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The Nambu-Goldstone modes on the exotic chiral condensed phase with chiral and tensor-type quark-
antiquark condensates are investigated by using the two-point vertex functions. It is shown that one of the
Nambu-Goldstone modes appears as a result of meson mixing. As is well known, another method to find
the Nambu-Goldstone modes is given by the use of the algebraic commutation relations between broken
generators and massless modes obtained through the spontaneous symmetry breaking. This method is
adopted to the cases of the chiral symmetry breakings due to the tensor-type condensate and the
inhomogeneous chiral condensate. The result obtained by the use of the meson two-point vertex functions
is obviously reproduced in the case of the tensor-type condensate. Furthermore, we investigate the general
rules for determining the broken symmetries and the Nambu-Goldstone modes algebraically. As examples,
the symmetry breaking pattern and the Nambu-Goldstone modes due to the tensor-type condensate or the
inhomogeneous chiral condensate are shown by adopting the general rules developed in this paper in the
algebraic method.
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I. INTRODUCTION

One of the recent interests of physics in the world
governed by the quantum chromodynamics (QCD) may be
to clarify the phase diagram of the quark-gluon and/or
hadron world [1]. Of course, in the region with zero
temperature and small baryon chemical potential, the chiral
symmetry broken phase is realized, in which the chiral
symmetry is dynamically broken due to the quark-anti-
quark condensate [2–6]. On the other hand, at low temper-
ature and finite density, it has widely been pointed out that
there exists the possibility of various phases, such as the
color superconducting phase [7–9], the quarkyonic phase
[10], and the exotic chiral broken phases. Especially, as for
the exotic chiral broken phases, a quark spin polarized
phase due to a pseudovector-type quark-antiquark con-
densate [11,12], the chiral symmetry broken phase with a

tensor-type quark-antiquark condensate [13], or the inho-
mogeneous chiral condensate [14] have been investigated
by using the Nambu–Jona-Lasinio (NJL) model [2] as an
effective model of QCD.
It is well known that the massless Nambu-Goldstone

(NG) mode has to appear when the continuous global
symmetry is broken [15,16]. In the chiral symmetry broken
phase owing to the scalar-type quark-antiquark chiral
condensate, namely so-called chiral condensate, the NG
modes are pions that take responsibility for the low energy
hadron dynamics. Thus, it may be important to find the
NG modes on the various symmetry broken phases. In
previous papers, a possibility of the existence of the
pseudovector-type quark-antiquark condensed phase in
the quark matter is investigated that leads to the chiral
symmetry breaking [11,12]. In Ref. [17], the massless NG
modes on the pseudovector condensate due to the pseu-
dovector interaction in the NJL model are investigated
directly, and it has been shown that two NG modes appear
through the mesons mode mixing if both the chiral
condensate and the pseudovector-type condensate coexist.
In this paper, first, it is shown that the NG mode also

appears with the meson mixing by means of the two-
point vertex function developed in the previous paper [17]
and/or the algebraic commutation relations between broken
generators and massless modes when both the chiral
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condensate and the tensor-type condensate coexist. Second,
by using the algebraic method, the NGmode is investigated
in the case of the chiral symmetry breaking due to the
inhomogeneous chiral condensate. In this case, the trans-
lational and rotational symmetries are also broken. It is
found that the result obtained by Low-Manohar is repro-
duced [18]. In addition, it also shows the coupling of
internal and translational symmetries as mentioned by
Kobayashi and Nitta [19]. Third, the general discussion
is given in the case of the symmetry breaking due to the
multiple condensates. Also, it is found that the mode
mixing and/or symmetry generator mixing are seen in
the general framework. Finally, the results obtained in the
cases that both the chiral and the tensor condensates coexist
or the inhomogeneous chiral condensate appears are
reproduced with the help of the general framework.
In general, the dispersion law for small momentum has

been indicated clearly by Nambu [20]. Further, the count-
ing rule for NG modes has been revealed in [21], and a
simple criterion to determine what redundancies exist
among NG modes in a given system has been presented
in [22]. In our treatment, it is shown that the reduction of
symmetry generators by a linear combination leads to the
reduction of NG modes as was discussed in [22]. Further, it
is shown that there is a case in which the NG modes appear
through the linear combinations of elementary fields
included originally in a model.
This paper is organized as follows: In Sec. II, the

massless modes are investigated when the chiral conden-
sate and the tensor-type quark-antiquark condensate (tensor
condensate) coexist, following the previous paper [17] in
the NJL model with the tensor interaction between quarks.
The detailed calculations to the gap equations and the two-
point vertex functions are shown in Appendixes A and B. In
Sec. III, the spontaneous symmetry breaking is considered
in terms of commutation relations following the previous
paper [17]. In Sec. III A, we revisit the massless modes
discussed in Sec. II, demonstrating that the same results are
obtained using these commutation relations. Moreover, we
also discuss spatial symmetry and conclude that NG modes
caused by chiral symmetry breaking do not mix with NG
modes caused by spatial rotation symmetry breaking. In
Sec. III B, we assume the dual chiral density wave as an
inhomegeneous chiral condensate and investigate the mass-
less modes. In that case, it is shown that the spatial
translation symmetry, the spatial rotation symmetry and
the internal symmetry are not independent as was men-
tioned in Refs. [18,19]. In Sec. IV, we present the general
theory of one symmetry broken by two or more conden-
sates and the general theory of two symmetries broken by
two condensates in a similar manner to the discussion in
Sec. III. We show that the results of the massless modes in
the case of one symmetry broken by two condensates
developed in Secs. II and III B can be correctly obtained
within the framework of the general theory in Sec. IVA.

Also, it is shown that the massless modes in the case of two
symmetries broken by two condensates developed in
Sec. III B are given in the general theory in Sec. IV C.
Section V is devoted to a summary.

II. THE MASSLESS MODES ON THE CHIRAL
AND TENSOR CONDENSATES

In this section, the massless modes due to the chiral
symmetry breaking caused by both the chiral condensate
and the tensor-type quark-antiquark condensate (tensor
condensate) are investigated in the NJL model by searching
for the zero point in the meson propagators. In this section,
we search the massless modes by means of the two-point
vertex functions.
We introduce the NJL model with tensor-type interac-

tion, which retains the chiral symmetry:

L NJL;T ¼ L NJL þL T; ð1Þ

L NJL ¼ ψ̄ iγμ∂μψ þ GS½ðψ̄ψÞ2 þ ðψ̄iγ5τψÞ2�; ð2Þ

L T ¼ GT ½ðψ̄γμγντψÞ2 þ ðψ̄iγ5γμγνψÞ2� ð3Þ
with μ ≠ ν in (3), where τ represents the isospin matrices of
flavor suð2Þ-symmetry. Additionally, regarding the tensor
interaction terms L T , while it is concise to use the
Hermitian antisymmetric tensor σμν as in the paper [23],
we use the expression in (3) to clearly demonstrate the
preservation of chiral symmetry with γ5. The generating
functional Z is written as

Z ¼
Z

DψDψ̄ exp

�
i
Z

d4xL NJL;T

�
: ð4Þ

Here, using the auxiliary field method, we introduce the
functional Gaussian integrals as follows:

1 ¼
Z

Dσ0Dπ0 exp
�
i
Z

d4x

�
−

1

GS
ðσ02 þ π02Þ

��
;

1 ¼
Z

D t0μνDϖ0μν

× exp

�
i
Z

d4x

�
−

1

GT
ðt0μνt0μν þϖ0μνϖ0

μνÞ
��

: ð5Þ

Next, we insert the above units into the generating func-
tional Z in (4) and replace σ0; π0; t0μν, andϖ0μν into σ; π; tμν,
and ϖμν as

σ0 ¼ σ þ GSðψ̄ψÞ;
π0 ¼ π þ GSðψ̄iγ5τψÞ;
t0μν ¼ tμν þ GTðψ̄γμγντψÞ;

ϖ0μν ¼ ϖμν þ GTðψ̄ iγ5γμγνψÞ: ð6Þ
The generating functional Z, then, becomes

MURAKAMI, HAYASHI, and TSUE PHYS. REV. D 112, 014024 (2025)

014024-2



Z ¼
Z

DψDψ̄

Z
DσDπD tμνDϖμν exp

�
i
Z

d4xL̃

�
;

ð7Þ

where

L̃ ¼ ψ̄ðiγμ∂μ − 2σ − 2iγ5τ · π

− 2γμγντ · tμν − 2iγ5γμγνϖμνÞψ

−
1

GS
ðσ2 þ π2Þ − 1

GT
ðtμν · tμν þϖμνϖμνÞ: ð8Þ

Here, from δL̃ =δα ¼ 0ðα ¼ σ; π; tμν;ϖμνÞ, we obtain

σ ¼ −GSðψ̄ψÞ;
π ¼ −GSðψ̄iγ5τψÞ;
tμν ¼ −GTðψ̄γμγντψÞ;

ϖμν ¼ −GTðψ̄iγ5γμγνψÞ: ð9Þ

By integrating over the ψ and ψ̄ in (7), the generating
functional Z and the effective action Γ are derived as

Z ¼
Z

DσDπD tμνDϖμν expðiΓÞ;

