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We revisit the local distance ladder measurement of the Hubble constant in models where gravity
is modified by a fifth force, an additional long-range interaction. In many such theories the force is
screened—suppressed in dense environments but potentially active in galaxies used for distance
calibration. We model this environmental dependence using three quantities that characterize each
galaxy’s large-scale gravitational environment: the external gravitational potential Φ, acceleration a, and
curvature K. Our baseline analysis recalibrates the SH0ES-team’s Cepheid-supernova distance ladder,
incorporating the fifth force via its impact on the Cepheid period-luminosity relation. Across models, a fifth
force is strongly constrained, with posteriors concentrated around a null result. The inferred Hubble
constant is H0 ¼ 73.1� 1.0 km=s=Mpc, retaining the Hubble tension at > 5σ. As an additional test, we
incorporate four independent Tip of the Red Giant Branch (TRGB) distance datasets into a joint Cepheid-
TRGB-supernova calibration. These combined analyses further constrain the magnitude of fifth-force
effects. Taken together, our results show that, across the class of screened fifth-force models we analyze, the
calibration of the local distance ladder remains essentially unchanged, leaving the Hubble tension intact.
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I. INTRODUCTION

High-precision measurements of the Hubble constant,
H0, have revealed a persistent discrepancy between early
and late-Universe determinations. Observations of the
cosmic microwave background (CMB) by the Planck
satellite yield H0 ¼ 67.4� 0.5 km=s=Mpc when inter-
preted within the Λ cold dark matter (ΛCDM) model [1].
In contrast, the local distance ladder calibrated with
Cepheids and type Ia supernovae (SNe Ia) yields a
significantly higher value, H0 ¼ 73.0� 1.0 km=s=Mpc,
as measured by the SH0ES1 collaboration [2,3].

This 5σ discrepancy, known as the Hubble tension, remains
one of the most prominent challenges in contemporary
cosmology.
One proposed resolution is that gravity may deviate from

general relativity (GR) on galactic scales. Many extensions
of GR, with scalar-tensor theories providing the canonical
example, predict an additional long-range interaction—
often termed a fifth force—whose strength depends on the
surrounding gravitational environment. Such forces must
be screened in high-density regions to satisfy solar-system
tests, but may remain active in lower-density environ-
ments where standard-candle distance indicators reside. If
active, they can systematically shift the intrinsic luminos-
ities of these distance indicators, altering the calibration
of the local distance ladder and thereby the inferred value
of H0 [4–8].
In this paper we revisit this possibility and extend

previous studies in several ways:
(i) We perform a full Bayesian recalibration of the

distance ladder using the fourth-iteration SH0ES
dataset as our baseline [2]. This more than doubles
the number of SN Ia host galaxies relative to earlier
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iterations [9–11] and explicitly incorporates the full
covariance structure of both the Cepheid and SN
Ia data.

(ii) We optionally include the TRGB distances together
with the Cepheids and SNe Ia in a single, uniform
calibration, rather than treating them as an external
cross-check.

(iii) We propagate the uncertainty in the Cepheid insta-
bility-strip crossing (second versus third crossing)
through the entire distance-ladder calibration.

Notation. Following Ref. [4] (D19 hereafter), the externally
sourced gravitational potential (Φ) is given in units of c2

where c is the speed of light, the externally sourced
acceleration (a) is given in units of km=s2, and the
externally sourced curvature (K) is given in units of
1=cm2. Throughout this work, “log” denotes the base-10
logarithm. Concerning galaxy names, N4258 stands for
NGC 4258 and U9391 stands for UGC 9391, etc.

II. THEORY

In the weak-field, quasistatic limit—describing for exam-
ple the gravitational field around a star or a galaxy—many
extensions of GR predict departures fromNewtonian gravity,
effectively strengthening the gravitational interaction.
Scalar-tensor theories, in which a scalar mediates the addi-
tional interaction, are the canonical examples. Although the
fifth force generically takes a Yukawa form, it becomes an
additional inverse-square contribution to Newtonian gravity
when the scalar’s Compton wavelength exceeds the size of
the system. In this regime it is convenient to describe the
modification as a rescaling of the gravitational constant,
introducing an effective gravitational constant,

G ¼ GN þ ΔG ð1Þ

where ΔG quantifies the strength of the fifth force and may
vary with the environment.
Any viable fifth force must evade the stringent bounds

from laboratory and solar-system tests, which constrain
deviations from GR to extremely small levels in those
environments [12]. At the same time, for such modifica-
tions to be relevant to astrophysics, they must produce
observable deviations on larger scales or in different gravi-
tational environments. This tension is resolved in many
theories through screening mechanisms: nonlinear effects
that suppress the scalar field in dense regions while
allowing it to influence dynamics in weak-gravity envi-
ronments. Examples include the chameleon, symmetron,
and Vainshtein mechanisms [13–15]. A key consequence
of screening is that the fifth force need not be active in all
galaxies or in all regions within a galaxy. Instead, its
presence depends sensitively on the surrounding gravita-
tional environment. For further information on screened
modified gravity see [15–17] and references therein.

To capture this environmental dependence in a computa-
tionally efficient way, we model the fifth-force strength
using three alternative proxy fields: the gravitational
potential Φ, the acceleration a, and the curvature K.
Each proxy corresponds to a different class of screened
fifth-force theories and has been shown to trace fifth-force
behavior accurately across a wide range of screening
mechanisms [13,14]. This proxy-field approach allows
us to test screened fifth-force phenomenology without
committing to any specific underlying theory. The proxy
fields are computed using the maps of Ref. [18], which are
constructed by combining galaxy-survey data with halo
catalogs from N-body simulations and numerical models
of structure formation [19,20]. The proxy-field value for a
specific galaxy receives contributions from all sources
within a certain cutoff radius (Rmax) which designates
the range of the fifth force.
In regions where the proxy field falls below the screening

threshold—treated as a free parameter in our model—the
scalar field becomes unscreened and mediates a nonzero
fifth force. Conversely, large values of the proxy field
corresponds to screened regions in which G ¼ GN. It is
important to bear in mind that Φ, a and K capture the
screening behavior of only a subset of theories. In particular
they describe environmental screening, caused by mass
surrounding a galaxy rather than within it. Separate inves-
tigation would be required for the other screening models
considered in, e.g., [4–6], as we discuss further in Sec. VIII.

