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Accurate and reliable gravitational waveform models are crucial in determining the properties of
compact binary mergers. In particular, next-generation gravitational-wave detectors will require more
accurate waveforms to avoid biases in the analysis. In this work, we extend the recent NRTidalv3 model
to account for higher-mode corrections in the tidal phase contributions for binary neutron star systems. The
higher-mode, multipolar NRTidalv3 model is then attached to several binary-black-hole baselines, such
as the phenomenological IMRPhenomXHM and IMRPhenomXPHM models, and the effective-one-body-
based model SEOBNRv5HM_ROM. We test the performance and validity of the newly developed models by
comparing them with numerical-relativity simulations and other tidal models. Finally, we employ them in
parameter estimation analyses on simulated signals from both comparable-mass and high-mass-ratio
systems, as well as on the gravitational-wave event GW170817, for which we find consistent results with
respect to previous analyses.
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I. INTRODUCTION

A new era of multi-messenger astronomy was ushered
when the gravitational-wave (GW) event GW170817 was
detected by the Advanced LIGO [1] and Advanced Virgo
[2] detectors [3–5]. This was the first discovery of a GW
signal emitted by the coalescence of a binary neutron star
(BNS) system, and it was accompanied by a suite of
electromagnetic counterparts ranging from radio waves to
gamma rays [4,5]. Two years later, the LIGO-Virgo-
KAGRA (LVK) Collaboration observed another event
identified as a BNS merger, GW190425 [6]. Although
the exact BNS merger rate is still unknown, in the future an
increase in the number of BNS detection is foreseen, thanks
to the improving sensitivity of current detectors and
especially with the planned next-generation ones [7–11].

The detection of GW170817 already fostered numerous
important scientific studies. Among these, it helped to
constrain the equation of state (EOS) that governs matter in
the interior of neutron stars (NSs) [3,12]. Various theoreti-
cal and experimental approaches [13–20] try to describe the
neutron-rich, supranuclear-dense matter inside NSs, and
with the increasing detector sensitivity it is expected that
the EOS will be further constrained with future observa-
tions, ruling out competing models [3,6,17,21–26]. In GW
signals, the EOS manifests itself through the NS’s tidal
deformability parameter Λ. This is a measure of the
deformation of a NS in the presence of an external field,
i.e., one that is generated by its companion, and leaves a
specific signature in the emitted GWs [24,27].
To estimate the source parameters of a BNS event, one

usually employs Bayesian inference [28,29] to compare the
data gathered from the observations with predictions
obtained by solving the Einstein field equations (EFEs).
One avenue for these theoretical predictions is the use of
numerical-relativity (NR) simulations. However, such sim-
ulations are known to come with a high computational cost
and, therefore, typically solve only the last 10–20 orbits
before merger [30–41]. Hence, it is necessary to construct
waveform models that produce long, accurate waveforms
while maintaining computational efficiency.
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Analytical approaches to building waveform models
include the post-Newtonian (PN) formalism, which approx-
imates the solution to the EFEs by treating the binary
characteristic velocity v as a perturbative parameter [42–46].
In this framework, the corrections that describe tidal inter-
actions enter at 5PN order [47], and are known up to 7.5PN
[48–52]. However, PN approximations become increasingly
inaccurate as v approaches the speed of light c, i.e., when the
separation between the two objects in the binary decreases.
To remedy this, the PN information is often recast into an
effective-one-body (EOB) formalism that treats the system as
a point-particle embedded in an effective metric [53–67]. To
date, there are two families ofEOBmodels that describeBNS
systems;SEOBNR andTEOBResumS, with theirmost recent
models SEOBNRv5THM [66] and TEOBResumS-Dalí
[67], respectively. EOB models involve solving a set of
ordinary differential equations, which incurs large computa-
tional costs. However, their evaluation is accelerated with
various methods, such as post-adiabatic approximations
[62,68,69], reduced-order models (ROM) [70–74], and
machine learning techniques [75], among others.
A different approach for constructing waveform approx-

imants is employed by phenomenologicalmodels [33,76–83],
which take information from PN, EOB, and/or NR,
and build a closed-form description of the tidal informa-
tion that retains both accuracy and evaluation efficiency.
The calibration to NR data better captures the tidal
phase contribution to the waveform in the late inspiral
and close to merger. Examples of such (frequency-domain)
models include the KyotoTidal [33] approximant,
which is calibrated to NR simulations up to 1000 Hz,
PhenomGSF [83] model, calibrated to TEOBResumS [57]
waveforms, and the NRTidal series [78–82]. More
recently, yet a different approach was proposed to calibrate
phenomenological models directly to observational data
[84]. The mentioned phenomenological models are

modular in nature and can be augmented easily to any
binary black hole (BBH) waveform baseline.
In this paper, we focus on theNRTidalwaveform family,

for which until now, extensions exist for IMRPhenomD
[85], IMRPhenomPv2 [86,87], IMRPhenomXAS
[88], IMRPhenomXP [89], SEOBNRv4_ROM [58], and
SEOBNRv5_ROM [74]. The NRTidal models appended
to the BBH baselines are publicly available in the LVK
Algorithm Library (LAL) [90,91], and have been employed
to analyze real GW data [3,26,80,81,92]. In particular, the
most recent version, NRTidalv3 [81], improves on pre-
vious ones by using a larger set ofNRdata [33,34,36–38,93],
a mass-ratio-dependent fit between its parameters, and by
introducing a frequency-dependent dynamical tidal deform-
ability parameterΛ → ΛðfÞ to incorporate dynamical effects
explicitly [81]. Additionally, it also retains the spin and
amplitude corrections that were included in previous ver-
sions [78–80].
However, the existing phenomenological BNS models

only include tidal effects for the dominant ð2; j2jÞ-mode.
With increasing detector sensitivity, and in light of
next-generation detectors, subdominant or higher-order
modes (HM) [85,94,95] might play a more significant
role, also for neutron star-black hole (NSBH) systems,
which can be highly asymmetric in their mass ratios. For
this reason, in this work, we introduce an update to
NRTidalv3 by incorporating HM effects, and attach this
“generalized” NRTidalv3 to state-of-the-art HM BBH
baselines, such as the aligned-spin models
IMRPhenomXHM [96] and SEOBNRv5HM_ROM [74,97–
99], and the precessing model IMRPhenomXPHM [89],
providing a more complete description of BNS systems
that includes both dominant- and subdominant-mode
effects. This is the first time that phenomenological tidal
models are extended to include HM corrections, although
HM extensions already exist for EOB BNS models, i.e.,

TABLE I. Summary of BBH+NRTidal approximants with HM corrections and the corresponding ð2; j2jÞ-mode models
implemented in LALSuite. For each approximant, we state its shorthand alias to be used for the rest of this work, the BBH
baseline, the version of NRTidal attached, the total number of ðl; jmjÞ modes nModes, the type of tidal amplitude correction used,
precession implementation, and its median computational time using an Apple M1 Pro processor.