Γ ¼
Z

d4x

�
−

1

GS
ðσ2 þ π2Þ − 1

GT
ðtμν · tμν þϖμνϖμνÞ

�
− i ln Detðiγμ∂μ − 2σ − 2iγ5τ · π

− 2γμγντ · tμν − 2iγ5γμγνϖμνÞ: ð10Þ

Here, Det means a functional determinant, which is a
determinant with respect to spacetime coordinates and all
other field indices. We should note that the tensor mode t12

is written as

t12 ¼ −GT ψ̄γ
1γ2τψ ¼ iGT ψ̄Σ3τψ : ð11Þ

Here, we adopt the following Dirac representation for the
gamma matrices:

γμ ¼ ðγ0; γÞ; γ0 ¼
�
1 0

0 −1

�
; γ ¼

�
0 σ

−σ 0

�
;

γ5 ¼
�
0 1

1 0

�
; γ1γ2 ¼ −iΣ3 ¼ −i

�
σ3 0

0 σ3

�
; ð12Þ

where σ and σ3 represent the Pauli spin matrices and third
component. Thus, Σ3 is the third component of the spin
matrices.
In the following, we assume the existence of the chiral

condensate σ0 ¼ hσi and the tensor condensate t̃0 ¼
htμ¼1;ν¼2

i¼3 i with μ ¼ 1, ν ¼ 2, and the third component of
the isospin:

σ0 ¼ hσi ¼ −GShψ̄ψi; ð13Þ

t̃0 ¼ htμ¼1;ν¼2
i¼3 i ¼ −GThψ̄γ1γ2τ3ψi ¼ iGThψ̄Σ3τ3ψi: ð14Þ

Here, we conventionally chose the third isospin component
in the condensate. Since t̃0 is purely imaginary, we consider
t0 as follows:

t0 ¼ −it̃0 ¼ GThψ̄Σ3τ3ψi: ð15Þ

Thus, t0 may be regarded as a spin polarized condensate.
Under these quark-antiquark condensates, the effective
potential Vðσ0; t0Þ can be derived from the effective action

Γðσ0; t0Þ ¼ −Vðσ0; t0Þ
Z

d4x; ð16Þ

Vðσ0; t0Þ ¼
1

GS
σ20 −

2

GT
t20

−
Z

d4k
ið2πÞ4 ln det ½=k − 2σ0 − 4it0γ1γ2τ3�

¼ 1

GS
σ20 −

2

GT
t20

−
Z

d4k
ið2πÞ4 tr ln ½=k − 2σ0 − 4it0γ1γ2τ3�; ð17Þ

where trace is taken by the Dirac gamma matrices, isospin
space, and color space. Here, det means a determinant with
respect to field indices other than spacetime coordinates.
From (17), the condensates σ0 and t0 are determined by

the following gap equations:

∂V
∂σ0

¼ 2

GS
σ0 −

Z
d4k

ið2πÞ4

× tr

�
1

=k − 2σ0 − 4it0γ1γ2τ3
ð−2Þ

�
¼ 0; ð18Þ

∂V
∂t0

¼ −
4

GT
t0 −

Z
d4k

ið2πÞ4

× tr

�
1

=k − 2σ0 − 4it0γ1γ2τ3
ð−4iγ1γ2τ3Þ

�
¼ 0: ð19Þ

Through the calculations related to the gamma matrices
provided in Appendix A, we obtain the following expres-
sions:

σ0

�
1þ48GS

Z
d4k

ið2πÞ4

×
k2−4σ20þ16t20

ðk2−4σ20−16t20Þ2−64t20ðk21þk22þ4σ20Þ
�
¼0; ð20Þ

INVESTIGATIONS OF SYMMETRY BREAKINGS BY MULTIPLE … PHYS. REV. D 112, 014024 (2025)

014024-3



t0

�
1−96GT

Z
d4k

ið2πÞ4

×
ðk2−4σ20−16t20Þþ2ðk21þk22þ4σ20Þ

ðk2−4σ20−16t20Þ2−64t20ðk21þk22þ4σ20Þ
�
¼0: ð21Þ

Here, k2 ¼ k20 − k2, and k1 and k2 are the first and second
components of the momentum vector k.
To consider the coexistence of both the condensates σ0

and t0, let σ0 ≠ 0 and t0 ≠ 0. In this case, Eqs. (20)
and (21), respectively, become

1þ 48GS

Z
d4k

ið2πÞ4

×
k2 − 4σ20 þ 16t20

ðk2 − 4σ20 − 16t20Þ2 − 64t20ðk21 þ k22 þ 4σ20Þ
¼ 0; ð22Þ

1− 96GT

Z
d4k

ið2πÞ4

×
ðk2 − 4σ20 − 16t20Þ þ 2ðk21 þ k22 þ 4σ20Þ

ðk2 − 4σ20 − 16t20Þ2 − 64t20ðk21 þ k22 þ 4σ20Þ
¼ 0: ð23Þ

These are the gap equations for σ0 ≠ 0 and t0 ≠ 0.
Next, we investigate the massless NG modes in the case

where condensates σ0 and t0 coexist. The meson propagator
Δ−1

α ðx; yÞ can be derived from the effective action as

Δ−1
α ðx; yÞ ¼ −

δ2Γ
δαðxÞδαðyÞ ; ð24Þ

where αðxÞ ¼ σðxÞ; πðxÞ; tμνðxÞ;ϖμνðxÞ. In the momentum
representation, the two-point vertex function ΓαβðpÞ can be
expressed as follows:

ΓαβðpÞð2πÞ4δ4ðpþ qÞ ¼ δ2Γ
δαðpÞδβðqÞ

���� σ¼σ0 ;t
12
3

¼it0 ;

π¼ϖμν¼ti≠3¼tμ≠1;ν≠2
i¼3

¼0

:

ð25Þ

Here, p and q represent the four-momentum, and the two-
point vertex function ΓαβðpÞ satisfies

ΓααðpÞ ¼ ΓαðpÞ ¼ −Δ−1
α ðpÞ: ð26Þ

When p2 is small, Γ behaves according to the following
expression:

ΓαðpÞ ¼ −Δ−1
α ðpÞ ≈ Z−1

α ðm2
α − p2Þ þ � � � ; ð27Þ

where mα is the meson masses. Although it is generally
necessary to include the wave function renormalization
constant Zα, it is not necessary to evaluate it explicitly
because we focus on the massless modes only in this paper
away from the values of masses of the Higgs modes.

We calculate the two-point vertex functions as follows:

Γπi ¼ Γπiπi ði ¼ 1; 2Þ;
Γπ3 ¼ Γπ3π3 ;

Γμν
π3ϖ ¼ Γπ3ϖ

μν ;

Γμν
ϖπ3 ¼ Γϖμνπ3 ;

Γμν;ρσ
ϖ ¼ Γϖμνϖρσ ;

Γμν;ρσ
ti ¼ Γtμνi tρσi

ði ¼ 1; 2Þ: ð28Þ

Here, since Γπiðp → 0Þ ¼ Γ12;12
ti ðp → 0Þ ¼ 0 with i ¼ 1

and i ¼ 2, π1; π2; t121 , and t122 are massless modes. This
can be confirmed as follows. By expressing the effective
action (16) in momentum space and substituting into (25),
we obtain the following expressions:

Γπi¼1;2
ðpÞ ¼ −

2

GS
−
Z

d4k
ið2πÞ4

× tr

�
ð−2iγ5τiÞ

1

=k − 2σ0 − 4t0γ1γ2τ3

× ð−2iγ5τiÞ
1

=kþ =p − 2σ0 − 4t0γ1γ2τ3

�
; ð29Þ

Γμν;ρσ
ti¼1;2

ðpÞ ¼ −
4

GT
ðgμρgνσ − gμσgνρÞ −

Z
d4k

ið2πÞ4

× tr

�
ð−4γμγντiÞ

1

=k − 2σ0 − 4t0γ1γ2τ3

× ð−4γργστiÞ
1

=kþ =p − 2σ0 − 4t0γ1γ2τ3

�
: ð30Þ

With μ ¼ ρ ¼ 1, ν ¼ σ ¼ 2, and p → 0, and following the
same calculations as in Appendix B, we obtain