III. DATA

All data required to reproduce this work are available
at [21], the GitHub repository associated with this paper.
This provides both the data products generated in this study
as well as external datasets compiled from other sources.
The fifth-force proxy fields (Φ, a, and K) are determined

using the reconstruction of Ref. [18], which models the
large-scale matter distribution out to 200 Mpc. This method
yields a posterior distribution of the proxy fields at the
position of each galaxy, reflecting the uncertainties in the
underlying density field. In the main calibration, we adopt
the median of this posterior for each proxy field. The
influence of the proxy-field uncertainties—and the extent
to which they may alter H0—is quantified and discussed in
Sec. VII. The proxy-field value for a specific galaxy
receives contributions from all sources within a certain
cutoff radius (Rmax) which designates the range of the fifth
force. Some examples are shown in Fig. 1. We compute
these values for five different cutoff radii, Rmax ¼ ½0.4; 1.4;
5.1; 18.1; 50� Mpc. An excerpt is shown in Table I; the
complete table, containing all galaxies and all five cutoff
radii, is available in machine-readable form at [21].
We base our analysis on the fourth data release of the

SH0ES project [2], with the data publicly available at [22].
For convenience, we use the reformatted version of the
same data provided in Refs. [23,24], organized to facilitate
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direct application in alternative calibrations. The Cepheid-
based distance ladder comprises three rungs, as described
below. Note that despite presenting the rungs separately
below, we perform a joint calibration of all three rungs, as
described in detail in Sec. VI and Appendix A.
First rung. In the first rung, the Cepheid period-

luminosity (PL) relation—which links the pulsation period
of a Cepheid to its intrinsic luminosity—is calibrated by
anchoring Cepheid distances to independent geometric
measurements in so-called anchor galaxies. In the fourth
iteration of the SH0ES calibration, there are three primary
anchor galaxies: the Milky Way (MW), where parallax
provide direct distance measurements [25]; the Large
Magellanic Cloud (LMC), whose Cepheid distances are
determined via detached eclipsing binary stars [26]; and
N4258, a galaxy with a maser-determined distance [27].
Cepheid variable stars follow a well-established PL

relation describing how their intrinsic luminosity is corre-
lated with their pulsation period [28,29]. The PL relation is
typically expressed

mW
H;i ¼ μi þMW

H þ bW ½P�i þ ZW ½O=H�i ð2Þ

wheremW
H;i is the Wesenheit magnitude of Cepheid number

i [2,30], μi its distance modulus, and ½O=H�i its metallicity,
quantified as ½O=H�i ¼ log ½ðO=HÞi=ðO=HÞ⊙�. ½P�i quanti-
fies the Cepheid period as ½P�i ¼ logðPi=10 daysÞ.
Because the anchor distances μi are known from geo-

metric measurements, inserting them into Eq. (2) allows the
interceptMW

H and the slopes bW and ZW to be fitted directly
from the observed magnitudes, colors, periods, and met-
allicities of the anchor Cepheids.
Second rung. In the second rung, the calibrated PL

relation is used to determine the distances, μj, to galaxies
hosting SNe Ia and can thereby be used to calibrate the peak
absolute magnitude of SNe Ia. The SH0ES program
includes 42 SNe Ia occurring in 37 galaxies that also host
Cepheids. SNe Ia serve as standardizable candles, meaning
their peak brightness is nearly uniform after correcting for
color, the shape of its light curve, and its host-galaxy

TABLE I. Excerpt of the proxy-field table. The first column gives the galaxy name. Columns Φlow, Φmedian, Φhigh list the base-10
logarithm ofΦ (in units of c2). The “low” and “high” values give the lower and upper bounds of the 68% credible interval from [18]. The
corresponding columns for a and K are defined analogously. This table is available in its entirety in machine-readable form at [21].

Galaxy Φlow Φmedian ðc2Þ Φhigh alow amedian ðkm=s2Þ ahigh Klow Kmedian ðcm−2Þ Khigh Rmax (Mpc)

MW −8.13 −8.10 −7.98 −15.47 −15.47 −15.24 −55.18 −55.18 −54.92 0.4
MW −7.18 −7.11 −7.03 −15.50 −15.44 −15.07 −55.13 −55.07 −54.89 1.4

FIG. 1. Proxy-field values for the galaxies used in the SH0ES distance ladder: the anchor galaxies, whose geometric distances calibrate
the Cepheid period-luminosity relation, and SN Ia host galaxies. Some of the galaxies also have TRGB-based distance estimates, and are
marked in bold orange. The MW is shown in red, N4258 in green, and LMC/SMC in purple [LMC and SMC, being only ≃0.02 Mpc
apart, share identical proxy values due to their inhabiting the same large-scale environment.] whereas the SN Ia host galaxies appear as
blue points. The three panels illustrate the three alternative proxy-field descriptions of the fifth-force strength for a common cutoff radius
Rmax ¼ 0.4 Mpc. Top: gravitational potential Φ. Middle: acceleration a. Bottom: curvature K.
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properties [31]. We denote by mB;j the standardized rest-
frame B-band apparent magnitude of supernova j, that is,
the observed peak magnitude after applying these correc-
tions. This quantity relates to the distance modulus through

mB;j ¼ μj þMB ð3Þ

where MB is the standardized absolute magnitude.
The standard SH0ES distance ladder uses Cepheids to

calibrate the SN Ia absolute magnitude. As an optional
extension, we also incorporate TRGB distances in a unified
calibration with the Cepheid and SN Ia data. This combined
analysis is a strong discriminator of screened fifth-force
models, since TRGB- and Cepheid-based distances
respond oppositely to a fifth force [5]. In the extended
analysis, we consider four TRGB datasets, each used
separately in its own unified Cepheid–TRGB–SN Ia
calibration. Two datasets come from the Carnegie–
Chicago Hubble Program (CCHP): the original HST-based
measurements of Ref. [32] (F19) and the JWST-based
update of Ref. [33] (F25). The remaining two datasets are
the HST-based measurements of Ref. [34] (A22) and their
JWST-based extension from Ref. [35] (L24). The CCHP
dataset of Ref. [32] uses the LMC as the anchor for
calibrating the absolute TRGB magnitude, whereas the
other datasets adopt N4258 as the anchor.
Third rung. The third rung consists of 277 SNe Ia in the

Hubble flow (redshift z > 0.023) which are used to
determine the Hubble constant. A second-order Taylor
expansion of the distance-redshift relation around z ¼ 0
gives, for the kth Hubble flow supernova,

mB;k − 5 log

�
czk

�
1þ 1

2
ð1 − q0Þzk

��
− 25

¼ MB − 5 logH0; ð4Þ

where q0 is the deceleration parameter.
With MB calibrated in the second rung, the Hubble

constant H0 can be inferred from the observed magnitudes
and redshifts of the Hubble-flow supernovae. For the left-
hand side of Eq. (4), we use the values tabulated by the
SH0ES team [2]. Since these were computed assuming a
deceleration parameter of q0 ¼ −0.55, our analysis inherits
this choice. However, the inferred value of H0 is largely
insensitive to q0, so this assumption has negligible impact
on our results [2].

