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The Nambu-Goldstone modes on the exotic chiral condensed phase with chiral and tensor-type quark-
antiquark condensates are investigated by using the two-point vertex functions. It is shown that one of the
Nambu-Goldstone modes appears as a result of meson mixing. As is well known, another method to find
the Nambu-Goldstone modes is given by the use of the algebraic commutation relations between broken
generators and massless modes obtained through the spontaneous symmetry breaking. This method is
adopted to the cases of the chiral symmetry breakings due to the tensor-type condensate and the
inhomogeneous chiral condensate. The result obtained by the use of the meson two-point vertex functions
is obviously reproduced in the case of the tensor-type condensate. Furthermore, we investigate the general
rules for determining the broken symmetries and the Nambu-Goldstone modes algebraically. As examples,
the symmetry breaking pattern and the Nambu-Goldstone modes due to the tensor-type condensate or the
inhomogeneous chiral condensate are shown by adopting the general rules developed in this paper in the

algebraic method.
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I. INTRODUCTION

One of the recent interests of physics in the world
governed by the quantum chromodynamics (QCD) may be
to clarify the phase diagram of the quark-gluon and/or
hadron world [I]. Of course, in the region with zero
temperature and small baryon chemical potential, the chiral
symmetry broken phase is realized, in which the chiral
symmetry is dynamically broken due to the quark-anti-
quark condensate [2—6]. On the other hand, at low temper-
ature and finite density, it has widely been pointed out that
there exists the possibility of various phases, such as the
color superconducting phase [7-9], the quarkyonic phase
[10], and the exotic chiral broken phases. Especially, as for
the exotic chiral broken phases, a quark spin polarized
phase due to a pseudovector-type quark-antiquark con-
densate [11,12], the chiral symmetry broken phase with a
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tensor-type quark-antiquark condensate [13], or the inho-
mogeneous chiral condensate [14] have been investigated
by using the Nambu—Jona-Lasinio (NJL) model [2] as an
effective model of QCD.

It is well known that the massless Nambu-Goldstone
(NG) mode has to appear when the continuous global
symmetry is broken [15,16]. In the chiral symmetry broken
phase owing to the scalar-type quark-antiquark chiral
condensate, namely so-called chiral condensate, the NG
modes are pions that take responsibility for the low energy
hadron dynamics. Thus, it may be important to find the
NG modes on the various symmetry broken phases. In
previous papers, a possibility of the existence of the
pseudovector-type quark-antiquark condensed phase in
the quark matter is investigated that leads to the chiral
symmetry breaking [11,12]. In Ref. [17], the massless NG
modes on the pseudovector condensate due to the pseu-
dovector interaction in the NJL model are investigated
directly, and it has been shown that two NG modes appear
through the mesons mode mixing if both the chiral
condensate and the pseudovector-type condensate coexist.

In this paper, first, it is shown that the NG mode also
appears with the meson mixing by means of the two-
point vertex function developed in the previous paper [17]
and/or the algebraic commutation relations between broken
generators and massless modes when both the chiral
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condensate and the tensor-type condensate coexist. Second,
by using the algebraic method, the NG mode is investigated
in the case of the chiral symmetry breaking due to the
inhomogeneous chiral condensate. In this case, the trans-
lational and rotational symmetries are also broken. It is
found that the result obtained by Low-Manohar is repro-
duced [18]. In addition, it also shows the coupling of
internal and translational symmetries as mentioned by
Kobayashi and Nitta [19]. Third, the general discussion
is given in the case of the symmetry breaking due to the
multiple condensates. Also, it is found that the mode
mixing and/or symmetry generator mixing are seen in
the general framework. Finally, the results obtained in the
cases that both the chiral and the tensor condensates coexist
or the inhomogeneous chiral condensate appears are
reproduced with the help of the general framework.

In general, the dispersion law for small momentum has
been indicated clearly by Nambu [20]. Further, the count-
ing rule for NG modes has been revealed in [21], and a
simple criterion to determine what redundancies exist
among NG modes in a given system has been presented
in [22]. In our treatment, it is shown that the reduction of
symmetry generators by a linear combination leads to the
reduction of NG modes as was discussed in [22]. Further, it
is shown that there is a case in which the NG modes appear
through the linear combinations of elementary fields
included originally in a model.

This paper is organized as follows: In Sec. II, the
massless modes are investigated when the chiral conden-
sate and the tensor-type quark-antiquark condensate (tensor
condensate) coexist, following the previous paper [17] in
the NJL model with the tensor interaction between quarks.
The detailed calculations to the gap equations and the two-
point vertex functions are shown in Appendixes A and B. In
Sec. III, the spontaneous symmetry breaking is considered
in terms of commutation relations following the previous
paper [17]. In Sec. III A, we revisit the massless modes
discussed in Sec. II, demonstrating that the same results are
obtained using these commutation relations. Moreover, we
also discuss spatial symmetry and conclude that NG modes
caused by chiral symmetry breaking do not mix with NG
modes caused by spatial rotation symmetry breaking. In
Sec. III B, we assume the dual chiral density wave as an
inhomegeneous chiral condensate and investigate the mass-
less modes. In that case, it is shown that the spatial
translation symmetry, the spatial rotation symmetry and
the internal symmetry are not independent as was men-
tioned in Refs. [18,19]. In Sec. IV, we present the general
theory of one symmetry broken by two or more conden-
sates and the general theory of two symmetries broken by
two condensates in a similar manner to the discussion in
Sec. III. We show that the results of the massless modes in
the case of one symmetry broken by two condensates
developed in Secs. II and III B can be correctly obtained
within the framework of the general theory in Sec. IVA.

Also, it is shown that the massless modes in the case of two
symmetries broken by two condensates developed in
Sec. III B are given in the general theory in Sec. IV C.
Section V is devoted to a summary.

II. THE MASSLESS MODES ON THE CHIRAL
AND TENSOR CONDENSATES

In this section, the massless modes due to the chiral
symmetry breaking caused by both the chiral condensate
and the tensor-type quark-antiquark condensate (tensor
condensate) are investigated in the NJL model by searching
for the zero point in the meson propagators. In this section,
we search the massless modes by means of the two-point
vertex functions.