Γπi¼1;2
ðp → 0Þ

¼ −
2

GS
−
Z

d4k
ið2πÞ4 tr

�
ð−2iγ5τiÞ

1

=k − 2σ0 − 4t0γ1γ2τ3

× ð−2iγ5τiÞ
1

=k − 2σ0 − 4t0γ1γ2τ3

�

¼ −
2

GS
− 96

Z
d4k

ið2πÞ4

×
k2 − 4σ20 − 16t20

ðk2 − 4σ20 þ 16t20Þ2 þ 64t20ðk21 þ k22 þ 4σ20Þ

¼ −
2

GS

�
1þ 48GS

Z
d4k

ið2πÞ4

×
k2 − 4σ20 þ 16t20

ðk2 − 4σ20 − 16t20Þ2 − 64t20ðk21 þ k22 þ 4σ20Þ
�

¼ 0; ð31Þ
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Γ12;12
ti¼1;2

ðp → 0Þ

¼ −
4

GT
−
Z

d4k
ið2πÞ4 tr

�
ð−4γ1γ2τiÞ

1

k − 2σ0 − 4t0γ1γ2τ3

× ð−4γ1γ2τiÞ
1

k − 2σ0 − 4t0γ1γ2τ3

�

¼ −
4

GT
þ 4 · 96

Z
d4k

ið2πÞ4

×
ðk2 − 4σ20 − 16t20Þ þ 2ðk21 þ k22 þ 4σ20Þ

ðk2 − 4σ20 − 16t20Þ2 − 64t20ðk21 þ k22 þ 4σ20Þ

¼ −
4

GT

�
1 − 96GT

Z
d4k

ið2πÞ4

×
ðk2 − 4σ20 − 16t20Þ þ 2ðk21 þ k22 þ 4σ20Þ

ðk2 − 4σ20 − 16t20Þ2 − 64t20ðk21 þ k22 þ 4σ20Þ
�

¼ 0: ð32Þ

Here, in the final equality of (31) and (32), we used the gap
equations (22) and (23), respectively. Therefore, from (27),
we find that the masses of πi¼1;2 and t12i¼1;2 are zero,
confirming that they are massless modes. Thus, we will
consider the other two-point vertex functions from now on.
Similar to (29) and (30), we obtain the following expressions:

Γπ3ðpÞ ¼ −
2

GS
−
Z

d4k
ið2πÞ4

× tr

�
ð−2iγ5τ3Þ

1

=k − 2σ0 − 4it0γ1γ2τ3

× ð−2iγ5τ3Þ
1

kþ =p − 2σ0 − 4it0γ1γ2τ3

�
; ð33Þ

Γμν
π3ϖðpÞ ¼ −

Z
d4k

ið2πÞ4

× tr

�
ð−4iγ5γμγνÞ

1

k − 2σ0 − 4it0γ1γ2τ3

× ð−2iγ5τ3Þ
1

kþ =p − 2σ0 − 4it0γ1γ2τ3

�
; ð34Þ

Γμν
ϖπ3ðpÞ ¼−

Z
d4k

ið2πÞ4

× tr

�
ð−2iγ5τ3Þ

1

k− 2σ0 −4it0γ1γ2τ3

× ð−4iγ5γμγνÞ
1

kþ =p− 2σ0− 4it0γ1γ2τ3

�
; ð35Þ

Γμν;ρσ
ϖ ðpÞ¼−

4

GT
ðgμρgνσ −gμσgνρÞ−

Z
d4k

ið2πÞ4

×tr
�
ð−4iγ5γμγνÞ

1

k−2σ0−4it0γ1γ2τ3

× ð−4iγ5γργσÞ
1

kþ=p−2σ0−4it0γ1γ2τ3

�
; ð36Þ

where k ¼ γμkμ and so on. It should be necessary to consider
the mode mixing between π3 and ϖ12.
By performing the calculations provided in Appendix B,

taking the limit p → 0 in (33)–(36), and using the
gap equations (22) and (23), we obtain the following
expressions:

Γπ3ðp→ 0Þ

¼−
2

GS
−
Z

d4k
ið2πÞ4 tr

�
ð−2iγ5τ3Þ

1

k− 2σ0− 4it0γ1γ2τ3

× ð−2iγ5τ3Þ
1

k− 2σ0− 4it0γ1γ2τ3

�

¼ 96

Z
d4k

ið2πÞ4
32t20

ðk2 −4σ20− 16t20Þ2 − 64t20ðk21þ k22þ 4σ20Þ
;

ð37Þ

Γ12
π3ϖðp→ 0Þ

¼−
Z

d4k
ið2πÞ4 tr

�
ð−4iγ5γ1γ2Þ

1

k− 2σ0 − 4it0γ1γ2τ3

× ð−2iγ5τ3Þ
1

k− 2σ0− 4it0γ1γ2τ3

�

¼ 96

Z
d4k

ið2πÞ4
32iσ0t0

ðk2 −4σ20− 16t20Þ2 − 64t20ðk21þ k22þ 4σ20Þ
¼ Γ12

ϖπ3ðp→ 0Þ; ð38Þ

Γ12;12
ϖ ðp → 0Þ

¼ −
4

GT
−
Z

d4k
ið2πÞ4

�
ð−4iγ5γ1γ2Þ

1

k − 2σ0 − 4it0γ1γ2τ3

× ð−4iγ5γ1γ2Þ
1

k − 2σ0 − 4it0γ1γ2τ3

�

¼ 96

Z
d4k

ið2πÞ4
−32σ20

ðk2 − 4σ20 − 16t20Þ2 − 64t20ðk21 þ k22 þ 4σ20Þ
:

ð39Þ

Thus, the mass term txM2
π3ϖ

12x can be considered through

the following equation derived from the two-point vertex
functions:
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M2
π3ϖ

12 ¼
 
Γπ3π3ðp ⟶ 0Þ Γ12

π3ϖðp ⟶ 0Þ
Γ12
ϖπ3ðp ⟶ 0Þ Γ12;12

ϖ ðp ⟶ 0Þ

!

¼ 32K

 
t20 iσ0t0

iσ0t0 −σ20

!
; ð40Þ

where

K ¼ 96

Z
d4k

ið2πÞ4
1

ðk2− 4σ20− 16t20Þ2− 64t20ðk21þ k22þ 4σ20Þ
ð41Þ

and

x ¼
�

π3

ϖ12

�
: ð42Þ

In the case we are considering where μ ≠ ν, we have

ðϖμνÞ† ¼ −ϖμν: ð43Þ
Therefore, to obtain an Hermitian field, we redefine ϖ12 as

ϖ12 ¼ iϖ12
h : ð44Þ

Thus, transforming the state x in (42) into a real-valued
state x0, we obtain the mass matrix μ2 as follows:

txM2
π3ϖ

12x ¼ � π3 ϖ12
h

��1 0

0 i

�
M2

π3p12

�
1 0

0 i

��
π3

ϖ12
h

�

¼ 32K
�
π3 ϖ12

h

�� t20 −σ0t0
−σ0t0 σ20

��
π3

ϖ12
h

�

¼ tx0μ2x0: ð45Þ
Here,

μ2 ¼ 32K

�
t20 −σ0t0

−σ0t0 σ20

�
ð46Þ

and

x0 ¼
�

π3

ϖ12
h

�
: ð47Þ

In this case, the mass matrix μ2 is Hermitian. Therefore,
it can be diagonalized by a unitary matrix U as follows:

U ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t20 þ σ20

p �−σ0 −t0
−t0 σ0

�
;

U−1 ¼ U† ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t20 þ σ20

p �−σ0 −t0
−t0 σ0

�
;

U−1μ2U ¼
�
0 0

0 32Kðt20 þ σ20Þ
�
;

U−1x0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t20 þ σ20

p � −σ0π3 − t0ϖ12
h

−t0π3 þ σ0ϖ
12
h

�
: ð48Þ

Thus, we conclude that −ðσ0π3 þ t0ϖ12
h Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t20 þ σ20

p
is the

massless mode and ð−t0π3 þ σ0ϖ
12
h Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t20 þ σ20

p
is the

massive mode with mass
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32Kðt20 þ σ20Þ

p
. Therefore,

the NG modes are π1; π2; t121 ; t122 , and −ðσ0π3 þ
t0ϖ12

h Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t20 þ σ20

p
in the case that the chiral condensate

σ0 and the tensor (spin polarized) condensate t0 coexist.

III. SPONTANEOUS BREAKING OF CHIRAL
SYMMETRY AND SPACE SYMMETRY

In Sec. II, the NGmodes are investigated by means of the
two-point vertex functions by searching the zero points of
the inverse propagators. Hereafter, in Secs. III and IV, we
find the NG modes by the algebraic method. In Sec. III A,
the NG modes developed in Sec. II are reproduced in the
case that the chiral and the tensor condensates exist. In
Sec. III B, the NG modes are investigated in the case of the
condensate with space dependence, namely the inhomo-
geneous chiral condensate.

