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We study pairs of 4d N ¼ 1 supersymmetric gauge theories that share the same vacuum
moduli space and the same chiral field content, encoded by a common quiver, but differ
in their superpotentials. These theories arise as worldvolume theories on a D3-brane
probing a toric Calabi-Yau threefold and admit a description in terms of bipartite graphs
on a 2-torus, known as brane tilings. Using an explicit example, we show that the correspondence
is realized by a single “tilting” mutation along the diagonals of hexagonal faces in the brane
tiling, which is equivalent to a specific sequence of Seiberg dualities performed at distinct gauge nodes
in the quiver.
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I. INTRODUCTION

Worldvolume theories on D3-branes probing toric
Calabi-Yau threefolds form a large family of 4d N ¼ 1

supersymmetric quiver gauge theories, which have been
studied extensively from various perspectives. A notable
feature of this family is that both their Lagrangians and the
underlying type IIB brane configurations can be encoded
by a bipartite graph on a 2-torus T2 known as a brane tiling
[1–3] or a dimer model [4,5]. Another key feature is that
these 4d N ¼ 1 theories exhibit Seiberg duality [6], which
in the context of brane tilings is also referred to as toric
duality [7–10].
Two 4d N ¼ 1 theories are Seiberg dual if they flow to

the same IR fixed point under a renormalization group
flow. In terms of brane tilings, Seiberg duality is realized
as a local mutation of the bipartite graph on T2, commonly

known as a spider move or urban renewal [11–13], as
illustrated in Fig. 1. This mutation acts on quadrilateral
faces of the brane tiling, where faces correspond to UðNÞ
gauge groups in the corresponding 4d N ¼ 1 theory. A
key feature is that Seiberg duality leaves the vacuum
moduli space—the space of solutions to the F andD terms
of the 4d N ¼ 1 theory, also known as the mesonic
moduli space [14–16]—invariant. While related brane
tiling mutations have been studied [17–24], for instance
in the context of specular duality [25], none were found to
preserve the mesonic moduli space in the same way as
Seiberg duality.
The local mutation of the quiver associated with

Seiberg duality modifies the directed graph, so that the
two quivers related by this mutation are not equivalent.
In this work, we report a family of dualities between 4d
N ¼ 1 theories given by brane tilings that share the same
quiver and chiral field content, but differ in their super-
potentials. The theories related by this duality have the
same mesonic moduli space. This suggests that they are
not related by a single Seiberg duality—which would
typically change the shape of the quiver—but rather by a
sequence of Seiberg dualities that, remarkably, leaves the
quiver, as a directed graph, invariant.
We show that this new correspondence is realized as a

single “tilting” mutation along diagonals of hexagonal
faces in the associated brane tilings, as illustrated in

*Contact author: minsung@unist.ac.kr
†Contact author: seongjinlee@ibs.re.kr
‡Contact author: seong@unist.ac.kr

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 113, 126007 (2026)

2470-0010=2026=113(12)=126007(13) 126007-1 Published by the American Physical Society

https://orcid.org/0000-0003-1460-4596
https://ror.org/017cjz748
https://orcid.org/0009-0005-2630-164X
https://ror.org/00y0zf565
https://orcid.org/0000-0003-3247-6540
https://ror.org/017cjz748
https://crossmark.crossref.org/dialog/?doi=10.1103/j19n-t1ks&domain=pdf&date_stamp=2026-06-05
https://doi.org/10.1103/j19n-t1ks
https://doi.org/10.1103/j19n-t1ks
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Fig. 2. By treating the bipartite graph of the brane tiling
purely as a statistical mechanics model on a lattice [26],
this mutation preserves the nearest-neighbor adjacency of
faces, reflecting the invariance of the quiver. Moreover,
this local “tilting” move is equivalent to a specific
sequence of spider moves, corresponding to multiple
Seiberg dualities acting on different UðNÞ gauge nodes in
the quiver. We emphasize here that the “tilting” mutation
leaves the quiver invariant, including the labels on gauge
nodes, whereas the sequence of Seiberg dualities only
leaves the shape of the quiver invariant, requiring

possibly an additional relabeling of nodes to be fully
equivalent to the “tilting” mutation
We note here that similar examples have been studied

in relation to orientifold projections on brane tilings [27].
Our work focuses on the existence of a new family of
dualities between brane tilings given by “tilting” muta-
tions that leave not only the mesonic moduli space
invariant, but also the corresponding quiver of the 4d
N ¼ 1 theory.