We introduce the NJL model with tensor-type interac-
tion, which retains the chiral symmetry:

Lt = L + L, (1)
Ly = wir'oy + Gs[(py)* + (Wiystw)?],  (2)
Ly = Grl(@r'r ww)? + (wiysy'r'v)?] (3)

with y # v in (3), where 7 represents the isospin matrices of
flavor su(2)-symmetry. Additionally, regarding the tensor
interaction terms %7, while it is concise to use the
Hermitian antisymmetric tensor o, as in the paper [23],
we use the expression in (3) to clearly demonstrate the
preservation of chiral symmetry with ys. The generating
functional Z is written as

Z= /91;/@1/76Xp (i/d“x.iﬂNJL,T). (4)

Here, using the auxiliary field method, we introduce the
functional Gaussian integrals as follows:

1—/@a’@7t’exp <i/d4x{—L(U’2+n”2) )
Gs |

1= / DM D1

X exp (i / d*x {_GL e, +o'"w',) > (5)

T

Next, we insert the above units into the generating func-
tional Z in (4) and replace o', &, ", and @w'* into o, &, t**,
and w" as
o = o+ Gs(i),
7 =x+ Gs(piysty),
' =1+ Gr(py'ry),
@' =@ + Gr(piysy'y'y). (6)

The generating functional Z, then, becomes
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Z= /@w@zﬁ/.@o@n@t’“’@w’” exp <i/d4xa~?>,

(7)
where
Z = w(iyto, — 26 = 2iyst- 1
= 2yMyrT -ty = 2iysytyrm,, )y
1 1
R (6 +n?) - G—T(tﬂ b, +@"w,). (8)
Here, from 6.% /6a = 0(a = o, m, ", w""), we obtain
o = —Gs(py).
n = =Gg(wiysty),
t;w = _GT(l/_/yyyuﬂ//)’
@y, = =Gr(Wirsyr.w). )

By integrating over the yw and W in (7), the generating
functional Z and the effective action I' are derived as

Z= / Do D Pt Dwt exp(il),

1 1
= /d“x[—G—S(a2 + %) —G—T(t" t, +o"w,)
— ilnDet(iy*0, — 20 = 2iyst - &
—2p'y' Tty = 205y my,). (10)

Here, Det means a functional determinant, which is a
determinant with respect to spacetime coordinates and all

other field indices. We should note that the tensor mode #'2
1S written as
t"? = ~Gripy' v’ oy = iGrpZsny. (11)

Here, we adopt the following Dirac representation for the

gamma matrices:
Y= 1 s 7= s

0 1 (k] 0
5 — ) 2 — iy, — — . (12
v (1 0) r'y X, l(o 03) (12)

where 6 and o3 represent the Pauli spin matrices and third
component. Thus, 25 is the third component of the spin
matrices.

In the following, we assume the existence of the chiral
condensate oy = (6) and the tensor condensate 7, =
<t’,.‘::31'”:2) with 4 = 1, v = 2, and the third component of
the isospin:

=0 7).

oo = (0) = =Gs(py), (13)

~ —1y=2 _ -
fo = (13"77) = =Grlwy'vusw) = iGr(§Zsmsy). (14)
Here, we conventionally chose the third isospin component
in the condensate. Since 7, is purely imaginary, we consider
to as follows:

to = —ity = Gr(WZs3y). (15)

Thus, t, may be regarded as a spin polarized condensate.
Under these quark-antiquark condensates, the effective
potential V (o, ty) can be derived from the effective action

(60, fo) = =V (60, 10) / dx, (16)

d* .
— /Wln det [k — 260 - 4lt0}/17273]
— 1 2 _ itZ

_ GTO

O,
Gg °

d*k 1o
- Wtr ln [k — 20'0 - 4lt0}/ Y 73], (17)

where trace is taken by the Dirac gamma matrices, isospin
space, and color space. Here, det means a determinant with
respect to field indices other than spacetime coordinates.

From (17), the condensates o and 7, are determined by
the following gap equations:

oV 2 d*k
070_G_S"°_/W
1
< [k — 20y — 4itgy 'y’ 73
wv__4, _/ﬂ
o, Gr ' ) i@2n)?

1
X tr
L‘ — 200 — 4itgy'y*13

(-2)] =0, (18)

(—41'}/'}/213)] =0. (19)

Through the calculations related to the gamma matrices
provided in Appendix A, we obtain the following expres-
sions:

d*k
1+48G —_—
”"( - / i2n)’

" k> —403+ 1613
(k* — 4063 —1613)* — 6413 (k3 + k3 +407)

) =0, (20)
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d'k
to| 1-96Gr | ——
0( g i(2m)*
(k*—4c5—1615) +2(ki + k3 +465) '\ )1
“ (=43 —162) —6AB (R + I3 +403)) 2
0 0 0\™1 2 0

Here, k* = k3 — k?, and k,; and k, are the first and second
components of the momentum vector k.

To consider the coexistence of both the condensates o
and ¢y, let 69 #0 and 7y, # 0. In this case, Egs. (20)
and (21), respectively, become

d*k
1+ 48Gg / 2
k* — 405 + 1615

0, (2

(K2 =402 — 1622) — 642 (K2 1 K2+ 4al) (22)
d*k
1-96G; [ ——
T/ i(2z)"

(k* — 405 — 1615) + 2(k7 + k3 + 403) (23)

X = U.
(k* — 403 — 1612)% — 6412 (k2 + k3 + 403)

These are the gap equations for ¢y # 0 and 7, # 0.

Next, we investigate the massless NG modes in the case
where condensates o, and 7, coexist. The meson propagator
AZ'(x,y) can be derived from the effective action as

°r

Al (x,y) = —m,

(24)

where a(x) = o(x), #(x), #*(x), @"(x). In the momentum
representation, the two-point vertex function I',45(p) can be
expressed as follows:

4t 5T
Fopp)2m)'6"(p + ) = 5 Ssaial| omsosiin

"7 =23 :Il;igl VE2_g

(25)

Here, p and ¢ represent the four-momentum, and the two-
point vertex function I'4(p) satisfies

Faa(p) = Fa(p) = _Al;] (p) (26)

When p? is small, I behaves according to the following
expression:

Lo(p) = -A'(p) = 25 (mg = p*) + -, (27)

where m, is the meson masses. Although it is generally
necessary to include the wave function renormalization
constant Z,, it iS not necessary to evaluate it explicitly
because we focus on the massless modes only in this paper
away from the values of masses of the Higgs modes.

We calculate the two-point vertex functions as follows:

I, =T, (i=12),

Uy =Tams
I = Ty
| A
D07 — T e,
Fﬁy’/m = Fttl_w,/im (i =1, 2). (28)

Here, since I'; (p — 0) = Ftliz'lz(p —0)=0 with i =1
and i =2, 7,75, 112, and 3% are massless modes. This
can be confirmed as follows. By expressing the effective
action (16) in momentum space and substituting into (25),
we obtain the following expressions:

2 d*k
r =—-—- | ==
mi—12 (p) GS /1(271')4
1
tr| (=2iyst;
x [( iysti) ¥ — 200 — 4oy 72105
1
X (=2i T; ’ 29
(=2is )k + /=200 - 4t0717213] 29
l—wu./m'( ) _ _i(gyp ua_g;w I/p) — /ﬂ
tisia \P) = Gr 9 g i(271')4
1
x tr| (—4y#yVz;
r|:( y y Tl)k_260_4t0y1y2,z.3
1

x (—4y’y°t;)

} . (30)

K+ 7 =200 — 410" 13

Withuy =p=1,v=0=2,and p — 0, and following the
same calculations as in Appendix B, we obtain