A. The case of the chiral and space symmetry
breaking by the homogeneous chiral condensate

and the tensor condensate

We consider the chiral suAð2Þ × suVð2Þ transformations:

ψ ⟶ eiθaγ5τ
a=2ψ ≈ ψ þ θaδ

a
Aψ ;

suAð2Þ transformation; ð49Þ

ψ ⟶ eiϕaτ
a=2ψ ≈ ψ þ ϕaδ

a
Vψ ;

suVð2Þ transformation: ð50Þ

Here, δaAψ ¼ iγ5ðτa=2Þψ and δaVψ ¼ iðτa=2Þψ , where a
represents the isospin indices. From (49) and (50), the
Noether current jμa and the Noether charge Qa, which
arise due to the symmetry under these transformations, are
given by

jμA;a ¼
∂L NJL;T

∂ð∂μψÞ
δaAψ ¼ −ψ̄γμγ5

τa

2
ψ ;

jμV;a ¼
∂L NJL;T

∂ð∂μψÞ
δaVψ ¼ −ψ̄γμ

τa

2
ψ ; ð51Þ

Qa
A ¼

Z
d3xjμ¼0

A;a ¼ −
Z

d3xψ̄γ0γ5
τa

2
ψ ;

Qa
V ¼

Z
d3xjμ¼0

V;a ¼ −
Z

d3xψ̄γ0
τa

2
ψ : ð52Þ

Now, under the chiral transformations, the following
commutation relations can be derived:
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½iQa
A; ψ̄iγ5τ

bψ � ¼ −δabψ̄ψ ;

½iQa
A; ψ̄ψ � ¼ ψ̄iγ5τaψ ;

½iQa
V; ψ̄iγ5τ

bψ � ¼ ϵabcψ̄iγ5τcψ ;

½iQa
V; ψ̄ψ � ¼ 0: ð53Þ

If the quark-antiquark chiral condensate realizes a nonzero
value, namely hψ̄ψi ≠ 0, we obtain the following from the
first equation of (53):

h½iQa
A; ψ̄iγ5τ

bψ �i ¼ −δabhψ̄ψi ≠ 0; ð54Þ

where h� � �i means the expectation value of the field. Here,
δab represents the Kronecker delta. Therefore, the chiral
suAð2Þ-symmetry with the generators Qa

A (a ¼ 1, 2, 3) is
spontaneously broken, and the NG modes are

ψ̄iγ5τbψ ≈ πb; ð55Þ

where ψ̄iγ5τbψ for each b ¼ 1, 2, 3 corresponds to the NG
boson, namely the pion.
Similarly, considering the tensor condensate, the follow-

ing commutation relations hold:

½iQa
A; ψ̄γ

μγντbψ � ¼ δabiψ̄γ5γμγνψ ;

½iQa
A; ψ̄iγ5γ

μγνψ � ¼ −ψ̄γμγντaψ ;

½iQa
V; ψ̄γ

μγντbψ � ¼ ϵabcψ̄γμγντcψ ;

½iQa
V; ψ̄iγ5γ

μγνψ � ¼ 0: ð56Þ

Here, ϵabc is the completely antisymmetric tensor.
Therefore, since the tensor-type quark-antiquark conden-
sate realizes a nonzero value, namely hiψ̄γ1γ2τ3ψi ≠ 0,
we obtain the following from the second and third
equations of (56):

h½iQa¼3
A ; ψ̄γ5γ1γ2ψ �i ¼ hiψ̄γ1γ2τ3ψi ≠ 0;

h½iQa¼1
V ;−iψ̄γ1γ2τb¼2ψ �i ¼ −hiψ̄γ1γ2τ3ψi ≠ 0;

h½iQa¼2
V ;−iψ̄γ1γ2τb¼1ψ �i ¼ hiψ̄γ1γ2τ3ψi ≠ 0: ð57Þ

Therefore, from the second and third equations of (57), the
chiral suVð2Þ-symmetry with generators Qa¼1

V and Qa¼2
V is

spontaneously broken, and the corresponding NG modes

ψ̄γ1γ2τ2ψ ≈ t122 ;

ψ̄γ1γ2τ1ψ ≈ t121 ð58Þ

appear. Similarly, the chiral suAð2Þ-symmetry with the
generator Qa¼3

A is spontaneously broken, and the corre-
sponding NG mode

ψ̄γ5γ
1γ2ψ ≈ϖ12

h ð59Þ

appears. Now, from

ϖ12 ¼ −GT ψ̄iγ5γ1γ2ψ ¼ iϖ12
h ; ð60Þ

since ϖ12 is purely imaginary, we redefine it as a real
field ϖ12

h :

ϖ12
h ¼ −GT ψ̄γ5γ

1γ2ψ : ð61Þ

It seems that the generator Qa¼3
A causes two NG modes,

namely π3 andϖ12
h . This suggests that the π3 −ϖ12

h mixing
occurs. In fact, from (54) and the first equations of (57),

h½iQa¼3
A ;−GSψ̄iγ5τ3ψ �i¼h½iQa¼3

A ;π3�i
¼GShψ̄ψi¼−σ0;

h½iQa¼3
A ;−GT ψ̄γ5γ

1γ2ψ �i¼h½iQa¼3
A ;ϖ12

h �i
¼−GThiψ̄γ1γ2τ3ψi¼−t0; ð62Þ

we obtain the following commutation relations:


�
iQa¼3

A ;−
σ0π

3 þ t0ϖ12
hffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ20 þ t20
p ��

¼ σ20 þ t20ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ20 þ t20

p ≠ 0;


�
iQa¼3

A ;
−t0π3 þ σ0ϖ

12
hffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ20 þ t20
p ��

¼ t0σ0 − σ0t0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ20 þ t20

p ¼ 0: ð63Þ

This indicates that −ðσ0π3 þ t0ϖ12
h Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ20 þ t20

p
becomes a

NG mode and ð−t0π3 þ σ0ϖ
12
h Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ20 þ t20

p
becomes the

massive mode due to π3-ϖ12
h mixing. Therefore, from (55),

(58), and (63), we find that the following five NG modes
correspond to the breaking of chiral symmetry:

π1; π2; t121 ; t122 ;−
σ0π

3 þ t0ϖ12
hffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ20 þ t20
p : ð64Þ

This result is consistent with that obtained in Sec. II.
Next, under the Lagrangian (1), we consider spacetime

translations and the following Lorentz transformations:

xρ ⟶ x0ρ ¼ xρ þ ϵρσxσ; ð65Þ

ψ iðxÞ⟶ ψ 0
iðx0Þ ¼ 1−

i
2
ϵρσ½ðSρσÞijþLρσδi

j�ψ jðxÞ: ð66Þ

Here

Lρσ ¼ iðxρ∂σ − xσ∂ρÞ;
Sρσ ¼

i
4
½γρ; γσ�: ð67Þ

The Noether currents for spacetime translations and
Lorentz transformations are given by
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Tρ
μðxÞ ¼ ∂L NJL;T

∂ð∂μψ iðxÞÞ
∂ρψ i − δμρL NJL;T; ð68Þ

M ρσ
μðxÞ ¼ ∂L NJL;T

∂ð∂μψ iÞ
ð−iðSρσÞijψ j þ ðxρ∂σ − xσ∂ρÞψ iÞ

− ðxρδμσ − xσδ
μ
ρÞL NJL;T

¼ xρTσ
μ − xσTρ

μ − i
∂L NJL;T

∂ð∂μψ iÞ
ðSρσÞijψ j: ð69Þ

Therefore, the translation generator Pρ and the Lorentz
transformation generator Mρσ can be obtained from the
Noether currents (68) and (69) as follows:

Pρ ¼
Z

d3xðψ̄iγ0∂ρψ − δ0ρL NJL;TÞ; ð70Þ

Mρσ ¼
Z

d3xðxρψ̄iγ0∂σψ − xσψ̄iγ0∂ρψ

− i · ψ̄ iiγ0ðSρσÞijψ j − ðxρδ0σ − xσδ0ρÞL NJL;TÞ: ð71Þ

Here, we consider only spatial rotations, excluding time
translations and boosts, thus setting ρ ¼ a; σ ¼ b;
a ≠ bða; b ¼ 1; 2; 3Þ. In this case,

Sab ¼
i
2
γaγb ð72Þ

can be used. In this context, from (70) and (71), the
generators of spatial translations Pa and spatial rotations
Mab are given by

Pa ¼
Z

d3xψ̄iγ0∂aψ ; ð73Þ

Mab ¼
Z

d3xðxaψ̄iγ0∂bψ − xbψ̄iγ0∂aψ

− i · ψ̄ iiγ0ðSabÞijψ jÞ: ð74Þ

Then, the commutation relations between the generators
of spatial translations Pa and spatial rotationsMab, and the
fields ψ̄γμγντbψ and ψ̄ iγ5γμγνψ are obtained as follows:

½iPa; ψ̄γμγντbψ � ¼ ∂aðψ̄γμγντbψÞ;
½iPa; ψ̄iγ5γμγνψ � ¼ ∂aðψ̄iγ5γμγνψÞ;
½iMab; ψ̄γμγντcψ � ¼ ∂bðxaψ̄γμγντcψÞ

− ∂aðxbψ̄γμγντcψÞ
þ ψ̄ ½Sab; γμγντc�ψ ;

½iMab; ψ̄iγ5γμγνψ � ¼ ∂bðxaψ̄iγ5γμγνψÞ
− ∂aðxbψ̄iγ5γμγνψÞ
þ ψ̄ ½Sab; iγ5γμγν�ψ : ð75Þ

Then, if the tensor-type quark-antiquark condensate real-
izes a nonzero value, namely hiψ̄γ1γ2τ3ψi ¼ hψ̄Σ3τ3ψi ¼
const, this situation corresponds to the quark spin polari-
zation occurring in the direction of the third spatial
component. Consequently, it is expected that the rotational
symmetry involving the third spatial component, specifi-
cally the spatial rotations ðρ; σÞ ¼ ð3; 1Þ; ð2; 3Þ, is broken.
Therefore, we obtain the following equations:

h½iPa; ψ̄γμγντbψ �i ¼ ∂ahψ̄γμγντbψi ¼ 0;

h½iPa; ψ̄iγ5γμγνψ �i ¼ 0;

h½iMab; ψ̄γμγντcψ �i ¼ hψ̄ ½Sab; γμγντc�ψi;
h½iMab; ψ̄iγ5γμγνψ �i ¼ hψ̄ ½Sab; iγ5γμγν�ψi: ð76Þ