II. 4d N = 1 THEORIES AND BRANE TILINGS

We present an explicit example of the new correspon-
dence by presenting two 4d N ¼ 1 theories described by
brane tilings. The shared quiver is shown in Fig. 3,
together with the toric diagram [28,29] of the associated
toric Calabi-Yau threefold. For an Abelian 4d N ¼ 1

theory with Uð1Þ gauge groups, the mesonic moduli
space Mmes is precisely the probed toric Calabi-Yau
threefold itself, whereas for UðNÞ gauge groups the
mesonic moduli space becomes an Nth symmetric
product of Mmes. The mesonic moduli space [14–16]
for an Abelian 4d N ¼ 1 theory described by a brane
tiling is defined as

Mmes ¼ SpecðC½Xij�=I IrrÞ==Uð1ÞG−1; ð1Þ

where the coordinate ring C½Xij�, written in terms of
bifundamental chiral fields Xij, is subject to the irreduc-
ible principal component I Irr of the binomial ideal
formed by the F-term relations. The overall quotient
by the independent Uð1ÞG−1 gauge symmetries ensures
that Mmes captures gauge invariant operators, where
G is the number of gauge groups with an overall
decoupled Uð1Þ.
In terms of GLSM fields pa [30] corresponding to

vertices of the toric diagram, the mesonic moduli space
Mmes can be expressed as a symplectic quotient of the
following form:

Mmes ¼ SpecðC½pa�==QD==QFÞ; ð2Þ
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FIG. 3. (a) Quiver and (b) toric diagram of the toric Calabi-Yau
threefold shared by models A and B.

FIG. 1. Seiberg duality acts on (a) quadrilateral faces (red) of a
brane tiling and (b) corresponding gauge nodes (red) in the
periodic quiver of the associated 4d N ¼ 1 theory. The local
mutation on the brane tiling and the periodic quiver is also
referred to as a spider move or urban renewal [11–13].

FIG. 2. (a) The local “tilting” mutation acts along the diagonals
of hexagonal faces (blue) in the brane tiling. (b) The mutation
modifies the periodic quiver on the 2-torus T2 and hence, the
superpotential, while leaving the underlying quiver and the
mesonic moduli space of the associated 4d N ¼ 1 theories
invariant. The “tilting” mutation realizes a particular sequence of
Seiberg dualities.
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where the coordinate ring C½pa� is subject to D terms
encoded in a Uð1Þ charge matrix QD and F terms
encoded in a Uð1Þ charge matrix QF. The chiral fields
Xij can be expressed in terms of the GLSM fields pa,
which are combinatorially encoded in the brane tiling as
perfect matchings of the bipartite graph. The P matrix
encodes the relation between GLSM fields and chiral
fields and is obtained via the forward algorithm [7] from
the F terms. Combined with the Uð1Þ gauge charges, the
P-matrix allows one to obtain the charge matricesQD and
QF following the forward algorithm. The kernel of the
combined charge matrix Qt ¼ ðQD;QFÞ is

Gt ¼ kerðQtÞ; ð3Þ

and its columns give the coordinates of the toric diagram
vertices associated with the GLSM fields.
We also present the Hilbert series of Mmes [14,31–33],

which is the generating function for mesonic gauge
invariant operators of the brane tiling. It is defined as

gðta;MmesÞ ¼
Yc−3
m¼1

I
jzmj¼1

dzm
2πizm

Yc
a¼1

1

1 − ta
Q

c−3
n¼1 z

ðQtÞna
n

;

ð4Þ

where c corresponds to the number of GLSM fields pa
and ta is the fugacity counting degrees in pa. The Hilbert
series allows us to calculate also the set of generators for
Mmes using plethystics [31,33]. In our example, we find
that the two 4d N ¼ 1 theories related by the new
correspondence share the same set of generators, since
Mmes is the same. Even though the chiral field content
and hence, the quiver are identical, the generators for
Mmes are realized differently in terms of the chiral fields
in the two theories.
We also observe that the global symmetry is the same

for the two brane tilings. Accordingly, the generators of
the invariant mesonic moduli space Mmes carry the

same charges under the global symmetry, including
identical superconformal Uð1ÞR charges. By calculating
the Uð1ÞR charges using a maximization [34–36], we
show that the generators of Mmes have the same Uð1ÞR
charges, while the chiral fields themselves do not
necessarily carry the same Uð1ÞR charges in the two
4d N ¼ 1 theories.