Fﬂ[:l.z(p - 0)
2 d*k 1
= —— | — tr|(=2iver:
Gy / i(2”)4 ' [( WST[) k=200~ 4f07]7273

1
—Diver,
x (=2irsn) K—200 - 4t0717273]

2 4
BN
Gy i(2m)*

y k* — 403 — 1613
(k* — 40§ + 1615)* + 6415 (kT + k3 + 407)

2 d*k
. K> — 403 + 1613 )
(K> — 462 — 1612)* — 6413 (k3 + k3 + 403)
=0, (31)
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L2 (p = 0)

i=1,2
4 d*k 1
S S Y
Gr / i(2m)* f [( rr) k=260 — 4tyy' v’y

1
x (—dyly*t;
() 00 = 4@,17,273]

4 4
——— 1 4. 96/%
GT l(zﬂ')
(k* — 46f — 1613) 4 2(k3 + k3 + 403)
k> — 403 — 1613)* — 6413 (k3 + k3 + 4063)

4 d*k
=——(1-96G; [ ——
Gr < ’ / i(27m)*
(k* — 403 — 1613) + 2(k3 + k3 + 4063) )

(K2 =403 — 1622)2 — 6473 (K2 + K& + 402)
=0. (32)

1

Here, in the final equality of (31) and (32), we used the gap
equations (22) and (23), respectively. Therefore, from (27),
we find that the masses of z,_;, and 2 , are zero,
confirming that they are massless modes. Thus, we will
consider the other two-point vertex functions from now on.
Similar to (29) and (30), we obtain the following expressions:

2 d*k
0= 5. | iy

1
X tr|(—=2i
f [( irsts) K — 20, — 4ityy'y*t;
1
—2i , 33
x ( l}/513) k + ﬂ - 20'0 - 4it0}/]}/273 ( )
d*k
Ma(p) = - [ o2
3 (p) / l(2ﬂ')4
x tr| (—4iysy'y) 1
k =20y — 4ityy'y* 1,
1
-2 , (34
x ( l]/STS) k + ﬂ - 260 - 4it07/17/273 ( )
d*k
F’:ﬂylr = -
(== [ o
x tr| (=2iyst3) !
—2iyst
/573 k=200 —4ityy'y*r;
) 1
x (—4iysy'r") (35)

k + ﬂ— 200 —4il0]/l]/273 ’

4 d*k
F;g./m __ P VG _ O P
()=l ~00") - [ o
1
tr| (~4iysyty”
x| (=4iysr'y )k—260—4it07/1721'3
1

« (~diysyy") } (36)

k‘i‘ﬂ— 2(70 —4it0}’172’l’3

where kK = y#k, and so on. It should be necessary to consider
the mode mixing between 73 and @ ,.

By performing the calculations provided in Appendix B,
taking the limit p - 0 in (33)-(36), and using the
gap equations (22) and (23), we obtain the following
expressions:

I, (p—0)

2 / d4 ‘ ( 2 ) 1
= —_— —tr —
Gy i(2m)* 77573 k=20, —4ityy'y*t;

1
2
x(=2irsts) 5 — 20, —4if0717’273}
_96/ % =
T ) iR R =4~ 168 — 4R (K + K +-40f)
(37)
T2,(p—0)
d'k 1
Y L PR
/ i(2r)* r[( ST 20y —ditor 703
1
x (=2i
( 17573>1e—2ao—4it07‘72fJ
— 96 / d*k 2oty
—0) i = a0 168 — 4R (K + B +4o))
=T12, (p—0), (38)

%~ 0)

4 /d4 ire) i
Gy i(2m)* STy k=20, — 4ityy'y’ T,

1
X (~4irsr'r) k—20y— 4it0y1}/21j
Y / d*k -326% ‘
i(27)* (k* — 403 — 1613)> — 6412(k? + k3 + 453)
(39)

Thus, the mass term ’fohw]zx can be considered through

the following equation derived from the two-point vertex
functions:
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) _ (Fﬂ37[3 (p — 0) F}éw(l) — 0) )
, =

e r2 (p—0) I'y?(p—0)
2 ot
k| 0 00 (40)
iGOtO —0(2)
where
K =96 / ' !
B i(27)* (k* =40} —1612)> — 6413 (k3 + k3 +403)
(41)
and

x = (;;) (42)

In the case we are considering where u # v, we have

(") = —wh. (43)
Therefore, to obtain an Hermitian field, we redefine w'? as
w'? = iw)?. (44)

Thus, transforming the state x in (42) into a real-valued
state x/, we obtain the mass matrix x> as follows:

10 1 0\/ m
t 2 — 12 2
M v = (73 wh)(o i)M””’”<o i)(w}f)

t(z) —Goto T3
:32K(”3 wlﬁ)( o2 )(w”)
0 h

—0olp
= x'u*x'. (45)
Here,
W2 = 32K< fo _th°> (46)
—0ply oy
and

P <;‘iz > (47)

In this case, the mass matrix ,u2 is Hermitian. Therefore,
it can be diagonalized by a unitary matrix U as follows:

U— 1 ( -0y —1ly )
\/ l% + U% _to () ’
o )
Vig+oi \—ty 0o
0 0
U~'PU = :
# (0 32K(22 + ag))

—Oyl3 — to’w}lz )

vV 1 (
t(z) + 0'% —tyms + aow}lz

Ulx' = (48)

Thus, we conclude that —(cyz3 + tyw}?)/+\/15 + o3 is the
massless mode and (—ty73 + 6gw)?)/\/ 15 + o5 is the

massive mode with mass /32K(75 + o3). Therefore,
the NG modes are =, 7,12, 12, and —(oym3 +

tow)?)/\/t5 + o} in the case that the chiral condensate
oo and the tensor (spin polarized) condensate t, coexist.

III. SPONTANEOUS BREAKING OF CHIRAL
SYMMETRY AND SPACE SYMMETRY

In Sec. II, the NG modes are investigated by means of the
two-point vertex functions by searching the zero points of
the inverse propagators. Hereafter, in Secs. III and IV, we
find the NG modes by the algebraic method. In Sec. Il A,
the NG modes developed in Sec. II are reproduced in the
case that the chiral and the tensor condensates exist. In
Sec. III B, the NG modes are investigated in the case of the
condensate with space dependence, namely the inhomo-
geneous chiral condensate.