IV. INFLUENCE OF A FIFTH FORCE

The calibration of the distance ladder follows the
structure of the SH0ES analysis [2], with the key difference
that we incorporate the effect of a fifth force. In an optional
extension to our baseline analysis, we also include TRGB
distances directly in the data vector so that TRGB, Cepheid,

and SN Ia distances are calibrated simultaneously. A fifth
force affects the rungs in the following way.
First rung. The geometric distances to the anchor

galaxies are unaffected by a fifth force. This does not rely
on any assumption about whether the anchors are screened
or unscreened; it follows simply from the fact that the
underlying distance measurements are purely geometric
and therefore independent of G. As discussed in Ref. [8],
Gaia parallaxes (MW), megamaser orbital dynamics
(N4258), and detached eclipsing binaries (LMC) determine
distances using geometric or kinematic observables in
which any change inG either has no effect on the geometric
observable (MW and LMC) or is absorbed by a nuisance
parameter (the central black-hole mass in N4258). The
inferred anchor distances are therefore unchanged under a
fifth force, regardless of the local screening level.
Although the anchor distances themselves are

unchanged, the fifth force can still modify the luminosity
of the Cepheids, thereby shifting the zero-point of the PL
relation [4]. The modified PL relation can therefore be
written

mW
H;i ¼ μi þMW

H þ ΔMW
H;i þ bW ½P�i þ ZW ½O=H�i ð5Þ

where

ΔMW
H;i ¼ −2.5

�
A
2
þ Bi

�
log

�
1þ ΔG

GN

�
ð6Þ

encodes the change in intrinsic luminosity induced by the
fifth force. A positive ΔG therefore corresponds to brighter
Cepheids.
In Eq. (6), the coefficient A quantifies the fifth-force

effect on the stellar core and is fixed to A ¼ 1.3 following
D19. The coefficient Bi describes the contribution from the
stellar envelope and depends on the Cepheid’s mass and on
whether it is on its second or third crossing of the instability
strip.2 The values are listed in Table II. The envelope
contribution vanishes (Bi ¼ 0) if the envelope is screened.
In this work, to explore the maximal impact of a fifth
force, we assume that the core and envelope are either both
screened or both unscreened. Because the fifth-force
strength is modeled through proxy fields that trace the
large-scale structure, we assume that ΔG=GN takes a
single, galaxy-wide value for all Cepheids within a given
host. However, because Bi varies from star to star, the
resulting magnitude shifts ΔMW

H;i still differ among
Cepheids within the same galaxy.

2Cepheids cross the instability strip multiple times, and their
envelope properties differ on the second and third crossings. The
first instability-strip crossing is very brief compared to the second
and third and constitutes a negligible fraction of the observed
population.
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Second rung. A fifth force affects the SN-host distances
through the difference between the luminosity shifts of
Cepheids in the anchors and those in the SN Ia hosts. We do
not impose any special screening state on the anchors; their
screening state is determined by the same proxy-field
criterion as for the hosts. Thus, a fifth force changes the
inferred host distances only to the extent that the Cepheids
in the two rungs experience different fifth-force-induced
shifts. Depending on the relative screening of anchors and
hosts, the local distance-ladder determination of H0 may
therefore move either closer to or further from the Planck
value.
Here, TRGB distances are employed as an optional

extension beyond the baseline calibration. When included,
they enter the data vector for a fully joint calibration (see
Appendix A for details). This extension is particularly
powerful because TRGB and Cepheid distances respond in
opposite directions to a fifth force. This does not by itself
exclude a fifth-force explanation of the Hubble tension,
since the net effect depends on which anchors and hosts are
screened or unscreened, and the Cepheid and TRGB
samples are not identical but only partially overlapping.
However, it means that a screening pattern which moves
the Cepheid-calibrated ladder toward lower H0 tends to
move TRGB distances in the opposite sense for the
same galaxies. A joint Cepheid–TRGB calibration there-
fore provides a complementary lever arm against such
scenarios.
As shown in Ref. [36], the shift in the TRGB distance to

galaxy i is given by

Δμi ¼
5

2
log

�
1 − 0.04663

�
1þ ΔG

GN

�
8.389

�
: ð7Þ

Accordingly, the TRGB-estimated distance is modified as

μi ¼ μTRGBi þ Δμi − Δμanch ð8Þ

where μTRGBi are the tabulated distance moduli from one of
the four TRGB datasets that we use (F19, A22, L24, F25).
When TRGB data are included, each dataset is used
separately in a unified calibration together with the
SH0ES Cepheid–SN Ia distance ladder. The term μanch
denotes the corresponding anchor distance.
Third rung. If the progenitor white dwarf of a SN Ia is

unscreened, the enhanced gravitational coupling modifies
the Chandrasekhar mass, thereby shifting the intrinsic

luminosity of the resulting supernova [4,37,38]. How-
ever, due to screening effects, compact objects, like white
dwarfs, generically experience negligible modifications to
gravity. For reference, the typical mean density of a white
dwarf exceeds that of a typical Cepheid by roughly 11
orders of magnitude. Given this stark contrast, we follow
D19 and assume throughout that the SNe Ia are unaffected
by a fifth force.

V. THE FIFTH-FORCE MODEL

While the transition between screened and unscreened
regimes can in principle take various forms, Ref. [8]
showed that a rapid transition in ΔG=GN maximizes the
impact on the inferredH0. Motivated by this, and following
D19, we model the transition as steplike in the present
work,

ΔG
GN

¼
�
0; p ≥ p0

ΔG=GNjmax; p < p0

ð9Þ

where ΔG=GNjmax denotes the unscreened value of the
fifth-force enhancement, and p is the proxy field value (i.e.,
log jΦj, log jaj, or log jKj). The parameter p0 characterizes
the transition scale from screened to unscreened. The two
model parameters ðp0;ΔG=GNjmaxÞ, collectively denoted
by θ, fully specify the fifth-force model.

VI. STATISTICAL METHODOLOGY

All three rungs of the distance ladder are calibrated
jointly within a Bayesian framework. The observed data
vector y is fixed (imported from Ref. [24]), while the model
prediction includes both the standard linear contribution
Lq [2] and an additive fifth-force correction ΔmðθÞ that
depends on the nonlinear model parameters θ. The like-
lihood is given by

Lðq; θÞ ¼ exp ½− 1
2
ðy − ythðq; θÞÞTC−1ðy − ythðq; θÞÞ�ffiffiffiffiffiffiffiffiffiffi

detC
p

ð10Þ

with

ythðq; θÞ≡ Lqþ ΔmðθÞ ð11Þ

and where q denotes the linear model parameters, arranged
in a vector, and ΔmðθÞ is the modification to the model-

TABLE II. Values for B [Eq. (6)] depending on the mass of the Cepheid and whether it is on the second or third crossing of the
instability strip. Reproduced from Ref. [5].