Alias BBH baseline ψT nModes Tidal amplitude correction Precession ΔT½s�
HM waveforms

XHM_NRT3 IMRPhenomXHM NRTidalv3 5 ð2; j2jÞ: NR-calibrated; HMs: 7.5PN ✗ 0.0253
XPHM_NRT3 IMRPhenomXPHM NRTidalv3 5 ð2; j2jÞ: NR-calibrated; HMs: 7.5PN ✓ 0.111
XHM_NRT2 IMRPhenomXHM NRTidalv2 5 ð2; j2jÞ: NR-calibrated; HMs: 7.5PN ✗ 0.0250
EOBv5HM_NRT3 SEOBNRv5HM_ROM NRTidalv3 7 ð2; j2jÞ: NR-calibrated ✗ 0.0414

ð2; j2jÞ-mode waveforms

XAS_NRT3 [81] IMRPhenomXAS NRTidalv3 1 ð2; j2jÞ: NR-calibrated ✗ 0.00590
XP_NRT3 [81] IMRPhenomXP NRTidalv3 1 ð2; j2jÞ: NR-calibrated ✓ 0.0189
XAS_NRT2 [82] IMRPhenomXAS NRTidalv2 1 ð2; j2jÞ: NR-calibrated ✗ 0.00655
EOBv5_NRT3 [81] SEOBNRv5_ROM NRTidalv3 1 ð2; j2jÞ: NR-calibrated ✗ 0.00957

ADRIAN ABAC et al. PHYS. REV. D 112, 104026 (2025)

104026-2



the aligned-spin SEOBNRv5THM [66] and the precessing
and eccentric TEOBResumS-Dalí [67].
The paper is structured as follows. We discuss how

the HM version of NRTidalv3 is constructed in Sec. II.
The implementation of the HM NRTidalv3 model
attached to BBH baselines, as well as tests on their validity
and performance, is discussed in Sec. III, with additional
comparisons in Appendixes A and B. We then perform
parameter estimation (PE) using the higher-mode models
for different systems in Sec. IV, with an additional recovery
in Appendix C, and finally we conclude in Sec. V, where
we provide some outlook, including its use for the develop-
ment of NSBH models.
Throughout this work, we employ geometric units

G ¼ c ¼ 1 unless otherwise stated. We define the primary
(heavier) mass in the BNS as MA and the secondary
mass MB, both in units of solar mass M⊙. The tidal
deformabilities and aligned-spin components are denoted
as ðΛA; χAÞ and ðΛB; χBÞ, respectively, and the mass ratio
is defined as q ¼ MA=MB ≥ 1. The total mass is M ¼
MA þMB, from which we can construct the normalized
masses XA;B ¼ MA;B=M. For convenience, we refer to the
‘higher-order mode waveforms’ as just the ‘HM wave-
forms’, and we resort to shorthand names for all the
approximants used throughout this study, which are sum-
marized in Table I.

II. MODEL CONSTRUCTION

In this section, we start with a brief overview of the
NRTidalv3 model [81] before discussing its extension to
include HM corrections.

A. Review of the NRTidalv3 model

The frequency-domain (FD) ð2; j2jÞ-mode GW strain
can be written as

h22ðfÞ ¼ A22ðfÞe−iψ22ðfÞ; ð1Þ

where A22ðfÞ is the amplitude as a function of the GW fre-
quency f and the GW phase ψ22ðfÞ can be approximated as

ψ22ðfÞ ¼ ψ0
22ðfÞ þ ψSO

22 ðfÞ þ ψSS
22ðfÞ þ ψS3

22ðfÞ
þ ψT

22ðfÞ þ � � � ; ð2Þ

with ψ0
22 denoting the point-mass contribution, ψSO

22 the spin-
orbit coupling, ψSS

22 the spin-spin coupling, ψS3
22 the spin-

cubed term andψT
22 the tidal phase [24]. A similar expression

and phase decomposition hold in the time domain (TD).
As discussed above, the tidal phase is known analytically

up to 7.5PN order [47–52]. However, the PN description of
the tidal phase contribution cannot sufficiently capture the
tidal effects in the late inspiral and up to merger. In
NRTidalv3 [81], this is addressed by extending the
7.5PN tidal phase via calibration to NR simulations.

The dominant-mode tidal phase ψ22
T ðfÞ is modeled by

the NRTidalv3 phase ψNRT3
T ðxÞ as

ψNRT3
T ¼ −κ̄Aðω̂Þc̄ANewtx5=2P̄A

NRT3ðxÞ þ ½A ↔ B�; ð3Þ

where c̄ANewt is the mass-ratio dependent leading-order
Newtonian coefficient, x ¼ ðω̂=2Þ2=3 is the PN (frequency)
parameter, ω̂ ¼ Mω ¼ Mð2πfÞ is the mass-weighted GW
frequency, and κ̄Aðω̂Þ ¼ 3XBX4

AΛAðω̂Þ is the dynamical tidal
parameter. The dynamical tidal effects are encoded in the
correction factor k̄eff2 ðω̂Þ (calibrated to nonspinning systems)
which is multiplied to the adiabatic tidal deformability, i.e.,
ΛA;Bðω̂Þ ¼ ΛA;Bk̄eff2 ðω̂Þ, with k̄eff2 ðω̂Þ → 1 at large separa-
tions. The Padè approximant P̄A

NRT3ðxÞ is given by

P̄A
NRT3ðxÞ ¼

1þ n̄A1xþ n̄A3=2x
3=2þ n̄A2x

2þ n̄A5=2x
5=2þ n̄A3x

3

1þ d̄A1xþ d̄A3=2x
3=2 :

ð4Þ

The following coefficients of Eq. (4) are fitted into the 7.5PN
tidal phase,1

n̄A1 ¼ c̄A1 þ dA1 ;

n̄A3=2 ¼
c̄A1 c̄

A
3=2 − c̄A5=2 − c̄A3=2d̄

A
1 þ n̄A5=2

c̄A1
;

n̄A2 ¼ c̄A2 þ c̄A1 d̄
A
1

d̄A3=2 ¼ −
c̄A5=2 þ c̄A3=2d̄

A
1 − n̄A5=2

c̄A1
; ð5Þ

while the rest of the coefficients in Eq. (4) are given by

n̄A;Bi ðω̂Þ ¼ āi;0 þ āi;1XA;B þ āi;2ðκA;B þ 1Þᾱ

þ āi;3X
β̄
A;B; for i∈ ½5=2; 3�

d̄A;B1 ¼ d̄1;0 þ d̄1;1XA;B þ d̄1;2X
β̄
A;B; ð6Þ

where c̄i;j are the PN coefficients, while ᾱ, β̄, āi;j
and d̄i;j are calibrated to 55 nonspinning NR simulations
[33,34,36–38,93].2 This NR set is spread among different
mass-ratios and various EOS. The model has been tested
and can be employed reliably3 for MA;B ¼ ½0.5; 3.0�M⊙,
ΛA;B ¼ ½0; 25000�, and jχA;Bj ≤ 0.7.

1The fitting procedure includes Taylor-expanding P̄A;B
NRT3ðxÞ

and matching the coefficients with the 7.5PN phase.
2We refer the reader to Ref. [81] for more details on the model

construction as well as the values of the calibration parameters.
3No divergences or pathological behaviors have been observed

for configurations within this parameter space. However, since
the model was not calibrated for spinning systems, we caution
its use for systems with relatively large spins, particularly at
χA;B ≤ −0.1, which could introduce systematic errors [39,41,100].
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B. The HM tidal phase

To write the HM phase, we first recall that the GW strain
can be decomposed in terms of spherical harmonic modes
hlmðtÞ multiplied by their respective spin-weighted spheri-
cal harmonic functions −2Ylmðθ;ϕÞ [101],

hðtÞ ¼
X
l≥2

Xl
m¼−l

−2Ylmðθ;ϕÞhlmðtÞ; ð7Þ

where θ is the polar angle, and ϕ is the azimuthal angle.
In the inspiral and up to merger, it has been found

that the phase follows a scaling relation of the form
[42–46,85,94,95,102],

ϕlmðtÞ ¼ jmjϕorbðtÞ þ Δϕlm; ð8Þ

where ϕorb ≈ ϕ22=2 is the orbital phase and Δϕlm is a
constant phase shift. Moreover, Ref. [37] (specifically,
Fig. 4) confirmed that these scaling relations also hold
for the tidal phase contributions ϕlm

T .
Assuming the stationary phase approximation (SPA) in

transforming the waveform from TD to FD, and using the
NRTidalv3 model, we can write [96,102] the phase of
each mode as

ψlmðfÞ ¼ ψBBH
lm ðfÞ þ jmj

2
ψNRT3
T;lm

�
2f
jmj

�
; ð9Þ

in the building of a HM tidal model for BNS systems in the
FD. Furthermore, the EOS-dependent spin-squared terms
up to 3.5PN order and the leading-order spin-cubed terms
entering at 3.5PN order that are present in NRTidalv3
are also included and appropriately scaled, as in the
above relations. The HM effects are expected to be more
significant for high-mass-ratio systems, and depend on the
inclination angle ι. In particular, for a “face-on” (“edge-
on”) system, i.e., with ι ¼ 0 or ι ¼ π (ι ¼ π=2 or ι ¼ 3π=2),
the even (odd) m-modes are expected to have a significant
contribution, while the odd (even) m-mode contributions
are significantly suppressed [74,96,101].