A. The case of the chiral and space symmetry
breaking by the homogeneous chiral condensate
and the tensor condensate

We consider the chiral suy (2) x suy (2) transformations:

v — ei0a75rﬂ/2w Xy + 0,8y,

suy(2) transformation,  (49)

y — e Py my + Sy,

suy(2) transformation. (50)
Here, 64y = iys(z?/2)y and &%y = i(v*/2)y, where a
represents the isospin indices. From (49) and (50), the
Noether current j; and the Noether charge Q“, which
arise due to the symmetry under these transformations, are
given by

. 0L\ Gy = iy 74 ”
A4 0(0,p) A 27
0.7 74
w _9LNILT o0
Na= Syy = -yt Sy, S1
V, a(aﬂw) |4 2 ( )

2

= _ o™
V= / Erfy, = - / &y’ Sw. (52)

=0 _ ¢
04 = / Exfi, =- / &y ys =,

Now, under the chiral transformations, the following
commutation relations can be derived:

014024-6
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104 wiyst"y] = =6y,
(104, py] = iyst'y,
105, yriyst’y] = €“”Cl//l}'sf w.
[iQ%. py] = (53)

If the quark-antiquark chiral condensate realizes a nonzero
value, namely () # 0, we obtain the following from the
first equation of (53):
([iQ4. Firse'y)) = -6 (y) £0.  (54)
where (- - -) means the expectation value of the field. Here,
59 represents the Kronecker delta. Therefore, the chiral
su,(2)-symmetry with the generators Q% (a =1, 2, 3) is
spontaneously broken, and the NG modes are

wiysty ~ at, (55)
where iystPy for each b = 1, 2, 3 corresponds to the NG
boson, namely the pion.

Similarly, considering the tensor condensate, the follow-
ing commutation relations hold:

104, wyty ety = 8 igysy vy,

| =
[1Q4. wiysr'r'w] = —wr'y' ey
(0% vy ey = “”‘W"y Ty,
10y wiysr'ry] = (56)
Here, e is the completely antisymmetric tensor.

Therefore, since the tensor-type quark-antiquark conden-
sate realizes a nonzero value, namely (ify'y>z3y) # 0,
we obtain the following from the second and third
equations of (56):

(10572 wysy'rAw]) = (ipy'y*Tw) #0,

(05" =iy y*e"=2y]) = —(iwy'y*y) #0,
(10572, —ipy'y*e"=My]) = (igy'y*cy) # 0. (57)

Therefore, from the second and third equations of (57), the
chiral suy(2)-symmetry with generators Q¢! and Q%2 is
spontaneously broken, and the corresponding NG modes
gr'rty a6
py'yely 21’ (58)
appear. Similarly, the chiral su,(2)-symmetry with the

generator Q47 is spontaneously broken, and the corre-
sponding NG mode

wysy' vy ~ w)? (59)

appears. Now, from

w2 = —-Gryiysy' Yy = iw)?, (60)

since w!?
field w)?:

is purely imaginary, we redefine it as a real

w2 = =Griysy'r’y. (61)

It seems that the generator Q=3 causes two NG modes,
namely 7° and w}2. This suggests that the 7* — > mixing

occurs. In fact, from (54) and the first equations of (57),

(1057 =Gswiysty]) = (1057 . 7))

=Gs(py) =—0y,
(1047, =Griysy'ry]) = ([i047 . w)?])
==Grligy'r’ry)=~ty, (62)

we obtain the following commutation relations:
00 + to

<[iQ"3 oo +t0wh]> _
Y RTE Vol + 12

<|:1Qa 3 —1‘071' +0()1th:|> _ thog — 0ol -0 (63)
’ «/00—&—[(2) \/6%4—1%

This indicates that —(co7° + tyw?)/
NG mode and (—fyz® + 6yw,?)/+/05 + t; becomes the
massive mode due to -w},z mixing. Therefore, from (55),
(58), and (63), we find that the following five NG modes

correspond to the breaking of chiral symmetry:

£0

63 + 15 becomes a

3 12

12 42 g2 O + L@y

T 7” ’t 7t2 E) > 5
\ oyt 1

This result is consistent with that obtained in Sec. II.
Next, under the Lagrangian (1), we consider spacetime
translations and the following Lorentz transformations:

(64)

X — X =x" + ex,, (65)

i ) )
Wi(x) - W;(xl) =1 _Eepg[(sﬁo')i] +L/166i]]l//j(x)' (66)
Here
L

po

l
Spa = Z b/w 70]' (67)

= i(x,0, — X,0,),

The Noether currents for spacetime translations and
Lorentz transformations are given by
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0L Ny
Hx) = — N80 9y — P
T/) (x) 5((3”1/11()0) apl//l 5,0 NJL,T» (68)
0L Nyt ; :
M 0" (x S)e) Wi+ (X,0, = X,0,)y;
(x) = (0,4%)( i(S,0) /W) + (%, W)
- (xpf% - xagll:)gNJLT
. agNJLT j
= x,T,/ — x,T, ()(0”1/11) (Sy0)w;.  (69)

Therefore, the translation generator P, and the Lorentz
transformation generator M,, can be obtained from the
Noether currents (68) and (69) as follows:

P, = /dSX(l/_/iJ’OapW - 80 LNir)s (70)

Mpa = /d3x(xpy7iy06,,l// - xalpi}loapl//

—i-yliy (Spg) - (x, 8 — 2)$NJL,T)' (71)

Here, we consider only spatial rotations, excluding time
translations and boosts, thus setting p =a,oc = Db,
a+#bla,b=1,2,3). In this case,

i
Sap = EJ/ayh (72)

can be used. In this context, from (70) and (71), the
generators of spatial translations P, and spatial rotations
M., are given by

P, = / dxpiy®o,y, (73)

M, = / P x(x, iy oy — xppiy°o,w
— iy (Swp) W) (74)

Then, the commutation relations between the generators
of spatial translations P, and spatial rotations M, and the
fields wy*y*z°y and Wriysy*y“y are obtained as follows:

[iP o "y 7"y = 0, (' y*ew),
[iPy. wiysy'y'w] = 0 (Wiysy'y'w),
[iM oy, r*y* ey ] = 0 (X 7" y"2y)
= 0, (xp Wy W)
+ W [Saps Vv ely,
[iM . Wiysy"r*w] = oy (xiysy*v*y)
= 0, (XpWiysy'r'w)
+ @ [Saps irsr'v* Iy (75)

Then, if the tensor-type quark-antiquark condensate real-
izes a nonzero value, namely (iry'y*ly) = (WZs73y) =
const, this situation corresponds to the quark spin polari-
zation occurring in the direction of the third spatial
component. Consequently, it is expected that the rotational
symmetry involving the third spatial component, specifi-
cally the spatial rotations (p,s) = (3, 1), (2, 3), is broken.
Therefore, we obtain the following equations:

([iPa,prty aty]) = 0. (wr*y*e"y) = 0,
([iPq wriysy"r*w]) =0,
([iMap 7"y ecy]) = WlSap V7" e lw).
(iM . wiysy*rwl) = W(Sap. ivsr*y*lw). — (76)

Therefore, while the spatial translation symmetry is not
broken by the tensor condensate, the spatial rotational
symmetry can be broken. In this context, noting that from
(72), the third equation of (76) can be rewritten as follows:

i(l/_j[—gaaézyay” + gaaézyayy
— 9upSar*rP + gupSar*yPlew).  (77)

(W[Sap. v'7*7ly) =

Thus, we obtain Table I. Moreover, in the fourth equation
of (76), since the isospin matrix z¢ does not appear in the
commutation relations, it cannot be attributed to tensor
condensation (yy'y?>zy). Thus, the rotational symmetry
is not broken in the pseudotensor field channel. Therefore,
if the tensor condensate realizes a nonzero value, namely
(ipy'y*Tdy) = (WZst3y) # 0, the spatial rotational sym-
metry is spontaneously broken, and the following NG modes:

IRy ~ 13,

iy Py ~ 8! (78)

appear. Here, referring to the NG modes corresponding to the
breaking of chiral symmetry (64), we see that there are no
modes identical to the NG modes corresponding to the
breaking of spatial rotational symmetry (78). Therefore,
it is suggested that the mixing of symmetries, as shown in
Sec. III B, does not occur in the breaking of chiral symmetry
and space symmetry by tensor condensate.