5M⊙ 6M⊙ 7M⊙ 8M⊙ 9M⊙ 10M⊙ 11M⊙ 12M⊙ 13M⊙

2nd crossing 4.21 4.52 4.45 4.34 4.18 4.00 3.81 3.67 3.58
3rd crossing 3.67 3.61 3.79 3.58 3.46 3.48 3.58 3.92 3.95
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prediction induced by the fifth force, that is, the shifts in
the Cepheid PL relation and, optionally, the TRGB dis-
tances, see Eqs. (5)–(8). The fifth-force parameters θ ¼
ðp0;ΔG=GNjmaxÞ enter the model nonlinearly through
ΔmðθÞ, whereas the parameters in q appear only as
coefficients in Lq. The explicit expressions for L, C, y,
and q are provided in Appendix A.
In summary, our model includes 46 linear parameters, q,

corresponding to the standard set used in the SH0ES
distance-ladder [2]. These are the distance moduli to the
37 SN Ia host galaxies (μi), the geometric anchor distances
to N4258 and the LMC (μN4258, μLMC), the fiducial absolute
magitude of the Cepheids (MW

H ), the distance to M31
(μM31), the slope of the Cepheid PL relation (bW), the
Cepheid metallicity-luminosity dependence (ZW), the fidu-
cial absolute magnitude of SNe Ia (MB), the zero-point
offset between ground-based and HST photometry (Δzp)
and the dimensionless Hubble constant parameter 5 logH0.
Additionally, we have the two nonlinear fifth-force para-
meters p0 and ΔG=GNjmax.
We use Markov chain Monte Carlo (MCMC) sampling

to infer the posterior distribution of the two nonlinear fifth-
force parameters, θ ¼ ðp0;ΔG=GNjmaxÞ, while analytically
marginalizing over the 46 linear parameters q. This yields
an effective likelihood LðθÞ that depends only on the fifth-
force parameters; for further detail see Appendix B.
As discussed in Sec. IV, the value of Bi depends on

the Cepheid’s mass and whether it is on its second or
third instability-strip crossing. This crossing number is
unknown, so for each unscreened Cepheid we treat it as a
binary nuisance parameter with two possible values (sec-
ond vs third crossing). For a given Cepheid, we estimate its
mass using [39]

logðMi=M⊙Þ ¼ 0.7705þ 0.2754½P�i: ð12Þ

This leaves two possible values of Bi depending on the
instability crossing, listed in Table II. Since we do not know
which crossing applies, the likelihood sums over both
possibilities, effectively marginalizing over the two assign-
ments for each unscreened Cepheid. The explicit margin-
alization procedure and its implementation are provided
in Appendix B; see also Ref. [40] for a comprehensive
description.
To sample the posterior distribution of the model

parameters, we use the affine-invariant ensemble MCMC
sampler implemented in the Python package EMCEE [41].
Convergence is monitored using the estimated autocorre-
lation time, τ: each chain is run to a length of at least
100τmax, where τmax is the maximum of τ over the para-
meters. The initial burn-in phase is removed by discarding
the first 2τmax samples of each chain. We sample the two
nonlinear fifth-force parameters, p0 and ΔG=GNjmax, using
16 parallel walkers whose initial positions are drawn
randomly from their respective prior ranges.

We assume uniform priors in θ ¼ ðp0;ΔG=GNjmaxÞ.
Although the full two-dimensional parameter space is
infinite, we leverage its asymptotic behavior in defining
the prior window. For the screening threshold parameter p0,
we set the uniform prior range to ½miniðpi − 5σp;iÞ;
maxiðpi þ 5σp;iÞ� where the minimum and maximum are
taken over all galaxies.3 Here, pi denotes the (log) proxy
field value for galaxy i and σp;i is its associated uncertainty.
This range ensures that, at the lower end, all galaxies are
screened, while at the higher end, all are unscreened.
Beyond these limits, all galaxies retain the same screening
state, so the distance ladder predictions remain unchanged.
Expanding the prior would therefore not probe any new
physical effects. For ΔG=GNjmax, we adopt a uniform prior
over [0, 0.3]: we find that no posterior would extend to
larger ΔG=GNjmax values if allowed, except when all
galaxies are screened, in which case the fifth force is
inactive anyway.

VII. RESULTS

A. Baseline SH0ES calibration with a fifth force

Using the methodology described above, we infer the
posterior distribution of the fifth-force parameters θ ¼
ðp0;ΔG=GNjmaxÞ while analytically marginalizing over
the standard (linear) SH0ES calibration parameters.
Recall that p0 denotes the threshold proxy-field value
which determines the transition between screened and
unscreened regimes. The posterior inference for θ is carried
out separately for each of the three proxy-field models and
for five different values of the cutoff radius Rmax. A
complete list of figures and results for all model and
dataset configurations is publicly available at [21].
Across all screening models and dataset combinations,

we find no statistically significant evidence for a fifth force
in the distance ladder. The posterior distributions for the
fifth-force parameters are concentrated to regions where
ΔG=GN ¼ 0, that is, no fifth-force effect. In regions where
one or more galaxies are unscreened, the allowed un-
screened fifth-force strength ΔG=GN is at most a few
percent. See Fig. 2 for an example. Thus, there is no
evidence for an H0 different from the standard calibration.
As shown in Fig. 2, the TRGB-only calibration—where

the first two rungs of the SH0ES Cepheid-based distance
ladder are replaced by TRGB distances—produces weaker
constraints than the Cepheid-based SH0ES calibration. The
same qualitative behavior is found across all screened-
gravity models we analyze. This is not because individual
TRGB distances are much less precise than Cepheid-based
distances (their uncertainties are comparable), but because
the TRGB-only ladder contains fewer anchor and host
galaxies and therefore probes a much narrower range of

3Since p0 corresponds to log jΦ0j, log ja0j, or log jK0j, the
prior is log-uniform in the proxy field itself.
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environments in the proxy fields.4 Consequently, incorpo-
rating TRGB distances to the SH0ES distance ladder yields
only a marginal increase in constraining power.
The standard SH0ES calibration is naturally recovered in

the limits ΔG=GNjmax → 0 or p0 → −∞. In the former
case, the fifth force becomes negligible everywhere, while
in the latter, all galaxies are screened. In the opposite limit,
p0 → ∞, all galaxies are unscreened. At first glance, one
might expect this to reproduce the standard calibration as
well, resulting in a U-shaped confidence contour, since the
fifth-force correction would affect all galaxies equally
and thus leave the relative distances between anchors
and SN Ia host galaxies unchanged. However, the fifth-
force correction to Cepheid luminosities is not uniform
across the Cepheids. The magnitude shift, Eq. (6), depends

on the parameter Bi, which varies from star to star due to its
dependence on the Cepheid’s mass and instability-strip
crossing. Thus, even when every galaxy is unscreened,
individual Cepheids receive different luminosity shifts,
effectively introducing additional scatter around the
PL relation, reducing the overall fit quality. As a result,
the likelihood flattens out into a plateau around
ΔG=GNjmax ≃ 0.1 as we approach large values of p0.
Model comparison via the Bayesian information cri-

