a
breakdown of this calculation in the low energy regime. Thus, detection of a large, gravitationally induced
length variation would signal a severe breakdown of effective quantum field theory in low energy quantum

gravity.
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I. INTRODUCTION

Assuming the gravitational field g,, is a quantum
mechanical degree of freedom, it should exhibit fluctua-
tions, even in its vacuum state. These fluctuations could in
principle be measured by a gravitational wave detector such
as an interferometer, manifesting as random variations AL
around the equilibrium length L of the device. At present,
Advanced LIGO [1] is the most sensitive such device
available, and is capable of detecting & ~ AL/L ~ 1073
in the 10 Hz-10 kHz band, where /& measures small devia-
tions around flat spacetime g,, = n,, + h,,. Many new
interferometers are currently being constructed with similar
sensitivity up to megahertz scales [2-5].

What is the expected scale of AL/L due to quantum
fluctuations in the spacetime metric? Somewhat controver-
sially, it has periodically been suggested [6—12] that exotic
effects in quantum gravity could lead to random fluctuations
of order AL/L ~ /€;/L ~ 107" (for the LIGO baseline
L = 4 km), well within the regime of observability. Indeed,
such a model is only consistent with observed LIGO data if
the fluctuations are at frequencies outside the LIGO band,
as claimed in [11,12].
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Such large fluctuations would be counter to intuition from
basic effective field theory (EFT) arguments. Under the
minimal hypothesis that gravitational perturbations h,,, are
quantized into gravitons and treated as an EFT [13—15], one
would expect fluctuations of order AL/L ~ ¢/L ~ 1073,
far too small to be observed [16-23]. This theory should be
valid for experiments at energy densities below the Planck
scale, which is certainly the situation in a terrestrial inter-
ferometer.

Our goal in this paper is to provide a simple and rigorous
calculation of the expected length fluctuations in the effective
field theory picture. In particular, a question which has
previously been left open is whether the EFT calculation
may contain divergence [18-20], either in the ultraviolet or
infrared, which signal that the EFT calculation breaks down
at low energies and needs to be augmented by some non-
perturbative effect which could lead to large fluctuations.'

We begin by defining a gauge-invariant length observ-
able and discuss its vacuum fluctuations. We perform a
careful study of any possible uncontrollable divergences
which might signal the breakdown of the EFT calculation.
We find no such divergences and therefore conclude that
the EFT gives a well-defined, unambiguous prediction at
leading order in the graviton expansion. We also give a
detailed prediction for the resulting signal strength in
realistic detectors, such as LIGO and GQuEST, and show

'"Many of the suggestions of large fluctuations have been based
on heuristic arguments citing ideas from holography. It should be
emphasized that the only known controlled holographic models
are string theories. These contain a massless spin-2 boson in the
low-energy spectrum and therefore must actually perturbatively
reproduce the basic EFT prediction AL/L ~ /L [24-27].
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that these fluctuations are unobservably small (see Fig. 3).
This means that the scaling AL/L ~ /¢ /L suggested
in [6-12], if observed, would require that the metric is not
quantized perturbatively into gravitons according to the
usual rules of field theory, even at low energies accessible
in laboratory experiments.

II. PHOTON TIME-OF-FLIGHT AND LENGTH

The fundamental observable in an interferometer is the
phase of light which traverses a path of unknown length.
This is used to infer the length of the path by noting that
the light phase ¢ changes by an amount proportional to the
path length ¢ =2L/A =tw,/2n, where A =2r/w, is
the wavelength of laser light at frequency w, and 7 is the
time-of-flight of the photon. Thus, ultimately, what we will
want to do is make a prediction for the noise in the output
light phase in the interferometer, and use this to estimate the
uncertainty of the inferred interferometer length. We give a
full quantum calculation of this observable in a LIGO-like
interferometer in Sec. III.