TABLE I.  Vacuum expectation values (VEV) of commutation
relations between spatial rotations and tensor fields are summa-
rized.

Channel
o'y prrty prr' ey
Rot lMlZ 0 0 0
iM; 0 0 iy y*cy)
iM5, 0 —i(@y' ) 0
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B. The case of the symmetry breaking by
inhomogeneous chiral condensate

In this subsection, let us consider the NG modes in the
case where the condensate depends on the space coordi-
nates. The commutation relations between the generators of
spatial translations P, and/or spatial rotations M, and the
fields yy and/or yiyst“y are obtained as follows:

[iPy. ] = 0, (W),
[Py Wiystw] = 0,(Wiysty).
[iM o, o] = O (xayr) — O (XpWpy),
[iM o, Wiystw| = 0y (x,Wiysty) — 0, (xpWiysty). (79)

We consider the inhomogeneous chiral condensate that
depends only on the z-coordinate:

(pw) = Acosqz,  (piysTy) = Asingz.  (80)
In this case, the vacuum expectation value (VEV) of the
commutation relations with the generator of spatial sym-

metry (79) is given by

([iPa.yw]) = 0,(py) = —6,39Asingz.
([iPa, riysty]) = 0, (Fiysty) = 6,36 gA cos gz,
([iM . ]} = 0 (x, (W) — O (x5 (W)
= qA[8u3x, — Sp3x,] sin gz,
([iM o, Wiystey]) = 0y (x4 (WirsTy)) — 04 (xy(Wiystw))

—qA(SC3 [5a3xh — 5/73)(“] COSs gz. (81)

Moreover, from (53), the following equations hold for
chiral transformations:

(104 wiyst"y]) = =6°" (pry) = —6"° A cos gz,
(iQ4.vw]) = <l//l7/sf w) = 6 Asingz,

([i0y. wiyst"y]) = e**“(piysty) = e Asin gz,
(107, wy]) = (82)

From these, we obtain Table II.

From Table II, we can see the following relationship
between the translation in the z direction and the rotation in
the plane containing the z-axis:

x([iP3, ¥]) =
—x;([iP3, ¥]) =

([iM. ).
([iM3,. 7)) (83)

where W =y or Wiyst’y. This is consistent with the
assertion by Low and Manohar [18], suggesting that P, and
M ,;, do not give independent massless modes. On the other
hand, it is evident that the two symmetries, translation P;

TABLE II. VEV of commutation relations in inhomogeneous
chiral condensate are summarized.
Channel
oy Fiyst'y  Wiysty  @iystyw

Sym P, 0 0 0 0

iP, 0 0 0 0

iP; —gAsingz 0 0 qAcos gz

iMy, 0 0 0 0

iMy; —x,qAsingz 0 0 X,qA cos gz

iM3;  x1qAsingz 0 0 —x1qA cos gz

iQ) 0 —Acos gz 0 0

iQ3 0 0 —Acos gz 0

iQ;  Asingz 0 0 —Acos gz

iQl, 0 0 Assingz 0

i} 0 —Asingz 0 0

i03 0 0 0 0

and axial chiral transformation Q3, are simultaneously
broken due to the two condensates, () and (Wiystiy).
Rewriting these relations, we have

([iPs.wy]) = 05 (pry) = —qAsingz,
([iP3, wiysT'y]) = 03(wiysTy) = qAcos gz,
(10}, wy]) = (piysTw) = Asingz,
(10}, wiysTy]) = =67 (py) = —Acos gz. (84)

As seen in Sec. IV C, what may appear to be multiple NG
modes are actually just one, as follows:

([iOnG. Pral) = V24, (85)

where

P
OnG = 0; - —3) (86)

1
V2 < q
DG = singz - (fy) —cos gz - (piysTy).  (87)

Details will be shown in Sec. IV C with Appendix C. A
similar mixing of translational and internal symmetries is
seen in Ref. [19].

Considering all possible generator mixings and field
mixings in the same way, we finally get the following three
commutation relations for the independent NG modes:

(104G PLal)
<[iQ§§é,®(Z>1>

([i0KG DRG] = A/ (3 +x3) +2, (88)

A
A

where
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Qf\fl(); = Q! cos gz + Q% sin gz,

2 .
Ql(\lé = Q3 cos gz — Q) sin gz,
3) 1
Q =

N VP ) 2

P
X Qi—f—Q(szB—len), (89)

1 — .
D, = Wiyst'y,

2 .
DY, = JrirsTw,
3 . — — .
@Ry = singz - () —cos gz - (iysTy).  (90)

Therefore, we obtain independent generators qulc); QI(\%

Ql(\?g} and fields CI>§\IIC)}, CDI(\IZ()}, @1(\?()3 corresponding to the three
NG modes. This result reproduces the discussion of NG
modes in Ref. [24].

IV. GENERALIZATION
Let us generalize the results obtained in the specific

models in Sec. III.

A. The case of a single symmetry broken
by two field operators

We consider the case where a single generator Q4 is
broken by two field operators, ®; and @;:

(io" @]) = v, #0,
<[lQA’(I)j]> =y # 0. (91)

Also, we assume that the fields ®; and ®@; are orthogonal.
Next, using ®; and ®;, we redefine the fields @y and Oyg

as follows:
—sin@ [oF
. (92)
cos @ oy

( Dy ) (cos 0
(I)NG B Sin 9
The fields @y and ®yg constructed in this way remain
orthogonal. In this case, if we take the rotation angle 9 as

v v
Sn0———2  cosf— 4 (93)
v3 + vl \/ V5 + vl

then @y and ®dyg are expressed as follows:

v v
@H:—q<l>i— P <I>j,
/22 2 /
vy + vy
v v
q)NG == L q)l+ el (Dj (95)
\/ v+ V2 N

e (94)

2 2
Up—l—vq

At this point, since they satisfy
([i*. @q]) =0,

([iQ" @ngl) = ¢/ vp + 05 #0, (96)

even though it might initially appear that two NG modes
emerge from (91), in reality, ®yg appears as a single
NG mode.

