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It has recently been suggested that exotic quantum gravity effects could lead to large vacuum fluctuations,
potentially observable with realistic detectors. Experiments are currently being built to search for these
signals. Here we analyze the minimal model of quantum gravity at low energies—the usual effective quantum
field theory of gravitons—and show that it unambiguously predicts an unobservably small variation in the
measured interferometer length ΔL ∼ lpl ∼ 10−35 m. In particular, there are no divergences signaling a
breakdown of this calculation in the low energy regime. Thus, detection of a large, gravitationally induced
length variation would signal a severe breakdown of effective quantum field theory in low energy quantum
gravity.
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I. INTRODUCTION

Assuming the gravitational field gμν is a quantum
mechanical degree of freedom, it should exhibit fluctua-
tions, even in its vacuum state. These fluctuations could in
principle be measured by a gravitational wave detector such
as an interferometer, manifesting as random variations ΔL
around the equilibrium length L of the device. At present,
Advanced LIGO [1] is the most sensitive such device
available, and is capable of detecting h ∼ ΔL=L ≈ 10−23

in the 10 Hz–10 kHz band, where h measures small devia-
tions around flat spacetime gμν ¼ ημν þ hμν. Many new
interferometers are currently being constructed with similar
sensitivity up to megahertz scales [2–5].
What is the expected scale of ΔL=L due to quantum

fluctuations in the spacetime metric? Somewhat controver-
sially, it has periodically been suggested [6–12] that exotic
effects in quantum gravity could lead to random fluctuations
of order ΔL=L ∼

ffiffiffiffiffiffiffiffiffiffiffiffi
lpl=L

p
∼ 10−19 (for the LIGO baseline

L ¼ 4 km), well within the regime of observability. Indeed,
such a model is only consistent with observed LIGO data if
the fluctuations are at frequencies outside the LIGO band,
as claimed in [11,12].

Such large fluctuations would be counter to intuition from
basic effective field theory (EFT) arguments. Under the
minimal hypothesis that gravitational perturbations hμν are
quantized into gravitons and treated as an EFT [13–15], one
would expect fluctuations of order ΔL=L ∼ lpl=L ∼ 10−38,
far too small to be observed [16–23]. This theory should be
valid for experiments at energy densities below the Planck
scale, which is certainly the situation in a terrestrial inter-
ferometer.
Our goal in this paper is to provide a simple and rigorous

calculation of the expected length fluctuations in the effective
field theory picture. In particular, a question which has
previously been left open is whether the EFT calculation
may contain divergence [18–20], either in the ultraviolet or
infrared, which signal that the EFT calculation breaks down
at low energies and needs to be augmented by some non-
perturbative effect which could lead to large fluctuations.1

We begin by defining a gauge-invariant length observ-
able and discuss its vacuum fluctuations. We perform a
careful study of any possible uncontrollable divergences
which might signal the breakdown of the EFT calculation.
We find no such divergences and therefore conclude that
the EFT gives a well-defined, unambiguous prediction at
leading order in the graviton expansion. We also give a
detailed prediction for the resulting signal strength in
realistic detectors, such as LIGO and GQuEST, and show*Contact author: carney@lbl.gov
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1Many of the suggestions of large fluctuations have been based
on heuristic arguments citing ideas from holography. It should be
emphasized that the only known controlled holographic models
are string theories. These contain a massless spin-2 boson in the
low-energy spectrum and therefore must actually perturbatively
reproduce the basic EFT prediction ΔL=L ∼ lpl=L [24–27].
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that these fluctuations are unobservably small (see Fig. 3).
This means that the scaling ΔL=L ∼

ffiffiffiffiffiffiffiffiffiffiffiffi
lpl=L

p
suggested

in [6–12], if observed, would require that the metric is not
quantized perturbatively into gravitons according to the
usual rules of field theory, even at low energies accessible
in laboratory experiments.

