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We study the decays #+ — [Ty, in the presence of a background electromagnetic plane wave with
circular polarization. We find that, in the presence of this background, the number of hadronic form factors
required to describe the pion-to-vacuum amplitude increases from one to four. Three of these form factors
are associated with the axial vector current and one with the vector piece, which is in general different from
zero. We obtain analytical expressions for the corresponding contributions to the decay width, considering
in particular some range of values of interest for the frequency and amplitude of the external wave. For laser
frequencies w of the order of the eV, it is seen that the main correction to the result obtained in absence of
the external field is proportional to the vector form factor, carrying a suppression factor of order
~(w/m,)*3. In addition, we show that our expressions can be connected with the Kroll-Watson formula,
which provides the differential cross section for the scattering of a charged particle by some potential in the
presence of a strong external electromagnetic wave. Our analytical results are also compatible with
previous numerical calculations obtained in the limit of low amplitude laser fields, offering new insight on

some characteristics of these results.

DOL 10.1103/j3bg-tds]

I. INTRODUCTION

The recent progress in laser technology, in terms of both
its intensity and its sources, is paving the way for the
experimental study of quantum effects in the presence of a
very large electromagnetic wave field [1-3]. From the
theoretical point of view this subject has a rather long
history. For example, already in the mid 1960s, the effect of
some electromagnetic field configurations on leptonic
decays of charged pions was considered [4—6]. Over the
years, several other decay processes of interest in nuclear
and particle physics, e.g., muon weak decays [7], f decays of
nuclei [8,9], transmutation of protons [10], a or proton
emissions fromnuclei [11-15], etc., have been also analyzed
in this context. More recent applications, as well as related
references, can be found in Refs. [1,16]. Whether noticeable
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effects on charged particle weak decays may be observed in
present or forthcoming experimental facilities is an issue that
shows some controversy. For example, it has been claimed
[17] that the muon lifetime can change dramatically in the
presence of laser fields having an electric field amplitude of
10° V/cm. This result has been questioned in Ref. [18]
stating that such a field is in fact too weak to produce an
observable effect, and this argument has been confirmed in a
more quantitative way in Refs. [19,20].

Due in part to these developments, in Ref. [21] the weak
decay of charged pions has been revisited. In that article, as
in Ref. [5], the authors write the pion-to-vacuum hadronic
current in terms of a single form factor (the usual pion
decay constant in vacuum), considering laser fields with
photon energies E, = 1-2 eV and electric field amplitudes
E = 107-10% V/cm. They conclude that within this range
of laser parameters the calculated decay width basically
coincides with the one obtained in vacuum. One important
observation is that to get this result one has to sum over the
contributions of a rather large number of exchanged
photons. Since in Ref. [21] such a sum is performed
numerically, the analysis of the process for higher electric

Published by the American Physical Society
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field amplitudes lies beyond their computing capacity.
Forthcoming experimental facilities, e.g., LUXE [22,23]
or NSF-OPAL [24] are, however, expected to reach electric
field amplitudes about five orders of magnitude larger
(E~10" V/cm) with about the same laser frequency.
Thus, one might wonder whether the conclusions of
Ref. [21] would remain valid for these parameters. In
addition, as shown in Ref. [25], the presence of a back-
ground electromagnetic field opens the possibility of the
existence of other nonzero pion-to-vacuum transition form
factors in addition to the pion decay constant considered in
Refs. [5,21]. These form factors have been shown to play
an important role in the analysis of the weak decay width of
charged pions in the presence of a constant magnetic field
[26]. Given this context, the scope of our work is twofold.
First, considering the presence of an external plane wave
(PW) electromagnetic field, we determine the form of the
most general model-independent hadronic matrix elements,
written in terms of gauge covariant Lorentz structures. In
particular, we show that in the presence of a PW one can in
principle define four independent form factors. Second,
given the general form of the hadronic matrix elements, we
obtain a general expression for the charged pion decay
width and show that this expression can be conveniently
approximated so as to obtain reliable numerical results for
relevant modern laser parameters.

This article is organized as follows. In Sec. I we review
zt — [Ty, decays in vacuum and discuss the main
features of the external field. Then, in Secs. III and IV
we obtain general expressions for the relevant matrix
elements and for the corresponding decay width, respec-
tively. In Sec. V we derive approximate analytical
expressions for the contributions to the decay width,
taking into account relevant parameter ranges for the
laser field. The order of magnitude of these contributions
is discussed, and it is shown that in the limit of low
amplitude laser fields the results are compatible with
previous numerical calculations. It is also seen that our
analytical results can be related to the Kroll-Watson
formula. Finally, in Sec. VI we present a summary of
our work, together with our main conclusions.
Specifications about the characteristics of pion and lepton
fields in the presence of the external background are
included in Appendix A, while in Appendix B we detail
some mathematical steps followed in our calculations.

II. PRELIMINARIES

We are interested in the two-body decays of a charged
pion into a charged lepton (electron or muon) and the
corresponding neutrino, in the presence of an electromag-
netic plane wave background field that can be understood
as an idealization of a laser field. In particular, for
simplicity, we consider the case in which the electro-
magnetic wave is circularly polarized and the pion moves
in the same direction as the laser beam. We use natural

Heaviside-Lorentz units with # = ¢ = 1 and fine structure
constant a = e?/4x ~ 1/137.

A. it — Iy, decays in vacuum

Let us start by analyzing leptonic pion decays in absence
of the external field, i.e., in vacuum. For concreteness we
consider the process 7" (q) = [T (p)y,(t), where [ = e, u,
denoting by ¢, p, and ¢ the four-momenta of the pion,
charged lepton, and neutrino, respectively.

The decay is driven by the Fermi Lagrangian density

@@—-%mé]#@mm+mwmmL@n
1

where G is the Fermi decay constant, V4 is the corre-
sponding element of the Cabibbo-Kobayashi-Maskawa
matrix, and Ji*(x), J¥(x) are, respectively, the leptonic
and hadronic currents involved in the z*(q) — I7(p)v,(¢)
process. These currents are given by

THx) = i, () (1 = 7y (x),

T (x) = wa () (1= 7 )y (x). (2.2)
In vacuum, the decay amplitude can be written in terms of
the matrix elements

(I(p. s)vy(t. 1), ()r* (1 = 7 )y (x)]0)

= e, (t.r)r"(1 = r)e” v (p.s) (2.3)
for the leptonic current (here r and s label polarization
states), and

(0777 y ()|t (q)) = =V2f (%) e/

= iV2f(gP)g" e7i1* (2.4)
for the hadronic one. Here, the charged lepton and the
neutrino are described as elementary pointlike particles,
whereas the pion is treated as a composite object. Since the
pion is a pseudoscalar particle, only the axial vector piece
of the hadronic current contributes to the amplitude. The
internal structure of the pion is taken into account through
the form factor f(g?), whose on-shell value is the pion
decay constant,

(2.3)
From the above amplitudes, the decay rate for the

process 7T — [Tv is found to be given by the well-known
expression

2 2 2\ 2
wae) _ Gpl[Vud| mj
F,,i“i,+bl—4—;f%mnnﬁ =3 (2.6)

4
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B. Background laser field

We proceed now to describe the features of the external
background field. We consider the case in which it is given
by an electromagnetic plane wave of wave vector k*, i.e.,
the electromagnetic field A# has the form

A”(.X) = e’f ap (C) + elé az(é:), (27)
where ¢ =k, x*, with k* = 0. Here, a;({) are arbitrary
functions of ¢, while ¢/ = (0, €;) are orthogonal polariza-
tion vectors (i.e., €; - €; = 0) that satisfy the transversality

condition k - ¢; = 0. The electromagnetic strength tensor is
given by

FWo= AV — P AR = kAT — KA, (2.8)
where
dal daz
A’ll — elf d_Z: + 63 d_C . (29)

As stated above, we focus on the description of the pion
decay in the presence of a background laser field. For a
laser pulse of finite duration, the coefficients a;({) in
Eq. (2.7) would be zero for values of { beyond the
interaction region. Nevertheless, here we will assume that
the actual length of the laser pulse is relatively large, in such
a way that it can be approximately described by an
infinitely extended PW. Moreover, for the sake of simplic-
ity we will choose a monocromatic plane wave. Two
possible photon polarizations are usually considered in
the literature: a circularly polarized plane wave (CPPW)
and a linearly polarized plane wave (LPPW). For a CPPW
one has

a;(¢) = acos, a(¢) = —asing, (2.10)
while for a LPPW one has
a;(¢) = arpcos{, 2(f) =0. (2.11)

As it will be discussed in the next section, the calculation of
the decay width we are interested in becomes greatly
simplified for a CPPW. Thus, in what follows we will
concentrate in this particular case.