To warm up, we can start with a more geometrical
calculation. Consider a pair of freely falling mirrors, initially
at rest, with light between them, as in Fig. 1. The proper time
7 elapsed on the worldline of the left mirror between photon
emission at ¢#; and absorption at 5 is (perturbatively) gauge-
invariant because it is defined by the intersections of geo-
desics [28,29]. For related proper time observables and their
correlators, see [30].

t3
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FIG. 1. Interferometer geometry in spacetime. The oscillating line
represents the geodesic path of the photon in the presence of O(h)
metric fluctuations. The line can also extend into the transverse
x, y plane, which is suppressed in this figure. The arrival time 75 has
an O(h) offset compared to the straight unperturbed path. The
proper time 7(¢,) = t; — t; is given in Eq. (2).

We now compute 7 and its noise properties. We will work
in the transverse-traceless gauge, in which gravitational
waves do not cause the mirrors to change their coordinate
positions z; g to leading order in 4 [31]. For the metric in
the transverse traceless (TT) gauge,

dSz = —dtz + (6,1 + hi.,-)dxidxj, (1)
the photon path will receive O(h) corrections to the null
geodesic in flat Minkowski spacetime. A simple calculation

(see Appendix A for a few details) shows that to O(h), the
time elapsed on an inertial clock at z; reads

(1) = 2L +% [ " (1, 2(0) + O(2), (2)

where z(1) is the piecewise linear geodesic in Minkowski
coordinates, and x = y = 0 in the argument of the metric.
In perturbative quantum gravity, h,, is promoted to an
operator through canonical quantization:

yy(k l kas+HC]

”ﬂ"‘z/ W
3)

where s = 1, 2 labels polarization states and the canonical
commutation relation is [bks,bk, ] =6(k —k')d,y. We

have normalized this with the Planck length £p = /322Gy
so that & is dimensionless, i.e., has units of strain. Thus,
7 becomes a nonlocal operator on the gravitational Hilbert
space. In the vacuum by |0) = 0, we have (z) = 2L.

What we are interested in is the level of noise in .
The simplest characterization of this would be to compute
the variance (A7?), where At = 7 — (z). This turns out to be
UV divergent for the usual reason that it involves coincident
points of a two-point correlation function. To study this, let
us instead work out the more general correlator

(#(02(0) = / a / ' (2o ()

- Y [ G WP TR, @

where without loss of generality, hereafter we take this to
mean the correlator of the zero-mean variable 7 — 7 — (1),
1.e., the connected correlation function. The second line
follows from the definition of the vacuum and Eq. (3). The
function Z (k) is given in Eq. (A2); the main point is that it
is t-independent and is rapidly oscillating and decaying like
~1/|k|* as k| = co.

A common characterization of noise in measurements is
the noise power. Using Eq. (4), we can define the noise
power spectral density (PSD) of the 7 observable:
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Sa) = [ de (5(01(0). (5
Since the only 7 dependence in (z(#)z(0)) is the simple
exponential ~e~x!_ we can naively exchange the order of
integration, do the dr integral, and get a factor 6(v — my).
Doing so, one can perform the resulting momentum
integral explicitly and obtain

_ i [3—cos(2uL) 3+ cos(2uL)

sin(2vL)
Sr'r (1/) - 21/2L2

L3

El

(6)

with S,.(v) = 0 for v < 0. This noise power goes like v at
low frequencies v — 0 and like 1/v at high frequencies
v — 00, so the PSD is finite in both limits. Of course, the
most important feature is that it scales like £73,.

The noise PSD is directly observable in experiments and
gives a nice interpretation for divergences. If we take a
stream of photons and measure 7z continuously, at each time
t the outcome is a random variable. With a given set of
outcome data 7(z) for some total integration time 7', we can
form the estimator of the average time-of-flight 7,,.,s =
J& dte(r)/T. The variance of this observable is

2 [o  sin?(vT/2)
(ATheas) = ;/_m dUT

v 6

Se(v), (7)

where we used stationarity of the noise (z(¢)z(¢")) =
(z(t — ¢)7(0)). Using Eq. (6), this predicts a finite variance
for any 7 > 0. The limit 7 — 0 is logarithmically UV
divergent. Here this is because no data were taken.