Therefore, while the spatial translation symmetry is not
broken by the tensor condensate, the spatial rotational
symmetry can be broken. In this context, noting that from
(72), the third equation of (76) can be rewritten as follows:

hψ̄ ½Sab; γμγντc�ψi ¼ ihψ̄ ½−gaαδνbγαγμ þ gaαδ
μ
bγ

αγν

− gbβδνaγμγβ þ gbβδ
μ
aγνγβ�τcψi: ð77Þ

Thus, we obtain Table I. Moreover, in the fourth equation
of (76), since the isospin matrix τc does not appear in the
commutation relations, it cannot be attributed to tensor
condensation hψ̄γ1γ2τ3ψi. Thus, the rotational symmetry
is not broken in the pseudotensor field channel. Therefore,
if the tensor condensate realizes a nonzero value, namely
hiψ̄γ1γ2τ3ψi ¼ hψ̄Σ3τ3ψi ≠ 0, the spatial rotational sym-
metry is spontaneously broken, and the following NGmodes:

ψ̄γ2γ3τ3ψ ≈ t233 ;

ψ̄γ3γ1τ3ψ ≈ t313 ð78Þ

appear. Here, referring to the NGmodes corresponding to the
breaking of chiral symmetry (64), we see that there are no
modes identical to the NG modes corresponding to the
breaking of spatial rotational symmetry (78). Therefore,
it is suggested that the mixing of symmetries, as shown in
Sec. III B, does not occur in the breaking of chiral symmetry
and space symmetry by tensor condensate.

TABLE I. Vacuum expectation values (VEV) of commutation
relations between spatial rotations and tensor fields are summa-
rized.

Channel

ψ̄γ1γ2τcψ ψ̄γ2γ3τcψ ψ̄γ3γ1τcψ

Rot iM12 0 0 0
iM23 0 0 ihψ̄γ1γ2τcψi
iM31 0 −ihψ̄γ1γ2τcψi 0
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B. The case of the symmetry breaking by
inhomogeneous chiral condensate

In this subsection, let us consider the NG modes in the
case where the condensate depends on the space coordi-
nates. The commutation relations between the generators of
spatial translations Pa and/or spatial rotations Mab and the
fields ψ̄ψ and/or ψ̄iγ5τcψ are obtained as follows:

½iPa; ψ̄ψ � ¼ ∂aðψ̄ψÞ;
½iPa; ψ̄iγ5τcψ � ¼ ∂aðψ̄iγ5τcψÞ;

½iMab; ψ̄ψ � ¼ ∂bðxaψ̄ψÞ − ∂aðxbψ̄ψÞ;
½iMab; ψ̄iγ5τcψ � ¼ ∂bðxaψ̄ iγ5τcψÞ − ∂aðxbψ̄ iγ5τcψÞ: ð79Þ

We consider the inhomogeneous chiral condensate that
depends only on the z-coordinate:

hψ̄ψi ¼ Δ cos qz; hψ̄iγ5τ3ψi ¼ Δ sin qz: ð80Þ

In this case, the vacuum expectation value (VEV) of the
commutation relations with the generator of spatial sym-
metry (79) is given by

h½iPa; ψ̄ψ �i ¼ ∂ahψ̄ψi ¼ −δa3qΔ sin qz;

h½iPa; ψ̄iγ5τcψ �i ¼ ∂ahψ̄iγ5τcψi ¼ δa3δ
c3qΔ cos qz;

h½iMab; ψ̄ψ �i ¼ ∂bðxahψ̄ψiÞ − ∂aðxbhψ̄ψiÞ
¼ qΔ½δa3xb − δb3xa� sin qz;

h½iMab; ψ̄iγ5τcψ �i ¼ ∂bðxahψ̄iγ5τcψiÞ − ∂aðxbhψ̄iγ5τcψiÞ
¼ −qΔδc3½δa3xb − δb3xa� cos qz: ð81Þ

Moreover, from (53), the following equations hold for
chiral transformations:

h½iQa
A; ψ̄iγ5τ

bψ �i ¼ −δabhψ̄ψi ¼ −δabΔ cos qz;

h½iQa
A; ψ̄ψ �i ¼ hψ̄iγ5τaψi ¼ δa3Δ sin qz;

h½iQa
V; ψ̄iγ5τ

bψ �i ¼ ϵabchψ̄iγ5τcψi ¼ ϵab3Δ sin qz;

h½iQa
V; ψ̄ψ �i ¼ 0: ð82Þ

From these, we obtain Table II.
From Table II, we can see the following relationship

between the translation in the z direction and the rotation in
the plane containing the z-axis:

x2h½iP3;Ψ�i ¼ h½iM23;Ψ�i;
−x1h½iP3;Ψ�i ¼ h½iM31;Ψ�i; ð83Þ

where Ψ ¼ ψ̄ψ or ψ̄ iγ5τ3ψ. This is consistent with the
assertion by Low and Manohar [18], suggesting that Pa and
Mab do not give independent massless modes. On the other
hand, it is evident that the two symmetries, translation P3

and axial chiral transformation Q3
A, are simultaneously

broken due to the two condensates, hψ̄ψi and hψ̄iγ5τ3ψi.
Rewriting these relations, we have

h½iP3; ψ̄ψ �i ¼ ∂3hψ̄ψi ¼ −qΔ sin qz;

h½iP3; ψ̄iγ5τ3ψ �i ¼ ∂3hψ̄iγ5τ3ψi ¼ qΔ cos qz;

h½iQ3
A; ψ̄ψ �i ¼ hψ̄ iγ5τ3ψi ¼ Δ sin qz;

h½iQ3
A; ψ̄iγ5τ

3ψ �i ¼ −δ33hψ̄ψi ¼ −Δ cos qz: ð84Þ

As seen in Sec. IV C, what may appear to be multiple NG
modes are actually just one, as follows:

h½iQNG;ΦNG�i ¼
ffiffiffi
2

p
Δ; ð85Þ

where

QNG ¼ 1ffiffiffi
2

p
�
Q3

A −
P3

q

�
; ð86Þ

ΦNG ¼ sin qz · ðψ̄ψÞ − cos qz · ðψ̄iγ5τ3ψÞ: ð87Þ

Details will be shown in Sec. IV C with Appendix C. A
similar mixing of translational and internal symmetries is
seen in Ref. [19].
Considering all possible generator mixings and field

mixings in the same way, we finally get the following three
commutation relations for the independent NG modes:

h½iQð1Þ
NG;Φ

ð1Þ
NG�i ¼ −Δ;

h½iQð2Þ
NG;Φ

ð2Þ
NG�i ¼ −Δ;

h½iQð3Þ
NG;Φ

ð3Þ
NG�i ¼ Δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2ðx21 þ x22Þ þ 2

q
; ð88Þ

where

TABLE II. VEV of commutation relations in inhomogeneous
chiral condensate are summarized.

Channel

ψ̄ψ ψ̄iγ5τ1ψ ψ̄iγ5τ2ψ ψ̄ iγ5τ3ψ

Sym iP1 0 0 0 0
iP2 0 0 0 0
iP3 −qΔ sin qz 0 0 qΔ cos qz

iM12 0 0 0 0
iM23 −x2qΔ sin qz 0 0 x2qΔ cos qz
iM31 x1qΔ sin qz 0 0 −x1qΔ cos qz

iQ1
A 0 −Δ cos qz 0 0

iQ2
A 0 0 −Δ cos qz 0

iQ3
A Δ sin qz 0 0 −Δ cos qz

iQ1
V 0 0 Δ sin qz 0

iQ2
V 0 −Δ sin qz 0 0

iQ3
V 0 0 0 0
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Qð1Þ
NG ¼ Q1

A cos qzþQ2
V sin qz;

Qð2Þ
NG ¼ Q2

A cos qz −Q1
V sin qz;

Qð3Þ
NG ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2ðx21 þ x22Þ þ 2
p
×

�
Q3

A −
P3

q
− qðx2M23 − x1M31Þ

�
; ð89Þ

Φð1Þ
NG ¼ ψ̄iγ5τ1ψ ;

Φð2Þ
NG ¼ ψ̄iγ5τ2ψ ;

Φð3Þ
NG ¼ sin qz · ðψ̄ψÞ − cos qz · ðψ̄iγ5τ3ψÞ: ð90Þ

Therefore, we obtain independent generators Qð1Þ
NG, Q

ð2Þ
NG,

Qð3Þ
NG and fields Φð1Þ

NG, Φ
ð2Þ
NG, Φ

ð3Þ
NG corresponding to the three

NG modes. This result reproduces the discussion of NG
modes in Ref. [24].

IV. GENERALIZATION

Let us generalize the results obtained in the specific
models in Sec. III.