We can write now k¥ = w(1,7), with i = 1,7 - ¢; = 0.
Thus, a (or a;p) stands for the wave amplitude, while
A, = 2n/w is the corresponding wave length. We use the
vectors n* = (1,7)/v/2, it* = (1, =1)/V/2, ¢} and ¢4 as an
orthonormal basis for spacetime. In addition, we choose the
spatial axes in such a way that 77, €,, and &, point to the Z, &
and y directions, respectively. Then, for a CPPW the
electromagnetic field reads

A* = a(0,cos ¢, —sin(, 0). (2.12)

Alternatively, one can introduce the useful notation [27]

AM(z) = aRe(a"e ') , (2.13)

with

a* = (0,1, -, 0) . (2.14)

It is easily seen that the external electromagnetic field is a
function of x~ = (x° —x3)/v/2. As a consequence, the
system under study breaks translational invariance only in
the x~ direction, and it is advantageous to describe it using
light-front coordinates. The coordinate x~ can be inter-
preted as the light front time, while (x™, X, ), where x™ =
(x° + x3)/+/2 and ¥ lies in the spacial plane perpendicular
to 7 (defined by the vectors ¢;), are intended to be the
“light-front space coordinates.” Concerning the momentum
components, as x~ is the “light-front time coordinate,” its
canonical conjugate p* = (p° + p*)/+v/2 can be referred
to as the “light-front Hamiltonian,” and the canonical
conjugates of the “light-front space coordinates”
(x*,X ) will be the “light-front momentum coordinates”

(p~,pL), where p~ = (p° — p*)/+/2. For a particle of
mass m on its mass shell we have p™ = (m? + p%)/(2p7).

To fully characterize the charged pion decay in the
presence of this background field we also need to specify
the pion four-momentum. Several dimensionless, scalar
and gauge invariant parameters have been defined in the
literature for the description of this system. A discussion
about the parameters of interest and the corresponding
orders of magnitude can be found in Refs. [1,3,28]. We
follow Ref. [1] for a manifestly gauge-invariant definition
of these parameters, changing the electron mass used in
Ref. [1] for the pion mass. Thus, we define the classical
nonlinearity parameter &, as

$r = _Or

— —g FMW oo F 1/2,
mﬂ,{,q( 4 F" q" F o)

(2.15)

where ¢* is the momentum of the decaying pion, Q, is the
pion electric charge and the angle brackets indicate a phase
cycle average. On the other hand, the relation between the
energy of the probe particle and the plane wave background
is parametrized by the linear quantum parameter

k-
Ne =

e (2.16)
In our case, the background field can be characterized by
two parameters: its amplitude, a, and the frequency of
the laser field in the lab frame, w (or, equivalently, the
-+-component of the wave vector, k™). These parameters
can be written in terms of the dimensionless quantities
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given in Egs. (2.15) and (2.16) as

Qra =&, my, V2wq =n,m2.  (2.17)
In terms of experimental accessible quantities, £, can be

written as

E[V/cm]
E,[eV]

=221 x 10712, /1[W/cm?|, [um],  (2.18)

where E, = A is the photon energy, E is the electric field
amplitude and 7 is the associated laser field intensity. In the
same way, 17, can be written as

E, (E, E,\2
””‘@(Ef (&) ) o

where E9 = m,c?. Notice that for a pion at rest one has
Ny = E},/E?,, while for a pion energy E, =1 GeV one
has n, = 143 E,/EY.

In addition, as stated above, we will consider the
particular case in which the pion momentum points in
the direction of the wave vector, i.e., we will take g, = 0.

&, =1.41x 10713

III. LEPTONIC AND HADRONIC MATRIX
ELEMENTS IN THE PRESENCE OF THE
EXTERNAL FIELD

A. Pion-to-vacuum hadronic amplitude

In the presence of the external electromagnetic field the
decay process #™ — [Ty, can still be written in terms of a
Fermi Lagrangian density as the one in Eq. (2.1). However,
charged particle fields have to be modified, and a para-
metrization of the pion-to-vacuum hadronic amplitude in
terms of several form factors is expected.

The hadronic current J, (x) in Eq. (2.2) includes vector
and axial vector pieces. In vacuum, the vector piece does
not contribute to the pion-to-vacuum amplitude, while the
contribution of the axial vector piece is given by Eq. (2.4).
Now, in the presence of an electromagnetic background
field A#, new tensors are available and can be used to obtain
the desired Lorentz structure. In the most general situation,
due to gauge symmetry, the derivative 0" has to be replaced
by the covariant derivative,

Dt =0'4+iQ, A", (3.1)
In addition, one has other two gauge invariant tensors,
namely, the electromagnetic strength tensor and its dual,

- 1
FrY = 0" AY — o AH, FH = 56‘””’"6 Fp. (3.2)
The vector and axial vector contributions to the
pion-to-vacuum amplitude have to be built from contrac-
tions between these objects. From the strength tensor
and its dual one can obtain the relativistic invariant

quantities

1 1
=_F, % =——F,F" =_(E* - B,
S 4 nv 4 1724 2( )
1 - -
P=F.f"=E-B. (3.3)

where E and B are the external electric and magnetic fields.
Other useful relations are the following: taking two tensors
and contracting one Lorentz index one gets

F’mFay = F/mFay _25%’
FrefF,, =Pé, (3.4)

while covariant derivatives satisfy the commutation relations

D,.D,)=iQ, F",
" v n

Dy, F*] =0, F'*. (3.5)

Let us consider, in particular, an external electromagnetic
PW. It is easy to see that in this case one has S = P = 0.
Taking into account the previous relations, from the
available tensors one can set up just three independent
vector operators,

D*, 0. F*D,, QiF'“F,, D" (3.6
and one axial vector operator,
Q,F*D,. (3.7)

In addition, in the case of an external electromagnetic PW,
another available vectorlike physical quantity is the wave
vector k*.

On the other hand, particle fields get modified in the
presence of the external field. The form of the wave
functions ¢ (x) for charged pions is discussed in
Appendix A. In the case of an electromagnetic PW, they
can be written as

by (x) = ¥ ().

where ¢# = (E,. §), with E, = \/g* + mZ, and the func-
tions ¢ (£) are given by Egs. (A5) and (A7).

Thus, the vector and axial vector pieces of the pion-to-
vacuum amplitude can be written as

(3.8)

(O a(x)rvu(x)|7*(9)) = V2fy Qr F* D, ¢ (x). (3.9)

114035-4
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Olg 1 (x)r*rw.(x)|z " (q))
=—V2[fa1 D" +ifpr 0 F* D, + f 43 Q2 F** F ., D"|p (x).
(3.10)

where Q, is equal to the positron charge e. In principle, in
Eq. (3.10) one could include a further term proportional to
k*; however, as shown below, the corresponding form
factor can be absorbed through a redefinition of f45.
The form factors fy and f,;, i =1, 2, 3, are scalar
functions of the Lorentz invariant differential operators that
can be built using the gauge invariant tensors in Egs. (3.1)
and (3.2) together with the wave vector &#. In fact, it can be
seen that only three independent nontrivial scalar operators
can be found. They can be chosen to be, e.g.,
D'D,, Q,%F””FWD“D”,

D, — (3.11)

Taking into account the relation
. i 1
D) = =10~ (0,A0) 43024 )iy

L0, A, <¢>] ot () (3.12)

(see Appendix A), it is seen that the action of these scalar
operators on the pion wave function gives

D' D, ¢t (x) = —¢* ¢ (x),
Q2 F" F,, DD, ¢} (x) = —Q2(k - q)*A” ¢ (x),

KD, bt (x) = —ik- q b (x). (3.13)

Hence, the form factors will be in general functions of the

Lorentz invariant quantities ¢, k - ¢ and Q2(k - ¢)>A"”%.
From Egs. (3.9), (3.10) and (3.12) the pion-to-vacuum

matrix element of the hadronic V — A current is given by

(O175(0)|7* (q)) = (Ol (x)r*(1 = 7 )y, (x)|7* (q))

=V2e T gt (0P, (3.14)

where ¢ () is given by Eq. (A5), and the vector F* is
defined as

F'=—i(fy gy +fardn +ifaodhn + fasdiz),  (3.15)
with
g’\l/ = Q" kp A;(QD - QITAI/)7
A
= gM i . _ — H H
g‘;u = QIL'A/ ) (q - Q/.[A)k” - Qﬂk : quﬂ’
Gy =—0z A -Ak-qk'. (3.16)

In this way, as pointed out in Ref. [25], it is seen that the
presence of an electromagnetic background field enables
the existence of new form factors for pion decays. In
particular, in our case we have a vector form factor f and
three axial form factors f,;. In the A* — O limit the
coefficients accompanying the new form factors fy, fas
and f,3 vanish, whereas ¢y, — ¢ and f4; — f,.