II. PHOTON TIME-OF-FLIGHT AND LENGTH

The fundamental observable in an interferometer is the
phase of light which traverses a path of unknown length.
This is used to infer the length of the path by noting that
the light phase ϕ changes by an amount proportional to the
path length ϕ ¼ 2L=λ ¼ τωl=2π, where λ ¼ 2π=ωl is
the wavelength of laser light at frequency ωl and τ is the
time-of-flight of the photon. Thus, ultimately, what we will
want to do is make a prediction for the noise in the output
light phase in the interferometer, and use this to estimate the
uncertainty of the inferred interferometer length. We give a
full quantum calculation of this observable in a LIGO-like
interferometer in Sec. III.
To warm up, we can start with a more geometrical

calculation. Consider a pair of freely falling mirrors, initially
at rest, with light between them, as in Fig. 1. The proper time
τ elapsed on the worldline of the left mirror between photon
emission at t1 and absorption at t3 is (perturbatively) gauge-
invariant because it is defined by the intersections of geo-
desics [28,29]. For related proper time observables and their
correlators, see [30].

We now compute τ and its noise properties. Wewill work
in the transverse-traceless gauge, in which gravitational
waves do not cause the mirrors to change their coordinate
positions zL;R to leading order in h [31]. For the metric in
the transverse traceless (TT) gauge,

ds2 ¼ −dt2 þ ðδij þ hijÞdxidxj; ð1Þ

the photon path will receive OðhÞ corrections to the null
geodesic in flat Minkowski spacetime. A simple calculation
(see Appendix A for a few details) shows that to OðhÞ, the
time elapsed on an inertial clock at zL reads

τðt1Þ ¼ 2Lþ 1

2

Z
t1þ2L

t1

dthzzðt; zðtÞÞ þOðh2Þ; ð2Þ

where zðtÞ is the piecewise linear geodesic in Minkowski
coordinates, and x ¼ y ¼ 0 in the argument of the metric.
In perturbative quantum gravity, hμν is promoted to an
operator through canonical quantization:

hμνðxÞ ¼ lPl

X
s

Z
d3kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2πÞ32Ek

p ½ϵsμνðkÞeik·xbk;s þ H:c:�;

ð3Þ
where s ¼ 1, 2 labels polarization states and the canonical
commutation relation is ½bk;s; b†k0;s0 � ¼ δ3ðk − k0Þδss0 . We
have normalized this with the Planck length lPl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32πGN

p
so that h is dimensionless, i.e., has units of strain. Thus,
τ becomes a nonlocal operator on the gravitational Hilbert
space. In the vacuum bk;sj0i ¼ 0, we have hτi ¼ 2L.
What we are interested in is the level of noise in τ.

The simplest characterization of this would be to compute
the variance hΔτ2i, whereΔτ ¼ τ − hτi. This turns out to be
UV divergent for the usual reason that it involves coincident
points of a two-point correlation function. To study this, let
us instead work out the more general correlator

hτðtÞτð0Þi ¼ 1

4

Ztþ2L

t

dt0
Z2L
0

dt00hhzzðt0; zðt0ÞÞhzzðt00; zðt00ÞÞi

¼ l2
Pl

X
s

Z
d3k

ð2πÞ32Ek
jϵszzðkÞj2e−iωktIðkÞ; ð4Þ

where without loss of generality, hereafter we take this to
mean the correlator of the zero-mean variable τ → τ − hτi,
i.e., the connected correlation function. The second line
follows from the definition of the vacuum and Eq. (3). The
function IðkÞ is given in Eq. (A2); the main point is that it
is t-independent and is rapidly oscillating and decaying like
∼1=jkj2 as jkj → ∞.
A common characterization of noise in measurements is

the noise power. Using Eq. (4), we can define the noise
power spectral density (PSD) of the τ observable:

FIG. 1. Interferometer geometry in spacetime. The oscillating line
represents the geodesic path of the photon in the presence of OðhÞ
metric fluctuations. The line can also extend into the transverse
x, y plane, which is suppressed in this figure. The arrival time t3 has
an OðhÞ offset compared to the straight unperturbed path. The
proper time τðt1Þ≡ t3 − t1 is given in Eq. (2).
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SττðνÞ ¼
Z