III. A NEW CORRESPONDENCE

A. Model A

The quiver for model A is shown in Fig. 3 and the
superpotential is given by

WA ¼ X97X75X59 þ X54X41X15 þ X28X83X32

þ X53X34X46X65 þ X96X67X72X21X18X89

− X96X65X59 − X97X72X28X89 − X75X54X46X67

− X53X32X21X15 − X41X18X83X34: ð5Þ

The corresponding brane tiling is shown in Fig. 4. Using
the forward algorithm, we obtain the perfect matching
matrix PA for model A,
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FIG. 4. (a) The brane tiling and (b) the labeled toric diagram for
model A, where vertices in the toric diagram correspond to
GLSM fields pa. The dotted quadrilateral in the brane tiling
indicates the fundamental domain on the 2-torus T2.
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PA ¼

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

p1 p2 p3 p4 p5 p6 q1 q2 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11 u12
X15 0 0 1 0 0 1 0 1 1 1 0 0 0 0 0 1 1 1 0 0 0 0 1 1 0 0 0 0 0 0

X18 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0

X21 1 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

X28 0 0 0 0 1 1 1 1 0 1 1 1 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0

X34 0 0 0 0 0 1 0 1 0 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0

X32 0 1 0 1 0 0 0 0 0 0 0 0 1 1 0 0 0 0 1 1 0 0 0 0 0 1 1 1 1 0

X41 0 0 0 1 1 0 1 0 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0

X53 0 0 0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 1

X54 1 1 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 0 1 1 1 0 0 0 0 0 0 1 1

X83 1 0 1 0 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0 0 1

X46 0 0 1 0 0 0 0 0 1 1 1 0 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 1 0 0

X59 0 0 1 0 0 1 1 0 1 1 1 1 1 1 1 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0

X65 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 0 0 0

X67 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0

X72 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0

X75 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 1 1 1 0 0 0 0

X89 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 0 0 0 0 0

X96 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1

X97 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 1 1 1 1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

:

ð6Þ

The corresponding F-term charge matrix QA
F is given by

QA
F ¼

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

p1 p2 p3 p4 p5 p6 q1 q2 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11 u12
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 −1 0 0 1 −1 0

0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 −1 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 0 −1 0 1 0 −1 0 1 0 1

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 −1 0 0 0 0 −1 0 0

0 0 0 0 1 0 0 −1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 −1 1 −1
0 0 0 0 0 1 0 −1 0 0 0 0 0 0 0 0 0 −1 0 0 0 −1 0 1 0 0 −1 1 0 1

0 0 0 0 0 0 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 1 0 0 −1 0 1 0

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 −1 0 0 0 −1 −1 1 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 −1 0 0 0 −1 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0 0 0 −1 0 1 −1 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −1 0 0 0 −1 0 1 −1 0 0 1 −1 1

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 −1 0 0 0 −1 0 1 0 −1 0 0 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 −1 0 0 0 −1 0 1 0 −1 0 1 −1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 −1 0 0 0 −1 0 1 0 −1 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 −1 0 0 0 0 0 0 0 −1 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 0 0 0 0 0 0 0 −1 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 −1 −1 1 0 0 0 −1 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 −1 −1 1 0 0 0 0 −1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 −1 1 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

ð7Þ

and the associated D-term charge matrix QA
D takes the form,
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QA
D ¼

0
BBBBBBBBBBBBBBBB@

p1 p2 p3 p4 p5 p6 q1 q2 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11 u12
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 −1 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 −1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 −1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCA

:

ð8Þ

The toric diagram for the corresponding toric Calabi-Yau threefold in Fig. 4 is then given by

GA
t ¼

0
BBB@

p1 p2 p3 p4 p5 p6 q1 q2 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11 u12
−1 −1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−1 0 −2 1 1 −1 0 0 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1
CCCA;

ð9Þ

where the columns correspond to GLSM fields associated to the vertices of the toric diagram.
The Hilbert series of the mesonic moduli space Mmes

A for the Abelian 4d N ¼ 1 theory takes the
following form:

gðta; yq; ys; yu;Mmes
A Þ ¼ Pðta; yq; ys; yu;Mmes

A Þ
ð1 − ysyut21t

2
2t3t4Þ

1

ð1 − y2qysyut3t4t25t
2
6Þð1 − yqy2syut21t2t

3
3t

2
6Þ

×
1

ð1 − y2qy2syut1t33t5t
3
6Þð1 − yqysy2ut21t

3
2t

3
4t

2
5Þ

1

ð1 − y3qysy2ut2t34t
4
5t

2
6Þ
; ð10Þ

where ta is the fugacity corresponding to the GLSM fields pa associated to the extremal vertices of the toric diagram in
Fig. 4. We also have the fugacities yq, ys, and yu, which correspond to products of GLSM fields q1q2, s1…s10, and u1…u12,
respectively, that are associated to nonextremal vertices of the toric diagram. The numerator Pðta; yq; ys; yu;Mmes