C. Tapering the waveform beyond merger

Throughout this work, we only consider the description
of the waveform up to merger. Due to the nature of the
rational function P̄A;B

NRT3ðxÞ used in NRTidalv3, for some
combination of masses and tidal deformabilities, the
function can diverge at frequencies beyond the merger
frequency fmrg [81].4 These divergences can propagate to
the HMs due to the frequency scaling, as shown in Eq. (9).
Therefore, for the HM model extension, beyond merger we

linearly extrapolate the phase, leading to

ψT ¼
�ψTðfÞ; f ≤ fmrg

ψTðfsÞ þ ψT ðfmrgÞ−ψT ðfsÞ
fmrg−fs

ðf − fsÞ; f > fmrg;

ð10Þ

where fmrg and fs ¼ 0.99fmrg are the reference points of
the extrapolation, and where we use ψT ¼ ψNRT3

T for
brevity. As in Ref. [81], we employ the updated merger
frequency fit provided in Ref. [38].
Moreover, after the merger, we taper the waveform

amplitude with a Planck taper window [103],

σðfÞ ¼

8>><
>>:

0; f ≤ f1h
1þ exp

�
f2−f1
f−f1

þ f2−f1
f−f2

�i
−1
; f1 ≤ f ≤ f2

1; f ≥ f2;

ð11Þ

in the frequency interval ½f1; f2� ¼ ½fmrg; 1.2fmrg�, i.e.,
right after merger. This means that the waveform is tapered
as hðfÞ → ½1 − σðfÞ�hðfÞ.

D. Tidal amplitude corrections

The amplitudes of the HM waveforms in the FD do not
follow the straightforward scaling relation as the phase
in Eq. (9); thus amplitude correction terms are needed.
For the ð2; j2jÞ-mode, both the IMRPhenomXHM and
SEOBNRv5HM_ROM baselines use the NR-calibrated
amplitude corrections that were included in NRTidalv2
and the original ð2; j2jÞ-mode implementation of
NRTidalv3. For the HMs, we incorporate tidal amplitude
corrections up to 7.5PN [52] to the IMRPhenomXHM
baseline, but refrain from doing so to the
SEOBNRv5HM_ROM baseline given the difficulties and
large computational cost involved in adapting these expres-
sions to the implementation of the latter.5

E. Inclusion of precession effects

For a more complete description of the gravitational
waveforms, we also consider the possibility of systems
with spins misaligned with the total angular momentum,
which leads to precession in the orbital dynamics. To model
such systems, tidal corrections are propagated to the
coprecessing-frame modes by means of the twisting-up
construction of the IMRPhenomXPHM baseline model

4Further tests in Ref. [81] confirm that this asymptotic
behavior, should it exist, always occurs at frequencies higher
than fmrg.

5Adding the 7.5PN tidal amplitude corrections to the
SEOBNRv5HM_ROM baseline augmented with HM NRTidalv3
increases the computational time of a single waveform evaluation
by about 15%. This issue does not arise in the case of the
IMRPhenomX(P)HM baseline due to differences in waveform
implementation.
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[89]. This baseline model provides different spin-preces-
sion prescriptions, one of which is particularly interesting
for BNS systems, as it allows for the inclusion of matter
effects in the spin-induced quadrupole moments involved
in the precession dynamics [82].6

We also note that the original NRTidalv3 was devel-
oped and calibrated to nonspinning systems (similar
with previous iterations) and the nonspinning correction
factor k̄eff2 was physically defined in the star’s frame. The
dynamical tidal effect can also carry a spin itself which
evolves during the inspiral. A more complete treatment
requires modifications to k̄eff2 that accounts for the Coriolis
effect due to the NS spin and the calibration of the phase in
general that also considers NS spin which is aligned or
antialigned with the orbital angular momentum [104].
Futhermore, one can also introduce (higher-order) preces-
sion-induced mode-mixing effects. Overall, this current
approximation should be reasonable at the very least for
small NS spin and spin tilts, and previous comparisons with
precessing NR waveforms showed relatively good agree-
ment when applying this simple treatment of precession in
combination with the NRTidal phase [82,105].

III. IMPLEMENTATION AND PERFORMANCE

We augment the HM NRTidalv3 to the publicly avai-
lable aligned-spinBBHwaveformmodelsIMRPhenomXHM
[96] and SEOBNRv5HM_ROM [74,97–99], and to the pre-
cessing model IMRPhenomXPHM [89]. Table I provides
the complete names of these new BNS waveform models,
their features (i.e., the number of modes included, whether
or not precession is incorporated, the type of amplitude
corrections applied), the aliases that will be used from
this point on, and, for completeness, their corresponding
ð2; j2jÞ-mode approximants. To test the consistency in
the implementation of the models, we also augmented
a HM version of NRTidalv2 to IMRPhenomXHM.
These models are implemented in the FD, but are also
made available in the TD via inverse Fourier transformation
routines built into LALSuite [90]. For the IMRPhenomX
(P)HM baseline, there are nModes ¼ 5 available modes
ðl;jmjÞ¼ ½ð2;j2jÞ;ð2; j1jÞ;ð3; j2jÞ;ð3;j3jÞ;ð4; j4jÞ�, while for
SEOBNRv5HM_ROM, we havenModes¼7 given by ðl; jmjÞ¼
½ð2; j2jÞ;ð2;j1jÞ;ð3; j2jÞ;ð3; j3jÞ;ð4;j3jÞ;ð4; j4jÞ;ð5; j5jÞ�.
In the remainder of this section, we compare the run

times of the different HM models with respect to their
ð2; j2jÞ-mode counterparts, and we check their validity by

comparing them with NR simulations and other tidal
approximants.

A. Timings

We compare the waveform evaluation times of XHM_
NRT3, XPHM_NRT3, XHM_NRT2, and EOBv5HM_
NRT3, with their respective ð2; j2jÞ mode versions
XAS_NRT3, XP_NRT3, XAS_NRT2, and EOBv5_
NRT3. For all models, we generate 5000 random FD
waveforms that include all their available modes and
cover the parameter space MA;B ¼ ½0.5; 3.0�M⊙, ΛA;B ¼
½0; 25000�, and jχA;Bj ≤ 0.7, all with minimum frequency
fmin ¼ 20 Hz and a frequency step df ¼ 0.125 Hz. For the
precessing models XPHM_NRT3 and XP_NRT3, we
include spin precession parameters such that the component
spin magnitudes still follow jχA;Bj ≤ 0.7. The median run-
times ΔT are reported in Table I, and their distributions are
shown in Fig. 1 as box plots.
We observe from Table I and Fig. 1 that XHM_NRT3 has

runtimes comparable to XHM_NRT2 despite NRTidalv3
including more physics and having more complicated
expression and implementation relative to NRTidalv2.
EOBv5HM_NRT3 is ∼1.7 times slower than the XHM
models, but this is caused by the difference in speeds
between their corresponding ð2; j2jÞ-mode versions, attrib-
uted to the different implementation of theIMRPhenomXHM
and SEOBNRv5HM_ROM BBH baselines. Furthermore,
comparing the performance of the HM and ð2; j2jÞ-mode

FIG. 1. Runtime boxplots of the different HM tidal models and
their respective ð2; j2jÞ-mode counterparts for the aligned spin and
precessing models. Horizontal lines between the boxes indicate the
median runtimes, whose values can be found in Table I. For each
model, the box contains the middle 50% of the distribution
(between the first quartile Q1 or the 25th percentile and the third
quartileQ3 or the 75th percentile), while the height of the box itself
is the interquartile rangeΔQ ¼ Q3 −Q1. The horizontal line in the
middle of the box is the median of the distribution, while the lower
and upper whiskers that extend from the box denote Q1 − 1.5ΔQ
and Q3 þ 1.5ΔQ, respectively. Values higher or lower than the
whiskers are denoted with individual points.