∞

−∞
dteiνthτðtÞτð0Þi: ð5Þ

Since the only t dependence in hτðtÞτð0Þi is the simple
exponential ∼e−iωkt, we can naively exchange the order of
integration, do the dt integral, and get a factor δðν − ωkÞ.
Doing so, one can perform the resulting momentum
integral explicitly and obtain

SττðνÞ ¼
l2
Pl

πν

�
3 − cosð2νLÞ

6
−
3þ cosð2νLÞ

2ν2L2
þ sinð2νLÞ

ν3L3

�
;

ð6Þ
with SττðνÞ ¼ 0 for ν < 0. This noise power goes like ν at
low frequencies ν → 0 and like 1=ν at high frequencies
ν → ∞, so the PSD is finite in both limits. Of course, the
most important feature is that it scales like l2

Pl.
The noise PSD is directly observable in experiments and

gives a nice interpretation for divergences. If we take a
stream of photons and measure τ continuously, at each time
t the outcome is a random variable. With a given set of
outcome data τðtÞ for some total integration time T, we can
form the estimator of the average time-of-flight τmeas ¼R
T
0 dtτðtÞ=T. The variance of this observable is

hΔτ2measi ¼
2

π

Z
∞

−∞
dν

sin2ðνT=2Þ
ν2T2

SττðνÞ; ð7Þ

where we used stationarity of the noise hτðtÞτðt0Þi ¼
hτðt − t0Þτð0Þi. Using Eq. (6), this predicts a finite variance
for any T > 0. The limit T → 0 is logarithmically UV
divergent. Here this is because no data were taken.
Technically, to calculate SττðνÞ, we first need to render

hτðtÞτð0Þi finite by regulating another high-frequency diver-
gence. The integral (4) diverges logarithmically ∼

R
dk=k at

large k. A straightforward way to regulate the divergence is
to take t → t − iϵ in Eq. (4), which produces a convergent
integral. After doing the dt integral, this gives Eq. (6), except
with a factor Sττ → Sττe−ϵν. At this stage, one can either
safely take ϵ → 0, or leave ϵ > 0 finite as a model for an
ultraviolet cutoff; even ϵ ∼ lPl does not change the overall
l2
Pl scaling. This regulator prescription is not arbitrary: it in

fact defines (4), which is a Wightman function (see
Appendix A).

III. DETECTOR RESPONSE

We nowmove on to a realistic calculation of the response
of an interferometer to the vacuum of quantum gravity. This
introduces two new complications. One is that modern
interferometric gravitational wave detectors measure dis-
tance not by a single round-trip time of light, but with light
that reflects many times in a Fabry-Perot cavity. The other
is that the detector itself, even in the absence of technical
noise, is limited by quantum mechanical noise of its parts,
in particular the electromagnetic fluctuations of the light.

The basic setup is shown in Fig. 2. We work in a simple
setting of a single-arm cavity; this is formally equivalent to
the usual two-arm setup used in LIGO and other detectors
[32]. Laser light of a known phase is sent into the cavity. As
it transits the cavity, its phase changes by an amount
proportional to the strain field hμν. After exiting the cavity,
this phase is measured by interference with the initial laser
field. Here our goal will be to calculate the noise in this
phase measurement, including the noise of the gravitational
vacuum. The complete Hamiltonian of the system H ¼
Hdet þHGW þ VGW þHI=O describes, respectively, the
detector mirrors and light, the free gravitational perturba-
tions, their coupling to the detector, and the laser and
readout system. We give a full accounting of all of these
terms in Appendix B.
For our purposes, the main idea is the following: the two

mirrors form a Fabry-Perot cavity, and we assume that we
measure a single isolated mode with the same frequency ωl
as our input laser. We model this mode as

Aμðx; tÞ ¼
sinðωlzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ωlA⊥L

p ½ϵμe−iωltaþ ϵ�μeiωlta†�; ð8Þ

which is a standing wave with wave vector kμ ¼
ðωl; 0; 0;ωlÞ and transverse polarization kμϵμ ¼ 0. The
normalization is so that a is a discrete mode ½a; a†� ¼ 1,
using the cavity length L and a transverse beam area
A⊥ ¼ L2⊥, the latter of which we will see drop out of the
calculation. The cavity electric and magnetic field can be
described in terms of its amplitude X ¼ ðaþ a†Þ= ffiffiffi