A Þ of the
Hilbert series in (10) is as follows:

Pðta; yq; ys; yu;Mmes
A Þ ¼ 1þ yqysyut1t2t3t4t5t6 þ y2qysy2ut1t22t

3
4t

3
5t6 − y2qy2sy3ut31t

4
2t3t

4
4t

3
5t6 − y2qy3sy3ut41t

4
2t

3
3t

3
4t

2
5t

2
6

− y3qy2sy3ut21t
3
2t3t

4
4t

4
5t

2
6 − y2qy3sy2ut31t

2
2t

4
3t4t5t

3
6 − 2y3qy3sy3ut31t

3
2t

3
3t

3
4t

3
5t

3
6 þ y3qy4sy4ut51t

5
2t

4
3t

4
4t

3
5t

3
6

− y4qy2sy3ut1t22t3t
4
4t

5
5t

3
6 − y3qy3sy2ut21t2t

4
3t4t

2
5t

4
6 − 2y4qy3sy3ut21t

2
2t

3
3t

3
4t

4
5t

4
6 þ 2y4qy4sy4ut41t

4
2t

4
3t

4
4t

4
5t

4
6

þ y5qy4sy5ut41t
5
2t

3
3t

6
4t

6
5t

4
6 þ y4qy5sy4ut51t

4
2t

6
3t

3
4t

3
5t

5
6 − y5qy3sy3ut1t2t33t

3
4t

5
5t

5
6 þ 2y5qy4sy4ut31t

3
2t

4
3t

4
4t

5
5t

5
6

þ y6qy4sy5ut31t
4
2t

3
3t

6
4t

7
5t

5
6 þ y5qy5sy4ut41t

3
2t

6
3t

3
4t

4
5t

6
6 þ y6qy4sy4ut21t

2
2t

4
3t

4
4t

6
5t

6
6 þ y6qy5sy4ut31t

2
2t

6
3t

3
4t

5
5t

7
6

− y6qy6sy5ut51t
4
2t

7
3t

4
4t

5
5t

7
6 − y7qy6sy6ut51t

5
2t

6
3t

6
4t

7
5t

7
6 − y8qy7sy7ut61t

6
2t

7
3t

7
4t

8
5t

8
6: ð11Þ

By setting ta ¼ t̄ for the extremal GLSM fields and yq ¼ ys ¼ yu ¼ 1 for all other fugacities, we obtain an unrefined
Hilbert series for Mmes

A , which takes the form,

Pðt̄;Mmes
A Þ ¼ ð1 − t̄2Þ2

ð1 − t̄6Þð1 − t̄8Þ2ð1 − t̄10Þ2 ð1þ 2t̄2 þ 3t̄4 þ 6t̄6 þ 9t̄8 þ 13t̄10 þ 19t̄12

þ 23t̄14 þ 25t̄16 þ 23t̄18 þ 19t̄20 þ 13t̄22 þ 9t̄24 þ 6t̄26 þ 3t̄28 þ 2t̄30 þ t̄32Þ: ð12Þ
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The palindromic numerator of the Hilbert series above
indicates that Mmes

A is Calabi-Yau [37].
The global symmetry of the mesonic moduli spaceMmes

A
for the 4d N ¼ 1 theory takes the form Uð1Þf1×Uð1Þf2×

Uð1ÞR, where Uð1Þf1 ×Uð1Þf2 is the mesonic flavor
symmetry and Uð1ÞR corresponds to the R symmetry.
Using a maximization [34–36], we determine the super-
conformalUð1ÞR charges of the chiral fields Xij, which in
turn fix the Uð1ÞR charges Ra of the GLSM fields pa.
Under the AdS/CFT correspondence, these Uð1ÞR
charges also correspond to the minimum volumes for
divisors Da of the corresponding toric Calabi-Yau three-
fold. Tables I and II summarize the Uð1ÞR charges on the
GLSM fields and the chiral fields of model A, respec-
tively, with the corresponding mesonic flavor symmetry
charges. We note here that the global symmetry charges,
including the Uð1ÞR charges, on chiral fields are specific
to model A, whereas the charges on the extremal
GLSM fields pa are the same for models A and B due
to the fact that they correspond to the same toric Calabi-
Yau threefold.