6The default spin-precession prescription of IMRPhe-
nomXPHM includes double-spin effects obtained via a multiple
scale analysis (MSA) approximation of the precession-averaged
spin couplings. The more accurate prescription based on the
numerical integration of the orbit-averaged SpinTaylorT4 equa-
tions, which can be more suited for BNS systems, can be
activated by setting PhenomXPrecVersion:320 and Phe-
nomXPFinalSpinMod: 2 in the LALDict.
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approximants, we find relative speed factors of

ΔTXHMNRT3=ΔTXASNRT3 ≈ 4.3;

ΔTXPHMNRT3=ΔTXPNRT3 ≈ 5.9;

ΔTXHMNRT2=ΔTXASNRT2 ≈ 3.8;

ΔTEOBv5HMNRT3=ΔTEOBv5NRT3 ≈ 4.3: ð12Þ

For XHM_NRT3 and EOBv5HM_NRT3, we note that,
despite including 5 and 7 modes, respectively, the overhead
relative to their non-HM counterparts remains small.

B. Time-domain comparisons

In the TD, we investigate the dephasing of the HM BNS
models with respect to NR simulations that contain signi-
ficant HM contributions. The simulations used for the
comparison are listed in Table II. In particular, we consider
four NR simulations with unequal masses (BAM:0130,
BAM:0131, BAM:0136 and BAM:0137) [37], and two
simulations of equal-mass systems (BAM:0062 and
BAM:0101) [78]; in the latter, the odd m modes are sup-
pressed due to the mass symmetry, but the even m-mode
contributions are significant. In this section, we show the
results for the comparison with unequal-mass simulations
BAM:0130 and BAM:0131. The comparative results for the
other systems can be found in Appendix A. We also include
in the comparisons the aligned-spin EOB models
TEOBResumS-Dalí [67] and SEOBNRv5THM [66]. For
consistency, we restrict the comparison to the modes present
in all models, i.e., ðl;mÞ∈½ð2;2Þ;ð2;1Þ;ð3;2Þ;ð3;3Þ;ð4;4Þ�.
For the equal-mass systems, we further restrict ourselves to
the even m-modes, i.e., ðl; mÞ∈ ½ð2; 2Þ; ð3; 2Þ; ð4; 4Þ�.
To compare the different models with the NR simula-

tions, we first need to align the waveforms over all
their common modes by solving for the time and phase
shifts δt and δϕ, respectively, which minimize the follow-
ing integral [30,31]:

Iðδt; δϕÞ ¼
X
lm

Z
t2

t1

dtjϕNR
lmðtÞ − ϕmodel

lm ðtþ δtÞ þmδϕj;

ð13Þ

where ϕNR
lm and ϕmodel

lm are the phases of the NR and model
waveforms, respectively, l andm run over the 5 or 3 modes
listed above, and the integral runs over an arbitrary time
window ½t1; t2�, typically chosen to lie in the early part
of the NR simulation. In this way, the phase of each mode is
then rescaled by eimδϕ. The models are generated with
a sampling rate fs ¼ 214 Hz ¼ 16384 Hz and minimum
frequency fmin ¼ 40 Hz.
Figure 2 shows the results of the mode-by-mode

comparisons with BAM:0130 (left panel) and BAM:0131
(right panel). Due to their second-order convergence,
in the original calibration of NRTidalv3, Richardson-
extrapolated waveforms of the ð2; j2jÞ-modes of these
waveforms were used [81].7 We find that this convergence
can be extended into the HMs, so for the comparison with
these waveforms we employ a Richardson-extrapolated
versions of all the modes. The gray bands denote the
uncertainty in the NR simulations, estimated as the phase
difference between the Richardson-extrapolated phase and
highest resolution phase. From Fig. 2, we observe that the
developed HM models generally agree well, i.e., within
the NR uncertainty, with the NR waveforms, particularly
in the late inspiral. For some of the modes considered (c.f.,
the ð2; j1jÞ and ð3; j2jÞ-modes), we observe a slight dis-
agreement between the NR waveforms and the approx-
imants, which could be due to the noise of the NR
simulation, the underestimated error between resolutions,
or the global minimization that was carried out in the
alignment procedure. Performing an individual, mode-by-
mode alignment (i.e., independently aligning each mode

TABLE II. BNS configurations of the NR simulations [37,78] used for the TD dephasing comparisons. For each
configuration, we state the EOS that was used, individual masses MA and MB, individual tidal deformabililities ΛA
and ΛB as well as aligned-spin components χA and χB. We also include nModes used from each NR waveform for the
TD comparisons nModes ¼ 5 employs ðl; mÞ∈ ½ð2; 2Þ; ð2; 1Þ; ð3; 2Þ; ð3; 3Þ; ð4; 4Þ�, while nModes ¼ 5 employs
ðl; mÞ∈ ½ð2; 2Þ; ð3; 2Þ; ð4; 4Þ�. Richardson-extrapolated waveforms of BAM:0131 and BAM:0130 were used in
the TD comparisons, while the rest utilize the highest-resolution waveforms. The comparisons for the last four
systems in the table are found in Appendix A.

Name EOS MA [M⊙] MB [M⊙] ΛA ΛB χA χB nModes

BAM:0131 SLy 1.72 0.98 66 2557 0 0 5
BAM:0130 SLy 1.80 0.90 43 4088 0 0 5
BAM:0137 SLy 1.50 1.20 191 812 0 0 5
BAM:0136 SLy 1.62 1.08 108 1503 0 0 5
BAM:0062 MS1b 1.35 1.35 1531 1531 −0.10 −0.10 3
BAM:0101 SLy 1.35 1.35 390 390 0.05 0.05 3

7See Ref. [81] for information of all the waveforms used in the
calibration for the NRTidalv3 tidal phase.
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and calculating individual values for δt and δϕ for each
mode, for every model) results in a very good agreement
between the models and NR waveforms also in the early
inspiral. However, this approach is not applicable and
neglects the existing symmetry between the individual
modes [89,96].

In addition to the aligned-spin NR waveforms listed in
Table II, we also compare the XPHM_NRT3 and XP_NRT3
models with precessing NR waveforms. The results are
shown in Appendix B. In general, the XPHM_NRT3 model
agrees well with the NR waveforms while XP_NRT3 is in
good agreement with the ð2; j2jÞ-modes of thesewaveforms.

FIG. 2. Time-domain dephasing comparisons for the BAM:0130 and BAM:0131 waveforms. For each NR waveform, the upper panel
shows the real part of the gravitational wave strain as a function of the retarded time, while the bottom panel shows the phase difference
between the waveform model and the NR waveform. The gray band in the bottom panel represents the phase difference between the
Richardson-extrapolated phase and the highest-resolution phase of the simulation. For each comparison, we denote the alignment
windows by the dashed gray lines, and merger by the solid black line at t=M ¼ 0.