Technically, to calculate S,.(v), we first need to render
(7(1)(0)) finite by regulating another high-frequency diver-
gence. The integral (4) diverges logarithmically ~ [ dk/k at
large k. A straightforward way to regulate the divergence is
to take t — t — iec in Eq. (4), which produces a convergent
integral. After doing the dt integral, this gives Eq. (6), except
with a factor S, — S,e™®. At this stage, one can either
safely take ¢ — 0, or leave ¢ > 0 finite as a model for an
ultraviolet cutoff; even e ~ £p; does not change the overall
f%,l scaling. This regulator prescription is not arbitrary: it in
fact defines (4), which is a Wightman function (see
Appendix A).

III. DETECTOR RESPONSE

‘We now move on to a realistic calculation of the response
of an interferometer to the vacuum of quantum gravity. This
introduces two new complications. One is that modern
interferometric gravitational wave detectors measure dis-
tance not by a single round-trip time of light, but with light
that reflects many times in a Fabry-Perot cavity. The other
is that the detector itself, even in the absence of technical
noise, is limited by quantum mechanical noise of its parts,
in particular the electromagnetic fluctuations of the light.

The basic setup is shown in Fig. 2. We work in a simple
setting of a single-arm cavity; this is formally equivalent to
the usual two-arm setup used in LIGO and other detectors
[32]. Laser light of a known phase is sent into the cavity. As
it transits the cavity, its phase changes by an amount
proportional to the strain field &,,. After exiting the cavity,
this phase is measured by interference with the initial laser
field. Here our goal will be to calculate the noise in this
phase measurement, including the noise of the gravitational
vacuum. The complete Hamiltonian of the system H =
Hg + Hgw + Vgw + Hyjo describes, respectively, the
detector mirrors and light, the free gravitational perturba-
tions, their coupling to the detector, and the laser and
readout system. We give a full accounting of all of these
terms in Appendix B.

For our purposes, the main idea is the following: the two
mirrors form a Fabry-Perot cavity, and we assume that we
measure a single isolated mode with the same frequency @,
as our input laser. We model this mode as

sin(w,z)

RV 46()/AJ_L

which is a standing wave with wave vector k* =
(w,0,0,w,) and transverse polarization k,e* = 0. The

Aﬂ (X, l) = [eye_i{l)fla + €;€ia}ftaT], (8)

normalization is so that a is a discrete mode [a, a'] = 1,
using the cavity length L and a transverse beam area
A, = L2, the latter of which we will see drop out of the
calculation. The cavity electric and magnetic field can be
described in terms of its amplitude X = (a + a*)/+/2 and
phase Y = —i(a — a')/+/2 quadrature operators:

Wy
—X(1),
2A L ()

Wy

24 L

E (t,z) = sin(w,z)

Y (1), ©)

By(t.z) = cos(w,z)

laser in

7—clelay()
%
measure ¢(t)

FIG. 2. Single-arm Fabry-Perot cavity as a gravitational wave
detector. The cavity is formed from a partially transparent mirror
on the left and a perfectly reflective mirror on the right, both
suspended as harmonic oscillators. The laser light comes into the
cavity through the transparent mirror, reflects in the cavity for a
time ~1/k, and then exits. This output light has its phase
continuously measured by interfering it with the original laser,
forming a homodyne measurement.
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with the specific choice e/ = (0,7,0,0), for example. In
particular, the phase of the cavity mode means the amount
that the mode has rotated to have Y ~ B, # 0. In TT gauge,
the mirror coordinate positions do not change to O(h) if the
mirror is initially at rest, so we can ignore the effect of the
gravitational field on the mirror motion to this order
[17,33]. What we need is the coupling of gravity to the
light. Expanding around the coherent laser field a — a + a,
the linearized coupling to the electromagnetic fluctuations
takes the form