B. Model B

The quiver for model B is identical to that of model A,
shown in Fig. 3, but the superpotentials differ. The super-
potential of model B is

WB ¼ X97X75X59 þ X54X46X65 þ X53X32X21X15

þ X41X18X83X34 þ X96X67X72X28X89

− X96X65X59 − X54X41X15 − X32X28X83

− X97X72X21X18X89 − X75X53X34X46X67; ð13Þ

and the corresponding brane tiling is shown in Fig. 5.
Applying the forward algorithm, we obtain the perfect
matching matrix PB for model B, given by

TABLE I. The GLSM fields pa corresponding to extremal
points of the toric diagram with their mesonic flavor charges and
Uð1ÞR charges Ra, where

P
a Ra ¼ 2. These Uð1ÞR charges

correspond to the minimum volume of divisors in the associated
toric Calabi-Yau threefold. The Uð1ÞR charges on GLSM fields
pa are the same for models A and B.

Uð1Þf1 Uð1Þf2 Uð1ÞR Fugacity

p1 1 0 R1 ≃ 0.273550 t1
p2 1 0 R2 ≃ 0.320461 t2
p3 −1 1 R3 ≃ 0.386171 t3
p4 −1 1 R4 ≃ 0.253224 t4
p5 0 −1 R5 ≃ 0.404904 t5
p6 0 −1 R6 ≃ 0.361689 t6

TABLE II. The charges under the global symmetry on chiral
fields in model A, including the Uð1ÞR charges that are expressed
in terms of Uð1ÞR charges Ra corresponding to the extremal
GLSM fields pa. Note that the global symmetry charges of the
chiral fields X46;…; X97 are identical to those in model B,
whereas the charges of the remaining chiral fields—those
affected by the “tilting” mutation of the brane tiling—differ
between the two models (up to a reordering of charges).

Uð1Þf1 Uð1Þf2 Uð1ÞR
X15 −1 0 R3 þ R6 ≃ 0.74786
X18 þ1 0 R2 ≃ 0.320461
X21 þ1 0 R1 ≃ 0.273550
X28 0 −2 R5 þ R6 ≃ 0.766593
X32 0 þ1 R2 þ R4 ≃ 0.573685
X34 0 −1 R6 ≃ 0.361689
X41 −1 0 R4 þ R5 ≃ 0.658128
X53 0 −1 R5 ≃ 0.404904
X54 þ2 0 R1 þ R2 ≃ 0.594011
X83 0 þ1 R1 þ R3 ≃ 0.659722
X46 −1 þ1 R3 ≃ 0.386171
X59 −1 0 R3 þ R6 ≃ 0.747860
X65 þ1 þ1 R1 þ R2 þ R4 ≃ 0.847235
X67 0 −1 R6 ≃ 0.361689
X72 −1 þ1 R3 ≃ 0.386171
X75 −1 0 R4 þ R5 ≃ 0.658128
X89 −1 þ1 R4 ≃ 0.253224
X96 0 −1 R5 ≃ 0.404904
X97 þ2 0 R1 þ R2 ≃ 0.594011

6
7

5

8

5

9

9

3
4

1
2

6
7

77

8

9

1
2

3
4

FIG. 5. (a) The brane tiling and (b) the labeled toric diagram for
model B, where vertices in the toric diagram correspond to
GLSM fields pa. The dotted quadrilateral in the brane tiling
indicates the fundamental domain on the 2-torus T2.
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PB ¼

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

p1 p2 p3 p4 p5 p6 q1 q2 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11 u12
X15 1 0 1 0 0 0 0 0 1 1 0 0 0 0 0 1 1 1 0 0 0 0 1 1 0 0 0 0 0 0

X18 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0

X21 0 0 0 0 0 1 0 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

X28 1 1 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0

X32 0 0 0 1 1 0 1 0 0 0 0 0 1 1 0 0 0 0 1 1 0 0 0 0 0 1 1 1 1 0

X34 1 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0

X41 0 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0

X53 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 1

X54 0 0 0 0 1 1 1 1 0 0 0 1 0 1 1 0 0 0 0 1 1 1 0 0 0 0 0 0 1 1

X83 0 0 1 0 0 1 0 1 1 0 0 0 0 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0 0 1

X46 0 0 1 0 0 0 0 0 1 1 1 0 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 1 0 0

X59 0 0 1 0 0 1 1 0 1 1 1 1 1 1 1 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0