In the particular case of a CPPW, it is seen that
Egs. (3.16) get further simplified, since one has
A-A' =0, A2 =A” = —g%. Moreover, if we consider

the case in which g, =0, we also have
qg-A=¢q-A" =0. Then Egs. (3.16) reduce to

9}\’/ = Qn etrre kp A;(QD - QJTAI/)’

y <

=g" + K —Q, A*,

Al 2k g

9‘22 = _Qﬂk : qA/ﬂ’

Gy = 02a% k- qk*. (3.17)

Assuming that the pion is on shell, the invariants in
Egs. (3.13) are given by

2 02

q-=mzg, _szr(k'q>2A/2: (énr]ﬂm?r>27

(3.18)

k'q:mizz”ﬂ’

from which one gets the relations in Eq. (2.17).
If one considers, instead, the case of a LPPW, Eq. (3.16)
read

g/\l/|LP = Q" kp ALPG(QU -0, ALPD)7
Qzaipcos’¢

2k-q
dialip = =0, k- g Al — Q2 a?p sing cosC K,
Gislp = Q2 afpsin® (k- q k-

Iale = ¢ + k= Q. Afp,

(3.19)

Comparing Eqgs. (3.19) and (3.17) it is seen that in the case
of a LPPW the equations include a new term of order Q2,
and some different dependences on {. This is due to the fact
that now A7 and A}% are not constant but depend on ¢, and
the product Afp - App is different from zero. As a conse-
quence, one gets new contributions to the z* decay
amplitude that correspond to a two-photon absorption or
emission vertex. Since in principle these contributions do
not act in a coherent way, their consideration implies a
significant increase in the complexity of the calculation. On
this basis we will restrict our analysis to the more simple
case of a CPPW background.

B. Leptonic amplitude

In the case of the charged leptons, the form of the
corresponding wave functions in the presence of an
electromagnetic PW background is given in Appendix A 2,

114035-5
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where some definitions are introduced. Taking this into
account, we get

(I(p. )it )Py, (x)r"(1 = y°)¥(x)[0)

= e (1 (- B En(ps). (3:20)
where
By = a5 (1- 32 Q). G21)

with ¢, () given by Eq. (A7). Here, Ef(x) is the Ritus
matrix [3,29] associated with the creation of the I™ particle
in the final state, and (with our convention for particles and
antiparticles) Q; = —e. In fact, for convenience, we have
removed in Eq. (3.20) a prefactor (27)73(2E,2E,)7"/2,
which will be taken into account later through the phase
space factors in the decay width.

IV. n* — I*y, DECAY AMPLITUDE AND WIDTH
A. * — ["y; decay amplitude
The transition amplitude for the process zt(g) —
It (p)y(t) is given by
Sptatiy, = —i%
x (I(p.s)u(t, r)|J],(x)[0).

d*x(01J% (x)|7* (¢))
(4.1)

As discussed in the previous subsections, in the case of an
electromagnetic CPPW background the pion-to-vacuum
matrix element of the hadronic current can be written as in
Eq. (3.14), while the leptonic matrix element is given by
Eq. (3.20). One has in this way

gty = =i [ XTI (O M ). (42
where we have defined
(4.3)
and

M, 51 (&) = Gp Vg it (2. r)F(1 = y°)

< (152 1 Julps). ()

with ¢, (), @ () given by Egs. (A5) and (A7), and F*
given by Egs. (3.15) and (3.17).

We follow now the procedure of evaluation carried out in
Ref. [27]. In the case of a CPPW, taking ¢, = 0, we have

) () — LI LS
0q (C)—exp{ k-q/_ d{ze a},

[Se]

— [ ¢ 1
oy () = exp [kp / ' <eA(C’) Pt 2e2a2>] .

(5]

(4.5)

Notice that in the case of a LPPW the squared electro-
magnetic field A7}, is not constant. Therefore, the A7, terms
in ¢;,(£) and ¢ () [see Egs. (A5) and (A7)] would lead to
contributions to the amplitude that correspond to uncorre-
lated two-photon vertices.

Using the expression in Eq. (2.13) for the electromag-
netic field, and assuming that the latter is switched on/off
adiabatically, we can perform the above integrals. We
obtain

ea (A-p _ a-p . e2a? 1 1
I _ _ca ic .94 P i¢ B .
pa(©) eXp[ 2 (k~pe kop € )H 2 (k-p k‘~q) C] ’ (4.6)
which can also be written as
1,,(0) =exp[—id sin({ —a)+idy{], (4.7)
with the definitions
a- e? a? 1 1
dlzea%, a=arg(—a-p), dy = 5 (kp_k;q> : (4.8)
Using polar coordinates in the perpendicular plane, i.e.,
p' = p, cosé, p? = p,sind, (4.9)

114035-6
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and taking into account the parameters introduced in
Egs. (2.15) and (2.16), we have

k- 2
g =S=kare g g (kp 1).

Nr k- pmy ’ 2’771
(4.10)

Now, we can use the generating function of the Bessel
functions

“+o0
st = " el?P),(2) (4.11)
=—00
to express /,, as
. +w .
Ly(§) = el e Y em 1Dy (dy).  (4.12)

f=—o

M© — iuy(t,r){—fmg+ 5

kp kg

M) = ;€2 [fAl w p ! +k-q fVA"‘} w, (t,r) @ (1 =) ulp, s) .

.ea — *
MOD =i S0 (a4 kg foac] Bl r) @ (1-7°

with

Jvar = fv + fa
fva- = fv = fa
=fv+tk-qfa.
Finally, changing £ — ¢ =1 conveniently in the sums,

we see that the #™ — [Ty, transition amplitude can be
written as

fvas (4.16)

+o0

Sﬂ+—>l+l/[ = Z /d4xei(p+’_‘1)"‘ €id2§€_if{Mf
{=—00
+o0
= Z 2n)*6 W (p +1—q— (£ = dy)k)My,
f=—o0
(4.17)

where

My = =i Gp Vg e 1T (d )M + € T p_y (dy )MED
+ e oy (d)MED]. (4.18)

In this way, it is seen that the total transition amplitude can
be understood as the sum of amplitudes that describe the

Replacing in Eq. (4.2), we obtain
Sﬂ+_)l+yl = —i/d4x6[(p+[_q).x eidzg

+oo
x Y e (d) Mg (). (413)
=—o0

Next, we evaluate the fermionic contribution My, (.. (£),
given in Eq. (4.4), where Q; = —e and F* is given by
Egs. (3.15) and (3.17). After some calculation we arrive at
the expression

= GpVya(MO + MED e~ 4 pMEDelt),
(4.14)

M(p,s)(t,r) (g)

where M) are (-independent spinor matrix elements
given by

€'’ K ! ! ) far +LfVA— —2fVA3] %} (L=7")u(p;s),

(4.15)

)Ul(p, 3) )

[
disintegration of the pion into the charged lepton and its
neutrino together with a number ¢ of background photons.
The energy-momentum conservation gets expressed by the
condition

(¢ —dr)k=0.

p+it—q- (4.19)

B. #* — [*v; decay width
The decay width I'(z™ — [*v;) can be calculated from
the transition amplitude S,+_,;+,, obtained in the previous
subsection. Taking into account the £ dependence of the
momentum conservation delta in Eq. (4.17), it is seen that
only terms of the form |[M,|? can appear in the differential
decay width. Thus, we have

dU(z* — )= Y (25)*6W (p+1—q—(£—dy)k)
=—00
1 &t & —
x ; LB (420
2E,(27)°2E,(27)2E,
where [M,|2 = 3, , [M,|%. It is convenient to express the

phase space factor in terms of light front coordinates,
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defining

dl’_dztj_ dp_aapL

(2z)321 (2z)32p~’
(4.21)

d®, = (2x)'8Y (p+1-q~(£~d)k)

dt' df*. One has then

Z DM, .

q {=—00

where d?> p, = dp'dp?, d*t, =

dU(z* = I*1;) = (4.22)

It is also useful to introduce a variable x that denotes the
fraction of the light-front momentum of the pion (¢~) that is
carried away by the charged lepton, i.e.,

: (4.23)

QI|“U

with 0 < x < 1. After some algebra we obtain

d(Df:4(1 27 sdxdfdpl §(p3 — (1 —x)(xmi(1 + 2¢n,)
= (L=x)mz & — mj))

xdt=8(t™ + p~—q )Pt 8P+ pL). (4.24)

In terms of p,, x and g, particle momenta can be
written as

2 2
s_mt+pi
— ) = 1_ )
T (I-x)q
2 2
- o pi m;
t\=—p,, tT=—-"——, T= . 4.25
ik D1 2(1-x)q~ q 2q~ ( )

The conditions p3 >0 and 0 < x < 1 imply a lower limit
for the sum over the integer index Z, as will be seen below.
|

Using the momentum conservation, Eq. (4.19), together
with the relations (p + m;)v,(p,s) = 0 and @, (t, r)f= 0,
we obtain

Mf = GF Vud e_ibpeljl,/(t, r)(l + }’5>

x (myJo(dy) ) + @)wi(p,s),  (4.26)

where we have introduced the vector

£2
2x

Q" = Ji(dy) (efA1+ " fa — & m? fm) ”

a*

. . 1
—i—ewJ[—l(dﬂE ;n [(1—*) far+n=m2 fuar

— 7 May
+e 9J[+1(d1) 5 D)

(far +n=m3 fya_)a .