terion (BIC) strongly disfavors the fifth-force extensions of
the SH0ES distance ladder, with ΔBIC < −12 in all cases
as shown in Fig. 3. In the Jeffrey-Raftery terminology, this
classifies as very strong evidence against a fifth-force
model [42]. The Akaike information criterion (AIC) tells
a consistent but weaker story, as expected from its lower
penalty for additional parameters. A similar conclusion is
reached when incorporating TRGB distances in the SH0ES
distance ladder. For the TRGB-only calibration, the pref-
erence remains in the same direction but with a reduced
statistical significance.
To assess the impact of a fifth force on H0, we construct

a unified posterior over all models. For each of the 15
screened-gravity models (three proxy fields combined with
five cutoff radii), we take the sampled H0 values from the
MCMC chain of each model and turn them into a smooth,
normalized probability curve defined on a common H0

grid. Each model is then assigned a weight based on its
ΔBIC, using the weight wk ∝ exp ½ΔBICk=2� to approxi-
mate the posterior model probability of model k. This is
simply the standard conversion from BIC differences to

FIG. 2. Posterior distributions of the fifth-force parameters for
the Φ-screening model with Rmax ¼ 5.1 Mpc, as an example.
Shown are the 68% (dark color) and 95% (light color) confidence
contours for the recalibrated SH0ES dataset, and the same when
the first two rungs of the distance ladder are replaced by the
TRGB distances of L24, yielding weaker constraints. For the
SH0ES calibration, the posterior is concentrated near regions
consistent with ΔG=GN ¼ 0, showing no significant evidence for
a fifth-force deviation. The left (right) vertical line indicates
the p0-value below (above) which all galaxies are screened
(unscreened).

FIG. 3. Collection of ΔBIC values across all fifth-force models.
Each entry corresponds to one combination of screening proxy
(Φ, a, K) and smoothing scale Rmax. Negative ΔBIC values
indicate preference for the standard SH0ES calibration without a
fifth force. The histogram shows that all fifth-force models lie
deep in the region disfavored by the BIC, confirming the absence
of statistical support for a fifth-force extension of the distance
ladder.

4For example, the F25 dataset contains only one anchor galaxy
and 10 SN host galaxies, compared with the Cepheid-based
ladder, which includes three anchor galaxies and 42 SN host
galaxies. For completeness, it should be noted that F25 contains
additional hosts beyond those overlapping with the SH0ES
distance ladder, but since we are mainly concerned with a unified
Cepheidþ TRGB calibration, we restrict the analysis to the
common set.
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posterior model probabilities and therefore corresponds
to an ordinary probability weighting of the models (a
Bayesian model average). The unified posterior is then
obtained by a weighted point-by-point sum of the 15
model-level probability densities. This average represents
the overall, model-agnostic fifth-force inference ofH0. The
result is shown in Fig. 4. From this unified distribution, we
infer

H0 ¼ 73.1� 1.0 km=s=Mpc ð13Þ

corresponding to a þ0.1 km=s=Mpc shift relative to the
standard SH0ES calibration without a fifth force. This tiny
change leaves the discrepancy with the Planck value
essentially unchanged, with the tension remaining at > 5σ.
The small impact on H0 can be understood from the

structure of the distance ladder. The Cepheid calibration is
sensitive primarily to differential fifth-force-induced lumi-
nosity shifts between Cepheids in the anchor galaxies and
those in the SN Ia hosts. A sizeable reduction of H0 would
therefore require some degree of separation in screening
state between the anchors and the hosts, so that the host
Cepheids are systematically brightened relative to the
anchor Cepheids. However, as shown in Fig. 1, such a
separation is not present for the environmental proxies
considered here: the SN Ia hosts are broadly interspersed
with the anchors in Φ, a, and K, rather than occupying a
distinct region of proxy-field space.
Concerning the role of the Cepheid-dependent envelope

parameter (Bi), since it varies from star to star through its

dependence on mass and instability-strip crossing, it does
not generate a coherent rung-dependent shift large enough
to compensate for the lack of proxy-field separation.
Instead, when many Cepheids are unscreened, this variation
mainly increases the scatter around the PL relation and
thereby worsens the fit. This explains why larger fifth-force
strengths are strongly disfavored and why the inferred H0

remains close to the standard SH0ES value.

B. Impact of proxy-field uncertainties

For each fifth-force model, the proxy-field value
assigned to each galaxy is taken to be the median of the
externally estimated proxy values listed in Table I. These
values come from the large-scale structure reconstruction of
Ref. [18] and are not inferred from the distance-ladder
analysis itself. To assess the sensitivity of our results to
uncertainties in the proxy-field estimates, we repeat the
calibration under an intentionally exaggerated “high-con-
trast” scenario. In this test, the proxy values for the anchor
galaxies are set to their upper 95% confidence limits, while
those for the SN Ia host galaxies are set to their lower 95%
limits—making the anchors maximally screened and the
hosts maximally unscreened within the allowed range. This
configuration produces the largest possible downward shift
in the inferred H0, and therefore represents the maximal
potential reduction of the Hubble tension permitted by the
proxy-field uncertainties.
Under this extreme configuration, the results remain

qualitatively unchanged. Across all 15 screened-gravity
models, model selection continues to disfavor the fifth-
force extensions, with ΔBIC values ranging from −16 to
−10, that is, strong evidence against the additional para-
meters. Averaging over all models yields a unified pos-
terior of

H0 ¼ 73.1� 1.0 km=s=Mpc; ð14Þ

identical to the baseline result and leaving the Hubble
tension essentially unaffected. A small minority of models
achieve relatively low best-fit values—two cases fall below
71 km=s=Mpc: Φ-screening with Rmax ¼ 0.4 Mpc and
a-screening with Rmax ¼ 5.1 Mpc. The lowest occurs for
the latter with H0 ¼ 70.6� 1.0 km=s=Mpc. Also here, the
modest improvement in fit (Δχ2 ¼ −6.7) is insufficient
to offset the additional model complexity, yielding
ΔBIC ¼ −10.1. Thus, even under maximally favorable
proxy-field assumptions, there is no sign of screened fifth
forces providing a statistically viable path toward lowering
H0 to relieve the Hubble tension.