X65 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 1 1 1 1 1 0 0 0

X67 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0

X72 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0

X75 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 1 1 1 0 0 0 0

X89 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 0 0 0 0 0

X97 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 1 1 1 1

X96 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

ð14Þ

which is manifestly different from the perfect matching matrix for model A in (6), even though the two models share the
same set of chiral fields Xij. The associated F-term charge matrix QB

F is given by

QB
F ¼

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

p1 p2 p3 p4 p5 p6 q1 q2 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11 u12
1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 −1 0 0 1 −1 0

0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 −1
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 0 −1 0 1 0 −1 0 1 0 1

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 −1 0 0 0 0 −1 0 0

0 0 0 0 1 0 0 −1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −1 1 0 0 −1 0 0

0 0 0 0 0 1 0 −1 0 0 0 0 0 0 0 0 0 −1 0 0 0 −1 0 1 0 0 −1 1 0 1

0 0 0 0 0 0 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 1 0 −1 0 0 1

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 −1 0 0 0 −1 −1 1 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 −1 0 0 0 −1 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0 0 0 −1 0 1 −1 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −1 0 0 0 −1 0 1 −1 0 0 1 −1 1

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 −1 0 0 0 −1 0 1 0 −1 0 0 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 −1 0 0 0 −1 0 1 0 −1 0 1 −1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 −1 0 0 0 −1 0 1 0 −1 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 −1 0 0 0 0 0 0 0 −1 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 0 0 0 0 0 0 0 −1 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 −1 −1 1 0 0 0 −1 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 −1 −1 1 0 0 0 0 −1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 −1 1 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

ð15Þ

and the D-term charge matrix QB
D is given by

QUIVER-INVARIANT DUALITIES BETWEEN BRANE TILINGS PHYS. REV. D 113, 126007 (2026)

126007-7



QB
D ¼

0
BBBBBBBBBBBBBBBB@

p1 p2 p3 p4 p5 p6 q1 q2 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11 u12
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 1 0 −1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 −1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 −1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 −1 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCA

:

ð16Þ

By taking the kernel of the combined charge matrix QB
t , we obtain

GB
t ¼

0
BBB@

p1 p2 p3 p4 p5 p6 q1 q2 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11 u12
−1 −1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−1 0 −2 1 1 −1 0 0 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1
CCCA;

ð17Þ

which contains as columns the coordinates of the vertices
in the toric diagram for model B in Fig. 5.
We note that the toric diagrams extracted from the

matrices GA
t and GB

t are identical up to a GLð2;ZÞ
transformation. This indicates that the mesonic moduli
spaces Mmes associated with the two brane tilings are the
same. The same conclusion holds for the non-Abelian 4d
N ¼ 1 theories with UðNÞ gauge groups, for which the
mesonic moduli space is simply the Nth symmetric product
of Mmes. Moreover, upon computing the Hilbert series of
Mmes for model B, we find that it coincides with that of
model A in (10),

gðta; yq; ys; yu;Mmes
A Þ ¼ gðta; yq; ys; yu;Mmes

B Þ: ð18Þ

Since models A and B share the same set of GLSM fields,
and hence, the same set of toric diagram vertices with the
same coordinates, we use the same set of fugacities
ðta; yq; ys; yuÞ for both Hilbert series.
Because the mesonic moduli spaces are identical, the

global symmetry is also the same for both brane tilings,
namely, Uð1Þf1 ×Uð1Þf2 × Uð1ÞR. As a result, the shared
GLSM fields pa carry the same charges under the global

symmetry in the two models. This is manifest, for example,
in the superconformal Uð1ÞR charges Ra of the GLSM
fields obtained via volume minimization [38,39], where the
Uð1ÞR charges Ra correspond to the minimal volumes of
divisors Da [40,41] in the associated toric Calabi-Yau
threefold. Table I summarizes for both models A and B
the global symmetry charges on GLSM fields pa, including
the Uð1ÞR charges Ra.
Although the two 4d N ¼ 1 theories share the same

quiver and hence, the same set of chiral fields Xij, the
global symmetry charges of the chiral fields are not
necessarily the same, since the two models have different
superpotentials. This is most evident when we calculate the
superconformal Uð1ÞR charges carried by the chiral fields
via a maximization [34–36] and express them in terms of
the Uð1ÞR charges on GLSM fields Ra shared between the
two models, as summarized in Table III. In particular, the
Uð1ÞR charges of the chiral fields in model B, which are
affected by the “tilting” mutation on the brane tiling, differ
from those of the same chiral fields in model A as shown in
Table II.
We also obtain the plethystic logarithm [31,33] of the