(4.27)
This leads to

[M|? = GHVaaPulf1 + y5) (my T o(d)) far + 0)(§ — my)

X (myJe(di)fa + Q) (1 =7s)]. (4.28)

After a long and straightforward calculation we arrive at the
expression

[M,|? = 8G? |Vud|2Z€22’ NG
S8,

D Relfs fyl. (4.29)

where the indices X~ and X’ run over Al, VA+, VA—, and
VA3. A factor €5y, equal to 1 for X =X’ and to 1/2 for
¥ # ¥/, has been included so as to avoid double counting of

cross terms. The functions N;E'E/)(x, p.1), which satisfy
N(fz’zl)(x, pL) = N(le’z) (x, py), are given by

m? 1

N =2t {m (1= 2)J(d1)? + 7= [p1To(dr) = Exmy(1 - wa(dl)P}, (4.30)
N,(fAl’VAH =—min,E,mipyJo(dy) ],y (dy), (4.31)

(ALVA-) 2 3 (1-x) 2 2
Nf = —mjn, fn' my pJ_Jf+1 (dl)‘]f(dl) - ‘571' my X (Jf-H (dl) - Jf(dl) ) s (432)
N = 22 g, & (1= )04 (d) )2, (4.33)
N(KVM VAT — 'Infzm LPLJf 1(dy)?, (4.34)

(VA-VA-) 2 s(l—x)[ , 2

Ny =3 n:Eim T miJoi(d)? + (pidopi(dy) = Exmy Jo(dy))?], (4.35)
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VA3,VA3)

NUASYAD = 202 4 md x(1 = )0 (d) )2, (4.36)

NATYAD = 2 &b py (pud oo (d) pay (dy) = Egmad o(d))d o1 (dy)), (4.37)
N(fVA+,VA3) =228 mlxp I (d) s (d)), (4.38)

NUAYAY 002 8 T (1= x)(p 1y ()T p(dy) = Exmgd o(dy)?), (4.39)

with d = &, p, /(n,m,x). Throughout the calculation we
have used the Bessel function recurrence relation

20

Joo(dy) +J s (dy) :d_ljt’(dl)‘ (4.40)

Thus, from the above expressions the T — [T, decay
width is found to be given by

[zt - I'y) = 2—8G Vual? 2622' Re(fs f3)G5%),
5y
(4.41)

where

, 1 dxdédp _ Ty
GgEx) Z;/ =5 J_ PZM)N(f )(XJ?L)

%zf: / dxNFE) (x. b1 ,). (4.42)
with
PM =m (1 —x)[x(142¢n,) = (1= x)gzzr - mzz/mzzr]
(4.43)

In Eq. (4.42) we have used the fact that Nf}’z/) does not
depend on 6. The integration domain for x is restricted by
the conditions

0<x<l,  0<pi, (4.44)
from which one gets
2 2 2
Setm/me o (4.45)
14 & +2¢n,
and
2 _ 2
ST < < o (4.46)
21, my

Notice that, according to the discussion in Sec. III A, the
form factors fy turn out to be in general functions of m2, &,,
and 7,.

V. APPROXIMATED ANALYTICAL
EXPRESSIONS FOR RELEVANT LASER
PARAMETERS

As stated in the previous sections, for the physical
situations of interest the photon energies are expected to
be of the eV order in the lab frame, which implies that the
dimensionless Lorentz-invariant parameter 7, should be of
the order of 1078 to 10~7 for pion energies E, <1 GeV.
Concerning the parameter ¢&,, as discussed in the
Introduction we consider a range of electric field ampli-
tudes from about 10% to 10" eV/cm, which for E, ~

O(1) eV correspond to a range of values of &, from ~107>
up to ~O(1) [see Eq. (2.18)]. Hence, for the cases of
interest, the argument d; = &, p /(1. m, x) of the Bessel
functions in the above defined quantities NL(,,E’Z/) will be in
general very large, allowing us to approximate Bessel
functions through oscillatory asymptotic expressions. In
what follows we work out in this limit the results for the
contributions to the z* — [Ty, decay width obtained in the
previous section, obtaining approximate analytic expres-
sions and discussing the corresponding orders of
magnitude.

A. Leading order contributions to the decay width

Let us analyze the leading order contributions to the
zt — Iy, decay width for the considered ranges of the
parameters &, and #,. As it will be discussed in Sec. V C,
the sums over the number of exchanged photons ¢ in
Eq. (4.41) turn out to be strongly dominated by the
contributions of terms for which # ~ O(&,n;') or even
larger. This means that in Egs. (4.30) to (4.39) we have to
deal with Bessel functions of both large argument and large
index. It is convenient to introduce a new variable

Z:ﬁ: $x Pir
£ Cn,xm,’

(5.1)

so as to write J.(d|) = J,(¢z), with z~O(&,/(Cn,)).
Then, the function J,(vz), for large positive (real) values of
v and positive z, can be approximated using the Debye
asymptotic expansions (see Eqs. 8.452.1 and 8.453.1
of Ref. [30])
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1
J,(vz) ~ V307 g &P (vtanh a —va)[l + O(w™)] if z <1, with cosha=1/z,

Jlvz)= v tan B

These relations show that J,(¢z) exhibits a sharp expo-
nential decrease if z < 1, whereas it is highly oscillating if
z > 1. Now, notice that the functions G&%) include an
integral over the variable x [see Eq. (4.42)], while the
integrands Nf}'z/) involve products of two Bessel functions.
Given the values of # we are interested in, we can safely
neglect the contribution to the integrals that comes from the
z < 1 region and focus on the average value of the product
of oscillatory Bessel functions, approximated by Eq. (5.3),
within the z > 1 region.

If relevant contributions to the sum over £ are those
corresponding to large values of ¢ (£ ~ &,;' becomes
larger than 10% even for &, ~ 107°), the sum can be
approximated, at the lowest order in powers of 7,, by an
integral over 3 = ¢n,, which we can take as a continuous
variable. Thus, we have

ZZ’

~ dy [ dxNF*), (5.4)

where the functions N(KZ-Z’) can be approximated
using the asymptotic expression given in Eq. (5.3). For
now, let us consider the case of positive ¢; the case of
negative £ can then be addressed using the relation
J_s(d)) = (=1)"J,(d,). In the region where z > 1 we
have, in terms of the variables 3 and z (notice that z depends
on both 3 and x),

Jf(fz):

2
W%{cos[%(\/ 72—1—arccosz7!) —ﬂ },

(5.5)

GIVA+.VAL)

GvA-vA-)

L,
—g[; dx? fﬂmﬂ(l—

Y A L
—g/dhhmﬂ&fm )

(5.2)
cos (z/ tanﬁ—yﬂ—%>[1 +O0O@w™M)] ifz>1, with cosp=1/z. (5.3)
|
inl fZ
Jt’il( fil )
2
’7” cos V22— 1—arccosz™ 1)—7[}
571 22— ’77: 4
sm[a (V72 —1—arccosz 1)—%] } (5.6)

The integrals over 3 and x in Eq. (5.4) can now be
approximated by averaging the products of the oscillating
Bessel functions, i.e., by replacing

Nz

T3V - 1
Mz
m3zVE -1

Nz
r3VE -1
(2 —2%)
ﬂz,ZzVZz—l.

At this point it is advantageous to first perform the integral
over 3. Taking into account the relations (5.1) and (4.43),
and performing the replacements given in Egs. (5.7), we
obtain

Jo(dy)? —
Jf(dl)-]f:tl(d1> -
Jear(dy)* -

Jooi(di) T pii(dy) — (5.7)

1 [ 1
g0 — o [V ax S mionk = mie, (58)
1 1
g(ALVAi):—S—/ dxn, mym? x1Iy, (5.9)
T Jx
1 1
g — o [ dxdn, gmi mi(1 =t (5.10)
T Jx
D1 =x+ (2 =x) +m}/md)ly = 2x1y], (5:12)
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1 [l
g — o [ v g mdx(i =)t
T Jx

1 /1
GVA+ VA=) — _Q/ dxnimd[—E2(1 —x)(x — (1 — x) = m?/m2) 1y — E2(3 — 2x)xI| + 2 x°1,),

1 1
GVA+VA3) _8_/ dx2n2 Emé X% 14, (5.15)
T Jx

1 1
g — o [ dvag (1 - ) oy - 1),
T Jx
(5.16)

where we have defined

1 S+ 77”5”

Tudy oG =)