A. The case of a single symmetry broken
by two field operators

We consider the case where a single generator QA is
broken by two field operators, Φi and Φj:

h½iQA;Φi�i ¼ vp ≠ 0;

h½iQA;Φj�i ¼ vq ≠ 0: ð91Þ

Also, we assume that the fields Φi and Φj are orthogonal.
Next, using Φi and Φj, we redefine the fields ΦH and ΦNG

as follows:

� ΦH

ΦNG

�
¼
�
cos θ − sin θ

sin θ cos θ

��Φi

Φj

�
: ð92Þ

The fields ΦH and ΦNG constructed in this way remain
orthogonal. In this case, if we take the rotation angle θ as

sin θ ¼ vpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q ; cos θ ¼ vqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q ; ð93Þ

then ΦH and ΦNG are expressed as follows:

ΦH ¼ vqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q Φi −
vpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2p þ v2q
q Φj; ð94Þ

ΦNG ¼ vpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q Φi þ
vqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2p þ v2q
q Φj: ð95Þ

At this point, since they satisfy

h½iQA;ΦH�i ¼ 0;

h½iQA;ΦNG�i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q
≠ 0; ð96Þ

even though it might initially appear that two NG modes
emerge from (91), in reality, ΦNG appears as a single
NG mode.
Next, we revisit the discussion from Sec. III A in light of

this generalization. From (62), the following equations
hold:

h½iQa¼3
A ; π3�i ¼ −σ0 ≠ 0;

h½iQa¼3
A ;ϖ12

h �i ¼ −t0 ≠ 0: ð97Þ

This corresponds to (91) with QA ¼ Qa¼3
A , Φi ¼ π3,

Φj ¼ ϖ12
h , vp ¼ −σ0, and vq ¼ −t0. Substituting these

into (94) and (95), we can construct ΦH and ΦNG as
follows:

ΦH ¼ −t0π3 − σ0ϖ
12
hffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ20 þ t20
p ; ð98Þ

ΦNG ¼ −
σ0π

3 þ t0ϖ12
hffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ20 þ t20
p : ð99Þ

In this case, ΦH and ΦNG satisfy (96). This result is
consistent with the discussion in Sec. III A. Therefore,
Sec. III A can be seen as an example of the aforementioned
generalization.

B. The case of two symmetries broken
by a single field operator

In this section, we consider the case where two gen-
erators,QA andQB, are broken by a single field operatorΦ:

h½iQA;Φ�i ¼ vp ≠ 0;

h½iQB;Φ�i ¼ vq ≠ 0: ð100Þ

Now, the generatorsQA and QB are mixed and redefined as
QH and QNG as follows:

�
QH

QNG

�
¼
�
cos θ − sin θ

sin θ cos θ

��
QA

QB

�
: ð101Þ

Here, let us take the rotation angle θ as

cos θ ¼ vqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q ; sin θ ¼ vpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q : ð102Þ

By substituting these into (101), we obtain
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QH ¼ vqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q ·QA −
vpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2p þ v2q
q ·QB; ð103Þ

QNG ¼ vpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q ·QA þ vqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q ·QB: ð104Þ

In this case, Eq. (100) can be rewritten as

h½iQH;Φ�i ¼ 0;

h½iQNG;Φ�i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q
≠ 0: ð105Þ

Even though it might initially appear that two broken
generators emerge from (100), in reality, QNG appears as a
single broken generator.

C. The case of two symmetries broken
by two field operators

Next, we consider the case where two generators,QA and
QB, are broken by two field operators, Φi and Φj:

h½iQA;Φi�i ¼ vp ≠ 0;

h½iQA;Φj�i ¼ vq ≠ 0;

h½iQB;Φi�i ¼ αvp ≠ 0;

h½iQB;Φj�i ¼ βvq ≠ 0: ð106Þ

In the following, we mix the broken generators and the field
operators in the same way as for Secs. IV B and IVA,
respectively. However, for α ≠ β, the mixing is not
uniquely determined because there are two ways to mix
the generators: one focusing on Φi and based on the first
and third equations of (106), and the other focusing on
Φj and based on the second and fourth equations of (106).
Therefore, we restrict our discussion to the case of α ¼ β.
We mix the generators QA and QB, and define them as

QH and QNG as follows:

QH ¼ αffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p ·QA −
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ α2
p ·QB; ð107Þ

QNG ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p ·QA þ αffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p ·QB: ð108Þ

In this case, Eq. (106) can be rewritten as

h½iQH;Φi�i ¼ 0;

h½iQH;Φj�i ¼ 0;

h½iQNG;Φi�i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
vp ≠ 0;

h½iQNG;Φj�i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
vq ≠ 0: ð109Þ

That is, we can divide into the broken generator QNG and
the unbroken generator QH. Here, we mix the field
operators, Φi and Φj, and define ΦH and ΦNG as follows:

ΦH ¼ vqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q Φi −
vpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2p þ v2q
q Φj; ð110Þ

ΦNG ¼ vpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q Φi þ
vqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2p þ v2q
q Φj: ð111Þ

In this case, from (109), we have

h½iQH;ΦH�i ¼ 0;

h½iQH;ΦNG�i ¼ 0;

h½iQNG;ΦH�i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

v2p þ v2q

s
ðvpvq − vpvqÞ ¼ 0;

h½iQNG;ΦNG�i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2p þ v2q

q
≠ 0: ð112Þ

Thus, QH is unbroken, and for the broken QNG, ΦH is the
Higgs mode, and ΦNG is the NG mode.
Finally, we revisit the discussion from Sec. III B in light

of this generalization. From (84), the following equations
hold:

h½iQ3
A; ψ̄ψ �i ¼ Δ sin qz;

h½iQ3
A; ψ̄iγ5τ

3ψ �i ¼ −Δ cos qz;

h½isP3; ψ̄ψ �i ¼ −sqΔ sin qz;

h½isP3; ψ̄iγ5τ3ψ �i ¼ sqΔ cos qz; ð113Þ

where, to align the dimensions of P3 withQ3
A, we introduce

a parameter s that has the dimension of length. The only
dimensional parameter except for the parameters appearing
in the model Lagrangian initially is q, which is introduced
in the condensate as a wave number of a modulation.
Therefore, in this case, the parameter s with the dimension
of length should be proportional to the dimensional
parameter 1=q. Thus, let us adopt −1=q as s because the
chiral rotation Q3

A and the translation −P3=q give the same
transformation for the inhomogeneous condensate as is
discussed in Appendix C. Here, let us regard the general
quantities QA, QB, Φi, Φj, vp, and vq as follows:

QA ¼ Q3
A; QB ¼ −

P3

q
;

Φi ¼ ψ̄ψ ; Φj ¼ ψ̄iγ5τ3ψ ;

vp ¼ Δ sin qz; vq ¼ −Δ cos qz: ð114Þ

Then, Eq. (113) can be rewritten as follows:
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h½iQA;Φi�i ¼ vp;

h½iQA;Φj�i ¼ vq;

h½iQB;Φi�i ¼ vp;

h½iQB;Φj�i ¼ vq: ð115Þ

These correspond to the equations in (106) with
α ¼ β ¼ −sq ¼ 1. Therefore, the general theory for the
case of α ¼ β can be applied. By substituting (114) into
(107) and (108), we obtain the unbroken generator QH and
the broken generator QNG as follows:

QH ¼ 1ffiffiffi
2

p
�
Q3

A þ P3

q

�
; ð116Þ

QNG ¼ 1ffiffiffi
2

p
�
Q3

A −
P3

q

�
: ð117Þ

Similarly, by substituting (114) into (110) and (111), we
obtain the Higgs mode ΦH and the NG mode ΦNG as
follows:

ΦH ¼ −ðcos qz · ðψ̄ψÞ þ sin qz · ðψ̄iγ5τ3ψÞÞ; ð118Þ

ΦNG ¼ sin qz · ðψ̄ψÞ − cos qz · ðψ̄iγ5τ3ψÞ: ð119Þ

In this case,ΦH andΦNG satisfy (112). Therefore, in (84), it
is found thatQNG is broken, resulting in the emergence of a
single NG mode, ΦNG. Here, ΦNG is nothing else (87).

D. The rules of a single symmetry breaking
by multiple field operators

In the following, we describe the rules for the case where
N field operators break a single symmetry.
Assume that a single symmetry is broken by N field

operators as follows:

h½iQA;Φ1�i ¼ v1 ≠ 0;

h½iQA;Φ2�i ¼ v2 ≠ 0;

..

.

h½iQA;ΦN �i ¼ vn ≠ 0: ð120Þ

From the discussions in Sec. IVA and Appendix D on the
cases whereN ¼ 3, 4 condensates break a single symmetry,
the following three rules can be inferred: The first rule is
that by appropriately rotating the N orthogonal modes, one
NG mode and N − 1 Higgs modes can be obtained. The
second rule is that the NG mode is determined by N − 1
rotation parameters. This is because the rotation of N − 1
modes results in NC2 parameters, of which N−1C2 are
arbitrary rotations related to the Higgs modes, leading to

NC2 −N−1 C2 ¼ N − 1 rotation parameters that determine

the NG mode. Here, NCr is the binomial coefficient,
representing the number of combinations:

NCr ¼
�
N

r

�
¼ N!

r!ðN − rÞ! : ð121Þ

In this context, we use the case with r ¼ 2. The third rule is
that the condensate leading to the NG mode is denoted by
v ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

N
i¼1 v

2
i

p
. This relationship determines the unique

parameters ðv; θ1;…; θN−1Þ and the original mode con-
densates ðv1; v2;…; vNÞ that satisfy this equation. By
rotating the N modes according to these rules, one
NG mode and N − 1 Higgs modes can be obtained as
follows:

ΦNG ¼ v1
v
Φ1 þ

v2
v
Φ2 þ � � � þ vN

v
ΦN; ð122Þ

h½iQA;ΦNG�i ¼ v ≠ 0;

h½iQA;ΦH1
�i ¼ 0;

..