1 .
VGW = E/dSXhijTU = FhX, (10)

cav

where the “force” F), is given by

F,=

2”60//131 / bk + H.c. ]

\/ 27'[ 32’Ek Z
(11)
Here V = A | L is the volume of the beam, 7 is the average

number of laser photons in the cavity, and the window or
filtering function

sin(k, L /2)sin(k,L, /2)sin(k,L/2)

k =
WS( ) kx ky k

ez (k)

(12)

Z

encodes the coupling to the gravitational mode (K, s).
Here F), is written as a Schrodinger picture operator on
the graviton Hilbert space, with units of frequency. This
simple expression assumes that the laser @, > wgyw, but
does not assume that Agy >> L. In this limit, only the metric
perturbations along the beam axis /,, appear [cf. our
geometric result in Eq. (2)]. See Eq. (B5) for the complete
expression, valid for frequencies above the laser.

The remaining ingredient we need is the input-output
fields that couple the readout system to the detector [34].
The laser and readout are defined by traveling electromag-
netic waves entering and exiting the cavity. They are related
to the cavity mode through a scattering relation, which in
optics is called an I/O relation:

Xin(t) + VieX(1),
Yin(t) + VY (1). (13)

The parameter x has units of a frequency and represents the
rate at which photons enter and exit through the transparent
mirror. The in/out fields are densities in one dimension
and have commutators [Xj, (), Xj,(7)] = 6(t — ') and so
forth. The phase of the light coming out of the cavity is
represented by Y (¢). The input fields represent fluctua-
tions around the incoming laser drive and lead to noise, as
discussed below.

Xout(t) =
Yout(t) =

Finally, we want to get the observable Y. Using the full
Hamiltonian of the system, the Heisenberg equations of
motion for the detector work out to a simple linear system
(see Appendix B). Moving to a frequency domain by
defining f(v f dte f(t) for any operator f, we can
easily find Y, Out( ). The result is

You = VKX F" + €Yy + PRy 2 mXin

+ g\/EZc)(mFm,in- (14)
The cavity and mechanical response functions are
) = — ©) 1 (15)
V) = ) v) = .
e v—ix/2 m[(v? — w3) — iy

Here g ~ gov/71 and y is the mechanical damping rate of the
mirror. The first line of Eq. (14) contains the signal: the
gravitational field (F,) driving the phase of the interfer-
ometer light directly. The second line contains the various
noise contributions: the shot/phase noise of the input light
(Y;n), the resulting random radiation pressure (X;,), and
finally the thermal fluctuations on the mirror itself (F,, ;,).
All of these effects add up to generate the total output light
phase Y.

Finally, what we are really interested in is the noise
power in the phase of the light coming out of the cavity:

Syr(v) = / e (1) Yo O
= Kl )25ty

Here, the vacuum subscript means that we assumed the
same graviton vacuum as above. The power spectrum of the
gravitational signal is

(16)

(v) + noise terms.

She(v) = / ™ e Fy(1)F3 (0)) e
_2nwf Pll// 22|W /) (17)

where we used Eq. (11) and the free evolution by ; —
e~ioxtp  for the gravitational modes.

Our expression Eq. (17) gives the exact noise power
spectrum due to the vacuum of perturbative quantum gravity,
to leading order in the Planck length. The most important
feature, of course, is that it scales like 521 as advertised. We
can analyze some interesting limits of this noise power.
Simple Taylor expansion shows that Syy ~ ¢! as v — 0, and
1/v7 as v — oo, so the noise power is finite in both limits. In
a real experiment we will be looking for signals at frequen-
cies v such that v < 1/L | and v < w, [for example, in
LIGO, L, ~ 10 mm ~ (30 GHz)™!, w, ~ 300 THz, and
v is in the Hz-kHz range [35]]. In this limit, we obtain
the simple expression
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FIG. 3. Strain noise power of quantum gravitational vacuum
fluctuations, expressed in units of strain/ vHz. Solid curve:
LIGO-like interferometer, with L ~4 km. Dotted: GQuEST-
like interferometer, with L ~5 m. The strain PSD is obtained
from Eq. (19) by defining an estimator h = F,/w,\/i =
You/weyo/kit [see Egs. (3), (11), (14), and (19)]. For
comparison, electromagnetic fluctuations in LIGO’s laser give
noise around /Sy, ~ 1072*/v/Hz at 1 kHz. The flat behavior at
very high frequency is cut off like 1/2° for v > w, ~ 300 THz, as
discussed in the main text.