The integration limits X and 3, are determined by the
condition z? > 1. One has

1

(5.17)

x:Z—z (5.18)
and
2(1—x) + 1 —x)(x — m}/m2
0% /(1= 95 = /). 519

X

The integrals /,, can be easily performed, obtaining

2
1 —
=1, 1 =09
X
E(1—x
After integration over x we obtain
1 m#\ 2
Q(AI’AI) = Emlzm,zr (1 - m—72[> ) (521)
GALVAY) — G(ALVA-) _ _lg(Al,VA3)
1 m2 2
= —Eﬂnfgm% mi(l _m_12> ) (5.22)
GUVA+VA+) — G(VA-VA-)
I oonos mi\?
=— 1 ——L
96, 17 &x M ( m2
2 N
X 2+§”+(]+2§”)W , (5.23)

(5.13)
(5.14)
[
GVA+VA3) — GVA-VA3) — _G(VAZVA3) — _pG(VA+.VA-)
1 m2\ 2 2m?
S - I 1 L)
24n””5”’"”< m,%> ( * m,%>
(5.24)

Finally, replacing in Eq. (4.41), and turning back to the
form factors fy, f4; according to the relations in Eq. (4.16),
we arrive at the result

G2 |V d|2 m2 2
Izt - I'y) = —78 21 -—%
dn E, 2

X Zea,u’ Co.a’ Re(f:;fo’)’ (525)
0,0/

where o, ¢’ run over the indices V and Ai, i = 1, 2, 3 and
€, 1s defined as in Eq. (4.29). At leading orders in powers
of n,, the coefficients C, , are found to be given by

Carar = mj, (5.26)
Cor= Cyy=2mpems (14 (5.27)
A2,A2 v.v 3 mon 2m72[ s .
2 4410 2mj
Cazaz =3Ma&ame (1 4+—5 ), (5.28)
3 m2
Catg ~m? x O(nz ") for 6 =A2,V,  (5.29)
Caraz = 213 &z mz mj, (5.30)
2 A2V
Carv ~ O(ﬂnﬂ Y, (5.31)
Conz~ Oz ") foro=A2,V,  (532)

where, in general, 0 <y, < 1.

Some comments regarding these results are in order.
First, we point out that the expressions in Egs. (5.26) to
(5.32), corresponding to the terms of the sum in Eq. (5.25),
are of different orders in powers of 7,. At the leading order,
the width is given just by the contribution of the |f 4, |* term,
which is essentially the result for the width in vacuum, see
Eq. (2.6). Thus, it is essential to study the next-to-leading
order contribution. Notice that from Eq. (5.22) one would
expect the coefficients of the cross terms f, fy and [, fa2
to be of order 7,. Nevertheless, it is seen that these O(,,)
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contributions get canceled: one has

Cyupy & GALYA+) 4 GALYVA-) | GALY A3) (5.33)

Cap o o GALVAH) — glALYV A=), (5.34)
which are zero according to the relations in Eq. (5.22) (in
fact, it can be seen that these cancelations occur even before
performing the integral over x). The natural question at this
point is whether we are able to determine the dominant
contributions to these terms. Although at first sight one
could guess that the lowest nonzero contributions should be

O(n?2), it can be seen that contributions of (’)(11?,/ ?) show up.
A detailed analysis of this issue is given in the next
subsection. Notice that cancelations also occur for other
coefficients of higher order in #,, as stated in Egs. (5.31)
and (5.32).

It is also worth mentioning that the contributions
involving f4; vanish in the limit m; = 0. Consequently,
in the case of decays to electrons, the coefficients Cy; 4,
and Cy y would be competitive for external fields of very
large frequencies or amplitudes. From Eqs. (5.26) and
(5.27), the ratio between the contributions of |f,,|> and
|f41]* terms to the z* — e*v, decay width is given by

Car.aa|fa2l? N 2ms EamS | f 4ol ~5x 1042 & malf aol? ‘
Cararlfarl? 3m; [l " fal
(5.35)

On the other hand, from Refs. [31,32] one can expect the
form factors to be of order |f4| ~ fz, |fa2| ~ 1/ f,- Hence,

one would get sizeable corrections for values of
N2Ex ~O(1072). A similar situation occurs for the |fy|?
contribution.

B. Dominant subleading contribution in powers of 7,

As stated, the dominant subleading contribution to the
total z+ — [T, width is expected to be given by the cross
terms f7, fy and f}, fa,. The estimation of the corre-
sponding coefficients requires some detailed analysis of the
behavior of Bessel functions J, (vz) for large v in the region
z~ 1, which represents a complex but well studied prob-
lem [33].

The Debye asymptotic expansions, contrary to its
appearance in Egs. (5.2) and (5.3), are not expansions in
inverse powers of the large index v, but turn out to be
uniform expansions in inverse powers of the large param-
eter v*3(z—1)/z for z>1 and the large parameter
v?3(1 —z) for z < 1 [34]. Fractional powers of v arise,
in particular, when one approaches the value z = 1. In fact,
for values of z around 1, both Debye asymptotic expansions
fail. In the transition region one can instead use the
expansion

1/3
J,(v(1 + ay—2/3)) — 2—3Ai(—21/3a)[1 + O(y‘2/3)],

IJI/
(5.36)

where Ai(x) is the Airy function. In the left panel of Fig. 1
we show, for v = 100, the behaviors of the exact J,(vz)
function (solid black line), the Debye expansion given by
Eq. (5.5) (red dashed line), and the approximated result for

T T T T

\ — J,(vz), v =100

‘\ - - — Debye approximation
Soo e Eq. (5.36)

0.2

— J,(vz),v=100

--- Eq.(5.37), A =M,

------- Eq. (6.37), A=2,
Eq. (56.37),A=1

1.00 1.05 1.10 1.15 1.20

FIG. 1.

1.00 1.05 1.10 1.15 1.20

Bessel function J, (vz) and approximate expressions for v = 100. The black curves in both panels correspond to the function

J,(vz). In the left panel, the red dashed line corresponds to the Debye approximation given by Eq. (5.5), whereas the blue dotted line
corresponds to the expansion in the z ~ 1 region, Eq. (5.36). In the right panel, the dashed, dotted, and dashed dotted lines correspond to
the regularized approximation in Eq. (5.37) for A = 4, 4 = 1,, and 1 = 1, respectively.
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the z~1 in Eq. (5.36) (blue dotted line). It is seen that
Debye expansion fails in the region of z close to 1, where it
diverges. Though this divergence is smooth enough to
ensure that the integral over z is finite, its effects are worth
to be taken into account.

The unwanted divergence at z = 1 can be regularized by
introducing a cutoff 4 in the Debye approximation. Here we
propose to implement such a regularization by considering
the approximate expression

) 2
vz) e
va 2 -1+ w23
X cos {1/(\/ 72— 1 —arccosz7!) —% )

(5.37)

One should now choose some criterion to determine an
appropriate value for 4. A simple option is to impose
coincidence between the regularized function and the exact
Bessel function at z = 1. This implies to take

A=A =2531.  (5.38)

1
T RAEAO)F

A second possibility is to impose coincidence between the
regularized function and the exact Bessel function just at the
first maximum. The position of this maximum is defined by
the condition V7> —1 —arccos(1/z) ~n/(4v), which
implies z =~ 14 [37/(8v/2)]**v=2/3. Thus, this criterion
leads to

The behavior of the approximate expression in Eq. (5.37) for
different values of 4 is illustrated in the right panel of Fig. 1.
It can be seen that the choice 4 = 4; (blue dashed line)
underestimates the Bessel function, whereas the choice
A =4, (red dotted line) overestimates it. Since our results
for the functions GA1V4%) and GA1-VA3) yltimately depend
on v/A (see below), an intermediate value can be obtained
from A = (v/4; + /72)/2. The result can be approxi-
mated by A = 1, which corresponds to the green dotted-
dashed line in the right panel of Fig. 1. Taking a given value
of 1, we have checked that the regularization method is stable
regarding the effect of next-to-leading order corrections to
the approximated expressions for Bessel functions.