LEVERAGING NRTIDALV3 TO DEVELOP GRAVITATIONAL … PHYS. REV. D 112, 104026 (2025)

104026-7



C. Frequency-domain comparisons

To evaluate the HM models accuracy, we compute
their mismatch with respect to the same NR waveforms
employed in the TD comparison. Moreover, in order to
compare the different HM models in the FD, we calculate
their mismatches against other tidal models over a chosen
parameter space. The mismatch between two complex
waveforms h1 and h2, is defined as

F̄ ¼ 1 − max
ϕ0;tc;ψp

ðh1ðϕc; tc;ψpÞjh2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðh1jh1Þðh2jh2Þ
p ; ð14Þ

where the overlap

ðh1jh2Þ ¼ 4Re
Z

fmax

fmin

h̃�1ðfÞh̃2ðfÞ
SnðfÞ

df; ð15Þ

is computed between the chosen minimum and maximum
frequencies, fmin and fmax, respectively, with h̃ðfÞ being
the Fourier transform of hðtÞ, and h̃�ðfÞ its complex
conjugate. The maximization of the overlap for some
reference phase ϕ0, coalescence time tc and polarization
angle ψp ensures the alignment between the two wave-
forms. Throughout this section, we assume a flat spectral
density, SnðfÞ ¼ 1.0, so that the computation is detector-
agnostic.

1. Mismatches against NR simulations

First, we compute mismatches between the NR wave-
forms in Table II, and the HM models XHM_NRT3,
XHM_NRT2, and EOBv5HM_NRT3. We calculate the
mismatches over a grid of ι∈ f0; π=3; 0.99π=2g (from a
face-on, to an almost edged-on system), ψp ∈ f0; π=2; πg
and ϕ0 ∈ f0; π=2g and take the average over the 18
different combinations of these parameters. The mis-
matches are computed for a frequency range ½fNR0 ; fmrg�,
where fNR0 is the minimum frequency of the NR simulation.
The results are shown in Fig. 3, where the markers in the
plot indicate the mean mismatches between the model and
the NR waveform, while the upper and lower whiskers
denote the maximum and minimum mismatches, respec-
tively. We compare the NR waveforms with all their
available modes with both the HM and ð2; j2jÞ-only
models. In general, HM models yield lower mean mis-
matches than their ð2; j2jÞ-mode counterparts, indicating
that HM models are indeed better suited to describe NR
simulations with contributions from multiple modes.
Regarding the comparison between the different HM

models, also in this case, when considering waveforms
with multiple modes, we compute the mismatches for the
aforementioned combinations of ι, ϕ0 and ψp, and take the
average mismatch. We set fmin ¼ 20 Hz, fmax ¼ 2048 Hz,
and the sampling rate Ts ¼ 2fmax ¼ 4096 Hz. We compute
three different sets of mismatches between the various

waveform models: (a) mismatches over all modes, includ-
ing in the computation of the strain using all available
modes from each model; (b) mode-by-mode mismatches
between individual common modes; and (c) mismatches
between the ð2; j2jÞ-mode of the HM waveforms, and their
ð2; j2jÞ-only approximant counterpart (e.g., ð2; j2jÞ-mode
of XHM_NRT3 versus XAS_NRT3). For mismatches
involving mode-by-mode comparisons, instead, we set
ι ¼ π=6, ϕ0 ¼ 0, and ψp ¼ 0. Moreover, for most of these
tests, we randomly select 1000 configurations sampled
over the parameter space MA;B ¼ ½0.5; 3.0�M⊙, ΛA;B ¼
½0; 25000�, and jχA;Bj ≤ 0.7. The same data samples
were used for the mismatch computations to ensure a fair
comparison between the models. For the comparison with
SEOBNRv5THM, we use a narrower parameter space
MA;B ¼ ½1.0; 3.0�M⊙, ΛA;B ¼ ½0; 5000�, and jχA;Bj ≤ 0.5,
to consider only the regions where this model guarantees a
reliable waveform generation. Table III shows the median
medðF̄Þ and maximum maxðF̄Þ mismatches over all the
source configurations for the different comparisons.

2. Mismatches over all modes

In this case, we calculate the mismatches between
different HMwaveform models including all their available
modes. We show in Fig. 4 the mismatches between the

FIG. 3. Mismatches between the waveform models and the NR
waveforms used in the time-domain comparisons (see Table II).
For each model, the marker denotes the mean mismatch over 18
combinations of the inclination ι, reference phase ϕ0, and
polarization angle ψp. The upper and lower whiskers denote
the maximum and minimum mismatches, respectively. For
comparison, for every HM model we also show its ð2; j2jÞ-mode
counterpart, with the same marker and color but increased
transparency in the plot. A smaller variability in the mismatches
is observed for the ð2; j2jÞ-mode models, and for the equal-mass
simulations BAM:0062 and BAM:0101 due to the suppressed
HM content.
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different aligned spin NRTidalv3 approximants, and
between the NRTidalv3 and NRTidalv2 tidal wave-
forms. We note a very good agreement between
XHM_NRT3 and EOBv5HM_NRT3 with mismatches of
the order of Oð10−4Þ. This is consistent with these models
incorporating similar tidal approximants and differing
primarily in their BBH baselines and the fact that
EOBv5HM_NRT3 includes the additional ð4; j3jÞ and
ð5; j5jÞ modes. Meanwhile, the mismatches are larger
between EOBv5HM_NRT3 and XHM_NRT2 [medðF̄Þ ¼
0.0023] because of the differences not only in the BBH
baselines, but also in the tidal models employed, which is
confirmed by the relatively large mismatches also between
XHM_NRT3 and XHM_NRT2 [medðF̄Þ ¼ 0.0020]. In
general, these mismatch values agree with the ones calcu-
lated between the different ð2; j2jÞ-mode models in
Ref. [81]. Comparing XHM_NRT3 with SEOBNRv5THM
we also observe mismatches of Oð10−3Þ because of the
differences both in BBH baselines and tidal description.

The same holds for EOBv5HM_NRT3 vs SEOBNRv5THM,
due to a difference in the implementation between the
BBH baselines employed in SEOBNRv5HM, on which
SEOBNRv5HM_ROM is based, and SEOBNRv5THM. Speci-
fically, the mismatches between the two models in the BBH
case, i.e., setting Λ ¼ 0, in SEOBNRv5THM are already at
Oð10−4Þ as tested in Ref. [66]. The comparison of both our
HM models with SEOBNRv5THM including all the modes
are consistent with the findings of Ref. [66] relative to the
comparison of the ð2; j2jÞ-mode versions of the models.

TABLE III. Median (med) and maxium (max) mismatch
between waveform models for several mode configurations.
‘−’ means that the mismatch was not computed.

All modes

F̄ XHM_NRT3 EOBv5HM_NRT3

XHM_NRT3 med … 0.00042
max … 0.0053

EOBv5HM_NRT3 med 0.00043 …
max 0.0053 …

XHM_NRT2 med 0.0020 0.0023
max 0.016 0.015

SEOBNRv5THM med 0.0053 0.0058
max 0.035 0.037

Mode-by-Mode: XHM_NRT3 vs. EOBv5HM_NRT3

Mode Metric Mismatch

ð2; j2jÞ med 0.00016
max 0.0030

ð2; j1jÞ med 0.0058
max 0.42

ð3; j2jÞ med 0.0015
max 0.038

ð3; j3jÞ med 0.0043
max 0.53

ð4; j4jÞ med 0.0035
max 0.034

ð2; j2jÞ-mode models

XAS_NRT3 EOBv5_NRT3
XHM_NRT3 med 0.000016 …

max 0.0017 …
EOBv5HM_NRT3 med … 0.000016

max … 0.0017

FIG. 4. Mismatch comparisons of between the different HM
tidal waveform models. Each subfigure contains three two-
dimensional, density scatter plots of the masses MA;B, tidal
deformabilities ΛA;B, and aligned spin components χA;B, where
the log-mismatch log10 F̄ is represented by the color bar, with
limits set to log10 F̄∈ ½−5;−1�. We note the smaller axis limits for
the comparison with SEOBNRv5THM, due to the narrower
parameter space used here.
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3. Mode-by-mode mismatches

We also compare each common mode between
XHM_NRT3 and EOBv5HM_NRT3, by computing the
mismatches mode-by-mode. The results are shown
in Fig. 5 for the different modes. We note that the mismatch
values between the ð2; j2jÞ-modes of XHM_NRT3
and EOBv5HM_NRT3 and their distribution over the
parameter space are consistent with the mismatches
between XAS_NRT3 and EOBv5_NRT3 in Ref. [81].
From Table III, we see that in general the mismatches

between HMs are roughly an order of magnitude larger
than the ð2; j2jÞ-mode only ones. This is attributed to the
differences in the BBH baselines, since the results here are
overall consistent with the mismatch values between the
BBH baselines found in Ref. [96]. We also further note that
large values of tidal deformabilities and spins yield larger
values of the mismatches as expected.