N sin?[vL cos 0/2
S, ) & 43 L0

-y sin*g.  (18)

Using this we can do the angular integral, giving

s~ L ey 5 S
S s 09

We emphasize that this expression is valid for signals both
far below or near and above the free spectral range of the
cavity vL ~ /2 (i.e., frequencies at the lowest optical
resonance of the cavity). The former limit is relevant for
typical LIGO searches (where 1/L ~ 74 kHz) but the latter
is relevant in certain newer, short-baseline devices like
GQuEST [4,5], which is looking for MHz-scale signals.
In Fig. 3, we reexpress this as a strain noise for comparison
with typical detector sensitivities.

IV. REMARKS

Until direct measurements of quantum gravitational
effects are made, a wide range of possible phenomenologies
and their predictions for realistic experiments are needed.
Our central goal here was to show how a precision calcu-
lation in the most conservative theoretical framework—the
standard effective field theory of perturbative quantum
gravity—can be applied to make predictions in a realistic
detector.

The answer, consistent with basic EFT scaling argu-
ments, is that the effects of quantum gravitational vacuum
fluctuations are unobservably small. We give a detailed
prediction for the graviton noise power spectral density
in Fig. 3. In particular, we have studied the divergence
structure of the EFT calculation, and shown that there
are no UV or IR divergences at this order. This, in parti-
cular, implies that that EFT calculation is internally self-
consistent, and there is no reason at the level of EFT to
expect a large nonperturbative effect.

Moving forward, we expect that our calculational frame-
work here, especially the detector model, can be used to
investigate proposals invoking such large effects, such as
[6-8,10-12], where quantum gravitational effects may be
observably large. Our results should also be useful as a
starting point to study higher-order (i.e., loop-level) effects
and their divergence structure.
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APPENDIX A: GEODESICS AND
SINGULARITIES

Here we give a few more details in the geometric
calculations of Sec. I, and in particular some discussion
on the choice of ie prescription.

The explicit flat-space null geodesic path for a photon
emitted at 7 used in the main text is given by the piecewise
function on 0 <y < 2L:

= (U0 (L) @

for 0 <n <L and L <n < 2L, respectively. In the pres-
ence of metric fluctuations the null geodesic path receives
O(h) corrections (see Fig. 1), even in the transverse
x, y directions. Straightforward power counting shows that
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for proper time z(t,), the transverse motion contributes to
O(h?) and only the flat-space path parametrization is
required on the right-hand side of Eq. (2). Rewriting
the integrals in the first line of Eq. (4) with this affine
parametrization and performing the affine integrals, one
obtains the second line of Eq. (4), with

_ Sinz[(wk _ kz)L/z} Sinz[(wk + kz)L/z]
I(k) a (wk - kz)2 (a)k + kz)2
(cosk,L — cos_w]t%L) cos my L (A2)

The first line here comes from the integration regions with
both paths moving left or both right, while the second
line comes from the two counterpropagating integration
regions. The polarization sum Y |es.(k)|* = sin*(6) is
standard [33]. Using this, k, = wy cosd, and Eq. (A2),
we see that the polar integral in the noise PSD is trivial. The
df is not, but it can be performed without too much trouble,
and in particular there is no singularity at cos@ = 1. The
result is Eq. (6).