C. Minimum allowed H0

Even if the distance-ladder data provide no evidence for
a fifth force, one may still ask whether such a force could
nevertheless allow anH0 low enough to be compatible with
the early Universe measurement from Planck. To test this,

FIG. 4. Unified posterior distributions for the Hubble constant
H0 obtained by combining results from all 15 screened-gravity
models (three proxy fields, five cutoff radii). The result is
H0 ¼ 73.1� 1.0 km=s=Mpc. For comparison, the Planck esti-
mate is also shown, H0 ¼ 67.4� 0.5 km=s=Mpc, as well as
the standard SH0ES calibration without a fifth force, H0 ¼
73.0� 1.0 km=s=Mpc. The Hubble tension remains at > 5σ also
in the presence of a fifth force.
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we examine the lowest H0 value permitted at 95% con-
fidence for each model. Across all models, the minimum
allowedH0 shifts by a median of −0.8 km=s=Mpc from the
standard (no fifth force) calibration, and even this small
change is accompanied by a poorer overall fit. However,
one model stands out: the gravitational-potential proxy (Φ)
with cutoff scale Rmax ¼ 0.4 Mpc. In this case, the lower
95% bound on H0 reaches 67.8 km=s=Mpc—a value
attained at ðlog jΦ0j;ΔG=GNjmaxÞ ¼ ð−8.27; 0.043Þ. The
model’s best fit on the other hand isH0 ¼ 70.6 km=s=Mpc,
achieved at ðlog jΦ0j;ΔG=GNjmaxÞ ¼ ð−8.29; 0.021Þ.
Although significantly lower than the standard SH0ES
calibration without a fifth force, model selection strongly
disfavors the scenario overall, with ΔBIC ¼ −12.8. Thus,
achieving this low Hubble constant requires adopting a
model that is strongly disfavored by the BIC.

D. Including the Planck prior

To quantify the balance between the potential gain of a
lower H0 (which would ease the Hubble tension) and the
accompanying degradation in the distance-ladder fit, we
incorporate the Planck measurement of H0 as an external
constraint in the likelihood. (This is not included in the
baseline case, only here.) This allows us to assess whether
any screened fifth-force model can achieve a statistically
acceptable compromise between improving consistency
with Planck while still providing a competitive fit to the
distance-ladder data. The answer is that this is not possible:
ΔBIC remains negative across all proxy and Rmax combi-
nations, indicating a persistent model preference for stan-
dard gravity.
The only exception is the Φ–screening model with

Rmax ¼ 0.4 Mpc, which attains ΔBIC ¼ þ9.5 once the
Planck prior on H0 is imposed. In this setting, the model is
therefore strongly favored over the standard calibration.
However, this support does not persist when the TRGB
distances are incorporated into a unified calibration.
Instead, the evidence is substantially weakened and
becomes mixed across the TRGB datasets: three cases
(F19, A22, and L24) yield weak preference against the
fifth-force extension, with ΔBIC values of −2.6, −0.3, and
−2.9, respectively, while one dataset (F25) shows positive
support with ΔBIC ¼ þ5.0.

VIII. DISCUSSION

The absence of statistically significant evidence for a
fifth force in the distance ladder provides new, astrophysi-
cally grounded constraints on screened modified-gravity
scenarios. While solar-system and laboratory experiments
already impose stringent limits on deviations from GR in
those environments, the present analysis probes a comple-
mentary regime: galactic-scale environments with a broad
range of external potentials, accelerations, and curvature.
Our analysis shows that screened modified gravity models

of the type we consider can produce deviations from
standard gravity of at most a few percent across these
galaxies—too small to bias the inferred Hubble constant in
any significant way.
Our results indicate that fifth forces with screening

governed by the environmental gravitational potential,
acceleration or curvature are limited in the distance ladder
to a few percent of the strength of gravity. This accords with
the constraints obtained in [6,18] by comparing Cepheid
and TRGB distances to common galaxies. It is also at
roughly the same level that the strength of gravity in the
LMC was probed relative to the Solar System by studying
detached eclipsing binaries containing Cepheids in [43].
Note that specific theories implementing screening have
typically been constrained to far greater precision than
afforded by these model-agnostic probes; an example is the
Hu-Sawicki model of fðRÞ gravity [44], which the most
stringent constraints from [45,46] render completely inop-
erative within galaxies. One would therefore need a new
screened theory evading these constraints to have an
appreciable effect on the local distance ladder.
An important caveat is that we have analyzed only Φ, a

and K as screening proxies; this is a subset of the models
considered in [4,6], which is itself a subset of all possible
screening models. In particular we have considered only
external screening here (sourced by the large-scale structure
surrounding a test galaxy), while full theories such as
chameleons and symmetrons incorporate both environmen-
tal and internal screening, sourced by the galaxies’ own
mass. Other models may therefore have greater success at
ameliorating the Hubble tension. An example is the baryon-
dark matter interaction model for dark energy of [47],
which was found in [5] to exhibit a novel a screening
mechanism dependent on the local dark matter density.
This was shown in [4,6] to be the most promising model for
reducing the distance ladder-inferred H0.

IX. CONCLUSIONS

We have recalibrated the fourth-iteration SH0ES dis-
tance ladder in the presence of a screened fifth-force. The
modification is parametrized as a two-parameter step
function of the environmental proxy p, with transition
scale p0 and maximum strengthΔG=GNjmax. By evaluating
three alternative proxies (log jΦj; log jaj; log jKj) across
five cutoff scales Rmax, this framework efficiently spans
a class of screening mechanisms without committing to any
single underlying theory.
Our main conclusions are
(i) No evidence for a fifth force. Across all models,

posteriors concentrate around ΔG=GN ¼ 0. Model
comparison strongly disfavors fifth-force extensions
with ΔBIC < −12 for all models (Fig. 3).

(ii) The Hubble tension remains. A unified posterior
over all screened-gravity models, based on the
standard SH0ES Cepheid–SN Ia calibration, gives
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H0 ¼ 73.1� 1.0; km=s=Mpc; ð15Þ

which is þ0.1 km=s=Mpc higher than the SH0ES
result obtained without a fifth force (Fig. 4). This
negligible shift leaves the Hubble tension intact at
> 5σ. This conclusion holds despite adopting mod-
eling choices designed to maximize the potential
impact of a fifth force on the distance ladder—most
notably the use of a steplike screening transition and
the assumption that the Cepheid core and envelope
always share the same screening state.5 Among the
individual models, one case yields a noticeably
lower Hubble constant: the Φ-screening model with
Rmax ¼ 0.4 Mpc, which has a best-fit value of H0 ¼
70.6� 1.0 km=s=Mpc. However, the improvement
in fit is modest (Δχ2 ¼ −4.1) and, once the model
complexity is taken into account, it remains strongly
disfavored by the BIC, with ΔBIC ¼ −12.8.

(iii) Proxy-field uncertainties do not hide a large effect.
Even under an exaggerated “high-contrast” test—
assigning anchors and hosts to opposite 95% proxy
extremes—the resulting H0 remains unchanged
from the baseline. Two models yield relatively
low best-fit values (H0 < 71 km=s=Mpc), the low-
est being a-screening with Rmax ¼ 5.1 Mpc at
H0¼ 70.6�1.0 km=s=Mpc, but all are strongly dis-
favored by model selection (−16 < ΔBIC < −10).
Thus, even extreme proxy assignments do not reveal
any viable fifth-force scenario capable of reducing
the Hubble tension significantly.