4. Mismatches between ð2;j2jÞ-modes

Lastly, we compare the HM NRTidalv3 models with
their ð2; j2jÞ-mode counterparts. We compare XHM_NRT3
against XAS_NRT3 as well as EOBv5HM_NRT3 and
EOBv5_NRT3. The results for these comparisons are
shown in Fig. 6, where we find that the mismatches are
relatively large for large mass ratios and tidal deformabil-
ities, but remain overall small and consistent with the
ones observed between the different tidal models alto-
gether, cf. Fig. 4. These larger mismatches are due to
the differences in the tapering between the HM models and
the purely ð2; j2jÞ-mode models, which are discussed
in Sec. II C.8

IV. PARAMETER ESTIMATION

Finally, we employ our BNS HM models to perform
PE analyses for BNS systems with various source con-
figurations. We use bilby [106] with the sampler dyn-
esty [107] and 1000 live points. Given some source

FIG. 6. Mismatch comparisons of the HM waveform models
against their ð2; j2jÞ-mode counterparts. Each subfigure contains
three two-dimensional, density scatter plots of the masses MA;B,
tidal deformabilities ΛA;B, and aligned spin components χA;B,
where the log-mismatch log10 F̄ is represented by the color bar,
with limits set to log10 F̄∈ ½−5;−1�.

FIG. 5. Mismatch comparisons per mode between
XHM_NRT3 and EOBv5HM_NRT3. Each common mode is
represented by a subfigure that contains three two-dimensional,
density scatter plots of the masses MA;B, tidal deforma-
bilities ΛA;B, and aligned spin components χA;B, where the
log-mismatch log10 F̄ is represented by the color bar, with limits
set to log10 F̄∈ ½−5;−1�.

8We confirm this by performing additional tests for the HM
models versus the ð2; j2jÞ for which their tapering are identical,
and find mismatches of the order of machine precision, i.e.,
Oð10−16Þ −Oð10−15Þ.
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parameters θ⃗, data d, and hypothesis Ω, Bayes’ theorem
reads

pðθ⃗jd;ΩÞ ¼ Lðdjθ⃗;ΩÞπðθ⃗jΩÞ
EðdjΩÞ ; ð16Þ

where pðθ⃗jd;ΩÞ is the posterior probability distribution of
θ⃗ given d andΩ, πðθ⃗jΩÞ is the prior probability distribution
of the parameters, EðdjΩÞ is the evidence, which, in this
context, serves as a normalization constant to pðθ⃗jd;ΩÞ,
and Lðdjθ⃗;ΩÞ is the likelihood of obtaining d given θ⃗
under the hypothesis Ω [106,108,109]. To speed up the
likelihood computation in the analysis, we employ the
adaptive frequency resolution method, i.e., multibanding.
This method takes advantage of the chirping behavior of
the GW signal, dividing its frequency range into multiple
bands so that the time-to-merger of each band is smaller
than that of the previous ones, and adapting the frequency-
grid step accordingly [110].
We perform parameter estimation both on simulated

signals, with injections in zero noise and recovery with
the LVK-design sensitivity [111], and on the real event
GW170817; marginalizing the likelihood evaluations
over the luminosity distance [106,112]. We consider differ-
ent types of systems: (i) a comparable-mass, aligned-spin
system with small spins (labeled M34q105as, Sec. IVA);

(ii) a high-mass-ratio, aligned-spin system with moderate
spins (M35q227as, Sec. IV B); (iii) a precessing version
of the high-mass ratio system (M35q227prec, Sec. IV C);
and (iv) recovery of GW170817 data (Sec. IV D).
For simulated signals, injection and recovery are per-

formed with the same waveform model. Meanwhile,
for the precessing case, the injected signal is generated
with XPHM_NRT3 and we recover this signal with
XPHM_NRT3 as well as other models.
In Table IV, we provide the injected parameters values

for each system. Tidal deformabilities were computed for
the systems’ masses for a specific EOS from the set in
Ref. [23], chosen such that lower masses yield very large
tidal deformabilities, which should stress-test the models
and the PE pipelines. The prior distributions for the various
source parameters for the different systems are listed in
Table V.

A. Injection study for an aligned-spin,
comparable-mass system

The results for the injection-recovery for the
M34q105as system are shown in Fig. 7 as 1D margin-
alized posterior distributions of Mc, 1=q, the binary mass-
weighted tidal deformability Λ̃, the effective spin χeff , and

TABLE IV. Source parameter injection values for the
aligned-spin comparable-mass (M34q105as) and high-mass
ratio (M35q227as) systems, as well as the precessing
M35q227prec system. In the system labels, the value after M
denoted the total mass of the system (3.4M⊙ or 3.5M⊙), while
the value that follows q denotes the mass ratio (q ¼ 1.05
or q ¼ 2.27).

Parameter M34q105as M35q227as M35q227prec

Mc [M⊙] 1.4875 1.3772 1.3772
1=q 0.95 0.44 0.44
ΛA 373 60 60
ΛB 483 3737 3737
χA 0.02 0.08 …
χB 0.01 0.16 …
θJN 0.879 1.0995 1.0995
DL [Mpc] 60 71 71
δ −1.22 −0.88 −0.88
α 1.67 2.39 2.39
ψp 2.70 1.45 1.45
ϕc 3.69 2.76 2.76
Duration [s] 128 256 256
aA … … 0.08
aB … … 0.16
ζA … … 1.36
ζB … … 2.08
ϕAB … … 5.919
ϕJL … … 3.383

TABLE V. Prior distributions for the different source param-
eters of the M34q105as [M35q227as] systems. Most of the
parameters are represented by the uniform distribution U. In this
table, UAS corresponds to an aligned-spin prior with a uniform
distribution in magnitude, while USF is uniform in comoving
volume and source frame time [106]. Additional precessing
settings for the M35q227prec system are also added in the
table.

Parameter Prior distribution

Mc [M⊙] Uð1.4; 1.6Þ [Uð1.3; 1.5Þ]
1=q Uð0.05; 1.0Þ
ΛA Uð0; 5000Þ
ΛB Uð0; 5000Þ
χA UASð0; 0.05Þ [UASð0; 0.4Þ]
χB UASð0; 0.05Þ [UASð0; 0.4Þ]
DL [Mpc] USFð1; 500Þ
δ Cosine
α Uð0; 2πÞ (periodic)
θJN Uð0; πÞ
ψp Uð0; πÞ (periodic)
ϕc Uð0; 2πÞ (periodic)

Precessing settings

aA Uð0; 0.4Þ
aB Uð0; 0.4Þ
ζA Sine
ζB Sine
ϕAB Uð0; 2πÞ (periodic)
ϕJL Uð0; 2πÞ (periodic)
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luminosity distanceDL. The binary tidal deformability Λ̃ is
defined in terms of the individual masses and tidal
deformabilities of the stars [12],

Λ̃ ¼ 16

13

ðMA þ 12MBÞM4
AΛA þ ðMB þ 12MAÞM4

BΛB

ðMA þMBÞ5
;

ð17Þ

while the effective spin χeff is defined as

χeff ¼
MAχA þMBχB

M
: ð18Þ

We observe from Fig. 7 that the injected values of the
source parameters are recovered well by the three models,
with the injection, indicated by red vertical lines, lying
inside the 90% confidence interval of the posterior dis-
tributions. This is also supported by the nearly equal mass
of the injected system, which reduces the relative contri-
bution of the odd m modes to the overall waveform. There
is a noticeable bias in the recovered luminosity distance for
both models toward larger values, but this is consistent with
the results found in Ref. [81] and Ref. [82].