The (z(1)z(0)) correlator (4) is a Wightman function,
and using its precise definition helps perform integrals
that are otherwise naively divergent. This is analogous to
how the integral §(x) = 5- [~ dke'™ cannot be directly
evaluated, but the regulated version can be: §.(x) =

L [ dke™ ekl =1_c = Ag the Dirac delta function,
T T x“+€

nghtman functions are distributions, and an ie prescrip-
tion defines Wightman functions in the Lorentzian signa-
ture as the boundary value of analytically continued
Euclidean Wightman functions. This ie prescription rigor-
ously regulates the large-k divergence arising in the integral
over Z(k), which makes the Fourier transform in (5)
subtlety-free.

To illustrate, consider a free massless scalar field theory
in four spacetime dimensions. With x = (x°, x), the two-
point vacuum Wightman function (¢(x)¢(0)) is defined as

(d(x)¢(0)) =1lim._(¢(x* — i€, x)$(0)), and

(P (X +e) +px)

GET

ww—mmwm=/wp

where p = (p°,p) is the Euclidean momentum with p°
integrated between +oo and Euclidean time 7 in ¢'P"" has
been analytically continued to 7 — i(x° — i¢), where x° is
the desired Lorentzian time. We neglect overall numerical
factors for brevity. The small Euclidean time € allows us to
close the p° contour above and pick up the p° = i|p| pole,
giving

~iexpon = [

i(lpl(=x+ie)+px)
p|

(p(x° (A4)

an integral over positive-energy momenta. Doing the
angular integrals

(#(x* — ie. x)¢p(0)) = ﬁ A ® dksin(k|x|)e~*<'—ke

1
Wi (AS)

the expected position-space Wightman function. We see
that keeping ¢ nonzero was crucial for rendering the above
integral well-defined. As long as x*> # 0, we can now safely
set ¢ = 0. For further review, see [36,37].

Applying this prescription to the proper-time two-point
function yields the well-defined quantity

(z(1)7(0)) = lim (z(r — ie)7(0)).

A6
e—>0" ( )
With e # 0, (z(7 — ie)7(0)) can be computed by performing
the momentum integral, and it has logarithmic singularities
in ¢ regulated by e. See [38] for detailed analysis of light-ray
transforms of Wightman functions.

APPENDIX B: DETECTOR DETAILS

In this appendix we give a more detailed account of the
detector model. The treatment follows standard references
on quantum optomechanics, gravitational waves, and input-
output theory; see for example [32,39] and references therein.

We begin by deriving the complete Hamiltonian H =
Hge + Vow + Hgw + Hyjo. The detector Hamiltonian
describes the mirrors, which are suspended as harmonic
oscillators of very low frequency w,,, and the light between
them, which forms a discrete set of optical modes with
frequencies w, = nw/L.,,(z). Here L, (z) ~ L + z is the
length of the cavity in terms of the relative displacement
z < L of the mirrors from their equilibrium. This generates
an optomechanical coupling between the optical field and
the mirror motion. Together, we have

2

1
Hy = (0, + goz)a’a + L + —mw2, 2.

2m 2 (BI)

We are focusing on just the mode at the laser frequency, and
we assumed that w, = ®,(0) for some n > 1; i.e., the laser
is on resonance with some particular equilibrium cavity
mode. In this case, gy = w,/L is the optomechanical
coupling strength.

Next we discuss the gravitational terms. The kinetic term

1
How = =~ / B i + Za, By, 0
203,

has the usual plane wave eigenstates. The interaction
term is

(B2)
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1
VGWZE/dBXh”UT” .

cavity

(B3)

As discussed in the main text, in TT gauge, since our
mirrors are taken to be in their ground state and thus
approximately at rest (the uncertainty is Av ~ \/@,,/m ~
107?7 with m = 40 kg and ®,, = 1 Hz), we only need
to worry about the coupling to the stress tensor of the
optical field. Focusing on the cavity mode of interest,
defined in Eq. (8), the only nonzero stress-energy tensor
components we need are