2
p

and
phase Y ¼ −iða − a†Þ= ffiffiffi

2
p

quadrature operators:

Exðt; zÞ ¼ sinðωlzÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
ωl

2A⊥L

r
XðtÞ;

Byðt; zÞ ¼ cosðωlzÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
ωl

2A⊥L

r
YðtÞ; ð9Þ

FIG. 2. Single-arm Fabry-Perot cavity as a gravitational wave
detector. The cavity is formed from a partially transparent mirror
on the left and a perfectly reflective mirror on the right, both
suspended as harmonic oscillators. The laser light comes into the
cavity through the transparent mirror, reflects in the cavity for a
time ∼1=κ, and then exits. This output light has its phase
continuously measured by interfering it with the original laser,
forming a homodyne measurement.
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with the specific choice ϵμ ¼ ð0; i; 0; 0Þ, for example. In
particular, the phase of the cavity mode means the amount
that the mode has rotated to have Y ∼ By ≠ 0. In TT gauge,
the mirror coordinate positions do not change toOðhÞ if the
mirror is initially at rest, so we can ignore the effect of the
gravitational field on the mirror motion to this order
[17,33]. What we need is the coupling of gravity to the
light. Expanding around the coherent laser field a → αþ a,
the linearized coupling to the electromagnetic fluctuations
takes the form

VGW ¼ 1

2

Z
cav

d3xhijTij ¼ FhX; ð10Þ

where the “force” Fh is given by

Fh ¼
ffiffiffiffiffiffi
2n̄

p
ωllPl

V

Z
d3kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2πÞ32Ek

p X
s

½WsðkÞbk;s þ H:c:�:

ð11Þ
Here V ¼ A⊥L is the volume of the beam, n̄ is the average
number of laser photons in the cavity, and the window or
filtering function

WsðkÞ ¼
sinðkxL⊥=2Þ

kx

sinðkyL⊥=2Þ
ky

sinðkzL=2Þ
kz

ϵszzðkÞ

ð12Þ

encodes the coupling to the gravitational mode (k; s).
Here Fh is written as a Schrödinger picture operator on
the graviton Hilbert space, with units of frequency. This
simple expression assumes that the laser ωl ≫ ωGW, but
does not assume that λGW ≫ L. In this limit, only the metric
perturbations along the beam axis hzz appear [cf. our
geometric result in Eq. (2)]. See Eq. (B5) for the complete
expression, valid for frequencies above the laser.
The remaining ingredient we need is the input-output

fields that couple the readout system to the detector [34].
The laser and readout are defined by traveling electromag-
netic waves entering and exiting the cavity. They are related
to the cavity mode through a scattering relation, which in
optics is called an I/O relation:

XoutðtÞ ¼ XinðtÞ þ
ffiffiffi
κ

p
XðtÞ;

YoutðtÞ ¼ Y inðtÞ þ
ffiffiffi
κ

p
YðtÞ: ð13Þ

The parameter κ has units of a frequency and represents the
rate at which photons enter and exit through the transparent
mirror. The in/out fields are densities in one dimension
and have commutators ½XinðtÞ; Xinðt0Þ� ¼ δðt − t0Þ and so
forth. The phase of the light coming out of the cavity is
represented by YoutðtÞ. The input fields represent fluctua-
tions around the incoming laser drive and lead to noise, as
discussed below.

Finally, we want to get the observable Yout. Using the full
Hamiltonian of the system, the Heisenberg equations of
motion for the detector work out to a simple linear system
(see Appendix B). Moving to a frequency domain by
defining fðνÞ ¼ R