.

h½iQA;ΦHN−1
�i ¼ 0: ð123Þ

Note that ΦH1
;…;ΦHN−1

are determined by N−1C2 arbitrary
parameters, and therefore, it is not uniquely defined.
Finally, we mention the rules for mixing generators when

breaking multiple generators Q1;…; QN in the common
field operator Φ. That is,

h½iQ1;Φ�i ¼ v1 ≠ 0;

h½iQ2;Φ�i ¼ v2 ≠ 0;

..

.

h½iQN;Φ�i ¼ vN ≠ 0: ð124Þ

Here, v1;…; vN do not necessarily need to be different
condensates. As seen in Sec. IV B, generators can be mixed
similarly to the mixing of modes. Therefore, the afore-
mentioned rules can also be applied to the mixing of
Q1;…; QN . Specifically, the following three rules are
inferred. The first rule is that by appropriately rotating
the N generators, one broken generator QNG and N − 1
unbroken generators QHi

with i ¼ 1; 2;…; N − 1 can be
obtained. The second rule is that the broken generator
QNG is determined by N − 1 rotation parameters.
Moreover, N − 1 unbroken generators QHi

result in NC2

parameters, of which N−1C2 are arbitrary rotations. The
third rule is that the condensate leading to the broken
generatorQNG is denoted by v ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

N
i¼1 v

2
i

p
. This relation-

ship determines the unique parameters ðv; θ1;…; θN−1Þ and
the original mode condensates ðv1; v2;…; vNÞ that satisfy
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the next equation:

iQNG ¼ v1
v
iQ1 þ

v2
v
iQ2 þ � � � þ vN

v
iQN: ð125Þ

V. SUMMARY

In this paper, we present general rules for determining the
broken generators and NG modes in the case of symmetry
breaking by multiple condensates through knowledge of the
symmetry breaking pattern on the exotic chiral condensates.
Then, at first glance, the number of broken generators does
not match the number of NG modes. It is necessary that the
linear combinations of broken generators and those of
elementary fields should be considered to establish a one-
to-one correspondence. These rules are based on the method
using algebraic commutation relations.
We considered specific examples of tensor-type con-

densates arising from tensor interaction, and the inhomo-
geneous chiral condensates as exotic chiral condensates.
First, for the tensor-type condensate, we discussed two
methods to derive the NGmodes. The first method involves
a use of the two-point vertex function. By employing this
method, we observed that the presence of a tensor-type
condensate breaks the chiral symmetry, resulting in two
types of NG modes associated with the breaking of suAð2Þ
chiral symmetry. By diagonalizing the meson mass matrix,
we found that meson mixing occurs which leads to the NG
mode and the Higgs mode. The second method was given
by the use of algebraic commutation relations. Based on
this method, we also considered the breaking of spatial
symmetry in addition to the chiral symmetry breaking. This
allowed us to completely reproduce the results obtained by
the method using the two-point vertex function for the
breaking of chiral symmetry and showed that the breaking
of spatial symmetry and chiral symmetry are independent.
Second, for the dual chiral density wave as an inhomo-

geneous chiral condensate, we investigated the pattern of
symmetry breaking based on the method of algebraic
commutation relations and then discussed the results based
on the derived general rules. The discussion using algebraic
commutation relations revealed that both the chiral sym-
metry and the spatial symmetry are broken, and the NG
modes associated with the breakings of suAð2Þ chiral
symmetry, spatial translational symmetry, and spatial rota-
tional symmetry, which lead to the same transformations
for the dual chiral density wave, are nonindependent.
Finally, we obtain the commutation relations corresponding
to three independent NG modes, whose constituent gen-
erators and fields can be expressed as linear combinations
of the original generators and fields.
Investigating the mathematical background of the

derived general rules and conditions under which internal
symmetry and spatial symmetry can be identified as the
same is one of the main goals of our future work.
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APPENDIX A: DERIVATION
OF THE GAP EQUATION

Noting that fγμ; γνg ¼ 2gμν and ðABÞ−1 ¼ B−1A−1,
we transform the trace part of (18) as follows:

tr

�
1

k − 2σ0 − 4it0γ1γ2τ3

�

¼ tr

�
1

fkþ ð2σ0 þ 4it0γ1γ2τ3Þgfk − ð2σ0 þ 4it0γ1γ2τ3Þg

× fkþ ð2σ0 þ 4it0γ1γ2τ3Þg
�

¼ tr

�
1

ðk2 − 4σ20 − 16t20Þ − 8it0τ3ðk1γ2 − k2γ1 − 2σ0γ
1γ2Þ

×
1

ðk2 − 4σ20 − 16t20Þ þ 8it0τ3ðk1γ2 − k2γ1 − 2σ0γ
1γ2Þ

× fðk2 − 4σ20 þ 16t20Þ − 8it0τ3ðk1γ2 − k2γ1 − 2σ0γ
1γ2Þg

× fkþ ð2σ0 þ 4it0γ1γ2τ3Þg
�

¼ 1

ðk2 − 4σ20 − 16t20Þ2 − 64t20ðk21 þ k22 þ 4σ20Þ
× tr½fðk2 − 4σ20 − 16t20Þ
− 8it0τ3ðk1γ2 − k2γ1 − 2σ0γ

1γ2Þg
× fkþ ð2σ0 þ 4it0γ1γ2τ3Þg�: ðA1Þ

Here, note that the trace is taken over the Dirac gamma
matrices, isospin space, and color space. Next, using the
trace formula

trτi ¼ 0;

trτ2i ¼ 2;

trðγμγνÞ ¼ 4gμν;

trðγμ1 � � � γμnÞ ¼ 0 ðn∶ odd numberÞ; ðA2Þ
we calculate the trace part of (A1) to obtain

tr½fðk2 − 4σ20 − 16t20Þ − 8it0τ3ðk1γ2 − k2γ1 − 2σ0γ
1γ2Þg

× fkþ ð2σ0 þ 4it0γ1γ2τ3Þg�
¼ 48σ0fðk2 − 4σ20 − 16t20Þ þ 32t20g: ðA3Þ
Therefore, Eq. (18) becomes
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σ0

�
1þ 48GS

Z
d4k

ið2πÞ4

×
k2− 4σ20þ 16t20

ðk2− 4σ20− 16t20Þ2− 64t20ðk21þ k22þ 4σ20Þ
�
¼ 0: ðA4Þ

This equation is identical to Eq. (20).
Similarly, by transforming (19), we obtain (21).

APPENDIX B: CALCULATION OF THE
TWO-POINT VERTEX FUNCTIONS

Transform the trace part of (37) in the same way as in
Appendix A:

tr

�
ð−2iγ5τ3Þ

1

k− 2σ0 − 4it0γ1γ2τ3

× ð−2iγ5τ3Þ
1

k− 2σ0 − 4it0γ1γ2τ3

�

¼ tr

�
−γ5

1

k− 2σ0 − 4it0γ1γ2τ3
γ5

1

k− 2σ0 − 4it0γ1γ2τ3

�

¼ tr

�
−1

fkþ ð2σ0 þ 4it0γ1γ2τ3Þgfk− ð2σ0 þ 4it0γ1γ2τ3Þg
�

¼ tr

�
−1

ðk2 − 4σ20 − 16t20Þ þ 8it0τ3ðk1γ2 − k2γ1 − 2σ0γ
1γ2Þ

�

¼ tr

�
−1

ðk2 − 4σ20 − 16t20Þ − 8it0τ3ðk1γ2 − k2γ1 − 2σ0γ
1γ2Þ

×
1

ðk2 − 4σ20 − 16t20Þ þ 8it0τ3ðk1γ2 − k2γ1 − 2σ0γ
1γ2Þ

× fðk2 − 4σ20 − 16t20Þ− 8it0τ3ðk1γ2 − k2γ1 − 2σ0γ
1γ2Þg

�

¼ −
1

ðk2 − 4σ20 − 16t20Þ2 − 64t20ðk21 þ k22 þ 4σ20Þ
× tr½ðk2 − 4σ20 − 16t20Þ− 8it0τ3ðk1γ2 − k2γ1 − 2σ0γ

1γ2Þ�:
ðB1Þ

Deriving the trace part of (B1) using (A2), we obtain
Γπ3ðp→ 0Þ

¼ −
2

GS
− 4

Z
d4k

ið2πÞ4

×
24ðk2 − 4σ20 − 16t20Þ

ðk2 − 4σ20 − 16t20Þ2 − 64t20ðk21 þ k22 þ 4σ20Þ

¼ −
2

GS

�
1þ 48GS

×
Z

d4k
ið2πÞ4

ðk2 − 4σ20 þ 16t20Þ− 32t20
ðk2 − 4σ20 − 16t20Þ2 − 64t20ðk21 þ k22 þ 4σ20Þ

�

¼ 96

Z
d4k

ið2πÞ4
32t20

ðk2 − 4σ20 − 16t20Þ2 − 64t20ðk21 þ k22 þ 4σ20Þ
:

ðB2Þ

This is equivalent to the last line of Eq. (37). Note that in
the final equality, we used the chiral condensation gap
equation (22).
Similarly, Eqs. (38) and (39) can be demonstrated.