(iv) Robustness to the inclusion of TRGB data. As an
optional extension to our baseline SH0ES analysis,
we incorporated TRGB distances into the same
unified calibration—fitting TRGB, Cepheid, and
SN Ia data simultaneously rather than treating
TRGB as a separate external check. Even if the
TRGB constraints on a fifth force are substantially
weaker, due to a smaller sample size, this inclusion
is still informative because TRGB and Cepheid
distances respond in opposite directions to a fifth
force, providing a complementary lever arm. We
tested four TRGB datasets—two with HST photom-
etry (F19, A22) and two with JWST photometry
(L24, F25)—from two independent teams, and in all
cases the conclusions remain qualitatively un-
changed: the data allow at most percent-level devia-
tions from standard gravity and do not alleviate the
Hubble tension.

(v) Complementary limits on screened gravity. Our
results show that the fractional enhancement of

gravity, ΔG=GN, is constrained to be at most a
few percent across all galaxies in the distance ladder.
These galaxies span a wide range of gravitational
potentials, accelerations, and curvatures, probing
environments that are complementary to those tested
in the solar system or in laboratory experiments.
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APPENDIX A: STANDARD LINEAR MODEL

Our analysis builds on the fourth-iteration SH0ES cali-
bration [2]. For convenience, we use a reformatted version of
the same dataset, arranged to enable straightforward imple-
mentation of alternative calibration schemes [24].
In the baseline (no fifth-force) case, the calibration is

identical in structure to the standard SH0ES analysis and
remains linear in the model parameters q. We also allow
for two optional extensions: (i) the inclusion of TRGB
distances (one dataset at a time), entering directly into
the data vector and calibrated jointly with the Cepheid
and SN Ia data; and (ii) the addition of an external
constraint on H0 from Planck. When included, these
extensions appear as additional blocks at the end of the
vectors in Eqs. (A2)–(A4).
For the standard calibration without a fifth force, the

likelihood takes the form

LðqÞ ¼ exp ½− 1
2
ðy − LqÞTC−1ðy − LqÞ�ffiffiffiffiffiffiffiffiffiffi

detC
p : ðA1Þ

In the main analysis of this work, we then introduce a fifth
force. This modifies the model through an additive term
ΔmðθÞ to the model prediction Lq. This term depends
nonlinearly on the fifth-force parameters θ and is incorpo-
rated directly into the likelihood as described in Sec. IV.
The explicit forms of the data vector y, covariance matrix

C, design matrix L, and linear parameter vector q used in
this baseline calibration are provided below

5This modeling choice does not force Cepheids to be
unscreened; rather, it ensures that whenever a galaxy is
unscreened, both the core and the envelope contribute maximally
to the luminosity shift, thereby maximizing the possible impact of
a fifth force on the PL relation.

HÖGÅS, MÖRTSELL, DESMOND, and RIESS PHYS. REV. D 114, 023519 (2026)

023519-10



y ¼

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

mW
H;M101

∶
mW
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mW
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mW
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0
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5 log HPlanck
0

1
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)
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C ¼

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

σ2M101 :: Zcov Zcov 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Zcov :: σ2U9391 Zcov 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Zcov :: Zcov σ2N4258 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 :: 0 0 σ2M31 0 0 0 0 0 0 0 0 0 0 0 0 0

0 :: 0 0 0 σ2LMC;GRND 10−4 0 0 0 0 0 0 0 0 0 0 0

0 :: 0 0 0 10−4 σ2LMC;HST 0 0 0 0 0 0 0 0 0 0 0

0 :: 0 0 0 0 0 σ2SMC 0 0 0 0 0 0 0 0 0 0

0 :: 0 0 0 0 0 0 σ2Cal SN SNcov 0 0 0 0 0 0 0 0
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0 :: 0 0 0 0 0 0 0 0 σ2HST 0 0 0 0 0 0 0

0 :: 0 0 0 0 0 0 0 0 0 σ2Gaia 0 0 0 0 0 0

0 :: 0 0 0 0 0 0 0 0 0 0 σ2ZW
0 0 0 0 0

0 :: 0 0 0 0 0 0 0 0 0 0 0 σ2grnd 0 0 0 0
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0 :: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 σ2μi 0

0 :: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 σ25 logH0

1
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ðA3Þ
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L ¼
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BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@
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0
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Δzp
5 logH0

1
CCCCCCCCCCCCCCCCCCCCA

: ðA4Þ

Substituting these expressions into the likelihood in
Eq. (A1) and performing a standard least-squares fit yields
H0 ¼ 73.0� 1.0 km=s=Mpc, identical to the published
SH0ES result [2], as expected.
The expression within curly brackets in Eq. (A2)

appears on the left-hand side of Eq. (4). In the covariance
matrix (A3), the terms σM101;…; σU9391, σN4258, σM31,
σLMC, σSMC, σCal SN, and σHF SN denote the individual
covariance blocks associated with each galaxy or super-
nova sample, including their off-diagonal elements. Addi-
tionally, Zcov accounts for correlations among Cepheid host
galaxies that may arise from a common systematic uncer-
tainty in metallicity.
The distance modulus to N4258 is determined from

water megamaser observations at the galaxy’s center [27],
while that to the LMC is obtained via detached eclipsing
binaries [26]. These geometric distance estimates are
incorporated as external constraints in Eqs. (A2)–(A4).
For the MW Cepheids, geometric distances are derived

from parallax measurements. The calibration utilizes
two independent parallax datasets: one from HST [48,49]
and another from Gaia EDR3 [25]. The MW Cepheid
photometry and periods are provided in [25,49,50].

In Eqs. (A2)–(A4), MW Cepheid data enter as external
constraints on MW

H , with separate constraints for HST and
Gaia EDR3, and as an external constraint on ZW , derived
from the Gaia EDR3 Cepheids.
To ensure photometric consistency and avoid zero-point

systematics in the computation of the Wesenheit magni-
tudes, the SH0ES compilation [2] employs Cepheid pho-
tometry measured uniformly in the HST WFC3 system.
Magnitude, color, and period measurements are obtained
from Refs. [2,51–57] and the Cepheid metallicities from
Refs. [2,58–60]. A small subset of Cepheids are observed
from the ground rather than with HST. This includes the
“GRND” subset of LMC Cepheids, as well as the SMC
Cepheids, whose photometry is sourced from Refs. [51–
53]. To incorporate these in a uniform HST WFC3-based
analysis, their ground-based photometry is transformed
following the prescription of Ref. [11]. This introduces an
additional zero-point parameter, Δzp, which captures the
residual offset between the ground-based and HST systems
and is treated as a free parameter subject to the con-
straint Δzp ¼ 0� 0.10.
For SNe Ia, the redshifts, magnitudes, and covariance

matrix are adopted from the Pantheonþ dataset [31].
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APPENDIX B: MARGINALIZATION