Next, we revisit the discussion from Sec. III A in light of
this generalization. From (62), the following equations
hold:

([(057.7°]) = =09 #0,
([(057. @)’]) = —tg # 0. 97)

This corresponds to (91) with Q4 = 0473, @, = 7°,
d>j = w}lz, v, = —0y, and v, = —l. Substituting these
into (94) and (95), we can construct @y and ®ng as
follows:

—t0ﬂ3 - Uow,llz

Oy =——=—="> (98)

\/6(2) + t(z)

oom + tow,llz

In this case, @y and Dy satisfy (96). This result is
consistent with the discussion in Sec. III A. Therefore,
Sec. IIT A can be seen as an example of the aforementioned
generalization.

Py = - (99)

B. The case of two symmetries broken
by a single field operator

In this section, we consider the case where two gen-
erators, 04 and Q% are broken by a single field operator ®:

(iQ".@]) = v, #0.

([iQ". ®]) = v, #0. (100)

Now, the generators Q* and Q® are mixed and redefined as
Oy and Qyg as follows:

cos) —sinf A
(o) = (ang w0 (o) 000
OnG sinf  cos@ 08
Here, let us take the rotation angle € as
cosf = ,sin@ = (102)

_ Y %
) 2 ) 2
vy, + vy vy, + vy

By substituting these into (101), we obtain
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On=—le Q0. (103)
v+ vl v+ 0]
v v
Ong = = Ap——L .08  (104)
vy + v vs + g
In this case, Eq. (100) can be rewritten as
([iQn. @]) = 0.
lQNG, = Up + Uq 56 0. (105)

Even though it might initially appear that two broken
generators emerge from (100), in reality, Ong appears as a
single broken generator.

C. The case of two symmetries broken
by two field operators

Next, we consider the case where two generators, Q4 and
QF, are broken by two field operators, ®; and ® it

l
l

l

(iQ
(iQ
(iQ
([iQ” (106)
In the following, we mix the broken generators and the field
operators in the same way as for Secs. [IVB and IVA,
respectively. However, for a # f, the mixing is not
uniquely determined because there are two ways to mix
the generators: one focusing on ®; and based on the first
and third equations of (106), and the other focusing on
®; and based on the second and fourth equations of (106).
Therefore, we restrict our discussion to the case of a = f.

We mix the generators Q4 and QF, and define them as
Oy and QOng as follows:

a 1 B

A _ .
QO

1
\/1+a A \/1+a 9

In this case, Eq. (106) can be rewritten as

On = (107)

One = (108)

09
09

\/l—l—avp 0,
V1 +a? l)q

([iQu. @]
([iQn. @]

< iOng, @
< iOng, @

)
)
i)
i)

(109)

That is, we can divide into the broken generator Qng and
the unbroken generator Q. Here, we mix the field
operators, ®; and @;, and define ®y and ®yg as follows:

v
=l -2 . (110)
\/ V54 s \/ V5 + vl
Do =l —— LD (111)
\J V5 + s \/Vp+ 02
In this case, from (109), we have
([iQu, ®y]) =0,
([iQu, Pna)) =0,
) 14+ a?
([iOnG,> ®ul) = \/m(%”q —0,0,) =0,
([iOnG- Pngl) = V1 + a2y /v}, + 05 #0. (112)

Thus, Qy is unbroken, and for the broken Qng, @y is the
Higgs mode, and ®yg is the NG mode.

Finally, we revisit the discussion from Sec. III B in light
of this generalization. From (84), the following equations
hold:

([iQ3. l//]> Asingz,
([iQ3. wiysT'w]) = —Acos gz,
([isP3, py]) = —sqAssin gz,
([isP5, WriysT3y]) = sqA cos gz, (113)

where, to align the dimensions of P5 with Qi, we introduce
a parameter s that has the dimension of length. The only
dimensional parameter except for the parameters appearing
in the model Lagrangian initially is ¢, which is introduced
in the condensate as a wave number of a modulation.
Therefore, in this case, the parameter s with the dimension
of length should be proportional to the dimensional
parameter 1/q. Thus, let us adopt —1/¢g as s because the
chiral rotation Qz and the translation —P3/q give the same
transformation for the inhomogeneous condensate as is
discussed in Appendix C. Here, let us regard the general
quantities 04, QF, ®;, ®;, v,, and v, as follows:

0t=0y. or=-0
q
O =gy, @ =yirsty,
v, = Asingz, v, = —Acosqz. (114)

Then, Eq. (113) can be rewritten as follows:
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(10" @) = v,
(10" ®)) = v,
(10" ) = v,
(liQ".@))) = v, (115)

These correspond to the equations in (106) with
a = f§ = —sq = 1. Therefore, the general theory for the
case of o = f# can be applied. By substituting (114) into
(107) and (108), we obtain the unbroken generator Qy and
the broken generator Qg as follows:

on=7(1+2) (116)
Ono —\%(Qi—%)- (117)

Similarly, by substituting (114) into (110) and (111), we
obtain the Higgs mode ®y and the NG mode ®yg as
follows:

@y = —(cos gz - (fy) +singz - (Fiyst'y)),  (118)

g = singz - (py) —cos gz - (piysty).  (119)
In this case, @y and @y satisfy (112). Therefore, in (84), it
is found that Qyg is broken, resulting in the emergence of a
single NG mode, ®yg. Here, @y is nothing else (87).

D. The rules of a single symmetry breaking
by multiple field operators

In the following, we describe the rules for the case where
N field operators break a single symmetry.

Assume that a single symmetry is broken by N field
operators as follows:

(ig". @1]) = v #0,
([iQ" @a]) = v, #0,

(10" ®y]) = v, #0. (120)
From the discussions in Sec. IVA and Appendix D on the
cases where N = 3, 4 condensates break a single symmetry,
the following three rules can be inferred: The first rule is
that by appropriately rotating the N orthogonal modes, one
NG mode and N — 1 Higgs modes can be obtained. The
second rule is that the NG mode is determined by N — 1
rotation parameters. This is because the rotation of N — 1
modes results in ,C, parameters, of which ,_,C, are
arbitrary rotations related to the Higgs modes, leading to
NG, —n-1 C; = N — 1 rotation parameters that determine

the NG mode. Here, ,C, is the binomial coefficient,
representing the number of combinations:

In this context, we use the case with » = 2. The third rule is
that the condensate leading to the NG mode is denoted by

v = />N, v?. This relationship determines the unique
parameters (v,0;,...,0y_;) and the original mode con-
densates (v1, vy, ...,vy) that satisfy this equation. By
rotating the N modes according to these rules, one
NG mode and N — 1 Higgs modes can be obtained as
follows:

(121)

([iQ* ®ygl) = v #0,
([ig", @y,]) =0,

([iQ", @y, ]) = 0. (123)
Note that @y, ..., @y, , are determined by ,_, C, arbitrary
parameters, and therefore, it is not uniquely defined.