dteiνtfðtÞ for any operator f, we can
easily find YoutðνÞ. The result is

Yout ¼
ffiffiffi
κ

p
χcFh þ eiϕcY in þ g2κχ2cχmXin

þ g
ffiffiffi
κ

p
χcχmFm;in: ð14Þ

The cavity and mechanical response functions are

χcðνÞ ¼
1

ν − iκ=2
; χmðνÞ ¼

1

m½ðν2 − ω2
mÞ − iγν� : ð15Þ

Here g ∼ g0
ffiffiffī
n

p
and γ is the mechanical damping rate of the

mirror. The first line of Eq. (14) contains the signal: the
gravitational field (Fh) driving the phase of the interfer-
ometer light directly. The second line contains the various
noise contributions: the shot/phase noise of the input light
(Y in), the resulting random radiation pressure (Xin), and
finally the thermal fluctuations on the mirror itself (Fm;in).
All of these effects add up to generate the total output light
phase Yout.
Finally, what we are really interested in is the noise

power in the phase of the light coming out of the cavity:

SYYðνÞ ¼
Z

∞

−∞
dteiνthYoutðtÞYoutð0Þivac

¼ κjχcðνÞj2ShFFðνÞ þ noise terms: ð16Þ

Here, the vacuum subscript means that we assumed the
same graviton vacuum as above. The power spectrum of the
gravitational signal is

ShFFðνÞ ¼
Z

∞

−∞
dteiνthFhðtÞFhð0Þivac

¼ 2n̄ω2
ll

2
Plν

V2

Z
d2bn
ð2πÞ2

X
s

jWsðνbnÞj2; ð17Þ

where we used Eq. (11) and the free evolution bk;s →
e−iωktbk;s for the gravitational modes.
Our expression Eq. (17) gives the exact noise power

spectrum due to the vacuum of perturbative quantum gravity,
to leading order in the Planck length. The most important
feature, of course, is that it scales like l2

pl as advertised. We
can analyze some interesting limits of this noise power.
Simple Taylor expansion shows that SYY ∼ ν1 as ν → 0, and
1=ν7 as ν → ∞, so the noise power is finite in both limits. In
a real experiment we will be looking for signals at frequen-
cies ν such that ν ≪ 1=L⊥ and ν ≪ ωl [for example, in
LIGO, L⊥ ∼ 10 mm ∼ ð30 GHzÞ−1, ωl ∼ 300 THz, and
ν is in the Hz–kHz range [35] ]. In this limit, we obtain
the simple expression
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X
s

jWsðνbnÞj2 ≈ A2⊥
sin2½νL cos θ=2�

ν2 cos2 θ
sin4 θ: ð18Þ

Using this we can do the angular integral, giving

SYYðνÞ ≈
l2
Pl

L2

n̄ω2
lκjχcðνÞj2
πν

�
cosðνLÞ − 8

3
þ sinðνLÞ

νL

−
2 cosðνLÞ
ðνLÞ2 þ 2 sinðνLÞ

ðνLÞ3 þ ðνLÞSiðνLÞ
�
: ð19Þ

We emphasize that this expression is valid for signals both
far below or near and above the free spectral range of the
cavity νL ≈ π=2 (i.e., frequencies at the lowest optical
resonance of the cavity). The former limit is relevant for
typical LIGO searches (where 1=L ≈ 74 kHz) but the latter
is relevant in certain newer, short-baseline devices like
GQuEST [4,5], which is looking for MHz-scale signals.
In Fig. 3, we reexpress this as a strain noise for comparison
with typical detector sensitivities.

IV. REMARKS

Until direct measurements of quantum gravitational
effects are made, a wide range of possible phenomenologies
and their predictions for realistic experiments are needed.
Our central goal here was to show how a precision calcu-
lation in the most conservative theoretical framework—the
standard effective field theory of perturbative quantum
gravity—can be applied to make predictions in a realistic
detector.

The answer, consistent with basic EFT scaling argu-
ments, is that the effects of quantum gravitational vacuum
fluctuations are unobservably small. We give a detailed
prediction for the graviton noise power spectral density
in Fig. 3. In particular, we have studied the divergence
structure of the EFT calculation, and shown that there
are no UV or IR divergences at this order. This, in parti-
cular, implies that that EFT calculation is internally self-
consistent, and there is no reason at the level of EFT to
expect a large nonperturbative effect.
Moving forward, we expect that our calculational frame-

work here, especially the detector model, can be used to
investigate proposals invoking such large effects, such as
[6–8,10–12], where quantum gravitational effects may be
observably large. Our results should also be useful as a
starting point to study higher-order (i.e., loop-level) effects
and their divergence structure.
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APPENDIX A: GEODESICS AND
SINGULARITIES