B. Injection study for an aligned-spin,
high-mass-ratio system

We show the corner plot results for the M35q227as
system in Fig. 8. Unlike the case of M34q105as, we find
that the recovered posteriors show only marginal agreement
with the injected values.
However, this behavior is not due to the addition of HMs

to themodels. Similar biases are also foundwith tidal models
containingonly the ð2; j2jÞ-mode (i.e.,XAS_NRT3,EOBv5_
NRT3, XAS_NRT2, IMRPhenomD_NRTidalv2, and
SEOBNRv4T_surrogate), as shown in Appendix C.
Furthermore, one can also rule out that this problem is
intrinsic to tidal models. First, reducing the spins and
narrowing the spin priors improves the recovery of themasses

and tidal deformabilities; second, also BBH HM baselines
demonstrate this degeneracy; and third, as we shall see later,
introducing spin precession parameters breaks the degen-
eracy. We conclude that the reason behind the only marginal
parameter recovery of this aligned-spin system is the strong
degeneracy between some of the parameters, in particular the
masses and spins.

FIG. 7. Marginalized 1D posterior probability distributions for chirp mass Mc, binary tidal deformability Λ̃, effective spin χeff ,
luminosity distance DL, and inclination angle θJN for the aligned-spin M34q105as system, injected and recovered with XHM_NRT3
(blue), EOBv5HM_NRT3 (orange) and XPHM_NRT3 (green). Vertical dashed lines in the 1D plots indicate 90% confidence interval.
The injected values are indicated by red lines. We also put above the 1D-plots a sketch of the system, set to-scale, along with its source
properties.

FIG. 8. The marginalized 1D and 2D posterior probability
distributions for selected parameters of the M35q227as
system, injected and recovered with XHM_NRT3 (blue),
EOBv5HM_NRT3 (orange) and XPHM_NRT3 (green). The
parameters shown here are the chirp mass Mc, binary tidal
deformability Λ̃, and effective spin χeff . The 68% and 90% con-
fidence intervals are indicated by contours for the 2D posterior
plots, while vertical dashed lines in the 1D plots indicate
90% confidence interval. For XPHM_NRT3, we use additional
precessing spin parameters in the priors. We also overlay a sketch
of the system, set to-scale, along with its source properties.
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To further explore such degeneracy, we calculate the
mismatches between the XHM_NRT3 waveform for
the M35q227as system and for configurations in the
parameter space defined by Mc ∈ ½1.3762; 1.3782� and
jχA;Bj ≤ 0.5, across 31 values of q. For each q value, we
draw 1000 random configurations of masses and spins, and
compute the corresponding ΛA;B from the same EOS
chosen for PE injections. The choice of the Mc range
reflects the narrow posterior distribution that is typically
recovered by PE analyses, see Fig. 8.
The 3D mismatch plot in Fig. 9 clearly shows the

degeneracy betweenMc, χeff , and q across the very narrow
Mc range, with low mismatches found in the Mc − q
plane around the injected χeff value. While the degeneracy
between q and χeff , which is also clearly visible in their 2D
posterior distribution in Fig. 8, is well-known [82], Fig. 9
shows how this extends to a degeneracy between Mc and
χeff . This explains why, although chirp mass is constrained
in a very narrow range, we still see biases in the posterior
distribution peak.
In addition to Fig. 8, we also perform an injection of

M35q227as using our HM models, and recover this
system using their ð2; j2jÞ-mode counterparts. The corner
plot results are shown in Fig. 10. As in Fig. 8, we observe
similar degeneracies between Mc, χeff , and q in the
recovery of the injected values using the ð2; j2jÞ-models.

C. Injection study for a precessing system

In addition, we inject the precessing M35q227prec
system using the XPHM_NRT3 waveform and recover
the signal with the same model, XPHM_NRT3 with the
model without precession, i.e., using XHM_NRT3, with
the model without HM content (XP_NRT3), and, finally,

with the model without both precession and HM
(XAS_NRT3).
The corner plots for these runs are shown in Fig. 11. As

mentioned previously, the introduction of the spin-precess-
ing parameters breaks the degeneracies that were present in
the M35q227as recovery (Fig. 8), and the injected values
are generally recovered well by all the models. Moreover,
the posterior distributions of the precessing models are
wider than the aligned-spin ones, due to the introduction of
more parameters in the prior to be sampled.

D. GW170817

Finally, we reanalyze GW170817 [3] using our HM
models and compare the results with the analysis performed
with the ð2; j2jÞ-mode models [26,81]. We utilize the same
settings as the ones employed for the analysis in the first
Gravitational-Wave Transient Catalog (GWTC-1) [3,26],
considering a low-spin prior [81]. The corner plots for this
run are shown in Fig. 12. We note the consistency between
the posterior distributions of the source parameters for the
HM waveforms and their corresponding ð2; j2jÞ-mode
counterparts, cf. Fig. 16 of Ref. [81]. Such consistency
is expected since, as in the case of the M34q105as system,
the HMs do not contribute significantly because the system
is nearly symmetric in its component masses. As in the case
of the ð2; j2jÞ-mode models, we notice a decrease in the
secondary peak, and a slightly narrower constraint, for Λ̃,
compared to the results for GWTC-1, which were obtained
with IMRPhenomPv2_NRTidal [26].

FIG. 10. The marginalized 1D and 2D posterior probability
distributions for selected parameters of the M35q227as system,
injected with HM models and recovered with ð2; j2jÞ-mode
models. We also include the result for the injection recovery
using XHM_NRT3 for comparison.

FIG. 9. Mismatches between XHM_NRT3—sampled across
variations in chirp mass Mc, effective spin χeff , and mass ratio
q—and the M35q227as system.
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FIG. 11. The marginalized 1D and 2D posterior probability distributions for selected parameters of the M35q227prec system,
injected using XPHM_NRT3 and recovered with XPHM_NRT3, XP_NRT3, and XAS_NRT3. The 68% and 90% confidence intervals
are indicated by contours for the 2D posterior plots, while vertical dashed lines in the 1D plots indicate 90% confidence interval. We also
overlay a sketch of the system, set to-scale, along with its source properties.

ADRIAN ABAC et al. PHYS. REV. D 112, 104026 (2025)

104026-14



V. CONCLUSIONS AND OUTLOOK

In this work, we have extended the NRTidalv3
model to include higher-order mode corrections to
the NRTidalv3 phase, exploiting the fact that the
higher-order modes phase is approximately proportional
to the dominant ð2; j2jÞ-mode one. This is the first time
that an NR-calibrated, phenomenological tidal model
has been extended to include such subdominant
corrections.
The HM version of the NRTidalv3 model was

appended to the IMRPhenomXHM and SEOBNRv5HM_
ROM baseline models, which also contain HM exten-
sions. We test the validity of the models in both the
time and frequency domains. In the time-domain, we
perform a dephasing comparison between different HM
models and NR simulations across all their common
modes, finding a good agreement. In the frequency-
domain, we compute mismatches against NR simula-
tions and between the different models considering
various mode configurations. We find that the HM
models agree better with the NR simulations than
just their ð2; j2jÞ-mode counterparts. In general, the