Finally, we mention the rules for mixing generators when
breaking multiple generators Qy, ..., Oy in the common
field operator ®. That is,

([iQ),®@]) = v, #0,
([i0;, @]) = vy #0,

([iQy. ®]) = vy #0. (124)
Here, v, ..., vy do not necessarily need to be different
condensates. As seen in Sec. IV B, generators can be mixed
similarly to the mixing of modes. Therefore, the afore-
mentioned rules can also be applied to the mixing of
0y, ..., Qy. Specifically, the following three rules are
inferred. The first rule is that by appropriately rotating
the N generators, one broken generator Ong and N — 1
unbroken generators Q. with i =1,2,...,N — 1 can be
obtained. The second rule is that the broken generator
Ong 18 determined by N —1 rotation parameters.
Moreover, N — 1 unbroken generators Qy, result in C,
parameters, of which ,_,C, are arbitrary rotations. The
third rule is that the condensate leading to the broken
generator Qg is denoted by v = /> ¥, v7. This relation-
ship determines the unique parameters (v, 6, ..., 0y_;) and
the original mode condensates (v, vs, ..., vy) that satisfy
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the next equation:

. Uy . Uy . Uy .
lQNG:le1+721Q2+"‘+7NlQN' (125)

V. SUMMARY

In this paper, we present general rules for determining the
broken generators and NG modes in the case of symmetry
breaking by multiple condensates through knowledge of the
symmetry breaking pattern on the exotic chiral condensates.
Then, at first glance, the number of broken generators does
not match the number of NG modes. It is necessary that the
linear combinations of broken generators and those of
elementary fields should be considered to establish a one-
to-one correspondence. These rules are based on the method
using algebraic commutation relations.

We considered specific examples of tensor-type con-
densates arising from tensor interaction, and the inhomo-
geneous chiral condensates as exotic chiral condensates.
First, for the tensor-type condensate, we discussed two
methods to derive the NG modes. The first method involves
a use of the two-point vertex function. By employing this
method, we observed that the presence of a tensor-type
condensate breaks the chiral symmetry, resulting in two
types of NG modes associated with the breaking of su4(2)
chiral symmetry. By diagonalizing the meson mass matrix,
we found that meson mixing occurs which leads to the NG
mode and the Higgs mode. The second method was given
by the use of algebraic commutation relations. Based on
this method, we also considered the breaking of spatial
symmetry in addition to the chiral symmetry breaking. This
allowed us to completely reproduce the results obtained by
the method using the two-point vertex function for the
breaking of chiral symmetry and showed that the breaking
of spatial symmetry and chiral symmetry are independent.

Second, for the dual chiral density wave as an inhomo-
geneous chiral condensate, we investigated the pattern of
symmetry breaking based on the method of algebraic
commutation relations and then discussed the results based
on the derived general rules. The discussion using algebraic
commutation relations revealed that both the chiral sym-
metry and the spatial symmetry are broken, and the NG
modes associated with the breakings of su,(2) chiral
symmetry, spatial translational symmetry, and spatial rota-
tional symmetry, which lead to the same transformations
for the dual chiral density wave, are nonindependent.
Finally, we obtain the commutation relations corresponding
to three independent NG modes, whose constituent gen-
erators and fields can be expressed as linear combinations
of the original generators and fields.

Investigating the mathematical background of the
derived general rules and conditions under which internal
symmetry and spatial symmetry can be identified as the
same is one of the main goals of our future work.
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APPENDIX A: DERIVATION
OF THE GAP EQUATION

Noting that {y*,y*} =2¢* and (AB)~!=B~'A7!,
we transform the trace part of (18) as follows:

1
t
f [lé —20p — 4itoylyzrj
_ tr[ !
{4 (200 + 4itoy'y?s) Hk — (200 + 4itor'y’T3)}

x {k+ 20y + 4it0y1y213)}}

1
g tr .
|:(k2 — 46(2) - 16t(2)) - 81[07:3 (klyz - k271 - 260}/17/2)
1
K2 =403 — 1613) + 8itors (k172 — ko' — 200777
x {(k* — 4o} + 1612) — 8ityrs(kyy> — kay' = 2607'7?)}

1

x {k + (200 + 4itgy'y*z3)}
1
(2 — 402 — 1622 — 6422 (K2 + K2 + 402)
x tr[{(k* — 403 — 1613)
= 8itgzs(kiy* = kay' = 200r'7%)}
x {k + (200 + 4itoy'y*z3) }].

(A1)

Here, note that the trace is taken over the Dirac gamma
matrices, isospin space, and color space. Next, using the
trace formula
trz P = O,
trr? =2,
tr(y'y”) = 4g".

tr(y#t---y#) =0 (n: odd number), (A2)

we calculate the trace part of (Al) to obtain
tr[{ (k* — 4o — 1615) — 8itgrs(kyy* — koy' = 200r'7%)}

x {k + (200 + 4itgy'r’3)}]

= 4860 { (k> — 402 — 1612) + 3213} (A3)

Therefore, Eq. (18) becomes
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d*k
1+48G —_—
”"( +a8Cs / i(27)

. k* — 40 + 1613
(k> — 4062 —1613)> — 6412(k2 + k3 + 403)

) =0. (Ad)

This equation is identical to Eq. (20).
Similarly, by transforming (19), we obtain (21).

APPENDIX B: CALCULATION OF THE
TWO-POINT VERTEX FUNCTIONS

Transform the trace part of (37) in the same way as in
Appendix A:

1
k—20(y— 4it0yly213

tr (—Zi}/513)

1
x (=2i
(=2irs7s) k=20 — 4it0y1y273]

- 1 1
=1tr|—
Sk =200 — 4itor ey k=20, - 4iforlyzfj

I -1
tr
L{k + (200 + 4itgy'y*z3) Hk — (200 + 4i10717273)}]

-1
t
! L(K* — 403 — 1613) + 8itgr3(kyy> — kay' — 2003/]}/2)]
r -1
|(KX — 403 — 1622) = 8ityzs(kyy? — koy' — 2007'7%)
1
) (k* — 405 — 1615) + 8itgrs(kyy* — kay' = 2007'7?)

=1tr

X {(k2 - 40(2) - 16%) - 817073(k17’2 - sz’l - 2007172)}}
1
(% — 402 — 1622)2 — 64222 + I3 + 402
x tr[(k* — 40'% - 161%) = 8ityr3(kiy* — kay' — 2607'7?)).
(B1)

Deriving the trace part of (B1) using (A2), we obtain
I (p = 0)

2 / d*k
—_ S 4 =
Gy i(2m)*

y 24(k* — 40t — 1612)
(k> — 403 — 1612)% — 6412 (k3 + k3 + 403)

2
=G <1 + 48Gy
" / d*k (k> — 40 + 1613) — 3213 )
i(2m)* (k> — 403 — 1613)%> — 6413 (k7 + k3 + 4063)
o6 / d*k 321 .
i(27)* (k* — 403 — 1613)? — 6413(k? + k3 + 403)
(B2)

This is equivalent to the last line of Eq. (37). Note that in
the final equality, we used the chiral condensation gap
equation (22).