Here we give a few more details in the geometric
calculations of Sec. I, and in particular some discussion
on the choice of iϵ prescription.
The explicit flat-space null geodesic path for a photon

emitted at t used in the main text is given by the piecewise
function on 0 ≤ η ≤ 2L:

γμt ðηÞ ¼
�

tþ η

zL þ η

�
;

�
tþ η

zL þ 2L − η

�
ðA1Þ

for 0 ≤ η ≤ L and L ≤ η ≤ 2L, respectively. In the pres-
ence of metric fluctuations the null geodesic path receives
OðhÞ corrections (see Fig. 1), even in the transverse
x, y directions. Straightforward power counting shows that

FIG. 3. Strain noise power of quantum gravitational vacuum
fluctuations, expressed in units of strain=

ffiffiffiffiffiffi
Hz

p
. Solid curve:

LIGO-like interferometer, with L ≈ 4 km. Dotted: GQuEST-
like interferometer, with L ≈ 5 m. The strain PSD is obtained
from Eq. (19) by defining an estimator h ¼ Fh=ωl

ffiffiffī
n

p ¼
Yout=ωlχc

ffiffiffiffiffi
κn̄

p
[see Eqs. (3), (11), (14), and (19)]. For

comparison, electromagnetic fluctuations in LIGO’s laser give
noise around

ffiffiffiffiffiffiffi
Shh

p
∼ 10−23=

ffiffiffiffiffiffi
Hz

p
at 1 kHz. The flat behavior at

very high frequency is cut off like 1=ν5 for ν≳ ωl ≈ 300 THz, as
discussed in the main text.
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for proper time τðt1Þ, the transverse motion contributes to
Oðh2Þ and only the flat-space path parametrization is
required on the right-hand side of Eq. (2). Rewriting
the integrals in the first line of Eq. (4) with this affine
parametrization and performing the affine integrals, one
obtains the second line of Eq. (4), with

IðkÞ ¼
�
sin2½ðωk − kzÞL=2�

ðωk − kzÞ2
þ sin2½ðωk þ kzÞL=2�

ðωk þ kzÞ2

þ ðcos kzL − cosωkLÞ cosωkL
ω2
k − k2z

�
: ðA2Þ

The first line here comes from the integration regions with
both paths moving left or both right, while the second
line comes from the two counterpropagating integration
regions. The polarization sum

P
s jϵszzðkÞj2 ¼ sin4ðθÞ is

standard [33]. Using this, kz ¼ ωk cos θ, and Eq. (A2),
we see that the polar integral in the noise PSD is trivial. The
dθ is not, but it can be performed without too much trouble,
and in particular there is no singularity at cos θ ¼ 1. The
result is Eq. (6).
The hτðtÞτð0Þi correlator (4) is a Wightman function,

and using its precise definition helps perform integrals
that are otherwise naively divergent. This is analogous to
how the integral δðxÞ ¼ 1

2π

R
−∞
−∞ dkeikx cannot be directly

evaluated, but the regulated version can be: δϵðxÞ ¼
1
2π

R
∞
−∞ dkeikx−ϵjkj ¼ 1

π
ϵ

x2þϵ2
. As the Dirac delta function,

Wightman functions are distributions, and an iϵ prescrip-
tion defines Wightman functions in the Lorentzian signa-
ture as the boundary value of analytically continued
Euclidean Wightman functions. This iϵ prescription rigor-
ously regulates the large-k divergence arising in the integral
over IðkÞ, which makes the Fourier transform in (5)
subtlety-free.
To illustrate, consider a free massless scalar field theory

in four spacetime dimensions. With x ¼ ðx0;xÞ, the two-
point vacuum Wightman function hϕðxÞϕð0Þi is defined as
hϕðxÞϕð0Þi≡ limϵ→0hϕðx0 − iϵ;xÞϕð0Þi, and