The introduction of the regularized approximate function
in Eq. (5.37) leads to corrections to our results that can be
readily evaluated. Essentially, the integrals 1,, n =0, 1, 2,
defined in Eq. (5.17) have to be replaced by regularized
integrals given by

n

1

Nz Js_ \/55

As shown in Appendix B, at the leading order in 7, one
obtains

Nz3

I = (5.40)

~3) + 5

r-1,= (30723 + 3477, (5.41)

2 13 1
T P
™ (3+ —3-)

P 22/3 37\ 2/3 022 where I,,, n =0, 1, 2, stand for our previous results, given
s [z Ai(—(37/8)%))* 4 = Vs in Eq. (5.20).
Now we can go back to Egs. (5.9) and (5.10). After
(5.39) integration over x, the above expressions lead to
|
1
GUIVAS) = — i1 m] m,[ £(1-5P - (1-22(1 + 21 Vgl s (z;,[,;-c)}, (5.42)
1
GUITAY = 2 it m [ (1~ 37 = (1= 1201 +20° L] ,5/39@,,,@], (5.43)
where
= 1 5/3 5

o X) = +327),

D) =30 ar +2x/ m—_—x‘—*“* )
9lénT) = i [ a2 ) (5.44)

Z (1= %)*(1 +2%) VX=X

It can be seen that the combination G(A1-VA+) 4 G(A1.VA-)

+ GALYA3) in Eq. (5.33) is now different from zero. Hence, we get
a subleading contribution to the coefficient C,;  given by
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TABLE 1. Values of the functions f(,, %), g(&,, %) and
f(éz. %) = g(&z. %) for 2t = e*v, and 7* — p'v, decays, con-
sidering different values of &,.

f(fln)_c) g(fﬂv)-c) f(fm)_c) - g(é:ﬂ’x)
at—>etp, £, =107 1454 0873 0.582
& =1 1630 1.227 0.404
= /ﬁDM £, =107 1294 0.776 0.517
& =1 1.669 1.362 0.307

2
Carv =it mim? <1 +2%) &V (6 7) =96 T)]:
(5.45)

i.e., the power of 7, for the cross term 7, fy in Eq. (5.29)
is given by 1 + y4; v with y4; v = 1/3. On the other hand,
the cancelation between GAVA+) — GALVA-) il holds
valid, leading to y4; 4o > 1 for the coefficient of the /7, f 4>
term. We conclude from this analysis that in the limit
N, < 1 the zt decay width can be written as

[zt —lTy) = i

zt=lty,

(14 6841y 4+ O(nz)).  (5.46)

where 6, y is of order 17?/3, and we have assumed f4; =~ f,.

The above conclusions do not change qualitatively with
the chosen value of A, which, as stated, should be taken to
be of order unity in order to get a good approximation to the
exact Bessel functions. Moreover, the functions f(&, X)
and g(&,, x) have been defined in such a way that they vary
just smoothly for values of &, within a range from 10 to 1.
This is illustrated in Table I, where numerical values of both
functions, as well as the difference f(&,, X) — g(&,, %), are
quoted for &, = 107> and £, = 1. In particular, in the limit
&, < 1, using the change of variables x = y(1 — X) + X itis
seen that Egs. (5.44) can be written as

10 1 X \3(1—y)V/6
e 25 || oo+ sy)

60 %) = 2 /(60 ). (547)

According to the above estimations for the functions
f(&,, ) and g(&,,X), the corrections to the leading con-
tributions are found to be of the same order of magnitude
for the decays into positrons and muons. The dominant
correction in Eq. (5.46) is estimated to be

283177 &7 = 1.50 x 1072E[V /em]>/3/E,[eV]'/*  for [ = p,
r; &~
148737 &% = 079 x 1072E[V /cm]¥/3/E, [eV]'/3  for I = e.

10710 UL A B R L B LA B R AL

10711 4
10712 4
107 5

10 4

— 10754
1076 4
1077 4
1078 o
1079 4

1020 o 02 04 06 08 1.0 12
E[10®Viem]

1021 T T T T T
108 10° 10 10" 10" 10"

E[Viem]

FIG. 2. Values of the factor r; [see Egs. (5.48) and (5.49)] as a
function of the electric field amplitude E, for a photon energy
E,=2¢eV.

Sy = 2CuvRe(f4, fv) — m? Re(&)\/zrl’ (5.48)

CA],A1|fA1|2 Al

where

8 2
r =;nj‘/3 §,/3<1 +2%> [f(r %) — g(€n %)), (5.49)

/s

with [ = e, 4. As mentioned in Sec. VA, according to the
discussion in Refs. [31,32] one expects the ratio |fy/f ;] to
be of order ~1/f2. Thus, since v/4 is expected to lie within
a range from ~0.5 to 1.6, it is seen that the order of
magnitude of the correction 4, y is essentially given by the
factor r;. In Fig. 2 we show our numerical results for the
values of r; (I=p,e) as a function of the electric
field amplitude E, assuming that the pion is at rest and
taking a photon energy E, =2 eV (this corresponds to
1, = 1.43 x 1078). It is seen that the correction to the width
can vary within a range of eight orders of magnitude for £
ranging from 10% to 10'* V/cm, which correspond to &,
varying from O(107%) to O(1). Notice that in the main plot
we use logarithmic scales, while in the detailed graph for
E ~ 10" eV we move to linear scales. In fact, in the region
where &, < 1 the approximated expressions in Egs. (5.47)
lead to the power relation

(5.50)
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C. Contributions from relative low values of #

In our calculation we have assumed that the main
contributions to the decay width correspond to values of
|£| of O(&nz') or even larger. Let us now consider the
contributions corresponding to a relatively low number of
exchanged photons, i.e., to |£| < £, with £y, < &,. We
recall that we are interested in physical situations for which
n, is of order 1077 to 1078, while the considered values of
& range from 107 to 1. Since, as discussed in Sec. V A, the
argument d; of the Bessel functions in Egs. (4.30) to (4.39)
will be in general a large number, the arguments of the
integrals over x in Eq. (4.42) will still be highly oscillatory.
Therefore, we can approximate the Bessel functions taking
into account the asymptotic behavior [35]

- f———), £ <ty (551)

In fact, for these small # contributions we can still consider
the Debye approximation used in our calculation, Eq. (5.5),
in the limit in which z2 is much larger than one. Hence, the
integrals in Eq. (4.42) can be estimated by introducing in
Eqgs. (4.30) to (4.39) similar replacements as in Egs. (5.7),
taking 2> = (d,/£)* > 1,

J(d))? - —,
¢(d) _)”dl
4
Je(dy) Jpsi(dy) = —5~0,
wdy
1
ﬂ'dl’
1

Jooi(dy) Jpyi(dy) = ——
ﬂ'dl

Josa(di)* —
(5.52)

For definiteness, let us consider the case of GAlAD,

denoting by g;“ 1) the total contribution to GA!A1) arising

from terms with |#| < #. After the above replacements, at
the leading order in powers of 7, we obtain

X

g(fle,m / L2 (m2 — mlz)_
f* %o

Plio

(5.53)
J

14200, + E(1+ A% + \/(1 + 261, — m?/m2)? —

where

2 2 2
—% Plo = mz(1+&)(1 = x)(x = Xo)-

(5.54)

This integral can be analytically performed, leading to

4 2
(ALA) _ 1 Nz o mp
o 2032@,,(1%,%)3/2””(1 )

x [(1+2&)m2 + m?]. (5.55)

Notice that the expression in Eq. (5.55) is O(n,&;'), and
the terms in the sum do not depend on #. Therefore, the full
contribution of the sum turns out to be negligible when
compared with the total value of G414 which, as shown
in the previous subsections, is expected to be O(#2). In
other words, the sum of contributions of the form given in
Eq. (5.55) will be negligible as long as £ does not reach
values of order &,77;!. A similar reasomng is shown to be
valid for all contributions to G**) satisfying £, < &,.

D. Bounds for the number of exchanged photons

As stated in Sec. VA, for the computation of the total
width we have found it convenient to perform first the sum
(approximated by an integral) over the number of
exchanged photons and then the integral over the phase
space variable x. However, it is also interesting to consider
the alternative procedure, i.e., to integrate over x for a given
value of 7, as expressed in Eq. (4.42).

Since the usage of the Debye expansion of Bessel
functions discussed in Sec. VA is always justified, the
substitutions in Egs. (5.7) can still be introduced, and once
again the phase space turns out to be constrained
by the condition z> > 1. For a given 7, the integral over
x = p~/q" is shown to be limited to x_ < x < x,, where

Lﬂ2 2A2

xi(f) = [

+ (¢, + £2)*/ &) ’

(5.56)
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with

(5.57)

In turn, the sum over ¢ is found to be restricted to
Coin < € < €pmax, Where

1—m / m2
T2 (A=)
That is to say, one finds upper and lower cutoffs for the

number of photons to be exchanged with the electromag-
netic field. If one approximates the sum over £ by an

1—m/m

Lﬂmin = max
217,,(A +1)°

(5.58)

integral, the above defined coefficients G*=¥) can be
written in general as
’ fmax x+(f> /
GEY) = / dar / dx g (¢, x). (5.59)
fmin X—(f)

The existence of these bounds has been observed
from numerical calculations in Ref. [21]. In that
reference the authors consider charged pion decays to
muons, taking values of #, similar to those considered in
our work and values of &, of order 107% to 1073, as
well as some kinematical cuts in the muon momentum. It
can be seen, indeed, that the obtained numerical results are
consistent with the approximate limits ¢~ 4& (1 —
m?/m2)m,/(2n,m,) that follow from Egs. (5.58) for such
low values of &,. This situation is illustrated in Fig. 3. In the
left panel we show the integration region corresponding to
Eq. (5.59) for pion decays to muons. We have taken a photon
energy E, = 2 eV, which corresponds to 7, ~ 1.43 x 10°8

forapion atrest, and &, = 1073, corresponding to an electric
field amplitude E = 1.42 x 10® [see Eq. (2.18)]. It is seen
that in this case the number of exchanged photons is not
larger than ~200. In addition, in the right panel of Fig. 3 we

T T T T T
1.04 muon 1
g,=10"°
0.9 1 E
x 0.8 -
0.7 1 i
0.6 E
05 T T T T T
-300 -200 -100 0 100 200 300

FIG. 3.