T = Ty[2{a,a"} cos 2w,z — a*> — a™] = =T,

T+ =Ty[2{a,a’} — a® cos 2w,z — a'? cos 2w,z].  (B4)

Here Ty = w,/8A | L, the off-diagonal spatial components
are zero, and we have written this in the Schrodinger picture
by setting all the e’ factors to 1 after taking time deriv-
atives. Inserting Eqs. (B4) and (3) into Vg, we obtain

Tole / . / Pk
Vow=—— | &X | ———=
2 V (27)2E, Z
cav
x [(e5,(k) — €3, (k))(2{a.a’} cos 2w,z — a* — a'?)

+ €5, (k)(2{a,a’} — a* cos 2w,z — a™ cos 2w, z)]

x e®Xp, +H.c. (B5)
The spatial integrals can be done easily:
/ Px.ekix — 4sin kL, /2sink,L, /2
+ k k, '
/L deeihs — 2sin kZL/Z’
0 kz
Lo k2 ink,L/2
/ dze? cos 2wz = 2—5—— sink.L/ : (B6)
0 460/ — kz k,

We have dropped an overall phase in these expressions which
cancels out of |W|%.

At this stage, to simplify things, we now make the
approximation that the laser frequency w, is the fastest
frequency of interest, in particular w, > v where v is in the
detection band. This allows us to drop the terms with
cos2w,z dependence. It also allows us to make the
“rotating wave approximation,” common in quantum
optics: terms of the form a” and a'? are dropped, because
these rotate very fast compared to the time-independent a’a
type terms, and therefore average out over an observation
period [39]. Put together, this leaves us with

Veow = 8T05P1/ K)by ({a, a'}

3
LSy
vV (27)32E 5
+H.c. (B7)
This expression is valid for any state. When we include the
laser drive, the cavity mode is displaced to a - a + a,
where |a|* =it = Pj,/wyk is the number of photons
circulating in the cavity in terms of the input laser power
P;, and cavity loss rate x. Expanding around this drive
|a] > 1 we now keep the terms linear in a. Taking a to be
real by appropriately choosing the laser phase, the result is

VGW — F hX (Bg)
with F, given in Eq. (11).

Finally, we need to discuss the input/output fields Hyq.
In brief, these form a continuum of modes that couple to
the cavity field, namely the electromagnetic modes along
the laser beam axis outside the cavity. One can follow these
microscopically using a scattering treatment [34], where the
late-time Heisenberg fields are related to the earlier-time
ones through Eq. (13). Following the standard treatment of
these I/O fields and the rest of the system, one can now work
out the Heisenberg equations of motion for all the relevant
system operators. The result is (see, e.g., [32] for a step-by-
step derivation)

X:—§X+wam

. K
Y:—EY—F\/EYm‘f—Fh"_gx,

==,
m

p= _mw%x —yp+ Fm,in + gX (B9)
Here g = gy\/71/zo, the effective coupling strength of the
mirror-light interaction in the presence of the laser drive,
where zy = 1/4/2mw,, is the mirror’s ground-state uncer-
tainty. We also included mechanical damping y < ®,, on the
mirror, which is driven by the random force F,,;,, which
represents the effect of thermal forces on the mirror,
including vacuum fluctuations when 7 =0 [40]. The
solution to these equations for Y, is given in Eq. (14).

In Eq. (16), we only explicitly reported the part of the
output phase coming from the graviton vacuum noise, S .
Most of the rich physics of quantum-limited interferome-
ters is in the other terms in Eq. (14), i.e., the noise coming
from the detector itself. To reproduce the usual noise curves
in these detectors, essentially one just adds the terms in
Eq. (14) in quadrature. Assuming that the laser fluctuations
Yin, X;n are in their quantum vacuum, the result is a good
approximation of the real noise curves in a quantum-limited
interferometer. Again, see [32] for a detailed treatment.
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