hϕðx0 − iϵ;xÞϕð0Þi ¼
Z

d4p
eiðp0ðix0þϵÞþp·xÞ

ðp0Þ2 þ p2
; ðA3Þ

where p ¼ ðp0;pÞ is the Euclidean momentum with p0

integrated between �∞ and Euclidean time τ in eip
0τ has

been analytically continued to τ → iðx0 − iϵÞ, where x0 is
the desired Lorentzian time. We neglect overall numerical
factors for brevity. The small Euclidean time ϵ allows us to
close the p0 contour above and pick up the p0 ¼ ijpj pole,
giving

hϕðx0 − iϵ;xÞϕð0Þi ¼
Z

d3p
jpj e

iðjpjð−x0þiϵÞþp·xÞ; ðA4Þ

an integral over positive-energy momenta. Doing the
angular integrals and changing variables to k ¼ jpj,

hϕðx0 − iϵ;xÞϕð0Þi ¼ 1

jxj
Z

∞

0

dk sinðkjxjÞe−ikx0−kϵ

¼ 1

x2 − ðx0 − iϵÞ2 ; ðA5Þ

the expected position-space Wightman function. We see
that keeping ϵ nonzero was crucial for rendering the above
integral well-defined. As long as x2 ≠ 0, we can now safely
set ϵ ¼ 0. For further review, see [36,37].
Applying this prescription to the proper-time two-point

function yields the well-defined quantity

hτðtÞτð0Þi≡ lim
ϵ→0þ

hτðt − iϵÞτð0Þi: ðA6Þ

With ϵ ≠ 0, hτðt − iϵÞτð0Þi can be computed by performing
the momentum integral, and it has logarithmic singularities
in t regulated by ϵ. See [38] for detailed analysis of light-ray
transforms of Wightman functions.

APPENDIX B: DETECTOR DETAILS

In this appendix we give a more detailed account of the
detector model. The treatment follows standard references
on quantum optomechanics, gravitational waves, and input-
output theory; see for example [32,39] and references therein.
We begin by deriving the complete Hamiltonian H ¼

Hdet þ VGW þHGW þHI=O. The detector Hamiltonian
describes the mirrors, which are suspended as harmonic
oscillators of very low frequency ωm, and the light between
them, which forms a discrete set of optical modes with
frequencies ωn ¼ nπ=LcavðzÞ. Here LcavðzÞ ≈ Lþ z is the
length of the cavity in terms of the relative displacement
z ≪ L of the mirrors from their equilibrium. This generates
an optomechanical coupling between the optical field and
the mirror motion. Together, we have

Hdet ¼ ðωl þ g0zÞa†aþ p2

2m
þ 1

2
mω2

mz2: ðB1Þ

We are focusing on just the mode at the laser frequency, and
we assumed that ωl ¼ ωnð0Þ for some n ≫ 1; i.e., the laser
is on resonance with some particular equilibrium cavity
mode. In this case, g0 ¼ ωl=L is the optomechanical
coupling strength.
Next we discuss the gravitational terms. The kinetic term

HGW ¼ 1

2l2
Pl

Z
d3x

�
ḣμνḣ

μν þ
X
i

∂ihμν∂ihμν
�
þ � � � ðB2Þ

has the usual plane wave eigenstates. The interaction
term is
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VGW ¼ 1

2

Z
cavity

d3xhμνTμν: ðB3Þ

As discussed in the main text, in TT gauge, since our
mirrors are taken to be in their ground state and thus
approximately at rest (the uncertainty is Δv ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ωm=m

p
∼

10−27 with m ¼ 40 kg and ωm ¼ 1 Hz), we only need
to worry about the coupling to the stress tensor of the
optical field. Focusing on the cavity mode of interest,
defined in Eq. (8), the only nonzero stress-energy tensor
components we need are

Txx ¼ T0½2fa; a†g cos 2ωlz − a2 − a†2� ¼ −Tyy;

Tzz ¼ T0½2fa; a†g − a2 cos 2ωlz − a†2 cos 2ωlz�: ðB4Þ

Here T0 ¼ ωl=8A⊥L, the off-diagonal spatial components
are zero, and we have written this in the Schrödinger picture
by setting all the e�iωlt factors to 1 after taking time deriv-
atives. Inserting Eqs. (B4) and (3) into VGW, we obtain