Left panel: phase space for the decay nt — uty,, for £, =

show the behavior of the function g!4") (£, x), correspond-

ing to the dominant contribution to the width. From Eq. (5.8)
one has

1
g x) = S mimE(1 = m}/m)
"
N . (5.60)
\/(an - 5—)(5+ - f}’]”)

which after integration over the phase space gives the result
in Eq. (5.21), namely,

GALAl) zlé—ﬂmlz mi(1—m?/m2)>.  (5.61)
The curve in the right panel of Fig. 3 shows the behavior of
the function g4 (¢, x) normalized by GA'AD, for a
chosen value x = 0.8. The form of the function, which
grows asymptotically at the extreme values of Z, is quali-
tatively similar for other values of x within the
allowed range.

Notice that the feasibility of the numerical analysis
carried out in Ref. [21] is favored by the low value of
&, which restricts the number of exchanged photons to
values that does not exceed a few hundreds. In our work we
reproduce those results on the basis of a more general
ground, given by the analytical expressions in Egs. (5.25)
to (5.32). This allows us to extend the validity of our
calculations up to values of &, of order unity, which could
be reached by present experimental facilities. In the left
panel of Fig. 4 we show the integration region correspond-
ing to Eq. (5.59), taking now E, =2 eV and £, = 1 (ie.,
E = 1.42 x 103). It is seen that in this case the maximum
number of exchanged photons becomes enhanced up to
~6 x 107, challenging computational capabilities. In addi-
tion, it is worth noticing that upper and lower limits of # are
no longer symmetric. On the other hand, as shown in the

0.020 .

0.015

0.010

g (ATA1) g(A1,A1)

0.005 -

0.000 ™ T T T T
-300 -200 -100 0 100 200 300
I

1075, Right panel: behavior of the function g4 (£, x)

(normalized by G41A1) as a function of the number of exchanged photons ¢, for x = 0.8.
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1.0 1 muon 1

0.94 4

% 081 .

0.7 4 4

0.6 1 4

0.5
-2x107 0

2x107 4x107 6x107 8x107

FIG. 4. Left panel: phase space for the decay 7 — u'v,, for £, = 1. Right panel: behavior of the function gt

r T T T
1.5x107 ! PX= 0.8 E
<
z ! !
O 1.0x107 1 } 3 .
<
< ‘
> ‘ ‘
5.0x10° 1 : : .
0.0 . ; — :
-2x107 0 23107 4x107  6x107  8x107

ALAD (£, x) (normalized

by GA141)) as a function of the number of exchanged photons #, for x = 0.8.

right panel of Fig. 4, the normalized function g4 (£, x)
is still heavily peaked at the extreme values of £.

Finally, we remark that our analytical calculations can
also be applied to the decays to electrons. The integration
regions obtained taking same values of E}, as in the case of
muons are shown in Figs. 5 and 6, which correspond to
&, =107 and and &, = 1, respectively. In both figures the
regions have been split into two graphs, so as to show the
results for the region of low x using logarithmic scales. As
can be seen from the figure, even for low values of £, the
number of exchanged photons can reach values as large
as O(10°). Moreover, for &, of order unity the difference
A — 1 gets suppressed, and the upper limit for £ becomes
enhanced up to values of O(10'?). The normalized function
gAAD (£, x) is found to show a similar behavior as in the
case of the decays to muons.

E. Connection with the Kroll-Watson formula

At this point it is interesting to observe that there is a
connection between our expression for the z* — [ty

1.0 1 -
electron
_ -5
0.8 E" -10
x 0.6 -
0.4 g
0.2 -
-3000 -2000 -1000 0 1000 2000 3000

FIG. 5.
corresponding to low values of x.

decay width and the Kroll-Watson formula [36]. The latter
corresponds to the differential cross section, in the non-
relativistic limit, for the scattering of a charged particle by
some scattering potential in the presence of a strong
external electromagnetic wave, considering the exchange
of a given number of photons.

Let py and p(¢) be the initial and final momenta of the
charged particle, respectively, ¢ being the number of
emitted (£ < 0) or absorbed (Z > 0) photons. The Kroll-
Watson formula states that the differential cross section
do,(p(?), py)/dQ can be written as

do,(p(?), po) _ 1p(7)]
dQ | Pol

2 dJel
dQ’

J o (xxw) (5.62)

where do;/dQ stands for the differential elastic scattering
cross section in the absence of the electromagnetic field,
and xgw is defined as

A-(B(#) = o)

Xpw = —Q———F———4, (5.63)
mw
0.1 . . . T
electron
_10-5
0.01 4 5 =10
> 0.001 4 -
1E-4 + E
1E-5 T

-5x10* 0 5x10% 1x10°

T
-1x10°

Phase space for the decay 77 — e*tv,, for £, = 107. In the right panel we use a logarithmic scale in order to show the region
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electron

0.8 g =1 4
0.6
0.4

0.2

0.0

T T T T
0 2x108  4x10®  6x10%  8x10®  1x10°
|

100 T T T

electron
10" 5 3
g, =1

102 5 3
> 107, 3

107 3

10 E

10 T T T

10° 107 10" 10" 10"

FIG. 6. Phase space for the decay #* — e*v,, for £, = 1. In the right panel we use logarithmic scales for both x and # in order to show

the region corresponding to low values of x.

where Q is the particle charge and A and o are the
parameters that characterize the electromagnetic wave.
According to Ref. [36], Eq. (5.62) is valid when the
scattering potential is weak or when the wave frequency
is small, which is given by the condition

¢

XKW

fom
QA - (B(¢) - po)

Although Ref. [36] deals with a scattering problem, the
result in Eq. (5.62) can be connected with our result for the
charged pion decay. First of all, it can be seen that with our
notation and conventions the quantity xgw corresponds to
our d;, defined as d; = ea | - p|/(k - p) in Eq. (4.8). We
can take Eq. (4.30) and perform the replacements [see
Egs. (5.7)]

<1 (564)

4
Jo(dy) Jpia(dy) = d—lff(dﬂz’

Joi(d))? = J.(dy)?, (5.65)

to obtain

2
Al,Al m
NAMAD = ZL (2 — m2)7,(d,)>.

5 (5.66)

Thus, identifying the form factor f,; with the pion decay
constant f,, at the leading order O(;?) the differential
width can be written as dI'/dx =Y, dl'y/dx, with

dt, 1
L= e G Vimi(mE = m})f30(d))?
q
ar
_ dx Jf(dl)z, (567)

where dI'" /dx = G3V2m3(m2 — m3)f%/(4nE,) is the
differential width in absence of the external field. In this

way, our result turns out to be analogous to the Kroll-
Watson formula. The factor |p(2)|/|po| in Eq. (5.62) is
related to the fact that for the scattering process the
differential cross section is defined with respect to the
solid angle, while in our case the differential decay width is
defined with respect to the variable x = p~/q".

Finally, notice that the result given in Eq. (5.67) is valid
for “small £” (i.e., |£| < |xgw|), but also for large values of
Z, due to the fact that one is dealing with a weak potential.
In this way, at order 70 we can evaluate the differential
width dI'/dx by performing the sum

dt X dr,  dr® ar©
=y —‘= > Je(dy)? = - (5.68)
4

dx = dx dx x
Here we have used the relation >, J,(d;)* =1, =1,
obtained in Sec. VA using the asymptotic expressions
for Bessel functions. After integration over x, one recovers
the result for the total width in absence of the external
field, Eq. (2.6).

VI. SUMMARY AND CONCLUSIONS

We have obtained analytical expressions for the
xt = [Ty, decay width in the presence of a background
electromagnetic plane wave with circular polarization. Our
first step has been to determine the number of form factors
involved in the decay process. It is shown that for an
electromagnetic plane wave background the hadronic
V — A pion-to-vacuum amplitude can be written in terms
of four form factors, three of them corresponding to the
axial-vector current and one to the vector current.
This result coincides with the one obtained in Ref. [25]
for the case of a background given by a static uniform
magnetic field. We have also shown that, in general, the
form factors are functions of the pion mass and the Lorentz-
invariant quantities &, and #,, which are related to the
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amplitude and the frequency of the external wave,
respectively.