APPENDIX C: THE IDENTITY OF suAð2Þ
CHIRAL ROTATION AND TRANSLATION

From (113), we obtain

eiθQ
3
A

�
ψ̄ψ

ψ̄iγ5τ3ψ

�
e−iθQ

3
A ¼
�

cosθ sinθ

−sinθ cosθ

��
ψ̄ψ

ψ̄iγ5τ3ψ

�
:

ðC1Þ

By taking the vacuum expectation values,

eiθQ
3
A

�Δ cosqz

Δ sinqz

�
e−iθQ

3
A ¼

�
cos θ sin θ

− sin θ cos θ

��Δ cosqz

Δ sinqz

�

¼
�Δ cosðqz− θÞ
Δ sinðqz− θÞ

�
ðC2Þ

is obtained. Similarly, from (113), we obtain

eiaP3

�
ψ̄ψðzÞ

ψ̄iγ5τ3ψðzÞ

�
e−iaP3 ¼

�
ψ̄ψðzþ aÞ

ψ̄ iγ5τ3ψðzþ aÞ

�
: ðC3Þ

By taking the vacuum expectation values,

eiaP3

�Δ cos qz

Δ sin qz

�
e−iaP3 ¼

�Δ cosðqðzþ aÞÞ
Δ sinðqðzþ aÞÞ

�
ðC4Þ

is obtained. Therefore, if we adopt a as −θ=q, then

eið−θ=qÞP3

�Δ cos qz

Δ sin qz

�
e−ið−θ=qÞP3 ¼

�Δ cosðqz − θÞ
Δ sinðqz − θÞ

�

¼ eiθQ
3
A

�Δ cos qz

Δ sin qz

�
e−iθQ

3
A ðC5Þ

is obtained. Thus, the chiral rotation due to Q3
A and the

translation −P3=q cause the same transformation. This is
the reason why the dimensional parameter s should be
adapted as −1=q in Sec. IV C.

APPENDIX D: THE CASE OF A SINGLE
SYMMETRY BREAKING BY THREE OR FOUR

FIELD OPERATORS

Now, we consider the case where a single generatorQA is
broken by three field operators, Φi, Φj, and Φk:

h½iQA;Φi�i ¼ vα ≠ 0;

h½iQA;Φj�i ¼ vβ ≠ 0;

h½iQA;Φk�i ¼ vγ ≠ 0: ðD1Þ
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Also, we assume that the fields Φi, Φj, and Φk are
orthogonal. Next, using Φi, Φj, and Φk, we redefine the
fields Φ0

1, Φ0
2, and Φ0

3 as follows:

0
B@

Φ0
1

Φ0
2

Φ0
3

1
CA ¼ RxRyRz

0
B@

Φi

Φj

Φk

1
CA: ðD2Þ

Here,

Rx ¼

0
B@

1 0 0

0 cos θx − sin θx
0 sin θx cos θx

1
CA; ðD3Þ

Ry ¼

0
B@

cos θy 0 sin θy
0 1 0

− sin θy 0 cos θy

1
CA; ðD4Þ

Rz ¼

0
B@

cos θz − sin θz 0

sin θz cos θz 0

0 0 1

1
CA: ðD5Þ

Since there is one broken generator QA, by appropriately
rotating, we can obtain one NG mode and two Higgs
modes. As these modes are orthogonal to each other, the
Higgs modes should have an arbitrary rotation parameter
within the plane defined by the NG mode. Therefore, if we
consider θx as an arbitrary parameter, Φ0

1 without θx can be
considered as ΦNG:

ΦNG ¼ Φ0
1 ¼ cos θy cos θzΦi − cos θy sin θzΦj þ sin θyΦk;

ðD6Þ

ΦH1
¼ Φ0

2 ¼ ðsin θx sin θy cos θz þ cos θx sin θzÞΦi

þ ð− sin θx sin θy sin θz þ cos θx cos θzÞΦj

− sin θx cos θyΦk; ðD7Þ

ΦH2
¼ Φ0

3 ¼ ðcos θx sin θy cos θz þ sin θx sin θzÞΦi

þ ð− cos θx sin θy sin θz þ sin θx cos θzÞΦj

− cos θx cos θyΦk: ðD8Þ

Assuming that the magnitude of the NG mode condensate

is v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2α þ v2β þ v2γ

q
, by analogy with the case of two

field operators, we have

ΦNG ¼ vα
v
Φi þ

vβ
v
Φj þ

vγ
v
Φk; ðD9Þ

h½iQA;ΦNG�i ¼ v ðD10Þ

satisfied. In this case,

cos θy cos θz ¼
vα
v
; − cos θy sin θz ¼

vβ
v
; sin θy ¼

vγ
v
ðD11Þ

hold. Given these conditions, θy and θz are uniquely
determined. Using this, we obtain

h½iQA;ΦH1
�i

¼ v½cos θy cos θzðsin θx sin θy cos θz þ cos θx sin θzÞ
− cos θy sin θzð− sin θx sin θy sin θz þ cos θx cos θzÞ
þ sin θyð− sin θx cos θyÞ�

¼ 0; ðD12Þ

h½iQA;ΦH2
�i

¼ v½cos θy cos θzðcos θx sin θy cos θz þ sin θx sin θzÞ
− cos θy sin θzð− cos θx sin θy sin θz þ sin θx cos θzÞ
− sin θyðcos θx cos θyÞ�

¼ 0: ðD13Þ

Next, we consider the case where a single generator QA

is broken by four field operators, Φi, Φj, Φk, and Φl:

h½iQA;Φi�i ¼ vα ≠ 0;

h½iQA;Φj�i ¼ vβ ≠ 0;

h½iQA;Φk�i ¼ vγ ≠ 0;

h½iQA;Φl�i ¼ vδ ≠ 0: ðD14Þ

Also, we assume that the fields Φi, Φj, Φk, and Φl are
orthogonal. Now, usingΦi,Φj,Φk, andΦl, we redefine the
fields Φ0

1, Φ0
2, Φ0

3, and Φ0
4 as follows:

0
BBB@

Φ0
1

Φ0
2

Φ0
3

Φ0
4

1
CCCA ¼ R12R13R14R23R24R34

0
BBB@

Φi

Φj

Φk

Φl

1
CCCA; ðD15Þ

where

R12 ¼

0
BBB@
C12 −S12 0 0

S12 C12 0 0

0 0 1 0

0 0 0 1

1
CCCA; R13 ¼

0
BBB@
C13 0 −S13 0

0 1 0 0

S13 0 C13 0

0 0 0 1

1
CCCA;

ðD16Þ
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R14 ¼

0
BBB@
C14 0 0 −S14
0 1 0 0

0 0 1 0

S14 0 0 C14

1
CCCA; R23 ¼

0
BBB@
1 0 0 0

0 C23 −S23 0

0 S23 C23 0

0 0 0 1

1
CCCA;

ðD17Þ

R24 ¼

0
BBB@
1 0 0 0

0 C24 0 −S24
0 0 1 0

0 S24 0 C24

1
CCCA; R34 ¼

0
BBB@
1 0 0 0

0 1 0 0

0 0 C34 −S34
0 0 S34 C34

1
CCCA:

ðD18Þ

Here, Sij ¼ sin θij and Cij ¼ cos θij, and θij with ði; jÞ ¼
ð1; 2Þ; ð1; 3Þ; ð1; 4Þ; ð2; 3Þ; ð2; 4Þ; ð3; 4Þ denote the rotation
parameters.
Since there is one broken generator QA, by appropriately

rotating, we can obtain one NGmode and three Higgs modes.
As these modes are orthogonal to each other, the Higgs
modes should have three arbitrary rotation parameters within
the three-dimensional space defined by the NG mode. Since

Φ0
4 ¼ S14Φ1 þ C14S24Φ2 þ C14C24S34Φ3 þ C14C24C34Φ4;

ðD19Þ

we can consider Φ0
4 as the NG modeΦNG andΦ0

1;Φ0
2;Φ0

3 as
the Higgs modes ΦH1

;ΦH2
;ΦH3

. Consequently, θ12, θ13 and

θ23 become arbitrary parameters, consistent with the above
discussion. Assuming that the magnitude of the NG mode

condensate is v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2α þ v2β þ v2γ þ v2δ

q
, by analogy with

the case of two and three field operators, we have

ΦNG ¼ vα
v
Φi þ

vβ
v
Φj þ

vγ
v
Φk þ

vδ
v
Φl; ðD20Þ

h½iQA;ΦNG�i ¼ v ðD21Þ

satisfied. In this case,

sin θ14 ¼
vα
v
; cos θ14 sin θ24 ¼

vβ
v
;

cos θ14 cos θ24 sin θ34 ¼
vγ
v
; cos θ14 cos θ24 cos θ34 ¼

vδ
v

ðD22Þ

hold. Given these conditions, θ14, θ24, and θ34 are uniquely
determined. Using this, we obtain

h½iQA;ΦH1
�i ¼ 0; ðD23Þ

h½iQA;ΦH2
�i ¼ 0; ðD24Þ

h½iQA;ΦH3
�i ¼ 0: ðD25Þ
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