VGW ¼ T0lPl

2

Z
cav

d3x
Z

d3kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞ32Ek

p X
s

× ½ðϵsxxðkÞ− ϵsyyðkÞÞð2fa; a†g cos2ωlz− a2 − a†2Þ
þ ϵszzðkÞð2fa;a†g− a2 cos2ωlz− a†2 cos2ωlzÞ�
× eik·xbk;s þH:c: ðB5Þ

The spatial integrals can be done easily:

Z
d2x⊥eik⊥·x⊥ ¼ 4

sin kxL⊥=2
kx

sin kyL⊥=2
ky

;Z
L

0

dzeikzz ¼ 2
sin kzL=2

kz
;

Z
L

0

dzeikzz cos 2ωlz ¼ 2
k2z

4ω2
l − k2z

sin kzL=2
kz

: ðB6Þ

We have dropped an overall phase in these expressions which
cancels out of jWj2.
At this stage, to simplify things, we now make the

approximation that the laser frequency ωl is the fastest
frequency of interest, in particular ωl ≫ ν where ν is in the
detection band. This allows us to drop the terms with
cos 2ωlz dependence. It also allows us to make the
“rotating wave approximation,” common in quantum
optics: terms of the form a2 and a†2 are dropped, because
these rotate very fast compared to the time-independent a†a
type terms, and therefore average out over an observation
period [39]. Put together, this leaves us with

VGW ¼ 8T0lPl

Z
d3kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2πÞ32Ek

p X
s

WsðkÞbk;sfa; a†g

þ H:c: ðB7Þ

This expression is valid for any state. When we include the
laser drive, the cavity mode is displaced to a → αþ a,
where jαj2 ¼ n̄ ¼ Pin=ωlκ is the number of photons
circulating in the cavity in terms of the input laser power
Pin and cavity loss rate κ. Expanding around this drive
jαj ≫ 1 we now keep the terms linear in a. Taking α to be
real by appropriately choosing the laser phase, the result is

VGW ¼ FhX ðB8Þ

with Fh given in Eq. (11).
Finally, we need to discuss the input/output fields HI=O.

In brief, these form a continuum of modes that couple to
the cavity field, namely the electromagnetic modes along
the laser beam axis outside the cavity. One can follow these
microscopically using a scattering treatment [34], where the
late-time Heisenberg fields are related to the earlier-time
ones through Eq. (13). Following the standard treatment of
these I/O fields and the rest of the system, one can now work
out the Heisenberg equations of motion for all the relevant
system operators. The result is (see, e.g., [32] for a step-by-
step derivation)

Ẋ ¼ −
κ

2
X þ ffiffiffi

κ
p

Xin;

Ẏ ¼ −
κ

2
Y þ ffiffiffi

κ
p

Y in þ Fh þ gx;

ẋ ¼ p
m
;

ṗ ¼ −mω2
mx − γpþ Fm;in þ gX: ðB9Þ

Here g ¼ g0
ffiffiffī
n

p
=z0, the effective coupling strength of the

mirror-light interaction in the presence of the laser drive,
where z0 ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2mωm

p
is the mirror’s ground-state uncer-

tainty. We also included mechanical damping γ ≪ ωm on the
mirror, which is driven by the random force Fm;in, which
represents the effect of thermal forces on the mirror,
including vacuum fluctuations when T ¼ 0 [40]. The
solution to these equations for Yout is given in Eq. (14).
In Eq. (16), we only explicitly reported the part of the

output phase coming from the graviton vacuum noise, ShFF.
Most of the rich physics of quantum-limited interferome-
ters is in the other terms in Eq. (14), i.e., the noise coming
from the detector itself. To reproduce the usual noise curves
in these detectors, essentially one just adds the terms in
Eq. (14) in quadrature. Assuming that the laser fluctuations
Y in; Xin are in their quantum vacuum, the result is a good
approximation of the real noise curves in a quantum-limited
interferometer. Again, see [32] for a detailed treatment.
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