We have seen that the most adequate kinematic variables
for the description of the decay process are the fraction of
the light front momentum of the pion ported by the charged
lepton, x = p~/¢~, and the number of involved photons, Z.
In terms of these quantities we have obtained the full
analytic expression for the decay width, given by
Eq. (4.41). As discussed in Sec. V, this expression can
be approximated taking into account the values of the
parameters related to the external field for the physical
situations of interest, namely, 7, ~ 1078 to 1077 and &, ~
1073 to 1, which correspond to photon energies of the order
of a few eV and electric field amplitudes within the range
from about 10% to 10'* V/cm. Transforming the sum over
Z into an integral and expanding in powers of #,, we have
been able to perform the phase space integrals, arriving at
the analytical expression for the decay width given
by Eq. (5.25).

It is seen that the terms of the sum in Eq. (5.25), which
correspond to different combinations of hadronic form
factors, are of different orders in powers of 7, [see
Egs. (5.26) to (5.30)]. The dominant contribution is
found to be given by the form factor f,;, which can be
identified with the pion decay constant f,. With this
identification, the leading order expression for the decay
width reduces to the result obtained in absence of the
external field.

In fact, the expected order of the corrections arising from
each combination of form factors can be inferred from the
general form of the pion-to-vacuum amplitude [see
Egs. (3.9) and (3.10)], since each term carrying an
electromagnetic strength tensor will introduce a factor
QOF" « &,.n, m2. Nevertheless, it is found that several
combinations get exactly canceled at the leading order.
In particular, this is what happens with the contributions of
order #,, which arise from the crossed terms f7, fy and
Si1fa2- Due to the peculiar behavior of Bessel functions
that appear in the decay amplitude, it is found that the
largest subleading contribution to the width is the one

provided by the f7, fy term, which is shown to be of

order nf/ 3,

Our analytical results confirm previous numerical
calculations obtained for low values of the parameter &,
(i.e., low values of the amplitude of the external electro-
magnetic wave) [21]. In particular, at leading order in
powers of 7, we have found analytical expressions for the
upper and lower bounds on the number of exchanged
photons; these kinematical cuts are shown to arise
essentially from the properties of the Bessel functions
involved in the decay amplitude. We remark that our
expressions are valid for the full studied range of values of
&,. In particular, it is seen that the upper bound for the

number of exchanged photons gets highly increased for
values of £, of order unity. In addition, it is shown that, at
the leading order in 7,, our analytical results for the
contribution of a given number of exchanged photons are
analogous to those obtained from the Kroll-Watson
formula [36], which describes the cross section for the
scattering of a charged particle by some weak potential
in the presence of a strong external electromagnetic
wave.

ACKNOWLEDGMENTS

This work has been partially funded by ANPCyT
(Argentina) under Grant No. PICT20-01847, by
CONICET (Argentina) under Grant No. PIP 2022-2024
GI-11220210100150CO, by UNLP (Argentina) under
Project No. X960, by Conselleria de Innovacion,
Universidades, Ciencia y Sociedad Digital, Generalitat
Valenciana (Spain), GVA PROMETEO/2021/083 and by
Ministerio de Ciencia, Innovacién y Universidades (Spain),
PID2024-158190NB-C21.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

APPENDIX A: PARTICLE FIELDS IN THE
PRESENCE OF AN ELECTROMAGNETIC PW
BACKGROUND

We work here under the assumption that the
laser field can be described as a PW background field.
Hence, it has to be treated at all orders in perturbation
theory. This can be achieved taking into account the Furry
interaction picture, in which the background field is
considered as part of the unperturbed system [37]. To
obtain the particle asymptotic states in this picture it is
necessary to find the solutions of the Klein-Gordon and
Dirac equations in the presence of the background,
namely

(0" +i0,A")(9, — i Q,A,) + m?|®@"(x) =0, (Al
(i~ QuA(x) = m]¥(x) =0, (A2)
where A* is given by Eq. (2.7). The solutions

of these equations can be found in Ref. [3,27,28]. To
fix our notation, in what follows we extract the main
results.
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1. Spin 0 field

In the presence of the electromagnetic PW back-
ground given by Eq. (2.7), a charged spin O field can be
expanded as

/\/E

x)ag+¢, x)b L],

(0= (1) = [ L[ ) o+ 5005
v/ (2x) 2E

(A3)

where E, = \/m?+ p* and p* = (E,,p). The wave

function ¢ (x) is given by
by (x) = e P g5 (0), (A4)

where

V1 (0) = exp {—
(AS)

with { = k - x. By definition, the negative energy solution
can be obtained from the positive energy as

$p(x) =y (x)"

In our case, this is equivalent to the transformation
p" — —p*, for which one has

with the change Q — —Q. (A6)

||
|| M

/\/m
/\/W

where ¢ (da ) annihilates (creates) a fermion (antifer-
mion) of quantum numbers p, s. The spinors u(p, s) and

v(p, s) are the usual free bispinors [3]. We use the bispinor
normalization

||
|| M

ﬁ(ﬁ?‘y)you(ﬁ’ }") = 17(1_5,3)707)(1_5,@ - 2E06sr’ (AIZ)
which corresponds to the standard normalization
u(p.s)u(p.r) = —v(p,s)v(p.r) =2mé;,.  (Al3)

G R

—eo{-L [Caeloae) pyeair]}
0 (A7

The wave functions satisfy the orthogonality and com-
pleteness properties

[ a0 = oo - ).

d'p (v w p(
et e @ = s (e
where the momentum can been extended off the mass
shell.

The commutation relations between creation and anni-

hilation operators read

laz. ag] = [bg. by] = lazbp] = laz, bly] = 0.

p (A9)

A 7" particle state of given momentum p is defined by

|7 (P)) = a[0). (A10)
2. Spin 1/2 field
A spin 1/2 field can be written as
5+ ES()0(B.s)d .
x)es  + (P, $)E (x)dj ). (A1)

> u(p.s), (P, s). = (p+m) e,

s=1,2

> 0(p.9),5(B, ), = (b —m),,. (A14)
s=1,2

The Ritus matrices in Eqgs. (A11) are
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E,(x) = 45 (x) (1 n

By = (14 52 AOK) 0"

%M(C)),

where have introduced the definition E = y°E")". In
Egs. (All), the negative energy solution can be obtained
from the positive energy one performing the transforma-
tions

E(x) = C[E'p(x)]TC'l, with Q - -0,

E,(x) = CIES(x)]"C™", with 0 - -0, (Al16)
where C = iy?y" = —-C" = —C~!. The transformation
p" — —p* leads to the relations

ES(x) =E_,(x), E5(x) =E_,(x). (A17)
In addition, the Ritus matrices satisfy [28]
[ B 0B, (5) = 20 80 - )
d*p -
/(2”)4Ep(x)Ep(x') =& (x—x), (A18)

where the momentum is extended off the mass shell.
The anticommutation relations for creation and annihi-
lation operators read

{cpncly,}={dsedly } =6 (5= )6, .
{ pw } {dpw p. \} {prdp s} {cp\’d*’ } 0.
(A19)

A lepton state of momentum p and polarization state s is
given by

(A20)

APPENDIX B: SUBLEADING CONTRIBUTION
TO THE INTERALS I,

In this appendix we outline the calculation of the lowest
order correction to the regularized integrals /), in powers of
Nz, Eq. (5.41). Taking the definition of /), in Eq. (5.40), we
start by splitting the integral into three regions,

¢ Qa )y
By = (1= 525 AOK) o 0 (a15)
|
U [ote Mxd"
I_=— d
", 3 s 2/3 .4/3
m\[(3—3-)(8+—3) +Anz "3
1 3+ €+ 77”5"
Le=— d
’77:/5+s_ 8 2/3 4/3
m\[(3=3-)(3+—3)+Anx "3
1 + "
no— " ds Iz (B1)
Telie =) oo m )+ 5
with the assumptions
€r < (31— 3-) (B2)
and
ex(34 —3-) > and” 3. (B3)

Taking into account the relation in Eq. (B3), it is seen that

the integral I}, can be expanded in powers of n,r . One has

L= / Y : +0m2?),  (B4)
ste. m\/(3—3-)(3+—3)

where the integral can be performed analytically. At leading
order in ¢, we have

2
LAV Nl 2

Ie=1,- (3" Ve +3L\/e)+0m?).  (BS)

where /,, n =0, 1, 2, are given in Eq. (5.20).
Now, to evaluate the integral I;,_ let us perform the
change

TRETRE (B6)

At leading order in e_, one has
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1 n € (34—3-) 1
I'_ 2(5—)/ dy —o
73+ —3-)Jo y +/177%/3 541/3

2 ~ 2/3
~Zgn [L - \/15;71)/3] + 0.
™ (34— 3-)

(B7)

In the same way, for the integral I;,, we can perform the
change 3 = 3, —y/(3+ — 3—). This leads to

/3

\VE+ Vi 51 1/3 2/3

—————— Vi ————n/" | +O().
o+ — - (34 —3-) ()

(B8)

Summing the expressions in Egs. (B5), (B7), and (B8) the
dependences on €, cancel (as they should do), leading to
the result in Eq. (5.41).
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