The likelihood was given in Eq. (10). We write the
theoretical model-prediction as the standard linear contri-
bution

P
j Lijqj, plus a fifth-force correction Δmiðθ; sÞ,

ythi ðθ; q; sÞ ¼
X
j

Lijqj þ Δmiðθ; sÞ; ðB1Þ

where Lij is the design matrix, qi is the vector of linear
model parameters, and θ denotes the nonlinear fifth-force
parameters (p0 and ΔG=GNjmax). The fifth-force correction
can be expressed as

Δmiðθ; sÞ ¼ ΔiðθÞ þ sidiðθÞ ðB2Þ

whereΔiðθÞ is a deterministic mean-shift, and sidiðθÞ is the
stochastic residual from the unknown Cepheid instability
strip crossing. When the index i corresponds to a Cepheid
data point, Δi is a mean-shift in the Wesenheit magnitude

ΔiðθÞ ¼ −2.5
�
A
2
þ B̄i

�
log

�
1þ ΔG

GN

�
ðB3Þ

with B̄i ≡ ðBi;2 þ Bi;3Þ=2 being the mean Bi between the
second and third instability strip crossing, cf. Eq. (6).
Note that Bi is a function of both the Cepheid’s mass

and whether it is on the second or third crossing of the
instability strip, as shown in Table II. The mass can be
estimated using [39]

logðMi=M⊙Þ ¼ 0.7705þ 0.2754½P�i: ðB4Þ

The stochastic residual sidi, with si ¼ �1, is the residual
shift in the Wesenheit magnitude depending on whether the
Cepheid belongs to the second (si ¼ þ1) or third (si ¼ −1)
crossing of the instability strip. Here,

diðθÞ ¼ 2.5ΔBi log

�
1þ ΔG

GN

�
ðB5Þ

with ΔBi ≡ ðBi;2 − Bi;3Þ=2. The θ-dependence enters
via ΔG=GN.
In vector notation, the likelihood can now be written

Lðq; s; θÞ ¼ exp ½− 1
2
ðy − Lq − ΔðθÞ − s ⊙ DðθÞÞTC−1ðy − Lq − ΔðθÞ − s ⊙ DðθÞÞ�ffiffiffiffiffiffiffiffiffiffi

detC
p : ðB6Þ

Here,

s≡
0
B@

s1
∶
sN

1
CA; ðB7aÞ

s ⊙ D≡
0
B@

s1d1
∶

sNdN

1
CA: ðB7bÞ

1. Linear parameters

To marginalize over the linear parameters, we introduce
the posterior covariance of the linear parameters, Σ, and the
Schur complement projector, P,

Σ≡ ðLTC−1LÞ−1; ðB8aÞ

P≡ C−1 − C−1LΣLTC−1: ðB8bÞ

Assuming uniform priors on the linear parameters q, we
integrate out the linear parameters and get the marginalized
likelihood6

Lðs; θÞ ¼
ffiffiffiffiffiffiffiffiffiffi
detΣ
detC

r
exp

�
−
1

2
ðy − Δ − s ⊙ DÞTPðy − Δ − s ⊙ DÞ

�
ðB9Þ

Note that the normalization factor
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detΣ= detC

p
is impor-

tant if the intrinsic PL scatter is fitted as a model parameter.

2. Instability crossing number

Marginalizing over the unknown instability-strip cross-
ings, s, the Cepheid likelihood becomes a sum over all
possible assignments of si ¼ �1

6Strictly speaking, since galaxies populate three-dimensional
space approximately uniformly rather than uniformly in distance
modulus, a uniform prior in the latter may not be fully accurate
[61,62]. In the present analysis, however, we follow the standard
SH0ES calibration and assume uniform priors on the distance
moduli.
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LðθÞ ¼
X

s∈ f�1gN
Lðs; θÞ; ðB10Þ

where N is the number of Cepheids. In Eq. (B10), we have
assumed equal probability for a Cepheid to be on either the
second or third instability-strip crossing, so that each term
in the sum carries equal weight.
We can factorize out the s-independent part of Eq. (B10)

so that

LðθÞ ¼
ffiffiffiffiffiffiffiffiffiffi
detΣ
detC

r
e−

1
2
ȳTPȳ

X
s∈ f�1gN

e
1
2
sTJsþsTh: ðB11Þ

Here, we have defined ȳ as the mean-shifted data vector,
ȳ ≡ y − Δ, which thus depends on θ (but not s). The
interaction matrix J and field h are defined component-
wise as

Jij ≡ −diPijdj; hi ≡ −di
X
j

Pijȳj: ðB12Þ

Importantly, J and h depend on the fifth-force parameters θ
but not on s.
The sum in Eq. (B11) is mathematically identical to the

partition function of the Ising model with spins si ¼ �1,
couplings Jij, and external magnetic field hi. A positive off-
diagonal element of Jij corresponds to a ferromagnetic
coupling between the spin i and j particles whereas a
negative off-diagonal corresponds to an antiferromagnetic

coupling. With the distance-ladder covariance matrix
(tabulated in Ref. [24]), ferromagnetic couplings dominate.
The connection between binary model parameters and the
Ising model is explored in detail in Ref. [40].
In practice, evaluating the likelihood (B10) exactly is

impossible: the sum contains 2N terms, and the projected
covariance P introduces off-diagonal couplings in J.
However, approximating P as diagonal, the sum factorizes
and can be carried out analytically, most conveniently
expressed

ln
X

s∈ f�1gN
e
1
2
sTJsþsTh ≃

1

2
TrJ þ

X
i

ln½2 coshðhiÞ�: ðB13Þ

The neglected off-diagonal terms represent correlations
between Cepheids (or, in the Ising-model language, pair-
wise interactions). These terms enter only at second order
in the perturbation to the likelihood—that is, as a correction
to the correction—so their numerical impact is expected to
be small. A quantitative assessment of this statement is
provided in Ref. [40], where the next-order improvement (a
mean-field treatment retaining off-diagonal couplings) was
compared directly to the paramagnetic approximation in
controlled test cases. In those tests, the impact of the mean-
field correction was tiny, indicating that the off-diagonal
terms contribute only subdominant corrections in realistic
regimes.
The final log-likelihood, marginalized over the linear and

binary parameters, reads

lnLðθÞ ¼ −
1

2

�
ȳTðθÞPȳðθÞ þ ln detC − ln detΣ − TrJðθÞ − 2

X
i

ln ð2 cosh hiðθÞÞ
�
: ðB14Þ

We emphasize that the approximation P ≃ diagðPÞ was used only for approximating the sum in Eq. (B13). In the final
expression for the marginalized log-likelihood, Eq. (B14), P is the full projected, nondiagonal covariance matrix.
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