XHM_NRT3 and EOBv5HM_NRT3 models are in good
agreement with each other, while for the mode-by-mode
comparisons the subdominant modes have a Oð10−1Þ
larger mismatch with respect to the ð2; j2jÞ-mode
comparison.
We performed parameter estimation analyses for

different BNS systems using the new models. The
injection runs for a comparable-mass system yield very
good parameter recovery with the HM models, whereas
the injection runs for a particularly high-mass-ratio
system result in posterior distributions that only margin-
ally agree with the injected values. Further investigation
into this bias, which also occurs for ð2; j2jÞ-mode only
models, reveals a degeneracy between the chirp mass,
mass ratio, and effective spin parameters at a scale
comparable to the typical range of chirp masses in the
recovered posterior distribution. Finally, we employ the
new models to perform PE on the GW event
GW170817, and find consistent results with previous
analyses.
In the future, this HM version of NRTidalv3 can be

employed in the development of NSBH models. The
latest NSBH models [113,114] contain only ð2; j2jÞ-
mode tidal corrections from NRTidalv2, but the HM
content becomes more important for these systems, with
highly asymmetric masses. Therefore, NSBH models
can be updated using NRTidalv3 with HM corrections
and refined by adding tidal amplitude corrections that
account for potential tidal disruptions, which are likely
to occur for almost-equal-mass systems or aligned-spins
systems with large black hole spins.
The newly-developed BNS HM models can be

extended in several ways to further increase their
accuracy. First, given that the scaling relation of the
HM phase with respect to the ð2; j2jÞ-phase is an
approximation, in principle, one could calibrate the
higher-order modes to NR waveforms, with a procedure
analogous to the one followed for the ð2; j2jÞ-mode in
the NRTidalv3 model. This would increase the accu-
racy of the models, but at the cost of computational
efficiency.
Second, existing ð2; j2jÞ-models struggle to describe

NR waveforms with relatively large aligned or anti-
aligned spin components [39,41], hence an update to the
NRTidal models would come from calibration to these
systems. This could be accomplished through updated
prescription for the dynamical tidal effects [65], which
up to this point excludes higher-order spin corrections
and, for NRTidalv3, only includes nonspinning linear
dynamical tidal corrections for the quadrupolar tidal
deformability Λ2. The exclusion of spin effects on
dynamical tides can introduce non-negligible corrections
to the phase of the waveform, particularly near merger
or tide’s resonance frequency [100]. Additionally, non-
linear dynamical tidal effects can further modify the
tidal deformability [115].

FIG. 12. The marginalized 1D and 2D posterior probability
distributions for selected parameters of GW170817, obtained
with XHM_NRT3 (blue), EOBv5HM_NRT3 (orange), and
XPHM_NRT3 (green). The parameters shown here are the
chirp mass Mc, effective spin χeff , and binary tidal deform-
ability Λ̃. The 68% and 90% confidence intervals are
indicated by contours for the 2D posterior plots, while vertical
dashed lines in the 1D plots indicate 90% confidence interval.
For XPHM_NRT3, we use additional precessing spin param-
eters in the priors.
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Matter effects other than the tidal deformability can
also be considered, such as viscous effects or tidal
heating [116,117] and finite temperature effects [118].
Other physical effects that can be included in the model
would be eccentric effects [119], which would modulate
the waveform amplitude, as well as reduce the depend-
ence of the model on universal relations. Calibration to
more extreme systems, such as those including subsolar
components [120] or those with more exotic EOS [121],
would also ensure that future NRTidal models (or
BNS models in general) will cover a larger, more
reliable, parameter space for the analysis of future
detections.
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APPENDIX A: ADDITIONAL TD COMPARISONS
WITH ALIGNED-SPIN NR SIMULATIONS

The time domain comparisons for the unequal-mass
simulations BAM:0136 and BAM:0137, and equal-mass
simulations BAM:0062 and BAM:0101 listed in Table II
are shown in Figs. 13 and 14. The Richardson-extrapolated
ð2; j2jÞ-modes of BAM:0136 and BAM:0137 were also
used in the calibration for NRTidalv3, but since the
HMs of these simulations do not show a clear convergence,
we simply use the highest resolutions for all modes in the
comparisons. The same holds for BAM:0062 and
BAM:0101. The uncertainty bands in this case represent
the phase difference between the two highest resolutions of
the simulation. For BAM:0101, we note that the (4,4)-mode
waveforms from HM BNS models merge earlier than the
corresponding NR simulations.9 As an additional note, the
TEOBResumS-Dalí waveforms end abruptly at merger
by construction, or when the waveform generator returns
nan values.10 For the ð4; j4jÞ mode of BAM:0101 in
Fig. 14, the phase of the TEOBResumS peaks around

9Them ¼ 4mode merges at roughly twice the frequency of the
m ¼ 2 mode. This scaling already applies to the HM NRTidalv3
phase. Further adjustments to the taper did not affect the merger
time of the ð4; j4jÞ-mode for BAM:0101 in Fig. 14, (even if they
significantly affect the ð4; j4jÞ-mode merger for the other simu-
lations). Therefore, we kept the original amplitude taper.

10The model is complemented during Bayesian inferences with
the BNS frequency domain postmerger model of Ref. [122].
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FIG. 13. TD dephasing comparisons for the BAM:0136 and BAM:0137 waveforms. For each NR waveform, the upper panel shows
the real part of the gravitational wave strain as a function of the retarded time, while the bottom panel shows the phase difference
between the waveform model and the NR waveform. The gray band in the bottom panel represents the phase difference between the two
highest-resolution phases of the simulation. For each comparison, we denote the alignment windows by the dashed gray lines, and
merger by the solid black line at t=M ¼ 0.
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t=M ≈ −200, then abruptly changes slope and becomes
nan shortly after. This behavior causes a the sharp
deviation in the phase difference relative to the NR wave-
form. Overall, however, the individual modes of these
simulations also agree well with the models.

APPENDIX B: TD COMPARISONS WITH
PRECESSING NR SIMULATIONS

In addition to comparisons with the NR simulations
in Table II, we also compare the precessing models
XPHM_NRT3 and XP_NRT3 with the precessing NR

FIG. 14. TD dephasing comparisons for the BAM:0062 and BAM:0101 waveforms. For each NR waveform, the upper panel shows
the real part of the gravitational wave strain as a function of the retarded time, while the bottom panel shows the phase difference
between the waveform model and the NR waveform. The gray band in the bottom panel represents the phase difference between the two
highest-resolution phases of the simulation. For each comparison, we denote the alignment windows by the dashed gray lines, and
merger by the solid black line at t=M ¼ 0.
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FIG. 15. TD dephasing comparisons for the precessing BAM:0142 and BAM:0143 waveforms, with models XPHM_NRT3 and
XP_NRT3. For each NR waveform, the upper panel shows the real part of the gravitational wave strain as a function of the retarded time,
while the bottom panel shows the phase difference between the waveform model and the NR waveform. The gray band in the bottom
panel represents the phase difference between the two highest-resolution phases of the simulation. For each comparison, we denote the
alignment windows by the dashed gray lines, and merger by the solid black line at t=M ¼ 0.
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simulations BAM:0142 and BAM:0143. Both systems
have MA ¼ MB ¼ 1.35M⊙ and ΛA ¼ ΛB ¼ 390.
BAM:0142 has spin components χ⃗A ¼ χ⃗B ¼
½0.068; 0;−0.068� while BAM:0143 has χ⃗A ¼
χ⃗B ¼ ½−0.068; 0;−0.068�. We show the results in
Fig. 15. In general the XPHM_NRT3 and XP_NRT3
models agree well with the NR simulations in the
ð2; j2jÞ-mode, while XPHM_NRT3 also agrees well with
the HM of the simulations.

APPENDIX C: INJECTION STUDY
OF M35q227as SYSTEM

WITH ð2;j2jÞ-MODE MODELS

To probe that the biases in the recovered parameters
for M35q227as are not due to the addition of HMs to
the waveform models, in Fig. 16 we show the results for
the M35q227as system injected and recovered with
existing ð2; j2jÞ-models, similar as in Sec. IV B. We still
observe the presence of the degeneracies between the
masses and spins for all the models employed for
recovery, although the NRTidalv3 models in general
recover the injected values better than NRTidalv2 ones.
Therefore, we conclude that the degeneracies and the
consequent biases in the parameters recovered are not due
to the presence of the HM corrections (see Sec. IV B for
further discussion).
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