shared Hilbert series in (10), which takes the form,

PL½gðta; yq; ys; yu;MmesÞ� ¼ t21t
2
2t3t4ysyu þ t1t2t3t4t5t6yqysyu þ t3t4t25t

2
6y

2
qysyu þ t21t2t

3
3t

2
6yqy

2
syu þ t21t

3
2t

3
4t

2
5yqysy

2
u

þ t1t33t5t
3
6y

2
qy2syu þ t1t22t

3
4t

3
5t6y

2
qysy2u þ t2t34t

4
5t

2
6y

3
qysy2u − ðt21t42t64t65t26y4qy2sy4u þ t21t

2
2t

2
3t

2
4t

2
5t

2
6y

2
qy2sy2u

þ t31t
2
2t

4
3t4t5t

3
6y

2
qy3sy2u þ t31t

4
2t3t

4
4t

3
5t6y

2
qy2sy3u þ t21t2t

4
3t4t

2
5t

4
6y

3
qy3sy2u þ 2t21t

3
2t3t

4
4t

4
5t

2
6y

3
qy2sy3u

þ t41t
4
2t

3
3t

3
4t

2
5t

2
6y

2
qy3sy3u þ t1t22t3t

4
4t

5
5t

3
6y

4
qy2sy3u þ 2t31t

3
2t

3
3t

3
4t

3
5t

3
6y

3
qy3sy3u

þ 2t21t
2
2t

3
3t

3
4t

4
5t

4
6y

4
qy3sy3u − t1t2t33t

3
4t

5
5t

5
6y

5
qy3sy3uÞ þ � � � ; ð19Þ
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where the nonterminating expansion indicates that the toric
Calabi-Yau threefold is not a complete intersection. The
generators of the mesonic moduli space Mmes can be
extracted from the leading positive terms in (19), while the
subsequent negative terms encode relations among these
generators. Recalling that the fugacities ta correspond to
extremal GLSM fields pa, and that yq, ys, yu correspond to
products of nonextremal GLSM fields, we identify the
generators in terms of GLSM fields as summarized in
Table IV.
Finally, although the set of GLSM fields is the same for

both models, their expressions in terms of chiral fields
differ, as encoded by the distinct Pmatrices in (6) and (14).
Accordingly, even though models A and B share the same
set of generators, the same GLSM fields pa, and the same
chiral fields Xij as dictated by the common quiver in Fig. 3,
the generators are realized differently in terms of chiral
fields in the two models, as shown in Table IV.

IV. “TILTING” MUTATION AND ZIG-ZAG PATHS

The correspondence between models A and B is realized
by a “tilting” mutation along diagonals of hexagonal faces
in the brane tiling, as illustrated in Fig. 2. These diagonals
divide each hexagon into two quadrilateral faces in the
brane tiling. The “tilting” mutation also affects the

associated periodic quivers, which are dual to the bipartite
graphs of the brane tilings. Since periodic quivers on T2

encode not only the quiver data of the associated 4dN ¼ 1
theories but also their superpotentials, the periodic quivers
differ between the two brane tilings. Nevertheless, a chosen
fundamental domain on T2 contains the invariant quiver
shared by both brane tilings.
Brane tilings also admit oriented paths along edges that

turn clockwise at white nodes and anticlockwise at black
nodes. These are the zigzag paths ηm [42,43]. Their
winding numbers wðηmÞ∈Z2 on T2 determine the direc-
tions of the outward-pointing normal vectors to the boun-
dary edges of the toric diagram of the corresponding toric
Calabi-Yau threefold, as illustrated in Fig. 6. Since the
mutation preserves the mesonic moduli space of the 4d
N ¼ 1 theories—and hence, the underlying toric Calabi-
Yau threefold—the set of zigzag paths and their winding
numbers in Z2 remain unchanged. We observe, however,
that the mutation modifies the intersection pattern among
zigzag paths, as shown in Fig. 6. In addition, three parallel
zigzag paths η2, η16, and η26, corresponding to parallel
normal vectors in the toric diagram, permute under the
“tilting” mutation.
Overall, the “tilting” mutation relating models A and B

corresponds to a sequence of Seiberg dualities realized by
spider moves of the form shown in Fig. 1. It must involve
two or more Seiberg dualities, since models A and B share
the same quiver but define distinct 4dN ¼ 1 theories. For
the pair discussed here, the single-step “tilting” mutation
can be decomposed, for example, into two consecutive
Seiberg dualities acting on the gauge groups associated
with brane tiling faces 1 and 5, and a subsequent
relabelling of faces such that the resulting quiver is
exactly the same as the original quiver, including the
labels. We note, however, that the “tilting” mutation
preserves the quiver together with its node labels, whereas
the sequence of Seiberg dualities preserves only the shape
of the quiver. To make the sequence of Seiberg dualities
equivalent to the “tilting”mutation on the brane tiling, one
must therefore perform an appropriate relabelling of the
gauge nodes in the quiver.