Similarly, Eqgs. (38) and (39) can be demonstrated.

APPENDIX C: THE IDENTITY OF suy, (2)
CHIRAL ROTATION AND TRANSLATION

From (113), we obtain

e"991< vy )g-i"Qi _ < cos@ sin@) ( vy )
wiysty —sin@ cosf ) \yiysty
(C1)

By taking the vacuum expectation values,
200, <Acos qz)e_sz _ < cosfd sind > (Acos qz)
Asingz —sinf cosd Asingz
( Acos(gz —0) )
~ \ Asin(gz —6)

is obtained. Similarly, from (113), we obtain

(€2)

<¢iif§§/)<z>)e“'”’3 - (WZW(;:;+)>> )

By taking the vacuum expectation values,
piaPs ( Acos gz > omiaPy — < Acos(q(z + a)) > (C4)
Asin gz Asin(g(z + a))
is obtained. Therefore, if we adopt a as —0/q, then

oi(~0/0)Ps ( Acosgz > o—i(=0/)Ps — ( Acos(gz — 0) )
Asingz Assin(gz — )

_ 00} Acos gz o100
Assingz

(C5)
is obtained. Thus, the chiral rotation due to Qi and the
translation —P5 /¢ cause the same transformation. This is
the reason why the dimensional parameter s should be
adapted as —1/¢ in Sec. IV C.

APPENDIX D: THE CASE OF A SINGLE
SYMMETRY BREAKING BY THREE OR FOUR
FIELD OPERATORS

Now, we consider the case where a single generator Q4 is
broken by three field operators, ®;, ®;, and ®:

([0 @]) = v, #0,
([i0", @;]) = v; #0.

([[Q", @) = v, #0. (D1)
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Also, we assume that the fields ®;, ®;, and ®; are
orthogonal. Next, using ®;, <1>j, and ®;, we redefine the
fields @}, @}, and @} as follows:

ol D;
@, | =R,R,R,| (D2)
@5 Dy
Here,
1 0 0
R.,=|0 cosf, —sind, |, (D3)
0 sinf, cosé,
cosf, 0 sind,
—sinfy, 0 cos0,
cosd, —sinf, O
R, = sinf, cos@, O (DS5)
0 0 1

Since there is one broken generator Q4, by appropriately
rotating, we can obtain one NG mode and two Higgs
modes. As these modes are orthogonal to each other, the
Higgs modes should have an arbitrary rotation parameter
within the plane defined by the NG mode. Therefore, if we
consider 6, as an arbitrary parameter, @} without 6, can be
considered as ®yg:

DG = D) = cos b, cos 0,®; — cos 0, sin 0, D; + sin 6, D,

(Do)
&y, = &), = (sinb, sin, cos b, + cos b, sin )P,
+ (—sin@, sinf, sin @, + cos @, cos ,)D;
—sin @, cos O, Dy, (D7)
&y, = @5 = (cos b, sin6, cosd, + sinb, sin 0, )d,
+ (=cos 0, sin @, sin @, + sin @, cos ,)D;
— cos 6, cos 6, ®,. (D8)

Assuming that the magnitude of the NG mode condensate

is v = /v + v} + v;, by analogy with the case of two

field operators, we have
(% v v
(DNG:—aq)i+_ﬂq)j+—yq)k, (Dg)
v v v

([ig* @xl) = v (D10)

satisfied. In this case,

Vy . Uﬂ . Uy
cos@ycosd, =—, —cosf,sinf, =—, sinf, =—=
v ’ v

(D11)

hold. Given these conditions, ¢, and 6, are uniquely
determined. Using this, we obtain

(i @y,])
= v[cos 6, cos @, (sin @, sin O, cos §, + cos O, sinb),)
—cos 6, sin@,(—sin 6, sin 6, sin @, + cos O, cos 6,)
+ sin @ (—sin 6, cos )]
=0, (D12)
([i0". @,])
= v[cos 6, cos @ (cos 0, sin 6, cos O, + sin b, sinb,)
— cos 6, sin @, (—cos @, sin 6, sin O, + sin 6, cos 6,
— sin 6, (cos 0, cos 6,)]

=0. (D13)

Next, we consider the case where a single generator Q4
is broken by four field operators, ®;, ®;, ®;, and ®;:

([iQ% ®]) = v, #0.
([iQ% ®]) = vy #0,
([iQ". @4]) = v, #0.
([iQ* ®]) = v; #0. (D14)

Also, we assume that the fields ®@;, ®;, @y, and ®,; are
orthogonal. Now, using ®;, ®;, ®;, and ®;, we redefine the
fields @), @}, @}, and @) as follows:

@ @;
) = RizR 3R 4Ry3 R4 R34 <l (D15)
@’ O,
@, @,
where
Cnh =S, 00 Cs 0 =55 0
S C 00 0 1 0 0
R12: 12 12 , R13: .
0 0 10 S35 0 C3 0
0 0O 01 0O 0 O 1
(D16)
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Cu 0 0 =Sy, 10 0 0
0O 10 O 0 Cyy =S» O
Riyy= » Ryz = 2 » ,
001 0 0 Sy Cy O
Sy 00 Cuy 0 0 0 1
(D17)
1 0 0 O 10 O 0
0 Cy 0 =S 01 O 0
Ry — 2% Sl .
O 0 1 0 00 C3y —S3u
0 S 0 Cyu 00 84 Cy
(D18)

Here, S;; = sin6;; and C;; = cos6;;, and 0;; with (i, j) =
(1,2),(1,3),(1,4),(2.3).(2,4),(3,4) denote the rotation
parameters.

Since there is one broken generator Q“, by appropriately
rotating, we can obtain one NG mode and three Higgs modes.
As these modes are orthogonal to each other, the Higgs
modes should have three arbitrary rotation parameters within
the three-dimensional space defined by the NG mode. Since

@) = S14®@ + C14S55%Ps + C14Cp S D3 + C13Cou C3y Dy,
(D19)

we can consider @ as the NG mode ®yg and @), D), D/ as
the Higgs modes @y , @y, , Oy, . Consequently, 6,,, 6,3 and

6,3 become arbitrary parameters, consistent with the above
discussion. Assuming that the magnitude of the NG mode

condensate is v = \/ vg + v + vy 4 3, by analogy with

the case of two and three field operators, we have

v v
Dyg = 20, + LD, + LD+ 2@, (D20)
v v v v

(io*. @ngl) = v (D21)
satisfied. In this case,
) v . v
sinfp, = -, cosfysinby =L,
v v
. vy Vs
cos 014 cos Oy sinzy = —, cos by cosyycosO3y =—
v v

(D22)

hold. Given these conditions, 8,4, 0,4, and 63, are uniquely
determined. Using this, we obtain

(0" @x,]) = 0. (D23)
(0", @y,]) = 0. (D24)
(0" @y,]) =0. (D25)
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