V. DISCUSSION

In this work, we have shown that two brane tilings
describing distinct 4dN ¼ 1 theories can correspond to the
same toric Calabi-Yau threefold while sharing the same
quiver and chiral field content. The only distinction
between the two theories lies in their superpotentials,
which are built from the same set of chiral fields. Since
the two brane tilings have the same mesonic moduli space
and share the same quiver, the corresponding 4d N ¼ 1
theories are related by a sequence of Seiberg dualities
acting on different gauge groups that, remarkably, leaves
the quiver invariant. We identify this sequence of Seiberg

TABLE III. The charges under the global symmetry on chiral
fields in model B, including the Uð1ÞR charges that are expressed
in terms of Uð1ÞR charges Ra corresponding to the extremal
GLSM fields pa. Note that the global symmetry charges of the
chiral fields X46;…; X97 are identical to those in model A,
whereas the charges of the remaining chiral fields—those
affected by the “tilting” mutation of the brane tiling—differ
between the two models (up to a reordering of charges).

Uð1Þf1 Uð1Þf2 Uð1ÞR
X15 0 þ1 R1 þ R3 ≃ 0.659722
X18 0 −1 R5 ≃ 0.404904
X21 0 −1 R6 ≃ 0.361689
X28 þ2 0 R1 þ R2 ≃ 0.594011
X32 −1 0 R4 þ R5 ≃ 0.658128
X34 þ1 0 R1 ≃ 0.27355
X41 0 þ1 R2 þ R4 ≃ 0.573685
X53 þ1 0 R2 ≃ 0.320461
X54 0 −2 R5 þ R6 ≃ 0.766593
X83 −1 0 R3 þ R6 ≃ 0.74786
X46 −1 þ1 R3 ≃ 0.386171
X59 −1 0 R3 þ R6 ≃ 0.747860
X65 þ1 þ1 R1 þ R2 þ R4 ≃ 0.847235
X67 0 −1 R6 ≃ 0.361689
X72 −1 þ1 R3 ≃ 0.386171
X75 −1 0 R4 þ R5 ≃ 0.658128
X89 −1 þ1 R4 ≃ 0.253224
X96 0 −1 R5 ≃ 0.404904
X97 þ2 0 R1 þ R2 ≃ 0.594011
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dualities with a single local “tilting” mutation along
diagonals of hexagonal faces in the brane tilings. In terms
of zigzag paths, the “tilting” mutation preserves not only
the mesonic moduli space but also the set of zigzag paths
and their winding numbers, which correspond to the Z2

directions of outward-pointing normal vectors along the
boundary edges of the shared toric diagram. Since these
outward-pointing normal vectors correspond to legs of a
dual ðp; qÞ-web diagram defining a 5d N ¼ 1 gauge
theory [19,21–23], whereas our invariant quiver of the
mutated brane tiling can be associated with a 5dBPS quiver
[44], our observations here are expected to have interesting
applications beyond 4d N ¼ 1 theories corresponding to
toric Calabi-Yau threefolds.
In fact, the two 4d N ¼ 1 theories and brane tilings

presented here belong to an infinite family of distinct brane
tilings that share the same mesonic moduli space and the
same quiver, all related by the “tilting” mutation. Further
examples can be generated by applying the same Abelian
orbifold action [45–47] to the two brane tilings considered
in this work. Given the appearance of brane tilings in recent
studies of dimer integrable systems [11,24,48,49], 2d (0, 2)
supersymmetric gauge theories associated with toric
Calabi-Yau fourfolds [50–56], birational transformations
of toric Calabi-Yau three- and fourfolds [57,58], and also
orientifold projections of families of 4d N ¼ 1 theories
[27,59,60], we expect the correspondence identified here to
contribute to a broader understanding of the algebrogeo-
metric structures encoded by brane tilings—not only as
individual 4d N ¼ 1 theories, but also as part of a wider

landscape of supersymmetric gauge theories. We leave a
systematic exploration of further examples and related
directions for future work.
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FIG. 6. Outward-pointing normal vectors to the boundary edges of the toric diagram correspond to zigzag paths ηm in the brane tiling.
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